Chapter 2

Conjugate Gradient Methods for Nonconvex
Problems

2.1 Introduction

It is worthwhile to notice that when interests in conjugate gradient algorithms for
quadratic problems subsided their versions for nonconvex differentiable problems
were proposed. These propositions relied on the simplicity of their counterparts for
quadratic problems. As we have shown in the previous chapter a conjugate gradient
algorithm is an iterative process which requires at each iteration the current gradient
and the previous direction. The simple scheme for calculating the current direction
was easy to extend to a nonquadratic problem

min f(x). (2.1)

XER"

Since we assume that f is a nonconvex function the extension of a conjugate
gradient algorithm to these functions needs the specification of the optimality condi-
tions which would serve as a stopping criterion in new methods. Throughout Chap. 1
we dealt with quadratic functions defined by symmetric positive definite matrices.
For these quadratic functions the condition that the gradient is equal to zero are both
necessary and sufficient conditions of optimality of a global solution. In the case
of general nonconvex functions the considered extensions of a conjugate gradient
algorithm are aimed at finding a local solution to the problem (2.1). A stopping cri-
terion of these methods refers to the necessary optimality conditions of the problem
(2.1). If at points fulfilling a stopping criterion the sufficient optimality conditions
are satisfied these methods find also local minimizers. The formal statement of these
conditions requires several definitions beginning from the definition of a local solu-
tion to the problem (2.1) and ending up with the sufficient optimality conditions for
a local solution.

Definition 2.1. The point ¥ € %" is a local solution to the problem (2.1) if there
exists a neighborhood .4 of X such that

fx) = f(%)
forall x € 4. If f(x) > f(%), Vx € 4 with x # X, then X is a strict local solution.
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The necessary optimality conditions for a local solution X are given in the
following lemma.

Lemma 2.1. Suppose that f is a continuously differentiable function in some neigh-
borhood of X which solves the problem (2.1), then

g(¥) =0. (2.2)

Proof. The proof of the lemma follows directly from the Taylor’s expansion theo-
rem. For any d € %" there exists a € (0, 1) such that (cf. Appendix A)

f(E+d)=f(&)+g(Z+ad)d. (2.3)

If (%) # 0 then we can assume d = —g(x) and due to the continuous differentiability
of f we can take some small & € (0, 1) such that

g@+ad)’d<0 (2.4)
and (by substituting &d for d in (2.3))

f(+ad) = f(x)+gFE+ad)’d (2.5)

for some & € (0, &). Equation (2.5) together with (2.4) contradict our assumption
that ¥ is a local minimizer of f. O

A point ¥ satisfying (2.2) is called a stationary point. If at a stationary point ¥ the
Hessian matrix of f is positive definite, or in other words that sufficient optimality
conditions are satisfied:

g(¥) =0 (2.6)
IV2F(R)z >0, Vze R withz#0, 2.7

then X is a local solution.

Lemma 2.2. Suppose that f is twice continuously differentiable and at a point X
(2.6)—(2.7) hold. Then X is a strict local solution of the problem (2.1).

Proof. Since f is twice continuously differentiable there exists a neighborhood of
% — 4 such that V2 f(x) is positive definite for all x € .4". There exists a positive
number ¢ such that for any normalized direction d we have X+ ad € 4. Using the
Taylor’s expansion theorem, for any & € [0, ¢], we can write

f(E+ad) = f(x)+ ;dTVZ fz)d > f(%) (2.8)

since z € 4. This implies that % is a local solution to the problem (2.1). O
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Having the necessary optimality conditions (2.2) the straightforward extension of
a conjugate gradient algorithm, stated in Chap. 1 for the quadratic problem, would
be as follows.

Algorithm 2.1. (The conjugate gradient algorithm with exact line search)

1. Choose an arbitrary x; € %Z". Set
dy=—gi (2.9)

and k= 1.

2. Find o4 which minimizes f on the line % = {x € Z": x=x;+ ady, o €
(0,°0)}. Substitute xj + o dy for xiy 1.

3. If ||gk-r1]| = O then STOP, otherwise calculate dj; according to

diy1 = —8ikr1 + Bry1ds.

4. Increase k by one and go to Step 2.

The above algorithm is an example of an iterative optimization algorithm which
generates the sequence {x;} in the following way

Xit1 = Xk + Ok
where o is chosen to decrease value of f:
f(ka) < f(xk). (2.10)

We will demand from an iterative optimization procedure that either at some
point x; g; = 0, or there exists a subsequence {x;, } such that
lim g(x;,) = 0.
| —o0
In Step 2 condition (2.10) is satisfied by requiring that ¢ is a minimum of f
along a direction di. Contrary to the quadratic case this is not a simple algebraic
problem. In general we have to apply an iterative procedure to find an approximate
solution to the problem
min[¢(a) = f(x + oudy)] . (2.11)

o>0
2.2 Line Search Methods

In order to avoid solving problem (2.11) several rules for finding ¢y, which guar-
antee the global convergence of an optimization algorithm, have been proposed.
These rules related to the problem (2.11) are called the directional minimization
rules.
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Fig. 2.1 The Wolfe line search rule

The most popular rule is expressed by the Wolfe conditions [207], [208]:
J o+ ogedye) — f (xi)

< Uoggy Tdy (2.12)
g(xe+ oudy) d > ng

Tdy, (2.13)
where 0 < u <1 <1 (cf. Fig. 2.1).
Condition (2.12) is sometimes referred as Armijo condition although this name

is often reserved for another directional minimization rule which will be discussed
later. Condition (2.12) stipulates a decrease of f along dj. Notice that if

gld, <0, (2.14)

i.e. dy, is the direction of descent, then there exists, under some conditions imposed
on f, & such that for all o € [0, &) (2.12) is satisfied:

flo+ady) — () < pogf dy

since 0 < u < 1.

Condition (2.13) is called the curvature condition and its role is to force oy to be
sufficiently far away from zero which could happen if only condition (2.12) were to
be used. Notice that there exists ¢ > 0 such that for any o € [0, &] (2.13) will not
be satisfied:

g0+ ady) " dy < ngldy

forany o € [0,&] since 0 < 1 < 1.
If we wish to find a point ¢, which is closer to a solution of problem (2.11) than
a point satisfying (2.12)—(2.13), we can impose on 0y, the strong Wolfe conditions:

f o+ ondy) — f(xe) < pogf d (2.15)
g (v + o) di| < gk dil (2.16)
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with 0 < u < 1 < 1. In contrast to the Wolfe conditions g (x; 4 ogdy)” di cannot be
arbitrarily large.

The directional minimization rule which does not refer to the curvature condition,
called the Armijo rule, (the corresponding procedure is often called backtracking
line search) is defined by the following algorithm:

Algorithm 2.2. (The Armijo line search algorithm)

Parameters: s > 0, u, B € (0,1).

1. Set ox =s.
2. If

f o+ ody) — f ) < pogf dy (2.17)

substitute o for og and STOP.
3. Substitute B o for o, go to Step 2.

The essence of the Armijo rule is that oy is accepted only if o /3 does not satisfy
the Armijo condition therefore we avoid too small values of ¢4 which could hamper
the global convergence. As we will show later, at each iteration initial s can assume
different values, provided they lie in some set [Syin, Smax] and 0 < Spin < Simax-

The Wolfe conditions can be modified by taking, as the accuracy reference in the
Armijo and the curvature conditions, —||d||? instead of g7 dy. Assume that

gidi < —||di|?
then the modified Wolfe conditions are

—pog|dy )2 (2.18)
—n|ldi||?, (2.19)

S+ ogedy) — f ()
gl + ondy)" dy

VoA

where 0 < u < n < 1. Notice that condition (2.18) is weaker in comparison to the
Armijo condition while condition (2.19) is stronger than the curvature condition.
The equivalence of these conditions holds when g7 dj = — || di|*.

The above mentioned line search methods have any practical meaning if we can
guarantee finding ¢ satisfying them in a finite number of operations. However, first
of all we have to show that such oy, exist.

Lemma 2.3. Assume that f is continuously differentiable and that it is bounded
from below along the line £, = {x € Z" : x =x;+ ady, o € (0,00) }. Suppose also
that dy. is a direction of descent ((2.14) is satisfied). If 0 < u < n < 1 then there
exist nonempty intervals of step lengths satisfying the Wolfe and the strong Wolfe
conditions.
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Proof. The proof is standard one — we follow that given in [146]. Consider the
line /(@) = f(xx) + pogldy. Since 0 < p < 1 it must intersect the graph of ¢ (a).
Suppose that & is the smallest intersection point. Therefore, we have

F it Gedg) = f (x) + pligy i
Furthermore, from the mean value theorem there exists ¢ € (0, &) such that
Flo+ i) = f (o) + gl + i) dy
and since 0 < u < 1 < 1 we also have
g0u + adp)" di = pigf di > Mg dy.

Due to our smoothness assumption (2.12)—(2.13) are satisfied by all « in some
neighborhood of &. The interval on which the strong Wolfe conditions hold is the
same since f(x + 0tdy) — f(x) < 0 and

|9 (i + i) di| < gf .
It completes the proof. O

In order to show that there exists a nonempty interval of step lengths satisfying
the modified Wolfe conditions we will provide a procedure which determines oy in
a finite number of operations.

