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Abstract. We present new convergence results and new versions of Fatou lemma in
Mathematical Economics based on various tightness conditions and the existence of
scalarly integrable selections theorems for the (sequential)-weak-star upper limit of
a sequence of measurable multifunctions taking values in the dual E′ of a separable
Banach space E. Existence of conditional expectation of weakly-star closed random
sets in a non norm separable dual space is also provided.
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1. Introduction

Motivated by the study of Fatou lemma in Mathematical Economics, we
present several types of convergence for multifunctions taking on convex
weakly-star compact values in the topological dual E′ of a separable Ba-
nach space E with specific applications to Fatou lemma in several dimen-
sions. There has been a great deal of research on Fatou lemma when the
multifunctions take values in the primal space E. See, e.g., [1, 3, 4, 6–9,
14, 18, 19, 22, 23, 25, 28] for references. For the case of a dual space, we
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mention the recent contributions of Benabdellah and Castaing [6], Cornet
and Martins da Rocha [18], Balder and Sambucini [5], Castaing Raynaud
de Fitte and Valadier [13], Castaing, Hess and Saadoune [12], Castaing and
Saadoune [15,16]. In the present paper we provide, under new tightness con-
ditions, several new convergence results for multifunctions with values in
E′ with sharp localizations of the limits and several new variants of Fatou
lemma in the dual space E′ via the integrability of the sequential-weak-star
upper limit of a sequence of measurable multifunctions taking values in this
space [12]. We also provide the existence of Conditional Expectations (CE)
for weakly-star closed random sets in E′. See, e.g., [10, 11, 20, 21] for the
problems of convergence of CE in Banach spaces. Since L1-boundedness
assumption is relaxed here, we obtain several significant generalizations in
this study.

2. Notations and preliminaries

Throughout this paper the triple (
,F , μ) is a complete probability space,
E is a separable Banach space and D := (xp)p∈N is a fixed dense sequence
in the closed unit ball BE . We denote by E′s (resp. E′b) (resp. E′m∗) the topo-
logical dual E′ endowed with the topology σ(E′, E) of pointwise conver-
gence, alias w∗ topology (resp. topology of the norm) (resp. the topology
m∗ = σ(E′,H), where H is the linear space of E generated by D, that is the
Hausdorff locally convex topology defined by the sequence of semi-norms

pk(x
′) = max{| < x′, xp > | : p ≤ k}, x′ ∈ E′, (k ≥ 1)).

Recall that the topology m∗ is metrizable, for instance, by the metric

dE′
m∗ (x

′
1, x

′
2) :=

p=+∞∑
p=1

1
2p
|〈xp, x′1〉 − 〈xp, x′2〉|, x′1, x′2 ∈ E′.

We assume from now that dE′
m∗ is held fixed. Further, we have m∗ ⊆w∗ ⊆ s∗.

When E is infinite dimensional these inclusions are strict. On the other hand,
the restrictions of m∗ and w∗ to any bounded subset of E′ coincide and
B(E′s) = B(E′m∗) [12, Proposition 5.1], but the consideration of B(E′b) is
irrelevant here. Noting that E′ is the countable union of closed balls, we de-
duce that the space E′w∗ is Suslin, as well as the metrizable topological space
E′m∗ . A 2E′s valued multifunction X : 
 ⇒ E′s is measurable if its graph
belongs to F ⊗B(E′s). Given a measurable multifunction X : 
 ⇒ E′s and a
Borel set G ∈ B(E′s), the set

X−G = {ω ∈ 
 : X(ω) ∩G �= ∅}
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is measurable, that is X−G ∈ F . In view of the completeness hypothesis on
the probability space, this is a consequence of the Projection Theorem (see,
e.g., Theorem III.23 of [17]) and of the equality

X−G = proj
 {Gr(X) ∩ (
×G)}.
In particular, if X is measurable, the domain of X, defined by

dom X = {ω ∈ 
 : X(ω) �= ∅}
is measurable, because dom X = X−E. Further if u : 
 → E′s is a scalarly
measurable mapping, that is, for every x ∈ E, the scalar function ω �→
〈x, u(ω)〉 is F-measurable, then the function f : (ω, x′) �→ ||x′ − u(ω)||E′b
is F ⊗B(E′s)-measurable, and for every fixed ω ∈ 
, f (ω, .) is lower semi-
continuous on E′s , shortly, f is a normal integrand, indeed, we have

||x′ − u(ω)||E′b = sup
p∈N

〈xp, x′ − u(ω)〉.

As each function (ω, x′) �→ 〈xp, x′ − u(ω)〉 is F ⊗ B(E′s)-measurable and
continuous on E′s for each ω ∈ 
, it follows that f is a normal integrand.
Consequently, the graph of u belongs to F ⊗ B(E′s). Besides these facts, let
us mention that the function distance dE′b (x

′, y′) = ||x′ − y′||E′b is lower
semicontinuous on E′s ×E′s , being the supremum of continuous functions. If
X is a measurable multifunction, the distance function ω �→ dE′b (x

′, X(ω))

is measurable, by using the lower semicontinuity of the function dE′b (x
′, .)

on E′s and measurable projection theorem [17, Theorem III.23], and re-
calling that E′s is a Suslin space. A mapping u : 
 ⇒ E′s is said to be
scalarly integrable, alias Gelfand integrable, if, for every x ∈ E, the scalar
function ω �→ 〈x, u(ω)〉 is integrable. We denoted by G1

E′ [E](
,F , μ)

(G1
E′ [E](μ) for short) the space of all scalarly integrable (classes of) map-

pings u : 
 ⇒ E′s . The subspace of G1
E′ [E](μ) of all mappings u such that

the function |u| : ω �→ ||u(ω)||E′b is integrable is denoted by L1
E′ [E](μ). The

measurability of |u| follows easily from the above considerations and holds
even E is an arbitrary Banach space, we refer to [6] for details. For any 2E′s
valued multifunction X : 
 ⇒ E′s , we denote by G-S1

X (resp. S1
X) the set of

all G1
E′ [E](μ)-selections (resp. L1

E′ [E](μ)-selections) of X. The G-integral
(resp. integral) of X over a set A ∈ F is defined by

G-
∫

A

X dμ :=
{∫

A

f dμ : f ∈ G-S1
X

}
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and ∫
A

X dμ :=
{∫

A

f dμ : f ∈ S1
X

}

respectively. Let (Xn) be a sequence of measurable multifunctions taking
values in E′s . The sequential weak∗ upper limit w∗-ls Xn of (Xn) is defined by

w∗-ls Xn =
{
x′ ∈ E′ : x′ = σ(E′, E)- lim

j→∞ x′nj
; x′nj

∈ Xnj

}
.

