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Backward stochastic differential equations and
optimal control

6.1 Introduction

The theory of backward stochastic differential equations (BSDEs) was pioneered by Par-
doux and Peng [PaPe90]. It became now very popular, and is an important field of re-
search due to its connections with stochastic control, mathematical finance, and partial
differential equations. BSDEs provide a probabilistic representation of nonlinear PDEs,
which extends the famous Feynman-Kac formula for linear PDEs. As a consequence,
BSDEs can be used for designing numerical algorithms to nonlinear PDEs.

This chapter is an introduction to the theory of BSDEs and its applications to math-
ematical finance and stochastic optimization. In Section 6.2, we state general results
about existence and uniqueness of BSDEs, and useful comparison principles. Section 6.3
develops the connection between BSDEs and viscosity solutions to nonlinear PDEs. We
show in Section 6.4 how BSDEs may be used for solving stochastic optimal control. Sec-
tion 6.5 introduces the notion of reflected BSDEs, and shows how it is related to optimal
stopping problems. Finally, Section 6.6 gives some illustrative examples of applications
of BSDEs in finance.

6.2 General properties

6.2.1 Existence and uniqueness results

Let W = (Wy)o<t<r be a standard d-dimensional Brownian motion on a filtered proba-
bility space (£2, F,F, P) where F = (F;)o<t<r is the natural filtration of W, and T is a
fixed finite horizon.

We denote by S%(0,7) the set of real-valued progressively measurable processes Y
such that

E[ sup [Yi]*] < oo,
0<t<T

and by H?(0,7)? the set of Ré-valued progressively measurable processes Z such that

E[/OT \Zt\th} < .
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We are given a pair (¢, f), called the terminal condition and generator (or driver),
satisfying:
o (A) ¢ € L2(2, Fr, P;R)
e(B) f:2x[0,T] xRxR? — Rs.t.:
- f(.,t,y, z), written for simplicity f(¢,y, z), is progressively measurable for all y, z
- f(¢,0,0) € H2(0,T)
- f satisfies a uniform Lipschitz condition in (y, z), i.e. there exists a constant Cf
such that

|f(t,y1,21) — f(t,y2,22)] < Cr(Jyr — y2| + |21 — 22]) s Yy1,y2, V21,22, dt ®dP a.e.
We consider the (unidimensional) backward stochastic differential equations (BSDE):
—dY, = f(t,Ys, Zy)dt — Zy.dWy, Yp =E. (6.1)
Definition 6.2.1 A solution to the BSDE (6.1) is a pair (Y, Z) € S?(0,T) x H?(0,T)¢
satisfying

T T
Ytzf—l-/ f(s,Y;,ZS)ds—/ Zs.dWs, 0<t<T.
t t

We prove an existence and uniqueness result for the above BSDE.

Theorem 6.2.1 Given a pair (§, f) satisfying (A) and (B), there exists a unique solution
(Y, Z) to the BSDE (6.1).

Proof. We give a proof based on a fixed point method. Let us consider the function @
on S2(0,T)™ x H?(0,T)?, mapping (U, V) € S?(0,T) x H?(0,T)¢ to (Y, Z) = &(U,V)
defined by

T T
Y= ¢ +/ F(5,Us, Vi)ds — / Z,.dW,. (6.2)
t t
More precisely, the pair (Y, Z) is constructed as follows: we consider the martingale M;
= E[§—|—f0T f(s,Us, Vs)ds|F], which is square integrable under the assumptions on (&, f).

‘We may apply the [t6 martingale representation theorem, which gives the existence and
uniqueness of Z € H?(0,7T)? such that

t
M; = My +/ Zs.dWs. (6.3)
0
We then define the process Y by
T ¢
=g+ [ fe v va]m] = - [ v o<esT
t 0

By using the representation (6.3) of M in the previous relation, and noting that Yr =
&, we see that Y satisfies (6.2). Observe by Doob’s inequality that
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2] < 4E[/OT|ZS|2ds] < .

Under the conditions on (£, f), we deduce that Y lies in S?(0,T). Hence, & is a well-
defined function from S2(0, T') x H2(0, T')¢ into itself. We then see that (Y, Z) is a solution
to the BSDE (6.1) if and only if it is a fixed point of &.

Let (U, V), (U, V') € S2(0,T) x H2(0, T)% and (Y, Z) = ®(U, V), (Y', Z') = &(U", V).
We set (U, V) = (U-U"V -V, (Y,Z) = (Y —~Y",Z— Z') and f, = f(t,Us,V;) —
f(t, U, V/). Take some 3 > 0 to be chosen later, and apply Itd’s formula to e%*|Y,|?
between s =0 and s = 1"

T
E[ sup ‘/ Z,.dW,
t

0<t<T

T
T2 = 7/ &5 (BIVal? — 2Yi.T.) ds
0

T T
—/ eﬁs|23|2d5—2/ P! Z,.dW,. (6.4)
0 0

Observe that

7 T T
E[(/ Pz )] < C ] sup m|2+/ ] < oo,
0 0

0<t<T

which shows that the local martingale fg eP5Y!Z,.dWy is actually a uniformly integrable
martingale from the Burkholder-Davis-Gundy inequality. By taking the expectation in
(6.4), we get

E\YOP+E[/T 655<5\Y9|2+|ZS|2>d5] = ZE[/TeﬁSYS.deS]
0

0

T
<20sB[ [ IR0 + Vil

T T
- 1 . _
< 4C?E[/O eﬂé\Ys\st] + iE[/o P (|0 + |V5\2)ds]

Now, we choose =1+ 40?, and obtain

E[/OTef’S(|?S|2+ 12,J2) ds] < %E[/OT (0L + Vi ?)ds).

This shows that @ is a strict contraction on the Banach space S?(0,T) x H?(0,T)?
endowed with the norm

121, = (E[/OT (Vi +12.P)as]) .

We conclude that ¢ admits a unique fixed point, which is the solution to the BSDE (6.1).
O

6.2.2 Linear BSDE

We consider the particular case where the generator f is linear in y and z. The linear
BSDE is written in the form
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—dY; = (AYe + Z; By + Cy) dt — Zy.dWy, Yr =&, (6.5)

where A, B are bounded progressively measurable processes valued in R and R¢, and C
is a process in H2(0, 7). We can solve this BSDE explicitly.

Proposition 6.2.1 The unique solution (Y, Z) to the linear BSDE (6.5) is given by
T
LY, = B[re + / L,Cuds| 7], (6.6)
Jt
where I' is the adjoint (or dual) process, solution to the linear SDE
dFt :Fi (Afdt+Btth), F():l
Proof. By It6’s formula to I3Y;, we get
d(I;Y;) = —ICydt + [ (Zy + Y By).dWe,

and so
t t
IY; +/ I';Cyds =Y —l—/ I'y(Zs+ YsBs).dW,. (6.7)
0 0

Since A and B are bounded, we see that E[sup, |I}|?] < oo, and by denoting by b., the
upper-bound of B, we have

T 1 T T
11
EK/ F3|ZS+YSBS|2ds)2] < §E[Sup|ﬂ\2+2/ \Zt\zdt+2b§°/ |Yt\2dt}
0 t 0 0

A

From the Burkholder-Davis-Gundy inequality, this shows that the local martingale in
(6.7) is a uniformly integrable martingale. By taking the expectation, we obtain

t T
Ly, +/ I,Cuds = E[FTYT +/ Fscsds‘ft}
0 0

- B [FTg " /OT FSCSds‘}}] , (6.8)

which gives the expression (6.6) for Y. Finally, Z is given via the It6 martingale repre-
sentation (6.7) of the martingale in (6.8). O

6.2.3 Comparison principles

We state a very useful comparison principle for BSDEs.

Theorem 6.2.2 Let (€1, f1) and (€2, f2) be two pairs of terminal conditions and gen-
erators satisfying conditions (A) and (B), and let (Y1, Z'), (Y2, Z?) be the solutions to
their corresponding BSDFEs. Suppose that:

o (L < €2 qus.
o fUt YL, Z)) < f2(t, Y, ZY) dt ® dP a.e.
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i fz(tv Y;,lv Ztl) € H2(07T)
Then Y,! < Y2 for all0<t<T, as.

Furthermore, if Y2 < Yy, then V! = Y2, 0 <t < T. In particular, if P(¢' < £2) >
0 or fl(t,.,.) < f2(t,.,.) on a set of strictlly positive measure dt ® dP, then Yy < Y§.