Lemma 2.4. Assume that f is continuously differentiable and that it is bounded from
below along the line £, = {x € #" : x =x;+ ady, o € (0,00)}. Suppose also that
dy is a direction of descent ((2.14) is satisfied). If 0 < L <1 < 1 then there exists a
procedure which finds oy, satisfying (2.18)—(2.19) in a finite number of operations.

Proof. The proof is based on the paper [133]. Let € > 0 be such that n > u + €.
Let o be an arbitrary positive number and set a](\)/ = oo, ocg = 0. The procedure,
which we propose, produces a sequence of points { o’ } constructed in the following
way. If

Flutaldi) = fln) < —(u+e)ad | de | (220
we set ot = ol o' = o and o' = o, o' = o otherwise. Next, we

substitute a1 by (o}, + atf,) /2 if o' < oo, or by 20/ if ! = eo.

If for every a! generated by the procedure we have that ! satisfies (2.20) then
(x[[v will remain equal to infinity and f(x; + o’dy) — —oo. Therefore, let us sup-
pose that there exists o such that (2.20) is not fulfilled. This means that at some
iteration doubling has started and we have the sequences {0}, {OCL} such that
ol — 0‘;[1 — 0, of, — &, because either o} or aﬁl is set to (g, + aL)/Z. More-
over, let us assume that for every [, o does not satisfy (2.19) and (2.20) (otherwise
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we have found the desired coefficient ¢ ). In this case 0‘;[1 — @ and & satisfies (2.20).

If we have (2.19) for ¢ infinitely often then the procedure will terminate after finite
number of iterations, because o — &, f is continuous and (2.18) will have to be
satisfied.

Now, let us suppose that (2.19) holds only for the finite number of ¢/, thus

8w+ aldy)" d < —nldil?
for infinitely many times. This leads to

gx+ i) di < —m|dic||*.

Because
o+ ody) = f () > — (1 + &) oy, 221
thus
f o+ ofydy) — f (i + i) > — (1 +€) (o — &) ||| | (2.22)
and

—n||di||* > llmg(xk-i-a di)" di = g(xi + budy)" d

(xk + OCNdk (xk + &dk)

/
Oy —

= lim

[—oo

> —(u+€)||di]|%, (2.23)

Q)

but this is impossible sincen > u+¢. O

Since the Wolfe conditions are a special case of the modified Wolfe conditions
we have also shown how to find ¢, in a finite number of operations, which satisfies
(2.12)—(2.13).

Following the first part of the proof of Lemma 2.3 we can easily show that the
backtracking procedure will find an o which fulfills the Armijo condition in a finite
number of operations provided that dj, is a direction of descent.

We have specified the main elements of algorithms which belong to the class of
line search methods. An algorithm from the class can be stated as follows.

Algorithm 2.3. (The line search method)

1. Choose an arbitrary x| € #" and a descent direction d;. Set k = 1.
2. Find o4 > 0 which approximately solves the problem

min f(x; + ody).
o>0

Substitute x; + o dy for xg 1.
3. If ||gk+1]| = O then STOP, otherwise find dj 1, a direction of descent.
4. Increase k by one and go to Step 2.
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2.3 General Convergence Results

The main convergence result, which will be extensively exploited in the context of
several algorithms, is due to Zoutendijk [214]. It refers to the angle 6; between dj
and the steepest descent direction —g; defined by

—gl dy
llgxllldll

Essentially the Zoutendijk’s result states that if the 6y is always less than 7 then
the algorithm is globally convergent in the sense that

cos 6, = (2.24)

lim || = 0. (2.25)

Equation (2.25) is a straightforward consequence of the following theorem.
Theorem 2.1. Suppose that {x;} is generated by Algorithm 2.3 and

(i) oy satisfies the Wolfe conditions,
(ii) f is bounded below in %",
(iii) f is continuously differentiable in an open set A containing the level set
M ={xeZ": f(x) < fla)},
(iv) g(x) is Lipschitz continuous — there exists L > 0 such that

lg(y) — ()|l < L[y —x|| (2.26)
forallx, ye N .
Then

2, cos” Bclge]|> < .
k>0

Proof. From the curvature condition

(81— 8K de = (n—1)gfdy (2.27)
and since g is Lipschitz continuous we also have

| (g1+1 — 81)" el < oLl (2.28)
Combining (2.27) with (2.28) we obtain

n—1

O =
Lld||

5 8k di (2.29)

which together with the Armijo condition results in

1-1 (el dy)’

fer) = flu) < —u- lldell*

(2.30)
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Taking into account (2.24) we rewrite (2.30) as

Fs1) — fu) < —ccos® 6| gel|*

with ¢ = (1 —n)/L. After summing this expression over all indices from one to k
we come to

k
F(gr) = fx) < —¢ Y, cos” Oyl g|>.
=1

Since f is bounded below we must have

Y cos® Oc|gil|* < oo (2.31)
k=1

Observe that if there exists m > 0 such that

cosO, >m (2.32)
for all k then from (2.31) we have
lim cos” 6 g |* = 0
and
Jim [lg¢]| =0

which guarantees global convergence of the algorithm as we have already stated.
If the modified Wolfe conditions or the Armijo rule are used in general only
weaker convergence results can be established.

Theorem 2.2. Suppose that assumptions of Theorem 2.1 hold and o satisfies the
modified Wolfe conditions. Then

lim ||dy|| = 0.
Jim [ |

Proof. From the modified curvature condition we have
(8k1— 8K i = —(n — 1) [|de|*. (2.33)

On the other hand, from the Lipschitz condition, we come to

(81— &) dil < oueLl|d?
which combined with (2.33) give the lower bound on o:

1—n
oy = I3

for all k.



72 2 Conjugate Gradient Methods for Nonconvex Problems

Using arguments similar to those in the proof of Theorem 2.1 we can show that

k
Fn) = fxr) < —pe Y ||dy|?
=1

with ¢ = (1 —1n)/L. Since f is bounded below we must have

> [ldi||* < e
k=1

from which it follows
li =0.
lim || =0

O

Theorem 2.2 is useful in proving global convergence if we can show that there
exists M < oo such that

gl < M|yl
for all k. Suppose, for example, that
d=—B; g (2.34)
and there exists M < oo such that
|Billo <M
where || - || is the matrix norm induced by the Euclidean norm. Then, we will have
18l < Ml|dy]|
and from Theorem 2.2 global convergence follows
lim [ g4} = 0.

Yet another convergence result can be provided for algorithms with the Armijo
rule (cf. [9]), or the modified Armijo rule that is defined by Algorithm 2.2 in which
the condition (2.17) is replaced by the condition

FO+ ady) — fxi) < —por|di]|® (2.35)
and it is assumed that

ghdr < —|di)*. (2.36)
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Theorem 2.3. Suppose that assumptions (ii)—(iii) of Theorem 2.1 are satisfied and
oy is determined by the Armijo rule, or the modified Armijo rule. If for any
convergent subsequence {x; }rek such that

kﬁgﬂ}ce S #0
we have
limsup ||di[| < oo,
k—oo, k€K
Jminl lsedi] > 0
then,

li Td, = 2.37
kH;I’Iklngkdk 0 (2.37)

in the case of the Armijo rule, or

li di|| =0 2.38
k%lo’keKH ll (2.38)

in the case of the modified Armijo rule.

Proof. The proof for the Armijo rule is given in [9], therefore we concentrate on the
proof of the part of theorem related to the modified Armijo rule.
As in the proof of the previous theorem we can show that

k
fln) = fOa) < —p Y eulldi?, (2.39)
=1
in the case of the modified Armijo rule. On the basis on the assumption (iii), (2.39)

implies that

Jim o ||di]|> = 0. (2.40)

Consider now any convergent subsequence {x;}rcx and let its accumulation
point be x. Suppose also that (2.38) is not satisfied, therefore, from (2.39), we must
have

li =0. 2.41
] il,?eK 0y (241)

The above means that there exists k; € K such that forall k € K, k > k;
fo+ (ou/B)di) = f () > —pu(ow/ Bl > (2.42)

since otherwise we would have oy = s for k sufficiently large contradicting (2.41).
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Since the sequence {dj }rck is bounded there exists convergent subsequence of
{di }xex which for the simplicity of presentation will be denoted in the same way.
Now (2.42) can be rewritten as

S (o =+ Ouedie) — f (x)
- > —plldl?
O
where 0y = oy /3.

If we take limits of both sides of the above expression and notice that f is

continuously differentiable we obtain

g@7d > —u|d|? (2.43)
where
lim dy=d.
k—oo ke K

On the other hand, dj, satisfies (2.36) thus
g(@®'d < —ld|?

which contradicts (2.43). This means that our assumption (2.41) has been wrong
and the proof of (2.38) is concluded. O

As the possible application of Theorem 2.3 consider the algorithm with the direc-
tion defined by (2.34). However, now we assume that the condition numbers of By
are bounded (cf. Appendix C):

K(Bi) = [|Bill2l| B ]2 <M < oo

for all k. In this case eigenvalues of Bk_1 lie in the subinterval [y,I"] where 7y, I' are
smallest and largest eigenvalues of Bk’l. We have

vk
I'[|gxll-

—gidi = g By g
el < 118 118l

NV

and all assumptions of Theorem 2.3 are satisfied. Therefore, for any convergent
subsequence {xy } ek its limit point ¥ satisfies g(x) = 0.

All convergence theorems stated so far refer only to stationary points. In order
to show global convergence to local minimum points we need the assumption that
every stationary point satisfies sufficient optimality conditions.