By cwk(E′s) we denote the set of all nonempty σ(E′, E)-compact convex
subsets of E′s . A multifunction X : 
 ⇒ E′s is scalarly measurable if, for
every x ∈ E, the function ω → δ∗(x,X(ω)) is measurable. Let us recall that
any scalarly measurable cwk(E′s)-valued multifunction, X, is measurable. In-
deed, let (ek)k∈N be a sequence in E which separates the points of E′, then we
have x ∈ X(ω) iff, 〈ek, x〉 ≤ δ∗(ek,X(ω)) for all k ∈ N. Further, we denote
by G1

cwk(E′s )
(
,F , μ) (shortly G1

cwk(E′s )
(μ)) the space of all scalarly inte-

grable cwk(E′s)-valued multifunctions X : 
 → cwk(E′s), that is, for every
x ∈ E, the function ω → δ∗(x,X(ω)) is integrable. By L1

cwk(E′s )
(
,F , μ)

(shortly L1
cwk(E′s )

(μ)) we denote the subspace of G1
cwk(E′s )

(μ) of all integrably
bounded multifunctions X that is the function |X| : ω → |X(ω)| is in-
tegrable, here |X(ω)| := supy∈X(ω) ||y||E′b , by the above consideration, it
is easy to see that |X| is measurable. A sequence (Xn) in L1

cwk(E′s )
(μ) is

bounded (resp. uniformly integrable) if (|Xn|) is bounded (resp. uniformly
integrable) in L1

R
(
,F , μ). In the sequel, we apply the usual convention

|∅| = 0 and 1∅ = 0. Our main purpose is to introduce some new types
of tightness condition so-called Mazur tightness condition for sequences in
the spaces L1

cwk(E′s )
(μ) and G1

cwk(E′s )
(μ). These considerations led to several

new results of convergence in this space with application to Fatou lemma.
In §3 we show the relationships between these tightness conditions. In §4
we present our main result of convergence for a Mazur-tight sequence in the
space L1

E′ [E](μ) of scalarly integrable and mean norm bounded E′-valued
mappings. In §5, some new convergence results are developed for the space
G1

E′ [E](μ) of scalarly integrable E′-valued mappings. These results allow to
obtain new types of convergence for the spaces L1

cwk(E′s )
(μ) and G1

cwk(E′s )
(μ)

that we present in §6. We also provide here several variants of Fatou Lemma.
The existence of Conditional Expectations of σ(E′, E) closed random sets
in the dual is also stated in §7. Here the L1-bounded condition is no longer
required by contrast of most results given in the literature.
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3. Mazur tightness condition

In this section new tightness properties of Mazur type are introduced and
examined for sequences in the space L0

cwk(E′s )
(μ) of all measurable cwk(E′s)-

valued multifunctions. Actually, they find their origin in [12,15,16]. First, let
us recall the following tightness definition [15]:

Definition 3.1. A sequence (Xn) in L0
cwk(E′s )

(μ) is cwk(E′s)-tight (resp. com-
pactly cwk(E′s)-tight) if there is a scalarly measurable (resp. scalarly mea-
surable and integrably bounded) cwk(E′s)-valued multifunction �ε : 
⇒E

′

such that
inf
n

μ({ω ∈ 
 : Xn(ω) ⊂ �ε(ω)}) ≥ 1− ε.

The measurability of {ω ∈ 
 : Xn(ω) ⊂ �ε(ω)} is immediate using the
considerations developed in the beginning of this section.

Definition 3.2. A sequence (Xn) in L0
cwk(E′s )

(μ) is said to be L0- lim sup-

Mazur tight, (resp. L1- lim sup-Mazur tight) if, for every subsequence (Yi) of
(Xn), there exists a sequence (rn) in L1

R
(
,F , μ) with rn∈co{|Yi |(.) : i ≥ n}

such that lim supn rn < ∞ (resp. lim supn rn ∈ L1
R
(
,F , μ)).

Similarly, we introduce a weaker notion of the above Mazur tightness,
namely, L0- lim inf-Mazur tightness and L1- lim inf-Mazur tightness:

Definition 3.3. A sequence (Xn) in L0
cwk(E′s )

(μ) is said to be L0- lim inf-

Mazur tight, (resp. L1- lim inf-Mazur tight) if, for every subsequence (Yn)

of (Xn), there exists a sequence (rn) in L1
R
(
,F , μ) with rn ∈ co{|Yi |(.) :

i ≥ n} such that for every sequence (sn) in L1
R
(μ) such that sn ∈ co{ri : i ≥

n}, one has lim inf sn < ∞ (resp. lim infn sn ∈ L1
R
(
,F , μ)).

These new notions are denoted respectively: L�- lim sup-MT and
L�- lim inf-MT, � = 0, 1. A sequence (Xn) in L0

cwk(E′s )
(μ) is said to

be scalarly L�- lim sup-MT (resp. L�- lim inf-MT), � = 0, 1 if, for each
x ∈ E, the sequence (δ∗(x,Xn)) is L�- lim sup-MT (resp. L�- lim inf-MT).
From Proposition 2.1 in [15] we derive directly a useful characterization
of L�- lim sup-Mazur tightness condition which may be regarded as an
extension of the Biting lemma (see, e.g., [13, 24]), since every L1

cwk(E′s )
(μ)-

bounded sequence is obviously L1- lim sup-MT. This result will be used
extensively in all this work.



28 C. Castaing and M. Saadoune

Proposition 3.4. Let (Xn) be a sequence in L0
cwk(E′s )

(μ) and let � = 0, 1.
Then the following are equivalent:

(1) (Xn) is L�- lim sup-MT.
(2) Given any subsequence (Yn) of (Xn), there exist a subsequence (Zn)

of (Yn), ϕ∞ in L�
R
(
,F , μ) and an increasing sequence (Ck) in F with

limk→∞ μ(Ck) = 1 such that for every k ∈ N, 1Ck
ϕ∞ ∈ L1

R
(
,F , μ) and

∀A ∈ F , lim
n→∞

∫
A∩Ck

|Zn| dμ =
∫

A∩Ck

ϕ∞ dμ.

As a consequence of this proposition we deduce the following useful
property.

Proposition 3.5. Let (X1
n) and (X2

n) be two sequences in L0
cwk(E′s )

(μ). If (X1
n)

and (X2
n) are L�- lim sup-MT, (� = 0, 1), then the sequence (|X1

n| + |X2
n|) is

L�- lim sup-MT. Consequently, (X1
n +X2

n) is L�- lim sup-MT.

