Topological Quantities: Calculating
Winding, Writhing, Linking, and
Higher order Invariants

Mitchell A. Berger
(CIME Lecturer)

Abstract Many topological calculations can be done most easily using the
basic idea of winding number. This chapter demonstrates the use of winding
number techniques in calculating writhe, linking number, twist, and higher
order braid invariants. The writhe calculation works for both closed and
open curves. These measures have applications in molecular biology, materials
science, fluid mechanics and astrophysics.

1 Introduction

Often we can find several equivalent expressions for a mathematical quan-
tity. One of these may seem most fundamental, and so may be chosen to be
the definition of the quantity. Other expressions can prove useful in proving
theorems or in calculations. This chapter considers geometrical quantities
associated with curves, such as twist, writhe, linking numbers and higher
order invariants.

For all these quantities we can obtain expressions based on the funda-
mental idea of winding number. This chapter will show how winding number
techniques simplify and speed up calculations, and add insight into what the
quantities actually measure.

Objects such as knots and links are fundamentally three-dimensional — and
yet many knot invariants rely on almost two-dimensional representations. The
usual method involves projecting knotted curves onto a plane. Information
about the third dimension only survives at crossings: at places where one

M.A. Berger

Mathematics Dept., SECAM, University of Exeter,

North Park Rd. Exeter EX4 4QE, U.K.

e-mail: m.berger@exeter.ac.uk
http://secamlocal.ex.ac.uk/people/staff/mab215/home.htm

R.L. Ricca (ed.), Lectures on Topological Fluid Mechanics, 75
Lecture Notes in Mathematics 1973, DOI: 10.1007/978-3-642-00837-5,
(© Springer-Verlag Berlin Heidelberg 2009



76 M.A. Berger

part of a curve crosses under or over another part we specify which curve is
on top. Invariants can then be deduced by examining the pattern of over and
under-crossings.

This chapter investigates a less severe reduction of dimensionality. Here
one direction (which we will generally take to be the z direction) is singled out.
Suppose s measures arclength along a curve. Then a three-dimensional curve
can be parameterized by s, and specified by the three coordinate functions
(x(s),y(s),2(s)). If, however, z(s) is a monotonic function of s, i.e. the curve
always travels upwards (or downwards) in z, then we could parameterize by
z instead. Now we need only two coordinate functions — (z(z),y(z)). This
considerably simplifies calculations. Also, this procedure immediately makes
a connection with two-dimensional dynamics: simply replace the letter z
with the letter ¢, symbolizing time. The 3-D curve (z(z),y(2), z) becomes
the time history (space—time diagram) (z(t), y(t),t) of a point moving in the
x — y plane.

The reader may already be objecting that most curves (certainly all closed
curves) are not monotonic in z: they go up and down. To deal with this simple
fact, we will have to chop up our curves at turning points where dz/ds = 0
(see figure 1). This is the price we must pay for the reduction from three
coordinate functions to two. We will now have to sum over all the pieces of
our curves when we wish to calculate something like writhe or linking number.

In many applications a special direction is already singled out. For exam-
ple, elastic rod experiments sometimes fix the rod between parallel planes. In
some astrophysical applications, one considers the geometry and topology of
magnetic field lines anchored at a boundary surface. This surface might be

Fig. 1 On the left, a Whitehead link consisting of two curves x(t) and y(t). Arrows give
the directions of the curves, i.e. the directions of increase of arclength s. On the right, the
curves have been chopped into sections xi1,x2 and yi1,y2 at their maxima and minima
in 2.
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the photosphere of the sun or the surface of an accretion disk. In the solar
case z should be replaced by radial coordinate r. In other applications we
start with a time history of the two—dimensional motion of several objects
(e.g. [KHS06, GVV03]). In the corresponding space—time diagram the curves
(z(t),y(t),t) twist and braid about each other; the topology and geometry of
this braiding gives information about the dynamics.

