Chapter 3
Lower eigenvalue estimates
on closed manifolds

In this chapter we assume that M has empty boundary.

3.1 Friedrich’s inequality

The most general sharp lower bound for the Dirac spectrum has been proved
by T. Friedrich in [85] and is now known under the name “Friedrich’s in-
equality”. For the concept of Killing spinor we refer to Section [A.1]

Theorem 3.1.1 (T. Friedrich [85]) Any eigenvalue X of D on an n(> 2)-
dimensional closed Riemannian spin manifold (M™, g) satisfies

A > oD inf(9), (3.1)

where S is the scalar curvature of M.
Moreover (B1) is an equality for some eigenvalue \ if and only if there
exists a non-zero real Killing spinor on (M™, g).

Proof: Tt follows from the Schrodinger-Lichnerowicz formula (LI5]) that, for
any ¢ € I'(XM),

. S
| e, = [ @ Ve + [ ioPu,
M M M

By definition of V*V and since D is formally self-adjoint we can write

S
[ 1elo, = [ 1wopu+ [ Zieby, (32)
M M M

Decompose now w.r.t. any local orthonormal basis {e; }1<j<p of TM
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I~ . I~ .
Vnszcp-l—Ez:lej®ej-D<p—EZ:lej®ej-D<p,
j= Jj=

=Py € Ker(u) € Ker(p)+

where P is the so-called Penrose operator of (M™,g), see also Appendix A.
We deduce that [Ve|?> = |Py|? + L[Dyp|? (identity (A1) in Appendix A).
Replacing |V|? in (32) one obtains

1 S
/ |De|*v, = —/ \le2vg+/ IPwI2vg+/ el
M n Jm M M

that is,

o) o= " [ 1o
[ (106 = sl v = = [ i 63

Choose ¢ to be a non-zero eigenvector for D associated to the eigenvalue \.
From |P¢p|? > 0 one straightforward obtains the inequality (B]).

If 1) is an equality for some eigenvalue A then ([B3) implies Py = 0
for any non-zero eigenvector ¢ for D associated to A, hence any such ¢ is
a (necessarily real) Killing spinor on (M™,g). Conversely, if (M™,g) carries
a non-zero «-Killing spinor ¢, then since M is compact o must be real.
Moreover, on the one hand ¢ is an eigenvector for D associated to the
eigenvalue —na, on the other hand we know from Proposition [A-Z.1] that the
scalar curvature of (M™, g) must be S = 4n(n — 1)a?, in particular it must
be non-negative. Therefore such a ¢ must be an eigenvector for D associated

to the eigenvalue ./ % or —,/ Mz—fl). This shows the equivalence in the

limiting-case and concludes the proof. (]

Another method for the proof of (BI]), which is actually T. Friedrich’s in [85],
relies on the modified connection

Vi = Vi + %X-w

for every X € T'M, where D) = A: Compute \61/42 (which plays the role
of |Py|? above), integrate and apply the Schrédinger-Lichnerowicz formula.
Alternatively but still along the same idea, it can be directly deduced from
the Cauchy-Schwarz inequality that |Dp| < \/n|Vp| for every section ¢, from
which 3I) follows.

As a consequence of Theorem [B.I] if the scalar curvature S of (M™,g) is
positive then its Dirac operator has trivial kernel - whatever the spin structure
is. This had been already noticed by A. Lichnerowicz in [I75] where he had
obtained as a straightforward application of (8:2) the following estimate:

A2 > inf(9). (3.4)

M

-
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It follows from (B4]) combined with the Atiyah-Singer index theorem [28]
(see Theorem [[33.9) that a Riemannian manifold with positive scalar cur-
vature must have vanishing topological index. In particular, if the manifold
has non-vanishing A-genus, then it cannot carry any Riemannian manifold
with positive scalar curvature. In other words, there exists a topological ob-
struction to the existence of metrics with positive scalar curvature on closed
spin manifolds, at least in even dimensions. The reader interested in further
results in that topic - such as Gromov-Lawson’s work - should refer to [I73]
or to [I124]. The existence of Riemannian metrics for which the Dirac kernel
is non-zero is discussed in Section Moreover, we mention another closely
related application of the Atiyah-Singer index theorem to geometry via the
Schrédinger-Lichnerowicz formula, namely to the so-called scalar curvature
rigidity issue which asks for the possibility of increasing the scalar curvature
without shrinking the distances of a given metric on a fixed background man-
ifold. For example this is not possible on the round sphere (M. Llarull [I80,
Thm. B]) nor on any connected closed K&hler manifold with non-negative
Ricci curvature (S. Goette and U. Semmelmann [I09, Thm. 0.1]), we refer to
[I10] for the case of symmetric spaces and references.

Although it requires the non-negativity of S to be non-trivial, Friedrich’s
inequality (B provides fine information of geometrical nature on the Dirac
spectrum. Indeed S stands for a very weak curvature invariant of a given
Riemannian manifold. This shows for example a difference of behaviour with
other differential operators such as the scalar Laplacian A: by a result of A.
Lichnerowicz [I74], any non-zero eigenvalue A of A satisfies

n

A > inf(Ric),
M

n—1

where Ric is the Ricci curvature tensor of (M™,¢g), which is a stronger cur-
vature invariant. In case infy,(S) < 0 Friedrich’s inequality (3] can be
improved in different ways using various techniques, see Sections to B0

Besides, (31 is sharp since e.g. M :=S™ (n > 2) admits non-zero Killing
spinors, see Example [A_T.312. For the classification of Riemannian spin man-
ifolds carrying non-zero real Killing spinors we refer to Theorems and
in Appendix A.

3.2 Improving Friedrich’s inequality in presence
of a parallel form

O. Hijazi [128] and A. Lichnerowicz [I76, [I77] noticed that equality in (B1I)
cannot hold on those M admitting a non-zero parallel k-form for some k €
{1,...,n—1}. This suggests (3.I) could be enhanced under this assumption.
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The idea of proof for TheoremsB.2.1] B.2.4] and [3.2.6] can be summarised as
follows (see [64]): given any eigenvector ¢ of D to the eigenvalue A, decompose
|[V|? in a sharper way than for the proof of Friedrich’s inequality, using the
splitting of XM induced by the Clifford action of the parallel form.

Theorem 3.2.1 (B. Alexandrov, G. Grantcharov and S. Ivanov [5])

Any eigenvalue A of D on an n(> 3)-dimensional closed Riemannian spin
manifold (M™, g) admitting a non-zero parallel 1-form satisfies

2> % inf(S). (3.5)

where S is the scalar curvature of M.

Moreover if B8] is an equality for some eigenvalue X, then the universal
cover of M is a Riemannian product of the form R x N, where N admits a
real Killing spinor.

We shall prove a more general result:

Theorem 3.2.2 (A. Moroianu and L. Ornea [202]) Inequality (3.3
holds as soon as M™ (n > 3) admits a non-zero harmonic 1-form of constant
length. Furthermore, if it is an equality for some eigenvalue X\, then this
form is parallel.

