Chapter 2
Deformed Gauge Theories

Julius Wess

Gauge theories are studied on a space of functions with the Moyal product. The
development of these ideas follows the differential geometry of the usual gauge the-
ories, but several changes are forced upon us. The Leibniz rule has to be changed
such that the theory is now based on a twisted Hopf algebra. Nevertheless, this
twisted symmetry structure leads to conservation laws. The symmetry has to be
extended from Lie algebra valued to enveloping algebra valued and new vector po-
tentials have to be introduced. As usual, field equations are subjected to consistency
conditions that restrict the possible models. Some examples are studied.

2.1 Introduction

Gauge theories have been formulated and developed on the algebra of functions
with a pointwise product:

p{fegt=1rg Q2.1

This product is associative and commutative.

Recently, algebras of functions with a deformed product have been studied in-
tensively [1-5]. These deformed (star) products remain associative but not commu-
tative.

The simplest example is the Moyal product,' see Chap. 1 for details

wAf gy =u{er® P gy, 2.2)

It had its first appearance in quantum mechanics [6, 7].
The star product can be seen as a higher order f-dependent differential operator
acting on the function g. For the example of the Moyal product this is

! Note that in this and in the following chapters in the first part of the book the deformation
parameter h is absorbed in 6PC. Therefore, from now on we refer to 6P° as the deformation
parameter.
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=) 1 . n
frg= ZOE (;) 0PI . 0P (9, ... Opf) (O, ---008) - (2.3)

The differential operator maps the function g to the function f * g.
The inverse map also exists [8, 9]. It x-maps the function g to the function ob-
tained by pointwise multiplying it with f

Xixg=1f-g 2.4)
For the Moyal product we obtain
i

Xi=3 L (-) OP1°1 ... 0P (Op, ... 0p, [) %Oy, ... O, (2.5)

!
=n! 2

The star-acting derivatives we denote by (9; . For the Moyal product the
*-derivatives and the usual derivatives are the same. Star differentiation and star
differential operators have been thoroughly discussed in Chap. 1 and in [9, 10].

In this chapter we are going to study gauge transformations on Moyal or
0-deformed spaces.”

2.2 Gauge transformations

Undeformed infinitesimal gauge transformations are Lie algebra valued:
009 (x) = ict(x) 9 (x),
o(x) =Y a’(x)T, (2.6)
[Ta’ Tb} — ifabCTC,
(60, 0p]¢ = [0, B]0 = —idj )¢,

where ¢(x) is a matter field which belongs to an irreducible representation of the
gauge group.

In the previous chapter deformed gauge transformations were introduced. Here
we analyze them in more detail. They are defined as follows [11, 12]:
Sh0 = iXjx 0 = iXSaT % = ict-¢. 2.7
From the fact that Xjf *Xg* = Xf* o We conclude
(X5 3 X5l = X i10.p)5
65,8510 = —i6, 19 28)

2 A comparison between the present approach to noncommutative gauge theories and an earlier
one, so-called Seiberg—Witten map approach, is in Chap. 5.
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The *-transformations &, represent the algebra via the usual® commutator. How-
ever, written in terms of the operators X, the same algebra is represented via the
*-commutator.

Before we construct gauge theories we have to learn how products of fields trans-
form.
In the undeformed situation we use, without even thinking, the Leibniz rule:

80(9-y) = (609) - ¥+ 0 (6av), (2.9)
and we can easily verify that this Leibniz rule is consistent with the Lie algebra:
[0ct, O] (¢ - W) = =i p1 (9 - W)- (2.10)

For the deformed transformation law of a x-product of fields we demand a trans-
formation law that is in the class of transformations defined in (2.7) [8, 9, 11, 13, 14].
This amounts to first decomposing the representation ¢ x y for x-independent pa-
rameters into its irreducible parts and then follow (2.7) for gauging

S5 (0xy) = iXSax{TOxy+oxTy}. (2.11)
Certainly it is consistent with the Lie algebra:
185, 831(9 % W) = —i8, 5y (9% W). 2.12)

Because ¢ x y is a function we can use the definition of X; given in (2.4) and
simplify (2.11)
Op(@*xy) =io® {T ¢xy+oxTy}. (2.13)

As a“ does not commute with the x-operation this is different from (2.9). To see
this difference more clearly we expand (2.13) in 0

o (¢xv) = ia“{T“¢~w+¢~T“w
+%9P" (T90p - ds W+ Ip - T ) +0(92)}. (2.14)
The final version of the Leibniz rule for the *-product should be entirely ex-

pressed with x-operations. Thus we express (2.14) with x-products. A short calcu-
lation (see Chap. 1, Sect. 1.6 for details) shows

O (9 *y) = i(ag)xy +igx(ay) (2.15)
—5677 (i ((9p0)9) * (Io¥) + (3p9) xi (95 0))) +0(67).