2 Winding Numbers

2.1 Two Braided Curves between Parallel Planes

First consider two curves stretching between parallel planes (see figure 2)
separated by a height h. Let these curves be labelled x(z) and y(z). Also

Oa

Fig. 2 Two braided curves x and y. Both curves have endpoints on horizontal planes
z = a and z = b. We assume both curves are oriented upwards, i.e. dz/ds > 0 where s
denotes arclength. The horizontal axis is shown on both planes. Also, a relative position
vector has been drawn on each plane between the endpoints of curve x and curve y. The
angles between these vectors and the z axis are labelled ©, and @;. For these curves, the
net winding number is w = 1 4 (@ — ©4)/27. The extra unit arises because the branch
cut in angle has been crossed, in this case because the curves wrap by more than 2.
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let r(z) = y(z) — x(z) be the relative position vector pointing from x to y.
This vector is horizontal; we will be interested in how much it rotates as it
rises from the bottom to the top. Recall from elementary mechanics that the
angular velocity d©/dt of a particle moving in the x — y plane with position
vector r(t) is given by
de  (rxdr/dt), 3
dt 2 ' (

T
Similarly the rotation rate of our two curves as they go upwards is

dO  (rxdr/dz),
dz 2 ' @

r

Let ©(z = a) = O, be the orientation of r(a) with respect to the z axis,
ie. r(a) = r4(cosOg,sin O,). We place the discontinuity (branch cut) in ©
on the negative x axis, i.e. —m < @ < 7. For the winding number, we count
a complete turn as one unit, so the net winding is given by

1/ [7d6 _,
m = ([ 49 0%): ®

(@b - @a) + n, (4)

1
2w
where n is an integer counting the number of times the angle rotates through
the branch cut in the anti-clockwise direction.

Note that wxy is independent of choice of x axis: a rotation of coordinates
through 66 in the x — y plane (or alternatively a uniform rotation of the
braid through —d6 leaving the coordinates fixed) does not change wxy. To
see this, first note that away from branch cuts, both ©}, and ©, change by
80, so equation (4) stays fixed. Also, if (say) Oy crosses the cut at £, then
it will jump by +27, but n will jump at the same time by F1.

In addition, wxy = wyx: reversing x and y adds +7 to both &, and O,
without changing n.

Finally, we note that a computer may be more efficient at simply detect-
ing crossings of the negative = axis than in directly integrating d®/dz, so
equation (4) may be faster than equation (3) in computing w.

2.2 General Curves

Next consider curves that travel both upwards and downwards; for example
the two closed curves in figure 1. If we chop them into sections at their maxima
and minima then we can ask about the winding number between each pair of
sections. Figure 3 shows the two sections x5 and y». These sections overlap
between zmin and zmax. Both sections travel downwards; i.e. dz/ds < 0 for
both. Let o denote the sign of dz/ds, and let
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Fig. 3 The two sections z2 and y2 of the curves in figure 1. The relative position vectors
are shown at the maximum and minimum heights zZmax, zmin Where these two sections
overlap.

_o(x2)a(y2) /zm“ de
Woo = 9 . dZ dZ (5)
Then for these curves
1
W2 = 9 (Qmax - @min) (6)
T

(for this diagram ©(z) does not cross a branch cut, and so n = 0).

In the example shown in figure 4, curve 1 is monotonic, but curve 2 has a
maximum at zo and a minimum at 23, so must be chopped into three pieces,
j =1,2,3. Let w;; measure the net winding of piece ¢ of curve 1 with piece
j of curve 2. The first curve has just one piece, so we can write

w = wi + W12 + W13 (7)
where
1 [*?de 1 [*de
= dz; = — dz; 8
w11 277/a dz 25 W12 o /Z3 dz Z; (8)

1 ["de
w1z = 27T/z dz dz. (9)

3
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The integrals give

1

win =, (O(2z2) — O4) + n11; (10)

1

wiz =, (O(2z2) — O(23)) + n12; (11)
1

wis =, (@p — O(z3)) + na3; (12)
1

W=, (@p — O4) + n11 + N1z + 3. (13)

Note that the intermediate angles ©(z2) and ©(z3) cancel out in the total
winding number w.

We can now construct general expressions for the winding numbers between
two arbitrary curves. For each section of a curve we define a function o(z)
which first tells us whether the piece exists at z, and if so, then tells us
whether it is rising or falling, i.e. gives the sign of dz/ds. In general, we will
only consider curves with a finite set of discrete points where dz/ds = 0. Say
curve « has n of pieces in between these turning points. Piece i starts at some
height z; and ends at height z;;1. Define

1, z€ (2 2i+1) and dz/ds0;
0ai(2) = =1, 2 € (2, zi+1) and dz/ds < 0; (14)
Oa z ¢ (Ziaz’i-‘rl)'

