Grobner Technology

Teo Mora

1 Notation and Definitions

F denotes an arbitrary field, T denotes its algebraic closure and IF; denotes a finite
field of size ¢ (so ¢ is implicitly understood to be a power of a prime) and P :=
F[X]:=F[xy, ..., x,] the polynomial ring over the field F.

For any ideal | C P and any extension field E of F, let Vg(I) denote the set of the
rational points of | over [E. We also write V(I) = Vz(l).

Let 7 be the set of terms in P, id est

T:={x{"---xi":(a,...,ay) eN"},

which is a multiplicative version of the additive semigroup N”, the relation between
these notations being obvious: given

a:z(als"'san)s ﬁ:z(bl,...,bn), y::(cls"'scn)

and the terms

o rh:=X’3=Xf1~-~X,i’”, rC:=XV=xf1~--x

n

Cn
n

‘L'a::Xa:xill...x
we have
T, Tp=T <= aj+bj=c; foreachi <«<— oao+B8=y,
.|t <= a <b;j foreachi <+—= «a=<p§p,

where < p is the natural partial ordering over N".
The assignment of a finite set of terms

a}i) a®
G::{Tl,...,TV}CT, ‘[ile R

—or, equivalently of a finite set of integer vectors

{a(l), . ..,a(”)} cN', o= (aii), .. .,a,(li)) eN",

defines a partition of 7 (resp. N") in two parts (see Fig. 1 where G := {x?xz, xfxg’, xlzxg} -

T):
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Fig. 1 A Grobner escalier
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o T :={tr;:1eT,1<i<v}Z{a+a?:aeN'1<i<v}=:X whichisa
semigroup ideal, id est a subset T C T (resp. X' C N") such that

teT,teT=r1teT,respacX,beN' a<pb=—bec X,

o N:=T\T=Z=N"\ ¥ =: A which is an order ideal, id est a subset N C T (resp.
A C N™) such that

teT,teN,t|t=teN,respac A, beN' a>pb=bec A.

Remark that the assignment of

a finite monomial set G C 7,
a semigroup ideal T C 7,
e anorderideal N C T

uniquely characterizes the other data: in fact

— N and T are related by their being complementary in 7,

— each semigroup ideal 7 C 7 has a unique minimal basis G C T such that T :=
{r1; : T € T, 1; € G}; the fact, whose proof is quite involved, that G is finite is
known as Dickson’s lemma but actually was already proved by Gordan (1900).

We recall that the well-orderings on 7 which are a semigroup ordering, id est
satisfy

T1<T) = 7tT11<7tTy foreacht,71,p€7T

are called term orderings, even if the old-fashioned notion of admissible ordering
can still be found somewhere.
For a free-module P, m € N, we denote by {ey, ..., e} its canonical basis,

T = {re;,t €T, 1<i<m)}

={xfl coexgre, (ar,...,ap) €N 1 <i <m}
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denotes its monomial F-basis and < denotes a well-ordering on 7 ) which is com-
patible with the term-ordering < on 7, that is, satisfying

71 <12, 2, = 1ntinh

foreach t;, 0 € 7, t;,tp € T,
Note that 7 =T
Foreach f=)"_.7w c(f, 1)t € P™, its support is

supp(f) :={t € T™ :c(f, 1) #0},

its leading term is the term TL(f) := max<(supp(f)), its leading coefficient is
Ie<(f) :=c(f, T<(f)) and its leading monomial is M- (f) :=lc<(f)T<(f).
When < is understood we will drop the subscript, as in T(f) = T<(f).
For any set F C P™, write

T{F}:=TA{F}:={T(f): f € F}

M{F} :=M{F}:={M(f): feF}
T(F):=T<(F):={zT(f):t €T, f € F}, amonomial module";
N(F) :=NZ(F) :=T"™ \ TL(F), an order module*;

I(F) = (F) the module generated by F.

