
Chapter 2
Second-Order Overall Characterization
of Non-uniformly Polarized Light Beams

2.1 Introduction

In the previous chapter, the light fields were represented in the space-time domain
by means of the BCP matrix (or through the mutual coherence function in the scalar
case). For convenience, we will now prefer to work in the space-frequency regime.
Consequently, as is well known in the Optics textbooks (Born and Wolf, 1999;
Mandel and Wolf, 1995; Perina, 1971; Wolf, 2007) the partially coherent scalar
field would then be described (up to second-order) by the so-called cross-spectral
density (CSD) W(r1, r2, z; ω), defined in the form

W (r1,r2,z;ω) = E∗ (r1,z;ω)E (r2,z;ω), (2.1)

where E denotes the wide-sense stationary random field, r1 and r2 represent two
points at the beam cross-section, orthogonal to the propagation direction z, and the
overbar symbolizes the average over the ensemble of realizations. For the sake of
simplicity, the explicit dependence on the angular frequency ω of the light beam
will be omitted from now on. Although W enables us to propagate analytically the
field through optical systems, the accurate experimental determination of the CSD
function is not a simple task, and becomes especially difficult for multimode laser
beams (for example, those emitted by high-power lasers).

Instead of such a local analysis, there are many situations in which a global char-
acterization would be of more practical use. More specifically, in the present chapter,
we are interested in a description of the spatial structure of light fields by means of
overall parameters that

(i) are valid for arbitrary beams,
(ii) are defined analytically in a rigorous way,

(iii) are measurable,
(iv) propagate through common optical systems according to simple laws.

Thus, this chapter is arranged as follows. In the next section the overall scalar
formalism is shown, and, in Sect. 2.3, a generalization to the vectorial case (i.e., to
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partially polarized beams) is provided. The generalized degree of polarization of
non-uniformly polarized fields is introduced in Sect. 2.4. Section 2.5 is devoted to
the so-called beam quality parameter of a light field, which provides a meaningful
joint description of the focusing capabilities of the beam at the near- and far-field.
Application of the above parameters to the particular but important case of partially-
polarized Gauss Schell-model beams is analyzed in Sect. 2.6. The possibility of
beam quality improvement is considered in Sect. 2.7, and the changes generated on
this parameter by different types of optical phase devices are described in Sect. 2.8.
Finally, an introductory example of global beam shaping of non-uniformly polarized
fields is briefly discussed in Sect. 2.9.

2.2 Second-Order Overall Characterization: Scalar Case

We next provide a survey of the key spatial global characteristics that are com-
monly used in the scalar framework. They are based on the so-called irradiance
moments of the field, which describe the overall spatial structure of the beam. It
should be remarked that these scalar parameters and figures of merit have been
accepted as current ISO standards for light fields (ISO, 1999, 2003, 2005). Further-
more, the scalar treatment constitutes an appropriate starting point to investigate, in
subsequent sections, the polarization behavior in the more involved vectorial case.

2.2.1 Formalism and Key Definitions

To begin with, let us first define the Wigner distribution function (WDF), which is
associated to the CSD function through a Fourier transform relationship (Bastiaans,
1989):

h (r,η,z) =
∫ +∞

−∞
W (r,s,z) exp (ik η · s) ds, (2.2)

where r = (x,y) denotes the two-dimensional position vector at a transverse plane,
kη = (ku, kv) = (kx, ky) gives the wavevector components along the Cartesian x and
y axes, and s is a vectorial variable. Accordingly, u and v would represent angles of
propagation (without taking evanescent waves into account). In Eq. (2.2) the CSD
function is expressed in terms of the variables r and s, which are related with r1 and
r2 by the formulae (see Fig. 2.1):

r = r1 + r2

2
, (2.3a)

s = r1 − r2. (2.3b)

The WDF was introduced by Wigner to describe the quantum-mechanics
phenomena in the (position-momentum) phase space. Later Walther (1968) demon-
strated the role of this function in Optics as a link between partial coherence and
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Fig. 2.1 Illustrating the
geometrical representation of
vectors r and s

traditional radiometry: The WDF can physically be understood in Optics as the
amplitude associated to a ray passing through a point along a certain direction. Some
care, however, should be taken because the WDF could reach negative values in cer-
tain cases (Friberg, 1993; Marchand and Wolf, 1974) (unlike the positiveness of the
energy content of a ray). Note that integration of h(r,η,z) over the angular variables
u and v is proportional to the beam irradiance. Moreover, integration over the spatial
variables x and y gives the directional intensity, which is a proportional to the radiant
intensity of the field (a factor cos2α apart, where α is the angle of observation with
respect to the z-axis).

In terms of the WDF, a number of parameters can be defined, which provide an
overall spatial description of the field upon propagation. Let us introduce the beam
irradiance moments in the form

〈xmynupvq〉 ≡ 1

Io

∫∫ +∞

−∞
xmynupvqh (r,η,z) dr dη, (2.4)

where m, n, p, q are integer numbers, the sharp brackets 〈 〉 are defined by Eq. (2.4)
itself, and

I0 =
∫∫ +∞

−∞
h (r,η,z) dr dη (2.5)

At each transverse plane, the four first-order beam moments, 〈x〉, 〈y〉, 〈u〉 and 〈v〉,
characterize the center of the beam profile and the mean direction of the field. For
simplicity, in what follows it will be assumed that these moments equal zero. This
is not a true restriction, since it is equivalent to a shift of the Cartesian coordinate
system. In summary, we consider that the z-axis coincides with the mean direction
of propagation, and the beam center is placed on this axis at any plane z.
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The resulting ten different second-order moments allow a global and meaningful
characterization of the spatial structure of a partially coherent quasimonochro-
matic beam. In terms of them, we may introduce the following parametrization for
scalar fields (see, for example, (Giesen and Morin, 1998; Giesen and Weber 2002;
Kudryashov et al., 2006; Laabs and Weber, 2000; Mejías et al., 1993; Morin and
Giesen, 1996; Weber et al., 1994; WLT, 2001)):

(i) 〈r2〉 = 〈x2 + y2〉: (Squared) spatial size of the beam cross-section, referred to
the region where the irradiance takes significant values. In this expression, 〈x2〉
and 〈y2〉 represent (squared) transverse beam widths along the x and y-axes,
respectively (see Fig. 2.2). In terms of the beam irradiance, I(x,y), this moment
reads

〈x2 + y2〉 =
∫∫ +∞

−∞
(
x2 + y2

)
I (x,y) dxdy∫∫ +∞

−∞ I (x,y) dxdy
. (2.6)

(ii) 〈η2〉 = 〈u2 + v2〉: (Squared) far-field divergence, which is connected with the
energy distribution associated with each spatial frequency of the beam.

(iii) 〈r · η〉 = 〈xu + yv〉: This moment provides the position of the beam waist, i.e.,
the plane where the beam width takes its minimum value (see Fig. 2.2). At the
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Fig. 2.2 Free propagation of
a typical (one-dimensional)
Gaussian beam (λ =
633 nm). (a) Irradiance
profiles at different planes z
= constant. (b) Parabolic
dependence of the
second-order moment 〈x2〉 on
the propagation distance z.
The value w denotes the
position of the waist plane
(minimum beam width). In
the figure, the separation
between the successive planes
is 125 mm. See also (Mejías
et al., 2002)
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waist plane, 〈xu+yv〉 vanishes. It should be remarked that a general astigmatic
beam would exhibit different minimum widths, 〈x2〉min and 〈y2〉min at different
positions along z. The global beam waist, whose position zw is given by the
condition

〈xu + yv〉 = 0, (2.7)

refers to the minimum value (under free propagation) of the global second-
order moment 〈r2〉. Note, in addition, that 〈xu〉 and 〈yv〉 are related to the
curvature radii of the beam wavefront by the formulae:

Rx = 〈x2〉
〈xu〉 , (2.8)

Ry = 〈y2〉
〈yv〉 . (2.9)

(iv) 〈xy〉: It gives the orientation (with regard to the laboratory axes) of the so-called
principal axis of the beam through the condition 〈xy〉 = 0 (Martínez-Herrero
and Mejías, 2006a, b; Serna et al., 1991, 1992a, b). It should be noticed that the
beam widths 〈x2〉1/ 2 and 〈y2〉1/ 2 reach their extreme (maximum and minimum)
values along the principal axes (see Fig. 2.3). Since, for general beams, the
transverse profile rotates as the field propagates into free space, these axes are
used to determine the orientation of the beam profile.

(v) 〈uv〉: It provides the orientation of the so-called absolute axes of the beam
(Serna et al., 1991, 1992a, b), defined by the condition 〈uv〉 = 0. Unlike the
principal axes, the absolute axes do not rotate upon free propagation, and they
constitute an absolute transverse coordinate system with respect to which the
orientation of the principal axes can be established.

(vi) 〈xv〉 − 〈yu〉: It is related with the orbital angular momentum of the global
beam (Alieva and Bastiaans, 2004; Allen et al., 2009; Bekshaev et al., 2003;
Martínez-Herrero and Mejías, 2006b; Nemes and Siegman, 1994; Vasnetsov
et al., 2003). The existence of angular momentum is a consequence of the
beam structure and is responsible for the twisting spatial behavior of certain

y

x

xpyp
Fig. 2.3 Illustrating the
second-order moment <xy>.
The contour lines of equal
irradiance (isophotes)
correspond to an astigmatic
Gaussian profile at a
transverse plane. The
principal axes are denoted by
xP,yP
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Fig. 2.4 Illustrating the
spatial behavior of a twisted
Gaussian beam (upon free
propagation). The arrows
show the propagation
direction of the beam. See
also (Mejías et al., 2002)

fields under free propagation (see Fig. 2.4). Note, in this sense, that the time-
averaged orbital angular-momentum flux, Jz , transported by a beam through a
transverse plane z reads

Jz = I0

c
(〈xv〉 − 〈yu〉) . (2.10)

where c is the speed of light in vacuum. In particular Jz equals zero for
rotationally-symmetric Gaussian fields as well as for Hermite-Gauss beams,
but it changes for twisted Gaussian fields (Gori et al., 1994; Nemes and
Siegman, 1994; Simon and Mukunda, 1993) or for certain Laguerre-Gauss
beams. The reader should realize that, in general, no plane wavefront exists
in the waist region, but two cylindrical wavefronts separated by a certain dis-
tance. Hence, in a general case, there is no common waist along the orthogonal
x- and y-axes.

It is interesting to note that, for deterministic beams represented by a well-defined
electric field amplitude E, the above physical parameters can also be directly written
in terms of E as follows:

〈r2〉 = 1

I

∫∫
r2|E(r,θ )|2 r dr dθ , (2.11a)

〈η2〉 = 1

k2I

∫∫ (∣∣∣∣∂E

∂r

∣∣∣∣
2

+ 1

r2

∣∣∣∣∂E

∂θ

∣∣∣∣
2
)

r dr dθ , (2.11b)

〈r · η〉 = 1

k I

∫∫
r Im

[
E∗ ∂E

∂r

]
r dr dθ , (2.11c)

〈xy〉 = 1

2I

∫∫
r2 sin 2θ |E(r,θ )|2 r dr dθ , (2.11d)

〈xv − yu〉 = 1

k I

∫∫
Im

[
E∗ ∂E

∂θ

]
r dr dθ , (2.11e)

〈uv〉 = 1

k2I

∫∫ {
sin 2θ

2

(∣∣∣∣∂E

∂r

∣∣∣∣
2

− 1

r2

∣∣∣∣∂E

∂θ

∣∣∣∣
2
)

+ cos 2θ

r
Re

[
∂E∗

∂r

∂E

∂θ

]}
r dr dθ

(2.11f)
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where I = ∫∫ |E|2r dr dθ is a normalization factor, proportional to the beam power.
For illustrative purposes, in these equations we have used planar polar coordinates
r and θ , frequently encountered in the literature. Alternative expressions for the
second-order moments can be found, for example, in (Alda et al., 1997; Weber,
1992). Finally, let us briefly remark that the second-order moment 〈x2〉 takes the

value w2

4 for a Gaussian amplitude exp
(
− x2

w2

)
.

In this section we have focused the attention on the mathematical definition of
the irradiance moments. Details for the practical use of the above parameters can be
found in the ISO standard 11146.