Proof: Let £ be the dual vector field to the harmonic 1-form of constant
length. We may assume that ¢g(£,€¢) = 1 on M. Define the following Penrose-
like operator

L (ng(X,6) + X -£)Vep

Txg = Vo + ——(X —g(X.£)6) - D -
n—1 n—
for all X € TM and ¢ € I'(XM). In case & is parallel this operator can be
described as the sum of the orthogonal projections of V¢ onto the kernels of
the Clifford multiplications T"M ® ¥4 M £ Y M, where ¥4 M := Ker(i€ -
Fldsar), see [Bl eq. (4)] for another equivalent expression (note however that
it does not exactly coincide with the T defined in [202]). Nevertheless £ need
not be parallel in order for T to play its role for the estimate as we shall see
in the proof.
Fix a local orthonormal frame {e; }1<;<, of TM. For any ¢ € I'(XM), we
have

Tel> = |Te, )
j=1

1 n
= |Vl + E|D90\2 + mW&‘PP
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1 (ID¢l? + Re ((€ - Do, Vep)))

2

1(nVepl* = Re (€ Ve, Dy)))

Re ((§ - Vep, Dy)))

1 n
= [Vo|* - mwsﬁ\z - m|vs<ﬂ|2 + Re ((§ - Ve, Dy))).

Now we can express the last term on the r.h.s. through the other ones, a trick
due to the authors of [202]: namely, since £ is assumed to be harmonic, i.e.,
closed and co-closed, the identity ([LI2) reads D(& - ¢) = —&- Dy — 2Vep and
hence

Re (€ - Veg, D)) = [Vegl + 1 (Dol ~ D& - o))

from which we obtain

Tl = |Vel* ~ n—|D ol - —\szl2 (1Del* = |D(E - ) ).

1
2(n—1)
Integrating this identity over M and applying the Schrodinger-Lichnerowicz
formula (LI5]) we have

/ ITol?vy = —/ [Dol*v, — —/ SleplPvg —

Ty . 1DeR = ID(E )P

2
Vg

But choosing ¢ to be eigen for D for the smallest (in absolute value) eigen-
value A, the min-max principle (see Lemma [5.0.2)) implies

/|D£ o) >A2/|f o2,
e / o0,
M
- / Dg[?v,.
M

2., 1. ) ,  n—2 )
— — > _— .
A 411rvlff(5))/MlsOI vg_/M\Twl vg+n_1/M\Vs<ﬂ| vy (3.6)

hence

and the inequality (B3] follows.
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If B8 is an equality for some eigenvalue A, then (B8] implies T = 0
and V¢ = 0, that is,

V= (X g(X,06) (37)

for any eigenvector ¢ associated to A and any X € T'M. In particular its
length must be constant on M. As in [202] we next show that £ must be
parallel. For this purpose we compute the curvature tensor on such a ¢: let
X, Y € TM, then

Rxy¢ = Vixy)e —[Vx,Vylp

2 (0(X, 8 — (Y, Vx€))E + (X, )T E — g(Y,E)VxE) -
2
e (0% 00 - (v — (000

~ (Y = g(¥,9)9) - (X — g(X.9)9)) - ¢,
hence using (C9) and the fact that g(£,€) = 1 on M we obtain

1_. = -
§RIC(§) o= Zej “Re. o

23 (06 Ve, &) — aes. VeSe, - €

Jj=1

+(9(6: )V, €~ 9(e ) VeE) €5 )

)\ n
= (Ve £+ D Vekie) o

Jj=1

The last sum vanishes because of ([L2) together with £ being closed and co-
closed. On the other hand d¢ = 0 means that g(Vx&,Y)—g(Vy &, X) =0 for
all XY € TM, hence for X = £ one obtains - using once again ¢(£,£) = 1
- that g(Ve&,Y) =0forall Y € TM, ie., V¢& = 0. This shows Ric(§) = 0.
From Bochner’s formula for the Laplace operator on 1-forms (see e.g. [173]
Cor. 8.3 p.156]) one deduces that V& = 0, i.e., that £ is parallel.

We now prove the limiting-case in Theorem 3211 If £ is parallel then the
universal cover of M must be a Riemannian product of the form R x N.
W.r.t. the pull-back spin structure the lift of ¢ to R x N also satisfies (31
provided ¢ is replaced by %. Since each {t} x N sits totally geodesically in
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R x N the Gauss-type formula (2] implies that the induced spinor field
on N is a real Killing spinor for one of the constants iﬁ. ]

Beware that the necessary condition for (3I) to be an equality is not
sufficient, since e.g. R? = R x R? with flat metric carries non-zero paral-
lel spinors whereas (flat) T3 = Z3\R3 only admits such spinors in case it
carries the trivial spin structure (i.e., the spin structure induced by the triv-
ial lift of the Z3-action to the spin level, see Proposition [LZ2). In fact (3.5
is an equality if and only if there exists a m (M)-equivariant solution - in the
sense of (L24) - to (B7) on the universal cover R x N of M.

Although the (real) Killing-spinor-equation is completely understood (see
Theorems and [A43), the list of all local Riemannian products on
which (B3) is sharp is not entirely known. B. Alexandrov, G. Grantcharov
and S. Ivanov have shown in [5] that, under this assumption and if n # 7 is
odd, then M is diffeomorphic - but not necessarily isometric - to S* x S*~1,

It is moreover important to note that the hypothesis in Theorem [3.2.2] on
the length being constant cannot be removed: C. Bar and M. Dahl showed in
[46] that in dimension n > 3 Friedrich’s inequality (B) cannot be improved
with the help of topological assumptions. Namely there exists on any given
compact spin manifold M"™ admitting a metric with positive scalar curvature
a smooth family of Riemannian metrics (g¢)¢>o with Sg, > n(n — 1) and

2 2

n
<M(Dp) <+t

n
4
where Dy, stands for the Dirac operator to the metric g; on M. In other words,
one can get as close as one wants to the equality in Friedrich’s inequality
BI) on any such manifold. Note that the set of compact spin manifolds
with positive first Betti number and admitting a metric with positive scalar
curvature is non-empty since it contains e.g. S* x S*~!, n > 3.
The generalization of Theorem [B.2Z.Tto locally reducible Riemannian man-
ifolds was achieved by B. Alexandrov, extending earlier work by E.C. Kim

[154]:

Theorem 3.2.3 (B. Alexandrov [4]) Let (M™,g) be an n(>2)-dimen-
sional closed Riemannian spin manifold with positive scalar curvature S.
Assume that T M splits orthogonally into

k
- P,
=1
where T} is a parallel distribution of dimension n; and ny < ... < ng. Then

any eigenvalue \ of D satisfies

A>Tk ng(s). (3.8)

d(ng — 1) M



48 3 Lower eigenvalue estimates on closed manifolds

Moreover, if B.8)) is an equality for some eigenvalue X, then the universal
cover of M is isometric to My x...x My, where M; is a closed n-dimensional
Riemannian spin manifold admitting a non-zero real non-parallel Killing
spinor for j = k, a non-zero parallel spinor if n; < ny and a non-zero real
Killing spinor if n; = ny.

Note that ([B.8) contains both [BI]) and (B3] and that n; > 1 because
of the assumption S > 0. Moreover, for any integers 1 < n; < ... < n, <
Npy1 = ... = ny, all Riemannian products of the form M; x ... x M}, where
M; is an nj-dimensional closed Riemannian spin manifold admitting a non-
zero parallel spinor for j < p and a non-zero real Killing spinor for j > p+1
which is furthermore non-parallel for j = k, satisfy the equality in (B8] w.r.t.
the product spin structure.

