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Pseudo-Anosov diffeomorphisms in
pseudo-surfaces

There are diffeomorphisms on a compact surface S with uniformly hyper-
bolic 1 dimensional stable and unstable foliations if and only if S is a torus:
the Anosov diffeomorphisms. What is happening on the other surfaces? This
question leads to the study of pseudo-Anosov maps. Both Anosov and pseudo-
Anosov maps appear as periodic points of the geodesic Teichmiiller flow T} on
the unitary tangent bundle of the moduli space over S. We observe that the
points of pseudo-Anosov maps are regular (the foliations are like the ones for
the Anosov automorphisms) except for a finite set of points, called singulari-
ties, which are characterized by their number of prongs k. The stable and un-
stable foliations near the singularities are determined by the real and the imag-
inary parts of the quadratic differential /2%=2(dz)2. By a coordinate change
u(z) = 2F/? the quadratic differential 2*=2(dz)? gives rise to the quadratic
differential (du)? and, in this new coordinates, the pseudo-Anosov maps are
uniform contractions and expansions of the stable and unstable foliations.
This fact inspired the construction of Pinto-Rand’s pseudo-smooth structures,
near the singularities, such that the pseudo-Anosov maps are smooth for this
pseudo-smooth structures, and have the property that the stable and unsta-
ble foliations are uniformly contracted and expanded by the pseudo-Anosov
dynamics. We define a pseudo-linear algebra, the first step in constructing
the notion of the derivative of a map at a singularity. In this way, we ob-
tain a pseudo-smooth structure at the singularity, leading to Pinto-Rand’s
pseudo-smooth manifolds, pseudo-smooth submanifolds, pseudo-smooth split-
tings and pseudo-smooth diffeomorphisms. The Stable Manifold Theorem, for
pseudo-smooth manifolds, is presented giving the associated pseudo-Anosov
diffeomorphisms.

14.1 Affine pseudo-Anosov maps

Let A. be a conformal structure on a compact surface S. Two conformal
structures A. and B, are equivalent if, and only if, there is a conformal map
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h such that A, = h*(B.). The moduli space Mg = {[A.]} has a natural
metric given by the minimal quasi-conformal distortion of the maps from the
elements of a class [A.] to the elements of the other class [B.].

The geodesic (Teichmiiller) flow T} on the unitary tangent bundle of the
moduli space has a dense set of periodic orbits. If the surface S is a torus,
then the periodic points correspond to Anosov automorphisms. If the surface
S is not a torus, then the periodic points correspond to pseudo-Anosov maps.

All the points of an Anosov automorphism are regular. The points of a
pseudo-Anosov maps are regular, except for a finite set of points called sin-
gularities. A regular point is locally characterized by a quadratic differential
(dz)%. The stable and unstable foliations are determined by the real and the
imaginary parts of /(dz)? = *dz.

The singularities of pseudo-Anosov maps are characterized by their num-
ber of prongs k. A k-prong singularity is locally characterized by a quadratic
differential 2%~2(dz)2. The stable and unstable foliations are determined by
the real and the imaginary parts of \/25~2(dz)2. If the pseudo-Anosov map
has a singularity with an odd number of prongs, then the stable and unstable
foliations are non-orientable.

By a coordinate change u(z) = 2¥/2, the quadratic differential 2*~2(dz)?
gives rise to the quadratic differential (du)?. In this new coordinates, the
pseudo-Anosov maps are locally affine contractions and expansions of the
stable and unstable foliations by A=! and )\, respectively.

How can we regard the image of u(z) = 2k/2?7 The answer to this question
leads us to the construction of Pinto-Rand’s paper models, where the pseudo-
Anosov maps constructed above are affine.

14.2 Paper models Y

Let H = {(z,y) € R? : y > 0} denote the upper half plane with the Euclidean
metric dg. Consider the space Ujcz, H;r which is the disjoint union of & copies
of H, with Zy = Z/kZ. Let the paper models X}, be the space obtained from
Ujez, Hjr by identifying (z,0) € H(;41)> with (—z,0) € Hj, for all z > 0.
Let s € X be the point determined by (0,0) € H;, for every j € Zj. The
Euclidean metric dg on the upper half planes H,, naturally define a flat metric
on X \ {s} which extends to a continuous metric di on X} (see Figure 14.1).

