Chapter 2
Modal Logics

2.1 Introduction

This chapter introduces modal and continuous time stochastic logics. We
discuss these logics here in some detail since we want to define the classical
notions of bisimilarity, logical and behavioral equivalence for logics the inter-
pretation of which is well understood. This will enable us later on to draw
from this source knowledge as well as experience when defining these terms
for coalgebraic logics, and when investigating them. We indicate the results
and give sketches for the more interesting proofs, which we will need in later
chapters as well. These considerations make substantial use of the techniques
that have been developed in the context of stochastic relations, about which
we reported in Chapter 1, in particular in Sections 1.6 and 1.7. We will return
to the topics dealt with in the present chapter mainly in Chapter 4, when
coalgebraic logics are investigated. It will turn out that nearly all results
are special cases of a coalgebraic scenario. This might advise against dealing
with, e.g., modal logics and continuous time stochastic logics on this level of
detail. On the other hand it turns out that the approaches for the general,
coalgebraic case are essentially motivated by these specific logics, and that
these logics serve as excellent examples for the somewhat abstract treatment
in Chapter 4. For instance, we will study residence times in some detail in
the present chapter, and this will help in our appreciating the properties of
some important functors when dealing with stochastic right coalgebras in
Section 4.4.

We first deal with modal logics which are introduced fairly generally
through modal similarity types. Kripke models are introduced in both their
non-deterministic and their stochastic versions, and we give examples from
well-known logics illustrating these models and highlighting their different
approaches. Before jumping into this discussion in Section 2.3, however, we
define in Section 2.2 bisimilar stochastic relations in terms of spans of mor-
phisms and give a criterion for them to be bisimilar; this is based on simu-
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70 2 Modal Logics

lation equivalent congruences. Because each modal logic defines congruences
on the state space of a Kripke model, we put this criterion to work when
looking into the relationship of bisimilarity, behavioral equivalence — which
is defined in terms of a cospan of morphisms — and logical equivalence in Sec-
tion 2.3.2. Investigating congruences like that is also at the heart of looking
into the same relationship when discussing continuous time stochastic logic in
Section 2.4. This is a logic akin to the well-known logic CTL used for model
checking which takes time explicitly into consideration. We augment the logic
by adding a fixed-point operator, partly for indicating that the techniques
we present here are so flexible that adding a substantially different operator
does not affect them, but also to prepare for things to come when discussing
coalgebraic stochastic logics which contain infinitesimal operators as abstrac-
tions for fixed point operators. The discussion of the continuous time logics
is technically a bit more involved than the one for the conceptually simpler
modal logic because we need to argue on two levels, viz., on the level of
states — here we will define state formulas — and on the level of infinite
paths, which will be captured through path formulas; see Section 2.4.5. This
foreshadows the development for some coalgebraic generalization as well; see,
e.g., Section 4.3.

The models are defined —nearly by default — over analytic spaces, and
sometimes even over Polish ones. We show in an appendix that weaker re-
sults can be obtained already in Kripke models that are defined over general
measurable spaces. It will be shown that two such Kripke models are logically
equivalent iff they are behaviorally equivalent; this will be established for a
very simple negation-free Hennessy-Milner logic.

2.2 Bisimulations

Bisimulations are introduced as spans of morphisms such that common events
exist. They relate two systems in terms of their elements, and hence in terms
of nondeterministic relations of their state spaces.

In fact, assume that (S, (—4)aca) and (T, (=) )aca) are two labeled tran-
sition systems; then a relation R C S x T is called a bisimulation iff

e Whenever (s,t) € R and s —, s1, then there exists t; with ¢ —/ ¢; and
<81,t1> € R.

e Whenever (s,t) € R and t —/ t;, then there exists s; with s —, s1 and
<81,t1> € R.

We interpret a labeled transition system as a coalgebra (.S, «) for the func-
tor § := P(A x —) which sends the set S to P(AxS) and the map f: S — T
to P(AxS)>Q — {{a, f(s)) ] {a,s) € Q} € P(AxT). It is an easy exercise
to show that R is a bisimulation iff there exists a coalgebraic structure
xi on R such that this diagram commutes:
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S =< R =T
« i B
\ \ \

< > T
5(5) §(ms) §(R) S(mr) S(T)

Definition 2.2.1. The stochastic relations K = (X,Y, K) and L = (V,W, L)
are called bisimilar iff there exist a stochastic relation M = (A, B, M) and
morphisms f = (¢,¢) : M — L,g = (v,0) : M — L such that

a. the diagram

x< A T sy
K M L
v v v
Y) < B

(Y) W) S (B) (6) S (W)

18 commutative,
b. the o-algebra =1 [B(Y)| N6~ [B(W)] is nontrivial, i.e., contains not only
0 and B.

The relation M is called mediating.

The first condition on bisimilarity is in accordance with the general defi-
nition of bisimilarity of coalgebras in Section 1.2.1; it requests that f and g
form a span of morphisms

K<" M %=L

so that we have for each a € A, D € B(Y), E € B(W) the equalities

K (¢(a)) (D) = (& () o M)(a)(D) = M(a) (v [D])

and
L((a))(E) = (& (8) o M)(a)(E) = M(a)(6~ " [E]).

The second condition, however, states that we can find an event C* € B(B)
which is common to both K and L in the sense that

Y [D]=C" =67 [E]

for some D € B(Y) and E € B(W) such that both C* # () and C* # B hold
(note that for C* = () or C* = W we can always take the empty and the full
set, respectively). Given such a C* with D and F from above we get for each
a€A
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thus the event C* ties K and L together. Loosely speaking, ¢~ [B(Y)] N
§L[B(W)] can be described as the o-algebra of common events, which
is required to be nontrivial. Note that without the second condition two
relations K and L which are strictly probabilistic (i.e., for which the en-
tire space is always assigned probability 1) would always be bisimilar: Put
A:=XxV,B:=Y xW and set for (z,v) € A as the mediating rela-
tion M(x,v) := K(z) ® L(v); then the projections will make the diagram
commutative. It is also clear that this argument does not work for the sub-
probabilistic case. The second condition in Definition 2.2.1 serves to prevent
this somewhat anomalous behavior; it is technically not too restrictive, as we
will see below.

A criterion for stochastic relations to be bisimilar is derived from simula-
tion-equivalent congruences. They will be introduced now, and the relation
to bisimilarity is indicated as well.

Simulation Equivalence

Simulation-equivalent relations behave on their classes in exactly the same
fashion. This requires the equivalence classes, in particular the Borel structure
on the respective factor spaces, to be related in a suitable way: knowing one
factor space and its Borel structure entails detailed knowledge about the
Borel structure of the other one, in particular about its generators. This is
captured through the idea that one equivalence relation spawns the other
one — if it is known how to generate the Borel structure on one factor space,
then this knowledge is carried over to the other one.

Definition 2.2.2. Let a and 8 be smooth equivalence relations on the ana-
lytic spaces X resp. Y, and assume that T : X/a — Y/ is a map between the
equivalence classes. We say that « spawns (3 via (1), Ag) iff Ao is a countable
generator of X (B(X), ) such that

a. Ao is closed under finite intersections,
b.{Ta | A € Ao} is a generator of Z(B(Y), ), where T4 := U{T ([z],) |
x € A}

Thus if « spawns 3, then the measurable structure induced by o« on X
is all we need for constructing the measurable structure induced by 3 on Y:
the map 7" can be made to carry over the generator Ay from X (B(X),a)
to E(B(Y), ﬁ) and to transport the atoms from one c-algebra to the other.
This is of particular interest since the atoms are just the equivalence classes
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by Lemma 1.7.11. Hence « together with 7" and the generator A is all we
may care to know or to learn about .

Spawning is used to model congruences that behave in the same fash-
ion; this requires that at least the Borel structures of the underlying factor
spaces be comparable. The definition of simulation-equivalent congruences
then reads as follows.

Definition 2.2.3. Let K = (XY, K) and K' = (X', Y',K’) be stochastic
relations over Standard Borel spaces with congruences ¢ = («, ) and ¢’ =
(o, "), respectively.

a. Congruence c simulates ¢’ (symbolically c < ) iff a spawns o via (T, Ag)
and 3 spawns (' via (©,By) such that

Vo € XVa' € Y([z],)VB € By : K(x)(B) = K'(2')(Op).

b. Call these congruences simulation-equivalent iff both ¢ o< ¢’ and ¢’ x ¢
hold.

Simulation-equivalent congruences behave in exactly the same way. The
same behavior is exhibited on each equivalence class, as far as the input is
concerned, and on the respective invariant output sets. It becomes plain at
this point that a characterization of equivalent behavior through congruences
exhibits the double face of congruences: it is certainly necessary to use the
equivalence relation on the input spaces; but since the behavior on the output
spaces is modelled through probabilities, we need also the invariant Borel sets
for a characterization.

Simulation-equivalent congruences on stochastic relations give rise to a
factor object built on their sum, as we have seen in Section 1.7.3. This con-
struction will be used for investigating the bisimilarity of stochastic relations,
and later on for a closer discussion of the bisimilarity of Kripke models for a
multitude of logics, ranging from general modal logics (Section 2.3.2) to con-
tinuous time logics (Section 2.4.5) and to coalgebraic logics (Section 4.3.3).

Assume that c and ¢’ are simulation-equivalent congruences on the Polish
objects K = (X,Y,K) and K' = (X' Y’, K'), respectively. Assume that «
spawns o via (7, {(Cy)nen}), and that 5 spawns 3’ via (©,{(Dn)nen}).
Construct for K and K’ the direct sum

KoK :=(X+XY+Y KoK');

where the only non-obvious construction is K @ K': put for the Borel set
ECY+Y'

KGZ)WENY), ifzeX

(K ® K)(2)(E) = {K’(z)(EﬂY’% if 2 € X,
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then clearly K ®@ K’ : X + X’ ~ Y + Y’ (we omit the injections). Define
respectively on X + X’ and Y + Y the o-algebras

G:={C+Ter | CeB(B(X),a),C" € B(BX'),a')}
H:={D+0p | DeX(B(Y),3),D € B(BY'),)}.

Then G and ‘H are countably generated sub-o-algebras of the respective Borel
sets. Because the o-algebras in question are countably generated, so is their
sum. Both G and H respectively define smooth equivalence relations on X + X’
and Y + Y’ by Corollary 1.7.14. By simulation-equivalence it follows that
these equivalences are just the amalgamation of the participating relations
(the amalgamation is defined on page 52).

Because the congruences are simulation-equivalent, we see that z (a ¢ o) 2’
implies (K @ K')(2)(F) = (K @ K')(2')(F) for all F' € H. Hence,

G=3(B(X+X'),a0d)
H=S(B(Y +Y"),B¢0),

and coc = (aoa/, 80 3) is a congruence on K & K'.