Sketch of proof of Theorem The proof follows the lines of that of
Theorem B2l Define the Penrose-like operator T for any ¢ € I'(XM) and
any X € T'M,

1
Txp:=Vxo+) —mj(X) - Dy,
j=1 "
where 7; : TM — T} is the orthogonal projection, D;¢ = Z?:Jl elj Ve ;¥

and (e j,...,€n,; ;) denotes a local orthonormal frame of T}, for every j €
{1,...,k}. A short computation gives

k

|
Tl = |Vel? =) n—jID[j]sD\2~
j=1

On the other hand, it is an exercise to show that D? = Z§:1 D[Qj] and that

Dy;) is formally self-adjoint, so that, after integration and application of the
Schrédinger-Lichnerowicz formula (LIH), one obtains

IDel* =

+Z nk )IIDJWH +m(54p,<p). (3.9)

Choosing ¢ to be an eigenvector for D associated to the eigenvalue A leads to
the inequality. If this inequality is an equality for some A, then (B3] implies
that, for any non-zero eigenvector ¢ for D associated to the eigenvalue
A, one has Ty = 0, Dy = 0 as soon as nj < ng and S is constant on
{z € M|p(x) # 0} In case n; < ny one deduces that V. x)p = 0 for
every X. It remains to prove that, on the universal cover of M which is a
Riemannian product of the form M; x ... x M} by assumption, the lift of
¢ induces a real Killing spinor on each M;, which is parallel if n; < nj and
non-parallel for j = k. We refer to [, Sec. 2] for the details. O



3.2 Improving Friedrich’s inequality in presence of a parallel form 49

For 2-forms, the canonical class of manifolds to be considered consists of that
of Kéhler manifolds, i.e., of triples (M™, g, J) where (M™, g) is a Riemannian
manifold and J a parallel almost Hermitian structure on T'M. Recall that
J € T(End(TM)) is called almost Hermitian if and only if J? = —Idr)s and
g(J(X),J(Y)) = g(X,Y) for all X,Y € TM. In this case n is even and the
Kahler-form € is parallel, where €2 is defined by

Q(Xv Y) = g(J(X),Y)

for all X,Y € TM. K.-D. Kirchberg was the first to enhance Friedrich’s
inequality (BJ]) on K&hler manifolds:

Theorem 3.2.4 (K.-D. Kirchberg [156]) Any eigenvalue A of D on an
n(> 4)-dimensional closed Kéahler spin manifold (M™, g, J) satisfies
22 inf i (S) if 5 is odd
A2 > , (3.10)
D) infrr(S)  if § is even

where S is the scalar curvature of M. Moreover, in the case where S > 0,
BIQ) is an equality for some eigenvalue X if and only if there exists non-zero
sections U, ¢ of XM satisfying

Vit = — 25 (X +iJ(X)) - 6

Vo = — (X —iJ(X)) ¢ (3:11)

for all X € TM if 5 is odd and a non-zero section ¢ of XM satisfying

D* =\

Vx¢ =-1(X+iJ(X)) Dy

Q%w — 5w (3.12)
Q-Dyp=0

for all X € TM if 5 is even.
Proof: We follow the proof given in [I31] [I33], see also [223] Sec. 3] or [150].

We may assume that S > 0 on M (otherwise the estimate is trivial). Set, for
every X € TM, p4+(X) := 3(X FiJ(X)) € TM @ C. In the whole proof we
shall redenote m := %. Given a pointwise orthonormal basis (e1,...,e,) of
TM such that e;i,, = J(e;) for every 1 < j < m, define z; := p;(e;) and
Zj =p_(e;) for all 1 < j < m. Then (21,...,2n,) and (Z1,...,Zn) are bases
of TYOM :=p,(TM) and TO' M := p_(TM) respectively satisfying

Zj 2 = =2kt Zj, ZjZkp = —Zk " 2§, Zj'zk—FEk'Zj:—(Sjk
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for all 1 < j,k < m. With those notations, it is elementary to show that the
ranked-2"-vector bundle (&™ A" T*OM) % ... Z,, becomes a non-trivial
Clifford submodule of the Clifford algebra bundle, which is independent of
the basis originally chosen. Therefore it can be identified with the spinor
bundle ¥ M itself. Moreover, setting ¥, M := (A"TOM)-Z; ... Z,,, it is an
exercise to prove that, w.r.t. the Clifford action of the Kéahler-form €2,

.M = Ker(Q- —i(2r —m)Id)

and that the Clifford action by (2 is skew-Hermitian and parallel. As a con-
sequence, one obtains the orthogonal and parallel decomposition

m

M = EB M. (3.13)

By construction py(X) - XM C X,41M, for every X € TM, where we set
¥-M := 0 as soon as r ¢ {0,1,...,m}. In particular the Dirac operator D
does not preserve [BI3): setting Dy := > 7_, p+(e;j) - Ve, we have D =
Dy + D_ with Dy : T(X, M) — T(X,41M) for every r € {0,1...,m}.
Nevertheless, a more precise study of Dy shows that DyoDy = D_oD_ =0,
so that @I3) is preserved by D? = D, o D_ + D_ o D,. Beware that the
operators Dy have nothing to do with the D* of Proposition [[3.21
For any r € {0,1...,m} and ¢ € I'(X, M) define

T = Vxp+ )p—(X)~D+<p+2(m

W )P+(X) “D_¢p

—r+1

for all X € TM. In other words, T ¢ is the orthogonal projection of Vi
onto the kernel of the Clifford multiplication p: T*"M @ .M — 3, _ 1M &
Y41 M. Elementary computations show that

Zp+(ej)-p,(ej)- =iQ-—mld and Zp,(ej)-p+(ej)~ = —iQ)-—mld,

in particular Y27, pi(e;) - p—(e;) - = —2rp and 337_; p—(e;) - p1(ej) - =
—2(m — r)p. We deduce for the norms that

T = Z TVl

= Z |vej<»0|2
j=1
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3

Ip+(e;) - D—gpl?

1
= p (e DioP ——
1)2 |p (ej) +(¢0| + 4(m —r+ 1)2

+2Z§R€ m<v%§07p7(ej) : D+SD>>

#2) e (g - ) Dl Do)

1
— |D_
+2(m—r—|—1)| v

that is,

1 1
[T )? = [Ve|* - m\DwIQ—m\Dw\Q- (3.14)

Let 7 € {0,1...,m} be the smallest integer for which Ker(D? — A\2Id) N
(X, M) # 0. Let 1 € I'(X,M) be a non-zero eigenvector for D? associated to
the eigenvalue A\2. Since [D?, D1] = 0, both D, and D_1, lie in Ker(D? —
A?1d), in particular D_1), = 0 by the choice of 7. Independently, there exists
on XM a parallel field j of complex antilinear automorphisms commuting
with the Clifford multiplications by vectors (see e.g. [I0I, Lemma 1]), in
particular [Q-,j] = [D,j] = 0, so that j(Ker(D? — A\?1d)) C Ker(D? — \?1d)
and j(X;M) = ¥, ;M for every l € {0,...,m}. Thus the existence of j
imposes 7 < m — 7, hence r < #5= L for m odd If m is even, then r = 7
cannot happen since otherwise D+1/J D_+ = D1 = 0 would hold, which
would contradict (3] together with S > 0, therefore r < ™=2 for m even.
We are now ready to prove the estimate. Integrating (3I4) and using

Schrédinger-Lichnerowicz’ formula (II5]), we obtain
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: S
ITOYIR = (D%,) ~ (59, 8) — 5| DY

(r+1)
2r+1 ., 1

= (mA - Zi]@f(s))HﬁJHz,

from which one deduces that A > 42((27;111)) inf/(S). The r.h.s. of that inequal-

ity decreases with r, so that it is bounded from below by the corresponding
m—1 m—2

expression for r = 5= in case m is odd and for r = #5= in case m is even.