Remark that, if m = 1, the assignment of T{F} gives the partition 7 = T(F) U
N(F) discussed above, that the related semigroup ideal T(F) is also denoted X' (F)
while the related order ideal N(F) is also denoted A(F') and labelled A-set or foot-
print. When F is the Grobner basis of the module I(F) it generates, N(F) is called
the Grobner éscalier (Galligo 1974) of I(F).

We can now induce a finer partition of 7 in terms of a module M C P"
and a term-ordering <, by defining (see Fig. 2 where this time we have set M :=
]I(x?, x?xg, x;) cP)

o No(M) =T\ T_(M) its Grobner éscalier,

o BL(M):={xpt:1<h<n,t e N<(M)}\ N<(M), its border set;
e J.(M) :=T.(M)\ BL(M),

* G<(M) C BL(M) the unique minimal basis of T (M),

« Co(M) :={r e Nx(M) : x5 € T< (M), Vh} its corner set.

Under this notation, the following properties are trivially satisfied:

Lemma 1 [t holds

. T-M)={te7:9geM:Ti(g) =1}

2. J M) ={reT-(M):x; | 1= - €T (M)};
3. BA(M)={r eT(M):3x; | T, ;_, eN.(M)};

Udestasubset T C 7 suchthatt € T.te T => tte T.
2Id est a subset N C 7 such thatt € 7,7t€e N =t N.
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Fig. 2 A refined Grobner S e
escalier
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4, GcxM)={r eT(M):Vx; |1, £ e N(M)};
5. Cc(M)={r e Nx(M) : Vi, x;T e B<(M)}
6. NN\MM)={rt€7:AgeM:T(g)=1};
7. Co(M)U T (M) is a monomial module;
8. No(M) UG (M) and N (M) U B (M) are order modules.
9. 1eJi(M) < Vx; |7, - € T-(M);

10. T e Bo(M)\ G<(M) 4:) dh, H: —6N<(M) eB<(M)CT<(M)
1. teB.M\G(M) = Vx; | 7, - eN<(M)UB<(M)

12. e NL(M) UG(M) < Vx; | r L eNi(M);

13. 1eT-M)UCL(M) < Vi,x;T € T<(M)

4. e NS.(M)\ Coi(M) <= Fh:x;T1 e NJ(M).

Lemma 2 Let N be a finitely generated P-module, ® : P™ +— N be any surjective
morphism and set M := ker(®). Then

1. P" =M@ Spanp(N(M));
2. N = Spangp(N(M));
3. foreach f € P™, there is a unique g := Can(f, M, <) € Spang(N(M)) such that
f—geM
Such g is called the canonical form of f w.r.t. M and satisfies also:
(@ Can(f1,M, <) =Can(f2,M, <) <= fi— feM;
(b) Can(f,M, <) =0 < feM.

Definition 3 Let N be a finitely generated P-module, @ : P™ — N be any surjective

morphism and set M := ker(®).
Let GCM, f, h, fi, f» € P™. Then

1. G will be called a Grobner basis of M if
T(G) =TM),

that is, T{G} :={T(g) : g € G} generates T(M) = T{M}.
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2. For each f1, fo € P™ such that

T(f1) =tiey, T(f2) = ey,
the S-polynomial of fi and f> exists only if e;, = e;, := €, in which case it is

)_15(f1,f2) 3(f1, f2)
15 151

S(f1, f2) =1c(f2 H—le(f)7! f1,

where 6 :=§(f1, f2) :=lem(t, 12); 8¢ is called the formal term of S(f1, f2).
3. f has a Grobner representation Z,H:l pigi in terms of G if 3

n

f=Y pigi. pieP.geG.  T(p)T(g)<T(f), foreachi.

i=1

4. f has the (strong) Grobner representation Zﬁ;l citigi in terms of G if

"
f=) citigi, ci€F\{0}, €T, g €G,
i=1

with T(f) =tT(g1) > --->tT(gi) > ---.
5. f has the weak Grobner representation Zﬁ;l citigi in terms of G if

m
f=ZCiligi, ci €eF\{0},1; €T, g €G,

i=1

with T(f) =6T(g1) = -+ = T(gi) = -+

6. For any f1, fo € P™, whose S-polynomial exists and has de as formal term, we
say that S(f1, f2) has a quasi-Grobner representation in terms of G if it can
be written as S(g, f) = > j_, Pk&k. with pi € P, gx € G and T(pp)T(gx) <
Se for each k.