Proof. Let (ϕn) be any subsequence of (|X1
n| + |X2

n|). Each ϕn is of the
form ϕn := |Y 1

n | + |Y 2
n |, where (Y 1

n ) and (Y 2
n ) are two subsequences of

(X1
n) and (X2

n) respectively. Applying Proposition 3.4 successively to the
sequences (X1

n) and (X2
n) we can find a subsequence (ψn) of (ϕn) with

ψn := |Z1
n| + |Z2

n|, where (Z1
n) and (Z2

n) are two subsequences of (Y 1
n )

and (Y 2
n ) respectively, two functions ϕ1∞, ϕ2∞ in L�

R
(
,F , μ) and two in-

creasing sequences (C1
k ) and (C2

k ) in F with limk→∞ μ(C1
k ) = 1 and

limk→∞ μ(C2
k ) = 1 such that for every k ∈ N, the functions 1C1

k
ϕ1∞ and

1C2
k
ϕ2∞ are integrable and

lim
n→∞

∫
A∩C1

k

|Z1
n| dμ =

∫
A∩C1

k

ϕ1∞ dμ,

lim
n→∞

∫
A∩C2

k

|Z2
n| dμ =

∫
A∩C2

k

ϕ2∞ dμ,

for all A ∈ F . Then taking Ck := C1
k ∩ C2

k and ϕ∞ := ϕ1∞ + ϕ2∞ we get

lim
n→∞

∫
A∩Ck

ψn dμ =
∫

A∩Ck

ϕ1∞ dμ+
∫

A∩Ck

ϕ1∞ dμ =
∫

A∩Ck

ϕ∞ dμ,

for all A ∈ F . Since 1Ck
ϕ∞ ∈ L1

R
(
,F , μ), applying again Proposition 3.4

we deduce that (|X1
n| + |X2

n|) is L�- lim sup-MT. �

In the following proposition, the L1- lim inf-Mazur tightness and the
L0- lim sup-Mazur tightness conditions together are connected to the
L1- lim sup-Mazur tightness:
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Proposition 3.6. Let (Xn) be a sequence in L0
cwk(E′s )

(μ). Then the following
two statement (a) and (b) are equivalent:

(a) (Xn) is L1- lim sup-MT.
(b) (Xn) is L1- lim inf-MT and L0- lim sup-MT.

Proof. The implication (a) ⇒ (b) is trivial. To prove (b) ⇒ (a) let (Yn) be
any subsequence of (Xn) satisfying (b). Using the L0- lim sup-Mazur tight-
ness and Proposition 3.4, we find a measurable function ϕ∞ : 
 �→ R

+,
a subsequence of (Yn) still denoted (Yn) and a sequence (Ck) in F with
limk μ(Ck) = 1 such that, for every k ∈ N, 1Ck

ϕ∞ ∈ L1
R
(μ), and the follow-

ing holds:

∀A ∈ F , lim
n→∞

∫
A∩Ck

|Yn| dμ =
∫

A∩Ck

ϕ∞ dμ.

Let (rn) be a sequence of measurable functions as in the definition of the
L1 − lim inf-Mazur tightness. From the preceding equality it follows that

∀A ∈ F , lim
n→∞

∫
A∩Ck

rn dμ =
∫

A∩Ck

ϕ∞ dμ.

Invoking Mazur’s Theorem and appealing to a diagonal procedure (see,
e.g., Lemma 3.1 in [14]), one can construct a sequence (sn) with sn ∈
co{ri : i ≥ n} such that, for every k, (1Ck

sn) converges a.e. to 1Ck
ϕ∞.

Since μ(Ck) �→1, (sn) converges a.e. to ϕ∞, which, in view of condition (b),
shows that ϕ∞ ∈ L1

R
(μ). Returning to Proposition 3.4, we deduce that (Xn)

satisfies (a). �

According to the two following results,the notion of L0- lim inf-Mazur
tightness (resp. L1- lim inf-Mazur tightness) is in some sense stronger than
cwk(E′s)-tightness (resp. compactly cwk(E′s)-tightness). The first one is a
variant of Proposition 3.2 in [16] dealing with primal space E.

Proposition 3.7. Suppose that E is a separable Banach space and (Xn) is a
sequence in L0

cwk(E′s )
(μ) satisfying the condition L0- lim sup-MT. Then (Xn)

admits a cwk(E′s)-tight subsequence.

Proof. By Proposition 3.4, there exist a subsequence (Yn) of (Xn) and a
F-measurable partition (Ck) of 
 such that for every k ∈ N the sequence
(|Yn||Ck

) is bounded in the space L1
R
(Ck, Ck ∩ F , μ|Ck

). Hence (|Yn||Ck
) is

cwk(E′s)-tight with respect to the measure space (Ck, Ck ∩F , μ|Ck
), making

use of the Markov inequality. Therefore, for every ε > 0, there is a scalarly
measurable cwk(E′s)-valued multifunction �k,ε such that
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sup
n

μ(Ck \ {ω ∈ Ck : Yn|Ck
)(ω) ⊂ �k,ε(ω)}) ≤ εμ(Ck). (∗)

Now define the multifunction �ε on 
 by

�ε = 1C1 �1,ε +
∑
k≥2

1Ck
�k,ε

Then, since

{ω ∈ 
 : Yn(ω) ⊂ �ε(ω)} =
⋃
k

{ω ∈ Ck : Yn|Ck
(ω) ⊂ �k,ε(ω)},

(∗) entails

μ({ω ∈ 
 : Yn(ω)) ⊂ �ε(ω)} = μ(
⋃
k

{ω ∈ Ck : Yn|Ck
(ω) ⊂ �k,ε(ω)})

=
∑

k

μ({ω ∈ Ck : Yn|Ck
(ω) ⊂ �k,ε(ω)})

≥
∑

k

μ(Ck)(1− ε) = 1− ε.

Thus the sequence (Yn) is cwk(E′s)-tight. �

It is worthy to mention that the L1- lim sup-Mazur tightness condition
does not imply that (|Xn|) is bounded in L1

R
(
,F , μ). Indeed, it suffices

to consider the space L1
R
(
,F , μ) where 
 = [0, 1] endowed with the

Lebesgue measure and fn is given by fn(ω) := n21[0,1/n](ω), ω ∈ 
. Then,
(fn) is not bounded in L1

R
(
,F , μ) but satisfies (∗), because it converges

a.e. to 0. However, we have the following result

Proposition 3.8. Suppose that E is a separable Banach space and (Xn) is a
sequence in L0

cwk(E′s )
(μ) satisfying the condition L1- lim sup-MT. Then (Xn)

admits a cwk(E′s)-compactly tight subsequence.

Proof. Applying Proposition 3.4, to the sequence (|Xn(.)|) provides a sub-
sequence (Yn) of (Xn) a function ϕ ∈ L1

R+(μ) and an increasing sequence
(Ck) in F with limk μ(Ck) = 1 such that for every k ∈ N,

lim
n→∞

∫
Ck

|Yn|dμ =
∫

Ck

ϕdμ,

for all A ∈ F . Let ε > 0 and choose pε ≥ 1 such that 1
pε

∫



ϕdμ ≤ ε.
Applying the Lemma 3.9 below we get
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lim sup
n

μ({ω ∈ 
 : |Yn|(ω) > pε}) ≤ 1
pε

∫



ϕdμ ≤ ε.