Inequality BI0) follows.
Assume now ([BI0) to be an equality for some eigenvalue \. If inf 5 (S) = 0

then (M™,g) has a non-zero parallel spinor, as already proved in Theorem
BIT If infp(S) > 0, then for any eigenvector 1 for D associated to the
eigenvalue A, one has on the one hand ¢ = w%—l + 1/1mT+1 if m is odd and
¢ = ¥m2 + 4z + Pme if m is even, on the other hand T, = 0 for

r = mTil and r = mTﬁ for m odd and even respectively. Redenoting v mo1

by 1 and meH by ¢, we obtain ([BII)) in case m is odd. If m is even then
redenoting mefz by ¥ one obtains ([BI2). Conversely, mimiking the proof
of Proposition [AZT] it is elementary to show that, if (31 is satisfied by

some non-zero (¢, ¢), then ¢ + ¢ is an eigenvector for D associated to the

eigenvalue A and S = %, therefore ([B.I0) is an equality. Similarly, if 7 is

even and ([BI2)) is satisfied by some non-zero 1), then the scalar curvature of
(M™, g) is equal to M, therefore ([BI0) is an equality. O
A pair of spinors (¢, ¢) satisfying ([BI1]) for some non-zero real number A is
called a real Kahlerian Killing spinor. As for Killing spinors (see Proposition
[A-4T), it is not too difficult to show that, if a non-zero real Kéhlerian Killing
spinor exist on a given complete Kéhler spin manifold and associated to
some (non-zero) real A, then this manifold has odd complex dimension and is
Einstein with positive scalar curvature (in particular it is closed). However,
the precise classification of those Kéahler spin manifolds carrying non-trivial
real Kéhlerian Killing spinors is more technical, even if it turns out to provide
simpler results. The idea to achieve it, due to A. Moroianu [I97], can be
summarised as follows: Show the existence of a suitable S'-bundle over such
a manifold where the pull-back of the real Kahlerian Killing spinor induces a
non-zero real Killing spinor; then show that, among the possible holonomies
listed in C. Bér’s classification (Theorem [A43)), only those associated to a
so-called regular 3-Sasaki structure can occur on that S'-bundle. We refer to
[197] for details and mention that, before [I97] was published, partial results
had been obtained by K.-D. Kirchberg [156] 157, 158] and O. Hijazi [I31],
see references in [197].

The even-complex-dimensional case turns out to be more involved since
the underlying manifold is no more Einstein. In dimension n = 4, argu-
ments from complex geometry and based on Kirchberg’s work [159, Thm. 15]
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allowed T. Friedrich [87, Thm. 2] to prove that, if (M*,g,.J) carries a non-
zero spinor 1 satisfying ([B12), then up to rescaling the metric (M?,g,J)
must be holomorphically isometric either to S? x S? or to S? x T2, both
with product metric and spin structure, where T? carries a flat metric and
the trivial spin structure. In higher dimensions, if a non-zero spinor 1) ex-
ists satisfying (312)), then A. Moroianu showed [200] that the Ricci tensor
of (M",g) is parallel and has exactly two eigenvalues. This implies that the
universal cover of M is holomorphically isometric to the Riemannian product
N x R?, where N is a closed Kéhler spin manifold admitting a non-zero real
Kéhlerian Killing spinor, see [200] for details. This result had been formu-
lated by A. Lichnerowicz [I79] where there remained however gaps in the
proof.

We formulate the precise statements on the characterization of the

limiting-case of (BI0).

Theorem 3.2.5 Let (M™,g,J) be a closed n(> 4)-dimensional Kdhler spin
manifold with positive scalar curvature.

1. If 5 is odd, then B.I0) is an equality for some eigenvalue X of D if and
only if (M™, g, J) is holomorphically isometric to CP% in case 5=1(4) or
to the twistor-space of a quaternionic Kahler manifold with positive scalar
curvature in case 5 = 3 (4) (K.-D. Kirchberg [I57] for n = 6, A. Moroianu
[197] for n > 6).

2. If 5 is even, then BI0) is an equality for some eigenvalue X of D if and
only if (M™, g, J) is isometric to T\V % Rz, where N is a simply-connected
closed Kdhler manifold admitting a non-zero real Kihlerian Killing spinor
(1, 0) and I' is generated by (v;,7;), j = 1,2, where the 7;’s are trans-
lations of R% and the v ’s are commuting holomorphic isometries of N
preserving its spin structure and (1, ¢) (T. Friedrich [87] for n = 4, A. Mo-
roianu [200] for n > 8).

Beware that, in case 5 is even, the Kahler manifold must not be holomorphi-

cally isometric to the quotient F\N x R? endowed with the Kihler structure
induced from that of N. A simple criterion for holomorphicity is given in
[200, Lemma 7.6].

The last class of manifolds with a non-trivial parallel form having been
handled is that of quaternionic-K&hler manifolds, which carry a canonical
parallel 4-form. The following theorem was proved by O. Hijazi and J.-L.
Milhorat [I35] 136} [137] for n = 8, 12 and by W. Kramer, U. Semmelmann
and G. Weingart in the general case [163] [164]:

Theorem 3.2.6 Any eigenvalue X\ of D on an n(> 8)-dimensional closed
quaternionic-Kahler spin manifold (M™,g) with positive scalar curvature
satisfies
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2> " +12 ’
~ 4(n+38)
where S is the scalar curvature of M. Moreover, this inequality is an equality

for some eigenvalue X if and only if (M™, g) is isometric to the quaternionic
projective space HP%.

(3.15)

Here it should be noticed that every quaternionic Kéahler manifold of
even quaternionic dimension is spin whereas only the quaternionic projective
space is spin if 7 is odd; moreover, every quaternionic Kahler manifold is
Einstein, hence has constant scalar curvature, see references in [164].

Sketch of proof of Theorem B2GF We follow the proof detailed in [164], which
relies on the representation theory of Sp; x Sp,. Denote 7 by m. A quater-
nionic structure on (M™, g) is given by a triple (I, J, K) of parallel orthogonal
endomorphisms of TM with 1?2 = J? = K2 = —Idyy; and IJ = —JI = K.
Each of those endormorphisms is a Kéhler structure on 7'M with associated
Kahler form, so that one may define the so-called fundamental form

Q:=QANQ +Q;AQ;+ Qg ANQx

on TM. The 4-form (Q is parallel and can be shown to act on XM so as to
split it into

with X, M := Ker(Q - —(6m — 4r(r + 2))Id) C XM [136]. As in the Kéhler
case, the Clifford multiplication sends T* M ®X,. M into X1 M ®¥,. 1 M. De-
composing Ker(4)|,. o5 ,, into irreducible components under Spy x Sp,,,_1,
one obtains four twistor operators associated to the orthogonal projections
of V2¢ onto the irreducible components [164, p.745]. Taking ¢ € T'(X, M)
to be an eigenvector for D? and applying Schrédinger-Lichnerowicz’ formula
([CIT) lead to the desired inequality, see [164] Sec. 4] for the rather technical
proof where the authors determine all Weitzenbock formulas involving Dirac
and twistor operators.

The equality case in the inequality is sharp for HP™ [I89]. Conversely,
if it is sharp, then the spinor bundle of M carries a particular (non-zero)
section called quaternionic Killing spinor [I63, p.340]. This spinor induces
a non-zero real Killing spinor on the total space of the SOgs-principal
bundle associated to the quaternionic Kéahler structure and for a suitable
metric [163] p.344]. Then Bar’s classification (Theorem [A-Z3) of manifolds
with real Killing spinors forces M to be isometric to HP™, we refer to
[163, Sec. 7] for the details. O
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3.3 Improving Friedrich’s inequality in a conformal way

N. Hitchin [148] noticed in the Riemannian setting (as well as H. Baum
[49] in the pseudo-Riemannian one) that the fundamental Dirac operator is
conformally covariant, see Proposition [L3.10l This was the starting point for
the following result.