The following theorem is due to Bertsekas [9] — its extension to constrained
problems is given in [176].
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Theorem 2.4. Assume that

(i) f is twice continuously differentiable,
(ii) the sequence {x;} constructed by Algorithm 2.3 is such that

1) < flxw)
o < §
lldill < cllgxll

for all k, where s >0, ¢ > 0,
(iii) every convergent subsequence of {x;} is convergent to a stationary point.

Then, for every local minimum point % of f at which V? f (%) is positive definite there
exists a neighborhood of X — A such that, if x; € N for some k then x;, € N for
all k > k and x;, —_ 0 X.

Proof. We follow the proof stated in [9]. Since V() is positive definite exists
& > 0 such that V2 f(x) is positive definite for all x satisfying ||x — %|| < &. Introduce

: T2
= min 7 Vof(x)z
7 llzll=1, [lx—%]<& )
I = max 2! V2f(x)z

[[ll=1, [lx—x[<&

which will satisfy I" > y > 0.
Define now an open set

1 g\’
N = X" ||lx—x|| < E —f(x .
{xe -l <& g0 -s < v (|5 ) }
We will show that the set .4 is the one stated in the thesis, i.e. if x; € .4 then
xp € A forall k > k.
Assume that x; € .47, then from the mean value theorem (cf. Appendix A) the
following relation holds

-l < s —r@ < r( 2
xp—X|| < flxg)— f(x) <
2 1% ; 2"\ 1t ser
which implies that
bg—sl< (2.44)
xp —X|| < . .
k 14+ scl’
Furthermore, from the iterative rule
¥t — X[ = [lxz — oy — ]|

< b = X[+ sellgzll-
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Using again the mean value theorem but for g we can write
[l — X < (1 sel) [l — x| (2.45)

since g(¥) = 0.
Taking into account (2.44) and (2.45) we conclude that

and since

1 e\
o) <00 < 5r( )
thus we also have x;_ | € 2.

If we denote by .4/ the closure of .4 then x; € 4 for all k > k. .4 is a compact
set thus {x; };~7 has at least one accumulation point which, by the assumption, must
be the stationary point. Since ¥ is the only stationary point in .4~ we have shown
that the sequence {x; } ;-1 convergesto . O

Theorem 2.4 has many applications. We can use it to prove that the steepest
descent method with the Armijo rule is convergent to local minimum points if all of
them satisfy sufficient optimality conditions. Moreover, the quasi-Newton methods
defined by

di = —Digx

with bounded positive definite matrices Dy and with the Wolfe rules are also glob-
ally convergent to local minimum points provided that the step selection procedure
determines bounded og. As we will see in the next section practical step selection
algorithms usually fulfill this requirement.

2.4 Moré-Thuente Step-Length Selection Algorithm

In this section we discuss a procedure which finds a step-length parameter oy, in
a finite number of iterations, that fulfills the strong Wolfe conditions. The strong
Wolfe conditions guarantee global convergence of several line search methods. They
are employed in quasi-Newton methods (cf. [29, 166]) and in conjugate gradient
methods (cf. [2,43,78, 125]).

From mathematical point of view we aim at the approximate minimization of the
function

o(a) = flxg+ ody) : [0,00) — Z.
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By an approximate minimizing point of ¢(-) we mean an ¢ > 0 such that
(o)
|9 (a)

Since we assume that dj is a direction of descent we also have that ¢ (0) < 0. The
condition (2.47) is called the curvature condition since it implies that the average
curvature of ¢ on [0, o] is positive

¢(c) = 9(0) > (1-n)[9(0)].

In addition to conditions (2.46)—(2.47) additional requirements are imposed
on o':

9(0)+uo(0)or (2.46)

<
< 1(¢(0)]. (2.47)

0 < Omin < O < Cpax < oo

The main reason for requiring a lower bound ¢, is to avoid too small values of
o which could cause some numerical problems. The upper bound ¢, is needed if
the function ¢ is unbounded below.

In this section we present the step-length selection procedure proposed by
Moré and Thuente [136]. We describe this procedure since it has been verified in
professional optimization software, it has guaranteed convergence in a finite num-
ber of operations. As far as the other step-length algorithms are concerned we
have to mention that suggested by Fletcher [70] which led to algorithms devel-
oped by Al-Baali and Fletcher [3], Moré and Sorensen [135]. Furthermore, we
could recommend implementations of algorithms by Dennis and Schnabel [55],
by Lemaréchal [120] and by Fletcher [71]. In the next section we introduce to a
new line search procedure proposed by Hager and Zhang in [91]. The interesting
features of the procedure are the precautions taken to cope with a finite precision
calculations.

The procedure given by Moré and Thuente requires that 0 < y < 1 < 1 although
value of < 1/2is often assumed, because if ¢ is a quadratic function with ¢ (0) < 0
and ¢ (0) > 0, then the global minimizer & of ¢ satisfies

6(2) = 9(0)+ , a6(0) (2.48)

which means that & satisfies (2.46) only if u < 1/2. Furthermore, if g < 1/2 is used
o = 11is accepted at final iterations of the Newton and quasi-Newton methods.
The procedure by Moré and Thuente finds a point & which belongs to the set

T(u) = {o: ¢(e) <9(0) +opd(0), |9(o)| < ulg(0)[}

thus the parameter 1) is used only in the convergence test.
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The iteration of the procedure consists of three major steps.
Algorithm 2.4. (Iteration of the Moré-Thuente step-length selection algorithm)

Input and output data: I; C [0, c0].

1. Choose a trial point o4 € I; ([Omin, Cinax]-
2. Test for convergence.
3. Update ;.

Initially we assume that [y = [0, ], and then we find I; = [0/, o/}] such that ¢/,
o satisfy

v(of) < w(e), wief) <0, (o) (o —of) <0, (2.49)

where

w(o) = d(er) — $(0) — uo(0)er.

The endpoints of I; are chosen in such a way that I; always contains o from 7T'(1t)
— the following lemma gives basis for that [136].

Lemma 2.5. Let I be a closed interval with endpoints [0y, o] which satisfy (2.49).
Then there exists an @ in I with w(&) < y(oy) and (&) = 0, in particular & €
INT ().

The updated interval /;; is determined, on the basis of the trial point ¢, by the
following procedure.

1 If (o)) > w(ag), then of 7! = o, ot = o

2. I y(o) < y(of) and ' (o)) (of — o) > 0, then o ™! = of and 0! == /],
3. Ify(ef) < l//(al’) and v (o) (o — o) <0, then o ! = ¢ and o' = of.
4

. Substitute oy for 0.

The aim of the updating procedure is to choose /; in such a way that ;T (u) is
not empty and then to move to I; | guaranteeing that [, (7 (1) is also non empty.

In general, with the exception of some very rare degenerate cases (cf. [136]) the
above step-length selection procedure either terminates at 04y;,, Ouqy O an interval
I; C [Omin, Omay] is generated.

We can show that the procedure terminates at Oy, if the sequence {o;} is
decreasing and the following holds

w(a) >0 or y(o;) =0, k=0,1,.... (2.50)
On the other hand {¢;} terminates at Gy if
w(0;) <0 and V(o) <0, k=0,1,..., 2.51)

— then the sequence of trial points is increasing.



2.4 Moré-Thuente Step-Length Selection Algorithm 79

Therefore, the finite operation convergence of the above step-length selection
procedure requires assumptions imposed on ¢y, and ¢,,,. Namely, we require that

W(Opin) <0 and W (04pay) <0, (2.52)
W(nax) >0 and Yr(ay) = 0. (2.53)

Under these conditions we can prove the following convergence result.

Theorem 2.5. [f the bounds Oyin and Oynay satisfy (2.52)—(2.53), then the step-length
selection algorithm terminates in a finite number of iterations with o; € T (L), or the
sequence {a;} converges to some 0. € T () with (&) = 0. If the search algorithm
does not terminate in a finite number of steps, then there is an index iy such that
the endpoints of the interval I; satisfy of < & < o, Moreover, if w(&) > 0, then yr
changes sign on a;,éz] for all i > iy, while if y(&) < 0, then s changes sign on
[ocf, 65] or [O_C, oc,ﬁfor all i > iy.

The algorithm for the selection of a trial point ¢y contains several safeguards. In
order to guarantee termination at 04,;,, provided that (2.50) holds, we use
a;iJrl S [aminvmax [6mina[i7amin”
for some factor 8, < 1.

If (2.51) holds then taking
i+1

%

S [mln [Smaxativ O‘max} ]

for some &, > 1, ensures that eventually o = Oy

In the other case ¢4 is determined by using quadratic or cubic interpolation — the
details are given in [136].

The step-length selection procedure is especially important for conjugate gra-
dient algorithms where good approximation of a minimum point of ¢, obtained
through few function and gradient evaluations, is needed. In general we cannot
expect that o = 1 is accepted close to a minimum point of the problem (2.1). In
this situation the first trial point &’ can have big influence on the whole efficiency
of the line search method.