For example, the curves in figure 4 have winding number

3 b
1 de
w = E Wij55 W15 = 01025 / dz. (15)
= 2n J, dz

Let us define a generalized winding number w|a, b] measuring the rotation
of two curves between heights z = a and z = b: if the curves can be cut into
mq and my pieces, then

o 1 [*dey;
w[a,b] = ZZ Wiy [a, b], Wiy [a, b] = 01402j . dz dz. (16)
i=1 j=1 a

Furthermore, if pieces 1i and 2j overlap between heights zmin(17,25) and
Zmax(1,27), and we let O;; min and O;; max be the orientations of the relative
position vectors at these heights, then

1

wij [CL, b] = O'M'O'Qj (27‘1’

(O4j max — Oijmin) + nij) ) (17)
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Fig. 4 Two tangled curves. The curve on the right starts at z = a, rises to a local maximum
at z = z2, wraps around the second curve as it descends to a local minimum at z = z3,
then rises to z = b. We will chop this curve at heights z2 and z3. The relative position
vectors r(z) are shown at z1 = a, 22, 23, and z4 = b. For these curves the total winding
number is w = 1+ (O, — O4)/27. Note that w does not depend on the intermediate angles
O(z2) or O(z3).

2.3 Topological Invariance

Consider two curves with fixed endpoints on boundary planes, as in figure 2
and figure 4. Suppose we distort the curves between the two planes. As the
endpoints are fixed, the boundary angles ©, and ©;, do not change. But w
equals (©,—6y) /27 plus an integer. So w can only change by integer amounts
due to the motion of the curves. If the two curves are allowed to pass through
each other, then w will indeed change by +1 during each pass-through.

We will require that the curves do not pass through the boundary planes
except at the endpoints. To see why, suppose one of the curves forms a loop
which rises through the top plane. This loop can then jump over the top
endpoint of the other curve. If the loop is then brought back downwards the
new configuration will have a change in the winding number of £1.

If the two curves are not allowed to pass through each other or loop-
over, then a discrete change in w is not possible. To see this, note that
equation (16) expresses w as a sum of integrals involving d©/dz (see equation
equation (2)). Now d©/dz includes |r|~2, which goes singular if the curves
pass through each other. Thus it is not surprising that w can jump in this
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situation. But with material strings, or simply the restriction that |r| > 0
at all times, the integrals evolve continuously, and jumps are not possible.
These considerations suggest the following theorem:

Theorem 2.1 (Invariance of Winding Numbers). . Suppose two curves
stretch between the planes z = a and z = b, where each curve has endpoints
on both planes. Then their winding number wla,b] is invariant to continuous
deformations of the curves in the region a < z < b where

1. the endpoints are fized;

2. the curves cannot pass through the boundary plane (except at their end-
points); and

3. the curves do not pass through each other.

3 Linking Numbers

3.1 Winding Number Derivation

Next let us calculate the net winding number for two closed curves. Suppose
the curves overlap in height between zyin, and zmax. Suppose we define the
quantity

L = w[—00,00] = W[Zmin, Zmax)- (18)

This quantity will turn out to be the linking number between the two curves.

Suppose, for example, that each curve has only one maximum and one
minimum, as in figure 5. Generically, the two maxima and minima are at
different heights. We again consider the orientation angles @ of the relative
position vectors r(z). The net winding angle will depend on two orientation
angles © 4, Op at the lower of the two maxima, and two orientation angles
B¢, Op at the upper of the two minima. We have

1

wiL =, (G4 —O¢) +ni1; (19)
1
wiz = -, (s — Op) + nig; (20)
v
1
wa1 = -, (@4 — O¢) + nai; (21)
™
1
waz =, (@ — Op) + nag; (22)
iy
2
W = Z wij = nN11 + 12 =+ no1 =+ Nnoo. (23)
ij=1

All the principal angles cancel out, leaving us with an integer
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Fig. 5 Two closed curves. The relative position vectors r4, rg, rc, rp are shown at the
maximum and minimum points on curve 1, 21 max and 2i min-

Ly = Z Mg (24)
0]

The linking number is invariant to any distortion of the curves (without let-
ting them pass through each other). First, an integer cannot continuously
change to another integer! Only discrete changes are conceivable — for exam-
ple, if the two curves do pass through each other then that would constitute
a discrete event. Now, in the winding number calculation, the integer counts
how many times the relative position angles ©;;(z) pass through the branch
cut. One could rotate parts of the curves to remove any particular branch
cut pass — however, another branch pass will just be created elsewhere. This
is because the relative position angle must change through a whole range of
27 to increase the winding number by +1.

3.2 General Properties

Let the tangent vector to a curve x (parametrized by arclength s) be defined
by

T(s) = & (25)
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A tangent vector to a curve parameterized by arclength has unit norm, so
|T(s)| = 1.

