Chapter 17

Hom-Lie Admissible Hom-Coalgebras
and Hom-Hopf Algebras

Abdenacer Makhlouf and Sergei Silvestrov

Abstract The aim of this paper is to develop the coalgebra counterpart of the no-
tions introduced by the authors in a previous paper, we introduce the notions of
Hom-coalgebra, Hom-coassociative coalgebra and G-Hom-coalgebra for any sub-
group G of permutation group .#3. Also we extend the concept of Lie-admissible
coalgebra by Goze and Remm to Hom-coalgebras and show that G-Hom-coalgebras
are Hom-Lie admissible Hom-coalgebras, and also establish duality correspondence
between classes of G-Hom-coalgebras and G-Hom-algebras. In another hand, we
provide relevant definitions and basic properties of Hom-Hopf algebras generaliz-
ing the classical Hopf algebras and define the module and comodule structure over
Hom-associative algebra or Hom-coassociative coalgebra.

17.1 Introduction

In [4,7,8], the class of quasi-Lie algebras and subclasses of quasi-hom-Lie algebras
and Hom-Lie algebras have been introduced. These classes of algebras are tailored
in a way suitable for simultaneous treatment of the Lie algebras, Lie superalgebras,
the color Lie algebras and the deformations arising in connection with twisted, dis-
cretized or deformed derivatives [5] and corresponding generalizations, discretiza-
tions and deformations of vector fields and differential calculus. It has been shown
in [4,7-9] that the class of quasi-Hom-Lie algebras contains as a subclass on the one
hand the color Lie algebras and in particular Lie superalgebras and Lie algebras, and

A. Makhlouf

Laboratoire de Mathématiques, Informatique et Applications, Université de Haute Alsace, 4, rue
des Freres Lumiere, 68093 Mulhouse, France

e-mail: Abdenacer.Makhlouf@uha.fr

S. Silvestrov
Centre for Mathematical Sciences, Lund University, Box 118, 221 00 Lund, Sweden
e-mail: ssilvest@maths.Ith.se

S. Silvestrov et al. (eds.), Generalized Lie Theory in Mathematics, Physics and Beyond, 189
(© Springer-Verlag Berlin Heidelberg 2009



190 A. Makhlouf and S. Silvestrov

on the another hand various known and new single and multi-parameter families of
algebras obtained using twisted derivations and constituting deformations and quasi-
deformations of universal enveloping algebras of Lie and color Lie algebras and of
algebras of vector-fields. The main feature of quasi-Lie algebras, quasi-Hom-Lie
algebras and Hom-Lie algebras is that the skew-symmetry and the Jacobi identity
are twisted by several deforming twisting maps and also in quasi-Lie and quasi-
Hom-Lie algebras the Jacobi identity in general contains six twisted triple bracket
terms.

In the paper [12], we provided a different way for constructing Hom-Lie alge-
bras by extending the fundamental construction of Lie algebras from associative
algebras via commutator bracket multiplication. To this end we defined the notion
of Hom-associative algebras generalizing associative algebras to a situation where
associativity law is twisted, and showed that the commutator product defined using
the multiplication in a Hom-associative algebra leads naturally to Hom-Lie alge-
bras. We introduced also Hom-Lie-admissible algebras and more general G-Hom-
associative algebras with subclasses of Hom-Vinberg and pre-Hom-Lie algebras,
generalizing to the twisted situation Lie-admissible algebras, G-associative alge-
bras, Vinberg and pre-Lie algebras respectively, and show that for these classes of
algebras the operation of taking commutator leads to Hom-Lie algebras as well.
We constructed also all the twistings so that the brackets [X,X,] = 2X5, [X1,X3] =
—2X3, [X»,X3] = X; determine a three-dimensional Hom-Lie algebra. Finally, we
provided for a subclass of twistings, the list of all three-dimensional Hom-Lie alge-
bras. This list contains all three-dimensional Lie algebras for some values of struc-
ture constants. The families of Hom-Lie algebras in these list can be viewed as
deformations of Lie algebras into a class of Hom-Lie algebras. The notion, con-
structions and properties of the enveloping algebras of Hom-Lie algebras are yet to
be properly studied in full generality. An important progress in this direction has
been made in the recent work by D. Yau [14].