3 Here the usual commutator [A, B] = AB — BA stands in contrast to the x-commutator which is
defined in the following way [A ¥ B] = A+ B — B*A.
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With more work we can prove by induction to all orders in 6 the following equation:

Ou(9xy) = i(ad)*y+ip*(ay)
+iy % (-é) OP1%1 . 0P ((D ..., )0 * (o, ... Do, W)
n=1"""
+(dp, ---9p,9) % (dg, - . Is, ) W} (2.16)

This is different from what we obtain by putting just stars in the Leibniz rule (2.9).
But this difference has a well-defined meaning if we use the Hopf algebra language
to derive the Leibniz rule.

2.3 Hopf algebra techniques

The essential ingredient for a Hopf algebra [15, 16] is the comultiplication A(c):
For the undeformed situation we define

Alo)=o0@1+1xa0. (2.17)
It allows us to write the Leibniz rule (2.9) in the Hopf algebra language:

6u(9-y) = u{A(a)p @ v} (2.18)
In the deformed situation we use a twisted coproduct:

Az(a) = F(ael+1oa)F !,
F = e 1077% %, (2.19)
Here .7 is a twist that has all the properties to define a Hopf algebra with Az (a) as
a comultiplication [17-24]. Details about Hopf algebra methods, twists, and twisted

Hopf algebras will be given in Chaps. 7 and 8. We can show that the transformation
(2.16) can be written in the form

6 (9 xy) = in{Az ()0 @y}, (2.20)

with the multiplication p, defined in (2.2). Equation (2.20) defines the Leibniz rule
in terms of the twisted comultiplication and the product .. To show this we start
from Eq. (2.13) and write it with the explicit definition of the x-product:

85(9y) =i {eéepaa*’@a"(T%®w+¢®T“w)}
. c 1 l " apra
=iy <2) OPI%1 . 0P (0 T3y, ..., 0) (I, - Do W)

!
n=0 n:

+(p; - Fpy )T (D5, - . 0, W) - (2.21)
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This we now rewrite as follows:
Se(9xy) = in(a® 1 +10a)et” % % g gy
—iu {e‘i’epoap@ag ,efé'epoapgcaa(a@ 1+1® a)eﬁ'epoap\@aw ® W}
= in{Az (@)@ y}. (2.22)

The last line is exactly (2.20).

Gauge fields can be included in this formalism as well. In the undeformed situ-
ation they are Lie algebra valued, Ay (x) = A, (x)T“, and under infinitesimal gauge
transformations transform as follows:

8Ay = dua+ia [T Ay. (2.23)

Let us calculate the contribution of the gauge field to the Leibniz rule. As an example
we calculate

84(Aux0) = {5 ()AL © ) (2.24)

and obtain

8y (Auxw) = ia® ([T AL *xy) +ia® (A *Ty) + (dua®) Ty
= io" ((T*Ap) xy — (A T) * yr)
+io (AT xy+ (duo) Ty
=T Ay *xy)+ (dua)y. (2.25)

Now we define a covariant derivative
DLy =dyy —iAy*y. (2.26)
It will transform covariantly
0y (DL y) =i T (D y) = iX5a T (D W), (2.27)
if the vector field A, transforms as in (2.23)
OpAy = dyo+io [T Ayl = dyor+iXgax [T Ay (2.28)

From (2.28) we see that a Lie algebra valued vector field remains Lie algebra valued
by the transformation (2.28).

2.4 Field equations

Now we proceed as in the undeformed situation. First we define the field strength
tensor:

Fyy = i[D} 5 DY)
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= Ay — Ay —ilAy A, (2.29)

Here we see already that Fy;, will not be Lie algebra valued even for Lie algebra-
valued vector fields. Namely, assuming that the gauge field is Lie algebra valued
Ay = A T the field strength tensor Fyy (2.29) can be decomposed in two parts

1
Fuy = F{},, T +Fﬁi’v§{T“7 T’} (2.30)
Since anticommutator of generators {7, T”} is not Lie algebra valued in general,
the full Fy;, will not be Lie algebra valued in general.