2.2.2 Propagation and Measurement of the Irradiance
Moments

To analytically handle in a compact form the second-order irradiance moments of a
scalar beam, they are usually arranged in a 4×4 symmetric matrix, M̂, defined, at a
certain transverse plane, as follows

M̂ =

⎛
⎜⎜⎝

〈x2〉 〈xy〉 〈xu〉 〈xv〉
〈xy〉 〈y2〉 〈yu〉 〈yv〉
〈xu〉 〈yu〉 〈u2〉 〈uv〉
〈xv〉 〈yv〉 〈uv〉 〈v2〉

⎞
⎟⎟⎠ . (2.12)

We immediately see that all the moments introduced in (i)–(vi) can be written
in terms of the elements of matrix M̂. The usefulness of this matrix arises from the
simple link between the values of M̂ at the output and input planes of any first-order
optical system. The general propagation law takes the form (Bastiaans, 1989; Serna
et al., 1991)

M̂out = P̂ M̂inp P̂t, (2.13)

where P̂ is the 4×4 ABCD matrix representing the optical system (Siegman, 1986),
and the subscripts out and inp refer to output and input planes, respectively.

It is also important to notice that the second-order moments are measurable quan-
tities. The measurement procedure commonly employs CCD cameras or similar
devices such as pyroelectric matrix arrays. Apart from the resolution limit defined
by the pixel size of the camera, the main experimental limitation comes from the
signal-to-noise ratio of the output signal. Defective pixels, background noise and
electronic circuitry, among other noise sources, also reduce the performance of the
measurement devices.

The standard method used to determine the second-order moments records the
irradiance profile I(x,y,z) at different transverse planes by means of a sensor array
camera. From the data supplied by the camera (irradiance versus position), one com-
putes the purely spatial moments 〈x2〉, 〈y2〉 and 〈xy〉. Since they propagate in free
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space according to a parabolic law, by means of a fitting procedure of the exper-
imental data to the parabolic curves we obtain all moments except 〈xv〉 and 〈yu〉,
which are coupled. They can be determined through a pair of additional measure-
ments by using an auxiliary cylindrical lens. Here we do not proceed further into the
experimental procedure. Additional details can be found, for example, in (Mejías
et al., 2002).

It should also be mentioned that the above formalism based on the second-order
irradiance moments fails in certain cases (e.g., slit diffraction). The main problem
arises when one tries to analytically determine the far-field divergence. One finds
that this parameter becomes infinite. Any attempt to represent the sharp edge by
smooth functions fails too because the second-order moment 〈η2〉 takes higher val-
ues as the fit improves, and, in the limit, tends to infinite again. Although, on the
basis of the moments formalism, second-order characteristic beam parameters were
generalized for fields crossing through hard-edge openings (Martínez-Herrero and
Mejías, 1993b, Martínez-Herrero et al., 1995c; Martínez-Herrero et al., 2003b), this
is a problem whose analytical solution deserves further study in the future.

Let us finally remark that generalization of the above scalar formalism to light
pulses (nanoseconds) can be found in (Mejías and Martínez-Herrero, 1995; Encinas-
Sanz et al., 1998).

2.3 Second-Order Overall Characterization: Vectorial Case

In Chap. 1 we pointed out that partially polarized beams and polarization-altering
optical devices could be mathematically modelled by using the Stokes vectors and
Müller matrices. It was implicitly assumed, however, a uniform polarization distri-
bution across the beam profile. In the present section we will generalize the Stokes
formalism in order to characterize the overall spatial structure of a polarized light
field. The propagation laws through optical systems will also be investigated. This
formalism extends the description based on the irradiance moments, reported in the
previous section for the scalar case, to non-uniformly polarized beams.

2.3.1 The Wigner Matrix

Let us again consider an electromagnetic field propagating essentially along the z
axis. Assuming that the longitudinal component of the field is negligible, the electric
field vector reads (within the paraxial approach)

E (r,z) = (
Es (r,z) ,Ep (r,z)

)
. (2.14)

For the sake of convenience, the position vector r = (x,y) is defined in the present
section as the product of the wavenumber k by the transverse Cartesian coordinates
of the point at which the field is determined. To avoid any confusion, we will write
the dimensionless position vector kr in the form r̃ ≡ kr.
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For vectorial beamlike fields, it is customary to employ their cross-spectral den-
sity matrix (Born and Wolf, 1999; Mandel and Wolf, 1995; Perina, 1971; Wolf,
2007), namely,

Ŵ (r̃1,r̃2) = E†(r̃1,z)E(r̃2,z), (2.15)

where

E† =
(

E∗
s

E∗
p

)
. (2.16)

In terms of Ŵ, we can now introduce the so-called Wigner matrix, Ĥ, defined in
the form (Martínez-Herrero and Mejías, 1997b)

Ĥ(r̃,η,z) = 1

k2

∫∫
Ŵ
(

r̃ + s
2

,r̃ − s
2

)
exp(iη · s)ds, (2.17)

where r̃ = (r̃1+r̃2)/2 and s = r̃1−r̃2 as in the previous section. No confusion should
arise from the fact that the symbol H is also commonly used for the magnetic field,
because the Wigner matrix always appears with a caret.

Matrix Ĥ can also be written in the form

Ĥ (r̃,η,z) =
(

hss (r̃,η,z) hsp (r̃,η,z)
hps (r̃,η,z) hpp (r̃,η,z)

)
, (2.18)

where

hij (r̃,η,z) = 1

k2

∫∫
E∗

i

(
r̃ + s

2
,z
)

Ej

(
r̃ − s

2
,z
)

exp(i s · η)ds; i, j = s, p. (2.19)

It should be noted that the diagonal elements of Ĥ represent the WDF associ-
ated to each transverse component of the whole beam. In addition, the off-diagonal
elements hsp and hps accounts for the correlation between the two transverse compo-
nents of the field. In the scalar framework, only the diagonal elements of the Wigner
matrix would be considered.

2.3.2 The Stokes Matrices

Let us now define the so-called Stokes matrices in the form (Martínez-Herrero et al.,
1997b)

Ŝn =
∫∫

RtR Tr
(
σ̂nĤ(r̃,η)

)
dr̃dη, n = 0,1,2,3, (2.20)
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where

R = (r̃,η) = (x,y,u,v) (2.21)

is a 1×4 vector, σ̂0 denotes here the 2×2 identity matrix and σ̂1,σ̂2 y σ̂3 are again
the Pauli matrices. For the sake of convenience, we introduce the following notation

[αβ]ij =
∫∫

αβhij (r̃,η,z)dr̃dη; i,j = s,p; α,β = x, y, u, v, (2.22)

along with

[αβ]0 ≡ [αβ]ss + [αβ]pp , (2.23a)

[αβ]1 ≡ [αβ]ss − [αβ]pp (2.23b)

[αβ]2 ≡ [αβ]sp + [αβ]ps , (2.23c)

[αβ]3 ≡ i
(
[αβ]sp − [αβ]ps

)
, (2.23d)

where the subscripts 0, 1, 2 and 3 refer to the corresponding Stokes matrices.
As is quite apparent from Eq. (2.22), [αβ]ij are closely related with the second-

order moments of the WDF defined for scalar fields (cf. Eq. (2.4)). Moreover, the
quantities [αβ]n, n = 0, 1, 2, 3, resembles the structure of the conventional Stokes
parameters. It should also be noted that the present treatment reduces to the scalar
one for the particular case of uniformly linearly-polarized beams. In particular, the
standard Stokes parameters can be considered themselves as zero-order irradiance
moments.

Let us now write matrix Ŝ0 as follows

Ŝ0 =
(

Ŵ
2
0 �̂0

�̂
t
0 �̂

2
0

)
, (2.24)

where

Ŵ
2
0 ≡

([
x2
]

0

[
xy
]

0[
xy
]

0

[
y2
]

0

)
, (2.25a)

�̂
2
0 ≡

([
u2
]

0 [uv]0

[uv]0
[
v2
]

0

)
, (2.25b)

�̂0 ≡
(

[xu]0 [xv]0[
yu
]

0

[
yv
]

0

)
. (2.25c)

These 2×2 matrices contain the overall spatial characteristics of the beam,
namely,
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– the spatial structure of the transverse irradiance profile in the near field

(matrix Ŵ
2
0).

– the divergence of the beam (beam spread) at the far field (matrix �̂
2
0).

– the orbital angular moment of the beam (matrix �̂0).
– the averaged curvature radius (elements [xu]0,

[
yv
]

0).

In other words, matrix Ŝ0 gives, in the vectorial case, a similar information to that
provided by the beam matrix, M̂, in the scalar case. As a matter of fact, the elements
of both matrices are related through the formulae

〈x2〉 =
[
x2
]

0

4π2 k2I
; 〈y2〉 =

[
y2
]

0

4π2 k2I
, (2.26a)

〈u2〉 =
[
u2
]

0

4π2I
; 〈v2〉 =

[
v2
]

0

4π2I
, (2.26b)

〈xu〉 = [xu]0

4π2kI
; 〈yv〉 =

[
yv
]

0

4π2kI
, (2.26c)

〈xv〉 = [xv]0

4π2kI
; 〈yu〉 =

[
yu
]

0

4π2kI
, (2.26d)

〈xy〉 =
[
xy
]

0

4π2 k2I
; 〈uv〉 = [uv]0

4π2I
, (2.26e)

where

I = 1

4π2

∫∫
Tr Ĥ dr̃ dη, (2.27)

and <αβ>, α, β = x, y, u, v, are the second-order irradiance moments defined for
scalar fields in the previous section. It is important to note that, on the contrary
to that occurs concerning the dimensionless squared brackets, the spatial variables
inside the sharp brackets keep their usual dimensions (for example, <xu> exhibits
dimension of length).

Equations (2.26) allow to conclude that the spatial parameters introduced in the
scalar case can be obtained from the knowledge of the elements of the Stokes
matrix Ŝ0.

Let us finally remark the formal analogy between the well-known inequality
satisfied by the standard Stokes parameters,

s2
0 ≥ s2

1 + s2
2 + s2

3, (2.28)

and the diagonal elements of the Stokes matrices:

(
Tr Ŝ0

)2 ≥
(

Tr Ŝ1

)2 +
(

Tr Ŝ2

)2 +
(

Tr Ŝ3

)2
. (2.29)
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On the basis of this condition, a rather rough but simple classification scheme of
partially polarized beams can be outlined.

Any beam should belong to one of the following three categories:

(a) Second-order totally polarized beams.
These are beams fulfilling

(
Tr Ŝ0

)2 =
(

Tr Ŝ1

)2 +
(

Tr Ŝ2

)2 +
(

Tr Ŝ3

)2
. (2.30)

Belong to this type of fields, those uniformly totally polarized (UTP) beams
whose Cartesian components of the electric field vector are proportional, i.e.,

Es(r) = αEp(r), (2.31)

where α is a complex number.
(b) Second-order non-polarized beams.

These are beams fulfilling

Tr Ŝ1 = Tr Ŝ2 = Tr Ŝ3 = 0. (2.32)

Belong to this category those locally unpolarized beams (i.e., P(r) = 0 every-
where) whose divergences along de s- and p- directions take the same value
([η2]ss = [η2]pp). Of course, this is not the only example. We could also men-
tion, for instance, radial or azimuthally totally-polarized beams (see Chap. 1
and references therein).

(c) Second-order partially polarized beams.
These fields are defined through the inequality

(
Tr Ŝ0

)2
>
(

Tr Ŝ1

)2 +
(

Tr Ŝ2

)2 +
(

TrŜ3

)2
. (2.33)

Beams not included in the categories (a) and (b) belong to this type.

2.3.3 Propagation Laws and Measurement

Let us now report the propagation laws of the Stokes matrices through optical
systems. Attention will be focused on three kind of devices.

i. First-order optical (ABCD) systems
It can be shown that the general propagation law for the Stokes matrices, prop-

agating through first-order systems represented by 4×4 matrices P̂ =
(

Â B̂
Ĉ D̂

)
,

reads

Ŝout
n = P̂′Ŝinp

n (P̂′)t n = 0,1,2,3 , (2.34)
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which is formally identical to Eq. (2.13) for the scalar case. In this equation,
the superscripts out and inp refer to the output and input planes of the ABCD
system, and

P̂′ ≡
(

Â′ B̂′
Ĉ′ D̂′

)
(2.35)

where Â′= Â, B̂′= kB̂, Ĉ′ = 1
k Ĉ and D̂′= D̂. The changes should be introduced

because, in the Wigner-Stokes formalism, we are using dimensionless position
variables. Thus, although Â and D̂ are dimensionless, the elements of matrix B̂
are expressed in units of length and the elements of Ĉ are given in units of the
inverse of length.