Proof. To simplify the notation, we assume d = 1. We define Y = Y2-Y', Z = 22— 71,
Then (Y, Z) satisfies the linear BSDE

—dY, = (AY Y, + A} Zy + fy) dt — Z,dW,, Yy =& — € (6.9)
where
AY — fQ(t,Y?,ZE) _fQ(t’Y?:Z?) 1
t = Y2 Y} Y2-Y#0
A? = fz(tvytlvztz) _fQ(thtlvztl) 1
t = 72— 7} Z3—Z}#0

lef = f2(t7}/tlaZt1) - fl(t7n17Z2t1)‘

Since the generator f? is uniformly Lipschitz in y and z, the processes AY and A are
bounded. Moreover, f; is a process in H?(0, T). From 6.2.1, Y is then given by

T
r¥ = E[re(€ - )+ [ nfas|7]
t
where the adjoint process I is strictly positive. We conclude from this expectation for-
mula for Y, and the positivity of €2 — ¢! and f. O

Remark 6.2.1 Notice that in the proof of Theorem 6.2.2, it is not necessary to sup-
pose regularity conditions on the generator fi. The uniform Lipschitz condition is only
required for f.

Corollary 6.2.1 If the pair (&, f) satisfies &€ > 0 a.s. and f(¢,0,0) > 0 dt ® dP a.e.,
then Y, > 0,0 <t <T a.s. Moreover, if P[¢ > 0] > 0 or f(¢,0,0) > 0 dt ® dP a.e.,
then Yy > 0.

Proof. This is an immediate consequence of the comparison theorem 6.2.2 with (¢!, f1)
= (0,0), whose solution is obviously (Y1, Z!) = (0,0). ]

6.3 BSDE, PDE and nonlinear Feynman-Kac formulae

We recall the well-known result (see Section 1.3.3) that the solution to the linear parabolic
PDE

_o —Lv— f(t,z) =0, (¢t,z)€0,T) xR",

ot
o(T,z) = g(x), =eR",

has the probabilistic Feynman-Kac representation
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o(t, ) / f(s, X5%)ds + g(X57)], (6.10)

where {X®,t < s < T} is the solution to the SDE
dX, = b(X,)ds + o(X,)dW,, t<s<T, X, =uz,

and L is the second-order operator
1
Lv =b(z).Dyv + itr(a(x)o’(l')D?mv).

In the previous chapter, we derived a generalization of this linear Feynman-Kac for-
mula for nonlinear PDEs in the form

i sup [ v+ f(t,a:,a)] =0, (t,z)€[0,T)xR", (6.11)
acA
o(T,z) = g(z), xzeR", (6.12)

where, for any a € A, subset of R™,
1
L% = b(z,a).Dyv + itr(a(l’, a)o’(z,a)D2,v).

The solution (in the viscosity sense) to (6.11)-(6.12) may be represented by means of a
stochastic control problem as

(t I - SupE f S X;"E7a5)d8+g(X%x) El
acA Jt
where A is the set of progressively measurable processes a valued in A, and for a € A,
{X5®,t < s <T} is the controlled diffusion

dXs = b(Xs, a5)ds + 0(Xs,a5)dWs, t<s<T, X;=uzx.

In this chapter, we study another extension of Feynman-Kac formula for semilinear
PDE in the form

- % — Ly — f(t,z,v,0'Dv) =0, (t,z)€[0,T)xR", (6.13)
v(T,z) = g(z), zeR™ (6.14)
We shall represent the solution to this PDE by means of the BSDE
—dY, = f(s, Xo, Yy, Zo)ds — Zo.dW,, t<s<T, Yr=g(Xr),  (6.15)
and the forward SDE valued in R™:
dXs = b(Xs)ds + o(Xs)dWs. (6.16)

The functions b and o satisfy a Lipschitz condition on R"™; f is a continuous function
on [0,7] x R™ x R x RY satisfying a linear growth condition in (z,y, z), and a Lipschitz
condition in (y, z), uniformly in (¢, z). The continuous function g satisfies a linear growth
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condition. Hence, by a standard estimate on the second moment of X, we see that the
terminal condition and the generator of the BSDE (6.15) satisfy the conditions (A) and
(B) stated in Section 6.2. By the Markov property of the diffusion X, and uniqueness of
a solution (Y, Z, K) to the BSDE (6.15), we notice that Y; = v(¢, X}), 0 <t < T, where

o(t,z) == Y" (6.17)

is a deterministic function of (¢,x) in [0,7] x R", {X1® ¢ < s < T} is the solution to
(6.16) starting from z at ¢, and {(Y", Z0®),t < s < T} is the solution to the BSDE
(6.15) with X5, = X% t < s < T. We call this framework a Markovian case for the
BSDE.

The next verification result for the PDE (6.13) is analogous to the verification theorem
for Hamilton-Jacobi-Bellman equations (6.11), and shows that a classical solution to the
semilinear PDE provides a solution to the BSDE.

Proposition 6.3.2 Let v € CY2([0,T) x R™) N C°([0,T] x R™) be a classical solution
to (6.13)-(6.14), satisfying a linear growth condition and such that for some positive
constants C, q, |Dyv(t, )| < C(1+|z|?) for all z € R™. Then, the pair (Y, Z) defined by

Y; = U(t>Xt)7 Zi = U/(Xt)D:cU(taXt)7 0 <t< T7
is the solution to the BSDE (6.15).

Proof. This is an immediate consequence of Itd’s formula applied to v(t, X;), and noting
from the growth conditions on v, D,v that (Y, Z) lie in S?(0,T) x H2(0,T). ]

We now study the converse property by proving that the solution to the BSDE (6.15)
provides a solution to the PDE (6.13)-(6.14).

Theorem 6.3.3 The function v(t,z) = Y;"* in (6.17) is a continuous function on

[0,T] x R™, and is a viscosity solution to (6.13)-(6.14).

Proof. 1) For (t1,21), (t2,@2) € [0,T] x R, with 1 < t9, we write X! = X% =
1,2, with the convention that X2 = x5 if t; < s < to, and (YZ, Z%) = (Yo% ZLw) i =
1,2, which is then well-defined for ¢; < s < T. By applying It&’s formula to |V} — Y2|?
between s = ¢ € [t1,T] and s = T, we get

¥}~ Y22 = [g(XE) — g(X3) — / "2t~ 2P
. t
2 / (Y2 = Y2).(f(s, XL, YL, Z1) — f(s5, X2, V2, 22))ds
tT
9 / (Y1 - Y2)(Z) - Z2)aw,.
t

As in the proof of Theorem 6.2.1, the local martingale [(Y,! — Y.2)'(Z} — Z2)dW,,

t < s < T, is actually uniformly integrable, and so by taking the expectation in the
above relation, we derive
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T
B - v 4 B[ [ 121 - 22Pas
t
2]

T
+2 B[ [0 V2L XY Z) - S5, X2 Y2 22
t

S

= B[lg(X+) - 9(X3)

< B[lg(X}) - 9(x3)?]
T
+2 E[/ D/sl - }/82‘ ‘f(sts17szl7 Zel) - f(S7X.?7Y917 Z;)‘ds]
t
T
+20sB[ [ W2 = Y2 (Y - Y2 4121 - 221) ds]
t
< B[lg(X}) - 9(x3)*]
T
B[ [ 156 X0V 2D - 5, X2V 2D
t
T 1 T
+(1 +4C;)E[/ Y2 — Y2|2ds + 5E/ 1z} - Z3|2ds],
t t
where Cy is the uniform Lipschitz constant of f with respect to i and z. This yields
T
B! = Y2P] < BlgCeh) - oXhIP] + B[ [ 156 X022 - £, X2 Y2 2D
t

T
(L 4C§)E[/ V.- Y2 2ds)
t
and so, by Gronwall’s lemma

B[y 22| < ¢ {Bla(xh) - o(x3)]
r 1 1 1 2 1 V12
+E[/t 1f(s, X1, Y2, Z1) — f(s, X2,Y2, Z1)) ds]}.

This last inequality, combined with continuity of f and g in z, continuity of X»? in
(t,), shows the mean-square continuity of {Y?® z € R*,0 <t < s < T}, and so the
continuity of (t,z) — v(t,z) = ¥;**. The terminal condition (6.14) is trivially satisfied.