In the present paper we develop the coalgebra counterpart of the notions and
results of [12], extending in particular in the framework of Hom-associative and
Hom-Lie algebras and Hom-coalgebras, the notions and results on associative and
Lie admissible coalgebras obtained in [2]. In Sect. 17.2 we summarize the relevant
definitions of Hom-associative algebra, Hom-Lie algebra, Hom-Leibniz algebra,
and define the notions of Hom-coalgebras and Hom-coassociative coalgebras. In
Sect. 17.3, we introduce the concept of Hom-Lie admissible Hom-coalgebra, de-
scribe some useful relations between coproduct, opposite coproduct, the cocom-
mutator defined as their difference, and their -twisted coassociators and f-twisted
co-Jacobi sums. We also introduce the notion of G-Hom-coalgebra for any subgroup
G of permutation group S3. We show that G-Hom-coalgebras are Hom-Lie admis-
sible Hom-coalgebras, and also establish duality correspondence between classes
of G-Hom-coalgebras and G-Hom-algebras. Section 17.4 is dedicated to relevant
definitions and basic properties of the Hom-Hopf algebra which generalize the clas-
sical Hopf algebra structure. We also define the module and comodule structure over
Hom-associative algebra or Hom-coassociative coalgebra.
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17.2 Hom-Algebra and Hom-Coalgebra Structures

A Home-algebra structure is a multiplication on a vector space where the structure
is twisted by a homomorphism. The structure of Hom-Lie algebra was introduced
by Hartwig et al. [4]. In the following we summarize the definitions of Hom-
associative, Hom-Leibniz, and Hom-Lie-admissible algebraic structures introduced
in [12] and generalizing the well known associative, Leibniz and Lie-admissible al-
gebras. By dualization of Hom-associative algebra we define the Hom-coassociative
coalgebra structure.

17.2.1 Hom-Algebra Structures

Let K be an algebraically closed field of characteristic O and V be a linear space
over K.

Definition 17.1. A Hom-associative algebra is a triple (V, 1, &) consisting of a lin-
ear space V, a linear map i : V ®V — V and a homomorphism « satisfying

pa(x) @p(y®z)) = pu(xey) @ az)). (17.1)

The Hom-associativity condition (17.1) may be expressed by the following commu-
tative diagram.
vevev vev
l U I

vev Loy

The Hom-associative algebra is unital if there exists a homomorphism 1 : K — V
such that the following diagrams are commutative

Kev ™ vev % ygok
NCERTAVE
%

In the language of Hopf algebra, a Hom-associative algebra </ is a quadruple
(V,u,a,n) where V is the vector space, u is the Hom-associative multiplication,
« is the twisting homomorphism and 1 is the unit.

Let (V,u,a,n) and (V',u/,a’,n’) be two Hom-associative algebras. A linear
map f :V — V' is a morphism of Hom- associative algebras if

po(fef)y=fou . fon=n" and foa=dof.

In particular, (V, i, 0,m) and (V,1t', o', 1) are isomorphic if there exists a bijec-
tive linear map f such that

pu=flop'o(faf) ., m=f"'on’ and a=flodof.
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The tensor product of two Hom-associative algebras (Vi, i1, &, 1) and

(Va, lp, 0p,m7) is defined in an obvious way as the Hom-associative algebra
V1@V, 1 @ 2,00 ® 0,11 @1M2).

The Hom-Lie algebras were initially introduced in [4] motivated initially by
examples of deformed Lie algebras coming from twisted discretizations of vector
fields.

Definition 17.2. A Hom-Lie algebra is a triple (V,[-,-], @) consisting of a linear
space V, bilinear map [-,-] : V x V — V and a linear space homomorphism ¢t : V — V
satisfying

[x,y] = =[»,x] (skew-symmetry)

Oxyz [@6(x),[v,2]] =0  (Hom-Jacobi condition)

for all x,y,z from V, where Oy, , denotes summation over the cyclic permutation on
X5 ), 2.

In a similar way we have the following definition of Hom-Leibniz algebra.

Definition 17.3. A Hom-Leibniz algebra is a triple (V,[-,], o) consisting of a linear
space V, bilinear map [-,-] : V XV — V and a homomorphism « : V — V satisfying

[be, s a(2)] = [, 2), ()] + [ex(x), [y, 2] (17.2)

Note that if a Hom-Leibniz algebra is skewsymmetric then it is a Hom-Lie algebra.

17.2.2 Hom-Coalgebra Structures

Definition 17.4. A Hom-coassociative coalgebra is a quadruple (V,A, 3, €) where
V is a K-vector space and

A:V—=VQV, B:V—=V and €:V—-K

are linear maps satisfying the following conditions:

ChH  (BoA)oA=(A®p)cA
(C2) (id®e)oA=id and  (e®id)oA =id.