7. h:=NF.(f, G) is called a normal form of f w.rt. G, if

e f —h € I(G) has a strong Grobner representation in terms of G and
e h#A0=T(h) ¢ T(G).

8. The reduced Grobner basis of M wrt < is the set
{t — Can(t,M, <) : t € GL.(M)}.
9. The border basis of M w.r.t. < is the set

{r — Can(t,M, <) : Tt e BL.(M)}.

3Note that here, unlike in (4), we are not assuming i # j == T(p;)T(g;) # T(p;)T(g;); moreover
both here, in (4) and in (5) a same element of G can repeatedly appear.
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10. A Grobner representation of M is the assignment of

e alinearly independent set q = {q1, ..., gs} (g1 = 1), where s = #(N(M)), such
that P /M = Spanp(q),
o the set

M=Mq)={(a’) eF 1 <h<n)
of the s x s square matrices (al(;')) defined by the equalities

=Y ay'qj. Yl j.h 1<l j<s.1<h<n
J

in P™ /M = Spang(q).

11. For each f € P the Grobner description of f in terms of a Grobner represen-
tation (q, /M) is the unique vector

Rep(f,q) := (v (f,q1,Q), ..., v(f. ¢s. Q) € F*
such that f — Zj v(f,q;,9q; €M.
12. The linear representation of M w.r.t. < is the Grobner representation (N« (M),
M(N<(M))) where q =N (M).
With these definitions, if No(M) = {t1, ..., T}, the Grobner description

Rep(f, No(M)) := (v (f, 71, Nc(M)), ...,y (f, 75, N<(M)))

of f in terms of the linear representation of M w.r.t. < is a convoluted synonym of
the notion of canonical form

Can(f,M, <) = Zy(f, T, <)t = Zy(f, 7, N2 (M))7;

j=1 j=1

of f in terms of <.

2 Term-Orderings: Classification and Representation

Definition 4 A weight function vy : 7 + R on 7 and P is the assignment of a
vector w:= (wy, ..., wy) € R*, w; >0, so that vy (X*) =w-a =), w;a;.

Theorem 5 (Erdos 1956) Each semigroup ordering < on T is characterized by
assigning v < n linearly independent vectors

Wl,...,Wj ::(wq,l,...,wj,,),...,w,G]R”
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—or equivalently an r x n matrix (wj;) € R™ of maximal rank—so that for each
7. = X% 1 := X2 in T, we have

T, <7 <<= 3dj: wj-a<w;-b and w;-a=w;-b fori<j.

Moreover, such an ordering is a well-ordering iff, for each i, X; > 1, that is iff,
foreachi, wj; >0, where j denotes the minimal value for which w j; # 0.

Finally, if My, M3 are two r X n matrices, then they characterize the same order-
ing < iff there is an invertible r-square matrix A = (a;;) such that

0 ifi<j,

My =AM, and a;j= | ifi=j

Among the term-orderings we will quote those which have common and practical
use, also for applications.

e The lexicographical (lex) ordering induced by X; < X, < --- < X, is defined
by

Xf‘---X;‘"<Xi”-~~XS" < dj: aj<b; and a;=b; fori> j;

it has good elimination properties since it allows to compute all the elimination
ideals I NF[ X1, ..., X;]:

Fact 6 If G is the Grobner basis of I C F[ X1, ..., X,] w.r.t. lex then, for each
i <n,GNF[Xy,..., X;]is the Grobner basis of I NF[ X, ..., X;] w.r.t. lex.