Using the twisted gauge transformations of the gauge field A, (2.28) and the
deformed Leibniz rule (2.16) we derive the transformation law of the field strength

tensor:
85 Fyy = iXpa [T, Fyuy] = i[at, Fyy ). (2.31)

The expression F*Y x Fy,, = n*PnY°Fyy F,s will transform accordingly
S5 (FMY % Fy) = iX0a % [T, F*Y 5 Fyy] = ilo, F*¥ % Fyy ). (2.32)

Hint, use the transformation law (2.31) and the deformed Leibniz rule (2.16).
The Lagrangian that is invariant under the twisted gauge transformations (2.28)
we define as in the gauge theory on commutative space:

1
L = = Te(F* % Fyy), (2.33)
C

where c is an arbitrary constant. It is invariant and it is a deformation® of the unde-
formed Lagrangian of a gauge theory.

To speak about an action we have to define integration. We take the usual integral
over x on the commutative space and we can verify that

/d4xf*g:/d4xg*f=/d4xf-g (2.34)

by partial integration. This is called the trace property of the integral or cyclicity .

Equation (2.34) allows a cyclic permutation of the fields under the integral. To
derive the field equations we use the usual Leibniz rule for the functional variation,
that is, we vary the field where it stands. The trace property is then used to derive
the final result. As an example we look at the action for the gauge field

1
§=- / d*x Tr(F*Y x Fyy). (2.35)

4 One can expand the -products appearing in the Lagrangian (2.33) and check that in the zeroth or-
der in the deformation parameter 6P° the Lagrangian of the undeformed theory is obtained. Higher
order terms give new contributions due to the noncommutativity (deformation) of the commutative
space.
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From the trace property we compute

N _l 4 v
54,(2) c5Ap /dXTrF *Fav)

=z fes Tr((iixiv(()))*F”V”“V*(%?;(%)))

_ / dx T 6521: « FHY(x) (2.36)

o .
—_ E/d“x Trm(auAvf(;vA” 7[[AIJ TAV})*F:LLV(X)
= i/d“xTrL(a Ay —iAy %Ay« FHY (x)
c 0A,(z) Hetv i

because F*V is antisymmetric. Then we have

58
54, (2)

/ 4 Te{— 8@ (x — 2) % (9, FHP)
—i6W (x—z) x Ay FPH —iAy % 8W (x —z) x FHP} (2.37)
— —% /d4x Trd™ (x — 2) x {Ou F*P — iAy * FHP 4 iF P x Ay ).
The field equations follow after using (2.34)

oS
3Ap (z)

_ /d4x Tr6™ (x — 2) {IuFHP — iAy x FHP +iFFP <Ay}, (2.38)
c

These are exactly the equations we have expected from covariance:
D;F“" =y F*Y —i[A s F*V]=0. (2.39)

We have already seen that F;, cannot be Lie algebra valued. From the field equa-
tions (2.39), considered as equations for the vector potential A, we see that Ay
cannot be Lie algebra valued either. We have to consider £y, and A to be envelop-
ing algebra valued. The additional vector fields (coming from the non-Lie algebra-
valued parts) will introduce additional ghosts in the Lagrangian. To eliminate them
we have to enlarge the symmetry to be enveloping algebra valued as well. For sim-
plicity we assume o, Ay, and Fy;y to be matrix valued when the matrices act in the
representation space of 7¢.

From the field equations (2.39) follows a consistency equation because F"V is
antisymmetric in ¢ and v:

WAy s FHY] =0, (2.40)

To verify this condition we have to use the field equations (2.39). First we differen-
tiate (2.40)
ov[Ay PR = [OvAy *FRY]+ Au *oyF*Y). (2.41)
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In the first term we replace dyAy by 1(dyA, — dyAy) because Fyy is antisymmetric
in u and v. Then we express this term by F;y according to (2.29):
i i

S Fou 5 [Av 1A (2.42)

1
5 (dvAu —duAy) >

The x-commutator [F*Y 5 Fyy| = FHY x Fyy — Fyy x FHV vanishes and we are left
with 5[[Ay ¥ Au] ¥ F*V] for the first term in (2.41). For the second term in (2.41)
we use the field equations (2.39). Finally all terms left add up to zero if we use the
Jacobi identity. In all these equations A, and Fy;, are supposed to be matrices. We
have suppressed the matrix indices.

A conserved current is found

=1 FRY], 9,  =0. (2.43)

For 6P° = 0 this is the current of a non-abelian gauge theory on commutative
space.