The condition (C1) expresses the Hom-coassociativity of the comultiplication A.
Also, it is equivalent to the following commutative diagram:

v A vev
lA lB@A
vav 2ygvev
The condition (C2) expresses that € is the counit which is also equivalent to the
following commutative diagram:
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KoV &Y ygy 4% y oK
\E TA /\%
\%

Let (V,A,B,¢€)and (V/,A’,B', €") be two Hom-coassociative coalgebras. A linear
map f :V — V’is a morphism of Hom-coassociative coalgebras if

(fefloa=A'of , e=¢€of and fof=p'of.

If V =V’ then the previous Hom-coassociative coalgebras are isomorphic if
there exists a bijective linear map f :V — V such that

A=(fof)odoft | e=eof ! and B=floB of.

In the sequel, we call Hom-coalgebra a triple (V,A,B) where V is a K-vector
space, A is a comultiplication not necessarily coassociative or Hom-coassociative,
that is a linear map A : V — V ®V, and 8 is a linear map f : V — V.

17.3 Hom-Lie Admissible Hom-Coalgebras

Let K be an algebraically closed field of characteristic 0 and V be a vector space
over K. Let (V,A, B) be a Hom-coalgebra where A : V — V®Vand f:V — V are
linear maps and A is not necessarily coassociative or Hom-coassociative.

By a B-coassociator of A we call a linear map ¢g(A) defined by

cg(A):=(A®P)oA—(BRA)cA.
Let .73 be the symmetric group of order 3. Given ¢ € .#3, we define a linear map
Dy VP — Vv

by
Do (X1 QX2 @ X3) = Xg-1(1) @ Xg-1(2) DX-1(3)-
Recall that A°? = 70 A where 7 is the usual flip that is T(x ® y) = y @ x.

Definition 17.5. A triple (V,A, ) is a Hom-Lie admissible Hom-coalgebra if the
linear map
ALV —VRV

defined by A, = A — A°P, is a Hom-Lie coalgebra multiplication, that is the follow-
ing condition is satisfied

cg(AL) + P13y 0 cg(AL) + Pzpyoeg(AL) =0 (17.3)

where (213) and (231) are the two cyclic permutations of order 3 in .#4.
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Remark 17.1. Since Ay, = A — A°P, the equality A;” = —Ay holds.

Lemma 17.1. Let (V,A, B) be a Hom-coalgebra where A -V — V@V and p:V —
V are linear maps and A is not necessarily coassociative or Hom-coassociative,
then the following relations are true

cp(A7) = =Pz 0c5(A) (17.4)
(B@AP)oA = P(130(ARB)oA” (17.5)
(B@A)oA? = P30 (AP @B)oA (17.6)
(A@B)oA”? = P30 (BRA)oA (17.7)
(A?@B)oA = Py o0(A®B)oA. (17.8)

Lemma 17.2. The -coassociator of Ar is expressed using A and A°P as follows:

Cﬁ(AL) = cﬁ(A) +Cﬁ(A0p) (17.9)
—(A®B)oA? — (AP @B)oA+
(15(13)0(A ®ﬁ)oA0p+¢(l3)o(A0p®[3)oA
= cp(A) — B3 0c5(A) (17.10)
— @130 (BRA)0A - Pp0(ARB)oA
+ @30 (B®A)0A+ P30 (A®B)oA

Proposition 17.1. Let (V, A, B) be a Hom-coalgebra. Then one has

cp(AL) + Pz 0cp(AL) + Psryocp(Ar) =2 Y, (1) Dgocg(A) (17.11)

(IS

where (—1)€(%) is the signature of the permutation G.

Proof. By (17.10) and multiplication rules in the group .#3, it follows that

P13 0¢p(AL) = Pizyocp(A) — Parz) 0 P3)ocp(A)
—P(213)0 P(213) 0 (BRA)0 A — Pp13y0 Py 0 (AR ) oA
+@(213) 0 P30 (BRA)0 A+ Pp13)0 P30 (AR P) oA
= Pyi3)0¢p(A) — P13 0c5(A) (17.12)
— P30 (BR®A)0A — D3 0(ARP)oA
+ P30 (BRA)0cA+(ARP)oA,
P31y 0¢p(AL) = Ppsryocp(A) — Pzpyo Przyocp(A)
—P31) 0 DP213) 0 (BRA) 0 A — D310 P(1p0 (AR B)oA
+D231) 0 P23y 0 (BR®A)0 A+ P31y 0 Prazpy o (A®P)oA
— D1y 0¢p(A) — Baz) 0 cp(A) (17.13)
—(ﬁ@A)oA—fl5<l3)o(A®[3)oA
+ D120 (BRA)0A+Py130(ARP)oA



17 Hom-Lie Admissible Hom-Coalgebras and Hom-Hopf Algebras 195

After summing up the equalities (17.10), (17.12) and (17.13) the terms on the right
hand sides may be pairwise combined into the terms of the form (—1)£(%) @, o cg(A)
with each one being present in the sum twice for all o € .#3.

