Chapter 4
Examples of Indexed PIP-Spaces

This chapter is devoted to a detailed analysis of various concrete exam-
ples of pip-spaces. We will explore sequence spaces, spaces of measurable
functions, and spaces of analytic functions. Some cases have already been
presented in Chapters 1 and 2. We will of course not repeat these discussions,
except very briefly. In addition, various functional spaces are of great inter-
est in signal processing (amalgam spaces, modulation spaces, Besov spaces,
coorbit spaces). These will be studied systematically in a separate chapter
(Chapter 8).

4.1 Lebesgue Spaces of Measurable Functions

4.1.1 LP Spaces on a Finite Interval

Our first example is the family of Lebesgue spaces over the interval [0, 1]
with their usual norm topology:

T ={LP:=LP([0,1];dx), 1 < p < o0}.

These spaces form a chain: p > ¢ implies LP? C L?, the embedding is contin-
uous and has dense image. With the involution

Lo (L) = I, p 5t = 1,

Z is an involutive covering of the space V = ;. Lf = D l<p<oo Lrt
Given the corresponding compatibility #, i.e., (L?)# = LP, we can compute
explicitly the complete involutive lattice F(V, #).

I Technically, the inductive limit limi<p<oo Lp. See Appendix B.
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104 4 Examples of Indexed PIP-Spaces

Remark: Notice that we do not include the space L!'. By symmetry this
would demand inclusion of L as well, which would invalidate some of the
statements made below about duality properties.

First we evaluate “elements of the first generation” of F. Given an
arbitrary subset S of (1, 00), define the spaces

L) = rr, L) = rr=> 1,

peS peES peES

Introducing r = infS;t = supS, and defining S = (1,t)U S, S =
(r,00) US, one shows that:

LP(S)=LP(S),  L'(S) = LY(S). (4.1)
This leaves us with four possible cases:
(i) teS=8=(1t and LP(S) =4, L7 =LY
(i) t¢S=S=(1t) and LP(S) =y pee L7 =L
(iii) re S= 8 =[r,o0) andLI(S):UT<q<OOLq:LT;
(iv) r¢ S= S =(r,00) and L'(S) = U, geoo L?:= LT,

Thus we get two new types of spaces,” namely the spaces LP*. Their

topological properties are based on the observation that, in the definition of
LP~ it is enough [by Eq.(4.1)] to consider a cofinal countable subset of the
Vg’s. Therefore, we get

(i) For 1 < p < o0, LP™ := ﬂ1<q<p L4, with the projective topology, is
a non-normable, reflexive Fréchet space, hence barreled and complete,
with conjugate dual (LP~)* = (LP~)# = LP*. In particular, L>~ coin-
cides with the space L“ of Arens (also called the Arens algebra).

(ii) For 1 < p < oo, LPT := Up<q<oo L4, with the inductive topology, is
a nonmetrizable (Mackey) complete, barreled topological vector space,
with conjugate dual (LPT)* = (LPH)# = LP~.

(iii) Furthermore, the following inclusions are proper: LPT C LP C LP~ (1 <
p < 00), the embeddings are continuous and have dense range.

Proposition 4.1.1. Let T be the chain {LP,1 < p < co}. Then the complete
lattice F(V,#) generated by T is also a chain, obtained by replacing each LP
in I by the triplet LP™ C LP C LP~, and adding the smallest element L™~
and the largest element L'T.

Proof. First we evaluate elements of the form {f}##, then {f}#, and finally
arbitrary elements of F(V, #) through the usual relation:

F(V,#) 3 Vo= ({1

feve

2 Nonstandard analysis could also be used here: V, is really Vp4e, € infinitesimal.
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Let f € V. Then, by Eq.(1.9),

{f}## _ m ILP = L9 or Lai, for some q € (1,00)-
Lr>f

Therefore {f}# = L7 or L9 for some q € (1,00). Finally

vo= A= (N7 n (NL).

fev, qeS reT

where S, T are some subsets of (1,00), to be replaced by S , T respectively.
For the first term on the right-hand side, we get

ﬂ L7 = ﬂ L= L°or L°", with s =sup.
qES q€§

As for the second term, we observe that r; < ry implies L™t c L™+
with continuous embedding; the set inclusion is obvious, and the embed-
ding L™" <« L™ can be factorized continuously through L”, where r is any
real number such that r; < r < r5. Therefore, all the spaces L™, 1 < r < oo,
form a chain with continuous embeddings. Thus we get

ﬂ L™ = L' where t =supT.
reT

Finally, V. is either of the form L* N L**, or of the form L~ NL**. For s < ¢,
we have L~ D L* D L't and V,. = L'*. For s > t, we have L't D L~ O L*,
so that V. = L® or V,. = L°~. This concludes the proof. n

Notice that, in addition to its PIP-space structure, the family Z generates
a partial *-algebra under pointwise multiplication.

4.1.2 The Spaces LP(R,dx)

We turn now to the LP spaces on R. If we consider the family {LP(R) N
L'(R), 1 < p < oo}, we obtain a scale similar to the previous one (except
that the individual spaces are not complete), which may be used to endow
LY(R) with a PIP-space structure.

However, the spaces LP(R) themselves no longer form a chain, no two of
them being comparable. We have only

LPN LY C L?, for all s such that p < s < gq.
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Hence we have to take the lattice generated by Z = {LP(R,dz),1 < p < oo},
that we call J. The extreme spaces of the lattice are, respectively:

VJ#: m L% and V= U L9 = Z L9, (4.2)

1< g<oo 1< g<oo 1< g<oo

Here too, the lattice structure allows to give to V; a structure of a PIP-space
and of a locally convex partial *-algebra.
The lattice operations on J are easily described:

e LP ALY = LPNLYis a Banach space for the projective norm || f||png =

£ 1lp + [[flla-

e I[PV IL1=LP+ [9isa Banach space for the inductive norm
[fllpvg = inf {llgllp+ lIhllg; 9 € L7, h e L7}
f=g+h

e For 1 < p,q < oo, both spaces LP A LY and LP Vv L? are reflexive and
(LP N L9)* = LP Vv LA,

At this stage, it is convenient to introduce a unified notation:

o _ JLPALY i p =g,
LPv L1 if p<q.

Thus, for 1 < p,q < oo, each space L("9 is a reflexive Banach space, with
conjugate dual L(P? The modifications when p, ¢ equal 1 or co are obvious.

Next, if we represent (p, ¢) by the point of coordinates (1/p,1/q), we may
associate all the spaces L9 (1 < p,q < o0) in a one-to-one fashion with the
points of a unit square J = [0, 1] x [0, 1] (see Fig.4.1). Thus, in this picture,
the spaces LP are on the main diagonal, intersections LP N LY above it and
sums LP + L7 below. The space L9 is contained in L®"4) if (p,q) is on
the left and/or above (p',¢’). Thus the smallest space is

v# =p0b = et
J
and it corresponds to the upper left corner, the largest one is
‘/J — L(l,oo) _ Ll +LOO,

corresponding to the lower right corner. Inside the square, duality corresponds
to (geometrical) symmetry with respect to the center (1/2,1/2) of the square,
which represents the space L2. The ordering of the spaces corresponds to the
following rule:

LoD c L) = (g <(,qd) < p>p andg<q. (43)

By the way, this rule shows that the spaces LP on the main diagonal are not
comparable, as we know.
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Fig. 4.1 The unit square describing the lattice J

For co > ¢, > 1, consider now the horizontal row q = q,, {L(p’%) o0 >
p = 1}. Tt corresponds to the chain:

LNl c...cL'Nnl%c...cL%cC...CL°+L%*C...CL"+L%. (4.4)
(0>1>q0>s>1)

The point is that all the embeddings in the chain (4.4) are continuous and
have dense range. The same holds true for a vertical row p = p,, {L(po"J) :
1< g< o0}

LPenNL®C...CLPNL°C...CLP C...CLP+ L C...CLP+L*> (4.5)
(1<s<po <t <00)

Combining these two facts, we see that the partial order extends to the spaces
L9 (1 < p,q < 00), inclusion meaning now continuous embedding with
dense range.

Now the set of points contained in the square J may be considered as an
involutive lattice with respect to the partial order (4.3), with operations:

(pVp',qng)
(pAD qV{q)
(r,q9) = (7,9),

(P, q) A (

p.q) =
(pg)V(©,¢) =
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1/q
L r a
L(rVa,s/\b) _ L(r,b)i L :
=L'AL": b
[ L SRREEED SEEE o
: L@
i =L+ I°
L’l‘ 1
L !
L e bt *
L(T s) _ Lr + LS
1/p
00 r a 1

Fig. 4.2 The intersection of two spaces from J

where, as usual, p A p’ = min{p,p'}, pV p’ = max{p,p'}.

The considerations made above imply that the lattice J generated
by Z = {LP?} is already obtained at the first generation. For example,
L) A L(@b) = [(rVa:sAb) (see Fig. 4.2), and the latter may be either above,
on or below the diagonal, depending on the values of the indices. For in-
stance, if p < ¢ < s, then L®9) A L(@5) = L4 hoth as sets and as topological
vector spaces.

The conclusion is that, using this language, the only difference between
the two cases {LP(]0,1])} and {LP(R)} lies in the type of order obtained: a
chain T (total order) or a partially ordered lattice J. From this remark, the
lattice completion of J can be obtained exactly as before. This introduces
again Fréchet and DF-spaces, all reflexive if we start from 1 < p < oo, and
in natural duality as in the previous case. In particular, for the spaces of the
first generation, it suffices to consider intervals S C [1,00] and define the
spaces

reis) = (L7, L™(s) = J L.

q€es q€Ss
Then:

o If S is a closed interval S = [p, q], with p < g, then LP™i(S) = LP A L9 =
L(@P) and LP(S) = LPVLI = L9 are Banach spaces. If S is a semi-open
or open interval, LP™I(S) is a non-normable Fréchet space and L"4(S) a
DF-space.

e Let S C (1,00) and define S = {7 : ¢ € S}. Then (LP™(S))* = L"4(S)
and (Lind(8))* = LPi(S).
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A special réle will be played in the sequel by the spaces L™ corresponding
to semi-infinite intervals, namely:

LP>) = [nd([p o0 U L® = LP + L™, a nonreflexive Banach space,
pLs< oo

LPw) — Ll“d ([p, oo U L?, a reflexive DF-space.
pLs<o0

As for the lattice completion F ;- one can build an ‘enriched’ or ‘nonstan-
dard’ square F, exactly as in the previous section. Take first 1 < ¢ < oo, that
is, the interior J, of the square J. The extreme spaces of the corresponding
complete lattice F, are:

Vfi&: m LY  and Vj, = U L9 — Z Lo,

1<g<oo 1<g<o 1<g<oo

with their projective and inductive topologies, respectively. All embeddings
are continuous and have dense range.

Similar results are valid when one includes L' and L*°, except for the ob-
vious modifications concerning duality. The extreme spaces of the full lattice
F; thenare V; = Lg := L'+ L> and V]# = Lg = L'NL®>, with their induc-
tive and projective norms, respectively, which make them into nonreflexive
Banach spaces (none of them is the dual of the other). Notice that the space
Lg, known as the space of Gould, contains strictly all the LP, 1 < p < oo.

Proposition 4.1.2. The space Lg := L'(R,dx) + L=(R,dx) is a nonre-
flexive LBS, generated by the family T = {LP(R,dz),1 < p < oo} and the
corresponding compatibility (LP)# = LP.

Exactly as in the case of a finite interval, we may restrict the generating
spaces to {L®, p < s < ¢), which amounts to take a subsquare J@D) of J.
The rest is obvious.

4.1.3 Reflexive Chains of Banach Spaces

The chain Z = {L? := LP([0,1];dz), 1 < p < oo} of Lebesgue spaces over the
interval [0, 1] is the prototype of a whole class of chains of reflexive Banach
spaces, with exactly the same properties.

Let I, = (a,b) be an open interval of R, and for each p € I, let there be a
reflexive Banach space V,,. We say that the family 7 = {V, }per, is a (contin-
uous) reflexive chain of Banach spaces if the two following conditions hold:

H)p<qg=1V, ; V,, the inclusion map is injective and continuous;®

3 Warning: The order here is direct: p + V), is monotone increasing, whereas it was
decreasing in the Lebesgue case (inverse order).
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(ii) I, carries an involution p < p such that V; is the conjugate dual of V,,
that is, the norm || - ||z on V5 is the conjugate of the norm || - ||, on V.

In other words, a reflexive chain of Banach spaces is a totally ordered LBS.
The following properties follow easily from the definition:

(a) 7 is an involutive covering of V' :=J,c; Vp =3 c1 Vp, corresponding
to the compatibility (V,)# = V5.
(b) Whenever p < g, the inclusion map V,, — V; has dense range and each

Vp is dense in V' (considered as the inductive limit lim,ecz, V},).
(c) V# := (Mpez, Vo is a dense subspace of every V,,, and of V' as well.

Let now I = [a, b] be a closed interval. The analogous definition is obvious,
the only difference being that now V# = V,,V = V;. Within this context,
a proposition similar to Proposition 4.1.1. can be formulated. As before we
define

Vi = U Vo Vo =Vor Vir = (| Ve

q<p p<q

Let Fj be the totally ordered set Fy = (a,b) x {—, 0, +} with its lexicographic
order (— < 0 < 4). Then we have:

Proposition 4.1.3. Let T = {V,},er be a reflexive chain of Banach spaces.
Then the complete involutive lattice F = F(V, #) is a chain given explicitly
as follows:

(i) If I = (a,b) is an open interval, F consists of V¥ := Vi, Fo, V :=Vj_,
where Fo is a chain indexed by Fy.

