Chapter 15
Elastic Beams

15.1 Phenomenological Approach

Beams. Consider a space curve, F in three-dimensional space and a region, V
which is formed by motion of a flat figure, S, along I at every point, S is orthogonal
to I (Fig. 15.1). Denote the diameter of S (the maximum distance between two
points of S) by A, the length of I by L( and the minimum curvature-torsion radius
of I'by R.If

h
-1, —1,
R < Lo <

then an elastic body occupying in its undeformed state the region, V, is called an
elastic beam.

Let the beam be deformed by some external forces; either the surface forces or the
displacements are given at the ends of the beam. It seems plausible that the three-
dimensional elastic problem can be approximated by a one-dimensional problem,
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716 15 Elastic Beams

which contains only the functions of the longitudinal coordinate, &, along ) (we
discuss here only the statics of beams).

We will first consider a heuristic beam theory, which was founded by Kirchhoff
and Clebsch, and then discuss the variational problem that must be solved to find
energy of the beam in one-dimensional theory. This will be followed by the sys-
tematic derivation of the one-dimensional beam theory from the three-dimensional
elasticity theory using the variational-asymptotic method.

Kinematics of beams. The beam will be modeled by a space curve, I, at every
point of which an orthogonal vector triad is attached; one of the triad vectors is
tangent to the curve. For a given position of the curve, the triad is defined up to
rotation around the tangent vector. The corresponding degree of freedom serves to
describe the relative rotation of the transverse cross-sections of the beam. So, the
beam has four functional degrees of freedom.

Let

x =r'®)

be the parametric equations of the curve I' in some Cartesian coordinate system x’,
7/(£) the unit tangent vector to I', and r;(é ), @ = 1, 2, the two other vectors of the
triad; as in the previous chapter, Greek indices' run through values 1, 2. The position

o

of the curve I in the undeformed state is denoted by I'. Its parametric equations are

l

x =),

(&) and %é(é ) being the vectors of the orthonormal triad at I". The parameter £ is
identified with the arc length in the undeformed state; thus

an
=7

o

The parameter & changes on the segment 0 < & < L.

To introduce the strain measures for the beam, we first need to define the beam
curvatures. The vectors, ' and ﬁi, as the vectors of an orthogonal triad, satisfy the
conditions

Bt =1, tltp =204 Tt =0. (15.1)

Let us project the vectors dt' /d& and d %! /d§ on to the vectors £/, 2. Taking the
derivative of the first equation (15.1) with respect to &,

! Small Greek indices number the two vectors of the triad that are orthogonal to the tangent vector.
They are also used for the projections on these vectors. Greek indices can be put in either upper
or lower position in correspondence with the general rule of summation over repeating upper and
lower indices; quantities with upper and lower indices coincide; in particular ©}, = t%, 7} = 4.
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we see that the vector d' /dE is orthogonal to the vector # and, consequently, has
nonzero projections only on the vectors 7. Denote these projections by —a*

dt' o i
— = —-0"1,. (15.2)
dé§
Analogously, the vector d#. /d¢ is orthogonal to the vector £/ and, therefore has
nonzero projections on the vectors,” £’ and e, r . The projections of dt./d& on '
are equal to @y, as follows from the third equat1on (15.1) differentiated with respect

to &:

at' L adt ag
—'C or — = Wy
dg * di g
Therefore,
d# . .
d—? = ot + el (15.3)

The quantities, @; and @,, will be called the curvatures, and @ the torsion of
the beam. In order to avoid confusion, we note that often @; and @, denote the
projections of dt'/d& onto —} and %], correspondingly. The notation used in the
text allows us to simplify the tensor form of the basic relations.

Curvatures and torsion, @, and @, determine the triad uniquely by the system
of ordinary differential equations (15.2), (15.3), if #' and %(f( are given at one point
of I.

For a given f‘, there is an arbitrariness in the choice of the triad: the vectors, .,
can be rotated around the tangent vector. Accordingly, the curvatures change. If the
vectors ) are chosen in such a way that @, is equal to zero, then the vector # is
called the principal normal vector, %é the binormal vector, —@; the curvature of f,
and & the torsion of I. In beam theory, it is convenient to link the vectors % to the
geometric or the physical properties of the cross-section of the beam, for example
by directing 2 along the symmetry axes of the cross-section (in case when such
axes exist). If, after the vectors %, are linked to the properties of the cross-section, it
turns out that @ # 0, the beam is called naturally twisted or pre-twisted.

For a deformed state, the formulae analogous to (15.2) and (15.3) are

dt' . dt!
— = —a%1l, ¢ = w,T' —l—a)eﬁ%, (15.4)
ds ds

2 As before, eup = e;f = ¢ are the two-dimensional Levi-Civita symbols: e;; = ey = 0,

€1 = —ey = 1.
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where s is the arc length along I'.
The elongation of the axis of the beam is described by the function s = s(&). The

function
1 (ds\* 1 (dridr;
y = — —_— — 1 = — _— = 1
2 d& 2 \ d& d&

will be used as the elongation measure. Since

ds
d.f =142y,

the formulae (15.4) can be conveniently written in terms of the derivatives of /and
7., with respect to & as

dt’ . dtl ; ;
é:—\/1+2ya)“tg[, d—g‘)‘:,/l—i—Zya)at’—f— 1+2ywefr/§. (15.5)

Comparison of (15.2), (15.3) and (15.5) shows that the curvature and torsion
measures may be introduced in the following way:

Qo = 142y 04(s(§)) — a(§), Q=y1+2yw(s§)—a@). (15.6)

If y(S) 0y (&), (&), the curvature and torsion, @, (£) and a)(é) and the vectors
7!, and 7/, at one of the points of the curve I" are known, then t/(§) and t (é) can be
umquely computed from the system of ordinary differential equations (15.5). The
curve I' is found then from the differential equations,

dr' )
é = VT2 @& @)

The deformed and undeformed positions of the beam (and the corresponding vector
triad) coincide if, and only if, the strain measures y, (), and () are identically equal
to zero.

The curvature and torsion measures may be expressed in terms of the derivatives
of the triad vectors with respect to & from (15.5) and (15.6):

_dv, dt; 1 ,,dt
Open@e g o i o Llwdn, (15.7)
i dE 2 e

In (15.7) the vector 7' is defined by the functions r/(£) according to the equations

; 1 drt 1 /dr! dr ) (15.8)
= —— =—|———-1]. .
JTx2y de T2\ ag g
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Variational principle. Since the strain measures, v, {}, and (), completely deter-
mine the deformed state of the beam, it is natural to assume that the elastic energy
density per unit length of the initial state ® is a function of y, ), and ():

O =>(y, 0, 0).

The external forces do work on the variations of ' and 7/ . Denote the corresponding
“generalized forces” by Q; and QY, and, for simplicity, assume that the ends of the
beam are clamped: ri (&) and r(f[ (&) take the fixed values ré, r{, ‘L'Ol;o, Toim respec-
tively. The forces are supposed to be “dead forces”, i.e. they do not depend on the
deformed state of the beam but may depend on &. The deformed state of the beam
is a stationary point of the functional

Lo Lo
/Cb(y, Q,, Q) de —/(Q,-rf + Q%t))dE (15.9)
0 0

on the set of all admissible positions of the curve I" and all orientations of the vectors
of the triad, which are subject to the constraints

5T, =0, Tt =04 (15.10)

in which 7/ is the vector (15.8).

Variation of the strain measures. Six functions 7/ satisfy the five constraints
(15.10). Therefore, there is only one independent variation among six variations,
8t!. It corresponds to the infinitesimally small rotations of the vectors 7, around

the vector 7. The infinitesimally small angle of rotation will be denoted by 8¢ :
59 = ~erlse,
Y = ze TB Tia-

So, there are four independent variations, 8r’ and 8¢, and, correspondingly, four
equilibrium equations.
From (15.8), the variation of the tangent vector is

(15.11)

It follows from (15.11) that the variation of the tangent vector is orthogonal to the
tangent vector: 7;8t° = 0; the same conclusion, of course, is obtained by varying
the equation ;77 = 1.