Two immediate consequences can be obtained from the propagation law
(2.34):

(a) The Stokes matrices propagate through ABCD optical systems indepen-
dently each other.

(b) There are two kinds of beams that retain the same character (with regard to
the polarization) after propagation through ABCD systems:

– Uniformly totally polarized beams.
– Second-order non-polarized beams for which (Martínez-Herrero et al.,

1997b; Mejías et al., 2002)

Ŝ1 = Ŝ2 = Ŝ3 = 0. (2.36)

ii. Spatially-uniform polarization-altering (SUPA) systems
They are optical devices whose components modify the polarization state of the
light in a uniform way throughout the beam cross-section. They are described
by Müller matrices with constant elements.

In this case, the general propagation law for the Stokes matrices becomes
(Martínez-Herrero et al., 1997b)

Ŝout
n =

3∑
m=0

M̂nmŜinp
m , n,m = 0, 1, 2, 3, (2.37)

where M̂nm denote the elements of the Müller matrix. It is important to notice
that, unlike to that occurs for first-order optical systems, the Stokes matrices,
in general, do not propagate through SUPA systems independently each other:
Each Stokes matrix at the output of such kind of systems depends, in principle,
on the values of the four Stokes matrices associated to the incident beam.

iii. Mixed systems
They should be understood as the combination of first-order optical systems and
SUPA devices cascaded in an arbitrary way. This kind of systems exhibits two
analytical properties:

(a) The ABCD matrix that represents a first-order optical component com-
mutes with the Müller matrix associated to a SUPA device. Note, however,
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that two ABCD matrices, in general, does not commute. The same applies
for the Müller matrices.

(b) All the ABCD components of a mixed system, represented by the dimen-
sionless matrices P̂n, n = 1,2 . . . , N, can be reduced to an equivalent
first-order optical device whose ABCD matrix, P̂eq, is given by

P̂eq =
N∏

n=0

P̂n (2.38)

In asimilar way, all the SUPA devices of a mixed system, represented by the
Müller matrices M̂m, m =1, 2. . ., M, can be reduced to an equivalent SUPA
component whose Müller matrix M̂eq is

M̂eq =
M∏

m=0

M̂m. (2.39)

Taking the above properties into account, it can be shown that the propagation
law of the Stokes matrices of a general beam through mixed systems reads

Ŝout
p = P̂eq

⎛
⎝ 3∑

q=0

M̂eq
pq Ŝinp

q

⎞
⎠(P̂eq

)t
, p,q = 0,1,2,3, (2.40)

or, making use of the commutative property,

Ŝout
p =

3∑
q=0

M̂eq
pq

(
P̂eqŜinp

q

) (
P̂eq
)t

, p,q = 0,1,2,3. (2.41)

Let us finally remark that all the elements of the four Stokes matrices are mea-
surable quantities. The procedure to determine the Stokes matrices is based on
the well-known procedure to get the conventional Stokes parameters. Accord-
ingly, a mixed system composed of a quarter-wave plate, a free propagation
distance and a linear polarizer is used. The key of the method is to link matrix

z = 0 z = z1

Mixed
system

S0, S1, S2, S3 S0,z1

incident
beam

output 
beam

Fig. 2.5 Illustrating the basis
of the procedure employed to
determine the Stokes matrices
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Ŝ0 at a plane z = z1 with the Stokes matrices at the plane z = 0 where we want
to measure their values (see Fig. 2.5).
Since the elements of Ŝ0 are connected with the second-order irradiance
moments, our measurement problem reduces to obtain such moments. Here we
do not proceed further into the details of the experimental methods used to find
the Stokes matrices (see, in this connection, (Mejías et al., 2002) and references
therein).

2.3.4 Invariant Parameters

In terms of the Wigner-Stokes formalism, we are now going to introduce certain
overall parameters that remain invariant upon propagation through rotationally-
symmetric first-order optical systems. In addition, these parameters do not change
under rotation of the transverse Cartesian axes with respect to which the electric
field components are given.

To begin with, let us first define a matrix T̂ in the form

T̂ =
(

r̃ · r̃ r̃ · η

η · r̃ η · η

)
, (2.42)

where r̃ is again the dimensionless position vector. In terms of the elements of
matrix T̂ , the following 2×2 matrices can be introduced (Martínez-Herrero and
Mejías, 2007):

ζ̂n =
∫

T̂ Tr
(
σ̂nĤ

)
dr̃dη, n = 0,1,2,3, (2.43)

which are expressed in explicit form as follows:

ζ̂0 =
( [

r̃2
]

ss + [
r̃2
]

pp

[
r̃ · η

]
ss + [

r̃ · η
]

pp[
r̃ · η

]
ss + [

r̃ · η
]

pp

[
η2
]

ss + [
η2
]

pp

)
, (2.44a)

ζ̂1 =
( [

r̃2
]

ss − [
r̃2
]

pp

[
r̃ · η

]
ss − [

r̃ · η
]

pp[
r̃ · η

]
ss − [

r̃ · η
]

pp

[
η2
]

ss − [
η2
]

pp

)
, (2.44b)

ζ̂2 = 2Re

( [
r̃2
]

sp

[
r̃ · η

]
sp[

r̃ · η
]

sp

[
η2
]

sp

)
, (2.44c)

ζ̂3 = 2Im

( [
r̃2
]

sp

[
r̃ · η

]
sp[

r̃ · η
]

sp

[
η2
]

sp

)
. (2.44d)

It can be shown that ζ̂n, n = 0,1,2,3, also read

ζ̂n =
(

Tr (S11)n Tr (S12)n
Tr (S21)n Tr (S22)n

)
, (2.45)
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where (S11)n, (S12)n, (S21)n and (S22)n denote the 2×2 matrices associated to the
4×4 Stokes matrix Ŝn, namely

Ŝn =
(
(S11)n (S12)n
(S21)n (S22)n

)
. (2.46)

For example,

(S11)0 ≡ Ŵ2
0 ≡

([
x2
]

0

[
xy
]

0[
xy
]

0

[
y2
]

0

)
≡
([

x2
]

ss + [
x2
]

pp

[
xy
]

ss + [
xy
]

pp[
xy
]

ss + [
xy
]

pp

[
y2
]

ss + [
y2
]

pp

)
, (2.47a)

(S12)0 ≡ (S21)
t
0 ≡ �̂0 ≡

(
[xu]0 [xv]0[
yu
]

0

[
yv
]

0

)
≡
(

[xu]ss + [xu]pp [xv]ss + [xv]pp[
yu
]

ss + [
yu
]

pp

[
yv
]

ss + [
yv
]

pp

)
,

(2.47b)

(S22)0 ≡ �̂2
0 ≡

([
u2
]

0 [uv]0

[uv]0
[
v2
]

0

)
≡
([

u2
]

ss + [
u2
]

pp [uv]ss + [uv]pp

[uv]ss + [uv]pp
[
v2
]

ss + [
v2
]

pp

)
, (2.47c)

and so on.
Recall that the Stokes matrices Ŝn provide an overall description of non-

uniformly partially-polarized beams through general optical systems (including
polarization-altering devices). In a complementary way, the matrices ζ̂n can be of
use to characterize such beams through rotationally-symmetric ABCD systems.

To further clarify this point, let us first report several properties of these
polarization matrices:

(i) Tr̂ ζn = Tr Ŝn. This follows at once from Eqs. (2.45) and (2.46).
(ii) For matrices ζ̂n, the propagation law through rotationally-symmetric first-order

optical systems takes the form

(
ζ̂n

)
output

= P̂′ (ζ̂n

)
input

(P̂′)t n = 0,1,2,3, (2.48)

where the 2×2 dimensionless matrix P̂′ was defined in Eq. (2.35). Note that
Eq.(2.48) is formally identical to the propagation law of the Stokes matrices
through ABCD systems.

(iii) Under rotation of the transverse Cartesian axes around the propagation direc-
tion z, the matrices ζ̂n become

ζ̂ ′
0 = ζ̂0; (2.49a)

ζ̂ ′
3 = ζ̂3, (2.49b)

ζ̂ ′
1 = cos 2θ ζ̂1 + sin 2θ ζ̂2, (2.49c)

ζ̂ ′
2 = −sin 2θ ζ̂1 + cos 2θ ζ̂2, (2.49d)
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where the primes denote the matrices after rotation, and θ is the rotation angle.
To get this result we have taken into account that the electric field components
read after rotation

E′
s = cos θ Es + sin θ Ep (2.50a)

E′
p = −sin θ Es + cos θ Ep (2.50b)

In terms of matrices ζ̂n, a number of invariant overall parameters can be
introduced:

(i) Detζ̂0 (2.51)

(ii) Detζ̂3 (2.52)

(iii) Detζ̂1 + Detζ̂2. (2.53)

It follows from the propagation law (2.48) that these three parameters remain
constant when the beam propagates along rotationally-symmetric optical systems
(which are the most frequently encountered in the literature). Accordingly, these
invariant parameters can be used as suitable labels to characterize, in an analytical
way, the spatial distribution of the polarization state of beams propagating through
this type of systems. Moreover, since the elements of the Stokes matrices are mea-
surable quantities, the same applies for these parameters. Note that they are also
invariant upon rotation of the transverse Cartesian axes.

Let us finally point out that a family of additional invariants can easily be derived
from the former ones. Here we only mention two of them:

(a) M = Detζ̂0 −
3∑

i=1

Detζ̂i, (2.54)

and
(b)

N =
2Detζ̂0

∣∣∣∣∣
3∑

i=1
Detζ̂i

∣∣∣∣∣(
Detζ̂0 +

∣∣∣∣∣
3∑

i=1
Detζ̂i

∣∣∣∣∣
)2

, (2.55)

with 0 ≤ N ≤ 1.

As is clear from the invariance properties of parameters (2.51), (2.52), and (2.53),
M and N inherit this behaviour, namely, M and N do not change upon both, propa-
gation through rotationally-symmetric ABCD systems and rotation of the transverse
coordinate axes. We do not proceed further into the applications of the invariant
parameters. This point deserves more study in the future.
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2.4 Generalized Degree of Polarization

As we pointed out earlier (see Chap. 1), when we deal with non-uniformly polarized
beams, the point-dependent information about the polarization state is provided by
the local degree of polarization, P(r), defined in Sect. 1.2. However, P(r) is not a
parameter or figure of merit, but a function.

In the following, a global parameter will be considered in order to character-
ize both the polarization state and its uniformity across the transverse profile of a
general partially polarized beam.

2.4.1 Definition and Properties of Generalized Degree
of Polarization

Within the framework of the Wigner-Stokes formalism, let us introduce the so-called
generalized degree of polarization, defined at a transverse plane in the form (Movilla
et al., 1998)

PG =

√√√√√√
(

Tr Ŝ1

)2 +
(

Tr Ŝ2

)2 +
(

Tr Ŝ3

)2

(
Tr Ŝ0

)2
=

√√√√√√
(

Tr ζ̂ 1

)2 +
(

Tr ζ̂ 2

)2 +
(

Tr ζ̂ 3

)2

(
Tr ζ̂ 0

)2
.

(2.56)
Note that the second equality follows from the property (i) of matrices ζ̂ n, n =

0,1,2,3 (see Sect. 2.3).
As is quite evident from this definition, PG exhibits a similar analytical structure

to the standard degree of polarization P. Furthermore, this formal similarity extends
to two main properties, namely,

(i) 0 ≤ PG ≤ 1, (2.57)

and
(ii) PG is independent of the choice of the Cartesian s- and p-axis. Note, in this

sense, that PG is given in terms of the traces of symmetric matrices, which are
rotationally invariant (around the z-axis).

It can also be shown that PG = 1 for second-order totally polarized beams, and
PG = 0 for second-order non-polarized beams. Moreover, it follows at once that PG
remains invariant under propagation through ABCD systems for two kind of fields,
namely, uniformly totally polarized beams, and second-order non-polarized beams
fulfilling Ŝ1 = Ŝ2 = Ŝ3 = 0.

A final property concerns the propagation of PG: this parameter satisfies the same
law that governs to the Stokes matrices, restricted to their diagonal elements.
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2.4.2 Physical Meaning and Measurement

For non-uniformly totally polarized beams, the generalized degree of polarization
provides a measure of the uniformity of the polarization over the regions of the beam
profile where the irradiance is not negligible. This can be illustrated by means of the
following example.