Definition 17.5 together with (17.11) yields the following corollary.

Corollary 17.1. A triple (V,A, ) is a Hom-Lie admissible Hom-coalgebra if and
only if
Z (—1)8<6)¢G OCﬁ(A) =0

[SS%}

where (—1)8(9) is the signature of the permutation G.

17.3.1 G-Hom-Coalgebra Structures

In this section we introduce, as in the multiplication case, the notion of G-Hom-
coalgebra where G is a subgroup of the symmetric group .%3.

Definition 17.6. Let G be a subgroup of the symmetric group .#3, A Hom-coalgebra
(V,A,B) is called G-Hom-coalgebra if

Y (—1)F@dDs0e5(4) =0 (17.14)

ceG

where (—1)£(°) is the signature of the permutation .

Proposition 17.2. Let G be a subgroup of the permutations group 3. Then any
G-Hom-Coalgebra (V,A,B) is a Hom-Lie admissible Hom-coalgebra.

Proof. The skew-symmetry follows straightaway from the definition. Take the set
of conjugacy classes {gG}ger where I C G, and for any 61,00 € [,01 # 07 =
GlGﬂ GlG = (. Then

Y (1) ds0c54)= Y Y (1) dsoe(4)=0.

cES o1€l0r,€01G

The subgroups of .73 are
Gi1={ld}, Gy ={ld, 112}, G3 = {Id, 123},

Gy = {Id,‘L'B}, Gs =Aj, Gg = V3,

where A3 is the alternating group and where 7;; is the transposition between i and ;.
We obtain the following type of Hom-Lie-admissible Hom-coalgebras:

e The G1-Hom-coalgebras are the Hom-associative coalgebras defined above.
e The G>-Hom-coalgebras satisfy the condition

cg (A) + @(12)0[3 (A) =0.
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e The G3-Hom-coalgebras satisfy the condition
cg(A) + Pp3yep(4) = 0.
o The G4-Hom-coalgebras satisty the condition
cg(A)+ P(13)e5(4) =0.
e The Gs-Hom-coalgebras satisfy the condition
c(A) + P13)cp(A) + Paryep(4) =0.

If the product u is skewsymmetric then the previous condition is exactly the
Hom-Jacobi identity.
o The Gg-Hom-coalgebras are the Hom-Lie-admissible coalgebras.

The G,-Hom-coalgebras may be called Vinberg-Hom-coalgebras and G3-Hom-
coalgebras may be called preLie-Hom-coalgebras. The two classes define in fact the
same class.

Definition 17.7. A Vinberg-Hom-coalgebra is a triple (V,A, B) consisting of a lin-
ear space V, alinear map it : V — V x V and a homomorphism f3 satisfying

Cﬁ(A) + @(12>Cﬁ (A) =0.

Definition 17.8. A preLie-Hom-coalgebra is a triple (V, A, B) consisting of a linear
space V, a linear map i : V. — V x V and a homomorphism f satisfying

cp (A) + @(23)Cﬁ (A) =0.

More generally, by dualization we have a correspondence between G-Hom-
associative algebras introduced in [12] and G-Hom-coalgebras for a subgroup G
of y3 .

Let G be a subgroup of .3 and (V,u, o) be a G-Hom-associative algebra that
isu:V®V —=Vand o : V — V are linear maps and the following condition is
satisfied

Y (=1)¥agy 0 dg =0. (17.15)
oeG
where aq y, is the a-associator thatis ag y = po (U@ o) —po (@ u).
Setting

Hoa)s=Y (1O uoa)obs and (a@u)c= Y, (~1)*° (@ u)ods

oceG cecG

the condition (17.15) is equivalent to the following commutative diagram
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veaveyv HEUygy
l("@#)c I
u

VeV — \%

By the dualization of the square one may obtain the following commutative dia-
gram

\% — VeVv
14 l(B®A>c

vev Y yoyey

where

BoA)g=Y, (~1)*"@so(B®A) and (A®B)g= Y. (~1)*VPso(Amp).

cecG occG

The previous commutative diagram expresses that (V,A, ) is a G-Hom-coalge-
bra. More precisely we have the following connection between G-Hom-coalgebras
and G-Hom-associative algebras.

Proposition 17.3. Let (V,A,3) be a G-Hom-coalgebra where G is a subgroup
of SA3. Its dual vector space V* is provided with a G-Hom-associative algebra
(V*,A*, B*) where A*,B* are the transpose maps.