The map i : R — X% is an isometry if, and only if, there is an isometry
ig : H — X such that ig(z,0) = i(z), for all z € R (see Figure 14.2).

We say that:

o [ C XYy isa straight line in XYy, if, and only if, there is an isometry i : R — X,
such that [ = i(R);

o [, p C Xy is a semu-straight line in Yy, with origin at a and passing
through b, if, and only if, there is an isometry ¢ : R — X} such that
lo—p = i([a’, +00)) with i(a’) = a and i(b') = b, for some points a’ < V';
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Fig. 14.2. There is a straight line passing through a and b. There is no straight line
passing through a and c.

o I, C Xy is a segment straight line in X, with endpoints @ and b, if, and
only if, there is an isometry ¢ : R — X such that l,;, = i([a’,b']) with
i(a’) = a and i(b') = b, for some points @’ < b'. The interior intl, ; of I,
is equal to Iy \ {a, b}.

Let ls_., and ls_;, be two semi-straight lines in Y. To fix ideas, let us
suppose that Is_., C Hjr and ls—p C Hjppnyr, with j,j +n € Zy. Let
ls—c be the semi-straight line formed by the points of H;, and H;, 1), that
were identified at the construction of Y. Analogously, let ;4 be the semi-
straight line formed by the points of H;,_1)r and H; ), that were iden-
tified at the construction of Xj. Let a € [0,7] be the angle <t(ls_q,ls—c)
between the semi-straight lines I;_., and l5_., and let § € [0, 7] be the angle
<A(ls—d, ls—p) between the semi-straight lines ;4 and l;_;,. We say that the
angle <(ls—q,ls—p) between the semi-straight lines ls_., and ls_y is given by

<[(ls~>a7l54>b) =a+ (n — 1)7T + ﬁ

Given a € R/k7R and two points z,y € X, we say that they are in an
a-angular region, if <(ls—z,ls—y) < a (see Figure 14.3).
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Fig. 14.3. The angle <(ls—a,ls—p) = a+ 7+ .

14.3 Pseudo-linear algebra

Given two points z,y € X, we say that y = y — x is a vector if, and only if,
there is a segment straight line I, , C X} with endpoints z and y; we call
the origin and y the endpoint of the vector y — x. The norm ||y — z|| of the
vector y — x is given by di(x,y).

Given a vector y = y—x and a constant A € R, the vector w—a = A(y—x)
is well-defined if, and only if, there is an isometry iy : H — X} with the
following property: there are points xpy, yg, wy € H such that

(i) » =im(rn), y = iu(ym) and w = ig(wny);
(i) wy —rm = Myn — 7n);

(iii) if s € intly 4, then s € intl, ,;

(iv) if s =z, then A > 0.

We note that the vector A(y — z) is well-defined, for all 0 < A < 1. The
above conditions (iii) and (iv) imply that the vector w — = does not depend
upon the isometry considered, and so w — x is uniquely determined.

Given two vectors y = y—x and z = z —x with the same origin, the vector
w = w—x, with w = y+ 1z, is equal to the sum of the vectors y —x with z —x
if, and only if, there is an isometry iy : H — X with the following property:
there exists a constant A > 0 and there are points xy, ym, zm, wg € H such
that (see Figure 14.4)

(i) the vectorsy —x = Ay —x), 2’ —z =Az—2z) and w' —z = Aw — )
are well-defined;

(ii) = =im(en), ¥ =inlyn), 2’ = in(zm) and w' = ig(wy);

(iii) wu = ym + 2m — Tm;

(iv) if s € intly; ., then s € intl, , Uintl, ,.

The above condition (iv) implies that the vector w = w — x does not depend
upon the isometry considered. If s is a singularity, with order k, then there
are k distinct vectors x1 — s, ..., x, — s, all with norm equal to one, such that
i — S+ xip1 —8=8—s, for all i € Zy, (see Figure 14.5).
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Fig. 14.4. u1 + u2 = a and ((u1,us), (u2,us)) is a basis of V.
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Fig. 14.5. + is not associative: (w1 +wz2)+w3 = wa; w1+ (w2 +wsz) = wy. There
is not a unique ”inverse”: w1 +wgz = 0; w1 + wa = 0, where 0 = s — 5. w2 + Wy is
not well-defined.