Theorem 3.3.1 (O. Hijazi [128]) Let (M",g) be an n(> 2)-dimensional
closed Riemannian spin manifold and u € C*°(M,R), then any eigenvalue A
of D on (M™,g) satisfies

2 n (T 2u
> .
AP > =1 1}\1}(56 ), (3.16)

where S is the scalar curvature of (M™,G := e*“g). Moreover, [B18) is an
equality for some eigenvalue X if and only if u is constant and (M™, g) carries
a non-zero real Killing spinor.

Proof: We use the notations of Proposition [[3101 For any ¢ € T'(XM) one

1—1

has from (B3] applied to ¥ := e~ “7 ¥,

72 n a2 . n B2,
/M <D¢| —msm )vg——n_l/M|P1/J| vg > 0.

Proposition states that D) = e_nTH“D_go7 so that choosing ¢ to be a
non-zero eigenvector for D associated to the eigenvalue \ one obtains D 1) =
Ae %) and the inequality (3I6). Furthermore, if [3I6) is an equality for
some eigenvalue A of D on (M™, g), then for any non-zero eigenvector ¢ for
D associated to A, the identity P1) = 0 holds, where 1) := e*nT_l“@ This
implies in turn

e ¥
n

Vxtp=— Xy

for every X € T M. Elementary computations as in the proof of Proposition
[A4T] but carried out on (M",g) (see e.g. [I34, Prop. 5.12]) show that
necessarily du = 0, thus u is constant and therefore ¢ is a real Killing spinor
on (M™,g). The converse statement follows from the characterization of the
equality case in ([BJ]). This concludes the proof. O

Corollary 3.3.2 Any eigenvalue A of D on an n-dimensional closed Rie-
mannian spin manifold (M™,g) satisfies:

i) (C. Bar [35]) Forn =2,

2
A2 > 27TX(M )

~ Area(M?2,g)’ (3:.17)
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where x(M?) is the Euler characteristic of M?. Moreover, BI7) is an
equality for some eigenvalue X\ of D if and only if (M?,g) is isometric
either to S? with constant curvature metric or to T? with flat metric and
trivial spin structure.

i) (O. Hijazi [128]) For n > 3,

n
PRI —— 3.18

= An - (3.18)
where py denotes the first eigenvalue of the scalar conformal Laplace op-
erator 42—:%A + S. Moreover, BI8) is an equality for some eigenvalue A

of D if and only if (M™,g) carries a non-zero real Killing spinor.

Proof: We deduce both BI8) and 1) from BI0) and from the following
transformation formula for scalar curvature after conformal change of the
metric:

Se* =S +2(n—1)Au— (n — 1)(n — 2)|grad(u)|?, (3.19)

for g ::_62“9 and u € C°°(M,R). This is applied to a conformal metric g for
which Se?* is constant on M.

1) Let up € C°(M,R) solve Aug = M{#ﬁ;i,g) - g (such a solution

exists because the r.h.s. has vanishing integral). Since in dimension n = 2

the formula ([BI9) reads Se?“0 = S + 2Awg one obtains Se?%0 = %.

Applying now the Gauss-Bonnet Theorem, ([3I6]) becomes

Jos Svg _ 21 (M?)

A2 > 1 -
~ 2 Area(M?2,g) Area(MZ2g)’

which is (3I7). If now [BI7) is an equality for some eigenvalue A of D, then by
construction of ug the scalar curvature .S must be constant and non-negative.
Since we explicitly know the Dirac spectra of S? (see Theorem EI.3) and of
T? (see Theorem ), we can compare the smallest non-negative Dirac
eigenvalue with the lower bound in ([BI7) and state that equality always
occurs for S > 0 and occurs on T2 only when fixing the trivial spin structure.

i1) We can assume that g3 > 0. From Courant’s nodal domain theorem (see
e.g. [T4] p.19]) every non-zero eigenfunction h for L := 42=1 A+ S associated
to its smallest eigenvalue p; cannot vanish, hence may be assumed to be
positive. In particular 1 = hg !Lho. But in dimension n > 3 the formula
BI9) can be rewritten under the following form: for any positive smooth
function h on M™,

Shws = h™'Lh,

where S is the scalar curvature of (M™, 7 := hﬁg). Thus, choosing

_a_ _ 4
Jo := hg g on M™, one obtains Shg~? = ui, which together with Theorem
B3 implies [BI8)). The characterization of the equality case in (BIX)
follows from Theorem B.3.1] as well. |
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Another proof of (BI8)) involving Kato type inequalities can be found in [71].
Inequality (BI8) improves Friedrich’s inequality (BI) for n > 3 since ob-
viously Zijr\}f (S). Tt also proves the existence in dimension n > 3 of an

explicit conformal lower bound for the spectrum of D?:

Corollary 3.3.3 (O. Hijazi [130]) For any Riemannian metric g on a
closed n(> 3)-dimensional spin manifold M™,

M (D )Vol(M, g) > Y (M, [g)), (3.20)

4(n—1)

where Al(DI\Q/I,g) denotes the smallest non-negative eigenvalue of D? associ-
ated to the metric g and Y (M, [g]) is the Yamabe invariant of M w.r.t. the
conformal class of g.

Proof: Recall that the Yamabe invariant of M™ w.r.t. [¢g] is the conformal
invariant defined by

Y(M,[g]) :==

n—2

. fM(42—:éAgf+ng)ng
inf { 2n }
fec=(MR)\{0} (Jar F7209) =

Hoélder’s inequality gives [, f2vg < ([, f%vg)%-Vol(M",g)%. Assuming
Y (M, g]) > 0 (otherwise [B20) is trivially satisfied), one obtains

no N2
paVol(M™, g)w > Y (M, [g]),
which with (3I8]) implies the result. O

Note however that (B8] is not itself conformal. We also mention that inequa-
lity (3I8) can be combined with lower bounds of y to provide an estimate
of A1 (Dy; ) in terms of the total Q-curvature in dimension n = 4 and of the
first eigenvalue of the so-called Branson-Paneitz operator in dimension n > 5,
see [145], Sec. 4]. The a priori existence of a qualitative conformal lower bound
for the Dirac spectrum was proved independently by J. Lott [I8] using the
boundedness of particular Sobolev embeddings. More precisely, if the Dirac
operator of a given closed Riemannian spin manifold (M™, g) is invertible,
then there exists a positive constant ¢ depending only on the conformal class
of g such that [I81] Prop. 1]

M (D} ) Vol(M,g)7 > ¢ (3.21)

for any metric g conformal to g on M™.

C. Bér’s estimate ([BI7) gives a topologically invariant lower bound on the
Dirac spectrum. Surprisingly enough this contrasts with the situation of the
scalar Laplacian on S? for which this invariant provides an upper bound for
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the first non-zero eigenvalue in one of the corresponding estimates established
by J. Hersch (see reference in [42]) and which reads

A (Agz ,)Area(S?, g) < 8, 3.22
g

where A1 (Agz2 4) denotes the smallest positive eigenvalue of the scalar Laplace
operator A on (S?,g). For lower bounds in higher genus, where @I7) is
trivial, see Section [3.6l

As noticed in the proof of Corollary [3.3:2] one has from the Gauss-Bonnet
2mx(M?) 2 Jar2 Svg

Area(M?,g) — 4(2—1) Area(M?,g)"
Can one improve Friedrich’s inequality (3] in dimension n > 3 by replacing
infy/(S) by m Sy Svg? B. Ammann and C. Bér showed [16] that this
is not the case at all: on any compact spin manifold of dimension n > 3
and for any positive integer k there exists a sequence of Riemannian metrics
for which the k"™ Dirac eigenvalue remains bounded whereas the averaged
total scalar curvature tends to infinity. We refer to [42] for a detailed and
illustrated proof.