Proof. Let (V,A,B) be a G-Hom-coalgebra. Let V* be the dual space of V (V* =
Hom(V,K)).
Consider the map
)Ln . (v*)®n . (V*)®n
f1®"'®fn _’)“n(f1®®fn)
such that for v ® ---®@v, € V"

A'n(fl ®"'®fn)(vl ®"'®Vn) :fl(V1)®"'®fn(Vn)
and set
U:=A"ol, o:=p"

where the star x denotes the transpose linear map. Then, the quadruple (V*, 1,1, o)
is a G-Hom-associative algebra. Indeed, i(f1, f2) = tk o 2(f1 @ f2) o A where ug
is the multiplication of K and fi, f> € V*. One has

po(@a)(fi®f2®f3) = n(u(fi®fr)®@alfs))
= pxo(u(fi@fr) @ a(f3))oA
= pro (L ((fi®fa)cA)®a(f;))oA
= g o (Ur ®id) o A3(f1® 2® f3) o (AR B)oA.
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Similarly

po(a@u)(fi®f2®f3)=txo(id®ug)oA3(fi® 2@ f3)0 (BRA)oA.

Using the associativity and the commutativity of ug, the a-associator may be writ-
ten as

agu = Hx o (id @ p) o 3(fi © L@ f3) 0 (A®B) oA — (BDA)oA).

Then we have the following connection between the a-associator and f3-coassociator

dou = i 0 (id @ pix ) o A3(f1 ® f>® f3) o ep(A).

Therefore if (V,A,B) is a G-Hom-coalgebra, then the (V*,A* B*) is a G-Hom-
associative algebra.

Proposition 17.4. Let (V, 1, @) be a finite-dimensional G-Hom-associative algebra
where G is a subgroup of 3. Its dual vector space V* is provided with a G-Hom-
coalgebra (V*,u*, %), where U*, o are the transpose maps.

Proof. Let o = (V,u,a) be a n-dimensional Hom-associative algebra (n finite).
Let {e1,---,e,} be abasis of V and {e, - e, } be the dual basis. Then {e; ®e}}; ;
is a basis of .&/* ® o/*. The comultiplication A = u* on &7* is defined for f € &/*
by

n

A(f) = ) flulei®e;)) ef @ej.
ij=1
Setfu(e;®e;) = Yi_; Chex and at(e;) = Yj_; ofer. Then A(ef) = Xf ;- Cfy ¢} @ ¢

) ij ~i
and B(e;) = a*(e;) = Yp_| ogex.
The condition (17.14) of G-Hom-coassociativity of A, applied to any element e;;
of the basis, is equivalent to

n
Y Y (-1 Z o CliChy — 0 CHC )1 () @ €1 () @€ 1(5) = 0.
p.gs=10eG i,j=1
Therefore A is G-Hom-coassociative if for any p,q,s,k € {1,---,n} one has

0.

n
Y (DY alchc;, —achc))
ocG i,j=1

The previous system is exactly the condition (17.15) of G-Hom-associativity of L,
written on e,y @ e,y ® ey and setting p = o(p’), g =0(q'), s = o(s').

Corollary 17.2. The dual vector space of a Hom-coassociative coalgebra (V, A, B, €)
is a Hom-associative algebra (V*,A*,B* €*), where V* is the dual vector space
and the star for the linear maps denotes the transpose map. The dual vector space
of finite-dimensional Hom-associative algebra is a Hom-coassociative coalgebra.

Proof. Itis a particular case of the previous Propositions (G = Gy).
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17.4 Hom-Hopf Algebras

In this section, we introduce a generalization of Hopf algebras and show some rel-
evant properties of the new structure. We also define the module and comodule
structure over Hom-associative algebra or Hom-coassociative coalgebra. For classi-
cal Hopf algebras theory, we refer to [1,3,6,10, 11, 13]. Let K be an algebraically
closed field of characteristic 0 and V be a vector space over K.

Definition 17.9. A Hom-bialgebra is a quintuple (V,u,a,n,A, B, €) where
(B1) (V,u,a,m) is a Hom-associative algebra
(B2) (V,A,B,€) is a Hom-coassociative coalgebra
(B3) The linear maps A and € are morphisms of algebras (V, i, o, 17).

Remark 17.2. The condition (B3) could be expressed by the following system:

=e; Qe where e; =1 (1)
HEx®y) =Ax) oA y) =Yuw Doy ou? oy?)

where the bullet e denotes the multiplication on tensor product and by using the
Sweedler’s notation A (x) = Yy x( @ x()_ If there is no ambiguity we denote the
multiplication by a dot.