In practice two choices for o are employed. In the first approach we assume that
the first-order change in the function at iterate x; will be the same as that obtained
at the previous step. This implies that og_ g,{_ldk,l = atog,{dk, therefore

T
0 8k—1dk—1
gL di
Another choice is to take as Octo the minimum point of the quadratic defined by

F(xk_1), f(xi) and ¢(0) = g7 dy. This leads to

0 Z(f(xk)_f(xk—l)).

0= . 2.54
. 6(0) @39
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One advantage of using (2.54) is that if x; — X superlinearly (cf. Sect. 2 in Chap. 4)
then the ratio in (2.54) converges to 1. Therefore, taking

o = min[1,1.01¢]

ensures that o = 1 will be tried and accepted for large k.

2.5 Hager-Zhang Step-Length Selection Algorithm

The step-length selection procedure proposed by Hager and Zhang [91] is also
intended for optimization algorithms which use the Wolfe conditions. The procedure
aims at finding the point o which satisfies both (2.46) and (2.47). The drawback of
Moré-Thuente step-length selection algorithm is that it is designed for computer
with an infinite precision arithmetic. If the method is used on computers with a
finite precision arithmetic then the algorithm can fail to find, in a finite number of
operations (or in any number of operations), a point ¢ satisfying (2.46)—(2.47).
Hager and Zhang give in [91] the following example. Suppose that we want to
minimize the function f(x) = 1 — 2x + x* in a neighborhood of the point x = 1. In
Fig. 2.2 we present the graph generated by a Matlab using an Intel equipped PC. The
solid line is obtained by generating 10,000 values of x on the interval [1.0 — 2.5 x
1078,14-2.5 x 107%] and then by connecting computed values of f by straight lines.

x 1078
7

0
1-3.0e-8 1 1+3.0e-8

Fig. 2.2 Plot of f(x) =1 —2x+x>
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The striking feature of the solid line is a flat section on the subinterval [1.0 —
0.9 x 10781 40.9 x 1073] to which a zero value is assigned. Notice that its width
can be estimated as 1.8 x 10~® which is much wider then the machine precision
£ =2.2 x 107'%. The phenomenon is easily explained by a well-known effect of the
reduction of significant digits. Near x = 1, both 1 — 2x and x*> have almost equal
values close to 1 in absolute terms but with opposite signs. As the result in order
to evaluate f at the points close to 1 we have to subtract numbers of almost equal
values. The error of these operations is equal to the square root of the machine
precision [90].

The same phenomenon does not occur for the derivative of f: f = 2(x—1) in
which case a flat section near the point x = 1 has the width of 1.6 x 107'6 (cf.
Fig.2.3). It implies that if we base our line search procedure on the derivative of
f then the accuracy of determining its minimum point is close to the arithmetic
precision 2.2 x 107!6 while the accuracy of the minimum value of f with the order
of the square root of the arithmetic precision.

This suggested to Hager and Zhang to use instead of (2.46) the criterion based on
the derivative of ¢. This can be achieved by using a quadratic approximation of ¢.
The quadratic interpolating polynomial ¢ that matches ¢ (a) at o = 0, and ¢ (ct) at
a =0 and o = 0 (which is unknown) is given by

2(0) = 0(0) + b0+ ¥ (%) 9 52
204

Now, if we replace ¢ by ¢ in the first Wolfe condition (2.46) we will obtain
q(0%) — q(0) < pq(oy)

x1071®

-6 L L L L L L
1-3.0e-15 1.0 1+4.0e-15

Fig. 2.3 Plot of the derivative f(x) =2(x— 1)
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which is translated into the condition

(o) — 6(0)

5 o+ $(0) oy < Ly (0)

which can also be restated as

(o) < (26 —1)¢(0) (2.55)

where 8 must satisfy § € (0,min[0.5,7n]].
The procedure aims at finding oy which either satisfies the Wolfe conditions:
(2.46) and

¢ () =n¢(0)

— we call these criteria LSR1; or the condition (2.55) together with

o(a) < 9(0) +&
& = €|f(x)]

with € to be some small positive values — we call these criteria LSR2.
The major iterations of the procedure are as follows.

Algorithm 2.5. (The Hager-Zhang step-length selection algorithm)
Parameter: y € (0, 1).

Choose [ag, bg] and set k = 0.

If either LSR1, or LSR2 are satisfied at a; then STOP.

Define a new interval [a,b] by using secant procedure: [a,b] = secant (ay,by).

If b—a > y(by — ai), then ¢ = (a+ b) /2 and use the update procedure: [a,b] =
update(a,b,c).

5. Increase k by one, substitute [a,b] for [ax,by], go to Step 2.

b

The essential part of the algorithm is the update function which changes the
current bracketing interval [a,b] into a new one [@,b] with help of the additional
point which is either obtained by a bisection step, or a secant step.

Algorithm 2.6. (The update procedure)

Parameters: 6 € (0,1), &.
Input data: a, b, c.

Output data: a, b.
1. If ¢ ¢ (a,b), then @ = a, b = b and STOP.

2. 1f ¢(c) >0, thena=a,b=cand STOP.
3. If ¢(c) < 0and ¢(c) < ¢(0) + &, then @ = ¢, b = b and STOP.
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4. If ¢(c) < 0 and ¢(c) > ¢(0) + &, then @ = a, b = ¢ and perform the steps:

(a) Calculate d = (1— 0)a+ 6b; if ¢(d) > 0, then set b = d and STOP.
(b) If ¢(d) <0 and ¢(d) < ¢(0) + &, then set @ = d and go to step (a).
(c) If ¢(d) < 0 and ¢(d) > ¢(0) + &, then set b = d and go to step (a).

The update procedure finds the interval [a, b] such that

0(a) < 9(0) +&, ¢(a)<0, ¢ (b)=0. (2.56)

Eventually, a nested sequence of intervals [ay,bi] is constructed which converges to
the point satisfying either LSR1, or LSR2.

Another part of the Hager—Zhang algorithm is the secant procedure which
updates interval with the help of secant steps. Suppose that qS(a) is a convex func-
tion on the interval [a,b] with the property: ¢(a) < 0, ¢(b) > 0. Then in order to
approximate a point at which ¢ vanishes we construct a linear approximation of ¢
on [a,b]:

bu(@) = ") "D 0 —a) 1 h(a).

Under the assumption that ¢ is convex, the point at which ¢, is equal to zero lies
on the right of a and is given by formula:

_ ag(b)—b(a)
6(6) ~ ()

Once o is obtained a is set to 0 and oy is used to perform the second secant step
this time based on a and & yielding a point b which must lie on the left of b provided
that ¢ is convex. Similarly secant steps are found in the case of concave ¢ — details
and the full description of the secant procedure is given in [91].

The Hang—Zhang line search procedure finds oy fulfilling either LSR1 or LSR2
in a finite number of operations as stated in the following theorem proved
in [91].

o

Theorem 2.6. Suppose that ¢ is continuously differentiable on an interval [ay, bo),
where (2.56) holds. If 6 € (0,0.5), then the Hager-Zhang step-length selection
algorithm terminates at a point satisfying either LSR1, or LSR2.

In [91] it is also shown that under some additional assumptions the interval width
|bx — ax| tends to zero with root convergence order 1+ /2.

The Hager—Zhang step-length selection procedure was successfully applied,
among others, in the conjugate gradient algorithm which is discussed in Sect. 10.
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2.6 Nonlinear Conjugate Gradient Algorithms

The first conjugate gradient algorithm for nonconvex problems was proposed by
Fletcher and Reeves in 1964 [73]. Its direction of descent is

dy = —gi+ Brdi—1 (2.57)
with
2
llgr—1l

The algorithm is a straightforward extension of a conjugate gradient algorithm
for the quadratic with the particular choice of a coefficient 8. We know that the
other equivalents for 3 are

_ (gk—gkfl)Tgk
Bx =

2.59
T 259
B = (gk—gkfl)Tgk (2.60)
dl | (gk—8k-1)
2

dkTq (gk —8&k-1)

Although these formulae are equivalent for the quadratic the performance of a
nonlinear conjugate gradient algorithm strongly depends on coefficients 3. In gen-
eral, formula (2.59) proposed by Polak and Ribiere [161], is preferred over formula
(2.58). On the other hand, formula (2.60) which is equivalent to formula (2.59) when
directional minimization is exact, is used in several, more sophisticated conjugate
gradient algorithms which will be discussed later.

Yet, the Fletcher—Reeves formula has an attractive property as far as convergence
analysis is concerned. It appeared, after several failed attempts to prove global con-
vergence of any conjugate gradient algorithm, that positiveness of a coefficient f is
crucial as far as convergence is concerned.

Before presenting global convergence of the Fletcher—Reeves algorithm with
inexact directional minimization and for nonconvex problems we provide the anal-
ysis of the behavior of conjugate gradient algorithms with different coefficients f.
We follow Powell [168] who provided for the first time systematic arguments in
favor of the Polak—Ribiere algorithm.

Consider a conjugate gradient algorithm in which o is determined according to
the exact directional minimization rule

0y = argmin f (x; + ody) (2.62)
a>0

with dy, defined by (2.57). If we denote by 6; the angle between dj, and —g; then the
following relation holds

l|di|| = sec O||gxll- (2.63)
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Furthermore, using the fact that g,{ 119k = 0 we can state

Brr1lldi| = tan O 1 ]| gry 1|l (2.64)

and combining these two relations we have

1841l

tan 6y = sec Oy el

> tan 6, |f§:|l|| (2.65)

if By is defined by (2.58) since sec 6 > tan 6 for 6 € [0,7/2).