Hence, there exists Nε ∈ N, such that

sup
n>Nε

μ({ω ∈ 
 : |Yn|(ω) > pε}) ≤ ε.

Since the functions |Y1|, . . . , |YNε | are integrable, one can find ρε > pε such
that

sup
n≤Nε

μ({ω ∈ 
 : |Yn|(ω) > ρε}) ≤ ε.

Whence we get

sup
n∈N

μ({ω ∈ 
 : |Yn|(ω) > ρε}) ≤ ε.

This shows that (Yn) is compactly cwk(E′s)-tight, indeed, it suffices to take
�ε := BE′b (0, ρε). �

Lemma 3.9. Let (ϕn) be sequence in L1
R+ which biting converges to an inte-

grable function ϕ. Then

∀p ≥ 1, lim sup
n

μ({ω ∈ 
 : ϕn(ω) > p}) ≤ 1
p

∫



ϕdμ.

Proof. There exists an increasing sequence (Ck) in F with limk μ(Ck) = 1
such that for every k ∈ N,

lim
n→∞

∫
Ck∩A

ϕndμ =
∫

Ck∩A

ϕdμ,

for all A ∈ F . Using the Markov inequality we get

lim sup
n

μ({ω ∈ Ck : ϕn(ω) > p}) ≤ 1
p

lim
n

∫
Ck

ϕndμ = 1
p

∫
Ck

ϕdμ

whence

lim sup
n

μ({ω ∈ 
 : ϕn(ω) > p}) ≤ 1
p

∫
Ck

ϕdμ

+ lim sup
n

μ({ω ∈ 
 \ Ck : ϕn(ω) > p})

≤ 1
p

∫
Ck

ϕdμ+ μ(
 \ Ck).

Letting k →∞ we get

lim sup
n

μ({ω ∈ 
 : ϕn(ω) > p}) ≤ 1
p

∫



ϕdμ.

�
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We are ready to present general convergence results in L1
cwk(E′s )

(μ) with
localization of the limit which can be applied to various places in the study of
Fatou lemma in Mathematical Economics. A key ingredient in our proofs re-
lies to integrability of the weak∗ sequential limit of a sequence of measurable
multifunctions taking values in E′ [12] and the Mazur-tightness conditions
introduced above. Further these results constitute a sharp continuation of a
similar study initiated in [14] dealing convergences and Fatou lemma in the
space L1

cwk(E)(μ) of scalarly integrable and integrably bounded multifunc-
tions with convex weakly compact values in the primal space E. For this pur-
pose, we introduce the following convergences in G1

cwk(E′s )
(μ). A sequence

(Xn) in G1
cwk(E′s )

(μ) weakly Komlós converges to X∞, if

∀x ∈ E,
1
n

n∑
i=1

δ∗(x, Yi(ω)) → δ∗(x,X∞(ω)), a.e. ω ∈ 
,

(Xn) dE′
m∗ -Wijsman Komlós converges to X∞, if

∀x′ ∈ E′, lim
n

dE′
m∗ (x

′, 1
n

n∑
i=1

Yi) = dE′
m∗ (x

′, X∞) a.e.

for every subsequence (Yn) of (Xn), here the negligible set depends only on
the subsequence under consideration. (Xn) weakly biting converges to X∞,
if there exist a sequence (Ck) in F with limk μ(Ck) = 1 such that

∀k ≥ 1, ∀v ∈ L∞E (
,F , μ), lim
n→∞

∫
Ck

δ∗(v,Xn)dμ=
∫

Ck

δ∗(v,X∞)dμ.

This study will be achieved from its single-valued specialization, namely we
will deal first with the spaces L1

E′ [E](μ) and G1
E′ [E](μ).

4. Convergences in L1
E′ [E](μ)

The main result in this section is concerned with the following with applica-
tion to Fatou lemma.

Theorem 4.1. Let E is a separable Banach space. Let (fn) be a sequence
in L1

E′ [E](μ) satisfying the L1- lim sup-MT condition. Then there exist a
function f∞ ∈ L1

E′ [E](μ), a subsequence (gn) of (fn) and an increasing
sequence (Ck) in F with limk μ(Ck) = 1 such that the following holds:

(1) (1Ck
‖gn‖E′b ) is uniformly integrable in L1

R
(μ) for each k.
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(2) (gn) weakly biting converges to f∞.
(3) (gn) weakly Komlós converges to f∞.
(4) f∞(ω) ∈ w∗-cl co [w∗- ls gn(ω)] a.e.
(5) If μ is nonatomic then

∀A ∈ F ,

∫
A

f∞ dμ ∈ w∗-cl
(∫

A

w∗-ls gn dμ

)
.

The proof of Theorem 4.1 involves the three following lemmas. The first one,
Lemma 4.2, is an adaptation of Lemma 4.1 in [16] in the framework of a dual
space. Its proof follows the same lines but needs a careful look and involves a
sequential σ

(
L1

E′ [E], L∞E
)
-compactness result. The second one, Lemma 4.3,

is derived from Proposition 3.5 in [15]. The third one, Lemma 4.4 transforms
Theorem 5.6 (jjj) [16] into a general result on integration of multifunctions,
in particular, it yields an extension of Ljapunov’s theorem for the sequential
weak∗ upper limit of a sequence of measurable multifunctions with values
in E′.

Lemma 4.2. Let 	 : 
 ⇒ E′ be a nonempty valued measurable and inte-
grably bounded multifunction. Then

S1
w∗−cl(	) ⊂ sequ. σ(L1

E′ [E], L∞E )-cl(S1
	). (†)

Consequently,∫
A

w∗-cl(	)dμ ⊂ seq w∗-cl
(∫

A

	dμ

)
= w∗-cl

(∫
A

	dμ

)
. (††)

Proof. Since the multifunction 	 has a F ⊗ B(E′s)-measurable graph and
E′s is a Suslin space, invoking Theorem III.22, [17], one can find a sequence
(σn)n≥1 of scalarly measurable selectors of 	 such that for every ω ∈ 
,
w∗ − cl(	(ω)) = w∗ − cl({σn(ω)}n≥1). Since 	 is integrably bounded, the
functions σn are necessary L1

E′ [E]-integrable and one has

dE′
m∗ − cl(	(ω)) = dE′

m∗ − cl({σn(ω)}n≥1), (4.2.1)

because the restriction of the w∗-topology to the closed ball |	(ω)|BE′ of E′
is metrizable by the metric dE′

m∗ . Now take σ in S1
w∗−cl(	). For each q ≥ 1,

let us define the sets

A
q
n :=

{
ω ∈ 
 : dE′

m∗ (σ (ω), σn(ω)) <
1
q

}
(n ≥ 1),



q

1 := A
q

1 , 

q
n := A

q
n \ ∪i<nA

q
i for n > 1
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and the function

ςq :=
+∞∑
n=1

1

q
n
σn.