Remark 17.3. One can consider a more restrictive definition where linear maps A
and € are morphisms of Hom-associative algebras that is the condition (B3) becomes
equivalent to

=e; Qe where e; =1 (1)
HEx®y)=Ax)eAy) =YD oy ou? oy?)

Given a Hom-bialgebra (V,u,a,n,A,B,€), we show that the vector space Hom
(V,V) with the multiplication given by the convolution product carries a structure
of Hom-algebra.

Proposition 17.5. Let (V,u,0,n,A,B,€) be a Hom-bialgebra. Then the algebra
Hom (V,V) with the multiplication given by the convolution product defined by

frg=po(f®g)oA

and the unit being 1 o € is a Hom-associative algebra with the homomorphism map
defined by y(f) = ao fop.
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Proof. Let f,g,h € Hom(V,V). Then

Y(f) * (8*h)) o (v(f)®(gxh)A
o (Y(f) @ (no(g@h)oA))A
=po(a@u)o(f@g@h)o(B®A))A.

Similarly
(fg)xv(h) =po(u@a)o(fRg@h)o(A®P))A

Then, the Hom-associativity of y and the Hom-coassociativity of A lead to the
Hom-associativity of the convolution product. The unitality is as usual.

Definition 17.10. An endomorphism S of V is said to be an antipode if it is the in-
verse of the identity over V for the Hom-algebra Hom (V, V) with the multiplication
given by the convolution product defined by

frg=po(feg)A
and the unit being o e.
The condition being antipode may be expressed by the condition:
poS®IdoA =pold®SoA =mnoe.
Definition 17.11. A Hom-Hopf algebra is a Hom-bialgebra with an antipode.
Then, a Hom-Hopf algebra over a K-vector space V is given by
H=(V,u,o,n,A,B,€,5)
where the following homomorphisms
uw:vev—- n:K-V, a:V-V
A:V-VRV, VoK B: V-V
S:V—-K

satisfy the following conditions:

1. (V,u,a,m) is a unital Hom-associative algebra.
2. (V,A,B,€) is a counital Hom-coalgebra.
3. A and € are morphisms of algebras, which translate to

Ale))=e1®e where e; =1 (1)
Axy)=A(x)0A(y) = YmxV -y @x? .y

4. §is the antipode, so
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poS@IdoA =pold®SoA =noe.

Remark 17.4. Let V be a finite-dimensional K-vector space.
If 7 = (V,u,a,n,A,B,€,S) is a Hom-Hopf algebra, then

%* = (V*7A*’B*7£*7IJ'*7a*7n*’S*)

is also a Hom-Hopf algebra.

17.4.1 Primitive Elements and Generalized Primitive Elements

In the following, we discuss the properties of primitive elements in a Hom-bialgebra.
Let 57 = (V,u,a,m,A, B, €) be a Hom-bialgebra and ¢; = 17(1) be the unit.

Definition 17.12. An element x € JZ is called primitive if A(x) = e; @x+x®e.

Let x € JZ be a primitive element. The coassociativity of A implies
(B®A)oA(x)=T130(A®P)oA(x)

where 713 is a permutation in the symmetric group .#3.

Lemma 17.3. Let x be a primitive element in 7€, then €(x) = 0.

Proof. By counity property, we have x = (id @ €) 0 A(x). If A(x) = e ®x+xRe,
then x = €(x)e; + €(e1)x, and since €(e;) = 1 it implies €(x) = 0.

Proposition 17.6. Let 57 = (V,,a,n, A, B, €) be a Hom-bialgebra and e} = (1)
be the unit. If x and y are two primitive elements in 7. Then we have €(x) =0 and
the commutator [x,y] = H(x®y) — u(y ®@x) is also a primitive element.

The set of all primitive elements of 7, denoted by Prim(J), has a structure of
Hom-Lie algebra.

Proof. By a direct calculation one has

A([xy]) = A(p(x®@y) — u(y®x))
= A(x)eA(y) —A(y) e A(x)
= (e1Qx+xQej)o(e1@y+yRe)—(e1Qy+yRer)o (e @x+xRe)
IRUXDY) +yRx+XRDy+UXRY)@e
-1 QUY®X) —xQYy—yRx—U(y®x) Qe;
=@ Urey)—uhyex)+H(xey) —u(yx) e
e1® [x,y] +[x,y] ®ey

which means that Prim(.77) is closed under the bracket multiplication |-, -].
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We have seen in [12] that there is a natural map from the Hom-associative al-
gebras to Hom-Lie algebras. The bracket [x,y] = p(x®y) — u(y ® x) is obviously
skewsymmetric and one checks that the Hom-Jacobi condition is satisfied:

[a(x), [y 2] = [P )], e (2)] = [ex(y), [, 2] =
pla(x)@u(yez) —plalx) @u(zey))

Tu(p(zey)@ax) —p(p(xey) ©a(z) +
+u(a(z) @u(x®y)) - pu( )

+u(a()@uEox)+upre)aly) - pkizox)©aly)) =0

We introduce now a notion of generalized primitive element.