2) We next show that v(t, z) = ¥} is a viscosity solution to (6.13). We check the viscosity
subsolution property, the viscosity supersolution property is then proved similarly. Let
¢ be a smooth test function and (¢,2) € [0,7) x R™ such that (¢,z) is a local maximum
of v — ¢ with u(t,z) = ¢(t,z). We argue by contradiction by assuming that
¢
ot
By continuity of f, ¢ and its derivatives, there exists h, € > 0 such that for all t < s <
t+h,|z—yl <e,

(t,z) — Lo(t,x) — f(t,z,v(t,x), (D) (t,x)a(z)) > 0.

v(s,y) < ¢(s,y) (6.18)

99 (5, 4) — Lo(s,9) — F(5.,0(5,0), (Do) (5.0)0(w)) > 0. (6.19)

ot
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Let 7 = inf{s >t : |X’" — x| > e} A (t + h), and consider the pair
(V) Z0) = (YaRr 1o (s)207), t<s<t+h
By construction, (Y}, Z!) solves the BSDE

—dY) = 10.(s)f (s, X0" u(s, X0), Z})ds — ZLdW,, t<s<t+h,

Yk, = u(r, X47),
On the other hand, the pair
(V2,22) = (pls, X7, 1.1 () Daspls, XY (X)), £ <5 <t 4,

satisfies, by It6’s formula, the BSDE

o
o) (8)( 2 4 L) (s, X¥) — Z2dW,, t<s<t+h,

—dY?
s ot

Yt1+h = p(1, X77).

147

From the inequalities (6.18)-(6.19), and the strict comparison principle in Theorem 6.2.2,

we deduce Yy < YZ, i.e. u(t,z) < ¢(t,z), a contradiction.

6.4 Control and BSDE

O

In this section, we show how BSDEs may be used for dealing with stochastic control

problems.

6.4.1 Optimization of a family of BSDEs

Theorem 6.4.4 Let (&, f) and (§%, f*), a € A subset of progressively measurable pro-
cesses, be a family of the pair terminal condition-generator, and (Y,Z), (Y, Z%) the

solutions to their associated BSDFEs. Suppose that there exists & € A such that
f,Y, Z) = essinf f(t,Y;, Z) = [*(t, Y1, Zy), dt©@dP ae.
«
& =essinf ¥ = €9,
«
Then,

Y, =essinf Y = Y%, 0<t<T, as.

Proof. From the comparison theorem 6.2.2, since § < £* and f(t, Y, Z:) < f*(t, Y%, Z4),

we have Y; < Y,* for all o, and so

Y; < essinf Y.
«

Moreover, if there exists & such that & = €% and f(t,Y;, Z;) = f&(t,Y3, Z3), then (Y, Z)
and (Y&, Z%) are both solutions to the same BSDE with terminal condition-generator:

(€%, ). By uniqueness, we deduce that these solutions coincide, and so



148 6 Backward stochastic differential equations and optimal control

essinf Y < Y& = Y; <essinfY?,
« «
which ends the proof. m]

By means of the above result, we show how the solution to a BSDE with concave
generator may be represented as the value function of a control problem.

Let f(t,y,z) be a generator, concave in (y,z) and (Y, Z) the solution to the BSDE
associated to the pair (¢, f). We consider the Fenchel-Legendre transform of f

F(t,b,c)= sup [f(t,y,2) —yb—z.c], (b,c)ER xR (6.20)
(y,2) ERXRY

Since f is concave, we have the duality relation

flt,y,z) = inf  [F(t,b,c) +yb+ 2., (y,2) € RxR%L (6.21)
(b,c) ER xR

We denote by A the set of bounded progressively measurable processes (3,7), valued in
R x R such that

E[/OT\F(t,ﬁt,%)Pdt] < 0.

The boundedness condition on A means that for any (3,7) € A, there exists a constant
(dependent of (8,7)) such that |G + |v| < C, dt ® dP a.e. Let us consider the family
of linear generators

fﬂﬁ(t Y, Z) = F(t7 /31‘,7%) + yﬂt + 2, (ﬁ, 7) € -’4

Given (8,7) € A, we denote by (Y27, Z57) the solution to the linear BSDE associated
to the pair (¢, f57).

Theorem 6.4.5 Y is equal to the value function of the control problem

Y; =ess inf Y7, 0<t<T, as. (6.22)
ByeA

T
VP = B[ [l St (s, 5 ds 4 el Pedig
t

ft:| )
where Q7 is the probability measure with density process
st = Ltﬁyt-tha LQ = 1.

Proof. (1) Observe from relation (6.21) that f(t,Y:, Z:) < fP7(t,Y:, Z;) for all (3,7)
€ A. Moreover, since F is convex with a linear growth condition, for each (t,w,y, 2),
the infimum in the relation (6.21) is attained at (l;(t,y, z),¢(t,y, z)) belonging to the
subdifferential of — f, and so is bounded by the Lipschitz constant of f. By a measurable
selection theorem (see e.g. Appendix in Chapter IIT of Dellacherie and Meyer [DM75]),
since Y, Z are progressively measurable, we may find a pair of bounded progressively

measurable processes (3,4) such that
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F(6,Y Z0) = [P (0, Y5, Z0) = F(t,BiA) + Yibi+ ZoAn, 0<t<T, a.s.

We then obtain the relation (6.22) by Theorem 6.4.4.

(2) Moreover, by Proposition 6.2.1, the solution Y27 to the linear BSDE associated to
the pair (&, f97) is explicitly written as

T
1 = B[ [ NP Buds + Tnt] 7]

where I is the adjoint (dual) process given by the SDE:
dFt ZFt (Btdt+7tth)7 F():l

We conclude by observing that I3 = elo Budu, and using the Bayes formula. O

6.4.2 Stochastic maximum principle

In the previous chapter, we studied how to solve a stochastic control problem by the dy-
namic programming method. We present here an alternative approach, called Pontryagin
maximum principle, and based on optimality conditions for controls.

We consider the framework of a stochastic control problem on a finite horizon as
defined in Chapter 3: let X be a controlled diffusion on R™ governed by

dXs = b(Xs, as)ds + o(Xs, as)dWy, (6.23)

where W is a d-dimensional standard Brownian motion, and o € A, the control process,
is a progressively measurable valued in A. The gain functional to maximize is

T
J(@) =E[/O F(t, Xy, an)dt + g(Xr)],

where f : [0,7] x R™ x A — R is continuous in (¢,z) for all a in 4, ¢ : R” — R is a
concave C'! function, and f, g satisfy a quadratic growth condition in .
We define the generalized Hamiltonian H : [0, 7] x R™ x A x R" x R"*¢ — R by

Ht,z,0,,2) = b(z,a).y + tr(0” (v, 0)2) + f(t,,a), (6.24)

and we assume that H is differentiable in « with derivative denoted by D,H. We consider
for each a € A, the BSDE, called the adjoint equation:

—dYy = Dy/H(t, Xy, o, Y, Zy)dt — Z,dWy, Yr = Dyg(Xr). (6.25)

Theorem 6.4.6 Let & € A and X the associated controlled diffusion. Suppose that there
exists a solution (Y, Z) to the associated BSDFE (6.25) such that

H(t, Xy, 6, Yy, Z4) = ma}H(t,Xt,a,Yt, Z), 0<t<T, a.s. (6.26)
ae
and
(z,a) — H(tw,a,fft, Zt) is a concave function, (6.27)

for allt € [0,T]. Then & is an optimal control, i.e.

J(&) = 2161131 J(a).
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Proof. For any a € A, we write

T
7(@) = J(0) = B[ [ (6. %00) = Flt. Xt + g(Xr) — g(Xr)]. (629
0
By concavity of g and Itd’s formula, we have
E [Q(XT) - Q(XT)] > E {(XT - XT)-Dwg(XT)] =F [(XT - XT)-?T}
T . T . T . .
= E[ / (X — Xyp).dYy + / Y. (dX: — dXy) + / tr[(o(Xy, dy) — U(Xhat))/zt]dt}
Jo Jo Jo
T . o T .
= E[/ (Xt — Xt).(—DyH(t, Xy, &, Y, Zy))dt +/ Y (b( Xy, &) — b( Xy, on))dt
0 0
T A A~
+ / tr[(o( Xy, ) — a(Xt,at))’Zt}dt]. (6.29)
0
Moreover, by definition of H, we have
T A A~ A
E[/ f(t,Xt,dt) (t Xt,at)dt / H t Xt,Oét,}/t,Zt) H(t,Xt,Oét,Y;g,Zt)dt
0
T A~ A~
- / (0(Xs, ) — b(Xy, )Yy
0
T A A~
- / tr [(U(Xhat) - g(Xuat))'zt} dt]. (6.30)
0
By adding (6.29) and (6.30) into (6.28), we obtain
T A A A A A~
J(a) - J(Q) Z E[/ H(t7 Xt7 &h YPta Zt) - H(ta Xt7 Qi }/%7 Zt)dt
0
T A A A A
- / (X, — X,).DoH(t, Xy, 60, Vo, Zt)dt].
0

Under the conditions (6.26) and (6.27), the term between the bracket in the above relation
is nonpositive, which ends the proof. m]

We shall illustrate in Section 6.6.2 how to use Theorem 6.4.6 for solving a control

problem in finance arising in mean-variance hedging.