The Gauss linking number was originally defined as a double integral over
two closed curves x (with points x(s) and tangent Tx(s)) and y (with points
labelled y(s’) and tangent Ty (s")):

_ 1 / X(S) _Y(S/) /
L@:4m££TﬁﬂxTﬂw-l Creadsad o (0)

In addition to being an integer and a topological invariant, linking number
possesses the following properties:

1. Ly equals half the signed number of crossings of the two curves as seen in
any plane projection (see figure 5).

2. Ly changes to —Ly, if one of the curves changes direction (’T — —’i‘) It
thus is invariant to a change in direction of both curves.

4 Twist and Writhe Numbers

4.1 Ribbons

Suppose we compute the linking number of two curves which closely track
each other. We will call one of the curves the axis curve x; the other will be
the secondary curve y. For example, the two curves might be the bounding
curves of a ribbon, or the central axis and one of the two strands of a DNA
double helix.

Suppose we parameterize the axis by some variable ¢ (popular choices
might be t = z, vertical height, or ¢t = s, arclength); then we will let \A/'(t) be
a unit vector normal to T() pointing towards y(¢). In particular,

V(t) - T(t); (27)
x(t) + e(t)V(t). (28)

0

y(t)

Here we will assume that the distance €(t) between the two curves is small;

for example smaller than the radius of curvature of x(¢). Note that, while we

can parameterize both curves by ¢t = s, the parameter s measures arclength
along the axis curve, not along the secondary curve.

The Gauss linking integral, equation (26), can be computed as usual. But
note the term in the denominator. If we let ¢ — 0, so that the two curves
coincide, then this denominator can vanish for the set of points s = s’. As this
is only a one-dimensional subset of the two dimensional set of points s, s’, the
singularity is not fatal. Calugdreanu [C59] studied this limit in detail, and
showed that the linking number (at finite but small €) can be decomposed
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into two terms:
Ly =W, +Tp. (29)
Here the writhe number W, is the limiting integral (when both line integrals

go along the axis curve),

_ 1 T (! X(S) _X(S/) /
WT:47T7£7£T(S)><T(S)-| ds ds’, (30)

x(s) —x(s")[?

while the twist number 7,, is defined by

T, = ;ﬂ ?i’.f[\‘(s) V(s) x d‘;is) ds (31)
1 1 A o) vis dv(s) .
o B oy T () (32)

where v = V.

Subsequent research has illuminated the meaning and properties of these
two new quantities (see e.g. [F78, MR92, AKT95, C05]). As a quick (but not
always accurate) guide, the writhe of a curve measures how much it kinks
and coils, while twist measures how much a secondary curve twists about the
first. The main application of these terms has been to DNA studies [VM97].
A DNA molecule has two strands which wind about each other thousands of
times. Some of the winding number (or linking number if the DNA is closed)
arises from local twist of the strands about the axis of the molecule, and
the remainder arises because of coiling of the axis itself. As DNA can be
centimetres long if fully stretched out, it needs a great deal of coiling to fit
into a microscopic cell!

Twist has some special properties:

1. First, linking number and writhe are double integrals — while 7,, is a single
integral. Thus it is meaningful to write twist as the sum of a local density

along the curve:
1 d7,
Ty = “ ds.
” j{( s (33)

2. d7,,/ds measures the rotation rate of the secondary curve about the axis
curve, in the plane perpendicular to the tangent vector Tx(s). Recall that
equation (2) gives the angular velocity of a curve about the constant z
direction. If instead we wished to find the angular velocity about the
tangent direction, we would calculate

-~

To _ 1 g0 .9(s) x d‘;is).

ds 2 (34)
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3. We can calculate twist numbers for two neighboring magnetic field lines.
Single out one field line and call it the ‘axis’; neighboring field lines are
almost parallel to this axis line but may spiral about it. Let J = B /ug
be the electric current associated with the magnetic field B, and J) =
J - B/|BJ. Then by Stokes’ theorem applied to a small disc of radius r
placed perpendicular to B on the axis,

/L07T7‘2 J“ = 27T7‘B¢, (35)

where By is the azimuthal field component generated by the parallel cur-
rent. The parallel magnetic field is By, which equals |B| on the axis. In a
local cylindrical coordinate system (r, ¢, s) surrounding the axis field line,
we can ask how far a neighboring field line travels in both the ¢ and s
directions. The field line equations relate this travel to the components of
the field vector:

B¢ T‘5¢
= ) 36
B, 0s (36)
Putting these equations together gives
dTw _ 1 d(b B MQJH (37)

ds  2mds  4n|B|

Similarly, if we measure how much two neighboring flow lines in a fluid
twist about each other, then

dTw w”

ds  4x[V|’ (38)

where V is the fluid velocity and w is the vorticity.