Since the functions ω → dE′
m∗ (σ (ω), σn(ω)) are F-measurable, A

q
n ∈ F

for all n. Further, from (4.2.1) it follows that ∪nA
q
n = 
 a.e. Then (


q
n)n

constitutes a sequence of pairwise disjoint members of F which satisfies
∪n


q
n = 
 a.e. So ςq is a scalarly measurable selector of 	. As 	 is in-

tegrably bounded, we conclude that ςq ∈ S1
	. Furthermore, we have

dE′
m∗ (σ (ω), ςq(ω)) <

1
q

, ∀ω ∈ 
.

By integrating we get ∫



dE′
m∗ (σ, ςq) dμ ≤ 1

q
.

Letting q →+∞, this inequality entails

∀p ∈ N
∗, ∀A ∈ F , 〈xp,

∫
A

σ dμ〉 = lim
q→∞〈xp,

∫
A

ςq dμ〉. (4.2.2)

On the other hand, since the sequence (ςq) is mean norm bounded in the
space L1

E′ [E](μ), there exists, by Theorem 6.5.9 [13], a subsequence of (ςq)

still denoted in the same way and a function σ ′ ∈ L1
E′ [E](μ) such that

∀v ∈ L∞E (
,F , μ), lim
q→∞

∫



〈v, ςq〉dμ =
∫




〈v, σ ′〉dμ. (4.2.3)

From (4.2.2) and (4.2.3) it follows that σ ′ = σ a.e. Hence

σ ∈ sequ. σ(L1
E′ [E], L∞E )-cl(S1

	),

which proves (†). To prove (††) let a be an arbitrary element of∫
A

w∗-cl(	)dμ. Then there exists f ∈ L1
E′ [E](μ) such that a = ∫



f dμ.

Since, by (†), f ∈ seq σ(L1
E′ [E], L∞E)-cl(S1

	), there is a sequence (fn)

in S1
	 which σ(L1

E′ [E], L∞E ) converges to f so that, for every A ∈ F ,
w∗- limn

∫
A

fndμ = ∫
A

f dμ, whence
∫
A

f dμ ∈ seq w∗-cl
(∫

A
	dμ

)
. �

Lemma 4.3. Assume that μ is nonatomic, and � : 
 ⇒ E′ is a σ(E′, E)

compact valued measurable multifunction satisfying �(ω) ⊂ �(ω),∀ω ∈ 


where � : 
 ⇒ E′ is a scalarly integrable cwk(E′s)-valued multifunction.
Then

∀A ∈ F , G-
∫

A

w∗-cl co�dμ = w∗-cl
(

G-
∫

A

�dμ

)
.
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Proof. It is obvious that G-S1
� ⊂ G-S1

w∗-cl co� ⊂ G-S1
�. By [17, Theorem

V-13], G-S1
w∗-cl co� is convex and σ(G1

E′ [E], L∞⊗E) compact. Arguing as
in the L1

E(μ) case [26, Lemma 2 and Theorem 3], it is not difficult to see that
G-S1

� is dense in S1
w∗-cl co� with respect to the σ(G1

E′ [E], L∞⊗E) topology.
Since f �→ ∫



f dμ from G1

E′ [E](μ) into E′ is continuous with respect to
the σ(L1

E′ [E], L∞ ⊗ E), the conclusion follows. �

Lemma 4.4. Assume in addition that μ is nonatomic and let (	q)q≥1 be a
sequence of measurable multifunctions from 
 to σ(E′, E)- compact subsets
of E′. Suppose that 	q is integrably bounded, for all q, and S1∪q≥1	q

�= ∅.
Then for all A ∈ F , the following equalities hold:
(a) w∗-cl

∫
A
∪qw∗-clco	q dμ = w∗-cl

∫
A
∪q	q dμ.

(b) w∗-cl(
∫
A

co ∪q 	q dμ) = w∗-cl(
∫
A
∪q	q dμ).

Proof. Let σ be a fixed element of S1∪q≥1	q
and set

�q := ∪i=q

i=1(1dom	i
	i + 1
\dom	i

σ ).

Then (�q) is increasing, dom�q = 
, for all q, and ∪q�q = ∪q	q. Next,
for each q ∈ N and each F ∈ F , define the following multifunction:

�F,q := 1F w∗-cl co�q + 1
\F σ.

We claim that

seq σ(L1
E′ [E], L∞E )-cl [S1∪q∈Nw∗-cl co �q ] = seq σ(L1

E′ [E], L∞E )-cl [
⋃
q∈N

⋃
F∈F

S1
�F,q

].

Here seq σ(L1
E′ [E], L∞E )-cl(A) denotes the sequential σ(L1

E′ [E], L∞E )-
closure of a set A ⊂ L1

E′ [E](μ). Since, for each q ∈ N and each F ∈ F ,
�F,q ⊂ ∪q∈Nw∗-cl co�q , it suffices to prove the inclusion

S1∪q≥1w∗-cl co �q
⊂ seq σ(L1

E′ [E], L∞E )-cl

⎛
⎝ ⋃

q∈N

⋃
F∈F

S1
�F,q

⎞
⎠ . (4.4.1)

To show this, take s ∈ S1∪q≥1w∗-cl co�q
and for each q ∈ N, define a set

Fq ∈ F and an L1
E′ [E](μ) selector, sq , of �Fq,q as follows:

Fq := {ω ∈ 
 : s(ω) ∈ w∗-cl co�q(ω)} and sq := 1Fqs + 1
\Fq σ.

Then we have ∫



|s − sq | dμ ≤
∫


\Fq

|s|dμ+
∫


\Fq

|σ |dμ.
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Since limq→∞ μ(
 \ Fq) = 0, the preceding estimation implies that

s ∈ seq σ(L1
E′ [E], L∞E )-cl

⎛
⎝⋃

q∈N

⋃
F∈F

S1
�F,q

⎞
⎠ .

Thus the desired inclusion follows.
Using (4.4.1) it is immediate that

∀A ∈ F ,

∫
A
∪q≥1w∗-cl co�qdμ :=

{∫
A

f dμ : f ∈ S1∪q≥1w∗-cl co�q

}

⊂
⎧⎨
⎩

∫
A

f dμ : f ∈ sequ. σ
(
L1

E′ [E], L∞E
)

-cl

⎛
⎝ ⋃

q∈N

⋃
F∈F

S1
�F,q

⎞
⎠

⎫⎬
⎭ (4.4.2)

⊂ w∗-cl

⎛
⎝

⎧⎨
⎩

∫
A

f dμ : f ∈
⋃
q∈N

⋃
F∈F

S1
�F,q

⎫⎬
⎭

⎞
⎠=w∗-cl

⎛
⎝ ⋃

q∈N

⋃
F∈F

∫
A

�F,q dμ

⎞
⎠ .