2.5 Matter fields

Matter fields can be coupled covariantly to the gauge fields via a covariant deriva-
tive. We start from a multiplet of the gauge group w4 not necessarily irreducible.
The index A denotes the component of the field y in the representation space. The
transformation law of y is 8} wu = iX}, = * Wp = ioupyp. For the usual gauge trans-

OB
formations o4p will be Lie algebra valued. The covariant derivative is

(DjW)a = OuWa — iAuap* Wp. (2.44)

The gauge potential A;; in now supposed to be matrix valued in the representation
space spanned by the matter fields.
For a spinor field

W * Vs (D W)a (2.45)

will be invariant and therefore suitable for a covariant Lagrangian.
We consider the Lagrangian

1
L= —Te(F*Y x Fyy) + Wy (idy +Ap*)y —my+ y. (2.46)
C

We have suppressed the matrix indices.
The field equations are obtained from (2.46) by varying the fields in the same
way as in Sect. 2.4:

0% _
SAL OuFyg +ilAy ¥ FPH|ap + 72[3 Ypa* Vo =0, (2.47)
p
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and for the matter fields

0.7 ) .

5y~ " (Guva— iAuas i) +imys =0 248)
0% _ .o . .

Sy = (QuWa?" +iWpYy" xiAyap) — imPa = 0.

Again, Eq. (2.47) leads to a consistency relation that can be verified with the help
of the field equations. It is, however, important that the representation space for the
field y and the vector potential A;4p are the same. The representation space of the
matter fields determines the space for the gauge potentials.

We conclude that there is a conserved current:

jﬁB = i[Au s F*P]ap — YZB Ypa * YoB- (2.49)

We were again able to find a conserved current as a consequence of a deformed
symmetry. Even if we put the vector potential to zero there remains the part from
the matter field. There are conservation laws due to a deformed symmetry. It is
remarkable that we have found conserved currents in the twisted theory as well. In
the undeformed theory we can derive them with the help of the Noether theorem.
In the deformed theory this is not possible. Nevertheless the property that a theory
has a conserved current is preserved by a deformation. This is an important step to
convince ourselves that a deformed gauge theory has properties close to what we
need for physics.

2.6 Examples

1) Maxwell equations

We start from the simplest gauge theory based on U(1) and describing gauge
fields only. We proceed schematically. The transformation law of the gauge field
Ay

§iA, = dua. (2.50)
The covariant derivative:
D;:&u—iAu*. (2.51)
The field strength tensor:
Fyy = [DZ *Dy) = 8#Av — &VAH — i[AH Ay (2.52)

The Lagrangian:
1
Z = _ZFW*FMV- (2.53)
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The field equations:
oM Fyy —i|AH 5 Fyy] =0. (2.54)

Consistency equations:
dV[A* ¥ Fyy] =0. (2.55)

A schematic proof of the consistency condition:
[0VAH s Fuy] + (A 50V Fyy] = (2.56)

— é[[A" $AM] 3 By ]+ i[AM % [AY * Fu )] (2.57)

We have used the field equations and the fact that [F;, ¥ F*V] = 0. The terms left
can now be rearranged

[[AY T AR] S Fuy] + [[A% 5 Fuv] T AY] + [[Fuy 3 AY] 7 AR (2.58)

and vanish due to the Jacobi identity.
We found a conserved current:

Jv =AM Fuyl, dyj’ =0. (2.59)

2) Electrodynamics with one charged spinor field

Transformation law of the gauge field and the spinor field:

Oy =ioy, &;A,=da. (2.60)
Covariant derivative:
DZ = (Jy —iAyx), Dpy/ = (Jy —iApx)y. (2.61)
Field strength:
Fuv = Ay — vAu —i[Ay TA). (2.62)
Lagrangian:
1
£ = —ZF“"*F,W+1/7*y“(i8,11//+A,1*q/)—mu‘f*ty. (2.63)

Field equations:
OuF*P +i[Ay * FPH]+yPyx =0,

() — it Ay *y+imy =0, (2.64)
(Quy) P + iy xA, —imy = 0.
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Consistency condition:

I ([Ay ¥ FPH]+yPyx ) =0. (2.65)

Proof: As before, the spinor terms have to be added in the current and the field
equations.
Current:

P =A FPY+yPyxyp, 9,j" =0. (2.66)

3) Electrodynamics with several charged fields

We try to formulate a model with one vector potential and differently charged
matter fields as we do in the undeformed situation. This amounts to introduce an
U (1) gauge-invariant action for the gauge potential and for the matter fields.