4. 7T, is independent of the direction of the axis curve. This is because the
neighboring curves must be almost aligned with the axis, so flipping the
direction of the axis also flips the neighbors.

5. T, equals half the average number of crossings between the two neigh-
boring curves seen in projections of the curve onto a plane. The average
is over all possible projection angles, and takes into account the sign of
the crossing. Only local crossings are included in this average (if the axis
curve crosses over some distant part of the secondary, this contributes to
the writhe rather than the twist) [DHO5].

Writhe also has some special properties:

1. Writhe depends on the axis curve only — the secondary curve is not needed
for its definition.

2. Writhe equals the average number of crossings seen in projections of the
curve. The average is over all possible projection angles [094, DHO05].

3. Writhe is independent of the direction of the axis curve.
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4.2 Twisted Tubes

In many applications the picture of two curves twisting about each other is
best replaced by thin tubes filled with curves. For example, vortex tubes and
magnetic flux tubes play important roles in fluid mechanics and magneto-
hydrodynamics. In engineering and material science, isotropic rods [VT00]
are twisted tubes with some elastic energy function that is independent of
positions in cross-sections of the tube. To obtain a twisted tube from an axis
curve x(t), we first draw a circle around the axis at each position ¢. These
circles should be of constant radius €, and perpendicular to the axis (i.e.
perpendicular to T(t)). Joining up all the circles creates a tube enclosing the
axis curve. We choose € small enough so that the tube does not intersect
itself.

Next we fill the tube with curves. These curves will be almost parallel
to the axis, but may twist about the axis. We would like this twist to be
uniform across a cross-section of the tube (but not necessarily uniform along
the tube). Choose one of the curves and treat it like the secondary curve y.
The tube surface can be given coordinates (¢, ¢) with ¢ = 0 on y, so y(¢) has
coordinates (¢,0). Let W = T x V. Other curves (label them by the variable
3) have different values of ¢. Thus, on the surface (at radius €)

y(t,8) =x(t) +¢ (cos BV(t) + sin ﬁV/V(t)) . (39)

We can take the same tube with the same axis and fill it with many
different sets of twisted curves. Each set, together with a particular choice of
reference curve y, defines a coordinate system in the tube. This coordinate
system is called a framing. Some quantities, like the twist number between a
secondary curve on the tube and the axis, explicitly depend on the choice of
framing. Other quantities, like the writhe, depend only on the axis curve so
are independent of framing.

We will sometimes need to take averages over all secondary curves. Given
a number f(3) describing the geometry of one of the secondary curves, let

1

27
=, | 1@ (40)

5 Writhe from Winding Numbers

We can use the winding number techniques from sections 2 and 3 to sim-
plify the calculation of writhe. These techniques will also help in extending
the definition of writhe to open curves; in particular curves with endpoints
on boundary planes (or spheres). Applications include isotropic rods fixed
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between two planes [S05, RM03] and magnetic arches in the solar atmosphere
[TKO05]. For full details of the calculations below, see [BP06].

Define the linking number E(zo) to be the net winding number between
two curves between z = —oo and z = zg. (One can replace z = —0c0 by zmin,
where zpyi, is the minimum height at which the two curves are both present.)
Then the total linking number will be

Ly = £(+OO) = £(Zmax)' (41)

Also define 7 (z) and W(z), the twist and writhe below zg, in the same
manner. We can then take derivatives in the z direction and ask how these
quantities grow with height. We will see below that all secondary curves on
a tube have the same growth in twist relative to the axis, i.e. d7/dz is
independent of 3. For linking number we need to be more careful; we will
need to average over [3.

Suppose we reorder the Calugareanu formula as W, = L — 7,,. We can
then take this formula as a definition of writhe, rather deducing it from the
standard definition equation (30). But first we must make sure that this
formula makes sense, i.e. that it always gives the same answer for the axis
curve, no matter which framing is used. For the differential writhe this vital
property will be achieved below by averaging over 3; thus we define

aw _ /dL dT
dz:<dz_dz>' (42)

To simplify the equations, we denote derivatives in z by a prime. Suppose
the axis curve x has m intersections with the plane z = constant; in other
words m segments of the axis curve exist at height z. Each of these segments
x; has its corresponding secondary curve y;.