Let us consider a non-uniformly totally-polarized beam whose electric field
vector E at the plane z = 0 is given by the Jones vector (Movilla et al., 1998)

E(r) =
(

Es(r)
Ep(r)

)
= Eo exp

[
−
(

r

w0

)2
](

cos
[
f (r)

]
sin
[
f (r)

]
)

, (2.58)

with

f (r) = π

2
exp

[− (ar)n
]

, n = 16, (2.59)

where E0 is a constant amplitude factor, r denotes the radial polar coordinate, w0
represents the beam size at the waist plane and a–1 is a measure of the width of the
superGaussian function f(r). Thus, the beam given by Eq. (2.58) exhibits a Gaussian
irradiance profile and, at each point of its cross-section, the field is linearly polarized
whose azimuth depends on the distance to the propagation axis z.

The spatially-distributed polarization of this beam is illustrated in Fig. 2.6a and c
for three different values of the dimensionless product aw0: Inside the circle whose
radius is ≈ a–1 the beam closely behaves as a uniformly linearly polarized field with
negligible s-component. Outside such a circle, the field remains uniformly polar-
ized but now with Ep ≈ 0. The abrupt transition between both regions is a direct
consequence of the high superGaussian character (n = 16) of function f(r).

(a) (b) (c)

Fig. 2.6 Spatial distribution of the polarization state of the field E given by Eq. (2.58) at the
transverse plane z = 0. The radii of the circles are 1/a (continuous line) and w0 (dashed line). The
small segments show the local orientation of the linearly polarized field. See also (Movilla et al.,
1998)
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Fig. 2.7 Generalized degree
of polarization PG versus the
dimensionless product aw0.
See also (Movilla et al., 1998)

In Fig. 2.6a (with aw0<<1) the beam is nearly p-polarized inside the solid-line
circle, which is the region where the irradiance takes significant values. On the other
hand, in Fig. 2.6b (with aw0>>1) the beam behaves as s-polarized over the whole
transverse profile except over a small region around its center. Finally, in Fig. 2.6c
(with aw0 ≈ 1) the overall irradiance associated to the s- and p-regions are balanced.

It is illustrative to calculate the generalized degree of polarization in terms of the
product aw0. This is represented in Fig. 2.7.

Parameter PG approaches unity for the cases shown in Fig. 2.5a and b, butPG
drastically reduces (PG < 0.3) when aw0 approaches 1 (Fig. 2.5c).

In summary, we conclude for the example presented here (totally polarized field)
that values of PG nearly 1 means that the beam essentially behaves as uniformly
polarized, at least across the region of the beam profile where the irradiance is
significant. The opposite case, PG ≈ 0, would imply the lack of a global definite
polarization over such peak irradiance.

The parameter PG can be experimentally determined from the measurement of
the traces of the Stokes matrices. In the following we briefly describe two proce-
dures to determine them. Both methods involve the measurement of the total power
together with the beam width and divergence for several orientations of a polarizer
and a quarter-wave plate at an observation plane, which remains unchanged during
the procedure.

Method A
It follows four steps (Movilla et al., 2000):

Step 1
Measurement of the global power, I, (squared) beam width 〈r2〉, and

(squared) far-field divergence 〈η2〉 at the observation plane after free
propagation. Here, the measurements are performed with no use of
any polarizing element.
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Step 2
Measurement of the same parameters as before but now the beam travels

through a polarizer which accepts linear polarization in the azimuth
α = 0◦, where α indicates the orientation of the transmission axis of
the polarizer with respect to the s-axis.

Step 3
Same measurements as in step 2 but now with α = 45◦.
Step 4
Measurement of I, 〈r2〉 and 〈η2〉 after the beam propagates successively

through a quarter-wave plate (whose fast axis makes an angle 0◦ with
the s-axis) and a polarizer with α = 45◦.

In terms of the experimental data, the traces of the matrices Ŝi are given by the
following equations:

Tr S0 = 4π2
(

k2〈r2〉FP + 〈η2〉FP

)
IFP, (2.60a)

Tr S1 = 1

T1 − T2

[
8π2 I0◦

(
k2〈r2〉0◦ + 〈η2〉0◦

)
− (T1 + T2)TrŜ0

]
,

(2.60b)

Tr S2 = 1

T1 − T2

[
8π2 I45◦

(
k2〈r2〉45◦ + 〈η2〉45◦

)
− (T1 + T2)TrŜ0

]
,

(2.60c)

Tr S3= 1

T1 − T2

⎡
⎣8π2 I λ

4 ,45◦

T λ
4

(
k2〈r2〉 λ

4 ,45◦ + 〈η2〉 λ
4 ,45◦

)
−(T1 + T2)TrŜ0

⎤
⎦ ,

(2.60d)
where the subscript FP means free propagation, the coefficients T1 and
T2 are the major and minor principal transmittances of the polarizer, T λ

4
is the transmittance of the quarter-wave plate and the subscripts 0◦, 45◦,
and λ

4 ,45◦ refer to the value of α and to the presence of the quarter-
wave plate.

Method B
In this case the first steps measure the total power, the beam width and the

divergence after the beam propagates through a polarizer oriented so as
to transmit the component in the azimuths (i) α = 0◦; (ii) α = 45◦; (iii)
α = 90◦ and (iv) α = 135◦. The same parameters are then measured after
the beam travels successively through a quarter-wave plate whose fast-axis
makes an angle 0◦ with the s-axis, and a polarizer with azimuth α=45◦ and
α = 135◦; respectively. Again, the observation plane is not changed during
the process.
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The traces of the Stokes matrices now become

Tr S0 = 4π2

T1 + T2

[
I0◦
(

k2〈r2〉0◦ + 〈η2〉0◦
)

+ I90◦
(

k2〈r2〉90◦ + 〈η2〉90◦
)]

(2.61a)

Tr S1 = 4π2

T1 − T2

[
I0◦
(

k2〈r2〉0◦ + 〈η2〉0◦
)

− I90◦
(

k2〈r2〉90◦ + 〈η2〉90◦
)]

,

(2.61b)

Tr S2 = 4π2

T1 − T2

[
I45◦

(
k2〈r2〉45◦ + 〈η2〉45◦

)

−I135◦
(

k2〈r2〉135◦ + 〈η2〉135◦
)] (2.61c)

Tr S3 = 4π2

T λ
4
(T1 − T2)

[
I λ

4 ,45◦
(

k2〈r2〉 λ
4 ,45◦ + 〈η2〉 λ

4 ,45◦
)

−I λ
4 ,135◦

(
k2〈r2〉 λ

4 ,135◦ + 〈η2〉 λ
4 ,135◦

)]
.

(2.61d)

Let us finally remark that the main difference between the above methods arises
from the existence in the former case of measurements of the direct, freely prop-
agating beam, without using any polarizing elements, whereas, in method B, all
measurements involve the presence of a polarizer.

Although the procedures are analytically simple, some care, however, is required
because the optical devices are not ideal and may exhibit certain harmful effects.

For example, special attention should be taken to align the system in order that
the beam crosses through the center of the optical components. Thus, when these
components rotate, the influence of their spatial inhomogeneities on the overall irra-
diance will be strongly reduced. In an ideal configuration, note also that PG should
be independent of the angle formed by the polarization plane of the input beam
(fixed all along the experiment) and the s-axis.

Let us finally remark that the polarizer could introduce some distortion into the
beam irradiance profile. In particular, although the beam size of a uniformly polar-
ized field should not change after crossing an ideal polarizer, however, in practice,
the total irradiance reduction caused by the polarizer alters the beam width due to
the influence of background and offset noises.

2.4.3 Generalized Degree of Polarization of Beams Emerging
from Optically-Pumped Nd:YAG Rods

As an illustrative example, we will now determine the generalized degree of polar-
ization of the field at the output of an optically pumped Nd:YAG rod. We will see
that PG could be a useful tool to infer the behavior of certain parameters of the
system.
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As is well known, the active medium in high-power solid-state laser resonators
(for example, cylindrical rod in Nd:YAG lasers), involves thermal processes pro-
duced by both absorption of radiation and cooling. These thermal effects give
rise to changes in the temperature, which exhibit a spatial dependence on the
radial polar coordinate r (assuming homogeneous pumping in the laser rod).
Moreover, birefringent mechanical strains are also induced by the temperature
gradient.

In the particular case of high-power Nd:YAG lasers, the thermal processes gen-
erate a refractive index with a parabolic dependence on r. In other words, the laser
rod behaves as a thin lens (thermal lens). In addition, the rod becomes birefringent
with two values of the refractive index, nr and nφ , associated to light polarized along
radial and azimuthal directions, respectively, (Lü et al., 1995)

nr (r) = n0

(
1 − αr

2
r2
)

, (2.62)

nϕ (r) = n0

(
1 − αϕ

2
r2
)

, (2.63)

n0 being the refractive index at the center of the rod and αr and αφ being func-
tions of a number of parameters, namely, the total power absorbed by the rod, the
radius and the length of the rod, the thermal conductivity, and the photoelastic coef-
ficients associated to the radial and azimuthal components.(Hodgson and Weber,
1993; Martínez-Herrero et al., 1995b; Montmerle et al., 2006)

Assuming well-collimated beams traveling along the rod, the birefringent
medium may be modelled by a Jones matrix (referred to the Cartesian s and p axes):

Ĵ =
(

Jss(r,θ ) Jsp(r,θ )
Jsp(r,θ ) Jpp(r,θ )

)
, (2.64)

with

Jss(r,θ ) = eikLnr(r) cos2 θ + eikLnϕ(r) sin2 θ , (2.65a)

Jsp(r,θ ) =
[
eikLnr(r) − eikLnϕ(r)

]
sin θ cos θ , (2.65b)

Jpp(r,θ ) = eikLnr(r) sin2 θ + eikLnϕ(r) cos2 θ , (2.65c)

where L is the length of the rod and the angle θ is shown in Fig. 2.8.
The active medium would then modify the polarization state of the input beam

in a spatially non-uniform way. Note, however, that incident beams with radial or
azimuthal linear polarization do not alter their polarization state after propagating
through the rod.

For simplicity, let us now consider a typical linearly-polarized rotationally-
symmetric Gaussian beam whose waist coincides with the entrance plane of the
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Jones matrix Ĵ: r and θ
denote polar coordinates at a
plane orthogonal to the rod
axis z

active medium. The amplitude of the electric field vector associated to such beam
reads

E (r,θ) = E0 exp

(
− r2

w2
0

)(
1
0

)
, (2.66)

where E0 and w0 are constants. By assuming the rod wide enough to neglect the
border effects (diffraction and gain saturation effects are also ignored), the s- and
p- components of the field at the output plane of de rod will then be obtained by
applying the Jones matrix Ĵ to E (r,θ), and one gets

Es (r,θ) = E0

[
eikLnr(r) cos2 θ + eikLnϕ(r) sin2 θ

]
exp

(
− r2

w2
0

)
, (2.67a)

Ep (r,θ) = E0 sin θ cos θ
[
eikLnϕ (r) − eikLnr(r)

]
exp

(
− r2

w2
0

)
. (2.67b)

From these equations, after lengthy but straightforward calculations, we find the
following simple expression for the generalized degree of polarization at the output
plane of the rod:

PG = 1

2

[
1 + 1 − β

(1 − β)2

]
, (2.68)

where the constant β contains information about the optical characteristics of the
material, the beam size and the energy supplied to the medium (Movilla et al., 2000)

Equation (2.68) shows a one-to-one correspondence between PG and β. Accord-
ingly, the measurement of PG would provide the value of β. The experimental set-up
used to measure PG is shown in Fig. 2.9, and PG is plotted as a function of β in
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Fig. 2.9 Experimental setup used to measure the generalized degree of polarization, PG, of an (ini-
tial) Gaussian beam crossing a birefringent optically-pumped Nd:YAG rod. F denotes neutral filters
employed to attenuate the beam irradiance; P1 represents a polarizer that controls the azimuth of
the incident beam; M shows the presence of a magnifier 3× that increases the beam size; A1 and A2
are two apertures to avoid that the light coming from the pumping lamps enter inside the detector;
and finally λ/4 and P2 symbolize the quarter-wave plate and the polarizer, respectively, that are
used to determine the traces of the Stokes matrices. See also (Movilla et al., 2000)

Fig. 2.10. No experimental value appears in the central region of the curve because
the beam size is not large enough to allow the accurate measurement of its width.