Bisimilarity

The factor object (K & K’)/(c o c’) constructed in this way will be of interest
when helping us establish the bisimilarity of K and K’, provided they have
simulation-equivalent nontrivial congruences.

Proposition 2.2.4. If there exists nontrivial congruences c; on the Polish
objects K; for i = 1,2 that are simulation-equivalent, then

a. there exist morphisms f1 : Ki — (K1 @ Ka)/(ci0ca) and fa : Ko —
(Kl D K2)/(C1 <>C2).
b. Ky and Ky are bisimilar.

Proof (Sketch) 1. Assume K; = (X;,Y;, K;) and ¢; = (a4, 5;) for i = 1,2.
Construct the sum K; @ Ky as above, and let (k;, A;) be the corresponding
injections, which are, however, no morphisms. Let

(Naroass Mprops) + Ki @ Ko — (K1 @ Ka)/(c1 0c2)

be the factor map. Then (Nasoas © KisN3108, © Ai) constitutes a morphism
Ki — (K1 ®K3)/(c1 ¢ ca), as will be shown now. Surjectivity has to be estab-
lished, and we have to show that the o-algebra of common events is nontrivial.

2. Each equivalence class a € (X1 + X2)/(aq ¢ az) can be represented as
a= [xl]al + [Iz]az for some suitably chosen z1 € X7, 29 € X5. Similarly, each
equivalence class b € (Y1 +Y2)/(B1 © B2) can be written as b = [y1]5, + [y2]4,
for some y; € Y7,y2 € Ya. Conversely, the sum of classes is a class again.
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3. Now we have this diagram:
K1

(nalo(xQOKly"]ﬁloﬁgoAl)

v
Koy > (K1 D K2)/(C1 <>C2)

(77a1<>a2 OK2,MB) 082 OA2

This yields part a.

4. The semi-pullback of the pair of morphisms with a joint target con-
structed in the first step exists by Proposition 1.6.25. It is a Polish object
(A, B, M), where

A= {<$17$2> € X1 x Xo | [ﬁl]aloag = [‘r2]a10a2}7
B = {{y1,y2) € Y1 x Yz | [yl]ﬂloﬂz = [?42]51052}'

We finally are required to establish that there are indeed nontrivial com-
mon events. Since c¢ is nontrivial, we can find an invariant Borel set D €
E(B(Yl), ﬁl) with ) £ D # Y;. Assume that 3y spawns (2 via (©,{D, |n €
N}), then () # ©p # Y3 also holds. Because D is f5;-invariant,

v, [P = {1 92) | v € D} = {(y1,42) | y2 € Op} = my 3, (O] ;

thus
771_731,1 [D] € 771_731,1 [B(Y1)]N w£§,2 [B(Y2)],

and we are done once it is shown that wi;l [D] # B. Since D # Y; is
invariant, there exists y; with

[y1]51062 NnD= [yl]ﬂl NnD=40.

Let [yg][32 = 9([1#1]51), then [y2]51052 NOp = [yg]ﬂ2 NOp = 0. Consequently,
(y1,y2) € B\ wi;l [D]. This shows that Willﬁ [B(Y1)] N wi;z [B(Y2)] is non-
trivial. O

We note the following for later use.

Corollary 2.2.5. Under the conditions of Proposition 2.2.4, the stochastic
relation (K1 ® Ks)/(c1 ¢ c2) is isomorphic both to Ki/cy and to Ky/cp. O

The strategy of the proof to Proposition 2.2.4 has been to make sure that
the classes associated with the congruences are distributed evenly among the
summands in the sense that each class in the sum is the sum of appropri-
ate classes. This then implies that we can construct surjective maps, and
from them morphisms through some general mechanisms. The idea works in
particular with isomorphic factor spaces.

Proposition 2.2.6. Let K and K’ be analytic objects such that K/c is iso-
morphic to K'/c' for some nontrivial congruences ¢ and c’. Then
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a. ¢ and ¢’ are simulation-equivalent,
b. K and K’ are bisimilar.

Proof (Sketch) 0. Let K = (X, Y, K) with ¢ = (a, 8); similarly for K’ and ¢’.
Assume that f = (@, %) is the isomorphism K/c — K’/c’ which is composed
of the Borel isomorphisms @ : X/a — X'/a/ and ¥ : Y/8 — Y'/B. Let
moreover A and B be countable generators of X (B(X),a) and X(B(Y), 3)
which are closed under finite intersections. Then « spawns o/ via (@, .A), and
spawns [’ via (¥, B). Hence we have to establish for each x € X, 2’ € &([z],)
and for each [-invariant Borel subset B C Y that K(z)(B) = K'(2')(¥5)
holds. This will imply that ¢ simulates ¢’; interchanging the roles of ¢ and ¢’
then will yield simulation-equivalence.

1. Given B € 2(B(Y),8) we know from Lemma 1.7.10 that we can find
a Borel set By € B(Y/() such that B = 775_1 [B1] . Since ¥ is a Borel isomor-
phism, we find By € B(Y’/B') with By = ¥~1[By]. A routine calculation
shows that ¥p = 775_,1 [Bs]. Now assume that z € X, 2’ € &([z],); then the
following chain of equations is obtained from the argumentation above, and
from the assumption that f is an isomorphism

K(x)(B) = K(2)(n " ¢~ [B2]])

= ([x]a)(W [ 2])
—K’ 5(2([2],)(B2)

( )" [B2))

(
= K'(2')(p).
This establishes the desired relation ¢ o« ¢’ and completes the proof for the
first part.

2. Bisimilarity now follows through Proposition 2.2.4. O

This will be a helpful tool and construction for the investigations to follow.

2.3 Modal Logics: Syntax and Semantics

We did establish a criterion for bisimilarity through simulation-equivalent
congruences and discussed bisimilarity in terms of isomorphic factor spaces.
We will now apply this to modal logics.

This section defines modal logic, and Kripke models are defined in their
usual nondeterministic and their stochastic versions, together with their sat-
isfaction relation. Some examples are given in order to exhibit probabilistic
models for specific logics. Then we discuss bisimilarity and the related notions
of logical and behavioral equivalence for these Kripke models.

Let P be a countable set of propositional letters which is fixed throughout;
O # 0 is a set of modal operators. 7 = (O, ar) is called a modal similarity
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type iff O # ), and if ar : O — N is a map, assigning each modal operator A
its arity ar(A) > 1. We will not deal with modal operators of arity 0, since
they do not have to be dealt with as modal constants in an interpretation.
The similarity type 7 will be fixed.

We define three modal languages based on 7 and P. The formulas of the
basic modal language My (7, P) are given by the syntax

pu=p | T | ¢1Ag2 | 20 | Aldr,... dar(n)),

where p € P is a propositional letter. If we have O = {<} with ar(O) = 1, we
obtain the formulas of the well-known basic modal language with negation.
Omitting negation in My (7, P) defines the formulas in the negation-free basic
modal language M, (1, P). Finally the extended modal language M (7, P) is
defined through the syntax

du=p | T | 1A | =d | Dg(d1,. .. dar(n)),

where ¢ € QN [0, 1] is a rational number, and p € P is a propositional letter.
Again, if we deal with O = {O} as the similarity type, then we get an entire
line of new formulas through (<4 )scon(o,1]-

Nondeterministic Kripke Models

A nondeterministic T-Kripke model R = (S, R, V') consists of a state space
S, a family R; = (Ra)aeo of set-valued maps Ra : S — P (S“t(A)) ,and a
set-valued map V : P — P (9).

The satisfaction relation |= for a nondeterministic 7-Kripke model R is
defined as usual for My (7, P):

R,sEpeseV(p)
R,sE-¢d< R,stEo
R,s Ed1 N2 = R,s =@ and R, s = ¢o
R,s = A(@1,- s Gar(nr)) & 51,0+, 5a(n)) € Ra(8) 1 R, 51 = ¢i
for 1 <i < ar(A).

Denote by
[¢]r :=={s € S|R,s = ¢}

the set of states for which formula ¢ is valid (the extension of formula @),
and by
Thr(s) = {¢ € Me(7,P) | R,s = ¢}

the theory of state s in R.
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Stochastic Kripke Models

In analogy, a stochastic T-Kripke model K = (S, K,,V') has a state space S
which is endowed with a o-algebra A, a family K = (Ka) A of stochastic

relations Ka : S ~» §9(2) and a set-valued map V : P — A. The stochastic
relation Ka : S ~» S%(%) is denoted by Fa (K). We will usually assume that
S is a Polish space, and that the o-algebra are the Borel sets.

The interpretation of formulas in 9, (7, P) for a stochastic 7-Kripke model
K is fairly straightforward, the interesting case arising when a modal operator
is involved:

K,s = Ng(d1,- -5 Gar(n))

holds iff there exists measurable subsets Ay, ..., Aq(a) of S such that K, s; =
¢; holds for all s; € A; for 1 <7 < ar(A), and

KA(S)(Al X X Aat(A)) >q.

Arguing with state transition systems in mind, this interpretation of
validity reflects that upon the move indicated by A,4, a state s satisfies
Ng(p1,. .., Par(n)y) iff we can find states s; satisfying ¢; with a K A-probability
not smaller than ¢. Note that the usual operators /A and V are replaced by
a whole spectrum of operators /A, which permit a finer and probabilistically
more adequate notion of satisfaction.

Again, let [¢]x be the set of all states for which ¢ € M (7, P) is satisfied
under K, and

Thic(s) :=={¢ € Ms(7,P) | K, s = ¢}

the theory for state s € S.

An easy inductive argument shows that the sets [¢]x are measurable,
so that they may be used as arguments for the stochastic relations we are
working with:

Lemma 2.3.1. [¢]x is a measurable subset of S for each ¢ € Ms(1,P). O

As in the case of stochastic relations we need to exclude trivial cases.

Definition 2.3.2. A 7-Kripke model IC with state space S is called degener-
ate iff [¢]xc = S or [¢]x = 0 holds for each formula ¢ € M (T, P).

A degenerate model does not usually carry useful information. The restric-
tion is quite similar to not permitting the universal relation as a part of a
congruence, and of requesting the existence of nontrivial common events for
bisimulations. We will see that these constraints are closely related.
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2.3.1 Examples

We show how some well-known logics may be interpreted through Kripke
models, indicating that specific logics require specific probabilistic arguments.
We introduce first the logic associated with labeled transition systems. This
example is of historic significance [58]. It is shown also that the basic tempo-
ral language may be interpreted stochastically by reversing a relation. Arrow
logic as a popular logic modelling simple programming constructs is inter-
preted through a simple transformation of a distribution. In presenting these
examples we follow essentially the representation of the respective logics in [8].