Definition 17.13. An element x € 77 is called generalized primitive element if it
satisfies the conditions

(BoA)oA(x)=T130(A®B)oA(x) (17.16)
A%?(x) = A(x) (17.17)

where 713 is a permutation in the symmetric group .73.
Remark 17.5. 1. In particular, a primitive element in J# is a generalized primitive

element.
2. The condition (17.16) may be written

(A@p)oA(x)=n30(B®A)oA(x).

Proposition 17.7. Let 57 = (V, i, 0, n, A, B, €) be a Hom-bialgebra and ey =1 (1)
be the unit. If x and y are two generalized primitive elements in 7. Then, we have
€(x) = 0 and the commutator [x,y] = p(x®y) — u(y ® x) is also a generalized
primitive element.

The set of all generalized primitive elements of F, denoted by GPrim(7¢), has
a structure of Hom-Lie algebra.

Proof. Let x and y be two generalized primitive elements in 7. In the following
the multiplication u is denoted by a dot. The following equalities hold:

(A@B)oA(x-y—y-x) = (A@B)oA(x-y) = (A®B)oA(y-x)
= (Aep)(A(x)eA(y) - (AR B)(A(y) e Alx))
=AMy (x(2).y<2))fA(y(1).x(l))®ﬁ(y(2>.x(2))
= (WM ,M0)y g (x1A) .y )®ﬁ( (2).y(2)y
— (WM DMy g (D). xRy @ B(y2) . x2)),

Then, using the fact that A°? = A for generalized primitive elements one has:
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T30(A@B)oA(x-y—y-x) = B(x?P - y?) @ (x(NP) .y (D)) g (D). (1))
—BO? Xy @ (1N . x(1N2)) g (D). (D))
= (BA)oA(x-y—y-x).

The structure of Hom-Lie algebra follows from the same argument as in the primi-
tive elements case.

17.4.2 Antipode’s Properties

Let 57 = (V,u,a,n,A,B,€,S) be a Hom-Hopf algebra.
For any element x € V, using the counity and Sweedler notation, one may write

fox @e(x Ze (17.18)

Then, for any f € Endg(V), we have

@)=Y ey =Y ey o r(x®?). (17.19)

Let fxg=pno(f®g)A be the convolution product of f,g € Endg (V). One may
write

(f*g)(x Zu g(x)). (17.20)

Since the antipode S is the inverse of the identity for the convolution product then S
satisfies

=Y u(secM@x@) =Y u(xV e sa?)). (17.21)
() ()

Proposition 17.8. The antipode S is unique and we have

e S(m(1))=n(1).
e coS=e¢.

Proof. (1) We have Sxid = idxS =1o¢€. Thus, (Sxid)*S =S (id*S) =S.If &
is another antipode of .7 then

S =8 xidxS =85 xidxS=S*idxS=3S.

Therefore the antipode when it exists is unique.
(2) Setting e; = n(1) and since A(e;) = e; ® ¢ one has

(Sxid)(er) = p(S(e1) ®er) =S(e1) =n(gler)) =er.

(3) Applying (17.19) to S, we obtain S(x) = ¥ ) S(xV)e(x?)).
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Applying € to (17.21), we obtain

e(x) = e(L u(Sx) @)
®

Since € is a Hom-algebra morphism, one has

e(r) = Y e(S))e?) = e(Ls)e(x®)) = e(S(x)).
) )

Thus €oS = €.

17.4.3 Modules and Comodules

We introduce in the following the structure of module and comodule over Hom-
associative algebras.

Let o = (V, 1, @) be a Hom-associative K-algebra, an .7 -module (left) is a triple
(M, f,y) where M is K-vector space and f,y are K-linear maps, f : M — M and
Y:V &M — M, such that the following diagram commutes:

veveM “Lvem
l o’y l?’
veM L M
The dualization leads to comodule definition over a Hom-coassociative coalgebra.

Let C = (V,A, B) be a Hom-coassociative coalgebra. A C-comodule (right) is a
triple (M, g,p) where M is a K-vector space and g, p are K-linear maps, g: M — M
and p : M — M ®V, such that the following diagram commutes:

M 2 mev

1P lgé@A

Mav P mevev

Remark 17.6. A Hom-associative K-algebra o7 = (V, 11, ) is a left «7-module with
M=V, f=oand y= pu. Also, a Hom-coassociative coalgebra C = (V,A, ) is a
right C-comodule with M =V, g = 3 and p = A. The properties of modules and
comodules over Hom-associative algebras or Hom-coassociative algebras will be
discussed in a forthcoming paper.