We see from Fig. 2.10 that the field essentially behaves as a uniformly polarized
beam across its transversal section for low values of β. However, as β increases,
the pumping produces non-uniform optical anisotropies inside the rod within the
central regions, and the value of PG reduces (non-uniform polarization distribution).
Finally, PG reaches a quasi-asymptotic behaviour for high pumping power, which
means that depolarization is not complete. The same conclusion was also inferred
by other authors analyzing a similar system (Kugler et al., 1997).

Fig. 2.10 PG versus β. The
circles are the experimental
data and the continuos line
plots the theoretical curve (cf.
Eq.(2.68)) that best fits the
experimental values.
Ordinates include values
greater than 1 because the
experimental errors make PG
exceeds the limit value 1. See
also (Movilla et al., 2000)
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2.4.4 Classification Scheme of Partially Polarized Beams

The generalized degree of polarization, PG, may be considered, in a sense, com-
plementary to the parameters P̃ and σ̃ 2

p introduced in Chap. 1. To clarify this, let
us again consider, for example, a radially polarized beam, whose polarization state
is linear and oriented along radial lines from the beam axis. For these fields, P̃ =
1 and σ̃ 2

p = 0, which are identical to the values associated to uniformly totally-
polarized beams. To distinguish between both types of beams parameter PG can
be used: PG equals zero for radially polarized fields but reaches its maximum
value PG = 1 for uniformly totally polarized beams. Of course, in this example
the radial polarization content can also be inferred from the parameters introduced
in Sect. 1.5.

The triad of parameters PG, P̃ and σ̃ 2
p provide, in addition, a global para-

metric characterization of the spatial distribution of the polarization state over
the whole beam profile. On this basis, a rough but rather simple classification
scheme of general (paraxial) partially polarized beams may formally be stated.
Table 2.1 shows the sequence to be followed in order to classify a beam accord-
ing with this scheme: thus, for example, the values σ̃ 2

p = 0, P̃ = 1, PG < 1
would correspond to a non-uniformly totally polarized beam. We also see from
Table 2.1 that, in certain cases, it is not necessary to determine all the three
parameters.

Table 2.1 Classification scheme of partially polarized beams based on the parameters PG, P̃ and
σ̃ 2

p . The acronyms refer to the following types of fields: UP (uniformly polarized beams); UTP (uni-
formly totally polarized beams); UPP (uniformly partially polarized beams); NP (non-polarized
beams); NUTP (non-uniformly totally polarized beams); NUPP (non-uniformly partially polarized
beams)

p

p

UP

NUTP

NUPP

NP

UPP

UTP G

G
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2.5 Beam Quality Parameter of Partially Polarized fields

In practice, it would be useful to handle a figure of merit providing a joint descrip-
tion of the focussing and collimation capabilities of a laser beam. To this purpose,
the so-called beam quality parameter, Q, has been defined in the literature for
partially-coherent scalar fields in terms of the second-order irradiance moments
introduced in Sect. 2.2 (Lavi et al., 1988; Martínez-Herrero et al., 1992a, b;
Martínez-Herrero and Mejías 1994; Mejías et al., 2002; Serna et al., 1991; Siegman,
1990, 1993a, b; Simon et al., 1988; Weber, 1992):

Q = 〈x2 + y2〉〈u2 + v2〉 − 〈xu + yv〉2 = 〈r2〉 〈η2〉 − 〈r · η〉2, (2.69)

where, again, for simplicity, it has been assumed that 〈x〉 = 〈y〉 = 〈u〉 = 〈v〉 = 0.
Since 〈xu〉 + 〈yv〉 vanishes at the waist plane (see Sect. 2.2.1), the parameter Q can
also be written in the form

Q = 〈r2〉w〈η2〉 (2.70)

where the subscript w means that the beam size is calculated at the waist plane. We
thus see that this parameter contains simultaneous information of both the space
and the spatial-frequency domains, characterizing the overall spatial structure of the
beam at the near and at the far field. It should also be noticed that the squared root
of Q is identical, a factor k = 2π/λ apart, to the so-called beam propagation factor,
M2, introduced by Siegman (1990), namely,

M2 = k Q1/2. (2.71)

The parameter Q exhibits two outstanding and practical properties:

(i) It remains invariant upon propagation through rotationally-symmetric first-
order optical systems (even for beams without such symmetry and with
non-zero crossed moments, 〈xy〉, 〈xv〉, 〈yu〉 or 〈uv〉).

(ii) It has a lower limit, given by the expression (uncertainty relation)

Q ≥ 1/k2, (2.72)

or, equivalently,

M2 ≥ 1, (2.73)

where the equalities are only reached by a Gaussian beam (best quality). It
should also be remarked that the beam quality improves (better capabilities of
the beam) when Q takes lower values, and, conversely, the quality deteriorates
when the numerical value of Q increases.
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These properties along with the simple measurement procedure explain why the
beam propagation factor M2 has been accepted as the current ISO beam quality
standard (ISO, 1999, 2005).

A generalization of the quality parameter for the vectorial case can be achieved
by extending, in a natural way, the former definition of Q, i.e., (Lü et al., 1995)

Q = 〈r2〉〈η2〉 − 〈r · η〉2, (2.74)

where the second-order moments of the global vectorial beam now include both
components, namely,

〈r2〉 = Is

I
〈r2〉s + Ip

I
〈r2〉p, (2.75)

〈η2〉 = Is

I
〈η2〉s + Ip

I
〈η2〉p, (2.76)

〈r · η〉 = Is

I
〈r · η〉s + Ip

I
〈r · η〉p, (2.77)

In these equations

〈αβ〉i = 1

Ii

k2

4π2

∫∫∫
αβ E∗

i (r + s/2,z)Ei (r - s/2,z) exp(iks.η)ds dr dη,

i = s, p; α,β = x,y,u,v (2.78)

denote the second-order moments associated to the respective field components

Ii = ∫∫ |Ei(r)|2 dr, i = s,p and I = Is+Ip. The presence of the factors Ii/I, i = s,
p, arises from the different normalization constants (I and Ii) of the moments asso-
ciated to the overall beam and to the field components, respectively. Note also that
we are using sharp brackets to write the irradiance moments. Accordingly, r = (x,
y) represents, as usual, the conventional position vector, with dimension of length.

As occurs in the scalar case, the parameter Q does not change when the beam
freely propagates. Moreover, for any field, Q also satisfies the inequality

Q ≥ 1/k2, (2.79)

where now the equality holds for uniformly totally-polarized Gaussian beams.
The parameter Q can also be written in terms of the beam qualities, Qs and Qp,

associated to the electric field components. We have

Q =
(

Is

I

)2

Qs +
(

Ip

I

)2

Qp +
(

IsIp

I2

)
Qsp, (2.80)
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where

Qi = 〈r2〉i〈η2〉i − 〈r · η〉2
i , i = s, p, (2.81)

and

Qsp = 〈r2〉s〈η2〉p + 〈r2〉p〈η2〉s − 2 〈r · η〉s 〈r · η〉p, (2.82)

For illustrative purposes, let us again consider the beam emerging from an opti-
cally pumped Nd:YAG rod (see the above section). It can be shown that the value
of Q at the output plane of the rod is given by the simple formula (Lü et al., 1995;
Mejías et al., 2002)

Q = 1

k2
[1 + β + ln(1 + β)] . (2.83)

Accordingly, when β grows, the beam quality deteriorates. From the analytical
expression of parameter β, it can be concluded that, in order to improve the beam
quality of the output beam:

(i) the pumping power should decrease, and/or
(ii) the radius of the rod should increase, and/or

(iii) the transverse beam size should reduce.

This example shows how the beam quality parameter of the emerging field could
be of simple practical use when designing laser devices.

2.6 Overall Parametric Characterization of PGSM Beams

We next apply the above parameters to provide a characterization of partially-
polarized Gauss-Schell model (PGSM) beams, which were introduced in Chap. 1.
More specifically, we investigate the behavior of the beam quality parameter and
the different degrees of polarization (including PG). For simplicity, the interest is
focused on a particular class of PGSM beams, namely, those generated by PGSM
sources that cannot be distinguished from ordinary GSM fields when polarization
measurements are disregarded (i.e., when no anisotropic devices are inserted across
the beam path).

Let us begin by writing the cross-spectral density matrix describing such fields
at the waist plane (which takes a similar form to the corresponding BCP matrix)

Ŵ (r1, r2) = exp

(
− r2

1 + r2
2

4σ 2

)

×

⎛
⎜⎜⎝

As exp
[
− (r1−r2)

2

2μ2

]
Asp exp

[
− (r1−r2)

2

2μ2
sp

]

Asp exp

[
− (r1−r2)

2

2μ2
sp

]
Ap exp

[
− (r1−r2)

2

2μ2

]
⎞
⎟⎟⎠

, (2.84)
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where the parameters σ , μ, μsp, As, Ap and Asp are analogous to those defined
in Sect. 1.6. It should be remarked that they are linked through certain conditions
derived from general properties of the cross-spectral density matrix (Gori et al.,
2008).

For this kind of beams, the second-order irradiance moments become

〈r2〉 = 2〈r2〉s = 2〈r2〉p = 2〈r2〉sp = 2σ 2, (2.85a)

〈η2〉 = 2〈η2〉s = 2〈η2〉p = 1

2k2σ 2χ
, (2.85b)

〈η2〉sp = 1

4k2σ 2χsp
, (2.85c)

where χand χsp are given by the expressions

1

χ
= 4σ 2

(
1

4σ 2
+ 1

μ2

)
, (2.86a)

1

χsp
= 4σ 2

(
1

4σ 2
+ 1

μ2
sp

)
, (2.86b)

along with the condition χsp ≥ χ . In Eqs. (2.85), the irradiance moments are defined
by Eqs. (2.75), (2.76), (2.77), and (2.78), and

〈r2〉sp = 1

Isp

k2

4π2

∫∫∫ (
x2 + y2

)
E∗

s (r + s/2,z)Ep (r − s/2,z) exp (ik s · η) ds dr dη,

(2.87a)

〈η2〉sp = 1

Isp

k2

4π2

∫∫∫ (
u2 + v2

)
E∗

s (r + s/2,z)Ep (r − s/2,z) exp (ik s · η)ds dr dη,

(2.87b)
where

Isp =
∫∫

Es(r)E∗
p(r)dr. (2.88)

Let us now introduce the quantity Q̃sp in the form

Q̃sp = 4〈r2〉sp〈η2〉sp, (2.89)

Note that Q̃sp involves the cross-correlation between the orthogonal s and p com-
ponents of the field. No confusion should arise with regard to the function Qsp given
by Eq. (2.82), which did not consider any cross-correlation between components.
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Both parameters, Q and Q̃sp are connected with the characteristic constants of
the beam:

Q = 1

k2χ
, (2.90a)

Q̃sp = 1

k2χsp
, (2.90b)

and satisfies Q̃sp ≤ Q (remember that χsp ≥ χ ).
On the other hand, after some algebra, it can be shown that the standard degree

of polarization of this class of fields turns out to be

Pst =
√√√√(As − Ap

As + Ap

)2

+ 4A2
sp(

As + Ap
)2 , (2.91)

and, according with the equations given in Sect. 1.6, the local degree of polarization
can be written in the form

P (r,z) =
√√√√(As − Ap

As + Ap

)2

+ 4A2
sp(

As + Ap
)2 f 2 (z) exp

[−a (z) r2
]
,

where functions f (z) and a (z) are related with the spatial parameters Q and Q̃sp by
the expressions

f (z) = 4σ 4 + z2Q

4σ 4 + z2Q̃sp
, (2.93a)

a (z) = 4σ 2

4σ 4 + z2Q

[
f (z)− 1

]
. (2.93b)

Note that function f (z) increases as the beam propagates. In addition, its
minimum value is reached at the waist plane, and we get

f (z = 0) = 1 ≤ f (z) ≤ f (z → ∞) = Q

Q̃sp
= χsp

χ
. (2.94)

With regard to the generalized degree of polarization, PG, it propagates for this
type of beams according with the formula (Martínez-Herrero et al., 2004)

PG (z) =

√√√√√
(

As − Ap

As + Ap

)2

+ 4A2
sp(

As + Ap
)2
⎛
⎝4 k2σ 4 + 1

k2χsp
+ z2

χsp

4 k2σ 4 + 1
k2χ

+ z2

χ

⎞
⎠

2

. (2.95)
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We thus see that PG decreases under free propagation, and for distances z >> λ
becomes

PG (z) =
√√√√(As − Ap

As + Ap

)2

+ 4A2
sp(

As + Ap
)2 1

f 2 (z)
. (2.96)

Close to the waist plane z = 0, the polarization parameters Pst, P(0,z) and PG are
nearly identical for typical values of the beam parameters (width and divergence).
Moreover, when z >> λ (including the far field), the following relationship applies
between the above three degrees of polarization:

[
P2

G (z)−
(

As − Ap

As + Ap

)2
][

P2 (0,z)−
(

As − Ap

As + Ap

)2
]

=
[

P2
st −

(
As − Ap

As + Ap

)2
]2

.