The pseudo-linear space V, at x is the set of all vectors with origin at =,
together with the operations of addition of vectors and of multiplication of a
vector by a constant, as constructed above. Let I, be either (i) the empty set
or (ii) a semi-straight line contained in a semi-straight line with origin at x.
The branched linear space V;_ is given by V \ intl, (see Figure 14.6).

A pseudo-linear subspace S, of a pseudo-linear space V, (see Figure 14.7)
is a subset of V, with the following properties:

(i) For all u,v € S, such that u+ v is well-defined, we have that u+v €
Sz;

(ii) For all A € R and u € S, such that Au is well-defined, we have that
Au € S,.

A full pseudo-linear space S, is a pseudo-linear subspace S, with the following
property: If u € S, and v € V,, are such that u+ v = 0, then v € S,. Hence,
a full pseudo-linear subspace Sg, Sy # Vg, at the singularity s, with order k&,
is the image of an isometry i : Z,% — V.
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Fig. 14.6. The branched linear space V;_ .

Fig. 14.7. Pseudo-linear subspaces S2 and SZ at x.

A pseudo-affine subspace S at a point € Xy \ {s}, with S, # V,, is the
image of an isometry i : A — V, with A equal either R or }.

A map L:V; — V, is linear (see Figures 14.8 and 14.9), if the set V;,
is a branched linear space in Xy, V, is a pseudo-linear space in Xy, and L
satisfies the following properties:

(i) For every v,w € V,; such that the vectors v+ w and L(v) + L(w)
are well-defined, we have L(v + w) = L(v) + L(w);

(if) For every A € R and v € V,; such that the vectors Av and L(A\v) are
well-defined, we have L(Av) = AL(v);

(iii) L(a—z) = s —y, where a is the origin of I, a —z € V is the vector
with origin at x and s —y € V,, is the vector with origin at y.

Given two linear maps Ly : V;, — V, and Ly : V; — V_, there is a unique
linear map L3 : V;; — V_ such that L3|V;, NV, = Lyo Ly, where [}, might be
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L(b) L(a)

Fig. 14.9. Linear map at the point x.

distinct of I, (see Figure 14.10). Hence, the composition Lo o Ly of two linear
maps is well-defined by L3 = Ls o Ly, and so it is a linear map.

Fig. 14.10. The composition Ls = L2 o L1 is well-defined.

A map L, : V;, — V, is an isomorphism if, and only if, there is a linear
map Ly : V;, — V, such that LyoL[V;,NLy " (V;,) and LioLo|V,,NL; ' (Vy,)
are the identity maps. We note that if the linear map Ly exists, then it is
unique. Hence, the inverse map Lfl of Ly is well-defined by Lfl = Ls. The
kernel of a linear map L : V;, — V, is equal to the intersection V; NS, of a
pseudo-linear subspace S, with V;_.

We say that a vector y — x has a parallel transport from x to z (see Figure
14.11), if there are a vector w — z, a constant A, with |A\| < 1, and an isometry
ig : H — X} with the following property: there are points xy, ym, 2w, wy € H
such that

(i) w' —z=XMNw —2) and ¢y — x = A(y — ) are well-defined;
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(ii) = =ig(an), z =iu(zm), ¥ = in(yn) and w’ = ig(wy);
(i) wa — 2m = yu — Tw;
(iv) if s € I, \ {w}, then s € intl, ,.

The parallel transport is uniquely determined, if s ¢ I, \ {w} or if s €
Lw \ {w} Nintl, ,. Let V,_,, be the set of all vectors that have a parallel
transport from x to z. The parallel transport map Py, : V.., — V, is well-
defined by P,_,,(u) = v, where the vector v is the parallel transport of the
vector u from x to z, when V,_,, is non-empty.

Fig. 14.11. Parallel transport from x to s.

We note that the parallel transport map P,_,, is a linear map, except in
the case where x = s and z # s, because Ps_,, is just defined in an open 27-
angular region. However, P, : V;. — V is a linear map and Ps_, ,oPP,_,.|V,_
is the identity.

We say that a map G : V! — V, is an m-multilinear map, if, for

every (ap,...,a;,-1,0,a;41,...,8,,), there is V;,, where [; depends upon
(ai,...,8-1,0,8;41,...,ay), such that the map g : V;, — V, defined by
g(a;) = G(ay,...,a;,...,a,) is a linear map.