FEzxample 2.3.3. Suppose that the set Act of labels is a countable set; it is
thought of as an alphabet of actions. Each action a € Act is associated with
a unary modal operator (a); so put 7 := (O, ar) with O := {(a) | a € Act}
and ar(({a)) := 1.

1. A nondeterministic 7-Kripke model is based on a labeled transition sys-
tem (S, (—a)acact) Which associates a binary relation —,C S x S with
each action a. Thus

sE(a)p & 3" 15—, 5 NS o

2. A stochastic 7-Kripke model is based on a labeled Markov transition sys-
tem, say (S, (ka)aeact), which associates with each action a a stochastic
relation k, : S ~ S. Thus

s = (a)g® < ka(s)([¢]) 2 ¢;

hence a transition is replaced by the probability with which it can occur.

Variants of the logic M (7, P) with P = () were investigated in the litera-
ture by Larsen and Skou, and by Desharnais, Edalat and Panangaden with
a reference to the logic investigated by Hennessy and Milner [44]; we refer
to them also as Hennessy-Milner logic £(Act,Q N [0, 1]). Consequently, this
logic’s formulas are given through

pu=T [ 1 Ag2 | (a)ro.

Here a € Act is an action, and the threshold r is a rational number from the
unit interval. -

Example 2.3.4. The basic temporal language has two unary modal operators
F (forward) and B (backward), so that O = {F,B}.

1. A nondeterministic 7-Kripke model interprets the forward operator F
through a relation R C S x S and the backward operator B through the
converse R~ of relation R; thus R~ := {(s/,s) | (s,s’) € R}. Conse-
quently, we have



80

2 Modal Logics

sEBpeIeS:(t,s)e RALE ¢.

2. A probabilistic interpretation interprets F through a stochastic relation

K :S~ S, so that

s = Fq0 < K(s)([9]) = ¢

The backward operator B is interpreted through the converse K" : S ~~
S, provided the state space S is Standard Borel and an initial probability
w is given. The converse K~ of a stochastic relation K given an initial
probability p is a stochastic relation L : S ~~ S such that

[ K@@ utds) = [ LB utar
S S

holds for each Borel set B C S x S. It is known that the converse relation
exists whenever the state space S is a Polish space [23]; this carries over
obviously to Standard Borel spaces. Thus

s E=Bgd = K, (s)([¢]) = a
An easy calculation shows that
sEBiFi1¢ < K (s) ({s"| K(s)([¢g]) =1}) =1
o [ KE)6) Ky (s)(as) = 1.
s

Note that the definition of the converse requires an initial probability (this

is intuitively clear: if the probability for a backward running process is de-
scribed, one has to say where to start). It is also noteworthy that a topological

assumption has been made; if the state space is not a Polish space, then the

technical arguments permitting the definition of the converse are not avail-

able.

Example 2.3.5. Arrow logic has three modal operators modelling reversal,

composition, and skip respectively. Thus O = {1, ®, o} with respective arities

at(1) = 0,a0t(®) =1, and at(o) = 2.

1. The usual nondeterministic interpretation of arrow logic is done over a

world of pairs; so the base state space is S x S for some S, with associated
relations

R1=As={(s,s) | s € S},
R@ = {<<So,81>, <51,So>> | S0,S81 € S},
R, = {<<so,sl>7 (80, 8), <s7sl>> | 5,80,81 € S}

Thus, e.g.,
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(s,8'Y = o< Tsg: (s,80) = @ A (s0,8) =

and
(s,8) F@g e (s35) F ¢

2. Now assume again that S is a Polish space, and let u € B (S) be a
probability. Put for A € B(S x S)

p(A) = p({s € S| (s,s) € A});

thus /i transports a Borel set in S to a Borel set in the diagonal of S x S.
Interpret the composition operator o, through the stochastic relation

Ko(s,8') =0, @ 1 ® dg.

Note that the operator ® is somewhat overloaded: it denotes the modal
operator for reversal, and the product operator for measures. The context
should make it clear which version is meant.

We obtain then

Ko(s,s")([9] x [¥]) = (0s ® 4 ® ds) ([¢] x [¢])
= a({(s1,s2) | (s,81) € [8], (s2,5") € [¥]})
= u({s1]| (s,s1) € [¢], (s1,5") € [¥]}).

Consequently,

(5,8 Epo19 & (s,51) = d A (s1,8) = for p-almost all s;

(here p-almost all s means as usual that the set of all s; for which the
property does not hold has p-measure 0). More generally, (s, s’) = ¢og 9
iff (s,s1) E @A (s1,s") E 9 for all s; from a Borel set Sy with u(Sy) > gq.
Finally, put Kg(s,s") := 0(s 5; then (s,s) | ®40 < (s, 5) = ¢, for all
rational ¢ with 0 < ¢ <1 (which is evidently independent of ¢), and let

0 /
Kq(s,8):=< " 7 Sl
5(5,3)7 §=3S
(here 0 is the null measure); then
(s,8VF1es=45"

Note that in general we did exclude modal constants, i.e., modal operators
of arity 0, when defining modal similarity types. The example shows that it
is possible to include them nevertheless without much ado. -
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2.3.2 Bisimulations for Kripke Models

This section investigates morphisms for stochastic 7-Kripke models. Bisimi-
larity and logical equivalence are related to each other.

Definition 2.3.6. The stochastic 7-Kripke models K and K' are said to be
logical equivalent iff {Thi(s) |s € S} ={Thi:(s')|s €5'}.

Thus K and K’ are logically equivalent iff given s € S there exists s’ € S’
such that Thi(s) = Thi:(s"), and vice versa.

Morphisms for stochastic Kripke models should be based on morphisms for
the underlying stochastic relations, and they should take the propositional
constants into account.

Definition 2.3.7. Let K and K' be stochastic T-Kripke models with K =
(S, (Ka)aeo),V) and K' = (S, (Kx)aco),V'). A strong morphism & :
K — K’ is determined through a measurable and surjective map ® : S — S’
so that these conditions are satisfied:

a. V(p) = &=L [V'(p)] holds for all p € P,
b. K\ od =6 (@“‘(A)) o K holds for each modal operator A.

Here (&) . (T1, .0 Tae(ny) = (D(1),. .., P(Tae(n))) distributes the
map @ into the components. Consequently, if @ :  — K’ is a strong mor-
phism, then

(B, 5 (D)) . FA(K) — FA(K')

is a morphism between the corresponding stochastic relations for each modal
operator A € O. In addition we know for each propositional letter p that
K,s Epiff K',&(s) =p.

Bisimulations are defined again as spans of — strong — morphisms. Sim-
ilarly, we define behavioral equivalence through a cospan of morphisms, es-
sentially mimicking the corresponding definition for stochastic relations.

Definition 2.3.8. Let K1 and Ko be stochastic T-Kripke models.

a. IC1 and Ko are called strongly bisimilar iff there exists a stochastic T-Kripke
model M and strong morphisms

251

Ky < M =K,
such that the o-algebra of common events &7 [B(S1)]N®, ' [B(S2)] is non-
trivial (here S; is the state space of ki, i =1,2).

b. K1 and Ky are called behaviorally equivalent iff there exists a stochastic
T-Kripke model L and strong morphisms

21 Wy

Ky > L=< K.
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We relate logical equivalence, strong bisimilarity and behavioral equiva-
lence of Kripke models K and K’, provided the models are based on Pol-
ish spaces. Fix the stochastic 7-Kripke models K := (S, (Ka)aco),V) and
K= (SI7 (K/A)AEOa VI).

It is well known that morphisms preserve theories for logics of the Hennes-
sy-Milner type. This is also true for stochastic relations:

Lemma 2.3.9.If & : K — K’ is a strong morphism, then Thi(s) =
Thic/(D(s)) holds for all states s € S. O

Define the equivalence relation « on state space S through
s1 @ 89 < Thic(s1) = Thi(s2);

thus two states are a-equivalent iff they satisfy exactly the same formulas
in M, (7, P). Thus they are equivalent iff they cannot be separated through
a formula. In a similar way o’ is defined on S’. Because we have at most
countably many formulas, o and o’ are smooth equivalence relations. Define
the equivalence relation B4 on S*(2) through

(81,45 Sar()) Ba (ty - s tar(n)) & 81 @t Ao ASae(a) @ tar(n);
then Ga = X?L&A )ﬁ is smooth, and we know that the o-algebra of S-invariant

sets can be written in terms of the a-invariant sets, viz.,

ar(A)

(B(S™), 8n) = K) (B(S5),q)
=1

(see Lemma 1.7.19). The relation 5 is defined in the same way for .
The equivalence of K and K’ makes these relations into simulation-
equivalent congruences.

Lemma 2.3.10. If the nondegenerate Kripke models K and K' are logically
equivalent, then (o, Ba) and (o, B\) are simulation-equivalent and nontrivial
congruences for the stochastic relations Fa(K) and Fao(K'). O

Accordingly, we know from Proposition 2.2.4 that for logical equivalent
Kripke models K and K’ and for each modal operator A the stochastic re-
lations Fa (K) and Fa(K') are bisimilar. All the mediating relations can be
collected to form a mediating Kripke model. This yields the following.

Theorem 2.3.11. Assume that K and K' are nondegenerate stochastic -
Kripke models over analytic spaces. Then the following statements are equiv-
alent:

a. K and K' are strongly bisimilar,
b. K and K' are logically equivalent,
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c. K and K' are behaviorally equivalent. O

Commenting on the development, it is noted that Theorem 2.3.11 is de-
rived from Proposition 2.2.4, and hence from a condition that arose from the
consideration of stochastic relations alone. This is in marked contrast to the
proof carried out in [27] which starts from the logic and develop the proper-
ties of simulation-equivalent congruences implicitly. Analyzing the proof, it
becomes clear that the model constructed there will usually not be defined
over a Standard Borel space. This is so since factoring destroys the prop-
erty of being a Polish space, rendering the factor space analytic instead, see
Example 1.7.6.

Logical equivalence appears here as some sort of catalyst which permits
proving that bisimilarity and behavioral equivalence describe the same phe-
nomenon, a link that is missing in the general development of stochastic
relations; see Section 2.2. There we have simulation-equivalent congruences
at our disposal, which are always tied to a relation, while the logic serves
here as an arbitrator which is completely independent of the Kripke model
interpreting it.

2.4 Temporal Logics: uCSL

We will define as a further illustration continuous time stochastic logic with
fized points operators, abbreviated as pCSL. The logic will be introduced for-
mally first; then models and their morphisms are introduced and the interpre-
tation of pCSL is given. Some standard properties like Borel measurability
are established, and logical equivalence is defined. We deal with properties on
states and on paths; the equivalence relations defined by the logic on these
sets are related to each other. The relations obtained from these construc-
tions are modified so that they fit into the mold of the models for the logic.
The main result is that logical equivalence and bisimilarity are equivalent,
and that this holds also for behavioral equivalence, provided the factor space
induced by the theory of states is a Standard Borel space again (this is so
since the projective limit construction, on which interpretations are based,
does not seem to work for general analytic spaces, but only for their Standard
Borel brethren, see Proposition 1.6.35).