Powell’a arguments are as follows. If 6 is close to /2 then d is not a good
direction of descent and the iteration takes very small step which implies that gz, | —
gk is small. This results in ||gx+11]|/]|gk|| close to one and, from (2.65), 6 is also
close to m/2. Thus, the Fletcher—Reeves algorithm does not have self-correcting
mechanism with this respect.

Consider now the Polak—Ribiere version of a conjugate gradient algorithm. If,
due to a small step, gy — gk is close to zero, then according to rule (2.59) the
coefficient 1 is also close to zero

Beit < Hgk+1HHgk+1—gk“
~
Hng2

and the next direction is taken as the steepest direction: dj| = —gx+1 since

llgk+1— &ll
llgxll

from (2.63)—(2.64). This self-correcting behavior of the Polak—Ribiere algorithm
makes it more efficient method for most problems. This analysis suggests the
following restarting criteria in any conjugate gradient algorithms. If

tan 0y < sec 6 (2.66)

|8k 18kl = 0.2] /gt | (2.67)

holds then an algorithm should assume dy| = —gz+ [168].

Powell’s observation led him to one of the first global convergence result on
a conjugate gradient algorithm for a general nonconvex function. Although he
assumed that the directional minimization is exact his result is important nonethe-
less, since he noticed that the prerequisite for the global convergence of the Polak—
Ribiere algorithm is

I}EIDIO ||xk+1 —ka =0. (2.68)

This condition will appear in the analysis of the global convergence of the Polak—
Ribiere versions of a conjugate gradient algorithm.
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Theorem 2.7. Assume that

(i) the set
M={xeZ": f(x)<f(x)} (2.69)

is bounded,
(ii) g is a Lipschitz continuous function,
(iii) condition (2.68) is satisfied.

Then, the Polak—Ribiere version of Algorithm 2.1 (B defined by (2.59)) generates
the sequence {x;} such that

liminf | g | =0. (2.70)

Proof. Assume the opposite to (2.70) — there exists a positive € and an integer k|
such that

llgkll = € (2.71)

for all k > k;. Furthermore, due to (2.68), there exists k > k; such that

1
llgrr1— &l < € (2.72)
for all k > k,. Combining (2.66), (2.71)—(2.72) and the fact that
secO < 1+tanB

holds for all 6 € [0,7/2), we come to the relation

1
tan G, < ’ (1+tan6y) (2.73)

forall k > k.
Applying (2.73) recursively m times results in

1 1 1 ky+m+1
tan Gy < 2+4—|—--- (2) (1—|—tan9k2)

< 1+tan6k2.

This means that 6y is bounded away from /2. If we now apply Theorem 2.1 we
come to the contradiction with (2.71). This completes the proof. O

The conjugate gradient algorithms considered so far have relied on the exact
directional minimization, from now on we will concentrate on the convergence
analysis of the methods which require only approximate minimization of f on the
line .%;.
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Algorithm 2.7. (The standard conjugate gradient algorithm for nonconvex
problems)

1. Choose an arbitrary x; € %Z". Set

di =—g

andk=1.

2. Find oy which satisfies the Wolfe conditions (2.12)—(2.13), or the strong Wolfe
conditions (2.15)—(2.16). Substitute x; + oydy for xi. .

3. If ||gkr1|| = O then STOP, otherwise evaluate 3 and calculate dy | according
to

diy1 = —8ikr1 + Bry1di.

4. Increase k by one and go to Step 2.

2.7 Global Convergence of the Fletcher—Reeves Algorithm

Although, as explained in the previous section, the Fletcher—Reeves algorithm is
inferior to the Polak—Ribiere version of a conjugate gradient procedure, it was the
method for which the global convergence properties were established first. The
credit goes to Al-Baali who using ingenious analysis showed that the Fletcher—
Reeves method is globally convergent for general nonconvex problems even if the
directional minimization is not exact. His arguments are given below since they
influenced research on nonlinear conjugate gradients algorithms for some time sug-
gesting that the global convergence of conjugate gradient algorithms requires some
assumptions on parameters in the step-length selection procedure based on the
strong Wolfe conditions.

The global convergence analysis which we present in this section follows some
unified pattern. First of all we use Theorem 2.1 to obtain a final conclusion about
convergence. Observe that if a directional minimization is exact, i.e.

gidi1 =0,
then we can easily show that
8kl
cos 6, = .
i

This implies, from Theorem 2.1, that

& llewll?
< oo (2.74)
,Z‘l |dk]|?
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and, if one can show that {cos 6;} is bounded from zero, that

lim [|g | = 0. 2.75)

Unfortunately, this can be shown only under strong assumptions concerning
function f, for example when f is a strictly convex function (cf. [161]). If we can-
not bound the sequence {||gx||/||dk|||| from zero then we are content with the result
weaker than (2.75), namely

liminf |/} =0. (2.76)

The standard way of reasoning to obtain (2.76) is to assume that (2.76) does not
hold, i.e. we suppose that there exists € > 0 such that

llgkll > € 2.77)

for all k. Then, under this assumption we show that we can find ¢ > 0 with the
property

8kl

cosB > c (2.78)
[l
for all k. Equation (2.74) together with (2.77) and (2.78) imply that
i ! < oo (2.79)
k=1 ”dkH2 . '

Eventually, if one can show that ||di|?> grows at most linearly, i.e.
ldel|* < Mk

for some constant M < oo, then we come to the contradiction with (2.79).
It is interesting to observe that (2.78) is, due to the definition of 6;, equivalent to
the condition

gr di < —cl|d)? (2.80)

for all k.

The main difficulty in proving global convergence of a conjugate gradient algo-
rithm is to show that dj is a direction of descent under mild assumption on
the directional minimization. If we assume that the directional minimization is
exact, i.e.

gidy =0 (2.81)
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for all k, then dj is the steepest descent direction since

grdi = —||gill* + Brgi di
= _Hgk||2~

Powell, using this property and assuming that the set (2.69) is bounded, and the
function f is twice continuously differentiable, showed that the Fletcher—Reeves
method generates a sequence {x; } satisfying (2.76).

Al-Baali showed that the descent property holds for all k if oy is determined by
using the strong Wolfe conditions. On that basis he then proved the method fulfills
(2.76).

Theorem 2.8. Assume that oy is calculated in such a way that (2.13) is satisfied with
n € (0, é) for all k with g # 0. Then the descent property of the Fletcher—Reeves
method holds for all k.

Proof. Al-Baali proved by induction that the following inequalities hold for all k
with g # 0:

L k=1
¥ Rl <=2+ Y 0l (2.82)
=0 ”ng j=0

Equation (2.82) is obviously satisfied for k = 1, we assume that (2.82) is valid
for k > 1 — we must show it for k4 1. We have

nw<¥ni=_" |
= R

thus, from (2.82), dy is a direction of descent for 1 € (0, é) Moreover, from (2.58)
we also have

Sadert o 8iade
18k+11? gkl
hence from the strong Wolfe curvature condition
ra tad Ta
8 k+1
8 dk A 8k %k

—1— .
Hng2 h Hgk+1H2 h Hng2

Applying the induction hypothesis (2.82) we eventually get

Ko =1 T g
_znj:_l_nznjgngrl k+21
=0 j=0 ||gk+1||

k-1
<-1+n <—2+ > n-’)
j=0

k
<=2+ 30
j=0
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which completes the proof of (2.82). Since
- 1

24+ Y n/=-2+

z (1m) (2.83)

thus, from (2.82), d; is a direction of descent. [

The main convergence result given by Al-Baali refers to Theorem 2.1 by using
the fact that d is a direction of descent.

Theorem 2.9. Assume that {x;} is generated by Algorithm 2.7 with By defined by
the Fletcher—Reeves formula (2.58). Furthermore, suppose that the assumptions
(ii)—(iv) of Theorem 2.1 are satisfied and oy is determined by the strong Wolfe
conditions with 0 < t <1 < ). Then, the sequence {x;} is such that

h;?lianng =0. (2.84)
Proof. Notice that

ldil* = I|gxll* —2Brgr di—1 + BE||di—1|*
< lgel* —2nBrgh di—1 + BE || di—1 | (2.85)

from the curvature condition. However, form (2.82), we also have
ngr_ di—1 < gf di—1 < —ngj dp—1
n 2
< llgxll
(I-m)

which together with (2.85) imply

147
Jael? < 3 e+ B2 .56)

Notice that

laet? < D el 87 (¥ 7 w4+ 82 dcalP)
= Mg (I8 g
BB 2lldi2|
O gl () gl
(1= el T (1) lgeal?
el ol (2.87)

||gk—2H2
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which, when applied recursively, gives us

1+ £ _
lael? < 3 T el 3. s .88)
j=1

The rest of the proof is typical. We consider 6, the angle between —g; and dy.
Assuming that the thesis is not valid we will show that 6; are bounded away from
7 /2 and this contradicts Theorem 2.1.

Notice that from (2.82), (2.83) we have

(1=2n) [|gll
(1=n) lldill

Furthermore, since x; belong to a bounded set and g is continuous, there exists a
positive number ¢ such that ¢ < e and

cos 6, > (2.89)

[de||* < ck (2.90)

(from (2.88)). Assume now that the thesis is false, thus we can find a positive number
c1 such that

lgell* = c1 (2.91)

for all k. Taking into account (2.89)—(2.91) we come to the relation

c
cos” 6 > "
ck
Howeyver, this also means that
i 2 C1 — 1
Yocos® O = Y =oo (2.92)
k=1 c ok

From Theorem 2.1 we know that if (2.92) holds we cannot have (2.91). This
concludes the proof. 0O

Al-Baali introduces the condition on 1 under which the Fletcher—Reeves conju-
gate gradient algorithm is globally convergent. Assuming that 1 € (0, é) imposes
strict curvature condition therefore it is not surprising that there were efforts to
weaken this condition. Here, we state some results given by Dai and Yuan [42]
(see also [44]).