Lemma 14.1. Let L : Vi — V., be an m-multilinear map. Let x2 and y2
be such that the parallel transport maps Py, .z, and Py, _.,, are well-defined.
Suppose that if x1 is a singularity with order k, then xo is a singularity with
order 2nk, for some n > 1. Then, there is an m-multilinear map Lp : V7! —
Vy, such that

Lp (Pwl—‘ivz (Vl)’ ooy Poyoy (Vm)) =Py, —y, (L(V17 e ’Vm)) )
whenever both sides are well-defined.

We call the above linear map Lp the parallel transport of L from (x1,y1) to
(z2,y2). We note that the parallel transport Lp of L is an isomorphism.

Proof. The map P, _.y,0Li0 P;ll_,z , has a unique extension to a linear map.
O
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Let Ly : Vi —V,, and Ly : V! — V,, be two m-multilinear maps. Let
0 < h <1 be such that L;(v) and La(v) are well-defined, for all v with ||v|| =
h, and such that there is w(v) with the property that w(v) + L1(v) = La(v).
We define the distance d(Ly, Ls) between the m-multilinear maps Ly and Lo

as follows:

400, if h=0

llw ()|l
R

d(Ly,Ls) = {

Let Ly : Vi —V,, and Ly : V]! — V,, be two m-multilinear maps. Let
L be the set of all parallel transport Lp of Ly from (xs,ys) to (z1,y1). We
define the distance d(L1, La) between the m-multilinear maps Ly and Lo as
follows:

maxy , otherwise

+oo, if L=10
miny, ,er, d(L1, Lp), otherwise

d(Ly,Ls) = {

We note that d(Ly, Ls) = d(Lg, Ly).

14.4 Pseudo-differentiable maps

Let f: A C Xy — Xy be a map defined on an open neighbourhood A of x
in Y. We say that the map f is pseudo-differentiable at x, if there is a linear
map D, f :V; — V) with the following property: For all v € V,;_, there
exists a constant hg > 0 such that there is a unique vector w(h, v) satisfying

w(h,v)+ f(z) = f(z + hv),
for all 0 < h < hg, and

D,f(v) = Jim ¥Y)

By induction, let us suppose that the (m — 1)*®-derivative D=1 f : V7 —
V(2 of f is well-defined in an open set A containing x. We say that f is m
pseudo-differentiable at x, if there is an m-multilinear map

D;nf . V;n b Vf(w)

with the following property: For all v € V| there exists a constant ho(v) > 0
such that there is a unique vector w(h, v) satisfying

wW(h,Vi,. ., Vin) +D;”_1f(v1,...,vm) = D;’:hlvlf(v%...,vm)7

for all 0 < h < ho(v), and
m T 1
Dl f(vi,...,vim) = }ZI_)IDO hw(h,vl,...,vm).

Amap f: A— X is C™, with m € N, in the open set A C Xy, if f is
m-differentiable for all x € A, and the m-derivative D, f varies continuously
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with . We say that f is a C™"% withm € Nand 0 < a < 1, if f is C™ and
there exists ¢ > 0 such that

D2 f = Dy fI| < clle =yl

for all z,y € A with the property that there is a parallel transport L, from z
to y.

We say that B, = B.(z,s) C A is an avoid singularity cone, if d(z,y) =
ed(z,s) and o = d(x, s)/e (see Figure 14.12).

Fig. 14.12. Avoid singularity cone.

Theorem 14.2. (Taylor’s Theorem) Let f : A C X — Xy be a C™ pseudo-
map defined on an open set A. Let B. C A be an avoid singularity cone and
0 < e <1 small. Then, for all x,y € B: with ||y—x| < ¢, the vectors zm, (z,y)
and W, (z,y) are well-defined by

Zm (2,y) = ( <D$f(y—x) —|—Dif(y—:c,y—x)) +) +
1 m
fy) = f(@) = 2 (2, y) + Wi (2, y).
Furthermore,
W (z,9)[ < x(ly = zlly — ™,
where x : RY — R{ is a continuous map with x(0) = 0.