On the other hand, since �q is measurable, w∗ compact valued and integrably
bounded for every q ∈ N and every F ∈ F , it follows from Lemma 4.3 that

∀q ∈ N, ∀A ∈ F ,

∫
A

w∗-cl co�qdμ = w∗-cl
(∫

A

�qdμ

)
.

Consequently ∀q ∈ N, ∀F ∈ F , ∀A ∈ F ,
∫

A

�F,qdμ =
∫

A

1F w∗-cl co�qdμ+
∫

A

1
\F σdμ

= w∗-cl
(∫

A

1F �qdμ

)
+

∫
A

1
\F σdμ

= w∗-cl
(∫

A

1F �q + 1
\F σdμ

)
.

This yields ∀A ∈ F ,

w∗-cl

⎛
⎝ ⋃

q∈N

⋃
F∈F

∫
A

�F,q dμ

⎞
⎠ = w∗-cl

⎛
⎝⋃

q∈N

⋃
F∈F

∫
A

1F �q + 1
\F σdμ

⎞
⎠ .

(4.4.3)

Since 1F �q + 1
\F σ ⊂ ∪q∈N	q , for all q ∈ N and all F ∈ F , from (4.4.2)
and (4.4.3) we deduce

∀A ∈ F , w∗-cl
(∫

A

∪q≥1w
∗-cl co	q dμ

)
⊂ w∗-cl

(∫
A

∪q∈N	qdμ

)
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and the equality (a) follows. Whereas (b) is a consequence of the preceding
inclusion and the fact that

co ∪q∈N 	q ⊂ ∪q≥1w
∗-cl co	q.

�

Before going further let us give a useful application of the preceding
lemma to the sequential weak∗ upper limit of a sequence of measurable
multifunctions.

Proposition 4.5. Assume that μ is nonatomic and (Xn) is a sequence of mea-
surable multifunctions with values in E′. If S1

w∗-ls Xn
�= ∅, then the following

equalities hold

w∗-cl
∫




∪qw∗-clcow∗-ls (Xn ∩ BE′(0, q)) dμ = w∗-cl
∫




w∗-ls Xn dμ.

∀A ∈ F , w∗-cl
(∫

A

cow∗-ls Xn dμ

)
= w∗-cl

(∫
A

w∗-ls Xn dμ

)

Moreover, the set w∗-cl(
∫
A

w∗-ls Xn dμ) is w∗-closed and convex.

In particular, if Xn = �, for all n, where � : 
 ⇒ E′ is a measurable
multifunction such that S1

� �= ∅, then

∀A ∈ F , w∗-cl
(∫

A

co�

)
= w∗-cl

(∫
A

� dμ

)
.

Consequently the set w∗-cl
(∫

A
� dμ

)
is w∗-closed and convex

Proof. Take 	q := w∗-ls(Xn ∩ qBE′). Then 	q is integrably bounded and,
since qBE′ is compact metrizable with respect to the weak∗ topology, it
is not difficult to see that 	q is w∗-compact valued and measurable (see,
e.g., Theorem 5.4 in [12]). Furthermore, since a w∗-convergent sequence is
bounded in E′, we have for all ω ∈ 


w∗-ls Xn =
⋃
q∈N

	q.

Then, in view of the condition S1
w∗-ls Xn

�= ∅, the multifunction
⋃

q∈N
	q

admits at least one L1
E′ [E](μ)-selection. Consequently, it is possible to apply

Lemma 4.4 to the sequence (	q), which entails the desired equalities. �

The next corollary shows that for a measurable multifunction having at
least one L1

E′ [E](μ)-integrable selector the integral is dense in the G-integral
with respect to the w∗-topology.
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Corollary 4.6. Assume that μ is nonatomic, and � : 
 ⇒ E′ is a measurable
multifunction. If S1

� �= ∅, then the following equality holds

∀A ∈ F , w∗cl
(∫

A

�dμ

)
= w∗-cl

(
G-

∫
A

�dμ

)
.

Proof. It suffices to prove the inclusion

G-
∫

A

�dμ ⊂ w∗cl
(∫

A

�dμ

)
.

Let a be an arbitrary element of G-
∫
A

� dμ. Then there exists a function
f ∈ G-S1

� such that a = ∫
A

f dμ. For each p ∈ N, define the measurable set

Mp := {ω ∈ 
 : ‖f (ω)− σ(ω)‖E′b ≤ p},

where σ is a fixed L1
E′ [E](μ)-integrable selector of �. Then, since 0 ∈ �−σ

a.e., one has

∀x ∈ E,

∫
A

1Mp(� − σ) dμ ⊂
∫

A

� − σ dμ.

Therefore

〈x,

∫
A

f − σ dμ〉 =
∫

A

〈x, f − σ 〉 dμ = lim
p→∞

∫
A

〈x, 1Mp(f − σ)〉 dμ

= lim
p→∞〈x,

∫
A

1Mp(f − σ) dμ〉

≤ lim
p→∞ δ∗(x,

∫
A

1Mp(� − σ dμ))

≤ δ∗(x,w∗-cl (
∫

A

� − σ dμ)),

for every x ∈ E and for every A ∈ F . Moreover, by Proposition 4.5, the set
w∗-cl (

∫
A

� dμ) is convex w∗-closed and so is w∗-cl
(∫

A
� − σ dμ

)
. Conse-

quently, ∫
A

f − σ dμ ∈ w∗-cl
(∫

A

� − σ dμ

)
,

which is equivalent to

a ∈ w∗-cl
(∫

A

� dμ

)
.

This finishes the proof. �
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Proof of Theorem 4.1. By Theorem 2.3 in [15] and its proof, there exist an
increasing sequence (Ck) in F with limk μ(Ck) = 1, a subsequence (gn) of
(fn) and f∞ ∈ L1

E′ [E](
,F , μ) satisfying (1), (2) and (3). Now let us prove
the localization properties (4) and (5). We shall proceed in two steps.
Step 1. In view of Proposition 3.7, we may suppose, for simplicity, that (gn) is
compactly cwk(E′s)-tight. Consequently, we can construct a non decreasing
sequence, (�q)q , of cwk(E′s)-valued scalarly measurable integrably bounded
multifunctions (in the special case we consider here, we may take for �q the
closed ball BE′(0, ρq) of center 0 and with radius ρq ) such that

∀n, μ(
 \ An,q) ≤ 1
q

, (4.1.1)

where
An,q := {ω ∈ 
 : gn(ω) ∈ �q(ω)}.