Theorem in dimension 2 the following identity:

3.4 Improving Friedrich’s inequality
with the energy-momentum tensor

The main idea to prove inequality ([BI]) was to split the spinorial Levi-Civita
connection in a clever way so as to make the term which is dropped off after
integration and application of the Schrodinger-Lichnerowicz formula as small
as possible. This led to the introduction of the Penrose operator. In an equiv-
alent way, this means deforming the Levi-Civita connection in the direction
of Idyyy, i.e., defining Tx ¢ := Vxp+ fX - ¢ for some real or complex-valued
function f to be fixed later, see T. Friedrich’s method of proof in Section Bl
O. Hijazi’s idea for the following result is to introduce a different Penrose-
like operator, deforming the Levi-Civita connection in the direction of some
symmetric 2-tensor tensor T associated to an eigenvector 1:

Theorem 3.4.1 (O. Hijazi [132]) Let A be an eigenvalue of the fundamen-
tal Dirac operator on a closed n(> 2)-dimensional closed Riemannian spin
manifold (M™, g) and v be a non-zero eigenvector for D to the eigenvalue \.
Then

> %f (% + T¢|2) : (3.23)

where TY(X,Y) = FRe ((X . Vyz/J+Y~VX1/),#>) for all X, Y € TM

and My = {x € M |¢(x) # 0}. If furthermore B23)) is an equality then 1
solves
Vxtp=-T"(X)-¢ (3.24)
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forall X € TM.

Proof: Define the following modified connection vV on XM (and outside the
zero set of 1, of which measure vanishes) by

Vxth = Vxih+TY(X) - ¢

for every X € TM. We compute in a local orthonormal frame {e; }1<;<n:
Vol =1V, o
j=1

=D IV P+ T () Pe1? + 2Re ((Ve, 0, TV (e5) - )

j=1
= [VOP +[TYPI* =2 Y T(ej,ex)Re ((ex - Ve, 00, 9))
j,k=1
= |V — [T Py

since from its definition the tensor 7% is symmetric. Integrating and applying
the Schrodinger-Lichnerowicz formula (LIH) leads straightforward to the
inequality, of which limiting-case implies Vi = 0. This concludes the proof. [

The tensor T¥ is sometimes called the energy-momentum tensor associated
to 1, see e.g. [47) Sec. 6] for a justification of its name.

The lower bound in [B:23)) for the eigenvalue A has the obvious disadvan-
tage to depend on the eigenvector 1 to A, hence Theorem [B.4.1] does not
directly provide a geometric lower bound for the Dirac spectrum. Note how-
ever that (323) improves Friedrich’s inequality (B:I)) whatever the tensor 7Y
could be: one can indeed write T = (T%)? + t—r‘&g where (T%)° de-
notes the trace-free part of T%. Since D1 = A\t one has in any local o.n.b.
{Ej}lgjgn of TM:

trg(TY) = Z?Re( Ve, ¥, |;/’|2>>

=5e (100, )
=\

so that [T%[2 = |(T%)°2 + 2 and
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25 n 102
A _}vrfl,f(ll(n—l)s—’_n—l'(T )l )’

>0

which implies (B1]).

One can also remark that the proof of Theorem [B41] only needs v to be
eigen for D?, which is weaker than 1) be eigen for D. However the comparison
with Friedrich’s inequality as just above is in this case not available.

Closed spin manifolds carrying a non-zero eigenvector 1 of D satisfying
B24) have not been completely classified yet. From the above comparison
with Friedrich’s inequality (BI) they contain all manifolds carrying non-zero
real Killing spinors. Recent works [119] [[04], where examples of manifolds
are given where ([8:23)) is sharp but not [B1]) (e.g. Heisenberg manifolds, see
[104, Ex. 6.4]), show that they form a strictly larger family.

Besides we mention that Theorem B4 was generalized by T. Friedrich
and E.-C. Kim [93, Lemma 5.1] and by G. Habib [T19, Thm. 2.2.1] (see also
[122]). More recently, an analogous ansatz was successfully carried out by
T. Friedrich and E.C. Kim [94, Thm. 1.1] where the lower bound for the
Dirac spectrum depends on the spectrum of a Dirac-type operator associated
to a so-called nondegenerate Codazzi tensor, we refer to [94] for details.

3.5 Improving Friedrich’s inequality with other
curvature components

In case the scalar curvature of a compact spin manifold is not everywhere
positive one can try to look for lower eigenvalue bounds involving the Ricci
and Weyl components of the curvature tensor. The proof of the following
theorems relies on the application of the Schréodinger-Lichnerowicz formula
([CI0) after a suitable choice of Penrose-like operator involving those tensors,
see e.g. [I61] for the highly technical details.

Theorem 3.5.1 (T. Friedrich and K.-D. Kirchberg [96]) Any eigen-
value X of D on an n(> 2)-dimensional closed Riemannian spin manifold
(M™, g) with divergence-free curvature tensor, vanishing scalar curvature and
nowhere-vanishing Ricci-curvature satisfies:

1 inf 5/ |Ric|?
4 n—1

n

A2 >

Y
inf]\/[ |RiC| — Ko

where kg denotes the smallest eigenvalue of the Ricci tensor Ric on M.

Examples of closed Riemannian manifolds satisfying the assumptions of
Theorem B.5.1] and where the lower bound can be explicitly computed can
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be found among the following families, see [06, Ex. 1-4] and [160, Ex. 4.1
& 4.2]: (local) Riemannian products of Einstein manifolds, warped prod-
ucts of S! with an Einstein manifold with positive scalar curvature, warped
products on Riemannian surfaces, conformally flat manifolds. Note however
that Einstein manifolds themselves or manifolds whose Ricci tensor vanishes
somewhere cannot be handled by Theorem 3.5l This was the motivation
of T. Friedrich and K.-D. Kirchberg for obtaining a lower bound involving
the Weyl tensor only. The best result in this direction was obtained by K.-D.
Kirchberg, generalizing an earlier one by T. Friedrich and himself [95, Thm.
3.1]:

Theorem 3.5.2 (K.-D. Kirchberg [161]) Any eigenvalue X of D on
an n(>2)-dimensional closed Riemannian spin manifold (M™,g) with
divergence-free Weyl-tensor and p > 0 satisfies:

n 4y

p), e

2> 1 ) ((Qn —1)inf(S) + \/i?/[f(S)z + (5

~8(n—1

where vg > 0 and p are conformal invariants depending on the Weyl tensor
only.

Recall that every Einstein Riemannian manifold has divergence-free Weyl
tensor. In case inf/(S) > 0 inequality ([B:28]) obviously enhances Friedrich’s
inequality ([BJ). In case infy(S) < 0 it is easy to see that the lower bound
in (B28) is positive if and only if vy > W| infa7(S)]. However, it is up to
now not known if (3228 can be an equality [I61, Rem. 4.2.ii)].

Theorems B.5.] and actually follow from a whole series of estimates
[06, [I61] involving curvature tensors and that can be applied to produce fine
vanishing theorems for the kernel of the Dirac operator.

3.6 Improving Friedrich’s inequality on surfaces
of positive genus

C. Bér’s inequality [BI7) does not give any information on the spectrum
of D on compact Riemannian surfaces with nonpositive Euler characteristic,
i.e., with positive genus. Estimates on such surfaces have to depend on the
choice of spin structure, as the example of the 2-torus already shows: for its
trivial spin structure (i.e., for the spin structure coming from the trivial lift of
the lattice-action to the spin level, see Proposition [[4.2) it admits harmonic
spinors - for flat hence any metrics because of (LI - but not for any other
spin structure [86].