Let l1,...,lox be semi-straight lines with origin at s such that 0 <
(i, li41) < 7 and <(l;, i1 2) = 7 for every i € Zaog. Then, S} = U;ez,, lo; and
552 = Ujez,, l2i+1 are pseudo-linear subspaces at the singularity s. We call the
direct sum St @ S? of S} and S? to the set of all pairs (u,v) of vectors with
the property that if u; € l;, then u;41 € l;41, for all ¢ € Zgy,. By construction,
there are one-to-one maps

6::V,— Slgs?
Oy : Xy — St S?
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given by ©;'(u,v) = u+ v and ;' (u,v) = (u+ v) + s. We say that

((ugy...,u9k-1),(uz,...,ug)) is a basis of Vg, if u; € l; and u; + u;42 = 0,

for every i € Zoy, (see Figures 14.13 and 14.14).

,

Us

Fig. 14.13. u1 + uz = w and ((u1,us, us), (uz, usa, ug)) is a basis of V.

Fig. 14.14. u1 + uz = a and ((u1, us), (uz,u4)) is a basis of V.

For every i € Zay, let u; € I; be such that ||u;|| = 1. Let Dy, = R?\
((—00,0) x {0}). We define the map K, : Dg, — V at the singularity by
au; +bu;yq, if a,6>0
_ aui—|—bui_1, 1fa20,b§0
K’L(a’ b) - au;42 + bui+1, if a S 0, b>0
au;_o+bu;_1, if a<0,b6<0

The set of maps K1, ..., Koy is called a coordinate system for V4 (&2 X}) given
by Sl @ SQ.
Lemma 14.3. Let K, ..., Ko, be a coordinate system for Xy.
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(i) Let L : Vi, — Vi be a linear map at the singularity. Then, there is
a unique linear map L' : R? — R? such that L'(a,b) = Kj_l oLoK; =
(a,b), where j = j(i,a,b) has the property that L o K;(a,b) € Dg;.
(ii) A map f: A— Xy is C" on A C Xy if, and only if, Kj_1 ofokK;
is C", where j = j(i,a,b) has the property that f o K;(a,b) € Dg;.

14.4.1 C" pseudo-manifolds

Let M be a topological space. A chart ¢: U — X} is a homeomorphism onto
its image defined on an open set U of M (recall that Xy = R?). If k # 2, then
we call ¢: U — X a singular chart. A topological atlas A of M is a collection
of charts

Cp Uy — X,

such that the union Ue U, of the open sets cover M. A C" pseudo-atlas A
of M is a topological atlas A of M with the following properties: (i) A has
just a finite set of singular charts; (ii) the overlap maps

€y © cgl 1oy (U NUy) = e (Up NUY)

are C" diffeomorphisms. A topological space M with a C" pseudo-atlas A is
called a C" pseudo-manifold, that we will denote by the pair (M, .A). A topo-
logical space N contained in a C" manifold (M, .A) is a pseudo-submanifold
of M, if there is a collection B of charts

eg: Vp — X,

with the following properties (see Figure 14.15):

(i) The set N is contained in the union UzenVy;

(ii) For all x € N, e,(N NV,) is the intersection of a pseudo-linear sub-
space Se,(z) at e;(x) with an open set of M;

(iii) The dimension of S, (4 is 1;

(iv) The overlap maps

exocyt iU NVy) = en(UpNV,)

between the charts ¢, € A and e, € B are C" diffeomorphisms.

Hence, the first derivative at every point is locally a bijection over a corre-
sponding pseudo-linear subspace with dimension 1. We call the above charts
e, the submanifold charts of N.

Definition 14.4. Let (M, A) and (M', A") be C" manifolds. The map f :
M — M’ is pseudo C" if, and only if, the maps ¢, o f o e;l are C" with
respect to charts ¢, € A and ey, € A'. The map f: M — M’ is C" pseudo-
diffeomorphism if, and only if, f : M — M’ is a homeomomorphism and the
maps ¢z o f o c;l are C" with respect to charts ¢, € A and ¢, € A’.
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Fig. 14.15. The full subspace S, = U?_;l; at the singularity, and the pseudo-
submanifold N = U?ZlNi.

14.4.2 Pseudo-tangent spaces

The pseudo-tangent fiber bundle T Xy of X is the set Uzex, Vs, with the
natural induced topology by Y. We also call the pseudo-linear space V, at
x the pseudo-tangent space T, Xy at © (Tp X =2 V,).