(2.97)
In particular, at the far-field they read

Pst (z → ∞) =
√√√√(As − Ap

As + Ap

)2

+ 4A2
sp(

As + Ap
)2 , (2.98a)

P (r,z → ∞) =
√√√√(As − Ap

As + Ap

)2

+ 4A2
sp(

As + Ap
)2
(

Q

Q̃sp

)2

exp
(−a∞r2

)
, (2.98b)

PG (z → ∞) =
√√√√(As − Ap

As + Ap

)2

+ 4A2
sp(

As + Ap
)2
(

Q̃sp

Q

)2

, (2.98c)

where a∞ represents the value of a(z) at the far field.
For illustrative purposes, Fig. 2.11 computes the degrees of polarization PG (z),

P (r = 0,z) and Pst in terms of the propagation distance z .
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Fig. 2.11 Degrees of
polarization P (r = 0,z),
PG (z) and Pst versus the
propagation distance z for a
PGSM beam with the
following characteristic
parameters: σ = 1 mm.
λ = 633 nm, As = Ap = 0.5,
Asp = 0.1, μ = 0.1 mm and
μsp = 0.2 mm. In the figure,
Pst = 0.2 (dotted line). See
also (Martínez-Herrero et al.,
2004)
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To end this short survey, let us summarize a number of general properties derived
for this class of beams:

(i) The local degree of polarization (squared) is a Gaussian function across the
transverse profile (in accordance with previous theoretical and experimental
results reported, for example, in (Gori et al., 2001; Piquero et al., 2002)).

(ii) Since the local and the generalized degree of polarization change upon free
propagation according with the function f (z), the overall polarization structure
can then be determined at any plane z from the measurements of parameters Q
and Q̃sp at the waist.

(iii) The parameters Pst, P (r = 0,z), and PG(z) are nearly identical when μsp ∼ μ.
(iv) If A2

sp = AsAp, then Pst = P (r,z) = PG (z) = 1, and the beam is uniformly
totally polarized at any transverse plane z.

(v) If Asp = 0 then Pst = P (r,z) = PG (z) = constant < 1. In other words,
the beam is uniformly partially polarized. Moreover, for the particular case
As = Ap, the three degrees of polarization,Pst, P (r,z), and PG (z), are zero:
The beam is unpolarized at every plane z.

(vi) If As = Ap = A0 (as occurs in Fig. 2.11), the degrees of polarization are related
at any plane z through the simple expression:

PG (z)P (0,z) = P2
st = A2

sp

A2
0

, (2.99)

This means that the left-hand member of this equation is invariant upon free
propagation, and it is also independent of the coherence characteristics of the field.
In addition, we have in this case

P̃ = Pst = Asp

A0
, (2.100)

and we see that the weighted degree of polarization (see Chap. 1) is independent of
z as well. In particular, in Fig. 2.11 one has P̃ = Pst = 0.2.

2.7 Beam Quality Improvement: General Considerations

Attention will now be devoted to the improvement of the beam quality parameter.
Because of the invariance property of parameter Q in the scalar case, no rotationally-
symmetric ABCD system could be employed to improve the quality of a partially
coherent scalar beam. However, as it will next be apparent, such possibility arises
when the vectorial behavior is taken into account. In the present section we will
determine, for partially polarized beams, the optimized value of the beam quality
parameter that can be attained by using rotationally-symmetric ABCD systems.

To begin with, note first that Q is invariant under rotation around the mean
propagation direction. We can then choose, for convenience, a reference coordinate
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system with respect to which

Is = Ip (2.101)

The angle θ between the new coordinate system and the former one is

θ = 1

2

[
arctg

(
Is − Ip

2 Re
{
Isp
}
)]

, (2.102)

where Isp was defined in Eq. (2.88). In terms of this new coordinate system, the
beam quality Q reads

Q = 1

4

(
Qs + Qp + Qsp

)
. (2.103)

Without loss of generality, let us assume, for simplicity, that the s-component
reaches its waist at the plane where the irradiance moments are determined or
measured. Accordingly, we can write at such plane.

〈r · η〉s = 0, (2.104)

and Q becomes

Q=
1

4

(
Qs + Qp +

〈
r2
〉
s

〈
η2
〉
p
+
〈
r2
〉
p

〈
η2
〉
s

)
. (2.105)

Let us now introduce the following functions (Martínez-Herrero et al., 2005):

F1 = Qs +
〈
r2
〉
s

〈
η2
〉
p

, (2.106)

F2 = Qp +
〈
r2
〉
p

〈
η2
〉
s

, (2.107)

Since Qs, Qp, <r2>i and <η2>i,i = s, p, are positive quantities, we get

F1 + F2 ≥ 2
√

F1F2, (2.108)

so that

Q ≥ 1

2

√
F1F2, (2.109)

In addition, functions F1 and F2 can be written in the form

Fi = Gi + Ji, i = 1,2, (2.110)
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with

G1 = Qs, (2.111a)

J1 =
〈
r2
〉
s

〈
η2
〉
p

, (2.111b)

G2 = Qp, (2.111c)

J2 =
〈
r2
〉
p

〈
η2
〉
s

. (2.111d)

Accordingly, we have

Fi = Gi + Ji ≥ 2
√

GiJi , i = 1,2, (2.112)

and therefore

Q2 ≥ 1

4
F1F2 ≥ √

G1J1G2J2. (2.113)

Finally, since

G1J1G2J2 = QsQp

〈
r2
〉
s

〈
η2
〉
s

〈
r2
〉
p

〈
η2
〉
p

= Q2
s Qp

〈
r2
〉
p

〈
η2
〉
p

≥ Q2
s Qp

(〈
r2
〉
p

〈
η2
〉
p
− 〈r · η〉2

p

)
= Q2

s Q2
p,

(2.114)

it follows

Q2 ≥ QsQp. (2.115)

This implies that the lower bound for the Q parameter of the partially polarized
beam is the geometric mean of Qs and Qp. The equality is only reached when the
second-order moments associated to each transverse field component are identical
(recall we have chosen the coordinate system to make Is equal to Ip). This, in turns,
would imply that Qs = Qp.

We will next determine the lowest value of Q (best quality) that can be obtained
by handling separate rotationally-symmetric first-order systems acting over each s-
and p-component, along with the conditions to be fulfilled in order to optimize the
overall beam quality (Martínez-Herrero et al., 2005).

The analysis is carried out by minimizing the function (see Eq. (2.115))

S (χ ,β) = 4
[
Q −√

QsQp

]
=
(√

Qs −√
Qp

)2 + βa + χb − 2
√

QsQp , (2.116)
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where

a ≡
〈
r2
〉
s

, (2.117a)

b ≡
〈
η2
〉
s

, (2.117b)

χ ≡
〈
r2
〉
p

, (2.117c)

β ≡
〈
η2
〉
p

. (2.117d)

Note that

ab = Qs ≥ 1/k2, (2.118)

and

χβ − γ 2 = Qp ≥ 1/k2, (2.119)

where γ = 〈r · η〉p. In the calculations, we take a, b, Qs and Qp as known (measur-
able) parameters, and χ , β and γ as variables to be determined. Since they are linked
through Eq. (2.119), the optimization procedure reduces to finding the minima of the
following function

T (χ ,γ ) =
(√

Qs −√
Qp

)2 + a

χ

(
Qp + γ 2

)
+ bχ − 2

√
QsQp (2.120)

Thus, by solving the equations

∂T

∂χ
= 0, (2.121a)

∂T

∂γ
= 0, (2.121b)

we get that the critical points are given by

χc = a
√

Qp/Qs, (2.122)

γc = 0, (2.123)

where the values χc, γc can be shown to represent a minimum of the function
T (χ ,γ ). Equations (2.122) and (2.123) give the conditions to optimize the beam
quality of the field. To get more insight into their physical meaning, let us write
them in the more appropriate form

〈
r2
〉
p

=
〈
r2
〉
s

√
Qp/Qs, (2.124)

〈
η2
〉
p

=
〈
η2
〉
s

√
Qp/Qs, (2.125)
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along with

〈r · η〉p = 0. (2.126)

Note that these three equations should be fulfilled at the plane where
〈r · η〉svanishes. They provide a precise relationship between the main second-order
spatial parameters of the transverse field components. In addition, after substitution
of Eqs. (2.124), (2.125), and (2.126) into Eq. (2.106), we find the optimized value
of Q we are looking for:

(Q)optim = 1

4

(√
Qs +√

Qp

)2
. (2.127)

Moreover, it can be shown at once that (Martínez-Herrero et al., 2005):

min
{
Qs,Qp

} ≤ Qoptim ≤ max
{
Qs,Qp

}
, (2.128)

i.e., Qoptim is always an intermediate value between Qs and Qp. Accordingly, when
Qs = Qp, Q cannot be further improved: We have in such case (cf. Eqs. (2.124),
(2.125), and (2.126))

〈
r2
〉
p

=
〈
r2
〉
s

, (2.129a)
〈
η2
〉
p

=
〈
η2
〉
s

, (2.129b)
〈
r · η2

〉
p

=
〈
r · η2

〉
s
= 0, (2.129c)

along with Is = Ip (see Eq. (2.101)).
In summary, the beam quality Q of the global field can be improved by means of

rotationally-symmetric ABCD systems just to reach the value given by Eq. (2.127).
These conditions suggest a general procedure to optimize Q: the first two equali-

ties (Eqs. (2.124) and (2.125)) show that the beam waists and divergences associated
to the transverse field components should be exactly compensated, and Eq. (2.126)
indicates that the waist planes of both components should match.

Taking this into account, a possible experimental scheme would involve a Mach-
Zehnder-type (MZT) device, whose configuration resembles that of a classical
Mach-Zehnder interferometer but now with a polarizer in each arm (Movilla et al.,
2001). Thus, the field components can be controlled in a separate way in the
optimization process.

For convenience, the transmission axes of the polarizers should match the ref-
erence coordinate system with respect to which Is = Ip. Such a choice avoids
interference between the emerging beams, because the transmission axes are then
orthogonal.

To get the optimization conditions a two-step method can be followed: The initial
beam can be made to propagate through a first MZT device with free propagation
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paths in its arms in order to compensate for the different waist positions of the
transverse beam components. The output of this interferometer is then made to travel
through a second MZT arrangement that contains magnifiers to compensate for the
corresponding beam sizes. Since a magnifier behaves as an ABCD optical system
that increases the beam size, this also leads to a compensation for the difference in
Rayleigh lengths zR associated to each initial field components,

(zR)i =
[(〈

r2
〉
i

)
w〈

η2
〉
i

]1/2

, i = s,p, (2.130)

where the subscript w refers to the waist plane. It should be pointed out that, when
the waists of the field components are reached at the same plane, conditions (2.124)
and (2.125) are met simultaneously.

To go further into the meaning of the optimization conditions, let us finally
analyze two simple but general examples.