The linking number £ sums winding numbers over all pairs of segments
x; and y;. The axis curve segment x; has secondary y;; if these wind about
each other, they will contribute a local term

Li = wi; = w(Xq, i) (43)

to the total linking number. In addition, axis segment ¢ winds about far away
secondary segments y;, j # i. These windings contribute nonlocal terms

Eij = E(xi,yj) = w(x;,y; ) (44)

In sum, the z derivative decomposes into local (diagonal) terms, and nonlocal
(off-diagonal) terms:

L'(z) = Z L) +> > Ll (45)

i=1 j=1
i#£]
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The following quantities will be useful:

dz
A= =T, 46
ds (46)
p=lzx T| = v1- A2 (47)

5.1 The Twist as a Function of Height

For the moment, consider a segment (labelled i) of the axis curve which
travels upwards, so that A > 0. From equation (34) (modified considering
equation (39)), the z derivative of the twist is

dTi(2)  dTy; ds
dz  ds dz

= 2171_ T. (cos ﬁ{\f + sin ﬁV/\\7) X (cos 5\7' + sin ﬁwl) . (49)

T/(2) = (48)

Because V and W are unit vectors V- V' = W . W’ = 0. Also, V-W =0
SO

W -V =-V.W=u. (50)

Thus
277, = (cos 3 W —sin 8 V) - (cos 3 V' + sin 8 W) (51)
=w. (52)

The twist 7," is the same for all of the twisted curves on the surface of the
tube, i.e. independent of 3. However, w does depend on the vectors V(z) and
W (z). As we will see, this dependence on the framing will be cancelled when

T is subtracted from £’ (averaged over f3).
It will be convenient to define a new orthonormal frame:

N>

(T, f, g} = {T, T x 1. (53)

3

xT ~ 2xT
1 [
We can write V and W as combinations of f and g in terms of some angle
¥(z2):
V \  [cosy(z) siniy(z) f (54)
W |\ —siny(z) cose(2) g/
The curve at position § is offset from the axis curve by

U= (cos BV + sin 6\/7\\/) = cos(B+ 1) f+sin(3+1) & (55)
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In terms of ¢ one finds

)

27r’f’zw=( +1f'-g) (56)

x T (57)

N>
H»

d)/
A
=’ + 2

5.2 The Local Winding Number as a Function
of Height

We now calculate the local winding between the axis and the secondary, as
in equation (43):

£l(2) = v/ (s(2)wil)) = o 0 (xi(2), 31(2)): (5)

Here we run into a difficulty: the point on the secondary curve y;(z) corre-
sponds to a different arclength parameter s than the axis point x;(z). In fact,
to first order in e (Berger & Prior 2006)

vi(z) = xi(z) =€ (ﬁ - )\_IUZ’T) . (59)

Let R; = (y; — x;)/e. From equation (2),

onL!(z) = 2 Ijzéé)(;”];{;(z) . (60)

After some algebra,

z-Ri xRj M) — X cos(B + ) sin(f + ) 1, &~ &
R? N (A2 cos2(B + ¢) + sin®(B + v)) * NQZ T (61)

This messy expression simplifies considerably if we average over all sec-
ondary curves in the tube:

2 (L]) =

K2

1 [z R; xR}
2W/O a8 (62)

1 ~ o~
Y+ ﬂziT x T'. (63)
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5.3 The Local Writhe as a Function of Height

We now, in effect, subtract section 5.1 from section 5.2. This will give us the
local part of the writhe of segment i. From equation (57) and equation (63),

W/ = (L] - T (64)
1-X. & =

= 2 z-T xT. (A>0). (65)

So far we have assumed A = dz/ds > 0 on segment i. We can obtain

the result for negative A most simply by noting that if we reverse arclength,

Le. let s — —s, then linking, twist, and writhe do not change. Meanwhile,

T — —T and T — —T’. Thus to preserve the value of W/, A must be
replaced by |\[:

W=t 2|A| 72-TxT. (66)
1

(As an exercise, one may compute Wi’ directly for negative A\. Some of the
relations in the calculation above need amendmgnt; for example if sy.x is the
maximum s value on the segment, then write 7 (2) = Ty (Smax) — Zw(s(2)).
Also one must replace 1 by m— 1).)