We conclude this section by providing the connection between maximum principle and
dynamic programming. The value function of the stochastic control problem considered
above is defined by

v(t,x) = bupE f s Xﬁ’”,as)ds+g(X;’x)], (6.31)
acA t
where {X?7,¢t < s < T} is the solution to (6.23) starting from z at ¢. Recall that the

associated Hamilton-Jacobi-Bellman equation is

_v sup [G(t, x,a, Dyv, D2v)] =0, (6.32)
ot acA
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where for (t,z,a,p, M) € [0,T] x R" x A xR"™ x S,
1
G(t,z,a,p, M) = b(z,a).p+ Etr(acr'(m,a)M) + f(t,z,a). (6.33)

Theorem 6.4.7 Suppose that v € C13([0,T) x R*) N C°([0, T] x R™), and there erists
an optimal control & € A to (6.31) with associated controlled diffusion X. Then

G(t, Xy, e, Dyv(t, X¢), D20(t, Xy)) = Ianeaj‘(g(t,)%hm Dyu(t, X¢), D2v(t, X;)),(6.34)
and the pair
(Yi, Z1) = (Dav(t, X1) , D2v(t, Xy) o(Xe, 4)), (6.35)
is solution to the adjoint BSDE (6.25).

Proof. Since & is an optimal control, we have
A~ T A~ A
ot %) = B[ [ s, Xev)ds + 9(n)| ]
¢

t
= f/ f(s,Xg,a5)ds + M, 0<t<T, as. (6.36)
0

where M is the martingale M; = E[fOTf(s,XS, Gs)ds + g(XT)‘ft]. By applying Itd’s
formula to v(¢, X;), and identifying the terms in d¢ in relation (6.36), we get

_ %(t7 Xt) - §(t, )A(m(Szt,Dgﬂ)(t,fQLDiy(t7 Xt)) - 0. (6.37)

Since v is smooth, it satisfies the HIJB equation (6.32), which yields (6.34).
From (6.32) and (6.37), we have

0= %(tv Xt) + g(tv Xt,@t,Dz’l)(t7Xt),DiU(t7Xt))

ov .
> =0 (42) + G(t,z, &, Dyo(t, @), Div(t2), Vo € R™.
Since v is C12, the optimality condition for the above relation implies

=0.

0 <8v(t,x) + g(t,x,dt,Dzv(t,x),Div(ax))) h
=X

oz \ ot

By recalling the expressions (6.33) and (6.24) of G and H, the previous equality is written
as
0%
otox

~ ~ ~ 1 ~ ~
(t, X;) + D2v(t, X1)b(Xt, éu) + §tr(oa'(Xt, a)D3u(t, X;))
+ D H(t, Xy, &y, Dyv(t, X,), D2u(t, X)) o(X,,é4)) = 0. (6.38)

By applying It6’s formula to D, v(t, X’t), and using (6.38), we then get
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Ky
otox
— D2u(t, X,) o(Xy, 6y )dW,
= D H(t, Xy, &, Dpv(t, Xy), D2v(t, Xy) o(Xy, éy)) dt
— D2u(t, X}) o(Xy, ay)dW,.

~ N N N 1 ~ ~
—dD,v(t, X,) = t, X)) + D2u(t, X, )b(Xy, &) + Etr(aa/(Xt, Gy )D3u(t, X,))| dt

Moreover, since v(T,.) = g(.), we have
Dzv(Tv XT) = DIQ(XT)a

and this proves the result (6.35). ]

6.5 Reflected BSDEs and optimal stopping problems

We consider a class of BSDEs where the solution Y is constrained to stay above a given
process, called obstacle. An increasing process is introduced for pushing the solution up-
wards, above the obstacle. This leads to the notion of reflected BSDE, which is formalized
as follows.

Let W = (Wy)o<t<r be a standard d-dimensional Brownian motion on a filtered
probability space (2, F,F, P) where F = (F;)o<i<7r is the natural filtration of W, and
T is a fixed finite horizon. We are given a pair (&, f) satisfying conditions (A) and (B),
and in addition a continuous process (Lt)o<t<7, satisfying & > Ly and

(©) Le$?(0,T), ie. Elsupg<i<r |Li|?] < oc.

A solution to the reflected BSDE with terminal condition-generator (¢, f) and obsta-
cle L is a triple (Y, Z, K) of progressively measurable processes valued in R x R? x R
such that Y € S2(0,7T), Z € H2(0,T)%, K is a continuous increasing process, Ko = 0,
and satisfying

T T
Yt:£+/ f(s,Yst)derKTfth/ ZodW,, 0<t<T  (6.39)
t t

Y, > L, 0<t<T, (6.40)

/T(Yt — L,)dK; = 0. (6.41)

Remark 6.5.2 The condition (6.41) means that the push of the increasing process K is
minimal in the sense that it is active only when the constraint is saturated, i.e. when Y;
= L;. There is another formulation of this minimality condition for defining a solution
to a reflected BSDE: we say that (Y, Z, K) is a minimal solution to the reflected BSDE,
if it satisfies (6.39)-(6.40), and for any other solution (Y, Z, K) satisfying (6.39)-(6.40),
we have Y; < f/t, 0 <t < T a.s. We shall discuss the equivalence of this formulation in
Remark 6.5.3.
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In the special case where the generator f does not depend on y, z, the notion of a
reflected BSDE is directly related to optimal stopping problems, as stated in the following
proposition.

Proposition 6.5.3 Suppose that f does not depend on vy, z, and f € H?(0,T). Then,
there exists a unique solution (Y, Z,K) to the reflected BSDE (6.39), (6.40) and (6.41),
and'Y has the explicit optimal stopping time representation

-
Y; = ess sup E{/ f(s)ds+ Lyl + flT:T)ft], 0<t<T. (6.42)
T€Ty, T t

Proof. Let us consider the process Y defined by (6.42), and observe that Y; + fot f(s)ds
is the Snell envelope of the process

t
Hz:/ f(s)ds + Lilyer + &L=y, 0<t<T.
0

From the conditions (A), (B), and (C) on f, £ and L, and since {£ > Ly, we notice
that the process H is continuous on [0,7), with a positive jump at T, and satisfies
Elsupg<;<7 [H¢|?] < oo, in particular of class (DL). Hence, by Proposition 1.1.8, the
process Y; + fJ f(s)ds is a continuous supermartingale dominating H, i.e. Y; > Ly,
0 <t <T,and for any t € [0,T], the stopping time

n=inf{s>t:Y, =L} AT,
is optimal, in the sense that
t Tt
Y, +/ f(s)ds = E[/ F()ds + Ly, Ly, <r + €1 1| 7). (6.43)
0 0

On the other hand, by applying the Doob-Meyer decomposition to the continuous su-
permartingale S; = Y; + fg f(s)ds of class (DL), we get the existence of a continuous
martingale M and an adapted continuous nondecreasing process K, Ko = 0 such that

t
Yt+/ f(s)ds =M, — K;, 0<t<T. (6.44)
0

By observing that Y;, = L, 1,,«r +&1;,=7, and from the optional sampling theorem for
the martingale M: M; = E[M,,|F:], we deduce

t Tt
Y + / f(s)ds = E[/ F($)ds + Lo Lroer + Elror + Ko, = K| 7).
0 0

By comparing with (6.43), it follows that E[K,, — K|F;] = 0, and so K;, = K, or
equivalently by definition of 7

T
0

Moreover, since H lies in S?(0,T), we easily see that Y also lies in S?(0,T). Then, in
the decomposition (6.44), the martingale M is square-integrable, and K7 is also square-
integrable. By the It representation theorem, there exists Z € H?(0,T) such that
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.
M, = M, +/ ZodW,, 0<t<T.
0
Plugging into (6.44), and recalling that Y7 = &, we deduce that (Y, Z, K) solves (6.39),
(6.40) and (6.41).