We first consider a beam whose moments associated to the s and p components
are different but whose qualities Qs and Qp are identical. For simplicity, it is also
assumed that 〈r · η〉s = 〈r · η〉p = 0. We then have

Qs =
〈
r2
〉
s

〈
η2
〉
s
=
〈
r2
〉
p

〈
η2
〉
p

= Qp (2.131)

where
〈
r2
〉
s �= 〈

r2
〉
p and

〈
η2
〉
s �= 〈

η2
〉
p. In this case, the global quality parameter Q

reads

Q = Qs

4

(
2 + q + 1

q

)
, (2.132)

where
q ≡

〈
r2
〉
s〈

r2
〉
p

=
〈
η2
〉
p〈

η2
〉
s

. (2.133)

After using suitable MZT arrangements, we reach the optimized value

Qoptim = Qs. (2.134)

Remember that, in the present case, Qs = Qp. The relative quality improvement,
ΔrelQ, defined in the form

�relQ = Q − Qoptim

Q
, (2.135)

would then take the value

�relQ = (1 − q)2

(1 + q)2
. (2.136)
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In particular, when the second-order moments are identical, q = 1 so that Δrel

Q = 0. In the limit cases q >> 1 or q << 1 (very different beam sizes at the waist),
we would get ΔrelQ ≈ 1, which means strong beam quality improvement.

As a second example of interest, let us now focus our attention on those beams
whose irradiance moments fulfil the relations

〈r2〉s = 〈r2〉p, (2.137a)

〈η2〉s �= 〈η2〉p, (2.137b)

〈r · η〉s = 〈r · η〉p = 0. (2.137c)

It follows at once that Qs �= Qp. Furthermore, the global quality parameter reads

Q = (1 + p)
Qs

2
, (2.138)

where

p ≡ 〈η2〉p

〈η2〉s
, (2.139)

and the optimized value of Q becomes

Qoptim = (1 + p + 2
√

p)
Qs

4
. (2.140)

In this case we have

�relQ = Q − Qoptim

Q
=
(
1 − √

p
)2

2 (1 + p)
. (2.141)

For identical far-field divergences of the transverse field components (i.e.,
p = 1), it follows ΔrelQ = 0, as it should be expected. When the divergences dras-
tically differ (p >> 1 or p << 1) then ΔrelQ ≈ 1/2 which is half the change attained in
the first example.

2.8 Beam Quality Improvement After Propagation Through
Optical Phase Devices

In this section we investigate the influence of several optical devices on the
quality parameter of light beams. More specifically, the possibility of beam qual-
ity improvement is examined when the field propagates through three kinds of
phase components: Anisotropic pure-phase plates, quartic phase plates and spiral
phase elements. It should be remarked that, due to the phase behavior of such
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devices, no power losses would appear (in the ideal case) at the output of these
components.

2.8.1 Propagation Through Anisotropic Pure-Phase Plates

Anisotropic pure-phase (APP) plates are analyzed in order to improve the quality
parameter of an important class of partially coherent, partially polarized beams. In
particular, we are interested on the determination of the phase transmittance of the
APP plate that the beam should travel along to get the best quality keeping the same
total power.

Within the framework of the paraxial approach, let us then consider a
beam whose cross-spectral density matrix Ŵ contains diagonal elements of
the form

Ŵii (r1,r2) = Ai (r1,r2) exp {i [αi (r2)− αi (r1)]} , i = s,p, (2.142)

where r1 and r2 are position vectors at a transverse plane, and Ai, αi, i = s,p, are
real functions, which should satisfy the relations

Ai (r1,r2) = Ai (r2,r1) , i = s,p, (2.143a)

Ai (r,r) ≥ 0, i = s,p, (2.143b)

For simplicity, we will again choose our reference coordinate system in such a
way that Is = Ip, where now

Ii =
∫∫

Ŵii(r,r)dr, i = s,p. (2.144)

The class of fields we are considering includes those beams whose amplitude
at any plane z can be written as an incoherent superposition of Hermite-Gauss
modes. In particular, partially polarized Gaussian Schell-model sources belong to
this family.

The APP plate can be represented, in the same reference system as before, by the
Jones matrix

T̂ (r) =
(

exp [i�s (r)] 0
0 exp

[
i�p (r)

]) . (2.145)

Accordingly, the diagonal elements of Ŵ at the output of the APP plate are

Ŵout
ss (r1,r2) = As (r1,r2) exp {i [ϕs (r2)− ϕs (r1)]} , (2.146a)

Ŵout
pp (r1,r2) = Ap (r1,r2) exp

{
i
[
ϕp (r2)− ϕp (r1)

]}
, (2.146b)



2.8 Beam Quality Improvement After Propagation Through Optical Phase Devices 77

where

ϕs (r) = αs (r)+�s (r) , (2.147a)

ϕp (r) = αp (r)+�p (r) . (2.147b)

Application of the definitions of the irradiance moments gives for the beam
quality parameter Qout at the output plane of the APP plate (Martínez-Herrero
et al., 2003a)

Qout = 〈r2〉 G + F, (2.148)

where
〈
r2
〉

is evaluated at the input plane,

G = 1

k2I

[∫∫ (
∂2As

∂x1∂x2
+ ∂2As

∂y1∂y2

)
x1=x2=x;y1=y2=y

dxdy+

+
∫∫ (

∂2Ap

∂x1∂x2
+ ∂2Ap

∂y1∂y2

)
x1=x2=x;y1=y2=y

dxdy

⎤
⎦ ,

(2.149)

is a function that depends only on the amplitude behavior of the input beam
(therefore, G does not change after the APP plate), and

F = 〈r2〉
k2I

(∫∫ ∣∣∣ �∇ϕs

∣∣∣2 Asdxdy +
∫∫ ∣∣∣ �∇ϕp

∣∣∣2 Apdxdy

)

−
[

1

kI

∫∫ (
r · �∇ϕs

)
Asdxdy + 1

kI

∫∫ (
r. �∇ϕp

)
Apdxdy

]2 (2.150)

It should be noted that the value of F involves information of both the phase of
the input beam and the phase delay between the s and p components introduced by
the plate. Furthermore, since the APP plate does not alter the value of G, the beam
quality parameter at the output will depend only on F, which is always nonnegative
(see (Martínez-Herrero et al., 2003a)). Accordingly, the best quality (lowest value
of Qout) will be obtained when F = 0. It can be shown (Martínez-Herrero et al.,
2003a) that this occurs when

αs (r)+�s (r) = αp (r)+�p (r) = ar2, (2.151)

where a is a real-valued constant. In other words, for the beams we have considered
here, the quality parameter would become optimized provided that either

(i) The phases of the s and p-components of the output field are identical, i.e.,
a = 0, or
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(ii) The phase of the output field shows a quadratic dependence on the radial
coordinate.

It should be noted that the quadratic phase factor a r2 can be understood as the
insertion of a lens (which does not change the quality parameter). Consequently, Eq.
(2.151) indicates that, in order to optimize the quality, we have to remove the phase
terms represented by the functions αi, i = s, p. This is consistent with the results
obtained in the previous section.

The physical meaning of Eq. (2.151) can be illustrated by means of a simple
example: Let us consider a pure uniformly totally-polarized Gaussian beam propa-
gating through a ground glass. The output field would belong to the type of beams
studied here. The quality parameter of the output beam would be drastically affected
by the action of the glass. To restore the original beam-quality value, it would obvi-
ously suffice to insert a plate that is phase conjugated with regard to the ground
glass. But this is just what (2.151) shows.

In general, when the phase terms are completely removed, the APP plate behaves
as a phase-conjugated filter (Pepper, 1985) matched to the phase transmittance of
the light field. Equation (2.151) then assures that the quality parameter of the output
field has the highest quality one can get by using pure-phase transmittances.

2.8.2 Propagation of Radially and Azimuthally Polarized Beams
Through Quartic Phase Plates

We now analyze the change suffered by the beam quality of a radially (or
azimuthally) polarized field, caused by quartic phase distortions, as occurs, for
example, in strongly pumped laser rods used in high-power solid-state lasers (see
Sect. 2.4).

For the sake of convenience, we will use planar polar coordinates, r and θ . The
transverse field would then read

E(r,θ ) = (
Es(r,θ ), Ep(r,θ )

)
, (2.152)

and the electric field amplitude of a coherent radially (or azimuthally) polarized
beam becomes

ER(r,θ ) = f (r) (cos θ , sin θ) , (2.153a)

Eθ (r,θ ) = f (r) (− sin θ , cos θ) , (2.153b)

where the subscripts R and θ stand for radial and azimuthal polarization,
respectively. For both types of fields, the powers associated with the transverse
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components are identical. Furthermore, the overall second-order moments are
given by

〈r2〉 = 1

P

∞∫
0

r2 |f (r)|2 r dr, (2.154a)

〈η2〉 = 1

k2P

∞∫
0

(∣∣∣∣df

dr

∣∣∣∣
2

+ 1

r2
|f (r)|2

)
r dr, (2.154b)

〈r · η〉 = 1

2i k P

∞∫
0

r

(
f ∗ df

dr
− f

df ∗

dr

)
r dr, (2.154c)

where

P =
∞∫

0

|f (r)|2 r dr (2.155)

Note that the above expressions do not depend on the coordinate θ . Let us
now compare these formulae with the corresponding equations for scalar fields
rotationally-symmetric around the z-axis. It should be remarked that, in the scalar
case, we have to apply the scalar definition of the beam quality parameter (Lavi
et al., 1988; Martínez-Herrero et al., 1992a, b; Siegman, 1990, 1993a, b; Simon
et al., 1988; Serna et al., 1991; Weber, 1992). It can be shown that the only but
important difference between both cases arises from the term |f |2/r2 in Eq. (2.154b).
More specifically,

Qvectorial = Qscalar + 〈r2〉 g, (2.156)

where

g = 1

k2P

∞∫
0

|f (r)|2
r2

r dr. (2.157)

We see that the second term of the right-hand side of Eq. (2.156) does not appear
in the scalar case. Since this term is positive, it then follows that the value of the
vectorial beam quality is always greater than the corresponding value of the scalar
parameter.

Let us now consider that the radially (or azimuthally) polarized beam propagates
through a strongly pumped laser rod. For the sake of simplicity, we assume in the
calculations that changes in the beam diameter along the rod are not significant (this
is the same assumption accepted in Sect. 2.4).
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We know that, at high pump power, combined thermal lensing and birefrin-
gence generate a spherically aberrated lens, or, equivalently, an induced phase plate,
exp[ik�(r)] with

�(r) = α
r2

2
+ β

r4

4
, (2.158)

where α and β are, respectively, the quadratic and quartic coefficients describing
the physical characteristics of the global process (Montmerle et al., 2006). Note
that the values of α and β depend on the polarization of the incident field (radial
or azimuthal): The low-order spherical aberration (SA) can be strongly reduced by
using non-homogeneous pumping distribution. However, when the low-order SA
vanishes, high-order spherical aberrations could rapidly increase. Consequently, in
terms of beam quality preservation, a compromise should be established between
low and high-order SA.

Here our interest is focused on the beam quality changes generated by the quartic
term of Eq. (2.158). It can be found that the increment �Q, induced by SA, is
given by

�Q = Qout − Qinp = 2β
(

A 〈r2〉 − 〈r4〉 〈r · η〉
)

+ β2
(
〈r2〉〈r6〉 − 〈r4〉2

)
, (2.159)

where the subscripts inp and out refer to the input and output values of Q before and
after crossing the rod, and

〈rn〉 = 1

P

∞∫
0

rn |f (r)|2 r dr, n = 2,4,6 (2.160)

A = i

2 k P

∞∫
0

r3
(

f
df ∗

dr
− f ∗ df

dr

)
r dr. (2.161)

The sign of �Q (i.e., degradation or improvement of the beam quality) would
depend on the spatial shape of the irradiance profile of the propagating beam. It
should also be noted that the second term of the right-hand side of Eq. (2.159)
is positive for every f(r), whereas the sign of the first term depends on both, the
transverse irradiance and the phase distribution of the output field.

Comparison between the beam quality change in the scalar and vectorial cases,
shows that �Q is the same for both, rotationally-symmetric scalar beams and radi-
ally (or azimuthally) polarized fields. It should, however, be remarked that the ratio
�Q/Q differs: In fact,

(
�Q

Q

)
vectorial

<

(
�Q

Q

)
scalar

. (2.162)
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The above analysis can be illustrated by means of two simple examples. Let
us first consider a radially or azimuthally polarized beam whose input amplitude
f(r) reads

f (r) = f0(r) exp (ikbr2), (2.163)

where b and f0 are real quantities. In particular, beams whose amplitude is written
in the form (Deng, 2006; Zhou, 2006)

f0n(r) = r L1
n

(
2r2

ω2
0

)
exp

(
− r2

ω2
0

)
, n = 1,2 . . . ., (2.164)

belong to this family (L1
n denoting the generalized Laguerre polynomials (Siegman,

1986)). For such fields we obtain (Martínez-Herrero et al., 2008)

〈r · η〉 = 2 b 〈r2〉, (2.165a)

A = 2 b 〈r4〉, (2.165b)

and �Q reduces to

�Q = β2
(
〈r2〉〈r6〉 − 〈r4〉2

)
. (2.166)

But �Q is positive. Consequently, for this kind of fields, the beam qual-
ity will always be degraded after passing through highly pumped laser rods.
Figure 2.12 illustrates that the value �Q strongly increases for high values of the
order n.