5.4 The Nonlocal Winding Number as a Function
of Height

From equation (44), for i # j

Lli(z) =0 (xi(2),y;(2)). (67)

But the distance between x;(z) and y;(z) is much greater than that between
x;(z) and y;(2), so (strictly speaking, in the limit e — 0)

E(0) =/ (aa) () = o 0@ (i) () (P £0) (69

Thus the m(m — 1) off-diagonal terms in equation (45) depend only on the
axis curve. These represent non-local windings of the different segments of
the axis curve about each other.
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We can now write down the entire expression for the writhe [BP06]:

Theorem 5.1.
Wr = )//\V/local + Wnonlocal; (69)
N 1 Oy rE 1 -
Wiocal = T; x T}). dz; 70
. B n o n 00 pmex /
Wnonlocal - Z Z o1 me @ij (Z) dz. (71)
=1 j=1 ij
i#£j

In terms of the intrinsic quantities curvature x and binormal ]§,

(Ty x 1), = P (72)

Ai
Note that the nonlocal writhe involves integrals of ¢;. We can treat these
the same way as winding numbers, equation (17). In contrast to the linking
number calculation, however, not all of the angles cancel. One finds that the
orientations of the tangent vectors at the maxima and minima contribute to
the sums. In particular, if ¢(z®) and ¢(28%) are the angles with respect

3

to the z axis of the tangent vectors T(z") and T (2#¥), then

A 1 S min max —~
Whonlocal = 9 Z((b(zz ) = o(z") -1+ Z Zaiojnij' (73)
i=1 =1 j=1
i#j
Thus we do not need to perform the integrals completely — although we
still need to keep track of the branch crossings to calculate the n;; terms.

5.5 Example: A Trefoil Torus Knot

Figure 6 shows a trefoil knot. It is constructed by following a curve imbedded
in a torus, which winds three times the short way around and two times the
long way around. The 3 maxima and 3 minima in z divide the curve into 6
segments. For this curve the net local writhe of the 6 segments is —0.71, the
nonlocal writhe between all pairs of segments sums to 4.23, giving a total
writhe of W, = 3.52. Figure 7 displays a different version of the trefoil, a
(3,2) torus knot; this curve has a higher writhe [MR92].

The trefoil figures also show the associated tantriz curves. As a tangent
vector is defined to have unit norm, its tip lives on a unit sphere. As we go
around the knot, the tip of the tangent vector traces this curve on the tantriz
sphere.
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Fig. 6 The left figure displays a torus, with a ratio of major axis to minor axis equal to 2.
A curve winds about this torus, forming a (2,3) torus knot, which is classified as a trefoil
knot. The arrow shows the tangent vector at one point on the knot. Tangent vectors have
unit norm, so if we place them inside a unit sphere, their tips just touch the surface. The
figure on the right shows a unit sphere, called the tantriz sphere. The arrow touching this
sphere represents the same tangent vector illustrated on the knot. The curve shown on the
sphere gives the direction of the tangent vector at every point on the knot.

Fig. 7 Asin figure 6, but with a (3,2) torus knot. For this curve, the local writhe is -0.51,
the nonlocal writhe is 4.41, with a total writhe W, = 3.90.

Recall that the knot is divided at extrema, where T, = dz/ds = 0; this
implies that the tantrix curve crosses the equator of the tantrix sphere at
these points. The local writhe for each segment equals the area between the
corresponding tantrix segment and the North pole (if the segment is in the
Northern hemisphere) or the South pole (if in the Southern hemisphere).
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(The area enclosed by a curve drawn on a sphere is considered positive if the
curve rotates anti-clockwise about the region and negative if clockwise.)

To see this, note that if 6 gives latitude on the tantrix sphere, then \ =
cosf and p = sinf. Also,

T'dz = dT = df6 +sin6d¢ ¢. (74)

With 2 x T = Sin9q§ we can write

(T x T')- 2dz = sin® 0 d¢, (75)
and so
¥y _ 1 .2 d¢
2TW, i (2) = (1+ | cos)) sin edz (76)
do
=(1- 0 .
(1~ Jeost]) (77)

Integrating between zp and z; gives

—~ 1 21 d
Wiocal (20, 21) = 27T/ (1- |cos6‘|)d(i5 dz. (78)

Z0

For Northern segments with d¢/dz positive this gives the area swept out
between the tantrix and the North pole. For Southern segments, d¢/dz
positive implies clockwise (negative) winding about the South pole. Thus
VA\Zocal(zo, z1) gives the negative of the area below the tantrix for Southern
segments.