17.4.4 Examples

The classification of two-dimensional Hom-associative algebras, up to isomor-
phism, yields the following two classes. Let B = {ej, e} be a basis where (1) = ¢
is the unit.
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1. The multiplication y; is defined by p;(e; ® ¢;) = ti(e;®e;) = ¢; for i = 1,2
and U (ex ® €2) = €2, and the homomorphism ¢ is defined, with respect to the
basis B, by ( a 0 ) .

a—ap az

2. The multiplication y, is defined by (e ®e;) = Ua(e;®@ey) = ¢; fori=1,2

and U (ex ® ep) = 0, and the homomorphism o is defined, with respect to the

basis B, by (Zl 6?)
2 aj

The Hom-bialgebras corresponding to the Hom-associative algebra defined by
and ¢ are given in the following table

Comultiplication Co-unit homomorphism
1 A(e|):€1®€1 8(6]):1 (b] 0)
A(ez) =epRen 8(62) =1 b3 by
) Ale)) =e1®e gle))=1 (bl b‘;b3 )
Aler) =e1®@er+er®e; —2erQ e g(e) =0 by b3
3 Aler) =e1®e gle))=1 (bl blfbg,)
Aler) =e1Qer+er®e; —erx@e g(e) =0 by bs

Only Hom-bialgebra (2) carries a structure of Hom-Hopf algebra with an antipode
defined, with respect to a basis B, by the identity matrix.

Remark 17.7. There is no Hom-bialgebra associated to the Hom-associative algebra
defined by the multiplication y, and any homomorphism o.

Acknowledgements This work was supported by the Swedish Foundation for International Co-
operation in Research and Higher Education (STINT), the Crafoord Foundation, the Royal Physio-
graphic Society in Lund, the Royal Swedish Academy of Sciences, the Swedish Research Council
and European Erasmus program.

References

1. Drinfel’d V. G.: Hopf algebras and the quantum Yang—Baxter equation, Soviet Math. Doklady
32, 254-258 (1985)

2. Goze M., Remm E.: Lie-admissible coalgebras, J. Gen. Lie Theory Appl. 1, no. 1, 19-28
(2007)

3. Guichardet A.: Groupes quantiques, InterEditions / CNRS Editions, Paris (1995)

4. Hartwig J. T., Larsson D., Silvestrov S. D.: Deformations of Lie algebras using c-derivations,
J. Algebra 295, 314-361 (2006)

5. Hellstrom L., Silvestrov S. D.: Commuting elements in q-deformed Heisenberg algebras,
World Scientific, Singapore (2000)

6. Kassel C.: Quantum groups, Graduate Text in Mathematics, Springer, Berlin (1995)

7. Larsson D., Silvestrov S. D.: Quasi-hom-Lie algebras, Central Extensions and 2-cocycle-like
identities, J. Algebra 288, 321-344 (2005)



206 A. Makhlouf and S. Silvestrov

8. Larsson D., Silvestrov S. D.: Quasi-Lie algebras, in “Noncommutative Geometry and Repre-
sentation Theory in Mathematical Physics”, Contemp. Math. 391, Amer. Math. Soc., Provi-
dence, RI, 241-248 (2005)

9. Larsson D., Silvestrov S. D.: Quasi-deformations of sly(F) using twisted derivations, Comm.
Algebra 35, 4303-4318 (2007)

10. Majid S.: Foundations of quantum group theory, Cambridge University Press, Cambridge
(1995)

11. Makhlouf A.: Degeneration, rigidity and irreducible components of Hopf algebras, Algebra
Colloquium 12(2), 241-254 (2005)

12. Makhlouf A., Silvestrov S. D.: Hom-algebra structures, J. Gen. Lie Theory, Appl. 2(2), 51-64
(2008)

13. Montgomery S.: Hopf algebras and their actions on rings, AMS Regional Conference Series
in Mathematics 82, (1993)

14. Yau D.: Enveloping algebra of Hom-Lie algebras, J. Gen. Lie Theory Appl. 2(2), 95-108
(2008)



2 Springer
http://www.springer.com/978-3-540-85331-2

Generalized Lie Theory in Mathematics, Physics and
Beyond

Silvestrov, 5.D.; Paal, E.; Abramov, V.; 5tolin, A, (Eds.)
2009, XV, 308 p. 3illus., Hardcover

ISBN: 278-3-540-85331-2