It remains to check uniqueness. Let (Y, Z,K) and (Y, Z,K) be two solutions of
(6.39), (6.40) and (6.41), and define AY =Y —V, AZ = Z — Z, AK = K — K.
Then, (AY, AZ, AK) satisfies

T
AY, = f/ AZgdWs+ AKp — AK, 0<t<T.
¢
Moreover, by (6.40)-(6.41), we have for all ¢t € [0,T]

T T
/ AquAKe = / (Ys - Ls + Ls - Ys)(sz - dke)
t t

T T
- / (Y, — Lo)dR, — / (Vo — L)dK, < 0. (6.45)
¢ ¢
By Ito’s formula to |AY;|?, we then obtain
T T T
|Ay;\2+/ |AZ,|?ds :2/ AYSdAKS—Q/ AY,AZ,.dW,
¢ ¢ t
T
<2 / AY.AZ,. dW.. (6.46)
¢

From the integrability conditions AY € S%(0,T), AZ € H?(0,T)¢, and the Burkholder-
Davis-Gundy inequality, we observe that the local martingale fot AY,AZ.dW is uni-
formly integrable, thus a martingale. By taking the expectation in (6.46), we conclude
that

T
E[\AY;|2+/ \AZS\zds] <0, 0<t<T,
t

which proves that Y =V, Z = Z, and K = K. O

In the sequel, we consider the general case where f may depend on y, z. We shall
prove the existence of a solution to the reflected BSDE, and in the Markovian case, we
relate this solution to a variational inequality extending the free boundary problem for
optimal stopping problems.

6.5.1 Existence and approximation via penalization

In this section, we prove the existence and uniqueness of a solution to the reflected BSDE
(6.39), (6.40) and (6.41), based on approximation via penalization. For each n € N, we
consider the BSDE

T T T
Yt":ng/ f(s.,YS",Z;‘)dern/ (Y,ffLs)*dsf/ ZrAW,.  (6.47)
t t t
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Notice that the generator f,(¢,y,z) = f(t,y, z)+n(y— L)~ satisfies condition (B). From
Theorem 6.2.1, there exists for each n, a unique solution (Y, Z™) to the BSDE (6.47).
We define

t
Kt":n/ (Y, —Ls)"ds, 0<t<T,
0

which is a continuous nondecreasing process, and is square integrable. Formally, the
solution Y™ is penalized (by the factor n) once it falls below the obstacle L. The rest of
this section is devoted to the convergence of the sequence (Y™, Z", K™),, to the solution
to the reflected BSDE.

We first state a priori uniform estimates on the sequence (Y™, 2™, K™),,.

Lemma 6.5.1 There exists a constant C' such that
T
E[ sup [V;'2 + / |Z|2dt + \K¥|2] <C, YnelN
0<t<T Jo

Proof. By applying It6’s formula to |Y;*|2, we get

T T T
Bvrp+ [ 1zepas] = Bl 4 28] [ s v zvias] voe] [ vraks).
t t t
Now, by definition of K™, we have: [, Y?dK? < [ LK < supg<yer |Li| (K — KJ').

From the Lipschitz property of f in condition (B), and using the inequality 2ab < %a2 +
ab? for any constant o > 0, we then obtain

T
B[P+ [ 1zPds
t
T
< BIEPI+ 2B [ (#(5.0,0)+ Co¥ | + |22 ¥ds] + 28] sup |Lel(KF - K)
t 0<t<T
r 1 r 1
< 0(1 +E{/ |YS”\2ds]) + —E[/ |Z§\2ds] +=E[ sup |L|*] +aBE|K} — KPP,
¢ 2 Lk @ Co<t<T
and so
1 /T T
B[iyep + 5/ zzpas] < o1 +E[/ Y7 Pds] ) + aBlEG - K7 (6.48)
t t
Moreover, from the relation
T T
Kr—-K]!=Y"—-¢ f/ f(s, Y, Z)ds +/ Z7.dWs,
t t
and conditions (A) and (B) on £ and f, there exists a constant C; such that

E|K} - K[> < 01(1 + BV +E[/T Y72 + \Zf|2ds]>.
t

By choosing @ = 1/4C1, and plugging into (6.48), we get



156 6 Backward stochastic differential equations and optimal control

3 o 17 2 ’ 2

_ n _ n < n )

4E[\Y; | +4/t 127 ds] _C<1+E[/t V| dsD
By Gronwall’s lemma, this implies

T
sup E|Y)"[? + E[/ |72 Pds| + BIK3? < C. (6.49)
0<t<T t

Finally, by writing from (6.47) that

)
we obtain the required result from the Burkholder-Davis-Gundy inequality, conditions
(A) and (B) on (&, f), and estimate (6.49). O

T T
sup_[;"[2 < C(J¢* + / (s, Y2, Z2) s + K3 + sup | / Z,.dW,
<t<T 0 0

0<t<T

0

We next focus on the convergence of the sequence (Y™),.

Lemma 6.5.2 The sequence (Y™), converges increasingly to a process Y € S%(0,T),
and the convergence also holds in H?(0,T), i.e.

n—oo

T
lim E[/O v 7Yt\2dt} —0. (6.50)

Furthermore, Yy > Ly, 0 <t <T, a.s., and

lim E[ sup (V" —L;)~] =0. (6.51)

n—00 0<t<T
Proof. Since the generator f, of the BSDE for Y,, is nondecreasing in n: f,(t,y,2) <
fna1(t,y, 2), we deduce from the comparison principle (Theorem 6.2.2) that Y;* < Y;*™
0 <t < T a.s. Together with the uniform estimate for (Y,), in S2(0,7) in Lemma 6.5.1,
this shows that the nondecreasing limit

Y= lim Y", 0<t<T,

exists a.s., and this defines an adapted process Y € S%. From the dominated convergence
theorem, we also get the convergence (6.50).

Notice that since the sequence K. =n fOT (Y — Ly)~dt is bounded in L2(£2, F, P) by
Lemma 6.5.1, then E“OT(Y} — Lt)_dt} = 0, which implies that Y; > L; dt ® dP a.e. We
want to prove the stronger result Y; > Ly, 0 <t < T, a.s., and so use another argument.
Let us consider the solution (Y™, Z") to the linear BSDE

T T T
=k [ feyrzndsen [ (L-Tods— [ Zraw.
t t t
The generator f,(t, 7, 2) = f(t, Y, Z)+n(L;—7) of this BSDE satisfies f,, (t, V", Z") <
(8, Y, Z1Y), so that by the comparison principle (Theorem 6.2.2) Y;» <Y, 0 <t <T.
Moreover, by Proposition 6.2.1, the solution to this linear BSDE is explicitly given by

T

T
¥ = BlenT-n¢ +/ eI (F(YR, Z0) + an)ds’fT],
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for any stopping time 7 valued in [0, 7T7]. It is not difficult (left to the reader) to check
that as n goes to infinity
Y* = &lep+ L l,cr > L, in L*(2,F,P).

p

Therefore Y, > L, a.s. From that and section theorem (see Theorem 1.1.1), we deduce
that ¥; > Ly, 0 < t < T, a.s. This implies (Y;* — L¢)~ | 0, 0 < ¢ < T a.s., and this
convergence is also uniform in ¢ by Dini’s theorem: sup,c(o 71(¥y* — L)~ | 0 a.s. Finally,
we obtain the result (6.51) by the monotone convergence theorem. 0

We can finally state the main result of this section.