6 Writhe for Open Curves

The winding number techniques described here can be used to measure
the writhe of open curves. Consider a curve confined between two parallel
boundary planes at z = a and z = b, with endpoints on the planes, as in
equation (2). We can then define the writhe of this curve simply as the inte-
gral from a to b of W' (z). This quantity is called the polar writhe in [BP06],
as it is related to the area between the tantrix curve and the pole, as described
in the previous section. Several other definitions appropriate for open writhe
have appeared in the literature; these have usually involved considering per-
turbations of a reference curve [F78, AKT95, RM03] or closing the curve in
a suitable way [S05].

The polar writhe is also relevant for loops, here defined as a curve confined
to one half-space, with endpoints on the boundary plane of the half-space.
Instead of a half-space and boundary plane, we can also consider loops
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Fig. 8 A filament of hot plasma in the solar corona observed by the TRACE detector on
27 May 2002. The plasma is thought to follow the path of magnetic field lines. The right
picture displays a numerical simulation of the associated magnetic field [TKO05].

extending from a boundary sphere (this requires modifying planar angles
into spherical angles in the winding number calculations). Loops are of con-
siderable importance in astrophysics, as magnetic field lines often form loops
in the atmospheres of stars and accretion disks. Figure 8 shows one example
from solar observations. Loops of magnetic flux often acquire a significant
amount of twist; kink instabilities can convert some of this twist to writhe
[LK97, Ba00, R05]).

The polar writhe is consistent with magnetic helicity integrals over volumes
bounded by planes or spheres [BP06]). In particular, we can decompose the
helicity of a magnetic flux loop of flux @ as

H = (T + W)3?, (79)

Figure 9 shows two loops; both were generated by taking an inverted
parabola and twisting the top. The loops look quite different and yet have the
same writhe. We can interpret this result in terms of the balance between local
and nonlocal writhe. The tall loop has positive Wiocar and negative Whoniocai -
The same total can be reached with negative Wi,cq; and positive Wi oniocal,
but with a shorter height. This may have implications for the interpretation
of observations of structures in the solar atmosphere. Soft x-ray emissions
in the shape of an S shaped curve, called sigmoids, are often seen in solar
observations [RK96]. S shapes appear preferentially in the Southern hemi-
sphere, whereas inverse S (or Z) shapes appear preferentially in the North.
The shape may depend on the sign of writhe for the structure. However,
assigning the sign of W to an S or Z shape may depend on the height of the
structure.
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Fig. 9 Two loops. For the short loop on the left, Wriocai = —1.2, Wrnoniocai = 1. For
the tall loop on the right, Wriocai = 0.466, Wi poniocat = —2/3. Thus the signs of both
local and nonlocal writhe are opposite for the two loops, yet they have the same total
polar writhe W, = —0.2. This demonstrates how the writhe can depend on height as well
as which direction the loop turns. Note that in projection the tall loop has an S shape,
while the short loop has an inverse S shape.

7 Higher Order Winding

Winding and Linking numbers do not capture all of the topological properties
of curves. Figure 10 shows two braids. In the first braid, the curves wind about
each other, but in a simple way. In the second braid, no two curves have net
winding number, and yet the curves intertwine in a more complex way. This
intertwining can be captured by computing a second order winding number
[BI1].
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Fig. 10 Two braids. The left braid only exhibits ordinary (first order) winding. The right
figure shows a pigtail braid with second order winding.

Suppose we replace Cartesian coordinates (x,y, z) by a pair (¢, z) where ¢
is a complex number ¢ = x + iy. Let (¢1(z), 2), (c2(2), z) be two curves. Let

Mia(z) = / dln(ez(2') = er(=)) g

2w

0102 ds (80)

— 00
Then the winding number is related to this complex logarithm, wia(z) =
Re \12(z). Note that by defining A;2 as an integral of dIn(cy — ¢1)/z rather
than simply In(ca — ¢1), we allow winding numbers outside of the interval
(—=1/2,1/2).

Next, we can obtain second order winding numbers for three braided curves
c1, c2, c3 by integrating suitable combinations of the A functions. Suppose the
curves travel from z = 0 to z = 1. Then the second order winding number is

V=, fol ((A12 = A23) dAz1 + (A2z — Az1) dAi2 + (A31 — Ai2) dAgs) . (81)

This quantity is invariant to deformations of the curves, leaving their end-
points fixed. Third and higher order invariants for braids [B01] or knots and
links [CDO00] require the machinery of Kontsevich integrals [K93] to identify
the appropriate combinations of A functions.
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