Denote the projections of the vector 87 onto the vectors 7, by §6%: 18t = §0°.
According to (15.11),
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dsri
80, =Tjq ——.
t ds

Varying (15.10) and (15.8) we obtain the following expressions for the variations of
the vectors ' and t/:

8t =1l 86%, 8T. = —80,T" + P enpdo. (15.12)
From (15.7) and (15.12), we find the variations of the strain measures:
dso, 5 P
30, =142y —d——l—eaﬁw 3¢ + weypdb” |,
s

i

ds ds
8O =./1+4+2y |:d—¢+e“ﬂwﬁ89ai| , oy =(1+42y) r,»d—r. (15.13)
s s

For the clamped beam ends,
Sri=68t' =68t =0 at &=0, L.
According to (15.12), at the ends of the beam the variations §t' and 8¢ vanish:

§T =80, =80 =0 at & =0, L. (15.14)

Governing equations of beam theory. Denote the derivatives of energy density
by T, M*, and M :

oD 9P 90

T=J1+2y—, M*“=— M=o (15.15)

ay’ Q)

They have the meaning of tension, bending moments and torque, respectively. M is
the bending moment in the plane 7, 7, and M? is the bending moment in the plane

—

T, ?2.
For the variation of the energy of the beam, we find using (15.13):

Lo Ly dori
T rt
S | PdE = —— (1 +2y) 1 ——
/ & /[ —]+2y(+y) ds+
0 0
o dsb, 5 8
+M*\/1 42y —W—i—eaﬁw 3¢ + weyp80” | +

ds
+MJ/1+2y (d—‘p + e“ﬁw,gaea)] dt.
)

In order to integrate by parts, it is convenient to change the integration variable, &,
to s. Since
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ds = /1 +2ydé,
we have
Lo L )
dsri [ dso, 5 5
8 | ®de = Tfix-i-M s + e’ 8¢ + weqpdh” | +
0 0
ds
M (d—w + e“ﬂwﬁseaﬂ ds.
s

Here L is the beam length in the deformed state. After integration by parts of the
second and the third terms and use of the end conditions (15.14) we obtain

L
dsr! dMm, am
5/<I>ds = / [Tt,- dsr +8(9"‘< T Heas (Mo’ —Mf‘w)) + 8¢ (—KHWM%’S)]M.
0 0

Equating variation of energy to the work of the external forces and using the
formula for variation 86, (15.12), after additional integration by parts we arrive at
the governing system of equations of the beam theory:

d . (dM , o
— |17 ® tegs (Mo — MP R, )t |+ —=—— =0, (15.16
ds|:r+<ds+eﬁ( @ a))+ )T ]+./1+2y ( )
dM oy
e —eypMew” + Q0 =0. (15.17)

The bending and the twisting moments of the external forces R* and R are linked
to the “generalized forces” Q% from (15.9) by the equalities

o_ Qot! 0 ef 0ft) .
JT+2y° JT+2y

To form a closed system of equations, (15.16) and (15.17) must be supplemented
by the constitutive equations (15.15) and the kinematical formulae (15.7).
Equation (15.16) admits a reduction of order. Indeed, let ¢’ be such that

dq’ _

dg =0

Then

i dM, B B ia i
Tt + 7 teqp(Mal — MPw) + R, ) T + 4" = 0. (15.18)
N
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If Q' = 0, then ¢ are some constants that should be found from the boundary
conditions.

Projecting (15.18) on the triad, we obtain the usual form of the equilibrium
equations (15.16):

dM,

T ,“L’i =0,
+a ds

teop(Mo — MPw) + Ry + it = 0. (15.19)

Physically linear theory. The beam model is determined by prescribing the en-
ergy density, ® (y, Q,,Q). If the amplitude of the deformations is small, then for
many materials @ may be taken as a quadratic form with respect to y, ), and ():

20 = Ey? 4+ A0, Q04 + CO? + 2y (A°Q,+AQ) + 2B7Q, Q. (15.20)

The deformation measures, y, (), and (), are kinematically independent; therefore,
all the terms in the expression (15.20) are significant.
The constitutive equations (15.15) become

T == EJ/ +AaQa +A99
M® = AP Qg + A%y + B*Q, (15.21)
M = CQ+ Ay + B*Q,.

Here we used the fact that in physically linear theory y < 1, and /T + 2y may
be replaced by unity. The coefficient E has the meaning of the effective Young
modulus, A% the bending rigidity, C the torsion rigidity, and the coefficients A%, A
and B“ characterize the interaction effects between bending, torsion and extension.

Physically and geometrically linear theory. Denote by u; the displacements of
the beam axis, u' = r' — 7. Suppose that the derivatives of the displacements
du'/d& are small in comparison to unity. Let also the increments of the triad vectors
. — t. be small. Then the rotation angle of the cross-section ~ e () — #.) %
is also small. If the derivatives of the displacements and ¢ have a certain order of
smallness A, then y, Q, ) ~ A. In linear theory one neglects all terms on the order
of A in comparison with unity. 7', M,, and M are on the order of A. Therefore in
the equilibrium equations one can replace w, by @, and w by @, and differentiation
over s by differentiation over & :

T = —qi'lo,'i,

dM, o B Bo o

a5 +eaﬂ(Ma) - M a)) =—-Ry, —qit,, (15.22)
dM

E — eaﬂMac?)ﬂ = —Q
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The most simplifications occur in the kinematic relations linking y, ), and Q)
with displacements and ¢. Setting ' = u’, 86 = ¢ in the formulae for variations
(15.13), we obtain the linearized expressions for ), () and y :

d [, du' o o Boi du;
0o = g (0 ) +eande + el G-
d du; du'
0= g, _ g (15.23)
d& d& de

The system of equations of the linear beam theory comprises the constitutive
equations (15.21), the equilibrium equations (15.22), and the kinematical relations
(15.23).

Physically nonlinear effects. As will be seen, usually the coefficients A%, A and
B* are equal to zero, and the leading interaction terms are, in fact, cubic. Although
these terms are small, they describe effects which are missing in the classical theory
(15.20). For example, consider the cubic term, Bsz, in energy

20 = Ey? + A% Q0,05 + CO* + 2By O°.

It generates an additional term BQ)? in constitutive equation for the tension T, and
additional term, 2By (), in torque:

T = Ey + BQ?, M =CQ+2ByQ.

The additional terms describe the well-known experimental fact that any twist
is accompanied by some tension, while the simultaneous twist and elongation of
the beam cause an additional torque, 2By (). The latter effect becomes pronounced
only for finite strains. The asymmetry of the term By ? with respect to  and ()
results in the asymmetry of the interaction effect it describes: if an elongation, y, is
inflicted upon an initially non-twisted beam () = 0), then the torque remains equal
to zero, while there is always nonzero tension, caused by the twist, BQO?.

The Kirchhoff-Clebsch theory. Let energy be quadratic with respect to the
deformation measures. The coefficients of the quadratic form (15.20) depend on
the elastic moduli and the geometry of the cross-section of the beam. If E is
the characteristic value of the elastic moduli, then from the dimension reasoning,
E ~ Eh%, A*Y ~ EW* C ~ Eh*, AY ~ Eh3, B ~ Eh*. The energy terms
have different orders of the cross-section size, /i, and one can try to simplify the
theory using the smallness of the parameter 4. This can be done by means of the
variational-asymptotic method. To describe the idea, we set the external forces, Q;
and Qf, to be equal to zero and assume that the beam is deformed by prescribing its
displacements at the beam ends. The first step is to minimize the formally leading
term of the energy functional
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Lo
1.
/ EE;ﬂdg. (15.24)
0

Assume that among the admissible deformed curves, T, there are curves of the
length equal to the length of the undeformed curve, I'. This is obviously true for
curvilinear beams if the displacements of its ends are sufficiently small, and is
not true for straight beams subject to elongation. With the assumption made, the
minimum of the functional (15.24) is equal to zero and reached at the functions,
71 (&), for which

2y = dr' dr; 1=0 (15.25)
ST T '

Therefore, the set M, of the general scheme of the variational-asymptotic
method comprises the functions, 7/ (£), taking on the assigned values at the ends
of the beam and satisfying the incompressibility condition (15.25).