The first estimate to have been proved is a qualitative one and dates back
to J. Lott’s work [I81] providing lower bounds for general conformally covari-
ant elliptic self-adjoint linear differential operators. In the case of surfaces it
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states that, if the Dirac operator of a given closed oriented surface (M?, g) is
invertible, then there exists a positive constant ¢ such that, for any metric g
conformal to g on M? (see (B21))):

Al(DJ%/[@)Area(M, g9) >c.

The constant ¢ expresses the boundedness of particular Sobolev embeddings
hence cannot be made explicit in general.

The first successful attempt in looking for a geometric estimate is due to B.
Ammann [I4]. His lower bound, which was proved for the 2-torus, involves
the so-called spinning systole spin-sys(M) of a closed oriented surface M
with positive genus which is defined to be the minimum of the lengths of
all noncontractible loops (in our convention, loops are simply closed curves)
along which the induced spin structure is non trivial. Recall that the systole
of M is defined to be the minimum of the lengths of all noncontractible loops
in M.

Theorem 3.6.1 (B. Ammann [14]) Let g be an arbitrary Riemannian
metric on the 2-torus M = T? carrying a non-trivial spin structure. Assume
that || Kyl (r2,g) < 47, where K ist the Gauss curvature of (T2, g). Then
there exists for each p > 1 a constant C, > 0 depending on ||Kyl|r1(r2 q),
| KgllLr(12,9), the area and the systole of (T2, g) such that any eigenvalue
of D satisfies
sup C,
2 p>1
~ spin-sys(T?2)2"

Moreover this inequality is an equality if and only if g is flat, the lattice is
generated by an orthogonal pair and the spin structure is the (1,0)- or (0, 1)-
one.

Sketch of proof of Theorem B.6.1F The proof of the inequality combines the
following steps. First one chooses a flat metric g := €*“g in the conformal
class of g. Using the min-max principle (see e.g. Lemmal[5.0.2)) it can be easily
proved that A2 > e2™2x(W) )2 where \g > 0 is the smallest Dirac eigenvalue
(in absolute value) on (T2, go) and for the same spin structure. Now the Dirac
spectrum of (T2, go) for any spin structure is explicitly known (see Theorem
21T), in particular the following equality holds

)\gArea(TQ, go) = 47T2||X||%2(’H‘2,go)’

where x € H!'(T? Zy) is the cohomology class representing the spin
structure (it is non-zero if the spin structure is non-trivial). Obviously
Area(T?,g) > e~2min() Area(T?, go) so that one obtains a lower bound of
A in terms of the area of (T?,g), of the L2-norm of x and of the so-called
oscillation osc(u) := max(u) — min(u) of u on T?. On the other hand the
L2-norm of x can be proved to be only dependent of the conformal class of
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g and can be estimated against an expression involving the spinning systole,
the area and osc(u) [I4, Sec. 4]. What remains - the whole work - is to
estimate osc(u) against the desired geometric data. For an illustrated proof
of this Sobolev-type inequality we refer to [I4, Sec. 6]. The limiting-case
occurs if and only if osc(u) = 0 (i.e., g is flat) and the estimate of osc(u) is
sharp, which yields strong conditions on the lattice defining the flat metric

g, see [14]. O

Another and completely different approach was developed by B. Ammann
and C. Bér in [I7]. It aimed at obtaining a lower bound in terms of a geome-
tric invariant called the spin-cut diameter 6(M). This is a positive number
which is associated to the surface M and its spin structure. The idea is
simple: apply ([BI7) to the surface obtained from the genus g surface M by
cutting g suitable loops out of M. Here “suitable” means the following: on
the one hand one has to choose the loops such that the resulting surface M is
diffeomorphic to an open subset of S? - actually to a 2-sphere with 2g disks
removed; this is the case as soon as the Zs-homology classes associated to
those loops form a basis of Hy (M, Zs). On the other hand the cut-out-process
must also respect the spin structures in the sense that the restrictions of the
original one and of the one from S? have to coincide on M. This however
is only possible if the so-called Arf-invariant (which associates to each spin
structure on M the number 1 or —1, see [I7, Def. p.430]) of the spin structure
of M is 1 [I7, Cor. 3.3]. The spin-cut diameter can then be defined from the
distances between the cut-out loops, see [17, Def. p.433]. For M = T? the
Arf-invariant of the trivial spin structure is —1 and it is 1 for the other ones.
In the latter case, extending by means of suitable cut-offs an eigenvector on
M to the S? “obtained by adding two disks to the gluing of a finite number
of copies of M (which is then a cylinder) one can prove the following result

[T, Sec. 5]:

Theorem 3.6.2 (B. Ammann and C. Bér [17]) Let M := T? be the
2-torus with arbitrary Riemannian metric and non-trivial spin structure.
Then any eigenvalue A of D satisfies

|A| > sup | — 2 + u + 2 , (3.26)
ken \ KO(T?) kArea(T?) = k26(T?)2

k#£0

where §(T?) is the spin-cut diameter of T? associated to this spin structure.

The supremum in the lower bound is attained for k = [

or k = [%W] + 1. Tt is positive and for the boundary T2 of an

4(\/§+1)Area('ﬂ‘2):|
T @)z

e-tubular neighbourhood of a circle of radius % it is asymptotic to /#(T?)

when e tends to 0. Therefore Theorem [3.6.2] can be viewed as a generalization
of Corollary B:324i) for T? with non-trivial spin structure.
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In genus g > 1 one can apply the same argument to the S? obtained by
adding disks to a clever gluing of 29 + 1 copies of M and prove [I7, Sec. 6]:

Theorem 3.6.3 (B. Ammann and C. Bar [17]) Let M be a closed Rie-
mannian surface of positive genus g with spin structure whose Arf-invariant
equals 1. Then any eigenvalue A of D satisfies

A > 2 . T 1 .
2g+1 Area(M)  §(M)

(3.27)

Although the lower bound need this time not be positive there exist examples
for which it is: as above, consider an e-tubular neighbourhood M, of a closed
plane curve with exactly g — 1 intersections and such that, w.r.t. any allowed
spin structure, 6(M.) i &t (fix for instance the diameter equal to 1). Then

the lower bound is asymptotic to 2g2+1 . Area’E ) for € — 0. In the case

where g = 1 the k-dependent expression in the r.h.s. of (B20) is for k = 2
greater than the r.h.s. of (B27]), so that ([328]) is better than ([B27]).

Combining TheoremsB.6.2land B.6.3] with the extrinsic upper bound (5.19)
for the smallest Dirac eigenvalue for surfaces embedded in R3 one obtains
a lower bound of the Willmore functional, see [I7, Thm. 7.1]. Besides, we
mention that Theorems [3.6.2] and [3.6.3] can be extended to complete surfaces
with finite area [I7, Thm. 8.1].