Now, from the condition L1- lim sup-MT and Theorem 5.7 in [16] it follows
that the multifunction w∗- ls gn admits a L1

E′ [E](μ) selector σ . Let (e′m) be
a fixed dense sequence in B̄E′ for the Mackey topology and define

gm
n,q = 1An,q (gn − �σ − e′m), (q,m ∈ N), (� = 0, 1).

It is obvious that the sequence (gm
n,q)n satisfies the condition L1- lim sup-MT

so that we may apply again Theorem 2.3 in [15]. Thus, using a standard
diagonal procedure, it is possible to find a subsequence (not relabeled) of
(gm

n,q) and f m∞,q ∈ L1
E′ [E](
,F , μ) such that

∀e ∈ E, lim
n→∞

1
n

n∑
i=1

〈e, hi(ω)〉 → 〈e, f m∞,q (ω)〉, a.e. ω ∈ 
, (4.1.2)

for every subsequence (hn) of (gm
n,q) with

f m∞,q (ω) ∈ w∗-cl co

⎛
⎝⋂

p=1

w∗-cl{gm
i,q(ω) : i ≥ p}

⎞
⎠ , a.e. ω ∈ 
.

As
sup
n
‖gm

n,q(ω)‖E′b ≤ |�q |(ω)+ �‖σ(ω)‖E′b + 1 < ∞
and the restriction of the w∗-topology to the closed ball (|�q |(ω) +
�‖σ(ω)‖E′b + 1)BE′ is metrisable, it follows that

w∗-ls gm
n,q(ω) =

⋂
p=1

w∗-cl({gm
i,q(ω) : i ≥ p}),
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for all q ∈ N, for all m ∈ N and for all ω ∈ 
. Hence

f m∞,q (ω) ∈ w∗ − cl co [w∗-ls gm
n,q(ω)], a.e. ω ∈ 
 (4.1.3)

for all q ∈ N and for all m ∈ N. Next, putting

Lq :=
i=q⋃
i=1

1Di
w∗-ls (gn∩�i)+1
\Di

σ, where Di := dom w∗-ls (gn∩�i),

φ(ω) := lim inf
n→∞

1
n

n∑
i=1

‖gi(ω)‖E′b ,

and

F�
m,σ (ω) :=BE′(f∞(ω)−�σ(ω), φ(ω)+�‖σ(ω)‖E′b+‖e′m‖E′b )), (�=0, 1),

we claim that

f∞(ω)−�σ(ω)∈w∗−cl(∪q≥1w
∗−clco[(Lq(ω)−�σ(ω))∪{e′m}]∩F�

m,σ(ω))

(4.1.4)

a.e., for all m ∈ N. Indeed, it follows from (3) and (4.1.2) that

‖(f∞(ω)− �σ(ω)− e′m)− f m∞,q (ω)‖E′b
= sup

e∈BE

|〈e, f∞(ω)− �σ(ω)− e′m〉 − 〈e, f m∞,q (ω)〉|

= sup
e∈BE

lim
n→∞

1
n
|

n∑
i=1

〈e, gi(ω)− �σ(ω)− e′m〉 − 〈e, gm
i,q(ω)〉|

= sup
e∈BE

lim
n→∞

1
n
|

n∑
i=1

〈e, 1Ac
i,q

(gi(ω)− �σ(ω)− e′m)〉|

≤ lim inf
n→∞

1
n

n∑
i=1

1
\Ai,q
‖gi(ω)− �σ(ω)− e′m‖E′b := φm

q (ω) (4.1.5)

a.e. Using Fatou lemma and (4.1.1) we get

lim
q→∞

∫
Ck

φm
q (ω)dμ ≤ lim

q→∞ lim inf
n→∞

1
n

n∑
i=1

∫
Ck∩(
\Ai,q )

‖gi(ω)− �σ(ω)− e′m‖E′
b

dμ

≤ lim
q→∞ sup

n

∫
Ck∩(
\An,q )

‖gn(ω)− �σ(ω)− e′m‖E′
b

dμ = 0,

for every k ∈ N. Hence the sequence (φm
q (ω))q converges to 0 in the Banach

space L1
R
(Ck) when q → ∞. By extracting subsequences, we may assume

that (φm
q )q converges to 0 a.e. on each Ck . From (4.1.3) and (4.1.5) we have
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f m∞,q (ω) ∈ co[w∗-lsgm
n,q(ω)] ∩ BE′(f∞(ω)− �σ(ω)− e′m, φm

q (ω)))

⊂ co[(Lq(ω)− �σ(ω)− e′m) ∪ {0}] ∩ (F �
m,σ (ω)− e′m) a.e,

because

co[w∗-lsgm
n,q (ω)] ⊂ co[w∗-ls((gn(ω)− �σ(ω)− e′m) ∩ (�q(ω)− �σ(ω)− e′m)) ∪ {0}]

⊂ co[(Lq(ω)− �σ(ω)− e′m) ∪ {0}],
and

φm
q (ω) ≤ φ(ω)+ �‖σ(ω)‖E′b + ‖e′m‖E′b .

We deduce that

dE′
b
(f∞(ω)− �σ(ω)− e′m, w∗ − clco[(Lq(ω)− �σ(ω)− e′m) ∪ {0}] ∩ (F �

m,σ (ω)− e′m)

≤ ‖f∞(ω)− �σ(ω)− e′m − f m∞,q (ω)‖E′b ≤ φm
q (ω).

As (φm
q )q converges to 0 a.e. on each Ck and μ(Ck) → 1, it follows that

f∞(ω)− �σ(ω)− e′m
∈ w∗ − cl

( ∪q≥1 w∗ − clco[(Lq(ω)− �σ(ω)− e′m) ∪ {0}] ∩ (F �
m,σ (ω)− e′m)

)

a.e., which is equivalent to (4.1.4). Now, to prove (4) we repeat an argument
in the proof of Theorem 8 in [2]. We assert that, for every subset C in E′,

w∗cl co C =
⋂
m

w∗cl co[C ∪ {e′m}]. (‡)

Indeed, assume that C is nonempty. If x′ /∈ w∗cl co C, there is e ∈ E and
r ∈ R such that

δ∗(e, C) < r < 〈e, x′〉.
Taking e′m in {y ∈ E′ : δ∗(e, C) < 〈e, y〉 < r} we get

w∗-cl co[C ∪ {e′m}] ⊂ {y ∈ E′ : 〈e, y〉 ≤ r}.