Fixing 7, we seek for the next term in the expansion

rl — fl _"_ r/l

where ' is much less than 7.

One can show (we do not pause to do this) that, in many problems, r" are
uniquely defined by 7 (i.e., in terms of the variational-asymptotic scheme, My =
N') and make small contributions to energy. This leads to the Kirchhoff-Clebsch
beam theory: the deformed state of the beam is the stationary point of the energy
functional,

L
1
/ E(A“ﬁﬂaﬂﬂ + CO* + 2By O})ds, (15.26)
0

on the set of functions 7(£) and 7/, satisfying the kinematic conditions at the ends
of the beam and the incompressibility-inextensibility condition (15.25).

Initially straight incompressible beams. There is a case when Kirchhoff-Clebsch
theory admits a considerable simplification. Let the energy density ® be the sum of
the bending energy and the twist energy,

20 = A0, Q05 + CQO?,

the bending rigidity tensor be spherical, A% = A§*?, and the beam is straight in the
undeformed state (&, = 0). We are going to show that the energy density ® can be
written just as a quadratic form with respect to second derivatives of r' :

d%rt d?r

2
a& ae T

20 =A
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Therefore, the nonlinearity of the theory remains only in the incompressibility con-
straint (15.25) and the expression for w in terms of l’é (15.7).
Indeed, using the decomposition of the Kroneker delta,

8{ =51t/ + tf‘rO{,
the first formula (15.7), and the equations

dri dTi

el i_=07
ae’ e

T, =
we can write
. . . 250 g2,
A“ﬂﬂaﬂﬁ — AT&E,N@ —A (3!’/’ _ rlrj) ﬂdi — Ad_rﬂ
d§ d§ d§ d& d&? d&?

as claimed.

15.2 Variational Problem for Energy Density

Construction of energy density, ®, in terms of the elastic characteristics and the
geometry of the beam cross-section is not as elementary as for shells where the
computation of energy density is reduced to solution of some algebraic problem and
integration. It turns out that for beams the energy density is the minimum value in
some variational problem for a functional defined on functions of the cross-sectional
coordinates. In this section we discuss the formulation of this variational problem
and some of its consequences. The derivation of the variational problem from three-
dimensional elasticity by the variational-asymptotic method is given in the next
section. We consider only the first approximation, where the small contributions
on the order of &/R, h/I and ¢ (I being the characteristic length of the stress state
along the beam, and ¢ the strain amplitude) are ignored.

Locally, a curved beam with a large curvature-torsion radius R (R > h) can be
viewed as a cylinder with constant cross-section S. Denote the coordinates in the
cross-section by £¢; the third coordinate, & 3 is directed along the cylinder axis. The
free energy density of the material, F, is a function of strains:

F=F (S(Xﬂ, Eu3, 833) .

We assume that the material is physically linear, and F is a quadratic form of &.4,
€43, and e33. We define three functions: the longitudinal energy:

F|| (533) = min F (&157 Ea3, 833) s (1527)

Eap:€a3
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the shear energy:
F/ (03, £33) = min (F (€ap. €03, €33) — F) (£33)) , (15.28)
af

and the transverse energy:
F,=F—-F —F,. (15.29)

Accordingly, the energy density is the sum
F=F+F,+F.. (15.30)

The direct computation given in the next section yields the expressions:

L2
By = §E833v

1
F, = EG“’S (2803 — Cugnz) (@ = B), (15.31)

1 afyd o
F| = EC 7% (eap + Capess + Cp2603) (@, f — 7.9).

The coefficients appearing in (15.31) can be taken as primary elastic characteristics
of the material. For inhomogeneous beams, they can be functions of the cross-
sectional coordinates, £*. Their explicit relations to the conventional elastic moduli
are given in the next section.

To comprehend better the meaning of such energy splitting, we note that the
longitudinal and shear energies do not depend on the cross-sectional in-plane strains,
&qp- Therefore, in-plane stresses are

oF oF;
Uaﬁz :—:Caﬁysé‘ +C & +CO-28 .
Ieap  0€up (875 + Cyoens + C32¢03)

Similarly?,

w_ _OF _ R OF,
T 0Q2e03)  9Qe43)  0(243)

= o”‘SC}‘fa + G (28[53 — C5833) .

These relations show that the transversal energy, F,, depends only on the stress
components, 0, and F, is equal to zero if and only if 0% = 0. If 6% = 0, then
the shear energy, F,, depends only on 0®*, and F, = 0 if and only if 0% = 0. The

3 See the note on the differentiation of a scalar function over components of symmetric tensors in
Sect. 3.3.
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longitudinal energy, F|, is the energy which the body has in case when o* = 0
and 03 = 0. Therefore, the coefficient E has the meaning of the Young modulus
of anisotropic elastic body.

Let u, (S ’3) and u (S ‘3) be some functions of cross-sectional coordinates.
Consider the functional

O (ue, u) =0, (u)+ 0O (ug, u),

O, () = % / G (e + Qenal” + Co (y + Q")) (@ — ) di'dE>
S

1
0L o) = 3 [ €7 (i + Cop (7 + 0,67)
S
+Cop () + Qs %) (@, B — v, 0)) dE'dE>.

Comma in indices denotes differentiation over cross-sectional coordinates.
The functional ® (u*, u) depends on the parameters y, (), and (). Denote its
minimum value by ¥ (y, Q,, Q) :

(v, Qg, 1) = min O. (15.32)

Ug U

Now we can formulate the key formula of the one-dimensional beam theory: the
energy density of the beam is

D(y, Ay, Q) = %/E (v + Q&7 dE'dE> + W (v, Oy, Q). (15.33)
S

The derivation of this formula is given further while here we consider some of
its consequences.
Functional © (u,, u) is invariant with respect to transformations

u— u-+c, ua—>ua+ca+%eaﬂéﬂ,

cq, C, > being constants. In order to select the unique minimizer (we will see in the
next section its physical meaning) we set the constraints

) =0, (ug)=0, (ugp)e*” =0. (15.34)

Dual variational problem. In general, finding the minimum of the functional © is
equivalent to solving the Neuman-type boundary value problem for a system of three
elliptic equations of the second order with the variable coefficients. The transition
to the dual variational problem allows one to replace the system of three equation of
the second order by a system of two equations, one of the second order with respect
to u and one of the fourth order with respect to the stress function .
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Let the function u be fixed. Then, determining of u,, is reduced to minimization
of ®, with respect to u,. Let us write ® as

0, :max/{ of [u(aﬂ>+caﬁ(y + Q,E)+Cly(u s+ Qegy 8 )]

oob
s (15.35)
1
—3 Claysoor | dg'as?,

where C, ” ﬁy s is the inverse tensor of the tensor C*#7?, and maximum is sought over
all symmetric tensor fields 0*f = ¢#%. Then

min ®; = minmax {-}, (15.36)

Ug Uy oo

where {-} is the integral in the right-hand side of (15.35). Changing the order of max-
imization and minimization in (15.36) (which 1is possible when the
assumptions of the general scheme of Sect. 5.8 for integral functionals are satisfied)
and calculating rr'iin {-}, we find that it is equal to

" (0, u) = / (0% [Cup(y + QoE”) + Chy(u, +0e,367)]
S

! C(
2

“ﬂa”}ds de2, (15.37)
o”,=0 inS o®v=0 onas, (15.38)
and —oo if (15.38) does not hold. Therefore,

min®, = max @’ (0, u), (15.39)
where maximum is sought over all 0 satisfying the constraints (15.38).
Each solution of (15.38) may be written as (see Sect. 6.6)

(09 o
o = ¢ "e’gx,w,

where x is some function in S satisfying the boundary constraints
X.« = conston dS. (15.40)

For a given stress state, function x is determined up to an arbitrary linear function.
One can choose this function in such a way that for a simply connected region,
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X« =0o0nas,

while for multiple-connected region, x , = 0 at one of the components of the bound-
ary of S. So

min ® = min(@, + ©,) = minmax [0, (u) + OF (x, u)]. (15.41)
u u X

Uy, U Uy,

where the functional ®% (x, u) is obtained by substituting the expressions for o
in terms of x into (15.37):

®*L(Xa u) = / {eaﬂeﬁ‘}x,/w [C(xﬂ(y +Q:8%) + Caﬂ)‘(u,k + Qe(rkga)]
N

|
_5 éﬂy)ﬁeaﬂeﬁveykelkX,p,vX,}u(} dé‘_ldsz

The Euler equations of the minimax problem (15.41) are the two equations of the
second and the fourth orders for u and x.