2.4.1 The Logic pCSL

State formulas and path formulas for yCSL = pCSL(AP,SV, PV) are given
through this syntax (with mutually disjoint and countable sets AP, SV, and
PV of atomic proposition, state variables, and path variables, respectively):
The intuitive idea is that the logic works over infinite paths which have as a
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component alternating a state and a time; the time is interpreted as residence
time for the state.
The formal definition reads as follows.

e State formulas are defined through the syntax

pu=T|alZ|=¢| oA | Sxp(d) | Pup().

Here a € AP is an atomic proposition, Z € SV is a state variable, 9 is
a path formula, x is one of the relational operators <, <, >, >, and
p € [0,1] is a rational number.

e Path formulas are defined through

Yu=T Pl | YA [ Xy oU ¢ | uPy

with P € PV as a path variable, ¢, ¢’ as state formulas, I € R, a closed
interval of the real numbers with rational bounds (including I = Ry);
these intervals will be called rational intervals. The operator p describes
the smallest fixed point; it binds variables in the usual sense. We assume
that the variable bound by it is in the range of an even number of negations.

The informal interpretation of the operators is as follows.

1. The operator Sx,(¢) gives the steady state probability for ¢ to hold with
the boundary condition Xp, where ¢ is a state formula. This is a state
formula again.

2. The path quantifier formula Py, (1) holds for a state iff the probability of
all paths starting in this state and satisfying path formula 1) is specified
by xp. Thus, e.g., 1 holds on almost all paths starting from that state
iff it satisfies P>1(). Of course, Py, (1) is a state formula.

3. The next operator X! ¢ is assumed to hold on an infinite path of states
and residence times iff the residence time for the first state is an element
of interval I, and if the second state satisfies ¢.

4. The until-operator ¢1 U’ ¢ holds on path o iff we can find a point in
time ¢ € I such that the state 0@t which the infinite path ¢ denotes at
time ¢ satisfies ¢, and for all times ¢’ before that, c@t’ satisfies ¢1 (the
notation c@¢ will be defined formally on page 89).

2.4.2 Defining Models and Their Morphisms

We are ready for the definition of models for yCSL and their morphisms.
We will work with projective limits (see Section 1.6.4) for interpreting path
formulas; models will be based on Polish spaces rather than more generally
on analytic spaces.

Definition 2.4.1. M = (S, M,Z,V) is called a model for pCSL iff
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1. S is a Polish space, the state space of M,

2. M : S~ Ry xS is a stochastic relation with M(s)(Ry x S) =1 for all
s € S; the stochastic relation M is the law of change of M,

3. T = (X, II) interprets the variables,

a. X : SV — B(S) assigns each state variable a Borel set in S,
b. IT : PV — B((S x R4)>) assigns each path variable a Borel set of
paths,

4.V : AP — B(S) maps each atomic proposition to a Borel set of states.

Thus a model says how residence times and state changes are to be han-
dled: if s € S is the present state, then M (s)(I x B) gives the probability
that after ¢ € I time units a state change will happen, and that the new state
will be a member of Borel set B C S. Each model says how the variables are
to be interpreted; this is written down through the maps X' and I7, and we
say what sets the atomic propositions are taken from. Note that we assume
in each case that the sets under consideration are Borel. Otherwise we could
not assign them any probability directly or indirectly; hence this assumption
is made for keeping the model within the realm of our probabilistic reasoning.
We postulate that the law of change assigns probability 1 to Ry x S for each
state. Without this assumption, mass along infinite paths might vanish too
fast; from a technical point of view, this assumption is necessary because we
will construct from this law a projective limit which requires its components
to assign probability 1 to the base space (see Section 1.6.4). Consequently,
we will use the probability functor 8 rather than its cousin &.

Morphisms

We define a morphism @ : M — A for the models M and N. It is based
on a map @ : S — S’ between state spaces, which is extended to a map
Do i (S X R4)® — (8" x R4 )™ upon setting

q)oo(<807to, S1,t1,. .- >) = <@(80),t0,¢(81), T1,... >;

thus we transform the states according to @ but leave the residence times
alone; define additionally idg, x @ : (t,s) — (t,®(s)), and similarly, @ x idg, .

Definition 2.4.2. Let M = (S,M,Z,V) and N = (S',N,Z',V') be models
for pnCSL. Then @ : M — N s called a morphism from M to N iff

a.d: S — S is a surjective and Borel measurable map between the state
spaces,

b. (@,idr, xP) : M — N is a morphism for the associated stochastic relations
M and N,

c. o1 [X(2)] = X(Z) for each state variable Z,

d. @ [IT'(P)] = II(P) for each path variable P,
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e. 871 [V'(a)] = V(a) for each atomic proposition a.

We require the map underlying a morphism to be onto since we want
to be able to trace each state in S’ back to a state in S, inheriting the
corresponding property from the basic stochastic relations. Condition b says
that this diagram is commutative:

S > 5!
M N
y y
R, xS > (Ry x 5
PR+ x9) (it x) P (R )

Thus we have in particular
N(@(s))(I x B) = M(s) (I x 37" [B])

for every state s € S, every rational interval I, and every Borel set B €
B(S). Conditions ¢ to e relate the interpretations of variables and atomic
propositions. For example, condition ¢ says that for a state s and a state
variable Z we have s € X(2) iff §(s) € X'(Z).

Projective Limits

We model the one-step behavior of a model through its transition law, but
we are not yet able to say how this relates to the behavior along paths. This
is done iteratively for paths of finite length, and by passing to a limit (in this
case to the projective limit) for infinite paths.

The construction works like this.

Let M : S ~» Ry x S be the stochastic relation underlying a model. Fix a
state s € S, and proceed inductively along finite paths: Put

and set in the inductive step for the Borel set D C (R, x §)"*!
M i1(s)(D) =
/ M(sn) ({{t,s) | (to,$1s--,tn-1,Sn,t,8) € D}) X
(RyxS)™
X Mn(s)(d<t07 S1y..ybn—1, Sn>) =

[ Msw)(Du) M (s)(aw),
(RyxS)™
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where we have set hig(to, $1,.--,tn—1,8n) := Sp for simplifying the notation.
Thus the argument to M(s,) = M (hg(w)) is the set of all times and states
(t, s) such that (w,t,s) = (to, $1,.-,tn-1, Sn, 1, s) is a member of D. Analyz-
ing the expression further, we see that at step n + 1 the probability for the
pair that consists of timing a transition and changing a state is an element
of {(t,s) | (to,S1,---stn—1,8n,t,s) € D} equals

M (hs(W))(Dw) = M (s,) ({{t,s) | {to,81,---stn—1,8n,t,8) € D}),

provided the corresponding times and states that have been run through
during steps 1,...,n are given by w = (tg, s1,...,tn—1, Sp) which in turn is
captured through M,,(s)(dw).

Standard arguments show that M, : S ~» (Ry x S)" is a stochastic rela-
tion. For each state s € S the sequence (M, (s))nen forms a projective system
(Definition 1.6.32), provided M (s)(R4 x.S) = 1 holds for each s € S: for each
Borel set B C (R4 x )™ the equality

Mys1(B x (R x §)) = M (s)(B)

holds. Consistency of this family has as a consequence the fact that the
measures can be extended to Borel sets of infinite sequences. We obtain from
Proposition 1.6.35 the existence of the projective limit.

Proposition 2.4.3. Given a stochastic relation M : S ~» Ry x S such that
M(s)(Ry x S) =1 for all s € S, there exists a unique stochastic relation
Moo : S~ (Ry x S)™ such that

Muo(s)(B x [] R+ x §)) = Mo(s)(B)

ji>n

for each Borel set B € B((Ry x S)") and each state s € S. My is the
projective limit of (My,)pen. O

Intuitively, this equation means that the behavior of the infinite paths up
to horizon n is uniquely determined by the transition law M,,. This con-
struction entails that a morphism @ between models may be interpreted as
a morphism (@, P, ) between these projective limits. To be specific:

Proposition 2.4.4. Let M and N be models,  : M — N be a morphism
from M toN. Then (?,P,) : Moo — Noo is a morphism between the stochas-
tic relations My, and Noo. 0O

2.4.3 Interpreting nCSL

We are now ready for an interpretation of pCSL. Fix a model M =
(S, M,Z,V) over the Standard Borel space S and let My, : S ~» Ry x (S x
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R,)>® = (R4 x S)infty be the associated stochastic relation that relates
(initial) states to paths.

The Semantics
The semantics of pCSL is then described recursively through relation =

between states respectively paths, and formulas as described below. We will
need to describe in what state the model is at a given time t. Assume the

behavior is given through a path o = (sg,to,s1,t1,...) which may more
graphically be written through s g sy B syl Put oll...] =
s1 izN So B ss... as the path after step 1, and define d(c,0) := to as the

first residence time. Given t € Ry, assume that there is a smallest index
k such that t < Ef:o t;; then we would intuitively say that o is at time
k in state si; define accordingly 0@t := si. It can be shown that the set
{{o,t) € (S x Ry)™ | 0@t is defined} is a Borel subset of (S x Ry)>, and
that (o,t) — o@t constitutes a measurable map from the latter set to S.

Let M = (S, M,(X,II),V) be a model. Given a state variable Z and a
Borel set @ € B(S), denote by M[Z\Q] the model (S, M, (X', IT), V) with
XN(Z) = Q; otherwise X’ coincides with X. Similarly, the model M[P\U]
is defined for the path variable P and the Borel set U € B((S x R4)®).
Substituting values in this way may be iterated.

We again denote for model M the extensions of formulas through

[]r = {s €S| M,s|= ¢}

and
[Vlm = {0 € (S xRy)™ [ Moo = ¢}

Hence these sets denote all states or paths for which the respective formula
holds. Relation | is defined inductively; let s € S be a state, and o €
(S xR1)* be an infinite path alternating between states and residence times.
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M,s =T is true for all s € S.

M,skEasseV(a).

M,;sEZ e seX(Z) for Z eSV.

M,skE¢1 ANy & M, s |E ¢ and M, s = ¢a.

M,sE—¢p < M, s | ¢ is false.

M, s = Sup(p) & X\ :i= tlirglo Mo (s)({7 | (s, 7)@Qt |= ¢}) exists, and A X p.

M, s |= Pup() & Moo(s)({7 | (s,7) = 9}) x p.

M, o | T is true for all o € (S x Ry)™

M,0 =P <o ell(P)for PePV.