The pseudo-tangent space T, M at x € M of a C" pseudo-manifold (M, .A)
is a pseudo-linear space isomorphic to T¢, (;)2%,, where ¢, : Uy — Xy, is
a chart in A with € U,. The tangent fiber bundle TM of a C" manifold
(M, A) is the topological set U,ep T, M, with the induced topology by the
topological sets

Ua:EUxTcl,(z)Ekz'

The tangent space T, N at x € N of a C" submanifold N of M is a pseudo-
linear subspace T,; N C T, M isomorphic to the pseudo-linear subspace Se_ (.
at e, (z). The tangent fiber subbundle TN C TM of a C" submanifold N of
M is the topological set Uye vToN.

14.4.3 Pseudo-inner product on Xy

Let I, C V, x V, be the set of all pairs (u,v) € I, such that |<(u,v)| < 7.
A pseudo-inner product
i:1, - R

at a point z € X is a bi-linear map with the following properties:

i(u,v) =i(v,u), for all (u,v) € I;
i(u,u) >0, for all (u,u) € I;
i(u,u) =0 if, and only if, u =0 (== — ).

A C" pseudo-Riemannian metric in an open set U C X is a map
<, > UzeUI$ — R

with the following properties:
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<,>,=<,> |I, is an inner product;
For every isometry iy : H — X%, the pullback by iy

<y—x,z—2 >, =< iu(y) —iu(z),in(2) —inm(r) > @

of the inner products <,>;,(;) in U induces a C" Riemannian metric in
1
ig (U).

Let (M, A) be a C" manifold. Let J,, C T, M x T, M be the pull-back by the
derivative of the chart ¢; : U; — X, in A of I, ;). A C" pseudo-Riemannian
metric in a C" manifold (M, A) is a map

<,> UzenmJz = R

such that, for every chart ¢; : U; — X, in A, the push-forward of <,> is a
C" Riemannian metric <, >, (v, in ¢;(Us).

We say that (z,u;) and (x,v,) are direction equivalent (z,uy) ~ (z,vy)
if, and only if, u, and v, belong to a same dimension 1 full subspace S,.
T}/ ~ is the [direction set. A C™ direction field is a continuous map

¢12k—>TZk/N

such that for every isometry iy : H — X, the map QAS :H — TH/ ~ given by
¢ =dig'opoigis C".
A C" splitting is a pair (¢s, ¢,,) of C” direction fields such that, for every
x € Xy, we have
Va =84, @) & Spu (@),

where Sy ;) is a dimension 1 full subspace containing ¢, (x).

Definition 14.5. Let (M, A) be a C" pseudo-manifold with a pseudo-Rie-
mannian metric. A C" pseudo-diffeomorphism f : M — M is a C" pseudo-
Anosov diffeomorphism, if M has a 1 dimensional smooth splitting E*® E" of
the tangent bundle, with the following properties: (i) the splitting is invariant
under Tf, and (i) Tf expands uniformly E* and contracts uniformly E*.

The set of all C" pseudo-Anosov diffeomorphisms on M is an open set.

Theorem 14.6. (Stable Manifold Theorem) If f : M — M is a C" pseudo-
Anosov diffeomorphism, then the stable and unstable sets at the points of A
are C" pseudo-submanifolds with dimension 1.

Proof. First, we prove that the stable and unstable sets through the sin-
gularities are C" pseudo-submanifolds. Then, we prove that the stable and
unstable sets through the other points are also C” pseudo-submanifolds. The
singularities are periodic points, because f is a pseudo-diffeomorphism and so
the image of a singularity is a singularity with the same order. Let us con-
struct the unstable manifold at the singularity s (for simplicity f(s) = s). Let
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By cuty - - B cur at a singularity s be the cut sets represented in Figure 14.16.
By the Whitney’s extension theorem, there is a C" diffeomorphism F} on the
plane such that Fi|g, ., = f. By the Hirsch and Pugh [48] Stable Manifold
Theorem, the unstable set passing through (0,0) of F} is a C" submanifold
w* = Wi U Wy'. Doing the same with respect to Fj; ¢4+, we get that the
unstable set

at the singularity is a C" submanifold tangent to the unstable subspace (see
Figure 14.17).
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Fig. 14.16. A FE1 cut cut set at a singularity.
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Fig. 14.17. The unstable set at a singularity s € Xs.