(ii) If I = [a,b] is a closed interval, F is the chain V¥ = V,,Voy, Fo, Vi
Vi=V,.

Proof. The argument is exactly the same as the one given in Proposition
4.1.1 for the case of Lebesgue spaces. First one shows (using the involution
p < P) that the inclusions V,,— C V}, C V4 are proper. Then, one proves that
Vp+ , with the projective topology, is a reflexive Fréchet space, with dual V3_,
and V,_ , with the inductive topology, is a reflexive nonmetrizable, barreled
topological vector space, with dual V,,. The rest of the argument is then
identical and gives (i); as for (ii), it is obvious. [ 5

The situation described above is in fact extremely frequent in applications.
The following examples of reflexive chains of Banach spaces are all well-known
(the first two have the direct order, the other two the inverse order):

(1) The chain of sequence spaces {¢P, 1<p<oo} (Example (ii) in Section 1.1);
(2) The chain of ideals {CP(H), 1 < p < oo} of compact operators in a
Hilbert space H, which is isomorphic to (1) (Example (v) in Section 1.1);
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(3) The chain of (generalized) Sobolev spaces (also called Bessel potential
spaces) H® (—oo < s < 00) defined as follows : A tempered distribution
f € 8*(R™) belongs to H*® if its Fourier transform f verifies

| IR+ d < o

the involution here is (H*)# = (H®)* = H™*.

(4) The chain of Banach spaces that generalizes the Lebesgue spaces LP to
operator algebras, namely, the noncommutative LP spaces associated to
a Hilbert algebra (with unit), introduced by Segal.

Among reflexive chains of Banach spaces, we find, of course, chains of
hilbertian or Hilbert spaces. We have already encountered several examples,
such as the canonical scale built on the powers of a self-adjoint operator in a
Hilbert space (Section I.1) or the chain of Hilbert spaces F? (—oo < p < 00)
in Bargmann’s space £* (Example (v) in Section 1.1). The latter will be
studied in detail in Section 4.6.2 below. As for the former, we will revisit and
refine it in Section 5.2.1.

4.2 Locally Integrable Functions

4.2.1 A Generating Subset of Locally
Integrable Functions

In this section, we will study in detail the PIP-space Llloc(X, du) of lo-
cally integrable functions on a measure space (X, ). First we take V =
L (R™, dz), the space of all functions on R" that are locally integrable with

loc

respect to the Lebesgue measure. With the compatibility.
frg = [ 1@ g)lds <,
RTL

one has, as usual, V# = L°(R™, dx), the essentially bounded functions of
compact support (Section 1.2.3 (ii)).

Let r : R® — R* be a measurable, a.e. positive function, such that both r
and 7 := r~! are locally square integrable. Denote by L?(r) the Hilbert space
of measurable functions f : R® — C such that fr—! is square integrable.
Then we claim:
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Proposition 4.2.1. (i) L C L*(r) C L.
(ii) The family T := {L*(r)} of all such subspaces is a generating sublattice
of F(V,#).

Proof. Part (i) is a straightforward verification. As for (ii), let {K;,j =
1,2...} be a covering of R" by an increasing sequence of compact subsets
(e.g. closed balls of radius j), and write Q; = K; \ K;_1, so that each Q; is
relatively compact, ; Ny, =0 if j # k,R™ = J; Q;. Let f,g € V, f#g, and
{a;},{B;} two arbitrary sequences of positive numbers such that:

Zaj/ z)| dz < oo, Zﬂj/ (z)| dz < oo.

3

Define

= > @

where

rj(2)® = max(6;, | f(2)|)/max(aj, |g(x)])
and x; is the characteristic function of ;. Thus r=2(z) = Py Xj(ac)r;Q(x),
and both 7 and r~! are locally square integrable.* Furthermore, it is easily
shown that f € L?(r), g € L?(F). For instance:

. max(a;, |g])
f 2 2 dl‘ _ / f 2 M\ g d
/ I Z T (B D)
<y / || max(ay, g]) da
=17
Z(/ ol da + / ajlfldfv>
Qin{z | |g(z)|Za;} Qin{z | |g(z)|<a;}

Z(/ Ifgld:c+a]/ﬂ|f|dx>

J

:/ |fg|dac+2aj/ |f| dz < oo.
R j=1 £

4 Remark: Elements of V are in fact classes of equivalent functions; if in the definition of T,
f or g is replaced by a equivalent function, so is r;, and nothing changes in the argument.
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Thus the family Z = {L?(r)} is generating in L. (R™, dx). Moreover it is an
involutive sublattice of F(V,#) with the following lattice operations:

o L%(r) C L*(s) <= r(z) < s(2) a

o L%(r)AL?%(s) = L?(p), with p( ) min{r(x), s(z)},

o L%(r)V L?%(s)=L?%(q), with q(x)=max{r(z),s(x)},

o [L2(M))# = L2(7), with7(x)=1r"1(). L3

Remark 4.2.2. These results generalize to the space Li (X, du), where X
is a locally compact and o-compact space (i.e., X = J,, Kn, Kn C Kpq1, Kj
relatively compact) and p is a non-negative Radon measure on X. Let

L*(r):={f: fis u-measurable,/x |f1?r"%du < oo, with 7 measurable, 7 > 0 a.e..}

Then one has, with continuous injections :

(i) L°(X,du) C L3(r) if and only if r=! € L2 (X, du),

(4.6)
(ii) L*(r) C L{ (X, dp) if and only if r € L (X, dp).
We denote by I; the set of weight functions 7 such that r*! € LIOC(X7 du).
Then we have a LHS realization of L, (X, du) (the proof given in Proposition
4.2.1 extends easily to the general case):

Lio(X,dp) = | L?(r), LE(X,dp)= () L*(r (4.7)

rel; rel;

On L (X, duw), the inductive limit of the norm topologies of L?(r) coincides
with the Mackey topology 7(L,., LS°). However, on L°(X,du), the projec-
tive limit tproj of the norm topologies is coarser than the Mackey topology
(L, Li.). Of course, the continuity of the embeddings in (4.6) refers to
the Mackey topologies.
Similar results hold with V' = L (X,du),V# = L}(X,du) and r*! €
L2 (X, dp). Also if X is compact, i.e., V = LY (X,du), V# = L>=(X,dp), the

statement is simply that the family {L2( ), 72 € LY(X,dp)} is generating.

Let us come back to the simpler case (X, du) = (R™, dz). Now, combining
(4.7) with the decomposition R" = J,€2;, Q; = K; \ K;_1, we obtain, with
obvious identifications, three different realizations:

Ly (R",dz) = | J L*(r ﬂ LY( ﬂ LY( (4.8)

rely

oo

LER",dz) = (] L*(r) = | J L®(K;) = G L=(9;). (4.9)

rel, j=1
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In these relations, each intersection is meant to carry the projective limit
topology and each union the inductive limit topology. Thus, L{ ., as count-
able projective limit of the spaces L'(Kj), becomes a nonreflexive Fréchet
space, with dual L°. The latter, with its strong topology B(L°, Li, ), is the
inductive limit of the spaces L*°(K), with their norm topologies. Hence it
is an (LF)- and a (DF)-space (see Section B.6).

The Mackey topology 7(L&, Li..) coincides with the inductive limit of
the Mackey topologies 7(L>°(K;), L' (K})), but it is strictly coarser than the
strong topology B(LZ°, Li..), since the space is nonreflexive.

In addition, one may equip LZ° with the topology 7 of compact (or pre-
compact since L11OC is Fréchet) convergence, i.e., the uniform convergence on
the compact subsets of Llloc. Then the various topologies on LZ° are related
to one another as follows (¢ denotes the weak topology).

Proposition 4.2.3. Let L°(R™) denote the space of measurable, essentially
bounded functions with compact support on R™. Then, with the notations above,
one has the following relationships among the various topologies on L°:

BT % tproy = 7 > 0. (4.10)

The space L°(R™) is complete for all topologies, except the weak one o.

Proof. We know already that 3 > 7 = tpr0; > 0 and it is a standard result
that 7 3= v = 0. Also 7 = v, since L], contains convex balanced subsets that
are weakly compact but not compact. So it remains to prove that ty.o; = 7.
By Eq.(4.8) and Tychonoff’s theorem, a basis of compact subsets of L{ _ is
given by sets of the form M = Hj’;l M;, where M; is a compact subset of
L'(£2;). Each M; is bounded and therefore contained in a ball B; := {f €
LY(Qy) fQj |fldx < ¢j,¢; > 0}. Define

(@) = 3 (@) (o),

where
rj(2)? = 27 ¢;max(1, | f (x)])

1

ives and we have,

and x; is the characteristic function of ;. Then rtl e L
for every f € B := H;’il B;:

2,.—2 _ = 2 -2
/|f|r dm—;/ﬁj|f|rj dx
giw‘(cj)—l/ |f|dz < iw‘:y

j=1 Q; j=1
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Thus every compact set M = [[; M; is contained in the unit ball of L3(r)
for some r. Taking polars, we see that every neighborhood of zero in LZ°[y]
contains the unit ball of some L?(F), which is a neighborhood of zero in
L [tproj]. Thus tprej = 7. Conversely, since the unit ball of L?(r) contains
B =TI}, Bj which is not weakly compact, a fortiori not compact, in Lj,, it
cannot be contained in a compact set, and therefore there are neighborhoods
of 0 in L2 [tproj] which contain no neighborhoods of 0 of L[], i.e., tproj > -

Concermng completeness, since Li. _ is Fréchet, its dual L is complete in
the topology ~, and also for the topologies 5 and 7 (see [K6t69] §21.6 (4)).
It is also complete for the projective topology tproj, as projective limit of the
Hilbert spaces L?(r). [ 5

As for the last inequality, 7 = tproj, it is not known whether it is proper
or not. Anyway, it follows from Prop081t10n 4.2.3 that LZ°, with any of the
topologies T, tproj, v, 0 is semi-reflexive, but nonreflexive, hence not (quasi)-
barreled.

We turn now to the pair (LZ, L2 ). Denote by I» the set of weight func-
tions r such that r*1 € L{¥.. Then, exactly as before, we have both a LHS
realization and a natural one:

Lloc Rn dZL' U L2 = ﬂ L (KJ) = ﬂ L2(Qj)7
rels J=1 7j=1

L2R",dz) = () L(r) = | J L*(K;) = | L*().
rels j=1 j=1

As before L? _ is a Fréchet space, but this one is reflexive, as the inductive
limit of a sequence of reflexive (DF)-spaces. Also its strong dual is L2[t,o;),

e., the three topologies (3,7 and ty.o; coincide on L? This can also be
seen directly in two ways. First, the identity map i : L2[tyo;] — L2[7] =
ind. lim L?(K;) factorizes continuously through any L?(r) with r € LS, and
some L%(K;) (there are plenty of such functions r in I5). Second, one may
repeat the argument of Proposition 4.2.3, replacing v by 7 or g3, i.e., starting
from sets B = [[72, B;, with B; a closed ball in L*(€2;), thus bounded and
weakly compact. It follows that B tproj, and so they must coincide. So we
have:

Proposition 4.2.4. On L%(R",dz), the space of square integrable func-
tions with compact support, the following relationship holds for the various
topologies:

B=7T=tproj =7 > 0.

Again the space L2(R", dx) is complete for the first four topologies.
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4.2.2 Functions or Sequences of Prescribed Growth

The results of Section 4.2.1 can be improved if V' is restricted to those locally
integrable functions which satisfy a growth condition at infinity (such as
functions, or sequences, of polynomial or exponential growth), in the sense
that the weight functions r(x) can now be assumed to have the same type of
growth.

More precisely, for X and p as above, let A be a partially ordered set
and let {F(®) o € A} be a family of positive p-locally integrable functions,
indexed by A and monotonically increasing in a:

a< B FY) < FPQ) (pae).

Assume furthermore that, given «, 8 € A, there exists a positive square inte-
grable function s,g which verifies the following inequality for some positive
constant Cyg:

0 < s245(2) < CapF ' (2)F P (z) (pace.). (4.11)

Define V' as the vector space of those functions f € Li (X, du) which grow

loc

no faster than the functions F(®) ie., f € V if there exists @ € A and a
constant ¢ > 0 such that:

|f(2)] < cFx) (pae.).

Equip V with the compatibility # inherited from L! . Then:

loc*

Proposition 4.2.5. Let V as above. Consider the family Tn := {L?*(r)},
where each T is a weight function that verifies the following inequalities for
some a, 3 € A and positive constants ¢/, :

lsap(@)/FP(2)] < r(x) < " [F (@) /505(2)] (4.12)
Then the family T4 is a generating subset of F(V, #).

Proof. Let |f(x)] < cF¥(x),|g(z)| < /FP(x), and [, |f(2)g(z)ldp < oco.
We choose a function sag € L*(X,du) that verifies Eq. (4.11). Then we
proceed as in Section 1.4.1, dividing X into four disjoint subsets X;,j =
1,...,4, depending on whether

(X2 and X4),

|[f@)] = [s25(2)/ F O ()] > 0
P 0 (Xg andX4).

(X1 and X3)or <
lg(x)| = [s25(x)/F) ()] <

0
0 (Xl and XQ) or
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We define a weight function r,g as follows:

F@)[Y2 1g(@)| 172, for = € X1,
(z) sag(x)||g(x)| ™1, for x € Xs,
TaplZ) =
()] 52} (@), for = € X,

arbitrary for z € X4, provided Eq.(4.12) is verified.

