Preface

Geometry is a pervasive mathematical concept that appears in many places
and in many disguises. The representation of geometric entities, of their
unions and intersections, and of their transformations is something that we,
as human beings, can relate to particularly well, since these concepts are
omnipresent in our everyday life. Being able to describe something in terms
of geometric concepts lifts a purely formal description to something we can
relate to. The application of “common geometrical sense” can therefore be ex-
tremely helpful in understanding many mathematical concepts. This is true
not only for elements directly related to geometry such as the fundamen-
tal matrix, but also for polynomial curves such as Pythagorean hodograph
curves, and analysis-related aspects such as the Cauchy—Riemann equations
[127], to mention a few examples.

An algebra for geometry is therefore a desirable mathematical tool, and
indeed many such algebras have been developed. The first ones were prob-
ably Grassmann’s algebra of extensive entities, Hamilton’s quaternions, and
complex numbers, which were all combined by W. K. Clifford into a single
algebraic system, Clifford algebra. The aim of this text is not only to show
that Clifford algebra is the geometric algebra, but also to demonstrate its
advantages for important engineering applications.

This text is split into two main parts: a theoretical and an application
part. In the theoretical part, the mathematical foundations are laid and a
methodology is presented for the representation and numerical implementa-
tion of geometric constraints, with possibly uncertain geometric entities. The
application part demonstrates with a number of examples how this method-
ology can be applied, but also demonstrates that the representative power of
geometric algebra can lead to interesting new results.

This text originates from my work in the Cognitive Systems Group at the
Christian-Albrechts-University in Kiel, Germany, led by Professor Dr. Gerald
Sommer. First and foremost, I am indebted to him for his constant support
of my research in geometric algebra. I would also like to thank Professor Dr.
Wolfgang Forstner from the University of Bonn, Germany, and Professor Dr.
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Rida Farouki from the University of California at Davis (UCD), USA, for
inviting me to work with them. The work on random multivector variables
and the Gauss—Helmert model originated from a collaboration with Professor
Forstner in 2004. The work on Pythagorean hodographs is the result of a two-
month stay at UCD in 2005, where I worked with Professor Farouki.

Of course, in addition to Professor Sommer, my coworkers and students
at the Cognitive Systems Group in Kiel were an invaluable help in form-
ing, discussing, and implementing new ideas. In particular, I would like to
thank Dr. Vladimir Banarer, with whom I had many insightful discussions,
not just about hypersphere neurons; Christian Gebken who I worked with
on an implementation of geometric algebra on an FPGA, on the estimation
of uncertain geometric entities, and on pose estimation with projective and
catadioptric cameras; Anti Tolvanen, for his collaboration on central cata-
dioptric cameras; Dr. Sven Buchholz, for his pure-mathematical assessments;
and Professor Dr. Bodo Rosenhahn, for collaboration on pose estimation and
coupled twists. I am also grateful for the technical assistance of Gerd Diesner
and Henrik Schmidt, and the administrative support provided by Francoise
Maillard.

Last but not least, I thank my wife Susanne and my parents Heide and
Ulrich for their help and encouragement, which made this work possible.

Stuttgart, Christian B. U. Perwaf
September 2008
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