As a rule, the variational problem under consideration may be solved only by
numerical methods. However, there is a number of important particular cases, where
the problem admits considerable simplifications or the exact solutions. The most
important simplifications are related to the homogeneity properties, the existence
of the plane of elastic symmetry perpendicular to the beam central line and of the
central symmetry of elastic characteristics and the geometry of the cross-section.
We begin from consideration of homogeneous beams.

Homogeneous beams. A beam is called homogeneous if C7° G* | C,p,C,p*
and C, do not depend on £*.

Let us show that for general anisotropy and arbitrary geometry of the cross-
section, the minimum value of the functional ® can be found analytically up to a
multiplicative constant; to compute this constant, one has to solve some variational
problem. To obtain this result, we change the required function, u — v:

agp
u=—Cot% — %CO,Q,S (g“gﬂ — %) +v. (15.42)

By (-) we denote further the integral over cross-section
= [ dgta
s

by |S] the area of the cross-section.
The functional ® , becomes
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1 ~ o
0, = 3(G7 (v +Geret”) @~ B),

where ) denotes the parameter:

X 1
Q=0--¢"C,0,.
2

Substitution of (15.42) into the functional ® | results in the relation

1
0, = 5 / Ccopre [u@,,ﬂ) + Daﬁ—i—Damé’\+ Cop’v,: ][, B — v, 81dE"dg> .
S

(15.43)
Here

Dog = (Cap—Cop*Cy) v, Dupy. = CupOy — C33Cio Uy + Cop Qe

Formula (15.43) suggests the substitution u, — v,:

B
Uy = —Dapk? — %aaﬂy (sf‘sy—%) + Vo (15.44)

where a,g, are some constants yet to be defined. The constants a,g, are symmetric
with respect to the indices 8, y. We set aug, to be a solution of the linear system of
equations

1
Aapyy = E(aaﬂy + agay) = Dapy - (15.45)

It can be checked by direct inspection that for any tensor aug, of the third order,
which is symmetric with respect to the last two indices, the identity holds:

Aapy = Qapyy + Aay)p = (By)a- (15.46)
Therefore, the solution of the system of equations (15.45) is
Aoy = Diapyy + Diay)p — Dipya- (15.47)
After the changes of variables, the functional 0, due to (15.45), becomes

1

0=3 / (G (va + Qequt”) (@ > B)
N

+CePre (v(a,ﬂ) + Caﬂ’\v,)\) (. B — 7, 5)] dg'de*  (15.48)
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The minimizing element of the functional ® is proportional to {); therefore
V= 1C(lz
=3 ,
where C is the minimum value of the functional

C = min/ (G (0.4 + €5a€”) (0 —> B)+ (15.49)

U, Uy
S

+Caﬁy8(ﬁ(aﬂ) + Caﬂxﬁ,k) (a, B — y, 8)) de'dg?.

Here, 7 = v/Q), Ty = vy/€. The constant C is called the torsional rigidity of the
beam.

So, for a homogeneous beam, ¥ does not depend on y, while (), and () enter
into ¥ through the combination €):

1 1 2
v=-C(Q--e"C,Q,) . (15.50)
2 2 "

Elliptic cross-section. Let us find the torsional rigidity for a beam with an elliptic
cross-section, baﬁé"‘éﬁ < 1, where b,g is a positive symmetric tensor.* Let us find
the functions, v, and v, from the system of equations

G (0.5 + espt”) = ae®™ b, &, Uiap) + Cagls =0, (15.51)

where a is a constant yet to be defined. From the first equation (15.51), we have
05 = (aGly e by — " 15.52
B =\aG,z e"by —eup g, (15.52)

These are two equations for one function, v. We choose a to make these equations
compatible: the derivative 9?9 /0&'0&2 found from (15.52) for 8 = 1 and the deriva-
tive 920/0£29& found from (15.52) for B = 2 must be equal, or

e (v.5) o= (aG;;])e"‘)‘bw - emg) e'f = 0.
Hence,
2

S (15.53)
G;ﬂl)eake“ﬁbw

a

From (15.52), we find that

4 1If the coordinates &', £2 are directed along the axes of the ellipse, it will not result in simplifica-
tions, because there is an arbitary anisotropy of the elastic properties. Due to this, all relations are
written in tensor form.
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1
v =5 (aGy e b, —eus ) (8" = (6767) [ 151). (15.54)
Substituting (15.54) into the second equation (15.51) results in
D((X,ﬂ) + Céx (aGaﬁ(il)eavbvu - euk) ";:M =0. (1555)

The solution of (15.55) is
1
B = Slupy€'E7, (15.56)

where the constant tensor, dgg,, is symmetric with respect to the indices g, y and
satisfies the system of linear equations

_ -1
Aapy = _Céﬁ (aGE,,\ )egvbw - ew») :

This system is analogous to the system of equations (15.45), and its solution is given
by the formula (15.47).

It is easy to check that the functions, v and v, satisfying equations (15.51), also
satisfy the Euler equations for the functional (15.49) and the corresponding natural
boundary conditions. Substituting them into (15.49) we get

C = aszJsl)e“*eﬁ"bwwa“”,
where I*V are the moments of the cross-section,
"= /sﬂgydgldsz.
o . . . . 1
In the principal coordinates of the ellipse with the semi-axes, by, by, by} = PR
1

= —, =0, = -mbib,, = —mb;b;, an
22 !g 12 11 {70102, 12 501

B nb?bg B 4 (15.57)
GLb + 6L 0 G U + G '

Note that we did not assume that the tensors G*? and 1% are coaxial. If they are,
then G = (G11)™", G5," = (G)~" and

N TL’Gllezb%b%
Gubi + Giib3

In the case of a transversally-isotropic material, G* = G§°F, and
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_ nGbiby 4G 4G

P+ (L) )t e

where I;El) is the inverse tensor of /.

Estimate of the torsion rigidity of homogeneous anisotropic beam with an
arbitrary cross-section. Let us show that for arbitrary geometry of the beam
cross-section the following estimate for the torsional rigidity is true:

4
C < . 15.58
= Gaﬂ(*l)e““eﬁ"lﬁl) ( )

The inequality (15.58) is a generalization to the anisotropic case of the Nikolai’s
inequality,

C S —’
I+ I

or, in tensor notation,

4G
B ol
Is

Let us use the functions (15.54) and (15.56) as the trial functions in the varia-
tional principle for torsional rigidity, with b,g being some constants. This gives the
following upper estimate of the torsional rigidity:

C < AG" b by I .

— 5 (15.59)
(G"vb,.y)
Here G*¥ = G;}l)e““eﬁ”.

Let us minimize the right-hand side of (15.59) with respect to bug. Since the
right-hand side of (15.59) is not affected by the transformation b,g — Abyp, this
problem is equivalent to minimization of the quadratic form 4G’“bew 1o, with
the constraint G*"b,,, = 1. Itis easy to see that the minimum value of the quadratic
form is reached at the tensor b,, = I{,"(G* I}, ")~!. This proves the assertion
made.