It is then straightforward to verify that f € L%(rag), g € L*(Tap), and also
that rog verifies Eq. (4.12) on all of X. [ 5

This proposition covers many cases of interest. Let us give a few examples.

(i) Functions of polynomial growth in Li (R™, dx)

loc
FOz) =1 +2[)*?, aecZorR,

1
sap(z) = (1+|x)?)77/? with v >n/2 and ~ > —E(a + 5).

The assaying subsets L?(r45) obtained in this example actually form an in-
volutive sublattice of F(V, #).
(i) Slowly increasing sequences (in w)

By the same reasoning, we find that the family {¢2(r)}, where r = (r,,) is
a sequence of tempered weights, i.e.,

d1+n)P<r, < (1+n)?, ¢, >0,

is generating in the space s* of slowly increasing sequences, equipped with
the standard compatibility from w.

(iii) Functions of exponential growth in Li (R",dx)

F(a)(x) = e?l?l o e R,
Sap(x) = el with yeR, v >a+ 8.
(iv) Entire functions of order 2 in Bargmann’s space £*

As in Example (v) in Section 1.1, take X = C", with Gaussian measure

du(z) = e~ 17" dz. Then £ consists also of those Borel functions with growth
indexed by the following family:

F@) () = /2 (1 4 2)2)7%/2, a € Ror Z,
sap(z) =1, Va,p.
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4.2.83 Operators on Spaces of Locally
Integrable Functions

Finally we discuss operators on L{ (R", dx) (the same analysis applies to

L2 (R™ dx)). This is a case where the various classes of operators can
be characterized reasonably well, hence it is worth treating it in detail. More
precisely, we would like to give conditions under which an operator on the
PIP-space Li . is regular or belongs to one of the three algebras 2,9 or €.

The crucial remark is that each of L{ _, L°[r], L[] is a normal space of
distributions,’ i.e., a subspace E of D*(R") such that D(R™) C E C D*(R"),
where both inclusions are continuous and the first one has dense range. This
fact allows us to use Schwartz’s theory of kernels. Indeed every continu-
ous linear map A : LP[r] — L [r] is then the extension of a continuous
map A : D(R") — D*(R™) which is uniquely determined by a kernel
A(z,y) € D*(R?*™) i.e., a distribution in two variables. Consequently, ev-
ery operator on the PIP-space L{ (R") is given by a unique kernel A(z,y).
The problem is to identify the corresponding class of kernels, and here we
may exploit the results of Schwartz. But we will get in general sufficient con-
ditions only since Schwartz uses the topology 7 on L.. A continuous map
A i L¥[y] — L} is a fortiori continuous on L°[r]. Thus it defines an
PIP-space operator, but the converse need not be true. For regular operators,
however, the two classes of maps coincide: a map B : L® — L is continuous
for 7 if and only if it is for v (since B = B**).

We may distinguish several classes of operators:

1
loc

(1) General operators, given by kernels A(x,y) € L(L, Li,.), the space of

all linear maps from L2 into L .

In fact, we will consider only integral operators given by a kernel
A(z,y) € Ll (R?"). This is a priori a subset of £(L°, Li,.) ~ Op(LL,.),
since neither L°[7], nor L{ . is a nuclear space. Note that the kernel of

A* is A% (z,y) = Ay, x).
(2) Convolution operators, given by kernels A(z,y) = C(z — y).
(3) Multiplication operators given by diagonal kernels

A(x,y) = 5(35 - y)f(y)a VS Llloc'

(4) Finite rank operators, given by separable kernels

Az, y) =Y fi®)g;(@), fi,9; € Liye.
=1

5 This notion will be generalized in Section 5.4.1 under the name of interspaces.
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Table 4.1 Various classes of operators on LllOc (R™). The symbol * in a box means that the
condition stated is necessary and sufficient for the operator to belong in the corresponding
class

kernel Op Reg A B <
meslopemer g oL, LE@E)  SLEGE) 7
CC?(I;V(ih;;)ion operator Llloc I3 = 1! 2 %
r?a;kgl operator *Llloc ® Llloc *Lgo ® L :>*Lf§° ® L (?) x

For each class we will state sufficient conditions on the kernel for the
operator to be in Op, Reg, A,B or €. The results are summarized in
Table 4.1 below that we now comment (the algebra € will be discussed
separately).

(1) Integral operators: every function A(z,y), locally integrable in both vari-
ables, defines an operator on Li , by [Sch57, Prop.33]. By the remark
following the same proposition, such an operator is regular when the

following two conditions are satisfied:

(i) the kernel A(z,y) is compact, i.e., for every compact subset K of
R™ supp AN (R™ x K) and supp A N (K x R™) are compact (note
that supp A itself need not be compact, as the example of convolution
operators shows), which implies that both A and A* map L into L.

(ii) For every compact K C R", [, |A(z,y)|dz is bounded in y and
S 1Az, y)|dy is bounded in 2 (both functions are in L by (i)).

We denote by L°(LZ°) the class of kernels that verify those two con-
ditions. In fact, the resulting regular operators are automatically in A
(symbol =) and they are even Hilbert-Schmidt operators in every L?(r).
For B, however, we have no result.

(2) Convolution operators: the results follow immediately from the two well-
known facts:

(a) supp(f * g) C supp f + suppg;
(b) L'« LP C LP,;1 < p < 0.

For ‘B, we have again no result.
(3) Multiplication operators: all results are obvious, and all conditions are
actually necessary and sufficient (symbol x)



120 4 Examples of Indexed PIP-Spaces

(4) Finite rank operators: obvious again. As for 9B, there are finite rank
operators that do not belong to it. Let f ® g = |g)(f| be of rank one,
with f,g € L and normalized in L?. Tts norm in L?(r) is:

- (SNl
Togle= sip WU gy

nerztry Al
Then f ® g € B if and only if sup, ||g|. ||f|lz < oo. Consider, for in-
stance, the family of weights b(z) = exp bz, b € R (we work in one
dimension for simplicity). So:

lalls = [ lg()Peda > exp (b [ Jota)Pa o)
R R

by Jensen’s inequality. Thus we have:

sup || gll [[fll7 = sup llglls 1 £1l7
rel; beR

> sup exp (b [ (1g@)f = £@)) o)

beR

and the last supremum is infinite, unless the integral vanishes. There-
fore f ® g cannot belong to 9B, except perhaps for special choices of f
and g. We may observe also that ||g|p is a convex function of b, and
often ||g|ly = |lg||; (for instance when g is even, or odd). In such a case,
again g® g ¢ B. We do not know, however, if B contains any finite rank
operator at all.

We finally come to the algebra €, and here of course we need the Riesz
operators U,y : L?(r) — L*(7). Clearly U(r) is the multiplication by r~(z),
and it is regular if and only if r*! € Ly Thus some of the Riesz operators are
regular, the others are not. Note also that these spaces L2(r) with r*! € L
are precisely those for which r*" € L2° for all n, so that the whole scale V(r)
generated by each such multiplication operator is contained in Z. In other
words, since all those operators U(r), r*l € L1, commute, they generate an
abelian *-subalgebra of Reg(L{ ). On the other hand, the family R of all
Riesz operators is not an algebra.

Now a regular operator belongs to € if and only if it commutes with every
element of R. But it is easy to check that no integral operator can commute
with all multiplication operators by » € L{$. unless it is itself a multiplication
operator. This explains the last column of Table 1. Of course we have not
proved that 8 = €, but all indications point into that direction.

The analysis of the various classes of operators on L2 _is entirely parallel

loc
to the one above, so we will not do it explicitly.
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4.3 Kothe Sequence Spaces

As in Section 1.1, consider V = w, the space of all complex sequences, with
the compatibility

(n)#(yn) = Z [Znyn| < o0o.

n

This is called a-duality and the corresponding assaying subsets are called
Kothe’s perfect sequence spaces. This example shows how big and unpractical
the complete lattice F(V, #) can be. Indeed, this set F(w, #) contains almost
all possible types of topological vector spaces, many of them with rather
awkward properties (it is Kothe’s main source of counterexamples!). Thus it
is imperative to restrict ourselves to suitable subsets of F(w, #).

4.3.1 Weighted £ Spaces

Our familiar example is the family 7 of all assaying subsets of the form
Cr)y ={(zn) €Ew: (war; ) € £2),

where r = (r,,) is an arbitrary sequence of positive numbers. The set Z is an
involutive covering of w. Indeed, given (x,) € w there is a weight sequence
r = (rn) such that (x,) € £2(r). Take, for instance, the following weights:

e 1, =n|z,|, whenever x,, # 0,
e 1, arbitrary, whenever z,, = 0.
Then we have shown in Chapter 1 that F(w,#) is an involutive lattice and
that Z is a generating subset of it (see Section 1.4.1), and in fact an involutive
sublattice.

Indeed, 7 is a lattice for the following operations:

2(r) A2 (s) = £%(u), where u,, = min{r,,s,},

?(v), where v, = max{r,,s,}.
Let us show that the norms of ¢?(u) and ¢2(v) are equivalent, respectively,
to the projective and inductive norms defined in (I.4), (I.5).

First, on £2(u) = ¢%(r) N £?(s), the norm || - ||, defines the same topology
as the projective topology given by ||z||? + ||z||?. One has indeed:

2
2 _ Z |n| _ Z 2 {i i}
Hl‘”u ~ min{’r?ﬂs%} — |$n| max 7"%, S,,%
1 1
STk e) -
S |$n| T% + S% H’rll’l“/\S

1 1
<Y leal? 2 max {5, -} = 2lja)2.
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Then, on ¢2(v) = ¢2(r)+£?(s), the norm ||- ||, defines a topology equivalent

to the inductive topology given by ||z||2,, = infs—y+-(||y||? + ||2]|?). One has
indeed:

lall2, = inf (35 T% §: )
n
2 2 . 2
n En=Yntzn n Sh n Tn Sh

Yn

Since all terms are non-negative, we may compute the minimum of each
term separately, by equating to zero the partial derivatives with respect to
Yn, Zn, Where x, =y, + z,. An easy computation shows that this infimum is
reached for

2 2
_ rn _ Sn
Un=dn ey T e e
From this, we get:
_ 2 _ |zn|
lefv = (il 112 =2 3 55

and

1 2 |wn|2 |xn| |wn|2
e __E < E Nz < E om0 zII? .
2” Hv - 3 {7"72“5%} NS 7“2 82 H ”r\/s S {7“2 82} H Hv

Thus finally

[ty = zllrns,  llllo =< lzllrvs,

where the symbol < denotes equivalence of norms.

4.3.2 Norming Functions and the £, Spaces

Besides the ¢7 and the ¢£2(r) spaces, there are many other types of perfect
spaces. In the sequel of this section, we will describe an interesting class
of them, which constitutes a PIP-space of type (B) (and in fact a LBS).
Throughout the following sections, sequences are added and multiplied com-
ponentwise: for x = (2,,),y = (yn) € w, we write z + y = (X, + yn), @xr =
(axy) (€ C) and x -y = (Tpyn). Also, we quote the results without proofs,
which may be found in the references given in the Notes.

Definition 4.3.1. A real-valued function ¢ defined on the space ¢ of finite
sequences is said to be a norming function if

(n) ¢(z) >0forx #0;
(n2) (o) = |alp(z), Va € C;
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(n3) ¢z +y) < ¢(x) + 9(y) ;
(na) ¢(1,0,0,0,...) = 1.

A norming function ¢ is symmetric if

(n5) ¢($1,SCQ, e 71'7170507 .. ) = ¢(|zj1|a |xj2|7 ceey |$jn|70507 .. ')5
where j1, jo,. .., jn is an arbitrary permutation of 1,2,...,n.

From property (n5), it is clear that a symmetric norming function ¢ is en-
tirely determined by its values on the set [¢] of finite, positive, nonincreasing
sequences. Hence, from conditions (n2) and (ny4), we deduce that

where ¢oc (2) = max;—1, .., |2;| and ¢1(x) = D1, |z

Lemma 4.3.2. The set of all symmetric norming functions possesses a
mazximal element, ¢1, and a minimal one, Poo.

To every symmetric norming function ¢, one can associate a Banach
space {4 as follows. Given a sequence x € w, define its nth section as
™ = (z1,29,...,2,,0,0,...). Then the sequence (¢(z("))) is nondecreas-
ing, so that one can define

by ={z € w:sup(z™) < o0}

and then extend the norming function ¢ to the whole of ¢, by putting
¢(x) = lim, #(z(™). This relation defines a norm ¢ on £4, for which it
is complete, hence a Banach space. In other words, we can also say that
Ly ={z €w: P(x) < oo} is the natural domain of definition of the extended
norming function ¢.

Clearly, one has £4_ = ¢~ and {s, = ¢'. Similarly, % = Ly, where

() = (X, |xn|1’)1/p. Thus every space {, contains ¢* and is contained
in £°°. Moreover, every space {4 is a two-sided ideal in ¢*°. Indeed, one has,
for every x € {4 and y € £°°,

royely and o y) < @) [y,
y-zely and oy )< (4.13)

In addition, the set of Banach spaces £4 constitutes a lattice. Given two sym-
metric norming functions ¢ and v, one defines their infimum and supremum,
exactly as for the general case:

e ¢ At = max{¢p,}, which defines on the space lyry := £y N £y a norm
equivalent to ¢(x) + ¥(z);

e ¢V 1 :=min{¢,1}, which defines on the space lgvy = €y + £y a norm
equivalent to inf,—y1.{o(y) + ¥ (2)},x € by + Ly, y € Ly, 2 € Ly.
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It remains to analyze the relationship of the spaces ¢, and the PIP-space
structure of w. Given a symmetric norming function ¢ and a finite sequence vy,
consider the function

Fy(l') — <1'|y> _ Zn InYn (fOI‘ 2 = 0, one puts Fy(()) _ 0)

¢() ()

This function is bounded on [¢] and reaches is maximum, since
F,(z) < Fy((z1,22,...,25,0,0,...)),
where n is the largest index such that y,, # 0. Thus we may define, for y € [¢]:

S ST {aly)

) := max

sele]  o(@)  wele] d(z)

The function ¢ thus defined is a symmetric norming function, hence it can be
extended to the corresponding Banach space EE' The function ¢ is said to be
conjugate to ¢ and the space Eg is the dual of ¢, with respect to the partial in-

ner product, i.e., /= = (£4)%. Clearly one has E = ¢, hence EE = (Lp)*# = L.