e Note that the lexicographical ordering depends on a chosen ordering imposed
on the variables; recently many authors prefer using the lexicographical ordering
induced by X1 > X, > --- > X, which is defined by

X?‘-~XZ"<X§"-~~XS” < dj: aj<b; and a;=b; fori<j.

e The reverse lexicographical (rev-lex) ordering induced by X| < X <--- < X,
is defined by

X?1~-~XZ"<X[1"---X2" < 3j: a;>b; and q;=b; fori<;

it is not a well-ordering since - - - < X?‘H < X? <---<Xy<l.

e The deg-rev-lex* (degree reverse lexicographical) ordering induced by X <
Xy < .-+ < X, is the one where terms are first compared by their degree and
the ties are solved using rev-lex: it is defined by

X <Xt exists j: aj>b; and a;=b; for0<i<j,

where we set ap := — Y, a;, bp := — Y, b; and has the following property

4Often shorthanded as drl.
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Fact 7 Denoting, for each i <n, m; : 7 — T NF[Xy,..., X;] the projection5
defined by

X; ifj>i
mi(Xj) = e
1 if j <i
then any two terms ¢, t; € 7 satisfy

h<tp <= existsj: djy<dj, and djy=d; foreachi <j

where we have set dj; ;= deg(m;(t;)).

e Naturally, also the definitions of the rev-lex and deg-rev-lex orderings depend
on a chosen ordering imposed on the variables; thus, the deg-rev-lex ordering
induced by X| > X5 > --- > X,, is defined as

X <Xt Jj: aj>b; and a;=b; forn+1>i>j,

where we set a1 :=— > _; a;, byt1 1= —)_; bi.
e More in general, given an ordering < on 7 its degree extension is the ordering
< defined as

<ty <= deg(t)) <deg(tr) or deg(f)) =deg(rr), t <t.

e If we have a weight vector w := (wy, ..., w,) € R" \ {0} and a term ordering <,
the construction leading to the degree extension of < can be performed to lead to
the weight extension < of < (or the refinement of vy, with <) defined as

t<T <= vy(@)<vn(T) or vu(@)=vu(T), t<T.

Bayer and Stillman (1987) proved that the rev-lex ordering is the ‘most effi-
cient’ refinement of a weight function vy,.

Given a term-ordering < on 7, a <-compatible well-ordering < on 7 can
be defined in different ways; we limit ourselves to quote the more standard con-
structions referring to Carra Ferro and Sit (1994), Caboara and Silvestri (1999) for
a more general treatment: setting an ordering < on the canonical basis {ey, ..., e;},

o the TOP (term over position) ordering is defined as
re, <he, <= <l or [(1=10nh,e, <e,;
o the POT (position over term) ordering is defined as

He, <ne, <<= e, <e, Or e, =e,, 1 <h.

5Obviously 7y is just the identity.
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(g, >, citigs) := NormalForm(f, G)
g:=f,i:=0,
While T(g) € T(G) do
Lette€7,y€ G:tT(vy) =T(g),
i‘:: i+1,c = izEf’/;,ti =t,gi:=7,9:=g— citigi.
=1

Fig. 3 Buchberger normal form algorithm

3 Buchberger’s Theorem and Algorithm

The Buchberger Normal Form Algorithm (Buchberger 1965, 1970, 1998, 2006)
(see Fig. 3) is a Gaussian-like linear algebra reduction which, given a finite set
F CP™ and an element f € P™, returns a normal form g of f w.r.t. F and a strong
Grobner representation® Zﬁ‘zl citigi of f — g interms of F; extending it we obtain
the Buchberger Canonical Form Algorithm (Buchberger 1965, 1970, 1998, 2006)
(see Fig. 4) which, if F is assumed to be a Grobner basis, returns the canonical form
g :=Can( f, M, <) € Spany(N(l)) and strong Grobner representation Zﬁ;l citigi of
f — g in terms of F.