Dai and Yuan showed that the condition on 17 can be weakened. They propose
the following curvature condition

Mmel di < g+ ogdi)Tdy < —mogldy (2.93)

withO<pu<m <landn, >0.If 0 =n2 € (0, é) then we have the curvature
condition considered so far. Furthermore, (2.93) is the Wolfe curvature condition if
m=n € (0,1) and Ny = ce.
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Their step-length conditions are general but according to them the global conver-
gence of the Fletcher—Reeves algorithm holds if

m+ms<l (2.94)

Theorem 2.10. Assume that {x;} is generated by Algorithm 2.7 with By defined
by the Fletcher—Reeves formula (2.58). Furthermore, suppose that the assumptions
(ii)—(iv) of Theorem 2.1 are satisfied, oy is determined by conditions (2.12), (2.93)
with 0 < u < ny <1, 2 > 0 and gives a direction of descent. Then, the sequence
{x¢} is such that

li]gnianng =0.
Proof. Due to the definition of the Fletcher—Reeves algorithm

T T
gk+1dk+l 1 gk+1dk (2.95)

| gk+1112 llgxll?

which together with (2.93) leads to

L = M2pk < Prr1 < L+ Mipx, (2.96)
where
Tq
pe=— KX (2.97)
llgxll

The proof stated in [42] (which we follow) is similar to that proposed by Al-
Baali in [2]. The main ingredients of the proof are steps which show that ||di ||
have a linear growth rate and that it leads to the contradiction with the thesis of
Theorem 2.1. In order to persuade the first step assume that

Sidi <0 (2.98)

for all k. In order to guarantee the feasibility of the step-length selection procedure
we have to consider the case: g,{dk = (0. We assume that in this case we take oy =0
which implies x;1 | = x; and di.1 = —ggr1 + di. Therefore, at the point x;, 1 (2.98)
holds with the strict inequality.

From the first inequality in (2.96) we deduce that

MpPi+Pry1 =1 (2.99)
for all k, which with the help of the Holder inequality (cf. Appendix A) leads to

1

=C 2.100

2, 2
Pk + Pit1 2
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for all k. On the other hand, the second inequality in (2.96) gives us

Pt < 1+mipe <T+m1 (1 +mipr—1)

thus

1

< _m (2.101)

p
for all .
Before proceeding further we have to show that condition (2.98) is satisfied for

all k. Since for k = 1 the condition is obviously fulfilled we assume that it holds for
all k = 1,...,k. If this happens then (2.96), (2.101) are true, and

1
Pr+1 = 1_772Pk>1_7721_n1

_ l—m—nz>0
1-m

which means that (2.98) also holds for k = k+ 1 and by induction arguments we
have shown that dj, satisfy (2.98).

As in the proof of Al-Baali’s theorem now we look for the upper bound on ||d; .
From the Fletcher—Reeves rule we have

Idii1l* = llgx]]* — 2Brr 181y 1di + B lldi|?

lgrs111*

< gkt P+ el dil|* + 211 pxl g1 1

1+2m
I—m

lgrs111*

<
I

lldi||* + g (2.102)

Introducing

_ lldil?

ty =
llgxll*
we can transform (2.102) into

142m 1

1 St
e L= [lgerl?

(2.103)

Now, if the thesis is not satisfied, there exists € > 0 such that
gl > € (2.104)
for all k. Taking into account (2.103)—(2.104) we come to

thr1 St + ook (2.105)
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with

1142m,
el—m

[

Next the contradiction to the thesis of Theorem 2.1 has to be established. It is not
so straightforward as in the proof of Al-Baali’s theorem due to more general step-
length conditions. We consider separately odd and even cases of k. From (2.105) we
have

1 > 1
1573 Cz(2k—1)+t1
1 . 1 < 1
i1 - c2(2k—2)+1 Cz(2k—1)+t1'

On that basis

- o (T .7)\2
3. coseyladl? = 3, &Y
k=1 k=1

i1

Z pi _ i P +P22k
= e =\ -1 Tk
i Pri_1t P
A or(2k—1)+1

o0 ¢
2 =
kg‘l C2(2k— 1) —+1
which is impossible. O

If condition (2.94) is not satisfied then the Fletcher—Reeves method with line
search rules (2.12) may not converge. Dai and Yuan construct the counter-example
for the case

n+n> 1. (2.106)
Suppose that the curvature condition (2.93) is satisfied with
giody =mgidy, k=1,...,N
gh1dy = —Magnd.

Equation (2.95) implies that for the corresponding sequence {p;} the following
holds

Pi+1 = 1+n1pk7 k:277N
pn+1 = 1—"1pnN.
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By taking into account p; = 1 this leads to

1—nf
_ Ck=2,...N (2.107)
Px -
L=nY _1—=m—m+mn
=1- = . 2.108
PN+1 My 1 —n, ( )
Since we have assumed (2.106) we can choose N in such a way that
L+ monf <mi+m (2.109)

which together with (2.108) lead to the conclusion that py; < 0 which, from (2.97),
means that dy is not a direction of descent. Therefore, we have shown that under
(2.106) applying step-length selection procedure based on (2.12), (2.93) does not
prevent us from increasing value of f.

The example is based on the function

flx)= ;x2 (2.110)

where x € Z. We claim that it is possible to find step-sizes oy which satisfy (2.12),
(2.93), they are generated by the Fletcher—Reeves algorithm and lead to the sequence

X = Nkxy, k=1,...,N, (2.111)
XNp1 = —Tany X (2.112)
If {x; } is defined by (2.111)—(2.112) and f by (2.110) then
1—nf
dp = — gk, k=1,...,N. (2.113)
L—m

Equation (2.113) is obviously true for k = 1. Now assume that it holds for k > 1, we
show that it is valid also for k + 1. Indeed,

1—nk
dis1 = —gin1 + Nidk = —gin1 —Thzl_nigk
—nf
= —8k+1— M 8k+1
+ |- 8k
:_l_ni{+lgk1
1—m °F

It remains to show that {x;} is generated in such a way that conditions (2.12),
(2.93) are satisfied. First, we verify condition (2.12). Due to the fact that g, = x; we
can write

fan) = fla) = ; (k41— Xk) (X1 — Xk)

 Lxe+xen

= o4 digr
2 g
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S m)oudegy ifk=1,...,N—1
Y1 —m)oydigi ifk=N

1
< 2(1 — M) Okdrgi < UOydrgy.

Furthermore, from (2.111)—(2.113) we have
gk+1dk = nldkgku k= 17' .. 7N_ 1
8k+1dk = —Mdy8k-

thus conditions (2.93) are also fulfilled. Therefore, from (2.108)—(2.109) we con-
clude that dy is a direction of ascent.

2.8 Other Versions of the Fletcher—Reeves Algorithm

The Fletcher—Reeves algorithm has one of the strongest convergence properties
among all standard conjugate gradient algorithms. Yet it requires the strong Wolfe
conditions for the directional minimization. The question is whether we can pro-
vide a version of the Fletcher—Reeves algorithm which is globally convergent under
the Wolfe conditions. In some sense such a method has been proposed by Dai and
Yuan [43].

First, Dai and Yuan look at the Fletcher—Reeves and Hestenes—Stiefel versions of
conjugate gradient algorithms defined by the coefficients B, :

ﬁk = Hgk+1H2
* [l gxl?
g Yk
Bk+1 k

where y; = gx+1 — 8k Observe that if the directional minimization is exact and f is
a quadratic function then these two formulae lead to the same iterative algorithm.
Now, consider B defined by

ﬁDY _ ||gk+1||2 (2 114)
k+1 = .
* di i
as proposed by Dai and Yuan. It is also equivalent to Bk 11 and ﬁk P if f is quadratic.
However, notice that if the directional minimization is exact then ﬁk = ﬁkDf | for
all k since in this case d] (gx+1 — g) = ||g«||*- Therefore, the method discussed can
be regarded as a version of the Fletcher—Reeves algorithm.

Before stating the main convergence result of this section notice that [3,3’ ﬁ can be
expressed differently:

T
8k+19k+1
= , 2.115
ﬁk+1 gzdk ( )
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which follows from the relation
T 2 YD T
Sir1di+1 = —|gk+1l” + Bii18kr 19k
YD T T
= B (—yik dic+ g 1di)
YD T
= P18k di- (2.116)

Theorem 2.11. Suppose that the assumptions (ii)—(iv) of Theorem 2.1 are satisfied
and the step-length oy, is determined by the Wolfe conditions with 0 < L <n < 1.
Then, Algorithm 2.7 with By defined by (2.114) generates the sequence {x;} such
that

liminf |/} =0. (2.117)

Proof. Assume that (2.117) is not satisfied, thus there exists € > 0 such that
llgkll = € (2.118)

for all .
First, we show that d is a direction of descent. Since oy satisfies the Wolfe
curvature condition we have

(ki1 —g0)" di = (n — gl dy.
Because
g/{dk <0 (2.119)

holds for k = 1, assuming that (2.119) is true for k > 1 we have to show that it is also
satisfied for k4 1. From (2.116) and (2.119) we have that dy | is also a direction of
descent.