The inequality (15.58) allows one to establish some extremal features of the tor-
sional rigidity. Consider the torsional rigidities of the beams with different cross-
sections, and, possibly, with different elastic moduli, but such that the contraction
Gfx;l)e"‘”eﬁ” I,V is the same. From the comparison of the relations (15.57) and
(15.58), it is seen that on this set of beams, the beams with an elliptic cross-section
have the maximum torsional rigidity. If, in addition, the tensor G*? is spherical (and
Gfxl_sl) = G(’l)Ba,g), then Gfxl_sl)e“”eﬁ"[l(;l) = G’llo(t’l)“, and, strengthening the
estimate (15.58) by means of the inequality
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1 1
~Coe = gl
Lo 4

we get
C <GI".

This inequality becomes an equality for circular beams; consequently, of all the
cross-sections with the same polar moment / [j the circle has the maximum torsional
rigidity.

Heterogeneous beams. We limit the consideration of heterogeneous beams with
the case when the beam has a plane of elastic symmetry perpendicular to the central
line. The “two-dimensional” elastic moduli tensors with an odd number of indices
are equal to zero (C gﬂ = 0, Cy, = 0) and the minimization problem for the func-
tional ® splits into two independent problems: the minimization problem for the
functional

O, (u) = % / (G (10 +Devat”) (@ — B)) dE'dE>,

S

and the minimization problem for the functional

1
0w = 5 [ (€7 (i + Coply + 08" (@ p = .8)) '™

S
(15.60)

The first problem is, in essence, the well-known Saint-Venant torsion problem
(see [223]). The minimizing function of the functional ® , (u) is proportional to );
therefore,

1
mm®4m)=§CQ{
where the torsion rigidity, C, is the minimum value of the functional

¢ = min / G (g + erat”)Na — B) dE'dE.
S

The second problem corresponds to a problem of two-dimensional elasticity.
Since the minimizing functions depend on y and (), linearly, the minimum value of
0O, is a quadratic form with respect to y and ):

1 o
lemm®l=§<Euﬂ+ZEUQa+El%%QO.

Uy
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Fig. 15.2 Examples of |

central-symmetric
cross-sections which do not
possess two axes of symmetry

[ |

So, for the beams with an elastic symmetry plane perpendicular to the central
line, the function W is a sum of the torsion energy, C)?/2, and a contribution to
the extension and bending energies W | ; function W does not contain the interaction
terms between torsion and extension, y -{), and between torsion and bending, )-(),,.

More substantial conclusions can be made if the cross-section and the elastic
properties of the beam also have the central symmetry. The cross-section is called
central-symmetric if, for every point with the coordinates £, it contains a point with
the coordinates —&“. Note that the cross-section may be central-symmetric and not
have two symmetry axes (two such cross-sections are shown in Fig. 15.2).

For functions defined in a central-symmetric regions, the notion of evenness may
be introduced: a function is even if it has the same values at the points £* and -£“.
By definition, the elastic characteristics of the beam are central-symmetric if C, G**
and C*? are even functions of £%.

Let us write u, as a sum of odd and even functions (they are denoted by one and
two primes, respectively), u, = u,, + u/,. Then the functional ®  becomes a sum of
two functionals, one of which depends only on u/, and the other only on u/,:

0, =0 +07,
! 1 o,
0, = 2 / CP (i, 5y + Capy) (o, p — v, 8)dEdE?,
N
” 1 afys (.1 o lag?
0L=5]C¢C (e p) + CapQo?) (o, B — v, 8)dE'dE™.
S

Functionals ®’, and @'/ can be minimized independently. Minimum of @’ is
proportional to 2, minimum of @' is a quadratic form of . So

2V, = E1y* + E 0,0,

and energy does not contain the interaction terms between y, (), and (). As is easy
to see, the similar conclusion can be made if C*#7® are even functions of £, G*P
are arbitrary while C*# are either odd or even functions of £%,
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Heterogeneous beams with constant Poisson coefficients. It turns out that, for
the beams with constant Poisson coefficients, the following remarkable feature
holds: W contains only the torsion energy

1
\P:ECQZ and ¥, =0. (15.61)

To prove that, we use the fact that any value of the functional ® gives an upper
bound of ¥. We take

1
Uy = —Copy €’ — Eaaﬂyéﬂs% (15.62)
The constants a,g, are chosen as the solution of the linear system of equations
a@apyy = Caplly. (15.63)

For these functions, ®; = 0. Consequently, ¥, =min®, = 0.
Uy

The minimizing functions u, have a universal form for an arbitrary cross-section
and an arbitrary dependence of the elastic moduli C*7? on the coordinates; this
form is found from (15.62), (15.63) and (15.46):

1
Uy = —Copy&? — (ca(ﬁﬂy) - Ec,gy(za> gPgv. (15.64)

Criterion of vanishing of ¥,. The quadratic form, W, is identically equal to
zero not only for beams with constant Poisson coefficients, but also for some beams
with variable Poisson coefficients. Let us prove the following assertion.

Let the region S be divided into two parts, S| and S,, by a smooth line L. In
both sub-regions, the Poisson coefficients, C,g, are continuous, but they may be
discontinuous on the line L. Then, in order for ¥ to be equal to zero, it is necessary
and sufficient that there is a function ¢(§*) such that in the regions of continuity of
the Poisson coefficients,

Caﬂ =Cap (1565)
while on the discontinuity line,>

[c.o] = const. (15.66)

5 Recall that the symbol [A] denotes the difference between the values of A on the two sides of the
discontinuity line.
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Sufficiency. Let us set
Uy = —CqY — C,aQo’éo + CQa + weaaé:a + dq, (1567)

where w, a, are constants which may have different values in S} and S,. Then, inside
S 1 and Sz,

U.p) + Capy + CopQs§” = 0. (15.68)

Let us choose the constants w and a,, in such a way that u#, be continuous on L,
—reY — raQGEJ + [C]Qa + [w]eaaég + [aa] = 0, (1569)

where r,, denote the constants equal to [c ,].
From the kinematic compatibility conditions

die) _, de*
do do

- rC( ’

where o is a parameter on L, it follows that

[cl =r & +r, r = const. (15.70)

The constant terms in (15.69) cancel out if we set
[ao] = 1oy + 7. (15.71)

The terms linear with respect to £° have the form (r,Qy — 1, Qs + [w]ews) E°.
Therefore, setting

(0] = "1y Qy, (15.72)

we completely satisfy (15.69). The formulae (15.71) and (15.72) give the differences
between the constants w and a,, in the regions S} and S,. If one sets the constraints
on u, (15.34), then these constants are completely defined.

The functions u, are admissible and the functional @ is equal to zero at these
functions. Consequently, ¥, = 0.

Necessity. Let ¥, = 0. Then since the quadratic form F, is non-degenerate, the
equalities (15.68) hold. The parameters y and (), are independent; therefore, as
follows from (15.68), the compatibility conditions for the tensors Cy,g and C,p&°
should be satisfied in S} and S to guarantee that Cyg and Cog6° may be presented as
a symmetric part of the gradient of a vector field. For an arbitrary tensor &,4, which
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admits such representation, £, = U(4,p), the necessary and sufficient compatibility
conditions are

Aeyp + ggqaf, — &l gy — €pap =0, (15.73)

where A is the two-dimensional Laplace operator. Substitution of Cyg and Cgp&®
into (15.73) results in the system of equations

ACup 4+ C o — Chr gy — Ch =0, (15.74)

2Cup5 + (CL’,O( — C;’V) S + (Cv”,ﬂ — Cg,v) Sra — Canp — Cpra = 0. (15.75)
Contracting the equalities (15.75) with respect to «, 8, we get
Ch,=Cy,. (15.76)
Equation (15.75) can be simplified using (15.76)°
2Cup3 = Caip + Cpia- (15.77)
Let us write these equations substituting indices, 8 — A, L — f:
2Can.p = Capp + Cipas (15.78)
and plug Cy; g in (15.77) from (15.78). Due to symmetry Cg, we obtain
Cgop = Cppa-
Hence, there exists a vector C, such that
Cop = Cop.
The symmetry of Cyp yields that vector Cy, is potential,
Co =cuas
and, therefore, (15.65) hold. Equations (15.74) and (15.75) are satisfied for
Coup = Cqp.
The equalities (15.67) follow from the relations (15.65) and (15.68): the dis-

placement, u,, is the sum of the general solution of the homogeneous equations,
rigid motions (the last two terms of (15.67)) and a solution of the inhomogeneous

6 If there were no coefficient 2 on the left-hand side of (15.77), these equations can be interpreted
as the conditions that the Kristoffel’s symbols of the two-dimensional metric, Cyp, vanish; that is
possible only for Cog = const.
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equations (15.68) (the first three terms in (15.67)). It remains to show that the con-
dition of the continuity of u, results in the constraints (15.66). Indeed, since the
parameters y and (), are arbitrary, [0] = 0y + 0%Qy, [ay] = roy + r*Q; where
0,0, r, and rf are constants. The equations [u#,] = 0, are reduced to the system of
equations

[co] =1 +0e0oE”, [€188 = (ra + 0ant®) EF — 0P eun&” — 1. (15.79)

Letusseta = 1,8 =2and ¢ = 2, § = 1 in the second equations (15.79). Then,
on the line of discontinuity,

ng +0E = 0% —rf =0, ng' -0 +0's' —r} =0.