Away from the singularities, let (x,)nez be an orbit of f. If ,, € E;, cut,
then we take the C" diffeomorphism F;, such that F; |E;, ¢, = f in a neigh-
bourhood of z,,. Applying the Hirsch and Pugh [48] Stable Manifold Theorem
to this orbit, we get that the unstable set at every point of the orbit is a C"
submanifold tangent to the unstable subspace. [J
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14.5 C™ foliations

A C'* pseudo-foliation satisfies the properties of a C” foliation with the extra
turntable condition that we now describe. If s is a singularity, with order
k = k(s), then a singular leaf W* on M, containing s, is such that W* \ {s}
is the union of k disjoint leaves £}, j € Zj, whose closures intersect in s. The
components ¢4, ..., ¢ of W(s,e) \ s are called separatrices of s. We call W*
a singular spinal set and call the sets ¢4 emph the separatrices of s.

A C'* foliation satisfies the turntable condition: if for all singular spinal
sets W* with separatrices £, j € Zj, there are leaf charts (ij,E;), such that
the maps defined by i;,|¢5 = —i; and i;;|¢; = i; are smooth. A C'* folia-
tion induced by a C'* pseudo-Anosov diffeomorphism satisfies the turntable
condition (see Pinto and Rand [160]).

The HR structures and the solenoid functions also apply to C” pseudo-
Anosov diffeomorphisms with the extra turntable condition that we now de-
scribe.

For any triple (v1,v2,v3) of points vy, v and vs contained in same ¢-leaf,
we define the solenoid limit s?(v1,ve,vs) as follows. For all ¢ > 0, let

i i i i i i i .
(Zla ZQa ZB)a (227 ZSa 24)’ cety (zn,;—szni—l’ Zn,) € SOI
be a sequence of triples such that for some 1 < j; < n;

vy = lim fi(2}) , vy = lim ff(z;) and vz = lim ff(z:l)

11— 00

The solenoid limit s?(v1,va,vs) is equal to

—2
s Yo (821, 22, 23) - 8025, 25415 2542))
57 (v1,v9,v3) = Gi—2 .

ior (8u(z1, 22, 23) - su(25, 2541, 2j42))

For all singularities s, with order k = k(s), and for all i € Zg, let a; =
(v, 8,v;41) be a triple contained in a leaf £% which intersects an ' boundary
of a Markov rectangle just in the points v; and v;41 or in the points v;, s and
vi+1. The limit solenoids s% (a;) satisfy the following turntable condition:

k

If k(s) =1 and vy = vy, then s*(vy, s,v2) = 1.

The solenoid functions determined by C" pseudo-Anosov diffeomorphisms
satisfy the turntable condition (see Pinto and Rand [160]).

The train-tracks and the self-renormalizable structures also apply to C”
pseudo-Anosov diffeomorphisms with the extra turntable condition that we
now describe.
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A C'* atlas B satisfies the turntable condition at a singularity s, with order
k = k(s): if for all singular spinal sets on the train-track with separatrices 6},
J € Zy, there are leaf charts (ij, £%), such that the maps defined by 4;,[¢} = —i;
and 4, |¢} = i; are smooth.

A C' foliation induced by a C'* pseudo-Anosov determines a C''* train-
track atlas satisfying the turntable condition that comes from the turntable
condition of a C'* foliation. For example, let s be a singularity with order
3, as in Figure 14.1. The Markov partition determines a singular spinal set
S* with separatrices I3, j € Zy, such that there are train-track charts (45, 2;),
whose maps defined by 7;;|¢5 = —i; and i;,[¢; = i; are smooth.

14.6 Further literature

The theory developed in this book has a natural extension to C" pseudo-
Anosov diffeomorphisms using the turntable conditions (see Pinto and Rand
[160]). Pinto and Pujals [155] relate the pseudo-Anosov diffeomorphisms with
the Pujals and Sambarino [181, 184] non-uniformly hyperbolic diffeomor-
phisms. The sympletic forms are defined similarly to the Riemannian metric.
Let (M, .A) be a C" pseudo-manifold with a pseudo-volume form w. Pinto and
Viana [176] proved that there is a residual set R contained in the set of all
C' pseudo-diffeomorphisms, preserving the volume form, such that if f € R,
then either f is a C' pseudo-diffeomorphism or has almost everywhere both
Lyapunov exponents zero. In that way we recover the duality given by Mané-
Bochi Theorem in the torus to the other surfaces. This chapter is based on
Pinto [152] and Pinto and Rand [160].
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