In order to complete the proof we aim at showing that (2.118) leads to the
contradiction with Theorem 2.1. Indeed, the rule for dj; can be written as

dis1 + g1 = B di.
Squaring it gives us
2
i1 * = (BEL) ™ el — 2811 — llgas 1. (2.120)

This result is then used to show that

< (gl{+1dk+l)2 _

k=0 ||dk+1||2

which contradicts the thesis of Theorem 2.1.
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Due to (2.115) and (2.120) we have

ldigil® Nl 2
2 = 27 LT
(g dis1) (gldi)”  8ky19k+
Hgk+1H2
2
(g1{+1dk+1)
) 2
o lladl® 1 n llgx-+1ll
C(@la)? \laenll  gfd
(eFdy) Sit1ll  8ry19k+1
Lo
llgr+1ll?
| 1

< + . (2.121)
(g,{dk)z llgrr1ll?

From (2.121) follows immediately that
2 k
e _$ 1
(glde)? & el
and, since (2.118) holds,
diel> &
Ial? &
(87 )

which leads to

) .

= (eldi)’
k=1 ”dkH2

Due to Theorem 2.1 this completes the proof. O

Eventually, we have provided a version of the Fletcher—Reeves algorithm which
is globally convergent under the Wolfe conditions in the directional minimization
and without assuming that < %

2.9 Global Convergence of the Polak—Ribiere Algorithm

The work of Al-Baali inspired other researches to provide new versions of conju-
gate gradient algorithms. Gilbert and Nocedal [78] consider a conjugate gradient
algorithm with coefficients f; defined by

Bil < B = ”g"H22- (2.122)
llgx—1ll
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The example of the sequence (2.122) is the following one

_ﬁlfR ifﬁlg’R < _ﬁlfR
Be=19 BRif [BIR) < BER
Rt B> LR

where

T
pr_ (8 —8&k-1)" &

(2.123)
k Hgk—1H2

Observe that ; defined in that way leads to a conjugate gradient algorithm
which does not have the drawback of the Fletcher—Reeves algorithm mentioned in
Sect.2.6. If x; 1 =~ x; then B, =~ 0 instead of being close to one.

The global convergence of the conjugate gradient algorithm based on (2.123) fol-
lows from the familiar Al-Baali’s analysis. First, we have to show that d; is always
a direction of descent if the strong Wolfe conditions are applied with 1 < %

Lemma 2.6. Suppose that the assumptions (ii)—(iv) of Theorem 2.1 hold and the
step-length oy, satisfies the strong Wolfe conditions with 0 < n < é Then, Algorithm
2.7 with By defined by (2.122) generates directions dy with the property

1 gldy 2n—1

_ < < (2.124)
1—n " el> = 1-n

for all k.

Proof. Equation (2.124) obviously holds for k = 1. Assume now that (2.124) is true
for some k > 1. In order to apply the induction arguments we have to show that it
also holds for k+ 1.

First, observe that since 0 < n < % we have

gl d <0.
Furthermore, the following holds
8t 1dir1 8ii14k
2 =-1+ ﬁk-‘rl 2
lgxrill lgxrill
T
dy
= 1y P Sende (2.125)
k1 Hgk)H

From the line search conditions we come to

\Bes1grirde] < —n|Brr1lgr di
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which combined with (2.125) imply

Best| gide _ giydir

_1+n X
BER Ndell> ~ llgws1ll?
< _1_n|ﬁk+1| gid
N lekll?
The induction hypothesis leads to
_p 4 Bl o \81{+1dk+1
BER 1-m 7 llgkl?
<_1_|Bk+1| n
= FR
By 1—=m

which, due to (2.122), proves (2.124) fork+1. O

Lemma 2.6 shows that (2.78) holds with ¢ = (1 —2n)/(1 — 1) and that

[l gl llgxll
1 <cosb <o (2.126)
lldil| lldl
for all k with
1-2n 1
Cl1 = 1—7’]7 Cz—l_n. (2.127)

Equation (2.127) is essential in proving the global convergence of conjugate gradi-
ent algorithm if we can show that ||d||> grows at most linearly when the gradients
g are not too small.

Theorem 2.12. Suppose that assumptions of Lemma 2.6 are fulfilled. then
li]gnianng =0.
Proof. From Lemma 2.6 and the strong Wolfe curvature condition we deduce that

n
gk di 1| < —ngi_ydir < . g1

1

As in the proof of Theorem 2.9 we can show that (cf. (2.86))

1+7
lael? < (50 leulP+ B2l
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Using this, as in (2.87)—(2.88), we come to the relation

k
2 4 -2
dell® < vllgell* X llg;ll
i=1

with y= (1+n)/(1 —n). If we assume now that there exists € > 0 such that
llgell > €
for all k, then
ldil|* < ve2k. (2.128)

The rest of the proof follows the appropriate lines of the proof of Theorem 2.9. O

2.10 Hestenes—Stiefel Versions of the Standard Conjugate
Gradient Algorithm

Another globally convergent algorithm was proposed in [91]. The direction dy is
determined according to the formula:

dis1 = —grr1 + Brdy (2.129)
T
1 |yk|2)
HZ
= Yk — 2dy Qk+1- (2.130)
L dlyy ( dlye ) °F

The formula is related to the Hestenes—Stiefel version of the standard conjugate
gradient algorithm. Assume that the line search is exact. Then we have dkT 8k+1 =0
and B4 becomes

T

Hz _ 8k+1Yk

k+1 =
d; yk

which is the coefficient in the Hestenes—Stiefel formula (cf. (2.60)).
The formula (2.130) is also related to the formerly proposed scheme by Dai and
Liao [41]:

1
ﬁ/?ﬁ = Ty, (V% —lSk)Tng (2.131)
k

with # > 0 as a constant parameter. Equation (2.130) can be regarded as an adaptive
version of (2.131) with # = 2||y||?/s7 dj.

More interesting is that the conjugate gradient algorithm defined by (2.129)-
(2.130) can be treated as a version of the Perry—Shanno memoryless quasi-Newton
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method as discussed in the next chapter (cf. (3.19)). If d,f fl is a direction according

to the Perry—Shanno formula and dﬁrzl is given by (2.129)—(2.130), then

2\ 47 T T
8k+1 Vi 8k+1
abs = Ygril — KH_%(H)’H > k % k di
. - dlye ) dlvk dl yk
dkTng
+%
d yk
dl i
Yo =
[lyel?
and
HZ PS dkTng
aff =y (dfs + 5 ) (2.132)
dk)’k
Indeed we have to show that
1 ' df gii1
—Y&k+1+ Y (yk—2dk ) gkt1| dit+ Y
+ di vk Y " d i

1\ a7 T T a7
> i 8kl ykgk+1] dy 4 S 81

'k
%) dly dlyk r

= —Yi&k+1— [(1 + %
P Yk

which obviously holds.

Thus, if the second term in the bracket of (2.132) can be neglected then the direc-
tion di’# is a multiple of d}*. Hager and Zhang show in [91] that this is the case if
f is strongly convex and the cosine of the angle between g4 | and dj is small.

The direction d | is a direction of descent if instead of ﬁ,fizl in (2.129) we use

BZ that avoids low nonnegative values of B{Z — the new algorithm is as follows:

div1 = —gi1 + B4 dy (2.133)
~1

. (2.134)
||| min[n, [[g]

ﬁlﬁzl = max I:ﬁ/f«lkzla nk} , M= |

where 17 > 0. Notice that when {dy} is bounded and || gx|| assume small values then

Ni have big negative values and we regard ﬁ/ﬁzl and ﬁ/ﬁzl as equal.

The introduction of ﬁ,ffl is motivated in [91] by the need of having the scheme
which guarantees global convergence properties of algorithm (2.130), (2.133)-
(2.134) with the Wolfe line search rules. The convergence analysis given in [91]
breaks down when kafl assume negative values. We could overcome the problem
by taking

B4 = max[B{4, 0]
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however that would impair the efficiency of the method. The other formula which
comes to mind is

Bz = B4 (2.135)

but in this case the essential result in [91]-Theorem 2.13 stated below couldn’t be
proved. Notice that this choice for coefficients f is natural since coefficients B are
always positive when f is quadratic and nonlinear conjugate gradient algorithms
rely on the quadratic approximation of f near a solution. The presentation of the
Hager—Zhang algorithm is based on the formula (2.134).

The global convergence properties of algorithm (2.130), (2.133)—(2.134) refer to
the important property of di being always a direction of descent.

