
Contents

Preface vii

I Notation and Background 1
1 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
2 Rings and Modules . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
3 Abelian Groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

II Regular Homomorphisms 11
1 Definition and Characterization . . . . . . . . . . . . . . . . . . . . 11
2 Partially Invertible Homomorphisms and Quasi-Inverses . . . . . . 15
3 Regular Homomorphisms Generate Projective Direct Summands . 19
4 Existence and Properties of Reg(A,M) . . . . . . . . . . . . . . . . 21
5 The Transfer Rule . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
6 Inherited Regularity . . . . . . . . . . . . . . . . . . . . . . . . . . 26
7 Appendix: Various Formulas . . . . . . . . . . . . . . . . . . . . . . 39

III Indecomposable Modules 41
1 Reg(A,M) 6= 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
2 Structure Theorems . . . . . . . . . . . . . . . . . . . . . . . . . . 42

IV Regularity in Modules 49
1 Fundamental Results . . . . . . . . . . . . . . . . . . . . . . . . . . 49
2 Quasi-Inverses . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

2.1 Basic Properties . . . . . . . . . . . . . . . . . . . . . . . . 52
2.2 Partially Invertible Objects are Quasi-Inverses . . . . . . . 53

3 Regular Elements Generate Projective Direct Summands . . . . . . 54
4 Remarks on the Literature . . . . . . . . . . . . . . . . . . . . . . . 56
5 The Transfer Rule . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

V Regularity in HomR(A,M) as a One-sided Module 59
1 Iterated Endomorphism Rings . . . . . . . . . . . . . . . . . . . . . 59
2 Definitions and Characterizations . . . . . . . . . . . . . . . . . . . 60



vi Contents

3 Largest Regular Submodules . . . . . . . . . . . . . . . . . . . . . 65
4 The Transfer Rule for S-Regularity . . . . . . . . . . . . . . . . . . 66

VI Relative Regularity: U -Regularity and Semiregularity 69
1 U -Regularity; Definition and Existence of U -Reg(A,M) . . . . . . 69
2 U -Regularity in Modules . . . . . . . . . . . . . . . . . . . . . . . . 72
3 Semiregularity for Modules . . . . . . . . . . . . . . . . . . . . . . 73
4 Semiregularity for Hom . . . . . . . . . . . . . . . . . . . . . . . . 76

VII Reg(A,M) and Other Substructures of Hom 81
1 Substructures of Hom . . . . . . . . . . . . . . . . . . . . . . . . . 81
2 Properties of ∆(A,M) and ∇(A,M) . . . . . . . . . . . . . . . . . 85
3 The Special Case HomR(R,M) . . . . . . . . . . . . . . . . . . . . 87
4 Further Internal Properties of ∆(M) . . . . . . . . . . . . . . . . . 90
5 Non-singular Modules . . . . . . . . . . . . . . . . . . . . . . . . . 94
6 A Correspondenc Between Submodules of HomR(A,M) and Ideals

of End(MR) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
7 Correspondences for Modules . . . . . . . . . . . . . . . . . . . . . 100

VIII Regularity in Homomorphism Groups of Abelian Groups 103
1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103
2 Hom(A,M) and Regularity . . . . . . . . . . . . . . . . . . . . . . 103
3 Mixed Groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115
4 Regularity in Endomorphism Rings of Mixed Groups . . . . . . . . 127

IX Regularity in Categories 131
1 Regularity in Preadditive Categories . . . . . . . . . . . . . . . . . 131
2 Preadditive Categories . . . . . . . . . . . . . . . . . . . . . . . . . 132
3 The Quasi-Isomorphism Category of Torsion-free Abelian Groups . 137
4 Regularity in QA . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150

4.1 Realizing Q(
√
p) . . . . . . . . . . . . . . . . . . . . . . . . 153

4.2 Constructing the Group . . . . . . . . . . . . . . . . . . . . 153
4.3 Computing the Quasi-Endomorphism Ring . . . . . . . . . 154

5 Regularity in the Category of Groups . . . . . . . . . . . . . . . . 155

Bibliography 157

Index 161



http://www.springer.com/978-3-7643-9989-4