At least one of these relations has to be an identity with respect to the coordinates
£l, £2; otherwise, the first one defines the line £> = const, while the second one
the line 51 = const. Let the first relation be identically satisfied. Then 8 = 0,
and it follows from the first equation (15.79) that [c ,] = const. The same result
is obtained if the second relation is identically satisfied. For [c,] = const, the
continuity of u, may be achieved by the choice of the constants w and a, in the
regions S; and S,, as has already been checked.

It is obvious that analogous conclusions also hold for several lines of discontinu-
ity. Note several consequences of the criterion obtained.

1. Inorder for ¥ = 0 for a heterogeneous beam with discontinuous Poisson coef-
ficients, it is necessary that the conditions

[Cus] T’ =0 (15.80)

be satisfied on the discontinuity line, where 7/ is the tangent vector to the dis-
continuity line.
The relations (15.80) are obtained by differentiation of (15.66) along the discon-
tinuity line.

2. For a transversely isotropic body, W, = 0 if and only if the Poisson coefficient
v is constant.
Indeed, if Cyp = Vd4p, then (15.65) becomes

cin=0,cn=cxn
and has a unique solution, v = ¢,j; = ¢ = const; there is no curve for which
the conditions (15.80) can be satisfied for [v] # 0.

3. Inorder for ¥, = 0 for a heterogeneous beam with piece-wise constant Poisson
coefficients, it is necessary that

det [1C1] = 0
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and the discontinuity lines are straight and perpendicular and the principal axis
of the tensor [C,g] for which the corresponding eigenvalue does not equal to
Zero.

This assertion is an elementary consequence of (15.80).

Summary. Now we outline the most important results obtained.
According to (15.115) and (15.87), for homogeneous anisotropic beams,

1 o 1 :
® = <E|S|y2+E1 ﬁQaQﬂ—i—C(Q—ze’”CMQ,,) ) (15.81)

where E is the longitudinal Young modulus, /*# are the moments of the cross-
section, torsional rigidity, C, is the minimum value of the functional (15.49), and
C,, the “Poisson coefficient vector”.

If the beam has a plane of elastic symmetry perpendicular to the central line, then
C, = 0 and the expression (15.81) becomes the classical one:

1 v
® =3 (E|S|y2 + EI7 0,04 + CQZ> . (15.82)

Otherwise, there is the interaction term between torsion and bending, —Ce"”C €}, {},
in the expression for energy, while the effective bending rigidities are

1
EI*P + ZCe‘“"e“ﬁCMCU.

Note that the interaction of torsion and bending and the increase in the effective
bending rigidity occur only for bending in the plane perpendicular to the vector C,,.

For heterogeneous beams with an elastic symmetry plane perpendicular to the
central line, the function ®, along with the torsion energy, contains contributions to
the extension and bending energies, and the formula for ® becomes

1
q>=§ /Ed,»;‘dg:%rEl Y242 /Eg“dgldg%rzzi Quy+
S S

+ / E€°EPdg dE>+E P | Q04 + CO?
N

Additional rigidities E |, E{, Eiﬂ are found from the solution of the minimization
problem for the functional ® | .

Emphasize that all these results pertain to geometrically non-linear theory. Non-
linearity enters through the dependence of deformation measures, y, (), and (), on

ri (&) and T/ (&).
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15.3 Asymptotic Analysis of the Energy Functional
of Three-Dimensional Elasticity

Geometry of undeformed state. We will use the curvilinear system of coordi-
nates, £%, &, in the region V, introduced by the equations

xt=R(EYE) = FE) + 2lE (15.83)

The points £ are the points of the beam cross-section S which could be, in general,
a multi-connected region. It is assumed that the point with the coordinates £* = 0
coincides with the center of gravity of S, i.e. (§*) = 0.

The projections on the axis & are marked by index 3, which will sometimes be
omitted (in particular, £° = &). The coordinates £%, £ are assumed to be Lagrangian.

To find the components of the metric tensor in the Lagrangian coordinate system,
we first find the derivatives of functions (15.83). Using (15.3), we have

o=t o= (1+apEl)t' +oegslt.

As usual, the comma before the Greek indices denotes derivative with respect to £,
and the comma before & denotes the derivative with respect to &. Thus,

Bap = Oup 8o = GepaEl, B3 = (1 + ip?) + 8%, (15.84)
&= det[gop]| = (1 + 38”)".

To determine the contravariant components of the metric tensor we have to find
the solutions of the linear system of equations

8P8py + 88y =065, 8P +8 8, =0, §PEpm+ 8 83 =1. (15.85)

From the second equation (15.85) and (15.84), we have $*f = — &% ;5. Substi-
tuting this into the third equation (15.85) and using (15.84) for ¢35, we obtain

o V' so
033 1 03y we's &

SR — Stk B (15.86)
(+apef) 0 (1t aper)

From the first equation (15.85), and from the equations (15.84) and (15.86), we
get the expression for the other components of the metric tensor:

e ey £V E

saf __ caf
g =" L2
(14 dp8°)°

(15.87)

We will assume that @, and @ are smooth functions of &. The best constant, R,
in the inequalities
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1 1 |dé
-, |0

. 1 |déy 1
|| < —, <=, === = (15.88)
R R |de|~ R2

is called the characteristic radius of curvature-torsion.

Three-dimensional energy functional. We are going to consider the problem of
equilibrium of an elastic beam under the actions of dead surface and body forces
assuming that the beam ends are clamped:

x(EY,0) =rh 4Tl g, X(EY, L) =1l + 10,87, (15.89)

where t(iOTiﬂO = 50,,3, rlilr,-ﬂl = 8aﬂ~
The equilibrium positions of the beam are the stationary points of the functional

1 =/Fd‘°’—/gixi (é“,é)d‘ef—/ﬁxi (£%,8)dA, (15.90)
v v av
on the set of all continuously differentiable functions, x’ (£%, &), satisfying the end
conditions (15.89).
The energy density per unit volume, F, is assumed to be a positive quadratic
form of the strains:

2F = Eade{;‘abSCd = Eaﬂyasaﬁ8V5+E3333833833 + 4Ea3ﬁ38a38ﬂ3+

F2EP P pe0s + AEP s 06,5 + AE P ey5633. (15.91)

We expect that the functional (15.90) tends to a “one-dimensional” functional as
h — 0. The dependence of the external body and surface forces, g; and f;, and
the elastic moduli tensor on / is to be specified; we will discuss these dependences
later.

Let us make the change of variable £ — ¢%: £ = h{*. After this change, the
region of values of ¢* does not depend on %, and / enters the functional explicitly.
The region of values of ¢“ is also denoted by S.