In addition, it is easy to show that KW = %VE and Em = 65/@. In
other words,

Proposition 4.3.3. The family of Banach spaces £y, where ¢ is a symmetric
norming function, is an involutive sublattice of the lattice F(w, #) and a LBS.

Actually, since every ¢ satisfies the inclusions ¢! C £5 C £°°, the family {{4}
is also an involutive sublattice of the lattice F(£°°, #) obtained by restricting
to £°° the PIP-space structure of w.

The interest of the spaces {4 is their close connection with ideals of
compact operators. Let indeed A be a compact operator in a Hilbert space
H. The singular values of A are the (positive) eigenvalues s;,7 = 1,2,...
of the positive self-adjoint operator |A| := (A*A)Y/2. Then the set of all
compact operators A for which the sequence (s;) belongs to ¢, constitutes
a two-sided ideal Cy4 of the space C* of all compact operators. In particular,
£' corresponds to the ideal C! of nuclear or trace-class operators, £2 to the
ideal C? of Hilbert-Schmidt operators, and £ to C> itself.

As a final remark, we may also notice that the family of Banach spaces
ly C w has a counterpart in the space L] (R™, dx) of locally integrable
functions, namely the so-called Kothe function spaces, that we shall discuss
in detail in Section 4.4 below.

More general sequence spaces may be defined, in terms of normed ideals.
These are defined as follows.
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Definition 4.3.4. A normed ideal is a couple (I, ) where
(niy) I is a subspace of w such that ¢ C 1 C £ ;
(ni2) v is a norm on [ and one has v(1,0,...) = 1;
(ni3) for every x € I and y € £*°, one has

x-y€land v(z-y) <v(@) ||y,
yooeland vy ) <o) [yl
(niy) if € I, then (z;,,%j,,...,%j,,...) € | for any permutation of the
indices and v(z) = v(xj,, Tjy,- s Tjpy---)-

If, in addition, [ is complete for the norm v, it is called a Banach ideal.

An order relation may be defined on the set of all Banach ideals as follows.
We say that (I,v) < (m, u) if I € m and the induced norm pl 1 is equivalent
to v.

Definition 4.3.5. A Banach ideal (I, v) is said to be mazimal if there exists
no Banach ideal (m, u) such that (I,v) < (m, p).

To make contact with the previous case, take an arbitrary normed ideal
(I,v) and consider the restriction of the norm v to the space ¢, which is
obviously a symmetric norming function. Define, as above, a function v on
(> by v(x) = lim, v(z(™). This limit exists, but is not necessarily finite. In
addition, one has v(z) < v(z), Vz € L.

Definition 4.3.6. v is said to be a strong norm if v(z) = v(x), Vo € L.
Then the ideal (I,v) is called a strong normed ideal, and a strong Banach
ideal if it is complete.

As before, we may extend v to its natural domain ¢, := ¢, = {z € £> :
v(z) < oo}. Then ¢, is a maximal strong Banach ideal. The interest of this
notion in the present context is the next result.

Proposition 4.3.7. For every normed ideal (1,v), the following three prop-
erties are equivalent and each of them implies that (I,v) is a strong ideal:

(i) (I,v) is mazimal;
(i) (l,v)=4y;
(iii) (1,v) is perfect, i.e., (I,v)## = (I,v), i.e., (I,v) is an assaying subspace
in F(0>°,#).

For a counterexample, take the space ¢, of sequences converging
to 0. The space ¢, is a Banach ideal for the norm ¢ (z)=sup, |Zs],
but it is not maximal, since ¢>° is a (maximal) ideal containing c,. It
is not perfect either, thus not an assaying subspace of £°°, since one has
(co)# =01, (EN)# =0, (£>°)# ={', hence ¢, G (co)## = (.
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4.3.3 Other Types of Sequence Ideals

Besides the ideals £, there exist many other types of sequence ideals, perfect
or not. We mention three different types, namely, quotient ideals, root ideals
and weighted function spaces.

(i) Quotient ideals
Definition 4.3.8. Given two normed ideals (I,v) and (m, ), consider the
pair (I : m,v : p), where [ : m is the set:

I:m ={xel>®:x-mClandz: (m,pn) — (I,v)is a bounded map}

and v : p is the norm

(v:p)(z):= sup v(z-y).
yem,u(y)<1

Then (I : m,v : p) is a normed ideal called the quotient ideal.

This quotient ideal has some interesting properties.

) If [ is complete for v, then [ : m is complete for v : pu.

i) If v is a strong norm on [, v : p is a strong norm on [ : m.

) If (I,v) is a maximal strong Banach ideal, so is (I : m, v : u).

) If (I,v) is perfect (= assaying), so is (I : m,v : ), for any normed ideal
(m, ), and one has [ : m = (I* - m)*.

(v) If I = ¢}, then ¢! : m = m* and vy : u = [, the norming function
conjugate to v.

Thus this notion of quotient allows one to construct many assaying subspaces
in (0°°, #). Indeed, if [ is assaying, [## = [, then the quotient [ : m is assaying
for any normed ideal m, i.e., (I : m)## =1 :m.

(ii) Root ideals

Definition 4.3.9. Given a normed ideal (I,v), its p'" root (7, vpy) (1<p<
00) is the normed ideal defined as follows:

P={xel>®:|zfel},
1/
vy (@) = (v(l?) "
Then one shows that (I”,v(,)) is perfect if and only if (I,v) is perfect.

As examples, we may mention /7 = (£1)?P and (€4)P = {x € £>° : |z|P € {y}.
We note the relations
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ly : (lg)P = (€y)?, where
(€5)" : (£g)T = (£3)", where

(Lo)P™ = (t5)°.

+ o+
R Q=
I
—_

Bl =
I
S

(iii) Weighted sequence spaces

Following the familiar example of the weighted Hilbert spaces £2(r), we may
introduce weighted ¢, spaces as follows. Given an arbitrary sequence r = (r,,)
of positive numbers, we define

ly(r) :=={z €w: ¢(xr™") < oo}, where zr ' = (z,r,").

These spaces generalize the {4 spaces, but they need not be contained in £*°.
Yet they are assaying subsets of (w, #), since one has

o () = t5(r7 1),
o (r)## = Ly(r).

The most common example, which will exploited systematically in Chapter 8,
is that of the weighted ¢? spaces, called ¢2, = ¢?(m~1), for a given sequence
m := (my), with norm

1/p
ey, = (D lalrmp) .
k

This notion allows one to compute explicitly the assaying subspaces gen-
erated by a single element = € w. Let first x,, # 0 for every n. Then one has

{a}f ={ycw: ) leallyal < 00} = £} (2| ™),

{2} = {z € w: |zl < clanl} = £2(J2)),

which is the smallest assaying subspace containing . On the other hand, if =
is a finite sequence, then {z}# = w and {2}## = . Thus, in general, {2}#
is the direct sum of a weighted ¢! space and w, whereas {x}## is the direct
sum of a weighted £°° space and ¢.

An interesting example of that construction is given by the so-called
echelon spaces. Let a(1),a(2),... € w be an increasing sequence of positive
sequences, called steps. Then one calls echelon space the set

l:= ﬂ {a(k)}# = ﬂ El(a(_kl))
k

k
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and co-echelon space the #-dual
H#H# 0
# o= J {aw}"" = = (aw),
k k

both of which are assaying subspaces of w. An example is given by the spaces
on entire analytic functions Exp and 3 described in Section 4.6.1.

4.4 Kothe Function Spaces

A nontrivial (i.e., not a chain) example of indexed PIP-space of type (B),
actually a LBS, is the family of the so-called Kéthe function spaces. Since it
is highly instructive, we feel it worthwhile to discuss it extensively. We will
begin by repeating the basic definitions.

Let (X, 1) be a o-finite measure space, M the set of all measurable, non-
negative functions on X, where two functions are identified if they differ at
most on a p-null set. A function norm is a mapping p : MT — R such that:

(i

) 0< p(f) Koo, Ve MT and p(f) =0 if and only if f = 0;
(i)
)

(f1+ f2) < p(f1) +p(f2), V1, fa € MT;
(af)=ap(f), VfeM*, Va>0;
1 < f2 :>p(f1) gp(fQ)a vflaf? €M+'

A function norm p is said to have the Fatou property if and only if
0<fi<fo<...,fn € MT and f,, — f pointwise, implies p(f,) — p(f).

Given a function norm p, it can be extended to all complex measurable
functions on X by defining p(f) = p(|f|) (for simplicity, we keep the same
notation). Denote by L, the set of all measurable f such that p(f) < co. With
the norm || f|| = p(f), L, is a normed space and a subspace of the vector space
V of all measurable, ui-a.e. finite, functions on X. In addition, the space L, is
solid, that is, if f € V, g € L, and |f(x)| < |g(x)| a.e., then f € L, and || f]| <
llg]|. Furthermore, if p has the Fatou property, L, is complete, i.e., a Banach
space. This is a generalization of the spaces LP(X, ), which correspond to
p(f) = (fx [fPdp)/? for 1 < p < oo and p(f) = sup |f| for p = oco.

A function norm p is said to be saturated if, for any measurable set
E C X of positive measure, there exists a measurable subset F' C F such
that u(F) > 0 and p(xr) < oo (xF is the characteristic function of F').

Let p be a saturated function norm with the Fatou property. Define:

11

—

0

p
(iil) p
(iv) f

iv)

gty =sw{ [ \folau: o) <1 (114)

Then p’ is a saturated function norm with the Fatou property and
p" = (p') = p. Hence, L,y is a Banach space. Moreover, one has also:
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J(f) =sup{] / fgdu] YORM (1.15)
X

In our language these results can be restated as follows. The vector space
V' of all measurable, a.e.-finite functions on X carries a natural PIP-space
structure, with compatibility

f#9 = /legldu<oo (4.16)

and partial inner product

(flg) = /Xngw (4.17)

V is clearly the largest space on which the partial inner product (4.17) may be
defined, but it is too large. Indeed, V# = {0} and the partial inner product is
degenerate. However, there are plenty of subspaces of V' which are nondegen-
erate, such as L{ , L2 = or the space L,, to be defined below. Furthermore,
for each p as above, L, is a Banach space and L, = (L,)#, i.e., each L, is
assaying. The pair (L,, L,/) is actually a dual pair, although (V#,V) is not.
The space L,y is called the Kéthe dual or a-dual of L, and denoted by (L,)“.
However, L, is in general only a closed subspace of the Banach conjugate
dual (L,)*, thus the Mackey topology 7(L,, L,/) is coarser than the p-norm
topology, which is 7(L,, (L,)*). This defect can be remedied by further
restricting p. A function norm p is called absolutely continuous if p(f,) \, 0
for every sequence f, € L, such that f; > fo > ...\, 0 pointwise a.e. on X.
For instance, the Lebesgue LP-norm is absolutely continuous for 1 < p < oo
but the L>°-norm is not! Also, even if p is absolutely continuous, p’ need not
be. Yet, this is the appropriate concept, in view of the following results:

(i) Ly = (L,)* = (L) if and only if p is absolutely continuous;
(i) L, is reflexive if and only if p and p’ are absolutely continuous and p
has the Fatou property.

Let us denote by J the set of saturated, absolutely continuous function
norms p on X, with the Fatou property and such that p’ is also absolutely
continuous. Then, for every p € J,(L,, L) is a reflexive dual pair of Banach
assaying subspaces of (V| #, (:|-)). All that remains to do in order to get an
indexed pIP-space of type (B) is to restrict the partial inner product to a
nondegenerate subspace and perform the lattice construction of Section 2.2.
Now the last point is in fact already done:

Lemma 4.4.1. The set J is an involutive lattice with respect to the following
partial order: p1 < po if and only if p1(f) < p2(f), Vf € V. The lattice
operations are the following:



130 4 Examples of Indexed PIP-Spaces

o (p1Vp2)(f) =max {p1(f), p2(f)},
o (p1 Ap2)(f) =inf {pi(f1) + p2(fo); fr, fo € MT, f1 + fo = | fI},

o involution : p < p'.

Proof. Let p1,pa € J; so are p), ph. First we show that p; V ps, which is
obviously a norm, is saturated. Suppose it is not saturated, i.e., there exists
a measurable set E of positive measure, such that (p1 V p2)(xr) = oo for
every measurable subset F' C E of positive measure. Thus, for every such
F CE, pi(xr) = 00 or pa(xr) = 00. Since p; is saturated, there is a set G C
E such that p;(x¢) < oo and for every G1 C G, p1(xa,) < co. This implies
that p2(xa,) = oo for every such G and this is impossible for a saturated p.