Let us consider the part of the vector potential first.

The transformation law is

O0pAu = duo. (2.67)

The covariant derivative
Dz = (8;, — iAH*) (2.68)

gives the following field strength tensor
Fuv = Ay — vAu —i[Ay TAY). (2.69)

As an invariant Lagrangian we choose

1
Ly = _ZFW*F“V' (2.70)
Next we consider the matter fields y” with charges g, r = 1,..., n. They trans-
form as follows:
ooy =igray’. (2.71)

The covariant derivative depends on the charge of the field it acts on:
Dy = (Ju —igrAux)y". (2.72)
The U(1) gauge-invariant action can be chosen as follows:
Ly =20+ (i W)+ gAu*y") —m§ xy'. (2.73)
r
As the total Lagrangian we take the sum
L =L+ 2Ly (2.74)

Itis U(1) gauge invariant and it is a deformation of the usual electrodynamics with
different charged fields. This Lagrangian now leads to the field equations:
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QuFHP +ilAy s FPH]+ Y g Py« =0,
r

7 (8# V) — ig,’)/“Aﬂ *y +imy" =0, (2.75)
QY Y +iy P xg"Ay —im " =0.

The first of these equations gives rise to a consistency condition:
% <i[Av SFPY Y g Py x q‘/’) =0. (2.76)
r
From a direct calculation, using the field equations, follows:

9 (14 PP+ Sy v ) @77)
=g —g)Au VY x . (2.78)
-

The consistency condition is only satisfied if g, = g2 or g, = 1. With one vector
potential we can in a U(1) model only describe particles with one charge. There can
be an arbitrary number of matter fields with this charge. This is different from the
usual undeformed situation. There the commutator in (2.69) vanishes and does not
give rise to an inconsistency.

This is not surprising, we forgot that the vector potential has at least to be en-
veloping algebra valued. This is demonstrated in the next example.

4) Electrodynamics of a positive and a negative charged matter field

The gauge group is supposed to be U (1) and the matter fields are in the multiplet
that transforms as follows:

Soy = iaQy, Q=<(1) _°1>. 2.79)

As outlined in Sect. 2.5, the gauge potential has to be in the same representation of
the enveloping algebra as the matter fields are.
The enveloping algebra has two elements:

Iand O, Q°=1. (2.80)
We generalize the transformation law (2.79) to be enveloping algebra valued
oy =iAy, A=)+ (x)Q. (2.81)
The vector potential A, has the analogous decomposition

Ay = Ay (x) + By (x)Q. (2.82)
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The covariant derivative is

Dy = (dy —idy*)y = (dy —iAy (x) %1 — iBy (x) * Q) ¥

The field strength can also be decomposed in the enveloping algebra
Fuv = Fuvl + Gy Q.
From the definition of the field strength
Fuy = Oy — Oy — i) % oy,
follows

Fuy = dyAy — Ay —ilAy Y Ay] —i[By % By,

35

(2.83)

(2.84)

(2.85)

(2.86)

The matter fields couple to the vector potential via the covariant derivative

DLy = (du —ihux)y
= (Qu — iAu(x) x 1 — By (x) * Q)

This leads to the Lagrangian

L= —fﬁ’““’*/uv—&—w*y” (i(Ouy) + Ay *xy) —m*y

and the field equations

(‘;Tf . 9uFRP 4 ilAy  FPR) 1 i[By t GPF] 4+ iy e =,

p

62 HO B, * FPR] L i[A. * GPH 4 7= ONB
5B uGHP +i[By * FPM] +i[Ay ¥ GPH] +iyP ya x 0" = 0,
p

0.Z .

Wi Y (Quy) — iV >y +my =0,

0%

(2.87)

(2.88)

(2.89)

We obtain two consistency equations that render two transformation laws, in agree-

ment with the extended symmetry (2.81)
Jp = ilAL T PP+ i[By s GPH]+ 7P ya v i,
with
pjh =0

and
jh = i[By * FPH) +i[Ay % GPH] — ivP wa W05,

(2.90)

2.91)

(2.92)
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We learn that the deformed gauge theory leads to a theory with a larger symmetry

structure, the enveloping algebra structure. This structure survives in the limit 0 —
0. We find the corresponding conservation laws and gauge transformations needed
for a consistent gauge theory.
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