Mo E 11 ANpa & M, o =1 and M, o = 1s.
Mo M, o | is false.

Mo =X e M,o[l...] =+ and 6(0,0) € I.

Mo l=drU ¢y &3t el M,0Qt = ¢y and Vt' € [0,t[: M, 0@t = 1.

M,o = puPayp & o€ U R; with Ry := [[w]]M[P\(B]vRi+1 = [[w]]M[P\Ri]'
i>0

Define the theory T'ha4(s) of a state s as above as the formulas which hold
in s:

Tham(s) :={¢ | ¢ is a state formula, M, s |= ¢}.
Similarly, the theory Tha(o) of a path o is defined:

Tham(o) := {¢ | ¢ is a path formula, M, o = ¢}.

The extensions of the formulas are Borel-measurable. This is established
through induction on the structure of a formula. Those formulas that contain
the p-operator need special consideration.

Proposition 2.4.5. [¢]Jym € B(S) for all state formulas ¢, and [Y]m €
B((S x Ry)*®) for all path formulas . O

Of course it is important to know that the sets under consideration
are Borel, for otherwise the corresponding sets are not in the range of
the corresponding probability, and one cannot compute probabilities like
Moo($)({T | {s,7) = 0}).

We note that the u-operator plays a special réle: intuitively, it models the
smallest fixed point. This is noted just for the sake of completeness.

Proposition 2.4.6. [uP.4y]r is the smallest fized point of R — [¢] pmip\g)-
O

Theories are invariant under model morphisms; to be specific:
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Proposition 2.4.7. Let M and M’ be models for uCSL, and assume that
®: M — M’ is a morphism. Then

a. [p]m = 7L [[p) ] for all state formulas ¢.
b. [V)m = DL [V ] for all state formulas 1. O

2.4.4 Congruences

We will define two equivalence relations on states respectively on paths. These
relations are fundamental for discussing bisimilarity and behavioral as well
as logical equivalence later on.

Fix the model M = (S, M,Z,V) and define

s Cm 8" & Tha(s) = Tha(s),
o wpm 0 & Thy(o) =Thm(o).
Then both (u and waq are smooth equivalence relations on S resp. on (S x
R4 )°°. This is so since there are only countably many formulas, and because
we have
sium s e [M,s k= o e M, = ¢l for all state formulas ¢,
& [s € [¢lm < s € [¢p]m] for all state formulas ¢.

From this it is clear that the countable set {[[d)]] M | ¢ is a state formula}
determines the relation (¢, and that

2(B(5).¢m) = o({[¢]m | ¢ is a state formula}).

In a similar way we see that waq is smooth, and that

S(B((S x Ry)>),wam) = o ({[¥]m | ¥ is a path formula})

holds as well. These two relations will be studied now in some detail, and it
will turn out that the relationship of (¢ and waq is closer than meets the
eye.

In a first step it is established that (y¢ and waq form essentially a congru-
ence for M.

Proposition 2.4.8. The pair ((am, Ar, X wa) of smooth equivalence rela-
tions is a congruence for Moo : S ~» Ry x (S x Ry)*. O
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Relating the Relations

Two infinite paths are waq-equivalent iff their state components are (pg-
equivalent (and the timing information is identical). This will support the
investigation of logical equivalence later on, mainly since the information
available for states is easier to handle than that for infinite paths. We obtain
through a detailed analysis.

Proposition 2.4.9. wy = ((m x Ag,)*. O

This has two interesting consequences:

Corollary 2.4.10. We have
E(B((S x R4)™), (Cm x Ar, )>) = Z(B((S x R4)™),wm)

and

(Ry x (8 x RO, S(BR, x (8 x R)), (Ar, x n)™))

is a stochastic relation. 0O

The consequence of the equality in Proposition 2.4.9 is that we may check
the equivalence of paths locally, i.e., through the equivalence of states. This
represents a considerable reduction in complexity, because the equivalence
relation wa that operates on infinite paths is uniquely determined through
the relation (y¢ which in turn operates on states. It will be reflected in the
representation of the equivalence classes, as we will see in Corollary 2.4.11.
The reduction makes checking some properties of course much easier, and it
has also technical advantages when it comes to checking the semi-pullback of
two models, as we will in the next section.

We give a first consequence of this equality in terms of a representation of
the equivalence classes.

Corollary 2.4.11. Given o € (SxR)%°, the waq-class of o = sg Lo, 51 BN

. can be represented as

0w = IT (Isile, x 185})

Jj=0
Moreover, we have Borel isomorphisms between these analytic spaces:
(S X R)™ fung = (8 X Ry)/ (Gt X Ar, )™ 2 ((S/Cu) x Ry)™. D

We are now in a position to define the logical equivalence of models, and
to relate it to spans of morphisms.
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2.4.5 Logical Equivalence and Bisimailarity

Logical equivalence between two models says roughly that, given a state in
one model, there exists a state in the other model so that in both exactly the
same formulas are valid; similarly for paths. This equivalence is modelled after
the corresponding equivalence that has been investigated in modal logics; see
Definition 2.3.6. We have seen there that it is closely tied to the notion of
bisimulation through the Hennessy-Milner Theorem. The relationship of this
equivalence to bisimulations will be discussed now.

Let M = (S,M,Z,V) and N = (S',N, 7, W) be models for yCSL. We
assume that M is nondegenerate, i.e., that there exists a state formula ¢ with
0 # [#]m # S. Being nondegenerate implies that the factor space S/(n is
not trivial. Corollary 2.4.11 entails the existence of a path formula v such

that 0 # [$]n # (5 x Ry)™.

Basic Definitions

Define the models M and N as logically equivalent iff they accept exactly
the same formulas. This is similar to logical equivalence for Kripke models, as
the discussion in Section 2.3.2 indicates. In addition and in contrast, however,
it has to take two levels into account, since we are dealing here with state
formulas together with path formulas, so that formulas may hold in states or
on paths — this situation is familiar from model checking where one has this
dichotomy as well.

Definition 2.4.12. The models M and N are called logically equivalent iff
both
{Thm(s)|se€St={Thy(s')|s €95}

and
[Tha(o) | o € (S x Ry)¥} = {Th(0') | o € (' x B1)*)
hold.

Note that we take both states and infinite paths into consideration. Thus
the models are logically equivalent iff these conditions are satisfied:

1. Given a state s € S, there exists a state s’ € S’ such that [./\/l7 sEOe
N,s qzﬁ] holds for all state formulas ¢, and vice versa.

2. Given a path o € (S x R,)>, there exists a path ¢’ € (S x R, ) such
that [./\/l, cEYve N o E w} holds for all path formulas 1, and vice

versa.

As usual, the existence of a morphism between models entails their logical
equivalence.
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Proposition 2.4.13. Let ¢ : M — N be a morphism. Then M and N are
logically equivalent. O

We will show that logically equivalent models are bisimilar. Bisimilarity is
again introduced as a span of morphisms, and behavioral equivalence through
a cospan.

Definition 2.4.14. Let M and N be nondegenerate models for nCSL.

a. M and N are said to be bisimilar iff there exists a model Q for pCSL and
morphisms

mM=<" 9 T=N.

b. M and N are said to be behaviorally equivalent iff there exists a model Q
for pCSL and morphisms

It is clear that bisimilar models are logically equivalent, because this notion
of equivalence is transitive; see Proposition 2.4.7. Now suppose model M =
(S, M,Z,V) is bisimilar to model N' = (5’, N, J, W) with mediating model
Q over the state space S” and the morphisms according to Definition 2.4.14.
Then the condition on bisimilarity implies in the present scenario that

1. M(P(s")(I x B) = N(W(s"))(I x B’) for every state s” € S”, every
rational interval I, and all common events B € B(S), B’ € B(S’) (thus
every pair of events B, B’ such that ®~! [B] = ! [B’], as the discussion
following Definition 2.2.1 indicates). Consequently, the probability for M
changing the state during interval I and entering a state in B from state
&(s") equals the probability of A changing the state during time interval
I and entering a state in B’ from state ¥(s”). This illustrates again the
mediating work done through model Q.

2. For a state s” € S”, &(s") is a member of the valuation for a state
variable Z in model M iff ¥(s”) is a member for this variable in model
N, and similarly for path variables, and for atomic propositions.

The situation is a bit different with behavioral equivalence. By implication,
the model which constitutes the range of the cospan is based on a Polish space.
Otherwise we could not always conclude that behaviorally equivalent models
are logically equivalent as well. This is so since computing the set of all states
in which a given formula is valid requires the knowledge of a projective limit,
and we did establish the existence of such a limit only for the case of Polish
spaces, not for general analytic ones. On the other hand, these cospans are
constructed usually through factoring (see, e.g., Propositions 2.2.4 and 2.4.22
below), and the factor space of a Polish space is not always a Polish one. So
we need to exercise some care. Specifically, the behavioral equivalence of the
models means that, if @(s) = ¥(s’) for states s € S, s’ € S’ then
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1. M(s)(I x 71 [B"]) = N(s')(I x ¥~1[B"]) whenever B” € B(S") is a
Borel set in S”, and I is a rational interval. Consequently, the probability
of M changing the state during interval I and entering a state s®* € S
with @(s®) € B” from state s equals the probability of N changing the
state during time interval I and entering a state s* € S’ with ¥(s*) € B”
from state s’'.

2. s is a member for the valuation of a state variable Z in model M iff s is
a member for the valuation of a state variable Z in model N\; similarly
for path variables, and for atomic propositions.

Returning to the general discussion, fix the models M = (S, M,Z, V) and
N = (S',N,J,W) such that M and N are logically equivalent; hence both
models are logically equivalent. Each model has the equivalence relations (i
and waq or (v and wpr associated with it, as defined in Section 2.4.4.

The stochastic relations M., and N, will be investigated with respect to
bisimilarity first, and it will be shown first that they are bisimilar as stochastic
relations on Polish spaces.

Lemma 2.4.15. (y and (n spawn each other; so do waq and was.

Proof (Sketch) 0. We will show only that {yq spawns (y; interchanging the
roles of M and A will show that (x spawns (u. The argumentation for way
and wy is nearly verbatim the same, so the reader is invited to fill in the
details.

1. Define for the state s € S the map 1([s]., ) = [s'];,, whenever
Tha(s) = Tha(s"). Because s1 v s2 iff Thaq(s1) = Tha(sz2), and simi-
larly for A/, the map is well defined. For the state formula ¢ its class [¢]aq
can be represented as

U{Isle,, | M, s = o)

thus it is readily verified that 174;,, = [¢]x. Consequently,
{Xg10 | @ is a state formula}

is a generator of 3(B(S”),(x). This generator is closed under intersections,
since the conjunction of two state formulas is again one. O

We know that both (Ca, Ar, X waq) and (Cn, Ar, X wyr) are congru-
ences for the stochastic relations My, resp. Noo. We will show now that they
are simulation equivalent, so that the situation is here very similar to that
prevailing for logically equivalent modal logics in Section 2.3.2.