Next it is always true [Zaa61, Problem 71.2] that (p1 A p2)’ = p} V ph, al-
though p1 A ps as defined could be only a function seminorm [i.e., p(f) =0 %
f = 0]. However, since p) V) is a saturated norm, it follows from this equality
that p1 A po is also a saturated norm [Zaa61, Theorem 71.4]. Since p; and py
are absolutely continuous, so are all the others. Thus Ly, np,y = (Lpynap,)™
is reflexive, and, therefore, L, »p,, is also reflexive, which implies that py A p2
has the Fatou property. Since p; V ps also has the Fatou property, like any
supremum [Zaa61, Theorem 65.4)], the proof is complete. n

It is clear from the construction that we have recovered the general
situation, for we have the relations

Lm\/pz = (Lm n LPz)PT0j7 Lm/\pz = (Lm + Lp2)ind-

It is interesting to notice that for any pi,p2 € J, the p; norm and the ps
norm are always consistent (see Proposition 2.2.1) on L,, N L,, since p1 A p2
is a norm.

Finally, for any sublattice I of J, define the space Vi = >

VI# :ﬂ

Proposition 4.4.2. Let V be the vector space of all measurable, a.e. finite
functions on the o-finite measure space (X, ). With the compatibility (4.16)
and partial inner product (4.17), V becomes a degenerate PIP-space. Denote
by J the involutive lattice of all saturated, absolutely continuous function
norms p on X, which have the Fatou property and are such that p’ is also
absolutely continuous. Let I be any involutive sublattice of J such that:

pel L,; thus

pel L,. Then we have:

(i) Vi = Zpel L, is an assaying subset of V;
(ii) (Vi*)+ ={0}.

Then Vi with the PIP-space structure induced by V is a nondegenerate
indexed PIP-space of type (B) and, actually, a LBS.

Example 4.4.3. The space of locally integrable functions

An interesting example is our familiar space V; = L{ (R",dz). Then
VI# = L(R™,dx) and the two conditions above are verified. The corre-

sponding set [ is easily characterized: p € J belongs to I if and only if
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L, C Ll .(R™ dr) with continuous injection. If we write X = U; 25, Q;
compact, as in the proof of Proposition 4.2.1, we have the representations
(4.8) and (4.9). Then L, C L{ (R",dz) with continuous injection, if and

loc
only if p satisfies the following set of conditions:

/ |fldz < ¢jp(f) foreachj=1,2,....

J

For instance, a weighted L?-space L?(r) satisfies this condition if r €
L% (R",dx) with ¢; = [[, r* dac]l/2. It is thus clear that the family
J

loc
{L,.p € I} is generating in L} (R",dz), since it contains the generating
subfamily {L?(r),r and r~! € L2 (R",dx)}.

loc

Example 4.4.4. LP-spaces

Another example of the construction given in Proposition 4.4.2 is the lat-
tice generated by the spaces LP(X, u), 1 < p < oo, where (X, u) be a o-finite
measure space. Indeed, each LP norm is saturated and absolutely continu-
ous and has the Fatou property. Thus the family {LP(X,u), 1 < p < oo}
generates a LBS with the compatibility (4.16) and the L? inner product.

Remember that if u(X) = oo and g has no atoms, no two LP spaces are
contained in each other, but LP N L™ C L9 for all ¢ such that p < g < r.
Hence, we get a genuine lattice in that case, as discussed in Section 4.1.2.

What about the spaces L' and L*>®? They are not reflexive, since the
L*°-norm is not absolutely continuous; hence they do not belong to any V7.
But if they are added by hand, one gets an interesting result. Consider the
following norm:

pul) =suw { [ |1l w2 =1,

Then:

(i) po has the Fatou property (since it is a supremum of function norms
that have it), hence L,, is a Banach space and, in fact, L,, = Lg, the
Gould space described in Section 4.1.2;

(ii) Ly, = (L' + L*®)ina, (Lpy, = LY 0 L) o

(iii) U1gpgoo LP is properly included in L,,.

So, exactly as for the chain {LP[0,1], 1 < p < oo} discussed in Section
4.1, the family {LP(X,u), 1 < p < oo} generates a lattice with extreme
elements L,, and L, . The completion of that lattice can easily be described
along the same lines.
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A particular case is that of weighted LP spaces, denoted LP (R%),
corresponding to X = R? and du(r) = m(z)dr, for some positive, mea-
surable, locally integrable weight function m. The corresponding norm reads

1/p
o= ([ 1f@pmeras) " 7 e @, @

These spaces will play a central role in Chapter 8, in the applications to
signal processing.

Example 4.4.5. Mixed-norm spaces

Among the Kothe function spaces, an interesting class consists in the
so-called L¥ spaces with mixed norm. Let (X, 1) and (Y, v) be two o-finite
measure spaces and 1 < p,q < oo (in the general case, one considers n
such spaces and n-tuples P := (p1,p2,...,pn)). Then, a function f(z,y)
measurable on the product space X x Y is said to belong to L(®9) (X xY) if
the number obtained by taking successively the p-norm in x and the g-norm
in y, in that order, is finite (exchanging the order of the two norms leads in
general to a different space). If p, g < 0o, the norm reads

1/q

||f||<p,q>=< L/ |f<x,y>|pdu<x>)mdu<y>> NORT)

The analogous norm for p or ¢ = 0o is obvious. For p = ¢, one gets the usual
space LP(X xY).

These spaces enjoy a number of properties similar to those of the LP spaces.

(i) Completeness: each space L(P9 is a Banach space and it is reflexive if
and only if 1< p,q < oc.

(i) Duality: the conjugate dual of L®9 is L(®P®  where, as usual,
p~t+p 1 =1, ¢ ' +G ' = 1. Thus the topological conjugate dual co-
incides with the Kothe dual, as for all Kothe function spaces.

(i11) Generalized Holder inequality:

‘//Xxyflfé"'fmd,udl/

m 1 mo 1 _
whenever 3.7, =5 D1 o =L

(iv) Interpolation: if f € L®P+P2) and f € L(91:92) then f € L("172) where
=+t i=1,2,0<t< 1, and

i

< ||f1||(p1,q1) ||f2||(p2,q2) s Hfm”(pm,qm)v

1 ewr) < (1) (W)

Notice that there is in general no inclusion relation between two different
spaces L(P9).
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When X =Y = R with Lebesgue measure, additional theorems hold true.
(v) Young’s theorem: Let I% + i =1+ %, i=1,2.1f f € Lw1r2) g ¢
L(@1:92) then f* g € L72) and

||f * g”(rl,rg) < ||f||(p1,p2) ||9H(Q1,q2)'

(vi) Hausdorff-Young theorem: Let f € L") with 1 < ¢ < p < 2, and
let Ff(&,m) be the Fourier transform of f(x,y). Then Ff € LP? where
p 4+ =1¢"+7 "' =1, and

IFfla < 1f .-

On the other hand, the assertion is false if p < g.

We have given here the general definition, but in fact only some particular
subclasses of these mixed-norm spaces have found applications in signal pro-
cessing. These spaces will thus be described in Chapter 8 which is entirely
devoted to that topic.

4.5 Analyticity/Trajectory Spaces

A different kind of pIp-space is given by the so-called analyticity/trajectory
spaces, which were conceived as a substitute to distribution spaces. These
spaces are of two types, which are in duality. We treat them briefly in
succession.

Let ‘H be a separable Hilbert space and let A be a non-negative self-adjoint
operator in H. The analyticity space associated to A, denoted Sy 4, consists
of all vectors v € D®(A) = (,—, D(A™) for which there exists constants a, b
such that ||A™v| < nla™b, ¥Vn € N. Such vectors are called analytic vectors
for A, hence the name of the space (a different, equivalent definition of an-
alytic vectors is given in Section 7.1.2). Let {e~*4, ¢ > 0} be the semigroup
generated by —A. Then the vector v is analytic for A if and only if there
exists a t > 0 such that v € e~*4(H). Thus we may write

Sua=Je M (H). (4.20)

>0
For each ¢ > 0, the space e_tA(H) is a Hilbert space for the inner product
(wlw); := (e!Mv]|ew)y, v,w € e A (H).

Since e *4(H) C e *A(H) for 0 < s < t, with continuous embedding, we
obtain a continuous scale of Hilbert spaces.
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In view of the definition (4.20), one naturally puts on Sy 4 the inductive
limit topology (but the inductive limit is not strict, see Appendix B). How-
ever, one can put on Sy 4 an (uncountable) family of seminorms that define
the same inductive limit topology, and this fact ensures that the space has
nice properties. In particular, Sy 4 is complete, bornological and barreled.
In addition, Sy 4 is nuclear if and only if every operator et > 0, is
Hilbert-Schmidt on H.

Next we introduce the second type of spaces. A trajectory is a map
F:(0,00) — H such that

F(t+s)=e *AF(t), forallt>0,5>0. (4.21)

We denote by T3, 4 the space of all trajectories. This is in fact the space of
all solutions of the evolution equation

(il—f =—AF, t >0,
such that F(t) € H for all t > 0 (but not necessarily F(0)). The trajectory
space can be given a natural topology with the seminorms g;(F) := || F(t)||n,
and for this topology 77,4 is a Fréchet space. As a consequence, T3 4 is
complete, bornological and barreled. In addition, T3, 4 is nuclear if and only
if every operator e~*4,t > 0, is Hilbert-Schmidt on H.

The Hilbert space H can be embedded into T3, 4 by the map ¢ : H — 73,4
defined as ¢(z) : t — ez, t > 0,2 € H. Thus, putting all together, we
obtain the following triplet, with continuous embeddings and dense images,

SHACHCTHA . (4.22)
Finally one turns (Sy 4, 73, 4) into a dual pair, with the sesquilinear form
(w,F> = (etAw|F(t))H, w e 87-[7,4, F e TH,A- (423)

Here ¢ has to be chosen so small that w € e *4(H), and then the definition
of (w, F) is independent of the choice of ¢ > 0.

It is easy to see that the sequilinear form (-, -) defined in (4.23) is nonde-
generate, so that (Sp 4, T3, 4) is indeed a dual pair. In addition, both spaces
being barreled, the topologies described above coincide with the respective
Mackey topologies 7(Sy, 4, T3, 4) and 7(7Tw, 4,Sn,4), respectively, and the
same holds for the corresponding strong topologies.

In view of the last result, it is clear that the triplet (4.22) is a RHS of the
standard form, including nuclearity in some cases. Thus it may serve as a
substitute to the standard RHSs of distributions of Schwartz and Gel’fand
(another triplet, based on the so-called Feichtinger algebra, will be described
in Section 8.3.2). As such, it is also a PIP-space. But one can also define,
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in several ways, a compatibility relation directly on 77, 4. For instance, one
can declare F,G € Ty, 4 compatible whenever lim,_.o(F()|G(t)) exists. It
would be interesting to explore the resulting Pip-space structure.

The formalism of analyticity/trajectory spaces covers a large number of
interesting situations. We refer to the literature quoted in the Notes for more
information. Let us just give a few examples.

(i) Spherical harmonics on the unit sphere

Let H = L?(S™!), where S®~! is the unit sphere in R", and write the
Laplacian operator in spherical coordinates (r, w):

8? n—120 1
N Ut NN
or? r 67‘+r2 LB

where Arp is the Laplace-Beltrami operator on S”~!. Then the spherical

. . . _AL/2 .
harmonics are eigenfunctions of App and the operators e tArs are Hilbert-

Schmidt for all ¢ > 0. Hence the space SLQ(STL,I) Al/2 18 nuclear.
’ LB

(ii) Gel’fand-Shilov spaces

For H = L?(R, dx), certain Gel’fand-Shilov spaces S? (see Section 5.4.3) are
analyticity spaces, in particular the spaces S for all a > % (see next item).

(iii) Analyticity spaces based on classical polynomials

A general technique for generating analyticity spaces is to start from an
orthonormal basis {vy,, n € N} in H and the corresponding unitary (Fourier)
map f — ({v,|f)) from H onto £2. Let 0 < A\; < A2 < ... be a sequence of
real numbers such that Y > e~ *! converges for all ¢+ > 0. Consider the
space 7 of formal series Y.~ | a,v, where the coefficients a,, satisfy the
following condition:

sup |an| e ! < oo, Vt > 0.

neN
Then the (Kéthe) a-dual of 7, denoted S, can be represented by elements
in H of the form Y ° | b,v,, where the coefficients b, satisfy the condition

(s) There exists s > 0 such that sup |b,|e’* < oo, Vt > 0.
neN

Consider now the operator A = Y > A\, (vn|f))v, on the domain
D(A) = {f € H : 3.2, X2 |{va|f))vn|?}. Clearly A is a non-negative
self-adjoint operator in H, with eigenvalues )\, and eigenvectors v,. Then

one has & = Sy 4 and T = Ty 4.
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If we take H = L?(R,dr) and particularize the operator A to
Hose = %( — % + 22 + 1) (the Hamiltonian of the quantum harmonic
oscillator), so that v, is the n*" Hermite function, one obtains an analytic-
ity space based on Hermite polynomials. In particular, one can show that
SLQ(R),Hol!L_za coincides with the Gel’fand-Shilov space S5 for all o > % Simi-
lar constructions lead to analyticity spaces based on other orthogonal families
of classical polynomials, such as the Laguerre or the Jacobi polynomials.

The analyticity/trajectory spaces have been designed as a mathematical
tool for obtaining a rigorous formulation of Dirac’s formalism of quantum
mechanics. We will describe this application in Section 7.1.1 (ii).