Let us finally write �Q in the form

�Q = 16

k2

(
kβ〈r2〉2

4

)2 [ 〈r6〉
〈r2〉3

−
( 〈r4〉

〈r2〉2

)2]
. (2.167)
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2008)
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Since the factor (kβ〈r2〉2/4) closely resembles the quartic phase term, we see
that this factor explicitly shows the influence of the spherical aberration on the beam
quality degradation.

As a second example we now consider a radially (or azimuthally) polarized beam
whose incident amplitude f(r) reads

f (r) = [I(r)]1/2 exp [i kϕ(r)] , (2.168)

where

ϕ(r) = ar4

4
+ br2

2
, (2.169)

and I(r) denotes the irradiance. Equation (2.161) now becomes

A = 1

P

∫ ∞

0
r3 dϕ(r)

dr
I(r) r dr, (2.170)

along with

〈r · η〉 = 1

P

∫ ∞

0
r

dϕ(r)

dr
I(r) r dr. (2.171)

After simple calculations, we obtain

�Q =
(
〈r6〉〈r2〉 − 〈r4〉2

) (
2βa + β2

)
. (2.172)

Two conclusions can finally be derived from this expression:

(i) When a = 0 (as occurs in the above Laguerre-Gauss example), we have �Q >
0, for any b and I(r).

(ii) When a = − β, we then get �Q < 0, for any b and I(r). In other words, for this
kind of polarized beams, a quartic phase plate could improve the beam quality.

2.8.3 Propagation Through Spiral Phase Elements

Attention will now be focused on the so-called spiral phase elements (SPEs)
(Machavariani et al., 2007; Niv et al., 2005; Oemrawsingh et al., 2004; Oron et al.,
2000; Xie and Zhao, 2008). The increasing interest on this kind of optical devices
arises from their use in connection with certain depleted-center beams employed
in a number of applications (Kuga et al., 1997; McCelland and Scheinfein, 1991;
Molina-Terriza et al., 2007; Sato et al., 1994; Torner et al., 2005) such as, for
instance, trapping of microscopic particles, focusing of atomic beams, and digital
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spiral imaging, all of them well described in certain cases by means of the spiral
spectrum of the light field.

We will next provide an introductory analysis about the changes suffered by the
beam quality parameter of partially polarized, partially coherent fields travelling
along SPEs.

The so-called spiral spectrum of a beam has revealed to be a useful tool to handle
some type of situations. Let us introduce the spiral spectrum decomposition of the
vector E (R,θ) at a transverse plane (say, z = 0) in the form

E (R,θ) =
∑

n

En (R) exp (i n θ ), (2.173)

where R and θ denote the planar polar coordinates, and

En (R) = 1

2π

2π∫
0

E (R,θ) exp(−inθ )d θ . (2.174)

As in the previous section, for the sake of simplicity, we again choose the s- and
p-axis in such a way that Is = Ip = I.

By using Eq. (2.173), we get that the main second-order irradiance moments of
a light beam can be written in terms of its spiral spectrum as follows (Martínez-
Herrero and Manjavacas, 2009)

〈
r2
〉
= π

I

∑
n

∞∫
0

|En (R)|2R3dR, (2.175a)

〈
η2
〉
= π

k2I

∑
n

∞∫
0

∣∣E′
n (R)

∣∣2RdR + π

k2I

∑
n

n2

∞∫
0

|En (R)|2 1

R
dR, (2.175b)

〈r · η〉 = π

ikI

∑
n

∞∫
0

[
E′

ns (R)E∗
ns (R)− E′ ∗

ns (R)Ens (R)

+ E′
np (R)E∗

np (R)− E′ ∗
np (R)Enp (R)

]
RdR

(2.175c)

where the prime means derivation with respect to R. Application of Eq. (2.175b)
requires that the irradiance of the field on the propagation axis decays with Rm,
with m > 1. Otherwise, the far-field moment <η2 > diverges. This comes from
the singularity in the center, R = 0. It is also clear from these equations that the
second-order moments can be understood as the sum of the corresponding moments
associated to the spiral spectrum components.

Let us now assume that the light beam passes through a spiral phase element.
This device will add a spiral phase ϕ = pθ to the field amplitude. Accordingly, the
above irradiance moments at the input and output planes of the SPE are linked by
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the following equations:

〈
r2
〉
out

=
〈
r2
〉
inp

, (2.176a)

〈r · η〉out = 〈r · η〉inp , (2.176b)

〈
η2
〉
out

=
〈
η2
〉
inp

+ Mp, (2.176c)

where

Mp = π

k2I

∑
n

(
p2 + 2np

) ∞∫
0

|En (R)|2 1

R
dR. (2.177)

As expected, the beam width and the average curvature radii remain unchanged.
However, the SPE alters the far-field divergence. Moreover, since the SPE intro-
duces a change on the spiral spectrum of the field, the polarization behavior is also
modified upon free propagation.

In addition, the output quality parameter, Qout, reads

Qout = Qinp +
〈
r2
〉
inp

Mp (2.178)

Taking this into account, we finally obtain for the ratio Qout−Qinp
Qinp

the value

�Q

Qi
≡ Qout − Qinp

Qinp
=
〈
r2
〉
inp Mp

Qinp
. (2.179)

We thus conclude that, depending on the characteristics of the spiral spectrum of
the specific light field, the SPE could improve or deteriorate the beam quality param-
eter. Here we do not proceed further into this subject, which deserves more study in
the future. Application to some examples of interest can be found, for instance, in
(Martínez-Herrero and Manjavacas, 2009).

2.9 Global Beam Shaping with Non-uniformly Polarized Beams

As is well known, in a number of applications one needs to obtain a prescribed
beam profile at a certain transverse plane. Consequently, optical devices should be
designed in order to modify at will the irradiance distributions of the laser beam.
Drilling, welding, surface treatment, laser fusion experiments, information record-
ing or optical data processing are examples in which appropriate transversal profiles
are required.
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This topic, namely, the implementation of particular distributions of irradiance
(beam shaping) has been extensively investigated in the literature, and a large num-
ber of methods have been reported. They are based on refraction, reflection of
beams over prescribed surfaces, diffraction, absorption, and transmission through
pure phase plates or liquid-crystal layers, to mention only some of them. The major-
ity of these techniques have been studied within the framework of the scalar theory
of light, without taking into account its vectorial nature. Comparatively, there are
not many papers that consider the polarization properties for beam shaping. In such
cases, the techniques were focused on modifying the irradiance distribution at each
point of the transverse section of the beam.

Here we consider a different approach, based on the global parameters introduced
in this chapter. In fact, we are interested on a global shaping, which involves the con-
trol of the overall characteristics of the light field. For illustrative purposes, in the
present section we show a simple example of application. Attention will be restricted
on two parameters, the beam quality and the so-called kurtosis (Amarande, 1996;
Martínez-Herrero et al., 1995a; Martínez-Herrero and Mejías 1997a), associated
to the sharpness of the beam profile. To modify these parameters, several optical
devices have already been proposed, such as binary phase plates (Siegman, 1993b),
quartic phase plates (Martínez-Herrero et al., 1992b, Martínez-Herrero and Mejías
1993a; Siegman, 1993a), aberrated lenses (Alda et al., 1997; Piquero et al., 1994)
and axicons (Luo and Lu, 2003). Next we briefly analyze a procedure that takes the
vectorial character of light into account.

The method is essentially based on the generation of a non-uniformly totally
polarized field by means of a Mach-Zehnder-type interferometric system.

To begin with, let us assume a beamlike field propagating along the z-axis. For
the sake of simplicity, we consider in this example the two-dimensional x-z case,
i.e., we write the field components as follows

E(x,z) = (
Es(x,z),Ep(x,z)

)
. (2.180)

The so-called kurtosis parameter, K, is then defined in terms of higher-order
irradiance moments in the form (Martínez-Herrero et al., 1995a)

K =
〈
x4
〉

〈
x2
〉2 (2.181)

with

〈
xn〉 = Is

I

〈
xn〉

s + Ip

I

〈
xn〉

p ; n = 2,4, (2.182)

where Is, Ip and I were defined earlier. This parameter provides information about
the sharpness or flatness of the beam profile. As a matter of fact, any beam can be
classified as leptokurtic (K > 3), platykurtic (K < 3) or mesokurtic (K = 3). Since
the kurtosis value of a Gaussian beam equals 3, leptokurtic and platykurtic profiles
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Fig. 2.13 Plots of three kinds
of functions with regard to
their values of the kurtosis:
(1) leptokurtic (K > 3); (2)
mesokurtic (K = 3); and (3)
platykurtic (K < 3)

imply (globally) sharper and flatter beams, respectively, than the Gaussian case (see
Fig. 2.13).

Let us now consider a Mach-Zehnder-type arrangement, in which two different
amplitude filters are placed at each arm of the interferometer (see Fig. 2.14).

The transmittances of the filters are chosen to be the functions

ti(x) = exp [−gi(x)], i = 1,2, (2.183)

where gi(x), i = 1,2, denote the real-valued functions

g1(x) = 1

2
(a x)2m , (2.184a)

and

g2(x) = 1

2
(b x)2n , (2.184b)

t2(x)

P

λ/2

M
BS

M

ES

Ep

BS

t1(x)

Fig. 2.14 Interferometric
setup for global beam
shaping. ES and EP are the
field components of the beam,
orthogonal to the propagation
direction, λ/2 is a suitably
rotated half-wave plate used
to get the p-component, t1(x)
and t2(x) are the amplitude
transmittances, M denotes the
mirrors, BS indicates the
position of the beam splitters
of the Mach-Zehnder
arrangement, and P
represents the linear polarizer
that controls the parameters Q
and K of the output beam
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Fig. 2.15 Plot of a
superGaussian transmittance
(3D case) for n = 2

a and b being positive constants related to the aperture widths, and n and m are
positive integers. As is well known, when n,m > 1 the transmittances are super-
Gaussian functions. In such case, diffraction effects are expected to be negligible
enough because these filters should be considered as soft-edge apertures (see, for
example, Fig. 2.15).

If, for simplicity, the incident beam on the MZT device is assumed to be a plane
wave, linearly polarized along the s-axis, it can be shown (Ramírez-Sánchez and
Piquero, 2006) that the beam quality, Q, and the kurtosis parameter of the beam at
the output of the interferometer (just before the polarizer P) read

Q = 1

2 k2
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where � denotes the gamma function. From these expressions, it follows that the
minimum value of Q (optimized quality) is reached when a = b and m = n, as it
should be expected. In such a case, throughout the wavefront, the output beam is
linearly polarized with azimuth 45◦.

In order to modify, in a continuous and controlled way, the parameters Q and
K, a dichroic linear polarizer can be placed at the output plane of the MZT system.
For different angles θ between the transmission axis of the polarizer and the x-axis,
a global beam shaping can be implemented. In particular, when θ is equal to 0◦
or 90◦, Q and K do not depend on the widths a and b, as expected. In such cases,
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Fig. 2.16 Ratio K/Kg after
the polarizer (at the output of
the Mach-Zehnder
arrangement) versus the angle
θ that defines the orientation
of the transmission axis of P.
See also (Ramírez-Sánchez
and Piquero, 2006)

the analytical expressions for the beam quality and the kurtosis at the output of the
polarizer take the following simple forms:

Q = n2

k2

�(3/2n)�(2 − 1/2n)

�2(1/2n)
, (2.187)

K = �(5/2n)�(1/2n)

�2(3/2n)
. (2.188)

Figure 2.16 computes the ratio K/Kg versus the angle θ , for the values n = 0.6,
m = 10 and a = b = 1 mm–1, Kg being the kurtosis of a Gaussian beam (Kg = 3).
In this figure, the ratio ranges from 0.61 to 2.17, and the kurtosis exhibits maxima
and minima. This means that the overall beam profile changes from leptokurtic to
platykurtic and viceversa, becoming sharper or flatter depending on the orientation
of the polarizer.
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