Proposition 2.4.16. Let M and N be logically equivalent models. Then the
congruences cp = (Cm, Ar, X wa) and ey := (Qv, Ar, X wpr) are simula-
tion equivalent.

Proof (Sketch) 1. We know that (¢ and ( are in a mutually spawning
relationship; so are waq and wp. Consequently, Ag, x waq and Ag, X wpr
are related through spawning as well, where
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{I x []a | I is a rational interval, ¢ is a path formula}

and
{I x []n | I is a rational interval, ¢ is a path formula}

are the generators that relate to each other.
2. Using the map 1" : S/{ym — S’/ defined in the proof of Lemma 2.4.15,
we show that

Moo (s)(I x [¥]m) = Noo(s)(I x [¢]v)

for each s € S, s € T([s];,,), and for each rational interval I and each path
formula ¢. Because s’ € 1([s];, ) means Tha(s) = Thy(s"), we obtain for
an arbitrary rational number p

Moo(s)(I X []m) < p & M, s = Pep(XT 1))
S N, s P, (X 9)
& Noo(s")(I % [¢]a) < p;

consequently, both probabilities are identical. This implies that ((a, Ar, x
wp) simulates ((n, Ar, X wyr). Interchanging the roles of M and N gives
the result now. O

This yields the properties we are interested in for the associated stochastic
relations.

Proposition 2.4.17. Let M and N be logically equivalent models. Then the
associated stochastic relations Moo : S ~ (Ry x S)° and Noo : S" ~ (R4 X
S7)%° are bisimilar and behaviorally equivalent. O

Tuning the Mediator

This result is quite welcome when being looked at from the point of view of
stochastic relations: Given two models for yCSL that are logically equivalent,
we can show that the associated stochastic relations are bisimilar. It does not
give us, however, in this present and preliminary form a model that mediates
between M and A (a similar situation has been encountered already with
stochastic Kripke models in Section 2.3.2). An analysis of the construction
leading to the mediating relation will again provide information for the con-
struction of a model £ and the desired morphisms £ — M and £ — N. The
construction leading to Proposition 2.4.17 is again based on a semi-pullback
construction.

Lemma 2.4.18. Let M and N be logically equivalent models for tCSL. De-
fine
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A= {(s,s') € Sx S| Tham(s) = Thy(s")},
B i= {{{t,0), (1,0)) € (Ry x (S X Ry)™) x Ry X (8 x R})™) |
Tha(o) =Tha(o')}.

Then A and B are Standard Borel, and there exists a stochastic relation Ly :
A ~ B that mediates between Mo, and No. The morphisms are composed
from the corresponding projections. O

We know from Proposition 2.4.9 that wa = ((vm X Ar,)™; similarly for
(n and wpr. Thus B is essentially the set of all paths over A, extended by
timing information.

Corollary 2.4.19. Define A and B according to Lemma 2.4.18. There exists
a bijection A : B — (A x R1)® that is also a Borel isomorphism. O

Define for this bijection A the map L’ := 9 (A)oLo; then this is a stochastic
relation L' : A ~ Ry x (A x R;)* that mediates between My, and N.
But, still, this is not enough, because we cannot ascertain that L’ is actually
generated from a model, since we do not know whether or not L’ is actually a
projective limit of some sort. However, the semi-pullback is a rather flexible
construction, and we will show now that we may construct from L’ a mediator
Lo with the desired shape, viz., Ly = L., for some stochastic relation L :
A~ Ry x A

In fact, put for (s,s’) € A and for £ € B(Ry x A)

L(s,s')(E) == L'(s,s")(E x [[(Ry x A)).
j>1
Thus the semi-pullback is restricted to its first component, yielding a stochas-
tic relation L : A ~» Ry x A, for which the projective limit can be constructed.

This is what we will have a closer look at now.
Define for n € N the map ¢, : (R4 x A)"” — (R4 x S)™ through

‘gn(tla S1, 8/17 e 1tn7 Sny S{n) = <t17 81y 1tn7 Sn>7
the map r, : (Ry x A)" — (R4 x S’)™ is defined analogously.

Lemma 2.4.20. Define L, : A ~ (R4 x A)™ inductively from L in the same
way as M, is defined from M for the statement of Proposition 2.4.3, and let
7 be the it" projection. Then the diagram

™ 2

S < A > 5

M, Ly Ny,
\ \ \

PR x5, S JEREOL

commutes for every n € N.
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Proof (Sketch) 1. The proof proceeds by induction on n. For n = 1 there
is not much to show: By construction, L’ mediates between My, and N,
and the latter relations are projective limits, so that for (s,s’) € A and
FE e B(R+ X S)

Mi(s)(E) = Moo(s)(E x H(R+ x S))
=L'(s,8) (¢, [E] x H(R+ x A))

= La(s,s")(¢1" [E)).

Similarly, the right hand side of the diagram above is shown to commute for
n=1.

2. Now assume the assertion is established for n; then we get from the
induction hypothesis together with the Change of Variables formula (see
Lemma 1.6.20) for g : (Ry x S)” — R measurable and bounded, and for
(s,s") € A the equality

/ 4(v) My (s)(dv) = / (90 £) (W) Ln(s, s')(dw).
(R4 xS)m Ry xA)"™

This is shown first for g = xp for D € B((R4 x.S)™), whence it is equivalent to
the induction hypothesis; then it is shown for step functions by the linearity of
the integral, subsequently for nonnegative measurable and bounded g by the
Monotone Convergence Theorem (Proposition 1.6.1), and finally for general
g by decomposing the map into a positive and a negative part.

3. But now we can perform the induction step: Let (so, s() € A and F €
B((Ry x S)"*1) be a Borel set; then

M1 (s0)(F) =

/ M(hs(v))({(t, s) [ (v.t,s) € F'}) My(so)(dv) =

(RyxS)™

/ M (m1(la(w)))({(t, ) | (w,t,5,5") € 611 [F]})Lu(s0, 50)(dw) =
(RyxA)™

/(R . L(ha(w))({(t,5,5") | (w,t,5,5') € L1, [F]})Ln(s0, s})(dw) =
L1 (50, 50) (€ [F])-

O
Now extend ¢, and r, to the corresponding infinite products, yielding
maps fo and 7.
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Proposition 2.4.21. Assume that M and N are Hennessy-Milner equiv-
alent; construct the Standard Borel space A and the stochastic relation
L:A~ Ry x A as above. Then

1. (M1,0oo) : Loo — Moo and (72, 7o0) : Lo — Now are morphisms.
1. Mo and No are bisimilar with Lo as a mediator. 0O

We are nearly ready for the main result, which will be stated after dealing
with behavioral equivalence.

Proposition 2.4.22. Let M and N be logically equivalent models for pCSL.
If S/ is a Standard Borel space, then M and N are behaviorally equivalent.
O

This, now, is the main result:

Theorem 2.4.23. Let M and N be nontrivial models for pCSL. Consider
these statements:

a. M and N are behaviorally equivalent.
b. M and N are logically equivalent.
c. M and N are bisimilar.

Then a = b < ¢, and if S/(um is a Standard Borel space, then all three
statements are equivalent.

Proof (Sketch) 1. The implications ¢ = b and a = b both follow from
Proposition 2.4.13. If S/{y is Standard Borel, then b = a follows from
Proposition 2.4.22, so that we have to take care of b = c.

2. Construct the Standard Borel space A and the stochastic relation
L: A~ Ry x (AxRy)™ together with the maps £, and r, as in Proposi-
tion 2.4.21. Assume that the interpretation J for model N is J = (X', IT'),
and define

L= (LA (X% IT"),V*)

with

1. V*:= (V(a) x W(a)) N A for the atomic propositions a € AP,

2. X¥(Z) = (X(Z) x X'(Z)) N A for the state variable Z € SV,

3. II*(P) :={pe€ (AxRyL)™® | Lx(p) € II(P),r(p) € II'(P)} for the path
variable P € PV.

Then both /o, : L — M and ro, : L — N are morphisms. O

2.5 Bibliographic Notes

The exposition follows essentially the discussion in [20], in particular, proofs
which have been omitted in the present discussion can be found there. Nev-
ertheless, some notes are in order.



100 2 Modal Logics

Modal Logics

We follow essentially the exposition in the monograph [8], with an occa-
sional look at Rutten’s overview of coalgebras [72]. It may be interesting
for the reader to look also at the massive collection [9], and in particular
at the chapters on proof theory in [35]. An early collection of mathematical
questions pertaining to modal logic can be found in [40]. The treatment of
nondeterministic Kripke models is fairly standard, stochastic Kripke models
and their morphisms were inspired by the work [58] of Larsen and Skou on
testing. The paper [22] proposes stochastic Kripke models for general modal
logics; the results on bisimilarity are from there.

Continuous Time Stochastic Logics

The paper [3] introduces and studies a logic called CSL, continuous time
stochastic logics, with applications to model checking; after all, CSL is fash-
ioned after the popular logics CTL studied extensively in model checking [16].
Some mathematical questions for CSL were discussed in [20], in particular
the use of projective limits. There the fixed-point operator is introduced into
this scenario, evolving CSL into pCSL. The investigation of the relation
of logical equivalence, bisimilarity, and behavioral equivalence found there
seems to originate the investigation of continuous stochastic models for log-
ics outside the direct realm of modal logics. It is also shown how previous ad
hoc approaches to probabilistic modelling fit into the general model.

2.6 Appendix: Behavioral and Logical Equivalence
Reconsidered

We have shown that logical equivalence, bisimilarity, and behavioral equiv-
alence are the same for Kripke models that are based on analytic spaces.
This appendix is intended to address the question of behavioral and logical
equivalence without topological assumptions; thus we will work in general
measurable spaces, and we will show that both notions are equivalent as
well. We did not include bisimilarity in this discussion. If we want to show
that two behavioral equivalent models are bisimilar, we are requested to con-
struct a mediating model, and it is currently not clear how this can be done
without constructing a semi-pullback which in turn requires at least analytic
base spaces. For simplicity, the constructions will be carried out for the nega-
tion free Hennessy-Milner logic £ = £(Act, [0,1]), the formulas of which are
given through the grammar

T o1 A2 | (a)rd.
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Here a € Act is an action, and the threshold r is a real number from the unit
interval (see Example 2.3.3). This logic plays an important rdle in other places
in this book as well, but we do not require here the set Act of possible actions
to be countable, and we do not restrict ourselves to rationals for the values of
thresholds. Because the logic is so simple we can keep the interpreting Kripke
models simple, too.