4.6 prip-Spaces of Analytic Functions

Our last class of examples is of a totally different nature. Namely, the spaces
to be considered consist of analytic functions, of three different types. In the
first case, the space V; consists of entire functions, the central Hilbert space is
the Fock-Bargmann space § = §° introduced in Section 1.1.3, Example (v),
and the indexing parameter is the rate of growth at infinity. The second class
of PIP-spaces is made of functions analytic in a sector and there the indexing
parameter is the opening angle of that sector. The interesting feature of these
last examples is that the “large” space V is itself a Hilbert space. Finally we
turn to spaces of functions analytic in the unit disk. In the sequel we will
state the results in substantial details, but omitting all proofs, for which we
refer to the original references quoted in the Notes.

4.6.1 A RHS of Entire Functions

There are several situations where one considers Hilbert spaces consisting
of analytic functions of a complex variable z. The prime example is the
Fock-Bargmann or phase space representation of quantum mechanics, in
which z = ¢ 4 ip (¢ denotes position and p momentum).

For convenience, we repeat the definition, specializing to one dimension.
The Fock-Bargmann Hilbert space is

F = {f(z) entire : /cc If(2)|? du(z) < oo}, (4.24)

with inner product

(flg) = /(CWQ(Z) dp(z). (4.25)
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Here du(z) = 7~ e~ 12 du(2), where dv(z) = LdzNdz = dzdy is the Lebesgue

measure on C. The Hilbert space § possesses several interesting properties.

e Orthonormal basis: u,(z) = (n))~*/2 2", n =0,1,2,.... In this basis, the
inner product (4.25) reads

(flg) = nlfugn, for f(2) =D faz" g(2) = gn2".  (4.26)

n

e Principal vectors (coherent states): e,(z) = €Y%, w,z € C, so that
f(z) = {e.|f), that is, e, is an evaluation functional (the equivalent of a
delta function, but here e, is a bona fide vector of the Hilbert space).

e Reproducing kernel: K(w, z) = ¢“? = (ey|e,), which means that

f(w) = /C K(w, 2)f(2) du(2), ¥ f € 3. (4.27)

The question that arises now is, how to build a RHS or a LHS around
the Fock-Bargmann space §. Since § consists of entire functions, one may
identify immediately possible extreme spaces:

e The maximal space 3, consisting of all entire functions. With uniform
convergence on compact sets, the space 3 is a nuclear Fréchet space. Its
conjugate dual 3%, the space of antianalytic functionals, is thus a nu-
clear, complete DF-space, exactly what is needed for applying the nuclear
spectral theorem.

e The minimal space Exp consisting of entire functions of exponential type:

Exp = {f €3:3a,¢> 0such that [f(z)| < ce?®, VzeC}. (4.28)
It is a standard result that 3* is isomorphic to Exp. The correspondence is
p€ 3" — i € Exp,

where fi(w) = (i, ew), the Fourier-Borel transform. Thus we get a natural
RHS around §:
3" ~Exp C § C 3. (4.29)

The duality between Exp and 3 is given indeed by a natural extension of the
inner product of §:

(f.9) = (flg) =D _ n!fogn, f €Exp, g€ 3. (4.30)

n

This answers the first question. But how to enrich the RHS (4.29) into a LHS?
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4.6.2 A LHS of Entire Functions Around §

On the Hilbert space §, the two equivalent forms (4.25) and (4.26) of the
inner product define two natural linear compatibilities (see Example 1.5.5):

fiig e /C 1£(2) 9(2)| dia(z) < oo, (4.31)

f#2.g — Z n'|fngn| < Q. (432)

n

Of course, #; and #, coincide on §, but they are not comparable on 3 ! In
fact, #; is too general, and somewhat pathological, since one has 371 = {0},

whereas #, is more regular, and indeed Exp 2, 3, but it applies only to se-
quences, not analytic functions. Actually, 3 may be considered as an echelon
space (see Section 4.3.3) and Exp as the corresponding dual co-echelon space.
Indeed, define the steps a(yy by (a@))n = k™, k =1,2,.... Then one has

3= {aw}™. Bxp=J {ow}™"
k=1 k=1

The solution is to restrict the large space 3 to some smaller, more manageable
space. This may be done in two ways.

(i) A chain of Hilbert spaces

For every p € R, consider again the Hilbert space §” defined in Section 1.1.3,
Example (iv):

§={fe3: ;= /C [f(2)7 (1 +[21%)” du(z) < oo} (4.33)

The vectors u?,(2) := (12,)~ U (2), m = 0,1,2,... form an orthonormal
basis of §?, where 7§, = [|un||3. Thus each space F” may be realized as a
sequence space, namely, a weighted ¢2 space.

The family {§”, p € R} is a chain of Hilbert spaces, corresponding to:

FFCcgF < p>o, (4.34)

and one has % = F, (3°)* =5 ° = (§°)"* = (3°)"2 (as vector spaces) and
ew € 5P, Vp € R,Vw € C. Defining the extreme spaces

e=% e =] (4.35)

peER peER
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one recovers Bargmann’s space €*. Then one gets a Hilbert chain, with the
structure (p > 0):

Expce¢cC..§...CcFC..g3”...Ce& C3 (4.36)

and, by restriction, a RHS isomorphic to the Schwartz triplets S(R) C
L?(R) C S(R)* and s C £? C s*, namely,

¢ Cg§cC e, (4.37)
A word of caution is in order here concerning duality. Indeed, in the chain

(4.36) above, the space §* carries the norm || - ||, and §” the norm || - ||—,.
The two spaces are in duality, in virtue of the Holder inequality

Nt <ligll-pllfllpr 9 €377 f €37,

where

912, =D ma? Wumlg) Py A5 = Dt [ uml )P

Thus, if we define the weights r,,(p) := (7751) 1/2, we may identify

§~ Clr(p)], 7~ Clr(=p)].

Notice that the “natural” bijection f(z) — (1 + |z|?)? f(z) does not map F*
onto 7, because of the requirement of analyticity. Hence we have to make
the detour via sequence spaces for identifying the conjugate dual (F°)* of F*.
The latter is the set of all continuous, conjugate linear, functionals on §”.
For such a functional L € (§*)*, define the (dual) norm

ILll; == sup [L(f)], f €3 (4.38)

l71lo<1

By the Riesz Lemma, L(f) is of the form L(f) = (f|h),, for a unique element

h € §* and ,
1/2
ILI = iRl = (Do)~ L)) (4.39)

Thus (§°)* is a Hilbert space for the norm ||| ¢ and one may identify it with
2lr(p)~1. (§°)* coincides with §° as a vector space, but not as Hilbert
space. Indeed, every functional L € (§°)* is of the form L(f) = (flg), for a
unique element g € §7”. Then the identity

(h) "t <l <eomlhy (cp > 0)
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implies
IL15 < llgll-p < ol L5

so that the dual norm (4.38) is equivalent to, but different from the norm
Il - ll=p. Since (4.34) implies also p > o < (§°)* C (§7)*, we obtain the
following results.

Proposition 4.6.1. (i) The family {F*, p € R}, is a chain of hilbertian
spaces, but not a LHS.

(ii) The family {§?,(§°)*, p = 0}, is a LHS.

(i1i) The same holds true for the family {(§°)*, 5", p < 0}.

The obvious conclusion of this proposition is that the notion of LHS is too
restrictive in the case of spaces of analytic functions, the structure of a chain
of hilbertian spaces is more natural.

(ii) A genuine lattice of hilbertian spaces

One may go one step further and construct a lattice of hilbertian spaces by
considering more general weights in (4.33):

mmz{fe3Wﬂmy=Ajﬂaﬁfﬂﬂmwo<wh (4.40)

where p : C — R is a measurable function. Clearly the space §(p) reduces to
TP if p(z) = In(1 + |2|>)=?, p € R. In order to obtain a lattice of hilbertian
spaces around §, we must require that the space §(p) satisfies several condi-
tions, each of which imposes some restrictions to the weight function p (all
of them are satisfied by every §*, p € R):

(i) §(p) is a Hilbert space, i.e., it is complete, which holds true if p is locally
bounded, that is, bounded on compact sets.

(ii) The set of polynomials is dense in F(p). This is a restriction on
the growth of p: if p grows too fast at infinity, F(p) may be-
come trivial and F(—p) too large. When (ii) holds, the monomials
{um(2) = (m))~122" m =1,2,...} form a basis of F(p). If p is radial,
i.e. p(z) = p(]z]), then the functions

U%)(z) = (777(75))_1/2 um(z), m= 1527 e

form an orthonormal basis of §(p). The normalization coefficients,
defined as

1 o0
00 = [P e @ dutz) = - [ et )
C m:Jo

are clearly related to a moment problem. In that case, all spaces F(p)
may be realized as weighted ¢2 sequence spaces and the compatibility
#9 is easy to handle.
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(iii) Duality: F(p)* is isomorphic to F(—p) (as locally convex spaces). This
is the crucial condition, and it is difficult to verify, unless p is radial.
There are several partial results:

(a) If p is locally bounded, then §(—p) = F(p)*1 C F(p)* ;
(b) If p is locally bounded and radial, then one has, in addition,
S(p)* =F(p)*= ;
(c) If p is locally bounded and radial, then F(—p) = F(p)* if and only
if there exists a positive constant ¢(p) such that
1 < 9@ =P < e(p), forallm=0,1,2,....

Thus we conclude that the duality condition is equivalent to the
condition F(p)*1 = F(p)¥=.

(iv) Principal vectors: e,, € §(p),Vw € C, which implies that the principal
vectors e,, generate a dense subspace of F(p), and therefore every op-
erator A in the resulting PIP-space is an integral operator, with kernel
A(w, z) = (ew|Ae,).

Now we have to examine the relationship between weights p and subspaces
F(p). We say that two weights p1, po are equivalent (p1 = p2) if F(p1) = F(p2)
as vector spaces. This happens if and only if there exists a constant C' such
that |p1(z) — p2(2)| < C almost everywhere or, equivalently, there exist two
constants A, B such that

A< el B oae. (4.42)

In that case, the identity map §(p1) — §(p2) is bicontinuous, i.e., the two
norms are equivalent.

Thus the family of Hilbert spaces {F(p)} is indexed by L3, (C)/~, which
is an involutive lattice for the pointwise partial order (p; < po if and only
if p1(z) < p2(2) a.e.) modulo ~. We notice, in particular, the obvious

equivalences
p1 A p2 = min(p1, p2) & —In(e™ " + e~ 7?),
p1V p2 :=max(p1, p2) = ln(ef* + e7?).

Although some results may be obtained for general weights p, a complete
answer may be formulated for radial weights only.

Theorem 4.6.2. Let I be the set of weight functions p(z) that satisfy the
following three conditions:

(i) p is locally bounded and radial, p(z) = p(|z]).

(i1) ey belongs to F(p) NF(—p), for any w € C.
(i1i) There are positive constants A, B such that
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A < P n=P < B, forallm=0,1,2,..., (4.43)

where 777(,’5) is given by (4.41).

Then the family {F(p), p € I} is a lattice of hilbertian spaces with central
Hilbert space §(0) = § and lattice operations

S(p1 A p2) =T(p1) NF(p2),
S(p1V p2) =F(p1) +F(p2),
S(p)* =F(=p).

The lattice is indexed by the set I/ ~, where the equivalence relation = is
defined by (4.42). The compatibility # coincides with both #1 and #4, and
the partial inner product with that induced by § and ¢2, respectively.

For the proof, it suffices to notice that condition (4.43) is necessary and
sufficient for the isomorphism F(p)* ~ F(—p) as locally convex spaces.

In this discussion, one takes each Hilbert space §(p) with its norm || - |[(,),
but the dual norm is only equivalent to the norm || -|[(_,), as a consequence of
the inequalities (4.43). This may be seen exactly as in the case of the spaces
$° discussed above. If we denote by F(p) the dual Hilbert space F(p)™,
equipped with the dual norm, then we can identify the three Hilbert spaces
T(£p), F(p) with weighted ¢2 spaces and the conclusion follows.

In particular, the problem with this construction is that the space §(p) is
a space of functions analytic in C, but need not be associated to a weight.
The existence of the latter is a moment problem, for which some results are
known, but we shall not pursue the point.

In other words, the structure described in Theorem 4.6.2 is that of a
lattice of hilbertian spaces and cannot lead to a LHS.

4.6.3 Functions Analytic in a Sector

In this section, we shall describe another LHS of analytic functions, in which
the order parameter is the opening angle of a sector, instead of the rate
of growth at infinity. This LHS simplifies considerably the formulation of
scattering theory, as we shall see in Section 7.2.

Define G(a,b) (—7 < a < b < m) as the space of all functions f(z), z =
re’?, which are analytic in the open sector Sap = {7z = re?, a < ¢ < b},
and such that the integral [;*|f(re?)[*dr < oc is uniformly bounded in
¢ € (a,b). Then it is known that every function f(re'?) € G(a,b) possesses
well-defined limiting values (in the sense of L? limits) f(re’®), f(re®) on the
boundaries of S, 5, and furthermore that G(a,b) is complete, thus a Hilbert
space, for the inner product
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U= [ Foemgtreyars [ Faehgre®) dr (141
0 0

Among the bounded linear operators on G(a, b), a distinguished role is played
by the van Winter class 20 of those operators A for which the quantity

—1/2

oap) = sw | [Tlancenal | [Cieenza] g

feG(a,b)

is uniformly bounded in ¢ € (a,b). It turns out that the class 20 is a Banach
*-algebra for the norm a(A) = sup, ., a(A, ). Furthermore, 20 contains a
two-sided ideal R of integral operators which are all Hilbert-Schmidt. Next,
we define the Hilbert space

Gla.b) : = {J(t, ) = #'"#/2f(t), t e R, a < p < b, (4.46)

with / +Oo(em + e | f()? dt < oo}, (4.47)

— 00
with inner product

Uoa= [ @+ Fogo .