Corollary 8 Let N be a finitely generated P-module, @ : P™ — N be any surjective
morphism and set M :=ker(®). Let G be a Grobner basis of M w.r.t. <. Then

1. Foreach f € P™, f — Can(f, M) has a strong Grobner representation in terms
of G;
2. The reduced Grébner basis of M w.r.t. < is the unique set G C M such that’
(a) T<{G} is an irredundant basis of T < (M);
(b) foreach g € G,Ic(g) = 1;
(c) foreach g € G, g — T(g) € Spanyp(N(M)).

On each free module P* ({eq, ..., e;} denotes its canonical basis) one can impose
a valuation v : P* — 7 by fixing s terms 7y, ..., ty; and defining for each i v(g;) :=
7;, so that, foreach f := (hy,...,hs) =) ; hje; wehave v(f) := max {T.(h;)7;};
by definition, its leading form L(f) is the homogeneous component (of degree
v(f)) (vi,...,vy) where

M(n;) it T(ti) = v(f)

Vi = .
0 otherwise.

The reason why strong Grobner representations are pinned up among Grébner representations of
a polynomial is that the output of Buchberger Form Algorithms is necessarily strong.

The notion of weak Grobner representation (Definition 3.5) has a similar réle in the more
esoteric theory of Grobner bases for polynomials over a ring, for which the reader is directed to
Byrne and Mora (2009).

7A basis which satisfies only conditions (a) and (b), but not necessarily (c), is called a minimal
Grobner basis.
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(9,24, citigs) == CanonicalForm(f, G)
h:=f,i:=0,9g:=0,
While h # 0 do
%% f=g+ > citigi +h,
%% T(f — g) > T(h);
%% i>0 = T(f — g) = t1T(g1) > tQT(gg) > > tlT(gz) > T(h),
If T(h) € T(G) do
Lett€7,y€ G:tT(y) =T(h)
ii=i41,¢ = }ZE:;,
Else
%% T(h) € N(M)
h:=h—M(h),g:= g+ M(h)

ti = t,gi =, h:=h-— citigi.

wi=1

Fig.4 Buchberger canonical form algorithm
Such valuation is of course compatible with the natural valuation of P and an
element ) ; h;e; is homogeneous of degree t iff, for each i
hi#0 = h;=M(h;) and T0h;)1 =T7.
Definition 9 Denoting, for each set F C P*,
LLFY:={L(f): f € F}, L(F) :=I(L{F}),

given a module E C P?, the homogeneous module L(E) is called the leitmodul of E.
Any set B C E such that £L(B) = L(E) is called a standard basis of E and is a basis
of it.

Fixed a set {g1,..., g} := G C M, with M(g;) := cjTje;, for each j, I will
freely use the shorthand

Ty, b, ..., L) :=lcm(t; :i € {l1,i2,...,1:}De

for each set {l1,1>,...,I,} S {1,...,s} satisfying ¢, = --- = e, =: ¢; in particular
fori, j,k,1<i,j,k<s,e, =e; =e; =& We have

T@)=T(gi), T, j) :==lem(z;, T))e, TG, j, k) :==lem(z;, ), 70)e;

for each pair {i, j}, 1 <i < j <s for which ¢;, = e, =:¢, I will also use the short-
hand S(i, j) to denotes S(g;, g;), w(i, j) :=T(i, j)& to denote its formal term and
ej — !

TG TG, )
s, j):= ¢; m ; =

e;.

If, with the current notation, we impose on the module P* the valuation v de-
fined by v(e;) := 7, we have thatif f:=} ;hje; € P° satisfies }_; hjg; =0
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necessarily, denoting

TE = m<ax{T<(h,-)T<(gi)} and [:={i,1<i<s:Th;)T(g)=re}

the homogeneous element L(f) :=}_; v;je; € P* of degree 7 satisfies
e 0#v,=jelandv;=M(h;)=:d,wj,

o Do viMa(g) =2 djw)) - (cjTje) = (3 e (djc)) - (Tjw)))e =0,
° Zjel djlc(gj)=0and w;T.(g;) =7e foreach j e I.