2.6.1 Discussing the Strategy

Let us briefly reconsider the strategy for the analytic case, where we have a
countable number of actions, and where the thresholds are taken from the
rational numbers. Given a Kripke model over an analytical space, the logic
defines an equivalence relation rg which is smooth; this is so since we only
have a countable number of formulas at our disposal (having all real numbers
in the unit interval rather than only the rationals is not essential, since the
rationals are dense; see Section 3.4.1, in particular Lemma 3.4.1, for a discus-
sion). This equivalence relation is used for factoring, and since it is smooth,
we obtain an analytic space again, when adopting the final o-algebra as the
o-algebra on the factor space. This o-algebra has a fairly rich structure:
it constitutes the Borel sets of an analytic space, thus making in particular
Souslin’s Theorem available; its generators can be computed directly through
the logic, and it is in direct correspondence with the ri-invariant Borel sets.
All constructions remain within the realm of analytic sets, so that in par-
ticular the amalgamated sum leads to an analytic space which in turn can
be made the state space of a Kripke model through standard constructions.
The logic influences these discussions only through the corresponding equiv-
alence relations, witnessed by the observation that the general criterion for
bisimilarity enters the discussion, this criterion being formulated in terms of
general smooth equivalence relations.

We show in this appendix that it is also possible to construct a cospan
of Kripke models without having to use the machinery of Polish and ana-
lytic spaces. So we start from general measurable spaces, investigating the
equivalence relation which is induced by the logic on the state space. Since
analycity is not available, we will not be able to observe such a convenient
interplay of the measurable structures induced by the logic on the state space
and on the factor space; specifically we are no longer able to observe that the
ric-invariant measurable sets are exactly the inverse images of the elements of
the final o-algebra with respect to the factor map 7, . Thus we need to con-
struct explicitly an o-algebra on the factor space which is closely adapted to
the logic, and to derive a Kripke model from it which plays the role of the fac-
tor model. Similarly, the amalgamation of the equivalences on the individual
models needs to be investigated more closely, since the interesting proper-
ties are no longer being made available through analycity and smoothness. A
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technical observation notes that the sum of two Kripke models is no longer
helpful, so that another avenue has to be considered. We solve this obstacle
by first constructing a o-algebra on the factor space for the amalgamation,
and then construct a relation on this space; finding the o-algebra with the
right properties appears as the key point. The leading idea is based on the
observation that the equivalence classes induced by the logic for logically
equivalent Kripke models are in a one-to-one correspondence. This basically
sketches the strategy for this excursion.

2.6.2 The Equivalence Relation Induced by the Logic £

Fix a Kripke model K = ((S, S), (ka)aeAct) with a measurable state space
(5,8); thus kg @ (5,S) ~ (5,8) is a stochastic relation for each action a.
A morfism f : K — ((T, 7), (Ea)aeAct) between Kripke models is an S-7-
measurable map f : .S — T such that

VaeAct:lyof=6(f)ok,

holds. Note that we do not require f to be onto which otherwise is assumed
nearly everywhere in this treatise (for emphasizing this, we have dubbed these
maps morfisms rather than morphisms). Just for the record:

Lemma 2.6.1. Let f: K — L be a morfism and ¢ a formula in £, then

a. K,s = o< L, f(s) = ¢ holds for each state s of K,
b. fH [le] = [élc. O

The equivalence relation ri induced by £ on S is defined as above through
sre s iffVo:K,sE¢e K, s Eo.

Define the set Ek of all extensions for formulas through

Ex = {9k | ¢ is a formula},

and define as o-algebra S}K on the factor space S/rx as the smallest o-algebra
which contains all the sets the inverse image of which lies in Ex:

Stoi=0({AC S/rc | n, ! [A] € Ec}).

We analyze this construction, and then we enter a discussion of behavioral
and logical equivalence.

Lemma 2.6.2. The set A := {n. [[¢]x] | ¢ is a formula} is a generator of

SEK, which is closed under finite intersections.
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Proof Because each extension [¢]i is 7-invariant, and because the logic
£ is closed under conjunction, A is closed under finite intersections. The
factor map is onto; thus we have [¢]x = 1, [nr, [[#]x]]. Consequently, if ¢
is a formula, then 7y, [[¢]x] € S}, thus 0(A) C Sf.. On the other hand, if
nt [A] € Ex for some A C S/ri, then there exists a formula ¢ such that
[9]xc = n;! [A]: hence A =y [[¢]k], since 7y, is onto. This yields

{AC S/rc [ [A] € €} C A,

establishing the equality. O
This has the following as an immediate consequence.

Corollary 2.6.3. The factor map . : S — S/rc is S-S}_-measurable.

Proof Consider
D:={Ae S} |n,'[A €S}

Because S 3 [¢]x = 1, [0 [[¢]k]], we may conclude that A C D, where
the generator A is defined as in Lemma 2.6.2. Because D is a o-algebra, we
obtain o(A) C D. Thus the assertion follows from Lemma 2.6.2. O

Because the final o-algebra with respect to a map is the largest o-algebra
on the codomain rendering this map measurable, we obtain the following as
an immediate consequence.

Corollary 2.6.4. Let S/ric be the final o-algebra with respect to n,. : S —
S/rc and S. Then SEK CS/re. O

A closer analysis reveals that we can say even more, viz., that S}K coincides
with the factor algebra, provided the 7, -invariant sets are generated from
the formulas. Recall that 3(S,rk) is o-algebra of 7, -invariant measurable
sets.

Corollary 2.6.5. These statements are equivalent:

a. o({[¢]k | ¢ is a formula}) = (S, rx).
b. SEK = S/r)c.

Proof 1. For establishing a = b we show first that
St ={ACS/rc|n A € o)}

The construction of S}K implies that it is contained in the latter o-algebra. For
establishing the reverse inclusion, we argue as follows. Because each element
of o(Ex) is Ny, -invariant, the m-A-Theorem 1.3.1 is used to show that 7, [B] €
St for each B € o(&x). Because 1y, is onto, we know v [, [A]] = A for
A C 8/rk; hence the inclusion follows.

The assertion follows now from the observation that the factor o-algebra
S/rk can be written as S/rx = o({m [4] | A € S is 1y -invariant}).
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2. In order to prove b = a we note first that the sets [¢]x are rr-
invariant, so that o ({[¢]x | ¢ is a formula}) C (S, rx). On the other hand,
Lemma 2.6.2 yields

n [SE] = o({[¢]k | ¢ is a formula}).

Now take A € X(S,rc). Then A = 5, ! [0 [A]] with 5 [A] € S/rk. Con-
sequently the assumption implies A € 77r7<1 [S}KL from which the reverse
inclusion follows. O

Comparing the construction for the general case with the one for analytic
spaces, it follows that we can determine the crucial o-algebra SEK through the
factor map. This is actually a straightforward consequence of Corollary 1.7.13
and Corollary 2.6.5.

Corollary 2.6.6. Assume that S is an analytic space with S = B(S), and
that Act is countable. Then S} = B(S/rg). O

If SEK is a proper sub-o-algebra of S/ri, then we conclude with Proposi-
tion 1.7.21 that the equivalence relation induced by the logic constitutes no
longer a congruence for the Kripke model. This is a fairly peculiar situation
which indicates that analytic state spaces play a somewhat special réle (and
invites further investigations for the general case).

Ezample 2.6.7. Put S := {x,y, 2} as the state space, S := {0, S, {z}, {y,2}},
as the o-algebra over S, and fix p € & (S5,S). Let Act := {x} be a singleton
set of actions, and put k. (s) := p for all s € S. Then we know for the Kripke
model K := ((S,85), (ka)aeact) that {z} is ric-invariant; hence

2(87 r;c) =38.

Furthermore we establish by induction that K,s = ¢ < K,s' E ¢ for any
states s, s’ € S, so that [¢]x # 0 implies [¢]x = S. Consequently,

o({[¢]k | ¢ is a formula}) = {0, S}.

This implies by Corollary 2.6.5 that S}K # S /rc. Thus we cannot dispose of
the assumption that the state space is analytic. -

Now consider the Kripke model K. Let a € Act be an action; the factor
relation kg, is defined through

Faune (8], ) (A) = ka(s) (! [A])

whenever A € SEK (compare the definition of the factor relation in the general
setting on page 53). This definition is possible since we know from Corol-
lary 2.6.4 that 1! [A] € S for A € S} ; it determines in fact a stochastic
relation.
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Proposition 2.6.8. kq . : (S/rc,SE) ~ (S/rc,SE) is a stochastic rela-
tion.

Proof 1. Because kq,r. ([s],.) = (& () oka)(s), it follows immediately that
Ka,er ([s],,.) is a subprobability on Sf_ for each s € S.
2. Fix A € 8}_; then the S} -measurability of v — kqr (v)(A) has to be

ric?

established. Let for this
D:={A €S | v kar(v)(A) is S} -measurable}.

We observe these properties

(i) D is closed under complementation.
(ii) D is closed under disjoint countable unions.
(iii) A C D, where A is the generator defined in Lemma 2.6.2.

The first and the second property follow from the usual properties of mea-
surable functions; so only the last property needs to be verified. Because

K.s = (a)rd & ka(s)([0]c) = 1,

we infer

{[s],c | ke ([8],) (e [[8k]) = 7} = e [{s € S | ka(s)([8k) = 73]
= T [[[<a>r¢]]lc] )

and the latter set is a member of S%_. Consequently, 7y, [[¢]x] € D for each
formula ¢. Using the m-A-Theorem 1.3.1 and Lemma 2.6.2, we conclude now
that D = S} holds. O

The factor map defines a morfism between the stochastic relations k, and
ka.rx, as we will see now. In fact, define the Kripke model

Ke = ((S/ric, S)s (Faye Jacact);

then we make this observation, which will be useful for the investigations of
behavioral and logical equivalence:

Corollary 2.6.9. 7, : K — K¢ is a morfism.

Proof Because we have

Fane ([81r) (A) = ka(s) (" [A]) = (6 (1) © Ka) (5)(A)

for all actions a € Act, for all states s € S, and for all sets A € SE)O the claim
is easily established. O
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2.6.3 Logical Equivalence

Now let £ = ((T7 7), (&l)aeAct) be another Kripke model. Denote the equiv-

alence relation defined by the logic £ on T by r,. All constructions with the

o-algebra S and the equivalence relation ri are carried out with 7 and rz, so

we may construct a o-algebra 7& on T/rz, and we obtain a new Kripke model

Lo = ((T/I’g, ’];i)7 (Ea,m)ae/m) together with the morfism n,, : £L — Lg.
Define the relation

R = {(s,t) € S x T | Thic(s) = The(t)}.