Theorem 2.13. Suppose that d! y; # 0 and
diy1 = —8k1 + Tdy, di = —g1,
forany t € [B{4 ,max [B{4,0]], then
7
gt < = gllg (2.136)

Proof. We follow the proof stated in [91]. Suppose first that T = 4. Since for
k =1 (2.136) is obviously satisfied, assume that for k > 1. Then, we have

ginidirt = —llgen *+ Bl gk 1d
T 2.7
Vi &kr1 A lIVell* gy dk
= _|gk+1|2+gz+1dk< ]ZZT -2 -
k Yk (df i)
2 2
~vign (i) (glo1de) = w1 (i)™ =20yl (8441 dk)
= 2
(i vi)
v —4fu)? = v]?
= 2
(d{ve)
where
1
u=, (df vi) gke1s v="2(gfs1dk) Yi- (2.137)

Taking into account the inequality
1 2 2
ulv < (lull®+ (V1%

from (2.137) we obtain

7 ul? 7

T 2

8ir1dk+1 S — 5y == o llgksll™
2 (df i) 8
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The case when 7 # B4 and B4 < 7 < 0 can be proved by noting that

Shirdiet = — gt |1 + T8t di < —|lgi |I* + B ghade  (2.138)

provided that g,{_Hdk < 0. If, on the other hand g,{Hdk > 0, then (2.136) follows
directly from the equality in (2.138). O

Obviously, for 7 = B,ﬁzl, dy is a direction of descent satisfying (2.136) as is the
case for the scheme defined by (2.133), (2.130) and (2.134) since

B,ﬁzl = max [ﬁ,z_zl, nk} € [B,ﬁzl,max [ﬁ,z_zl,OH

which follows from the fact that 1, is negative.

Hager and Zhang prove in [91] global convergence of their method in the sense
of condition (2.84). The quite elaborate proof borrows from the analysis by Gilbert
and Nocedal given in [78].

Theorem 2.14. Suppose that the assumptions (i)—(ii) of Theorem 2.7 are satisfied.
Then, Algorithm 2.7 with B defined by (2.130), (2.133)—(2.134) and with the Wolfe

line search rules generates the sequence {x;} such that
liminf|lg]| = 0
Instead of providing the proof of the theorem we show, following [91], the
analysis of the algorithm applied to strongly convex functions.

Theorem 2.15. Suppose that f is strongly convex and Lipschitz continuous on the
level set defined in (i) of Theorem 2.7. That is, there exist constants L < oo and v >0
such that (2.26) holds and

(8(x) =) (x—y) = vllx—y] (2.139)

forallx, y € . Then for the scheme (2.129)—(2.130) and with the Wolfe line search
rules

li =0
Jim gl
Proof. Following the proof of Theorem 2.1 we can show that

(1 =) [lsk ]

L a2 (2.140)

O =

(cf. (2.29)).
Then, by the strong convexity assumption we have:

yEdi < voyl|di . (2.141)
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Theorem 2.13 implies that if g, # 0 then di # 0, and (2.141) shows that y! dj > 0.
From the strong convexity assumption we know that f is bounded from below.
Therefore, from the first Wolfe condition (2.46) we conclude that

=

S gl di > —e. (2.142)
k=1

Now, we take into account (2.142), (2.140) and (2.136) to obtain
o 4
Y leell™ ., (2.143)
k=1

In order to conclude the proof we have to show that ||di|| < cl||gk|| for some
positive constant c. To this end notice that

llyill < Logl|dx ||
and thus we can write
IBY%| = Vigke1 A lvill*dl gk
k+1| — T - 2
i Vi (df i)
< Iyelll g1l 2||yk||2||dk||||81<+1H
voy [|di[? vZoZ||di[*
< Log||dill| k11l L2 0t llgr
voy [|di[? vZoZ||di*
L 2L2) llgkt1l]
<"+ . (2.144)
\(V vZ ) [ldl]

Eventually, we have

i all < llgestll + [BEA ] ldill < ellgustl

with ¢ = 1 +L/v+2L?*/v? and from (2.143) also
2 llexll? <o
k=1

which concludes the proof. 0O

Notice that Theorem 2.15 concerns the scheme defined by (2.129)—(2.130). It
does not hold when we use (2.130), (2.133)—(2.134), but in that case we can refer
to Theorem 2.14. Furthermore, ﬁ,ffl is defined in such a way that when x; is close
to a solution then 1 tends to —oo and thus B4 = B/% . From the analysis given in
the proof it follows also that the scheme with (2.133), (2.130) and (2.135) would be
convergent for strongly convex functions, if di,| were a direction of descent.
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Now we are in the position to show that if the cosine of the angle between dj
and gy is small then the second term in the brackets in formula (2.132) can be
neglected. Hager and Zhang estimate the norm of the second term in the brackets
and the norm of dj | with respect to the norm of g, | They evaluate

dl gii

| |l;lTy:| | < cr€l|ges1l (2.145)
k
k1]l = V/1—2c28| gk | (2.146)

where ¢, ¢; are some positive numbers and € is the cosine of the angle between dj
and gy . As aresult we have

|dkTgk+1| [lyill < Cl1€
~
ldlyel Ndiall — V1 —2c0¢

and if € is small then the left-hand side in (2.147) is also small. To show (2.145)-
(2.146) we refer to condition (2.139) (and to (2.141)). We have

(2.147)

\d] gi1]
|dT yi|

where #; = dy/||d||. Furthermore, from (2.129),

L T
Sy |t gir1| < crellgrsll,

P
i1 I = llgrs1 11> = 2BEAdL gir + (BEZ)” |l 1*
> |lgks1|I* — 2B d] gir1, (2.148)

and from (2.144) we also have

\Bid] 1| < 2|t grsn| gkt | = c2€llgurn |- (2.149)

Equation (2.149) combined with (2.148) leads to (2.146).
On the basis of this analysis we can conclude that the Hager—Zhang algorithm
achieves stronger convergence by impairing conjugacy.

2.11 Notes

The chapter is the introduction to nonlinear conjugate gradient algorithms. Our main
interests is to establish the global convergence properties of several versions of the
standard conjugate gradient algorithm such as Fletcher—Reeves, Polak—Ribiere, or
Hestenes—Stiefel.

Although it was quickly recognized that the Polak—Ribiere is the most efficient
conjugate gradient algorithm much efforts have been devoted to the analysis of
the Fletcher—Reeves versions. This was mostly due to the very interesting result
by Al-Baali [2] which opened the possibility of analyzing the conjugate gradient
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algorithms with the common feature of having ||g||? in the formula for B ;.
We provide original prove of the Al-Baali convergence theorem. The proofs of the
related convergence results in Sects. 8—9 follow the same pattern and their ingenu-
ities lie in constructing the proper sequences which, under the assumption that a
method is not convergent, lead to the contradiction with the thesis of Theorem 2.1.
While reporting these results we refer to ingenuities of the original proofs.

Some other schemes for updating B along the Fletcher—Reeves scheme have
been proposed, for example Fletcher considered the method, which he called conju-
gate descent which is based on the formula [71]

CcD _ llgr+1ll?
k+1 _dlz"gk

In fact, if we look for a conjugate gradient algorithm which is derived directly from
its quadratic counterpart we have two choices for the numerator in By, : ||gxs 1]/
and g7, yi, and three choices for the denominator: ||gx||%, —d} g and d] y; [92].
Consider now the literature on the convergence of the Polak—Ribiere versions of
a conjugate gradient algorithm. In that case we have the negative result by Pow-
ell [169] who showed, using 3 dimensional example, that even with exact line
search, the Polak—Ribiere algorithm can cycle indefinitely without converging to a
stationary point (see also [40]). As it was shown earlier in [168] the crucial condition
guaranteeing the convergence (under the exact line search assumption) is

lim |lxg1 — x| = 0.
koo

This condition (often erroneously stated that step-sizes go to zero), which is difficult
to ensure if the Wolfe conditions are applied in the line search, hampered attempts
to construct a globally convergent conjugate gradient algorithm with the Polak—
Ribiere scheme. In Sect. 9 we show in fact a hybrid method which uses the Fletcher—
Reeves update scheme to ensure its convergence. Another way of improving the
global convergence properties of the Polak—Ribiere versions is to employ different
line search rules. Such an approach is followed in [88] (see also [89]) where a new
Armijo rule is proposed — o is defined as

-T‘d]zgk’
oy = max | 3/
[ x|

with j > 0 being the smallest integer number which leads to
Florgn) = fx) < —poulldel®
Mgt 1? < ghrde < M2l [P

where 3, € (0,1) and 0 < 1, < 1 < 1;. In another venue of the same spirit they
analyzed using trust region approach combined with the Polak—Ribiere version of a
conjugate gradient method [81].
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As far as the other possibilities are concerned among all 6 combinations of
numerators and denominators in coefficients 3, we have to refer to the method
analyzed by Liu and Storey in [124] and based on the updating rule

T
Ls _ Sk+1Yk
k+1 = T -

_dkgk

Furthermore, we need to stress that the method discussed in Sect. 10 is in fact the
Hestenes—Stiefel conjugate gradient algorithm with

T

HS _ Sk+1Yk

k1= T
dk Yk

provided that directional minimization is exact. The analysis of the method is
provided closely following [91].

We end up the review of the standard nonlinear conjugate gradient algorithms
by noting that the presented versions can be combined. Nazareth [143] introduces a
two-parameter family of conjugate gradient methods:

By = Allgit P+ (1= A)g iy vk
k+1 —
B Tl gl + (1 — w)d] yi

where A, T € [0, 1]. In [45] an even wider, a three parameter family is considered.

All versions of the conjugate gradient algorithm considered in this chapter we
call standard ones. They are derived from Algorithm 1.4 presented in Chap. 1.
It seems natural to look for extensions of the general conjugate gradient algo-
rithm formulated as Algorithm 1.5. Surprisingly, that approach was first applied
in nondifferentiable optimization so we postpone the presentation of the exten-
sion of the method of shortest residuals to Chap.5 where the basic concepts of
nondifferentiable optimization are also introduced.
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