Theorem 6.5.8 There exists a unique (Y, Z, K) solution to the reflected BSDE (6.39),
(6.40) and (6.41), and this triple (Y, Z, K) is the limit of the sequence (Y™, Z" Z™), in
S%(0,T) x H?(0,T)% x S?(0,T), i.e.
T
lim E[ sup |V —Yi|? +/ |ZP — Z,)%dt + sup |K — Kzﬂ =0. (6.52)
n—00 0<t<T 0 0<t<T
Proof. For any n,p € N, we apply Itd’s formula to |Y;* — Y, |2:
T
e - veP+ [ 12z - zzds
t
T T
2 [ (¥ 2 - YR 2O - ¥Dds 2 [ (v - vz -z
t t
T
vz [y -y - k)
t
T 1 /7 T
<o [ wrovipdse g [z - zpas—2 [ o -vnz - znaw,
t t t
T T
w2 [ - LydR 2 [0 - L) dRy, (6.53)
t t

where we used the Lipschitz condition on f, the inequality 2ab < aa® + ébz (for suitable
choice of a > 0), and the definitions of K", K?. By taking the expectation, this yields

E[/tT A CE[/tT V- P Pds]

T T
+ 4E[/ (VP — L)~ dK? +/ (V2 = L) dK?].
t t

From Lemma 6.5.1 and (6.51), we have

T T

E[/ (v fLS)*ngw/ (v? fLS)*dK;L} 0, as np—oo.  (6.54)
t t

We deduce with (6.50) that

T T
E[/ Y7~ YP|2ds +/ |zn — Zf\st] —0, as n,p— oo. (6.55)
t t
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Now, from (6.53) and the Burholder-Davis-Gundy inequality, we get

T

T
Bl sup v/ - Y7P) < B[ [ v - vrpass [ 120 - zzpas]
0<t<T ¢ t

T T
+2E[/ (Ys"—Ls)_dKf—i-/ (Y2 = L,)"dK?]
t t

T 1
+ B[ swp |Y:—Yf|(/ 1z~ z2?)°]
0<t<T ¢

T T
<cu( [ e -vepas+ [ iz -zl
t t

T T
+2E[/ (Ys"fLs)’dKer/ (Ysprs)*dKf]
t t

1 ’ T
+ -E[ sup [V =Y+ CE[/ |z — Zg’\?ds],
2 to<i<T t

where we used again the inequality 2ab < aa® + éb2. Together with (6.54) and (6.55),
this proves that

E[ sup [V]" - Ytpﬂ — 0, as m,p — oo. (6.56)
0<t<T

By writing from (6.47) that

ot
KP = KP =Y —Y§ — (V7 —YP) - /0 (F(s. Y Z0) — f(s, Y2, 20))ds

¢
+ [ zmaw.,
0
we then obtain by the Lipschitz condition on f, (6.55) and (6.56) that

E[ sup |K}'—K[|?)] =0, as n,p— .
0<t<T
Consequently, (2", K™),, is a Cauchy sequence in the Banach space HZ(0,7)% x S?(0,T'),
and this gives the existence of a (Z, K) € H?(0,T)¢ x S?(0,T) such that

T
lim E[/ \ZP — ZyPdt + sup |KP —Kt|2] =0.
n—oo 0 0<t<T

By (6.56), we also know that the convergence of the sequence (Y™) to the limit Y in
Lemma 6.5.2, holds in S%(0,T): E[supy<,<r |Y;* — Y;|?] — 0. Notice that the limit K
of K™ in S%(0,T), inherits from K" theingndecreasing and continuity path properties.
We can then pass to the (strong) limit in (6.47), and deduce that (Y, Z, K') solves (6.39)-
(6.40). Let us now check the condition (6.41). The convergence of (Y™, K™) to (Y, K) in
S2(0,T) x S%(0, T) implies by the Tchebyshev inequality that the convergence also holds
uniformly in ¢ in probability. Then the measure dK™ tends to dK weakly in probability,
and so fOT (Y= L)dK] — fOT (Y; — L;)d K, in probability as n goes to infinity. Moreover,
since Y satisfies (6.40), we have fOT(Yt —L;)dK; > 0 a.s. On the other hand, by definition
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of K™, we have fOT(Yt — L;)dK}* < 0. We conclude that fOT(Yt — L;)dK; = 0 a.s., and
this shows that (Y, Z, K) is a solution to the reflected BSDE (6.39)-(6.40)-(6.41).

We finally turn to uniqueness. Let (Y, Z, K) and (Y, Z, K) be two solutions of (6.39),
(6.40) and (6.41), and define AY = Y — V, AZ = Z — Z, AK = K — K. Then,
(AY, AZ, AK) satisfies

T T
AY, :/ (f(s,Ys,Zs)—f(s,Ys,Zs)ds—/ AZydW, + AKp — AK,, 0<t<T.
t t

By applying Ito’s formula to |AY;|?, and using similar computations as for |Y;* — Y/|2
and recalling ftT AY,dAK, < 0 (see (6.45)), we have

E[\Amu%/T\Azﬁds] < CE[/T\AYS\st],
t t

By Gronwall’s lemma, we conclude that AY =0, AZ = 0 and so AK = 0. O

Remark 6.5.3 For any triple (Y, Z, K) satisfying (6.39)-(6.40), and for (Y™, Z") so-
lution to the penalized BSDE (6.47) one can prove by a comparison principle that Y;*
< Yt, 0 <t < T a.s. By passing to the limit, this shows that ¥; < f/h 0<t<T as.
Therefore, the solution to the reflected BSDE (6.39), (6.40) and (6.41) is also a minimal
solution in the sense defined in Remark 6.5.2.

6.5.2 Connection with variational inequalities

We put our reflected BSDE in a Markovian framework in the sense that the terminal
condition, the generator and the obstacle are functions of a forward SDE. More precisely,
we are given a diffusion on R™

dXs = b(Xs)ds + U(Xs)dWsy (657)

with Lipschitz coefficents b and o on R", and we consider the reflected BSDE

T T
Y, =g(XT)+/ f(S,XS,X/MZS)dS‘FKT*Kt*/ Zs.dWs, 0<t<T (6.58)
t t

Y. > h(X)), 0<t<T, (6.59)

/T(Yt — h(Xy))dK, =0, (6.60)

where f is a continuous function on [0,7] x R™ x R x RY, satisfying a linear growth
condition in (z,y, z), a Lipschitz condition in (y, z) uniformly in (¢, z), g is a measurable
function on R™ with a linear growth condition, and h is a continuous function on R™
with a linear growth condition, and g > h.

By the Markov property of the diffusion X, and uniqueness of a solution to the
reflected BSDE, we see that Y; = v(t, X¢), 0 <t < T, where
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o(t,z) == Y" (6.61)

is a deterministic function of (¢,z) € [0,7] x R?, {X%® ¢t < s < T} denotes the solution
to (6.57) starting from x at ¢, and {(Y}®, ZL® Kb%) t < s < T} is the solution to the
reflected BSDE (6.58), (6.59) and (6.60) with X, = X* ¢ < s < T. We shall relate this
reflected BSDE to the variational inequality

_

o Lv— f(.,v,6'Dyv), v—h] =0, on[0,T)xR" (6.62)

o(T,.) =g onR", (6.63)

min [

where £ is the second-order operator associated to the diffusion X:
1
Lv = b(z).Dyv+ étr(aal(x)Dzv).

The following result is the analog of Proposition 6.3.2 for BSDEs, and shows that a
classical solution to the variational inequality provides a solution to the reflected BSDE.

Proposition 6.5.4 Suppose that v € CH2([0,T) x R®) N C°([0,T] x R™) is a classical
solution to (6.62)-(6.63), satisfying a linear growth condition and such that for some
positive constants C,q > 0: |Dyv(t,z)| < C(1+ |z|?), for all x € R™. Then, the triple
(Y, Z, K) defined by

Y, =v(t,Xy), Z;=0(X¢)Do(t,Xy), 0<t<T,
t 7
Ko= [ (= 505X = Lol X,) = S0, X, Ve, 2) s,
0

is the solution to the reflected BSDE (6.58), (6.59) and (6.60).

Proof. By Itd’s formula applied to v (¢, X;) and from the terminal condition (6.63), we im-
mediately see that (Y, Z, K) satisfies the relation (6.58). Since v satisfies (6.62), the term
in the bracket of K is nonnegative, and so K is nondecreasing. The obstacle constraint
(6.59) is also clearly satisfied. Moreover, the minimality condition (6.60) follows from the
equality in (6.62). Finally, the integrability conditions on (Y, Z) € S%(0,T) x H?(0,T)¢
are direct consequences of the growth conditions on v and D,v. O

We now focus on the converse property, and prove that a solution to the reflected
BSDE provides a solution to the variational inequality.

Theorem 6.5.9 The function v(t,x) = Y"* in (6.61) is continuous on [0,T] x R", and
is a viscosity solution to (6.62)-(6.63).

Proof. The continuity of v is proved similarly as in Theorem 6.3.3, and the termi-
nal condition (6.63) is obviously satisfied from the terminal condition on the BSDE. In
order to prove the viscosity property to the variational inequality, we use the approx-
imation by the penalized BSDE. For any (¢,z) € [0,7] x R™, m € N, we denote by
{(ymt=e Zzmbe) ¢ < s < T} the solution to the penalized BSDE

T T T
Y™ = g(X7r) +/ f(s, X5, Y", Z M) ds + m/ (Y,)" — h(Xs)) ds —/ Z.dWs,
t ¢ t
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with X5 = X%*. From Theorem 6.3.3, we know that the function
Oty @) = YT

is a continuous viscosity solution to the semilinear PDE

_ 81}7",
ot

— LU — f(.y0m, 0" Dyvy) — m(vy, —h)” =0, on [0,7) xR™ (6.64)
v (T,.) =g, onR"™ (6.65)

From the convergence result of the penalized BSDEs proved in the previous section, we
know that for any (¢,z) € [0, T] x R™, v, (t, x) converges increasingly to v(t, z) as m goes
to infinity. Since v,, and v are continuous, this convergence is uniform on compacts of
[0,T] x R™ by Dini’s theorem.