Definition 10 Given a finite set G := {g1,..., g} C P", M(g;) :=c;t;e;;, and
denoting & : P* — P the map defined by > ;_, piei > > iy pi&i:

1. each element of ker(&) C P? is called a syzygy of G;

2. the syzygy module of G is the module

ker(®) :={(p1,...,ps): )_ pigi =0} C P*;
i=1

3. the natural valuation v on P¢ is the one defined by v(e;) :=T;.

Remark 11

1. if f:=(p1,..., ps) is asyzygy of G, then L(f) := Zj vje; € P* is a homoge-
neous syzygy of M{G};

2. for each homogeneous syzygy ¢ := Zj diwje; € P° of M{G} the element
h:=6(¢p)=3;djwjg; € P",if is not zero, satisfies

T(h) <v(¢) =wjt; foreach j;

therefore if h =) iPi8j is a Grobner representation in terms of G, then
fi=¢p—h=¢— ijej = Z(dj(l)j — pje;j €ker(&)
J J

is a syzygy and satisfies v(f) = v(¢) and L(f) = ¢;

3. foreach i, j,1 <i < j <s, for which S(i, j) exists and has w(i, j) :=T(, j)e
as formal term, it holds £(S(i, j)) = s(i, j) which is a homogeneous element of
degree T(i, j);

4. conversely S(i, j) = 6(s(i, j));

5. denoting B :={{i, j}: 1 <i < j <s,S(,j)exists}, {s(i,j): {i,j}eDB}isa
homogeneous basis of the syzygy module of M{G}.

Lemma 12 (Buchberger’s First Criterion 1979) With the present notation, under
the assumption that M is an ideal, it holds

T@T()=TG, j) == NF(S(,j),G)=0.
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Lemma 13 (Buchberger’s Second Criterion 1979) For i, j,1 <i < j <s, e, =
€; =&, ifthereis k,1 <k <s:T(k) | T(i, j),—so that in particular e, = &,—and
S(i, k) and S(k, j) have a quasi-Grobner representation in terms of G, then also
S(i, j) has a quasi-Grobner representation.

Definition 14 (Gebauer and Moller 1985, 1988) Denoting B := {{i, j}: 1 <i <
Jj <s,8(, j) exists} and

B — {{i, j} : TGT() =TG, j)} iff Mis an ideal,

"y otherwise

a subset I C B \ B is called a Gebauer—Moller set for G iff the set {s(i, j) :
(i, j} € M U B} is a homogeneous basis of the syzygy module of M{G}.

Theorem 15 (Buchberger) Let M C P™ be a sub-module, and {g1, ..., g} =:G C
M, with T(g;) := tje;; and wlog 1c(g;) =1 for each j; denoting B and B as
in Definition 14 and &I C B \ B any Gebauer—Moller set for G, the following
conditions are equivalent:

G is a Grobner basis of M,

f €M <= it has a Grobner representation in terms of G;

f €M < it has a strong Grobner representation in terms of G;

for each f € P™\ {0} and any normal form h :== NF(f, G) of f w.rt. G, f €

M << h=0;

. for each f € P\ {0}, f — Can(f, M) has a strong Grobner representation in

terms of G,

6. for each i, j,1 <i < j <s, the S-polynomial S(i, j) (if it exists) has a quasi-
Grobner representation in terms of G.

7. for each homogeneous basis B of the syzygy module of M{G} and for each ele-
ment ¢ € B, there is a syzygy fg € ker(8) of G, such that L( f3) = ¢;

8. foreach {i, j} € &M, the S-polynomial S(i, j) has a quasi-Grobner representa-
tion in terms of G.

9. for each {i, j} € &M the S-polynomial S(i, j) has a Grobner representation in

terms of G.