Introduce the Mellin transform of f:

+oo .
7ty = (2m) 12 / f(z) 2 da

and its inverse

400

fren)y=en2 [ f eyt

Then it turns out that f(re’?) € G(a,b) if and only if f(t,¢) € G(a,b).

Furthermore the Mellin transform f — f is a unitary map from G(a,b) onto
G(a,b). One has indeed, by a straightforward calculation,

Pohr = [ TEegtre)ar+ [~ Faemgtre®) ar
= /00 (62’”+62bt)%§(t) dt — <f~l|§>(;b-

— 00
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Fig. 4.3 The functions

Tanp and rqyp fora < 0 < b Tavb(t) Tavb(t)

Ta/\b(t) ra/\b(t)

In addition, the Fourier transform is unitary from G(a,b) onto G(—b, —a).

We claim that the family {G(a,b), =% < a < b < T} may be identified
with a part of a LHS of weighted L? spaces. Indeed, for —3% < a< 3, define
the Hilbert space

L*(a) := {}*; /+: 2 | f(1)|? dt < oo} = L?(ry), with r(t) = e?at. ;

Then consider the lattice generated by the family {L*(a), -5 < a < 5}.
The infimum is L?(a) A L?(b) = L%(a) N L2%(b) = L23(a A b), with reap(t) =
min(ry (), 74(¢)), and the supremum L?(a)VL?(b) = L?*(a)+L*(b) = L?*(aVb),
ravb(t) = max(rq(t), rp(t)) (see Fig.4.3 for the case a < 0 < b). As usual,
these norms are equivalent to the projective, resp. inductive, norms. Duality
is given by L?(a A b) <= L?(—aV —b).

Thus we obtain a LHS, with extreme spaces V# = L?(—%) N L*(3),
V = L*(=%) + L*(5), which are themselves Hilbert spaces. In addition,
all spaces are obtained at the first generation, i.e., they are all of the form
L?(c Ad) or L?(cV d). One has, for instance, with |¢| = min(|al, |b]):

N
N

L2(a Ab) A L2(—bV —a) = { L2(7|c| V), %f a,b have the same s.,ign,

L*(—|c| Alc]), if a,b have opposite signs.
Therefore, all spaces may be obtained from LQ(—g) and LQ(g) by interpo-
lation (see Section 5.1.2).

In the case 0 < a < b, one gets the picture shown in Fig. 4.4. Duality corre-
sponds to symmetry with respect to the center (i.e., L?): aAb <= —bV —a.
Notice that one can work with fixed b also, using only the sublattice generated
(in the case depicted in Fig. 4.4) by L?(b), L?(—b).

As for operators on this LHS, one may show, using again interpolation
theory, that the two operator algebras 21 and 8 defined in Section 3.3.3
coincide, i.e., there is a unique Banach *-algebra of bounded operators:

™

2 =B = {A linear : A maps L°( 5

) and LQ(g) into themselves continuously}.

(4.49)

Furthermore, this algebra coincides with the Mellin transform of the van
Winter algebra 20, which contains £ as an ideal.
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Fig. 4.4 The van Winter LHS

In terms of these spaces, the statement above reads f(re?) € G(a,b) if
and only if f(t,¢) = e?=/2f(1), with f(t) € L2(a) N L2(b) = L2(a A b). As
a consequence, although the inverse Mellin transform is unitary from G(a,b)
onto é(a, b), it does not preserve the lattice structure of the left-hand side

of the LHS, because of the prefactor in the definition of f (¢, ¢).

It is true that, given ¢ € [a,b], every function f(re®) € L%([0,00),dr)
may be extended to a function f(re®) € G(a,b), that is, analytic in the
sector a < ¢ < b, provided its Mellin transform is e~/ 2]?(1?), where

F(t) € L2(aAb). Thus, if the sectors [a, b] and [c, d] have a nontrivial overlap,
then L%(a A b) N L3(c Ad) = L*(a A d) and G(a,b) N G(c,d) = G(a,d), by
the uniqueness of analytic continuation. But if we take two disjoint sectors
[a,b] and [c, d], corresponding to —5 < a < b < c < d < %, there is a priori
no way of extending analytically a function from one sector to the other,
so that we get only G(a,d) C G(a,b) N G(c,d). Nevertheless one still has

L?(aNnd) = L*(a ANb)N L3(c A d).
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There is a partial solution to this difficulty, however. Given a < b, consider
the sector T, p := {2z : —b < argz < m — a}. Notice that

Top = U Top = U e~ ¥CT, where CT = {ze€C:Imz > 0}.

a<p<b a<p<b

Thus, since the opening angle is larger than m, all the sectors T, ; overlap.
Then, for a fixed number a > —1, define D(a, b) as the space of all functions
f(z) analytic in T, and such that

/cc+ |f(ze™)|? (Im 2)* dv(2) (4.50)

is uniformly bounded in ¢ € (a,b). The integral in (4.50) makes sense, since
z € Ct and a < ¢ < b imply ze™* € T, ;. It turns out that D(a,b) is a
Hilbert space, with inner product

(Flo)pio= [ FEeatze™ ) im ) du()+ [ FleMaze™) (m ) dv(o).
(4.51)
For ¢ € G(a/2,b/2) and a/2 < ¢ < b/2, consider the function V, given by

(Vo) (zv) = (2n T+ 1) 72 [ ety e 2 g o) e
0
(4.52)
This function is analytic in z in the half-plane R, := Th, 2, = €~ 2%?CT. Next
one defines a function f(z) := (Vot)(2) as the function analytic in T, j, whose
restriction to R, is exactly (Vat)(z,¢). Then one shows that the function

IA/az/J belongs to D(a,b), and moreover, that the map ‘7a is unitary from
G(a/2,b/2) onto D(a,b). The inverse map Wy, : D(a,b) — G(a/2,b/2) reads

(Waf)(reiw)Z(QWF(Chkl)) 71/2/ (e—2i<p)a/2+5/4ra+3/26—i2r2/2f(6—2icpz)(Imz)ady(z).
Cc+

(4.53)

Thus, for fixed a, b, we get three unitary equivalent Hilbert spaces, where the

unitary map 7" may be computed explicitly from the other two, as shown in
Fig. 4.5.

What about the LHS structure of these three families? We have seen

above that {G(a,b)} may be identified with the van Winter lattice generated

~ Mellin
G(a,b) G(a,b)

N A
Fig. 4.5 Three unitary

equivalent Hilbert spaces D(2a, 2b)
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by the spaces L?(c), shown in Fig. 4.4, whereas this is impossible for the
family {G(a,b)}. As for the third family, one obtains only the left-hand part
of a LHS. Indeed, for any a € (=7, %), define the space D(2a) = D(2a,2a),
namely the space of complex-valued functions, analytic in the half-plane

e~ 2CT = Ty, 2, and such that the following integral converges:

/ |f(ze™2)|? (Im 2)* dv(2) < o0.
Cc+
This space is a Hilbert space for the inner product

f(ze=2ia) g(ze™2")(Im 2)* dv(2).
Cc+

Thus we may conclude that D(2a,2b) = D(2a) N D(2b), with the projective
norm. Thus the left-hand side of the van Winter lattice may be transported
by the map T~! : G(a,b) — D(2a,2b) and one gets the half-lattice gen-
erated, by intersection, by the family {D(c), -5 < ¢ < §}. However, the
identification of the right-hand side of this lattice is problematic, since it
involves the duals of the spaces D(a,b), which are not easy to characterize
explicitly (of course, since D(a,b) is a Hilbert space, it is anti-isomorphic to
its conjugate dual, but we don’t know how to characterize the elements of
that dual as functions or functionals).

4.6.4 A Link with Bergman Spaces of Analytic
Functions in the Unit Disk

However, there is another direction to be explored. Indeed, in the whole
analysis so far, the parameter o was fixed. What happens if we let it vary?
The starting point is the Bergman space H, := D(0) = A%**2 where the
space AP is defined in (8.23), that is, the space of complex-valued functions
f analytic in C* and such that

1, = [ PR () av(e) < o (4.59)
With the inner product

o = [ T o))" du),

‘H., is a Hilbert space, with reproducing kernel
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a+1(w72 —a—

a—2
> = Cct.
pe(w) = —— 57 ) , Z,w €

The following functions constitute an orthonormal basis of H,:

n € N.

w220 Tlnta42) 7 (z—i)n
5= /2 (F(a+1)F(n+1)) (z +i)ntot2’

The interesting point is that each space H,, is unitarily equivalent to a space
of analytic functions in the unit disk D := {w € C : |w| < 1}, namely, the
Bergman space I, of all functions g analytic in D such that the following
integral converges:

lolf, = [ late (1'“"2) dv(w) < co. (455)

With the norm || - ||, and the corresponding inner product, K, is a Hilbert
space with reproducing kernel

, z,w € D.

a+1/1—Zwy-a-2
p(w) = = ()

47 2

Here again there is an orthonormal basis, consisting of the functions:

up(w) =

20/2 ( Fn+a+2)
(

1/2
/2 I‘a+1)F(n+1)> w, meN.

The unitary maps connecting the two spaces, namely, B, : Ho — K, and
~1: Ko — Ha, read, respectively:

Baf(w):2““/2(177w)7a72f(Trw) feM,, (4.56)

-1 _ ga+1/2 N—a—2 (2
Bl g(z)=2 (z+1) g(lz—i—i)’ g€ K. (4.57)

The sequel of the analysis follows closely that of Section 4.6.2, the spaces K,
playing the role of the §°. In particular, on the space (D) of all functions

which are analytic in D, as for entire functions of Bargmann type, one has
two natural linear compatibilities:

f#19<:>/|f 2)] di(z) < o0, (4.58)

[#29 = Z n_Hlfngn| < oo. (4.59)
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Then, given a Lebesgue-measurable function p on D, one defines the space
K(p) as the space of functions f analytic in D and such that the following
integral converges:

2 2,—p(2) 4y )
1£12 / e du(z) < oo (4.60)

With the associated inner product, the space K(p) is a pre-Hilbert space,

2
which obviously reduces to K, for the weight p,(z) = —aln (%) In
order to proceed, we have to impose several conditions on the spaces K(p),
which are translated into restrictions on the weights p:

(i) Completeness: K(p) is complete, thus a Hilbert space, if p is locally
bounded (that is, bounded on compact sets), i.e., p € LS (D).

(ii) Density of the set of polynomials in K(p): Consider the monomi-
als {u,(z) = (EH)Y227 n = 1,2,...}. Assume that p is radial,

p(2) = p(|2]), and that
nP) = / lun(2)? e P dv(z) < 00, n=1,2,.... (4.61)
D

Then the functions
ugf)(z) = (777(11’))_1/2 un(z), n=1,2,...

form an orthonormal basis of K(p). In that case, all spaces K(p) may be
realized as weighted ¢? sequence spaces. Thus, for the spaces K(p) the
compatibility #, is easy to handle.

(iii) Duality: K(p)* is isomorphic to K(—p). Here too there are several
results:

(a) if p is locally bounded, then K(—p) = K(p)#: C K(p)*;

(b) if p is locally bounded and radial, and n,(lp) < o0, V¥n € N, then
K(p)* = K(p)*>;

(c) if p is locally bounded and radial, and n,(lip) < 00, Vn € N, then
K(p)* = K(—p) if and only if there exists a positive constant ¢(p)
such that

1 < PP < elp), foralln=0,1,2,.... (4.62)

Considering now the family of Hilbert spaces K(p), we may state a theorem
exactly parallel to Theorem 4.6.2
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Theorem 4.6.3. Let I be the set of weight functions p(z) that satisfy the
following three conditions:

(i) p is locally bounded and radial, p(z) = p(|z|).

(i) u (2) belongs to K(p) and K(—p), for every n € N.
(iii) There are positive constants A, B such that

A < 777(11’) nr(l_p) < B, foralln=0,1,2,..., (4.63)

where n,(lp) is given by (4.61).
Then the family {K(p), p € I} is a chain of hilbertian spaces with central
Hilbert space K(0). The compatibility # coincides with both #1 and #o, and
the partial inner product with that induced by K(D) and €2, respectively.

The order structure and the lattice operations on this chain of hilbertian
spaces are exactly the same as in the previous case, replacing weights p by
weights p. In particular, the same difficulty arises with duality. Let us indeed
identify K(p) with a sequence space:

) -1
fekp < f= Zanugp), with HfHQ,C(p) = an(lp) lan|? < oo,

where the series representing f converges uniformly on compact subsets of ID.
Then the dual space, denoted K(p), corresponds to the dual sequence space

fFEK®D) < f=>_ buul?), with ||f|} =Y nP ba]* < 0.

The point is that, if the condition (4.63) is satisfied, then the norm || - HQIC@

is equivalent to, but different from the norm || - ||,2C(_p . Hence we have again
to make a distinction between Hilbert spaces and hilbertian spaces, thus
between a chain of hilbertian spaces and a LHS.

Once again, the problem is that the space K(p) is a space of functions
analytic in D, but need not be associated to a weight. The existence of the
latter is a moment problem, as in the previous case. This is why we prefer to
stay with the spaces (p) and the chain of hilbertian spaces they constitute.

If we particularize these results to the spaces K., —1 < a < 1, we obtain
the following results. First we notice the equivalences

g > a1 <= Koy C Koy, <= Ka, C Ky,

where K5 denotes the dual of K, as above. Then we have

Theorem 4.6.4. (i) The family {K,, —1 < a < 1}, is a chain of hilbertian
spaces.
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(11) The family {Kq,Ka, 0 < o <1}, is a LHS:

. Ka, CKa, CKg~ Ko C Koy CKay ... (a2 > aq).