‘We prove the viscosity solution property of v by using the definition-characterization
by super(sub)-jets (see Lemma 4.4.5). We first show the viscosity supersolution property.
Let (t,z) € [0,T) x R™, and (g,p, M) € P>~ v(t,z). From Lemma 6.1 in [CIL92], there
exist sequences

m; — 00, (tj7xj) - (twr)v (qj>pjzkfj) € PQ’_UTILj (tjvxj)v
such that
(U’IVL]' (tj7 ‘Tj)7 q5,DPj, MJ) - (’U(t, .T), q,D, M)
From the viscosity supersolution property of vy, to (6.64), we have
1 ’ /
—45 = bla;).pj — Ftr(oo’(2;) M) — f(tj, @5, 0m, (85, 25), 0" (€5)p5)
—m;j(vm, (&, ;) — h(z;))” 20,
and so
1
—aj = b(z;)-p; = 5tr(00" (2;)M;) = f(tj 25, vm, (15, 25), 0" (25)ps) = 0.
By sending j to infinity, we then obtain
1
—q—b(z).p— itr(aa’(x)]W) — f(t,z,v(t,z), 0’ (z)p) > 0.
Since we already know that v(t,xz) > h(z) by the obstacle condition on the reflected
BSDE, this proves that v is a viscosity supersolution to (6.62).
We conclude by showing the viscosity subsolution property. Let (t,z) € [0,T) x R,
and (g,p, M) € P>Fv(t,x) such that v(t,z) > h(z). As above, there exist sequences
mj — 00, (tj7xj) - (t,l‘), (qj>pjzkfj) € P27_v7'bj (tjvxj)7
such that

(U'mj (tj7 Tj)7 q5,DPj5 MJ) - (U(t7 .T), q,D, ]\J)
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From the viscosity subsolution property of v,,; to (6.64), we have

1
=45 = b(xy)-p; — te(00"(2)My) = f(tj, 25, vm, (5, 2;), 0" (25)p;) (6.66)
=m;(Um, (tj, z;) = h(z;))” < 0. (6.67)
Since v(t,x) > h(z), then for j large enough, vy, (t;,2;) > h(z;) and so (v, (t;,z;) —
h(z;))~ = 0. By sending j to infinity into (6.66), this yields

— = b(e)p — trlo0’ (@) M) = f(t,,0(t,2), ' (0)p) < 0,

which proves the required result. a

6.6 Applications

6.6.1 Exponential utility maximization with option payoff

We consider a financial market with one riskless asset of price S® = 1 and one risky asset
of price process

dSt = St(btdt -+ O'tth),

where W is a standard Brownian motion on (2, F,F = (F;), P) equipped with the
natural filtration F of W, b and ¢ are two bounded progressively measurable processes,
o > €, for all ¢, a.s. with € > 0. An agent, starting from a capital x, invests an amount
a; at any time ¢ in the risky asset. His wealth process, controlled by «, is given by

t t
Xpo—ot [0 = ok [aubudut o). 0<t<T (668)
0 u 0

We denote by A the set of progressively measurable processes o valued in R, such that
fOT |az|?dt < 0o a.s. and X© is lower-bounded. The agent must provide at maturity T
an option payoff represented by a bounded random variable £ Fpr-measurable. Given his
risk aversion characterized by an exponential utility

U(z) = —exp(—nz), z€R, n>0, (6.69)
the objective of the agent is to solve the maximization problem:

v(z) = EEEE[U(Xi’“ -9l (6.70)

The approach adopted here for determining the value function v and the optimal
control & is quite general, and is based on the following argument. We construct a family
of processes (Jf*)o<t<T, o € A, satisfying the properties:

(1) JE=UX7* = foralla € A

(#) J§' is a constant independent of o € A
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(iii) J* is a supermartingale for all o € A, and there exists & € A such that J is a
martingale.

Indeed, in this case, for such &, we have for any a € A,
EUX7" —¢)] = EJf < J§ =J§ = E[Jf] = EUX:" —¢)] = v(a),

which proves that & is an optimal control, and v(z) = J§.

We construct such a family (J;*) in the form
JE=UXP—Y,), 0<t<T, acA, (6.71)

with (Y] Z) solution to the BSDE

T T
Y, = g+/ f(s, Zy)ds f/ ZydW,, 0<t<T, (6.72)
t t

where f is a generator to be determined. The conditions (i) and (i) are clearly satisfied,
and the value function is then given by

v(x) =J§ = Ulx —Yp).

In order to satisfy the condition (4i¢), we shall exploit the particular structure of the
exponential utility function U. Indeed, by substituting (6.68), (6.72) into (6.71) with U
as in (6.69), we obtain

Jg = Mg Cy,

where M® is the (local) martingale given by

t 1t
M = exp(—n(x — Yp)) exp ( — / n(oy — Zy)dW,, — 5/ [n(aou — Zu)|2du),
0 0

and

ot

cy = *eXp(/ p(u,au,Zu)du>,
Jo
with
— (7 L2 _ _
p(t,a,z)fn(Q\aat 2| ab, f(t,z))‘

We are then looking for a generator f such that the process (Cf*) is nonincreasing for all
a € A, and constant for some & € A. In other words, the problem is reduced to findng
f such that

pltyay, Z) >0, 0<t<T, Vae A (6.73)
and
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By rewriting p in the form

2 2
)

or 27

1 b,
acy —z — ——
n ot

b

n
2 ot

1
-p(t,a,z) =
n( )

we clearly see that conditions (6.73) and (6.74) will be satisfied with

by 1 |b;
t2) = —2t |2t 5
fltz) ==t = o (6.75)
and
1 1b
ézt:—(Zt—l———t), 0<t<T. (6.76)
Ot no
Theorem 6.6.10 The value function to problem (6.70) is equal to
v(z) = Uz —Yo) = —exp(—n(z—Yo)),
where (Y, Z) is the solution to the BSDE
—dY; = f(t, Zy)dt — Z:dWy, Yr = &, (6.77)

with a generator f given by (6.75). Moreover, the optimal control & is given by (6.76).

Proof. In view of the above arguments, it remains to check rigorously the condition
(444) on J*. Since b/c and £ are bounded, we first observe from (6.2.1) that the solution
(Y, Z) to the linear BSDE (6.77) is such that Y is bounded. Moreover, for all o € A, the
process M® is a local martingale, and there exists a sequence of stopping times (7,,), 7
— 00 a.s., such that (Mg ) is a (positive) martingale. With the choice of f in (6.75),
the process C* is nonincreasing, and thus (J5, ) = (M, Cf., ) is a supermartingale.
Since X** is lower-bounded and Y is bounded, the process J¢, given by (6.71), is also
lower-bounded. By Fatou’s lemma, we deduce that J¢ is a supermartingale.
Finally, with the choice of & in (6.76), we have

2

5 5 " by 1 "] by
Jit = M = exp(—n(z — Yo)) exp ( f/ —dW,, — 7/ — du).
0 Ou 2 Jo |ow
Since b/c is bounded, we conclude that J¢ is a martingale. O

Remark 6.6.4 The financial model described in this example is a complete market
model: any contingent claim &, Fr-measurable and bounded, is perfectly replicable by
means of a self-financed wealth process. In other words, there exists # € A such that &
= X;”f’ﬂ where x¢ is the arbitrage price of £ given by z¢ = E€9[¢], and Q is the unique
probability measure equivalent to P, which makes the price process S a (local) martingale
under @, and called risk-neutral probability. The problem (6.70) may be then formulated
as

v(x) = sup B[U(X; ")
acA
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We are thus reduced to an exponential utility maximization problem without option
payoff. Hence, the optimal strategy (6.76) of the initial problem is decomposed into the
sum ay = m; + o of the hedging strategy m; = Z;/o, for the contingent claim ¢ and the
optimal strategy o) = %bt /o? for the exponential utility maximization without option.
In a more general context of incomplete market, i.e. when the option £ is not perfectly
replicable, the same approach (i), (ii), (iii), can be applied, but leads to a more complex
generator f involving a quadratic term in z, see El Karoui and Rouge [EIkROO].