Consequently, (s,t) € R iff s and ¢ satisfy exactly the same formulas. In
particular, we know that then kq(s)([¢]x) = Ca([¢] ) holds for all formulas
¢. This is so because kq(s)([¢]x) = 7 < La(t)([¢]z) > r for each r in the
unit interval (it would suffice to restrict ourselves to rational numbers r).

In addition to relation R a relation Ry derived from it on the Cartesian
product of the factor spaces is defined:

Ro = {{[s]» [t],) [ (s:8) € R}

Call models K and L behaviorally equivalent iff there exists a cospan

K f>M<g C

of morfisms, as above. Logical equivalence may be defined through the rela-
tion R: K and L are said to be logically equivalent iff the relation R is both
right and left total. This is but a simple reformulation of the usual definition
of logical equivalence; see Definition 2.3.6. Assume for the rest of this section
that the Kripke models I and £ are logically equivalent.

Lemma 2.6.10. Ry is the graph of a bijection T : S/ric — T/rz; 7 is S} -
’Tri -measurable. Similarly, 3%61 is the graph of a bijection 0 : S/ric — T/rr,
which is T} -S}_-measurable. T and 0 are inverse to each other.

Proof 1. Define 7([s],.) := [t],, iff ([s].,[t],,) € Ro. Then 7 : S/rc — T'/rc
is obviously well defined and injective. Because R is a right total relation, 7
is surjective as well.

2. Consider D := {B € T} | 7' [B] € 8} _}. Then D is closed under
complementation and countable disjoint unions. Let ¢ be a formula; then
7 e [[8]2]] = m [[6]x] - Consequently, 1, [[¢]c] € D, so D contains a
generator which is closed under finite intersections by Lemma 2.6.2. Thus
D =71 by the m-A-Theorem 1.3.1. Thus 7 is S} -7,: -measurable.

3. The argumentation for 6 is verbatim the same, after interchanging the
roles of IC and L. It is also obvious that 7 and 6 are inverse to each other. O
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If ® would not be a left total relation, the map 7 would only be partially
defined; if ® would not be right total, 7 would not be surjective. Consequently,
this construction works only with logically equivalent Kripke models.

But 7 and # are even richer in structure.

Lemma 2.6.11. Define 7 and 6 as in Lemma 2.6.10. Then 7 : K¢ — Lg
and 0 : Lo — Ko are morfisms.

Proof 1. Assume that 7([s], ) = [t],; then, since 1, " [nc [[8]c]] = [6]k,
and similarly for [¢].,

Ka,re ([8],) (e [[9kc]) = ka(s)([¢]k)
= la(t)([¢]z)
=Vlar, ([ ] )(nrz: [[[¢]]L])

2. We want to show that
Cae (T([8],0)) (A) = kane ([s],0) (77 [A])

holds for each s € S and each measurable set A € 7;}. Consider for fixed
a € Act and s € S the set

D= {A€TL | lawe (7([8],)) (A) = kaee ([s],) (77 [A])}.

Then D is closed under complementation and countable disjoint unions,
and part 1 shows that 7, [[¢]z] € D for each formula. Thus the m-A-
Theorem 1.3.1 together with Lemma 2.6.2 implies that D = ’]:i Conse-
quently, 7 constitutes a morfism; the same argumentation shows that 6 is a
morfism as well. O

2.6.4 Logical vs. Behavioral Equivalence

Form the sum S + T of the state space with injections ig : S — S + T and
ip : T — S+ T, respectively. Let ri ¢ rp be the amalgamation of r and rg,
so that we have for v,v’ € S+ T in the present scenario

S I 5” ’U=i5($),’0 :'LS( /)7
vicors v = tret, v=1ip(t),v =ip(t'),

(s,t) R,  v=ig(s),v =ir(t),

{t,s) eR7L, v=ir(t),v =is(s)

(see page 52). This construction entails also that
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) { lis(Moor, = is[lsl, ] Vir[r([s],, )]

i (yor, = irllt),.] Uis[6((t],)]-

Thus the equivalence class of an element of S + T has both a non-void
component from S and from 7', and these components are linked through
7 and 6, respectively. Now define maps Is : S/ric — (S+T)/rc orz and
Ip : T/)rp — (S+T)/rc orp through

Is([s],c) = lis ()] eore »
IS([t]r,:) = [iT(t)]rKon: :

Hence we assign to each class in the participating spaces the class of its
representative in the sum; it is clear from the characterization in (x) that
both maps are well defined.

Lemma 2.6.12. Ig [ [[]k]] = Ir [, [[¢]2]] holds for each formula @,
and the set {Is [0 [[9l]] | ¢ is a formula} is closed under finite intersec-
tions.

Proof The first claim is established by this direct computation:

Is e [[9]x]) = {15(0) [ b € ey [[9]xc]}
= {lis()]rcor, | 5 € [0k}

D (i (®)],or, |t €[]}

= {Ir(c) | ¢ € me [[91c]}

= I [, [[#] ]
The crucial equality (3) follows immediately from [is(s)],, o, = [7(i5(5))],cor,
and [i7(t)], o, = [0(i7(1))],, o, together with § = 77! (Lemma 2.6.10). Be-

cause Ny [[¢]x] is an Ig-invariant set, it follows from Lemma 1.4.30 that
{Is [nre [[2]k]] | ¢ is a formula} is closed under finite intersections. O

Define the o-algebra W on (S + T)/rc orz as

W = o ({Zs [nre [[61x]) | 6 is a formula)):

then W = o ({Ir [, [[¢]c]] | ¢ is a formula}) follows from Lemma 2.6.12,
and the maps Is and I turn out to be measurable.

Lemma 2.6.13. I : S — (S+7T)/rc orz is St -W-measurable, and I :
T — (S+T)/rcore is T,E-W-measurable.

Proof We focus on the map Is and apply essentially the m-A-Theorem 1.3.1
again. Let
D:={CeW|I5'[C] €St}
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Because 1y, [[¢]k] is an Ig-invariant set, Lemma 1.4.30 tells us for a formula
¢ that I5" [Is e [[#]ic]l] = M [[#]x], and the latter is an element of S, .
Consequently, Is [ [[¢]k]] € D for each formula ¢. Now D is a o-algebra,
in particular closed under complementation and disjoint countable unions.
The family {Is [n [[¢]k]] | ¢ is a formula} generates VW and is closed under
finite intersections by Lemma 2.6.12, so the m-A-Theorem implies D = W.
This establishes the assertion. O

This construction yields a measurable space ((S + T)/ric o rz, W). It will
serve as the state space for a Kripke model for which we will construct the
transition law now. Before we do that, we need to make sure that the tran-
sition laws k, . and ¢, . coincide on certain crucial sets.

Lemma 2.6.14. Assume that (s,t) € R. Then
kaex (8], )5 [C]) = Lo (8], )7 [C])
for allC e W.

Proof It is by the m-A-Theorem (Lemma 1.6.30) sufficient to take the set C'
from the generator {Is [ [[¢]x]] | ¢ is a formula} of W. Thus, let ¢ be a
formula; then

kare ([s], ) (I " s [ [[01k]1]) = Kaure ([8],,) (e [[21x])
= ka(s) (o [ [[21ic]])
=k [9]k)

=0 (t )
= Lo ([t],,) (0 [[8]2])
— Care (1)) (I 1r Inee [18121]).

The equation () permits the comparisons between different Kripke models;
it follows from the assumption that (s,t) € ®. O

Now we are poised to define the transition law on the compound factor
space. We put

Ma([i5(5)]rpor, ) (C) 1= kaee ([8],,) (I3 [C])

for C' e W. It follows from Lemma 2.6.14 that also

Ma([i7 ()]0, ) (C) = Lare ([t],,) U7 [C))

holds, provided [is(s)], o, = [i7(t)],0r,- This is so because the latter condi-
tion is equivalent to ([s],_,[t],.) € Ry which in turn is equivalent to (s,t) € R.
This defines for each action a € Act a map

me: (S+T)/rcore =& (S+T)/rcore, W),
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and we have to make sure that it defines a Kripke model, i.e., that it is a
stochastic relation. Thus we have to establish measurability.

Lemma 2.6.15. m, : ((S—FT)/r;C o rL,W) ~ ((S—FT)/rK o rL,W) s a
stochastic relation for each action a € Act.

Proof 1. We have to show that w +— m,(w)(G) constitutes a YW-measurable
map on (S +T)/r org for each set G € W. This is established through the
m-A-Theorem 1.3.1 by investigating the set of all sets for which the assertion
holds.

2. In fact, D := {G € W | w € my(w)(G) is W-measurable} is closed
under complementation and under countable disjoint unions. Now assume
that G = Is [ [[#]k]] is an element of the generators of W, then

Ma([8]cor ) (G) = 7 kae (I8l ) (e [[¢]k]) > 7
& [s],. € [a)rdlk.

Thus

{we (S+T)/rcore | ma(w)(Ls [ [[]x]]) = 7} = Is e [[(a)r¢lk]],

which is a generator itself.

Hence D contains the generator of W which is closed under finite inter-
sections by Lemma 2.6.12, so that D = W, which establishes measurability.
O

Thus we may use m, as the transition law for a Kripke model.

I I
Corollary 2.6.16. Ke “>M~< ' Lg is a cospan of morfisms. 0O
This is the main result.

Proposition 2.6.17. Logical and behavioral equivalence are the same for
Kripke models over general measurable spaces for the negation-free Hennessy-
Milner logic £.

Proof 1. Since morfisms preserve and reflect validity, behaviorally equivalent
Kripke models are logically equivalent.

2. Let K = ((S, S), (ka)aeAct) and £ = ((T, 7), (Ea)aeAct) be the Kripke
models under consideration. Construct the factor space (S + T')/ric o rz for
the amalgamation ri ¢ re of the equivalence relations ri and rp which are
constructed from logic £ over S respectively T together with the maps
Is : S/ric — (S4+T)/ricore and It @ T/ry — (S+T)/rcore. Con-
struct the o-algebra W from these data, and define the stochastic relation
ma: ((S+T)/rcore, W) ~ ((S+T)/rcorz, W). Put

M = (((s +T)/rcore, W), (ma)aeAct).

Then this diagram gives the desired cospan of morfisms.
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K L
Mric M
v v
Ke Lge
A %

M

The factor maps 7, and 7,,. are morfisms by Corollary 2.6.9; Is and It are
morfisms by Corollary 2.6.16. O

One may wonder why we went through this slightly complicated construc-
tion process in order to obtain the o-algebra on the target space. Taking
the sum S + T of the measurable spaces (S,S) and (7,7) with the sum-
o-algebra S + 7, factoring this space through the amalgamated equivalence
relation ri o rz and constructing the o-algebra (S + 7 )icor, is not possible.
Alas, this approach requires an underlying Kripke model which this process
is just intended to construct.
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