3.7 Improving Friedrich’s inequality on bounding
manifolds

In case M bounds a compact spin manifold M the input of extrinsic geome-
trical data - such as the mean curvature of M in M - can improve Friedrich’s
inequality ([BJ]). The main step consists in solving a suitable boundary value
problem, see also Chapter 4l The following theorem was proved by O. Hijazi,
S. Montiel and X. Zhang in [142] for ¢ = 0 and by O. Hijazi, S. Montiel and
A. Roldédn in [I40] for ¢ < 0. Recall that D is the operator acting on the
sections of ¥ := XM or ¥ := XM & XM and which is defined by Dy := D
for n even or Dy := D & —D for n odd respectively, see Proposition [L4.1]

Theorem 3.7.1 Let M" = BM where M is a compact Riemannian_spin
manifold. Assume that, for a constant ¢ <0, the scalar curvature S ofM and
the mean curvature H of M in M w.r.t. the inner normal satisfy S > (n+1)nc
and H > v/—c respectively. Then for any eigenvalue A of D,

Al > = mf(\/ H? +¢). (3.28)
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Moreover B28]) is an equality if and only if H is constant, the manifold

(M g) admits a non-trivial i- or —i -Killing spinor and the eigenspace of

D5 to the eigenvalue % me( H? + c) coincides with (Ko),,, for ¢ =0 and
with

(Id + (—=1)7i(H — VH? + C)z/-) R v (M, Dy fH>/—c
K:(fl)jﬁ(MLQ)IM ifH: \/—_C

2
for ¢ < 0, where ICi%(]f\Z, g) denotes the space of :I:%—Killmg spinors on

(M, g).

Proof in the case ¢ = 0: Denote by V the spinorial Levi-Civita connection
of M. The Schrodinger-Lichnerowicz formula for the Dirac operator D of
(M,g) and elementary computations as in Section [ show that, for any

© € I(SM),

D2 = Re (<f72sa,<p>) +divy (V)
CID . ((6*%% <p>) + §\<p|2 + div (V)
— |§<p|2 —|<p\2 + div 5 (V + W), (3.29)

where V and W are the vector fields on M defined by the relations gV, X) =
Re ((X-Egp, <p>) and g(W, X) := Re ((%Xgo, Lp)) for all X € TM respectively

(remember that we denote by “-” the Clifford multiplication of M and not
that of M). Splitting |V¢|? as in (AII) one comes to

S
Z|<P| -

= —|Pyp[? — divg (V + W),

where P is the Penrose operator of (M"‘H, g), see Appendix A. Let v be the

inner unit normal vector field of M in M. Integrating the last identity and
applying Green’s formula one obtains
- /w |Pel?0,"
M

S no~
/fv? <Z|<ﬂ|2 - n—+1|D802> vy
—/M div g (V 4+ W)v)!

—/Jf’so\%f,”—/ g(V + W, v)v,
M M
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=~ [ 1Popu)!
M
—/ Re (<V-D<p,<p> + <Vu<p,s0>) Vg
M
@ 7\/ ‘]S(PP’UM
M

g

nH
+/ Re (<D2307<P> - TW’Q) Vg.
M

Since D is formally self-adjoint (Proposition [[34]) one comes to

S| o no~ oo\ g / S 2. M
2102 = D = [ |P
/~<4<pl n+1‘ @I)vg Pl

# [ (1Da) = "5 v (330

Let A be an eigenvalue of D. The spectrum of Ds being the symmetrized of
that of D w.r.t. the origin (for n even it follows from ([LI0) that the spectrum
of D is already symmetric w.r.t. the origin) there always exists a non-zero
eigenvector v for Dy associated to the eigenvalue |A|. The crucial point is
now the existence of a smooth solution ¢ to the boundary value problem
with APS-boundary condition

ﬁ(;ﬁ =0 onM

b0 on M, (3.31)

where 7>¢ : I'(¥) — I'(X) denotes the L2-orthogonal projection onto the
eigenspaces of Dy to nonnegative eigenvalues, see Section [[5]and Chapter @
Since S > 0 and H > 0 the identity (330) with ¢ := ¢ implies

S ow (3 N
o< [ ool = [ (ZW - nil|D¢|2> oy
H
< [ (1D260) - "o,
< /M <(D27T>0¢, T>0$) — %|W>o¢|2) Vg
H
= [ (=Tl
M

from which the inequality follows.
In case the lower bound is attained the mean curvature H of M must be
constant, ¢ = m>0¢ on M and P¢ = 0 on M, where ¢ is any section of XM
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solving (B31)) for any given eigenvector ¢ of Dy associated to the eigenvalue
|Al. In particular ¢ = ¢|,, with ﬁgb =0 on M, i.e., every eigenvector 1 of
Dy associated to the eigenvalue |A| must be the restriction on M of parallel
spinor on M (note that the existence of a non-zero parallel spinor on M im-
plies S = 0, see Proposition [AZ1)). Moreover (22 already implies that the
restriction of any parallel spinor onto a hypersurface with constant mean cur-
vature is an eigenvector of D to the eigenvalue “5=. Therefore the eigenspace
of D, associated to the eigenvalue “ exactly commdes with (Ko)j,,- The
other implication is trivial.

For the proof in the case ¢ < 0, which is based on the same argument for
a Schrodinger operator associated to D, we refer to [I40]. O

In case M C M"1(c), where M"™1(c) is a spaceform with constant curvature
¢ < 0, Gauss’ equations imply in particular (%)Q(H2 +c) > e 1)S hence
[B28) improves ([BJ)) under the supplementary assumption H > /—c.
There exists a conformal version of (B28) in terms of the so-called Yamabe
relative invariant, see [144].
The characterization of the equality case in (3:28) provides a short proof
of Alexandrov’s theorem (see reference in [I42]) on constant mean curvature

embedded hypersurfaces in the Euclidean and hyperbolic spaces respectively

[142, Thm. 8]:

Theorem 3.7.2 (A.D. Alexandrov) Every closed embedded hypersurface
with constant mean curvature in R™1 or H™! is a round geodesic hyper-
sphere.

Proof in the case ¢ = 0: Let M be such a hypersurface. It is embedded so
that on the one hand it bounds a compact domain M (in particular it is
orientable hence spin, see Proposition [[Z1]); on the other hand, it can be
shown that necessarily H > 0 by a result of S. Montiel and A. Ros (see
reference in [I42]). Moreover the assumption H constant implies that (328])
is an equality, in which case every non-zero eigenvector of Dy associated to
the eigenvalue ”2H must be the restriction onto M of a parallel spinor on M
(Theorem B7T]). But considering the spinor field

T Qg =Ve ¢+ Hr ¢,

on M , where v is the inner unit normal and ¢ a parallel spinor on MC R+
one notices that

DQ@ DQ(V . ¢) + HDQ(.T . (b)
bt Z D2¢+HD2(.Z‘ . qb)

—V-DQ(b—FH(%J?'(ﬁ—%V(JJ'd))—l/-ﬁ($~¢))

08
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= o B e v o+ (k1)
= %(V‘¢+Hx-¢)

~ nH

- TSO7

i.e., v is an eigenvector for Dy associated to the eigenvalue % Therefore ¢
must be either identically zero or non-zero and parallel. The first possibility
already implies that M must be a geodesic sphere. The second one means
that, for every X € T M,

0=Vxp=—AX) ¢+ HX-¢.

Since ¢ has no zero OH;M one deduces that A = HIdryy, i.e., that M must
be totally umbilical in M hence in R™*!. This concludes the proof for ¢ = 0.
For ¢ < 0 we refer to [140]. O

Another clever application of Theorem B.7.1] is:

Theorem 3.7.3 (O. Hijazi and S. Montiel [138]) Let (M"',g) be a
complete Riemannian spin manifold with nonnegative Ricci curvature, mean
convex boundary OM and nonnegative Einstein-tensor along the normal di-
rection of OM. Then (M™*1, g) is isometric to a Euclidean ball.

As a corollary, any Ricci-flat complete spin manifold with boundary isometric
to the round sphere S™ is already isometric to a Euclidean ball. Recently rigid-
ity results have been obtained by S. Raulot [213] under weaker assumptions
on the boundary. We also mention that it remains open whether analogous
estimates on the boundary of positively-curved domains can be obtained.
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