Eal el

|91

Corollary 16 With the present notation and under the equivalent conditions of The-
orem 15, the set

{f¢:¢e(’59ﬁ}u{cj_lT(i’j)ej—ci_lMei:(i,j)e%l}

Tj i

is a standard basis of ker(5).
Lemma 17 (Moller 1988) Foreachi, j,k:1=<1i,j k<s,¢, = e, =ey, it holds

1 -’ -9 1 ‘9 " 1 '9 '7
cm(T;, T Tk)S(i,k)— cm(T;, T tk)S(i,j)+ cm(T;, Tj, Tk)

Sk, j)=0.
lem(t;, 7) lem(7;, ;) lem(zg, 7;) k. /)
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Corollary 18 (Gebauer and Moller 1985, 1988) (Compare Lemma 13)

Under the assumption of Lemma 17 if the equivalent conditions T(i, j, k) =
T(, j) and T(k) | T(i, j) are satisfied and both S(i, k) and S(k, j) have a quasi-
Grobner representation in terms of G, then also S(i, j) has a quasi-Grobner repre-
sentation.

Proposition 19 (Gebauer and Moller 1985, 1988) With the present notation, denote

M. C {{i, j},1 <i < j <s}aGebauer—-Moller set for {g1, ..., gs—1}

By = {{i, j} € M, : TG, j, 8) = TG, j), TG, 5) £ TG, j) # T(, )}

Let T:={T(j,s): 1 < j <s}and T CT be the set of the elements T € T such
that either
o existst' €T:t'|t#7 or
o (in case M is an ideal) exists i; -1 <i; <s,T(i)T(s) =T(i;,s)=71;

foreach T € T\ T choose iz, 1 <i; <s, such that T(i;,s) =t and define
B3(G) :={{i¢,s}:T €T\ T}
Then (&M, \ B2) UB3(G) is a Gebauer-Moller set for G

Thus, given a finite basis F := {gi,..., g} C M, the Buchberger Algorithm
(Fig. 5) returns a Grobner basis G of M by iteratively forcing condition (9) of The-
orem 15 and applying Proposition 19 in order to efficiently remove the so called
useless pairs, id est those which are known, for theoretical reasons (Lemmas 12
and 13, Corollary 18), having 0 as normal form.

(@) := GrobnerBasis(F)
where
F= {gla~~-7gs} CP\{O}a
G is a Grobner basis of the ideal I(F);
G:={g1,9:},B:=0
If T(1)T(2) # T(1,2) then B := BU{{1,2}}
For each r,3 <r < s do
G:=GU{gr}
By = {{i,} € B T(r) | T(i, ), TG, ) £ TG, j) # T(,r)}
B := (B \ %2) @] %S(G)
While B # () do
Choose {i,j} € B, B:= B\ {{3,j}}, h :== 5(4,)
(h, >, citigi) := NormalForm(h, G)
If h # 0 then
s:=s+1,9s:=h, G:=GU{gs}
By = {{i,j} € B: T(s) | T(0r4), T(ir8) £ T(i,§) £ T(jy 5)}
B = (B \ %2) U %3(G)

Fig. 5 Buchberger’s algorithm (sketch)
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Figure 5 is a poor sketch of the standard implementation, whose description
can be found in Giovini et al. (1991) and which is mainly based on Traverso’s
analysis (Traverso and Donato 1989); the reader is suggested to consider the re-
cently proposed new implementation (Brickenstein 2005) of Buchberger’s algo-
rithm, Faugere’s algorithms Fy4 (Faugére 1999) and Fs5 (Faugere 2002) which
compute Grobner basis by a strongly improved version of Macaulay’s algorithms
(Macaulay 1913, 1916) and Gerdt—Blinkov (Zarkov 1996; Gerdt and Blinkov 1998a,
1998b) algorithm which computes Grobner basis via an adaptation of Janet’s notion
of complete bases and his corresponding algorithm to compute them (Janet 1920).

Since often a lex Grobner basis computation is either infeasible or time-
consuming, it is efficient to deduce the required lex Grobner basis from the feasible
degrevlex one via elementary linear algera (see Mora 2009).

Acknowledgements For their comments and suggestions, the author thanks all the authors of
this book and especially M. Sala.
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