6.6.2 Mean-variance criterion for portfolio selection
We consider a Black-Scholes financial model. There is one riskless asset of price process
dsp = rSPat,
and one stock of price process
dSy = Si(bdt + odWy),

with constants b > r and ¢ > 0. An agent invests at any time ¢ an amount a; in the
stock, and his wealth process is governed by

ds, dso
Xy = at?: + (X — at)S*?t
=[rX; +ai(b—7)|dt + cadWy, Xy =z (6.78)

We denote by A the set of progressively measurable processes « valued in R, such that
B[ |as[2dt] < oo.

The mean-variance criterion for portfolio selection consists in minimizing the variance
of the wealth under the constraint that its expectation is equal to a given constant:

V(m) = (11161& {Var(Xr): E(Xr)=m}, mecR. (6.79)

We shall see in Proposition 6.6.5, by the Lagrangian method, that this problem is reduced
to the resolution of an auxiliary control problem

V() = inf B[X7 — M2, AeER. (6.80)

We shall solve problem (6.80) by the stochastic maximum principle described in
Section 6.4.2. In this case, the Hamiltonian in (6.24) takes the form
H(z,a,y,2) = [re+alb—r)]y + caz.
The adjoint BSDE (6.25) is written for any o € A as

—dYy = rYidt — ZydWe, Yr = 2(X7 — A). (6.81)

Let & € A a candidate for the optimal control, and X R (Y, Z ) the corresponding processes.
Then,
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H(z,a,Yy, Z) = ra¥; +a [(b 1Y, +0Z.

Since this expression is linear in a, we see that conditions (6.26) and (6.27) will be
satisfied iff

(b—rYVi+0Z; =0, 0<t<T, as. (6.82)
We are looking for the (Y, Z) solution to (6.81) in the form
Vi =oM% +v(t), (6.:83)

for some deterministic C! functions ¢ and . By substituting in (6.81), and using ex-
pression (6.78), we see that ¢, ¢ and & should satisfy

¢ (OXe+ o) (r Xy + (b —1)) + /() = —r(p(t) Xy + (1)), (6.84)
p(t)ody = Zy, (6.85)

together with the terminal conditions
o(T) =2, Y(T) = =2\ (6.86)
By using relations (6.82), (6.83) and (6.85), we obtain the expression of &:

R A T (L R0
Y T e 050

On the other hand, from (6.84), we have
_ (@) + 2rp(0) X + ¥/ () + (1)
(r = b)e(t) '

By comparing with (6.87), we get the ordinary differential equations satisfied by ¢ and
d]:

(6.88)

&y

2
o'(t) + (2r - U)U—Q))w(t) =0, o(T) =2 (6.89)
/ (b — 7')2

W)+ (r— T et =0, @(T) = -2\, (6.90)

whose explicit solutions are (only ¢ = 1) depends on \)

2

o(t) = 2exp [(% - (170_2)) (T - t)] , (6.91)
Ua(t) = My (t) = —2Xhexp [(r _® ;2r)2>(T—t)]. (6.92)

With this choice of ¢, ¥y, the processes (Y, Z) solve the adjoint BSDE (6.81), and the
conditions for the maximum principle in Theorem 6.4.6 are satisfied: the optimal control
is given by (6.87), which is written in the Markovian form as

(r=b)(pt)x + ¥at))
o2o(t) '

x(t,x) = (6.93)
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To compute the value function f/(/\)7 we proceed as follows. For any o € A, we apply
Ito’s formula to o (t) X7 + 1a(t)X; between 0 and T, by using the dynamics (6.78) of
X and the ODE (6.89)-(6.90) satisfied by ¢ and 5. By taking the expectation, we then
obtain

E[Xr— )\]2 = %@(0):102 +Px(0)z + N2

+ 5] /OT so(w;)aQ (at G b’“”iiijfzﬁ w)))z ]

()

This shows again that the optimal control is given by (6.87), and the value function is

equal to

V() = %@(O)xZ +a(0)z+ A2 — %/0 (

b— r)2 w(t)Zdn

o (t)
and so with the explicit expressions (6.91)-(6.92) of ¢ and ¢

- b—r)?
—%T

VA =e A—eTr)?, NeR. (6.94)

We finally show how problems (6.79) and (6.80) are related.

Proposition 6.6.5 We have the conjugate relations

V() = jnf, [V(m)+(m—X?, XeR, (6.95)
V(m) = sup [f/(A) —(m— )\)2] , meR. (6.96)
AER

For any m in R, the optimal control of V(m) is equal to &y, given by (6.93) where Ay,
attains the mazimum in (6.96), i.e.

mfexp[<r7<b;7§)2>T}w

Am = (6.97)
" 1 —exp [f(b;—;)zT]
Proof. Notice first that for all « € A, X\ € R, we have
E[Xr — N = Var(X7) + (E(X7) — M) (6.98)

Fix an arbitrary m € R. By definition of V(m), for all £ > 0, one can find o € A with
controlled diffusion X°¢, such that E(X%) = m and Var(X5) < V(m) + . We deduce
with (6.98) that

E[X5 = \? <V(m)+ (m—X?+e,
and so

V) <V(m)+(m—XN? VYm, AeR. (6.99)
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On the other hand, for A € R, let dy € A with controlled diffusion X*, an optimal
control for V(X). We set my = E(X2). From (6.98), we then get

V(\) = Var(X2) 4 (my — A)?
> V(my) + (my = A)*
This last inequality, combined with (6.99), proves (6.95):
N 2
V() = 721.15% [V(m) + (m — A)?]
= V(ma) + (mx = )%,

and also that &, is solution to V(my).

We easily check that the function V' is convex in m. By writing the relation (6.95)
under the form (A2 —V()))/2 = sup,, [mX — (V(m) +m?)/2], we see that the function A
— (A2=V()))/2 is the Fenchel-Legendre transform of the convex function m — (V (m)+
m?)/2. We then have the duality relation (V (m) 4+ m?)/2 = sup, [mA — (A = V(A))/2],
which gives (6.96).

Finally, for any m € R, let A, € R be the argument maximum of V' (m) in (6.96), which
is explicitly given by (6.97) from the expression (6.94) of V. Then, m is an argument
minimum of V (A,,) in (6.95). Since the function m — V (m)+ (m—\)? is strictly convex,

this argument minimum is unique, and so m = m)_ = E(X%’") We thus obtain

V(m) =V(m) + (m—Apn)?

m

A 2 oA 2 A
= B[X)m — A2 + [B(XDm) — Am] = Var(X)m),

which proves that &»,, is a solution to V (m). O

Remark 6.6.5 There is a financial interpretation of the optimal portfolio strategy (6.93)
to problem (6.80). Indeed, observe that it is written also as

N R b—r
aM = ant, X)) = - o

(X; — Ra(t), 0<t<T,
where the (deterministic) process Ry (t) = —a(t)/o(t) is explicitly determined by
dR)\(t) = TR)\(t)dL‘, R)\(T) =\

Ry is the wealth process with zero investment in the stock, and replicates perfectly
the constant option payoff A. On the other hand, consider the problem of an investor
with self-financed wealth process X;, who wants to minimize E[(X7)?] in this complete
market model. His optimal strategy is the Merton portfolio allocation for a quadratic
utility function U(z) = —z?, and given by

b—

ay = — O_QTXt, 0<t<T. (6.100)

The optimal strategy for the problem (6.80) is then equal to the stragegy according to
(6.100) with wealth process X; — Ry(t), and could be directly derived with this remark.
We illustrated here in this simple example how one may apply the maximum principle
for solving the mean-variance criterion. Actually, this approach succeeds for dealing with
more complex cases of random coefficients on the price process in incomplete markets,
and leads to BSDE for ¢(t) and 1, (t), see e.g. Kohlmann and Zhou [KZ00].
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for relaxing the Lipschitz condition on the generator of BSDE. We cite in particular the
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constraints on (Y, Z).

The use of BSDE for the resolution of the exponential utility maximization problem
with option payoff was studied in El Karoui and Rouge [EIkR00], see also the papers
by Sekine [Se06] and Hu, Imkeller, Miiller [HIMO5] for power utility functions. The ap-
plications of BSDEs to mean-variance hedging problems, and more generally to control
problems with linear state and quadratic costs, were initiated by Bismut [Bis78] and
extended in the papers by Kohlmann and Zhou [KZ00], Zhou and Li [ZL00], Kohlmann
and Tang [KT02], or Mania [Ma03].
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