Change of required functions. We may begin in the same way as we have done
in construction of the shell theory by looking for the set A/ of the general scheme
of the variational-asymptotic method. Then in the first step we would find that
the functions x’ (£%, £) do not depend on £%: x' = ri(£); in the second step that
x (&%, &) are linear functions of £%: x" = t/(£)&”, where the vectors 7 and ti
are orthogonal to each other and orthogonal to the vector dr'/dg, and, hence, have
an additional degree of freedom, rotation around the tangent vector of I'. In the
next step, the functions x”* are completely determined by ' and 7/ and, therefore,
the set V' consists of the functions r/(£) and r(i(é ). We omit these considerations,
having “guessed” the set N and move on to the appropriate change of the required
functions.
Let us introduce the functions
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riE) = % (15.92)

The functions ' have the meaning of the components of the average position vector
of the cross-section in the deformed state. The curve I with the equation x' = r/(£)
is called the deformed center line of the beam. The parameter & is not the arc length
of the deformed center line. The elongation of the center line is characterized by the
axial strain y introduced above.

At the curve I’ we introduce two unit vectors 7/, which are orthogonal to each
other and are also orthogonal to the vector

; 1 dri
T — ——,
J1+2y dé

and then make the following change of the required functions, x’ (§%, &) — y' (§%, &):
X (ETE) =) + T, (BE + hy (6. 8). (15.93)
Due to the definition of 7' (15.92), the functions y’ (£%, £) satisfy the constraints
(y'y =0. (15.94)

The extra degree of freedom, which appears in prescribing t/, allows us to put
an additional constraint on y’. For definiteness, as such we take the equality

Yap)e™® =0, (o = Tiy0). (15.95)

The vertical line before the Greek indices denotes a derivative with respect to ¢¢.
The equality (15.95) means that the “average” rotation of the cross-section is de-
scribed by rotation of the vectors /..

Equation (15.93) establishes a one-to-one correspondence between all functions
x (€7, &) and all sets of triplets {r'(£), T/ (&), y' (€%, &)} . satisfying the constraints
(15.10), (15.8), (15.94) and (15.95). Indeed, for given r*, 7, and y' (§%, &) one can
find x’ (£%, £). Let us show the opposite: for given x’ (£%, £), it is possible to find
uniquely ', 7/ and y* which satisfy the constraints (15.10), (15.8), (15.94) and
(15.95). First, we determine 7' by (15.92). Then we take some vectors 7/ which sat-
isfy the equalities (15.10). These vectors may be rotated, 7, — 1, 7;, = 7/, s/, with
sk being the components of some two-dimensional orthogonal matrix performing
the rotation for angle o. We define the angle o by the equation

(') Tipe” = ()7, spe’ = 0. (15.96)

Equation (15.96) is of the form A cos o + B sino = 0, where A and B are expressed

in terms of (xfa)t’ and, consequently, is always solvable. The solution defines the

ipn
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vectors 7/, uniquely. Finally, we introduce y' by the equation hy' = x' (§%, &) —
ri(&) — ti(£)€*. Then, the relation (15.91) holds, and the functions y’ satisfy the
constraints (15.94) and (15.95).

At the beam ends, the functions r' and r(f[ should be chosen according to the
boundary conditions (15.89):

T =rl, riLo)y=rl, THO) =1l Ti(Ly)=r1!,. (15.97)
Also,
Y (E%,0) = y' (§%,Lo) = 0. (15.98)

Let us define the bending-twist amplitude, €q, and the central line elongation
amplitude ¢, as

gq = hméax\/QaQ"‘ +Q2, e = msax 1.

The number ¢ = ¢q + &, characterizes the magnitude of three-dimensional strains.
The characteristic length of the deformed state / is introduced as the best constant
in the system of inequalities

dwy
d§

£q dw 20 dy &y . 1 T e
<= =<, < .| < - max - (15.99
=5 'dg—l dE ; |Vl 7 ma VieYj - ( )
The characteristic length [ is a function of &£. Suppose that the strain state of the
beam is such that / can be on the order of / only at the end regions of the beam,
while away from the ends of the beam

h<<1
7 .

The size of the end regions is, by our assumption, on the order of &. Regarding
the external forces, we accept the conditions

h
fi=0 <E78> =0 (7). (15.100)

and, for simplicity, limit our consideration to the body forces which are con-
stant over the cross-section. In these estimates, w is the characteristic value of the
components of the elastic moduli tensor. n

Let us show that longitudinal, transverse and shear energies defined by (15.27),
(15.28) and (15.29) are
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1 1,
F = §E||8§3, F, = EGZﬁ (2eq3 + Eqe33) (@ — B),

1
Fi = SE (suptEapens + Egy2603) (o, B = 7,8),  (15.101)

and find the relationship between the coefficients £y, G‘Zﬂ v Eqy, Eqg, Egﬁ and the
components of the elastic modulus tensor.

The first, fourth and fifth terms in (15.91) contain £,4. Extracting a complete
square, let us write these terms as

E“PY (eqptEapess + Egy2e03) (. B — v, 8) — E¥F7° Egy E jenen—

—4EMUAU Eszfa‘c:OtBSﬂ?’ - 4EMUAG Elega'S‘ﬁE% (15.102)

(coefficient 2 in front of ¢,3 is introduced in order to simplify further relations).
The coefficients Eqg and E7; are the solutions of the system of linear equations

Eaﬁy(SEya: Eaﬁ33’ Eaﬂyé‘E;‘/S: Eaﬁdfﬁ'

Denoting the inverse tensor to EPvs by E((x;}l,)a, (.e., E

solution of this system can be written as

(
o,

-1 8 V)
S EV = 8061)), the

(=D 33 (=D 3
Eys = Egg yE“PP, ESy = E g  JE“P.

From (15.91) and (15.102), for F we have
2F = E°P"* (et Eapess + EQg2e03) (@, B — ¥, 8) + 4G eqzep
+4 (B9 = B B, B ) e + (EY2 = BP9 BB ) eviess. (15.103)
Here, the notation is introduced:
G(Zﬁ — E93B3 _ puvio Eszfo'

The second and third terms of (15.103) contain the strain components &43.
Extracting a complete square in these terms, we write them as follows:

G(Zﬁ (2eq3t+Eye33) (0 — B) — GiﬁEaE5€33833,
where E,, is the solution of the system of linear equations
G‘Zﬂ Eﬁ — Erx333 _ Euvkc E[M)Eilq‘

This solution is
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Eg = Ou (E¥® — E"E,,E}),

where ©,; is the inverse tensor of G‘Zﬂ .
Substituting the expression for the second and the third terms into (15.103), for
F we finally get

2F = E*P"’(eqp+Eqpess + EJ42¢803) (@, B — ¥, 8) (15.104)
+4Gtzﬁ (2803t Eqe33) (0 = B) + Ej€33€33,

where
Ey=E™ — E"°EyE —GY EEp.

Let us make a non-degenerated change of variables eqg, €43, €33 = Vug, Y €33
in the quadratic form (15.104):

Yap = €ap t+ Eape3s + Egg203, Vo = 2603 + Eq€33.

Since yug, Yo and €33 are independent, and there are no interaction terms between
Yap and Yy, Vop and €33, ¥, and e33 in (15.104), the quadratic form (15.104) is
positive, if the inequalities

EP Y usvos = Evasy®,  GLyvavs = Gyray®, E; >0 (15.105)

hold where E and G are some positive constants.

For fixed £33 the minimum of (15.104) with respect to .4 and 43 is reached for
Yap = 0, Yo = 0 and is equal to %EH(833)2. Therefore, the first relation (15.101)
holds. The two other relations (15.101) are checked similarly. The intermediate
equalities which came up in derivation of the formula (15.104) relate the coefficients
of the quadratic forms (15.91) and (15.104).

Two-dimensional elastic moduli tensors. The two-dimensional tensors
EP7 G*Y E o and E,p are subject to the symmetry conditions

S __ s __ Sy __ 8 aff B
E@Prs — phavs _ pabdy _ pv Otﬂ, G4 _Gév

Ely=E},. Eup = Epa.

It is natural to consider these tensors, along with the vector E, and the scalar
E), as the independent components of the elastic modulus tensor. We call them
two-dimensional elastic modulus tensors.