Finally we come back to the original spaces H,. Since the unitary map
B, : Hy — K, linking the two spaces depends on «, the following result
does not contradict Theorem 4.6.4.

Proposition 4.6.5. Let ag > o3 > —1. Then the two spaces H, and H,,
are not comparable.

However, there is a continuous embedding Un,q, : Ha, — Ha,. Consider
the maps V,, : L*(R") — H, and W, : Ho — L?*(RT) defined from (4.52)
and (4.53), respectively, for ¢ = 0. Then one defines

Ua2a1 = VDLQWOél and Uil = VthWaz = Ua1a2~

Q201

The map Ugy,q, may be computed explicitly. Given f1 € H,,, one has

f2(2) + = [Uazaq f1](2)

. 1 1"(“1;70‘2_’_2) 1/2 W 7(%+2) o
47r<r(a1+1)r(a2+1)> /<c+( 2 ) Si(w) (lmw)™ dy(w).

Equivalently, if f; = V,, 9, with ¢ € L?(R™), that is,

f12) = @nT(an 4 1) [T ey a,
0

then

Fa(2) : =[Ungas f1)(2)=(27 T(a + 1))71/2/ par+3/2 gizr® /2 (a2 =an) (1) g
0

Combining now the spaces H,,; and K, we get the following commutative

diagram:

Zugal

Ko,y Ko,
as =2 a; > —1: B, \ B;Ql
71’\042041
Hal HOLQ
where Ta,0, = By} * iasas - Ba, and the maps Bo,B;! are defined in

(4.56),(4.57). Since iqya,, i-e., the natural embedding, is continuous with
dense range, S0 iS 7n,4, - In addition, these maps satisfy the composition law:

For a3 > ag > a3 > —1, one has 7a50, = tasastasos -
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Actually, the maps 74,4, can be calculated explicitly.

Proposition 4.6.6. Let as > a1 > —1. Then the injection toya, : Hay —
Hea, is the operator of multiplication by 2(az—a1)/2 (z+ i)(“1_°‘2). This oper-
ator is injective and continuous, and has dense range.

In order to understand the structure of the family {H,}, we must introduce
a new notion. Given a directed set A, an inductive spectrum is a family
{Ew,T}aca, where each E, is a locally convex space and 7 is a collection of
continuous linear maps mg, : £y — Eg, a < 3, satisfying the composition
rule Ty 0 T3q = Tya, & < B < 7y (thus 74, is the identity on E, ). Given the
inductive spectrum {E,, 7}aca, one may construct the algebraic inductive
limit of the family {Es}aca as explained for nestings in Section 2.4.1 (iv).
From this, we see that a nesting is an inductive spectrum with an involution
a <~ Q.
Coming back to the spaces {H,}, we may state

Proposition 4.6.7. The family {H,, —1 < a < 1,} is an inductive spec-
trum of Hilbert spaces with respect to the maps toya, -

In order to get a genuine NHS, we need that H_, be the conjugate dual of
He, but that is not obvious. In any case, we have here another example of
nestings which are not natural embeddings.

4.6.5 Hardy Spaces of Analytic Functions
in the Unit Disk

There is another classical family of spaces consisting of functions analytic in
the unit disk, the Hardy spaces HP, 0 < p < oo. For reasons of simplicity,
we shall restrict ourselves to the range 1 < p < oo.

Given a function f analytic in the unit disk D, define the quantity

1

2m 1/p
My(r, f) := (%/0 |f(7°ei‘9)|pd9) ,0<r<1l,1<p<oo, (4.64)

which is a nondecreasing function of . Then the function f is said to be of
class HP if M,(r, f) remains bounded as r — 1.

For any function f € HP, the limit f(e®®) = lim,_, f(re??) exists almost
everywhere and belongs to the space LP(S',df), where S! is the unit circle.
Then HP is a Banach space for the norm

1

2m 1/p
11 i= iy 2y 1) = (5 [ 15 ran) 1< p <o
T 0
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This allows to identify H? with a closed subspace of LP(S!). This subspace
consists of all functions f € LP such that

2m
/ em? f(eYdh =0, n=1,2,3,...
0

In particular, the polynomials are dense in H?. Clearly, HP* C HP? if p; > po,
the embedding is continuous and has dense range.

Let us look now at the dual spaces. We know that the conjugate dual
(LP)* of LP is LP, with 1/p+1/p = 1. Thus every bounded linear functional
¢ on L? (1 < p < o0) has a unique representation

27
o =5 [ 1) gle")ad, with g € I7.

Since HP is subspace of LP, the conjugate dual (H?)* is the quotient Lﬁ/Hg,
where H is the annihilator of H?. An element g(e?) of that subspace is the
boundary function of some g(z) € HP such that g(0) = 0. Actually one can
replace HY by HP in the quotient, so that finally (HP)* ~ LP/HP (isometric
isomorphism). In addition, for 1 < p < oo, each ¢ € (HP)* is representable
by a unique function g € HP for which

27
o =5z [ Hen s, v p e

Since the conjugate dual of Lﬁ/HOT) is HP, the latter is reflexive. The con-
clusion is that the family {H?, 1 < p < oo}, is an inductive spectrum and a
chain of reflexive Banach spaces, but not a LBS.

There are two variants of the Hardy spaces that ought to be mentioned.
First one can consider functions analytic in the upper half-plane C*, as for
the Bergman spaces. Thus one defines the space $ (1 < p < 00) of functions
analytic in C*, such that |f(z + iy)|? is integrable for each y > 0 and

)= ( [

— 00

o0

[+ iy de) v (4.65)

is bounded for 0 < y < oo. The space fﬁ is again a reflexive Banach
space, which has the same properties as H?. In particular, the limit prop-
erty takes the following form. If f € $P, then the boundary function
f(z) = limy—o f(z + iy) exists almost everywhere and belongs to L”(R).
For duality, it turns out that the dual of §7 is isometrically isomorphic to
LP/§% and the same conclusion follows.

Similar considerations apply to the Hardy spaces H” (1 < p < o0) of
functions analytic in the lower half-plane C~.
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Another case of interest is the space LE(D) of LP functions analytic in
the unit disk D. This is a closed subspace of L?(ID), hence a Banach space.
Its dual is simply L?(D), so that here we get a genuine reflexive lattice of
Banach spaces.

As a final remark, we may add that most of the results of this section are
valid for Hardy spaces of harmonic functions.

Notes for Chapter 4

Section 4.1. The results of this section are based on the extensive study
by Davis et al. [68,69]. Notice that we differ slightly from these authors, in
that we do not include the space L!. However, their results apply to our case
also, because the first Eq. (4.1) (shown in [68,69]) holds true also with the
definition § = (1,£)|J S.

o In the terminology of Floret—-Wloka [FW68, §9], LP~ is a strict FG-space.

o The space L“ has been introduced by Arens [33]. It is usually called the
Arens algebra in the literature.

e A thorough analysis of partial *algebras may be found in the monograph
of Antoine-Inoue-Trapani [AIT02]. The case of the L? spaces is discussed
in Section 6.3.1, that we follow closely. Note that there are some slight
errors in the computation of the so-called multiplier spaces. They have
been corrected in Antoine [16].

o Further information about Sobolev spaces may be found in the books of
Hormander [Hor63], Tréves [Tre67], or Adams [Ada75].

e The noncommutative LP spaces associated to a von Neumann algebra
were introduced by Segal [176], and they were later studied by Inoue in
the context of algebras of unbounded operators [127,128].

o Chains of hilbertian spaces were defined and studied by Palais [162]
and Krein—Petunin [132]. Concerning the distinction between chains and
scales, we follow the terminology of Palais [162]. On the contrary, Krein—
Petunin [132] use the term ‘scales of Banach spaces’ for the general case,
Hilbert scales being distinguished by their interpolation properties.

e Bargmann’s space £* was introduced in [42,43] for the purpose of the
formulation of quantum mechanics in the phase space representation and
the consequences of the latter for the theory of distributions (see the note
under Section 4.6).

Section 4.2.

e For the Schwartz theory of kernels, see [175, Sch57]. Further information
on nuclear spaces may also be found in Tréves [Tre67].

o For the assaying subsets L?(r,5) of L (R", dz), see Hsrmander [Hor63,
Theorem 2.1.1].

o For the topology v of compact convergence and for standard results on the

various topologies on L]  and L2°, see for instance the textbooks of Kothe



4.6 pip-Spaces of Analytic Functions 155

[K6t69], Schwartz [Sch57] or Tréves [Tre67]. In particular, LF-spaces are
discussed at length in Tréves [Tre67, Chap. 13].

o Related results on the representation of operators on L? spaces have been
obtained by Ascoli et al. [36].

Section 4.3.

o Kothe has considered also another duality on the space w, corresponding
to the so-called B-compatibility, namely

(zn)#ﬁ(yn) <~ Zﬁyn converges.

n

This correspondence associates to each subspace [ its (-dual [K6t69,
§30.10]. The two compatibilities will be studied in more detail in Section
5.5.7.

e In fact, Proposition 4.3.7 allows us to dispense of the notions of strong
norm and strong Banach ideals, the notion of perfect spaces or assaying
subspaces of w is equivalent. For further details on normed ideals and their
relationship with spaces of compact operators, we refer to the classical
texts of Schatten [Sch70], Simon [Sim79], Pietsch [Pie80] or Gohberg—
Krein [GK69]. See also the work of Cigler [58] and Oostenbrink [Oos73].

o Echelon and co-echelon spaces have been introduced by Kothe, see [K6t69,
§30.8].

Section 4.4. Kothe function spaces have been introduced (and given that
name) by Dieudonné [73]. The corresponding lattice has been introduced
and studied by Luxemburg—Zaanen (see [Zaa61] and references therein), that
we follow here. These spaces are also called normed Kéthe spaces or Banach
function spaces.

e The space Lg was introduced by Gould [111], who calls it £; see also
Zaanen [Zaa61, §30, Exercises|, who denotes it by L,.

Section 4.5. Analyticity and trajectory spaces were introduced and studied
systematically by van Eijndhoven—de Graaf in a series of papers, later synthe-
sized in van Eijndhoven’s PhD thesis [Eij83] and two books [EG85,EG86]. The
avowed goal of this work was to produce a mathematical framework capable
of producing a rigorous version of Dirac’s bra-and-ket formalism of quantum
mechanics. More about this will be found in Section 7.1.1 (ii). These spaces
also play a role in the representation theory of Lie groups, see Section 7.4.

Section 4.6.

o The analysis of this section is largely due to Antoine—Vause [31].

o Besides the familiar position (¢) and momentum (p) representations of
quantum mechanics, the Fock-Bargmann representation offers an at-
tractive alternative [42,43]. It is based on the canonical (or oscillator)
coherent states and it is characterized by the fact that its wave functions
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are entire analytic functions of z = ¢ + ip. It is therefore a phase space
representation. As such it is useful for studying the quantum-to-classical
transition, quantum optics, path integrals, geometric quantization, etc.
The properties of the Hilbert space § are in fact characteristic of all phase
space representations. For further details on the latter and, in particular,
the Fock-Bargmann representation, see for instance Ali et al. [6] or the
monograph of Ali-Antoine-Gazeau [AAGO0].

e The duality between the spaces 3 and Exp is discussed in detail in the
textbook of Tréves [Tre67, Chap. 22|, in particular Exercise 22.5.

o The lattice of hilbertian spaces constituted from the spaces F(p), which
is not a scale, has been studied in detail by Antoine-Vause [31]. This
lattice of hilbertian spaces has found interesting applications in the study
of Weyl quantization by Daubechies [65-67], that is, the setting of a
correspondence between functions on phase space f(q + ip) = f(¢,p) and
operators on L2(R,dx).

e The spaces G(a,b) and é(a, b), for fixed a, b, were introduced and studied
systematically by van Winter in a series of papers devoted to a reformu-
lation of quantum scattering theory [188,189]. The Mellin transform and
its inverse are usually defined as follows:

e’} 1 c+ioco
M) = [ @ tdn, j@) =5 [ a9 as
0 2m c—1i00
but the change of variables s = —it + % leads to the version given in the

text.

e The van Winter LHS {L?(a)} and its connection with the spaces G(a,b)
and G(a,b) was first described in the work of Gollier [Gol82]. The space
D(a,b) and its connection with the three unitary Hilbert spaces were
introduced by Klein [K1e87].

e Part of the van Winter LHS {L?(a)} has been considered, for similar
purposes in quantum scattering theory, by Horwitz—Katznelson [125] and
by Skibsted [180]. Note, however, that the analysis of Horwitz—Katznelson
is not entirely correct.

e The spaces H, and K, for integer values of «, including their mutual
relationship, are standard in the representation theory of the groups
SL(2,R) and SU(1,1). The corresponding spaces for arbitrary a € (—1,1)
have been introduced by Paul [163]. As for the spaces K(p), they have
been introduced and studied in detail by Klein [Kle87]. There one may
find several examples and counterexamples of weights.

e The notion of inductive spectrum is studied in detail in the monograph of
Floret—Wloka [FW68, §23].

o Hardy spaces are essential tools in harmonic analysis. Detailed treatments
may be found in the monographs of Duren [Dur70, Chaps. 3,7 and 11] and
Koosis [Koo80, Chaps. IV and VII]. The space L and its generalizations
are described by Luecking [144].



2 Springer
http://www.springer.com/978-3-642-05135-7

Partial Inner Product Spaces
Theory and Applications

Antoine, |.-P.; Trapani, C.

2009, XX, 358 p. 11 illus., Softcover
ISBEMN: 978-3-642-05135-7