The components of the tensors E*/7?, G‘Zﬂ and E| have the dimensionality of
the Young modulus, while the components of the tensors Egﬂ, Eup and E, are
dimensionless.
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The positiveness of elastic energy puts constraints (15.105) on the tensors E*/78,
G‘Z’s and E). The dimensionless tensors E Z;ﬂ, Eqp and E, may take on any values.

The elastic moduli are functions of &“ and &, and have the form
E = E (%, &, h/R). The dependence on the parameter 4 /R is caused by curvi-
linearity of the Lagrangian coordinate system. For the limit values of the elastic
moduli as /R — 0, we introduce the following notation: in the limit, #/R — 0,

Ej=E@°.8). G/=GT@5.  EM=c0 ),
Eaﬁzcalg(é’a’g)’ E, =Cy(2%,8), Egﬁzcgﬂ(ga,é).

As has already been mentioned, if the elastic characteristics are symmetric
with respect to the plane perpendicular to the central line of the beam, the two-
dimensional tensors with an odd number of indices are equal to zero:

— Vo
Coe=0, Cu=0.
If, moreover, the elastic characteristics are invariant with respect to rotation in
the cross-sectional plane (i.e., if the body is transversely isotropic), then the tensors
CPvd C* and G* have the special form

CPYY = 08P 870 + p (8°7 8P + §*°87F) , G*P = G§*P, C*P = vs*P.

The elastic properties of a transversely isotropic body are characterized by five
parameters, E, G, A, u and v; the parameters, E, G, u and A 4 u are positive, while
v is arbitrary.

For an isotropic body, £ = 2u (1 + v) is the Young modulus, G = u the shear
modulus, and v = 1 /2 (A + ) the Poisson coefficient.

In the anisotropic case, G* and C*? have the meaning of the shear modulus
tensor and the transverse Poisson coefficient tensor, respectively. The dimensionless
tensors C, and CJ,; can also be interpreted as some “Poisson coefficients”.

Asymptotic analysis of the energy functional. Let us write the strain tensor com-
ponents in terms of r/, 7/ and y’. Taking the derivative of (15.93), we have

Xy =ty X =V14+2y [+ 0.8 T +wefE7 Ty + hy'],

where the comma before the index s denotes a derivative with respect to s.
Projecting y' to the vector triad, y' = yt' + y*7}, and using the relation
V= (s Y o) T+ (Vi — o' 5 +oye)) 1,

we obtain

1,
Eap = Y(.p) T 3Vl + 3 VaYrp: (15.106)



748 15 Elastic Beams

2843 = (1 + wa%.o)yla + weau{gg +v1+2y [hyot.s — hwy + hweaaya+
+0eE7 ygiu +h (35 + @ yi) Yo + 1 (Vs — 'y + ¥ wel) yi]

e =7 + V12787 + (VI+2y = 1) 0o + b Qps" 6"+
1 1
+O0EE, + S0 QEE" + SO + (1 +29) [l + 0, 87T + ¥ o)+

1
+hot el (yis — 0.5 + ¥ err0) + Ehz(ys + y 0+

1

+§h2 (5 =05 +y7efo) (s — @5 + yﬂemw)] . y=V1+2y5.

Holding r(&) and 7/ (), let us seek the functions y'(¢%, &) in the leading approx-
imation. First, we take the approximate expressions for strains:

Eaf = Y@|p)> 2843 = Ve + thﬁafﬂ, &3 =Y + hﬂﬁfﬁ. (15.107)

Then, the derivatives of y, and y with respect to £ do not enter into the functional,
the functional does not keep the end conditions (15.98) for y,, y, and the problem
of finding y, and y is reduced to minimizing for each & the functional

0 — i f (Fye + fy)dg,
aS

1
Oe: ) = 3 (G [yjo + hQesat”+Cy (v + Q¢ 7)]| [a — Bl+

+CPr [Y(a\ﬁ) + Cop (y +706¢%)
+ Chg(yin +hQes:2%) [, B — . 8]), (15.108)

with the constraints
(o) =0, () =0, (yup)e” =0. (15.109)

Here, d is the arc length element on 9S divided by &, f, = fitl, and f = fit'.
The work of external body forces is dropped, since due to the first two constraints
(15.109) and the assumption (15.100), it is on the order of uh’e?/IR and is small
compared to the interaction terms between y,, y and h{), ChQ and y, which are
taken into account in (15.108). The functional © is the integral over the cross-section
of the sum of the transverse and shear energies.

Consider first the minimization problem for the functional @, i.e. the minimiza-
tion problem for the functional (15.108) with zero external forces on 9S. The func-
tional @ is strictly convex, bounded from below, quadratic functional. Its minimizing
element y,, y linearly depends on h€),, h{) and y; therefore,
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Vo~ €, Y~E. (15.110)

The minimum value, W, of the functional ® is a quadratic form with respect to 7€),
hQ) and y.
For nonzero external forces, y, and y can be written as

Yo =Yoot 20, Y=Ytz (15.111)
The functions, z,, z, satisfy the constraints
(za) =0, (2)=0, (zap)e” =0. (15.112)
Substituting (15.111) into the functional (15.108) results in the expression
W — RQy — RO — Ny + (G 7,25+

C“M(Z(am) + Cﬁ,szu) (@, B —y,8) —h /(faz“ + fade,  (15.113)
as

where R%, R and N are coefficients at (), ) and y, respectively, in the work of
external forces on the displacements y,, y:

R*Qy + RO+ Ny =h? /(fay“ + fy)de. (15.114)
as

They can be determined as soon as the dependence of y, and ¥ on ), Q and y is
found. In derivation of (15.113), it is used that, due to the Euler equations for y,, V,
there are no interaction terms between y,, y and z,, 2.

The part of the functional (15.113) which is quadratic with respect to z, and z, is
equal to zero on the fields z, = ¢, + eaﬂgﬁk, Z=¢,Cy,C, kK = const. These fields
are excluded by the conditions (15.113), and it can be proved that the functional
(15.113) is bounded from below. The minimizing element of the functional (15.113),
%4, %, linearly depends on the external forces and, according to the condition f’ =

o (ﬁsh / l), the values of the last two terms in (15.113) are ignorably small.

Due to the same condition, R*(), + R} + Ny is on the order of A¥/[ and
can, therefore, be dropped in the first approximation. Note, however, that, as the
additional analysis shows, for a cross-section with central symmetry, all other cor-
rections are smaller, and the main refinement of the classical beam theory is in
keeping this linear form.

The terms omitted in the expression for strains (15.101) are on the order of /R,
h/l, eq and ¢, as can be seen from (15.106) and the estimates (15.110). Therefore,
the solution of the minimization problem for the functional ® does indeed give the
leading approximation of y, and y.
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Dropping the small terms in the work of external forces, we get generalized
forces Q; and Q7 introduced in the heuristic beam theory:

Qi =h/fid<p+ ISIFi,  OF =h2/fi§“d<0~
as as
The energy density per unit length of the beam
O =(F+FL+F,),

where only the terms on the order of ,uhzsz are retained, is

1
d = §<E()/+hQa§”)2>+‘I’(y,QmQ). (15.115)

The first term in (15.115) (the average value of the longitudinal energy) character-
izes the extension and bending energies related to the elongation of the longitudinal
beam fibers; the second term (the average value of transverse energy and shear en-
ergy) includes the twist energy and the additional contribution of the extension and
bending energies caused by the deformation of the beam in the transverse directions.

The minimization problem for the functional ® is a variational problem for a
quadratic functional to be minimized with respect to three functions, y, and y, of
the cross-sectional coordinates. To construct the “classical” beam theory, one has to
find only the minimum value, W(y, Q,, Q), of this functional as a function of four
parameters, y, (), and (). To describe the stresses inside the beam, one has to find
the minimizer of © as well.



2 Springer
http://www.springer.com/978-3-540-88468-2

“ariational Principles of Continuum Mechanics
Il. Applications

Berdichevsky, V.

2008, ¥, 430 p., Softcover

ISBEN: 278-3-540-BB468-2