Hence x /∈ w∗-cl co[C ∪ {e′m}].
Applying (‡) in our case we get

w∗ − cl(∪q≥1w
∗ − cl co Lq(ω))

=
⋂
m≥1

w∗cl co[(∪q≥1w
∗cl co Lq(ω)) ∪ {e′m}]

=
⋂
m

w∗ − cl(∪q≥1w
∗ − clco[Lq(ω) ∪ {e′m}]), (4.1.6)
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for all ω ∈ 
, where the last equality follows from the fact that the sequence
(Lq) is increasing. Consequently, (4) follows from (4.1.4) for � = 0, and
(4.1.6). It remains to prove (5).
Step 2. Writing

F 1
m,σ (ω) = f∞(ω)− σ(ω)+ (φ(ω)+ ‖σ(ω)‖E′b + ‖e′m‖E′b )BE′(0, 1),

we deduce easily that F 1
m,σ ∈ L1

cwk(E′s )
(μ). On the other hand, it is not dif-

ficult to see that Lq is measurable (see, e.g., Theorem 5.4 in [12]) and so is
the multifunction w∗-cl co[Lq − σ ∪ {e′m}]. From these facts and (4.1.4) for
� = 1, it follows that the multifunction ∪q≥1w

∗-cl co[Lq −σ ∪ {e′m}] ∩F 1
m,σ

satisfies the conditions of Lemma 4.2. Then∫
A

w∗ − cl[∪q≥1w
∗-cl co[Lq − σ ∪ {e′m}] ∩ F 1

m,σ ] dμ

⊂ w∗-cl
(∫

A

∪q≥1w
∗-cl co[Lq − σ ∪ {e′m}] ∩ F 1

m,σ dμ

)

⊂ w∗-cl
(∫

A

∪q≥1w
∗-cl co[Lq − σ ∪ {e′m}] dμ

)
, (4.1.7)

for every m. Now an appeal to Lemma 4.4 shows that

w∗-cl
(∫

A

∪q≥1w
∗-cl co[Lq − σ ∪ {e′m}]

)
dμ

= w∗-cl
(∫

A

∪q≥1Lq − σ ∪ {e′m} dμ

)
. (4.1.8)

Thus using (4.1.4) for � = 1, (4.1.7) and (4.1.8) we get
∫

A

f∞−σ dμ∈
∫

A

⋂
m

w∗− cl[∪q≥1(w
∗-cl co[Lq−σ ∪ {e′m}] ∩ F 1

m,σ )] dμ

⊂
⋂
m

∫
A

w∗ − cl[∪q≥1

(
w∗-cl co[Lq − σ ∪ {e′m}]∩F 1

m,σ

)
] dμ

⊂
⋂
m

w∗-cl
(∫

A

∪q≥1Lq − σ ∪ {e′m} dμ

)

⊂
⋂
m

w∗-cl
(∫

A

w∗-ls gn − σ ∪ {e′m} dμ

)
,

where the last inclusion follows from the fact that, ∪q≥1Lq ⊂ w∗-ls gn.
On the other hand, noting that the multifunction w∗-ls gn is measurable, (by
Theorem 5.5 in [12]) and 0 ∈ w∗-ls gn − σ , we can prove easily that
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∫
A

w∗-ls gn − σ ∪ {e′m} dμ ⊂
∫

A

w∗-ls gn − σ dμ+
∫

A

{e′m} ∪ {0} dμ,

which implies

w∗-cl
(∫

A

w∗-ls gn − σ ∪ {e′m} dμ

)

⊂ w∗-cl
(∫

A

w∗-ls gn − σ dμ

)
+

∫
A

{e′m} ∪ {0} dμ,

since the set
∫
A
{e′m} ∪ {0} dμ is compact. Hence, there exists

a ∈ w∗-cl
(∫

A

w∗-ls gn − σ dμ

)
and bm ∈

∫
A

{e′m} ∪ {0} dμ

such that ∫
A

f∞ − σ dμ = a + bm,

for every m. But, taking a subsequence (e′mk
) of (e′m) which w∗-converges

to 0 one has limk→∞〈x, bmk
〉 = 0. Indeed, choose sm in S1

{e′m}∪{0} such that∫
A

sm dμ = bm. Then we have

|〈x, bm〉| = |〈x,

∫
A

sm dμ〉| = |
∫

A

〈x, sm〉 dμ|

≤
∫

A

|〈x, sm〉| dμ ≤
∫

A

|〈x, e′m〉| dμ = μ(A)|〈x, e′m〉|.

Hence ∫
A

f∞ − σ dμ ∈ w∗-cl
∫

A

w∗-ls gn − σ dμ.

Equivalently ∫
A

f∞ dμ ∈ w∗-cl
(∫

A

w∗- ls gn dμ

)
.

�

From Theorem 4.1, we get easily the following version of Fatou lemma.

Corollary 4.7. Let E be a separable Banach space. Let (fn) be sequence in
the space L1

E′ [E](μ) such that:

(i) (fn) satisfies the condition L1- lim sup-MT.
(ii) For every x ∈ E, the sequence (〈x, fn〉) is uniformly integrable.

(iii) There exists b ∈ E′ such that b = w∗- limn→∞
∫



fndμ.
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Then there exists f∞ ∈ L1
E′ [E](μ) such that:

(j) b = ∫



f∞dμ.
(jj) For almost all ω ∈ 
 one has f∞(ω) ∈ w∗-cl co [w∗- lsfn(ω)].

(jjj) In particular, if μ is nonatomic, then
∫




f∞dμ ∈ w∗-cl
(∫




w∗-ls fn dμ

)
.

We end this section by the following version of Fatou which is an analog of
Corollary 4.4 [16] in the framework of L1

E′ [E](μ) space.

Corollary 4.8. Let E is a separable Banach space. Let (fn) be a sequence in
L1

E′ [E](
,F , μ) satisfying the condition L1- lim sup-MT. If μ is nonatomic,
then the following inclusion holds

w∗- ls

∫



fn dμ ⊂ w∗-cl
∫




w∗- ls fn dμ− C∗,

where C is the cone of all x ∈ E for which (max[0, 〈−x, fn〉]) is uniformly
integrable and C∗ is the polar cone of C.

Proof. Let b be an arbitrary element of w∗- ls
∫



fn dμ. Then there exist a
subsequence of (fn) (not relabeled) such that b = w∗ − limn

∫



fn dμ. An
appeal to Theorem 4.1 produces a function f∞ ∈ L1

E′ [E](μ), a subsequence
(gn) of (fn) and an increasing sequence (Ck) in F with limk μ(Ck) = 1 for
which (1)–(5) hold.

Let ε > 0 and x ∈ C be given. Pick k0 ≥ 1 such that∫
Ck0

〈x′, f∞〉 dμ ≥
∫




〈x′, f∞〉 dμ− ε

and that
lim sup

n

∫

\Ck0

〈x, gn〉− dμ ≤ ε.

These two inequalities combined with (1) and a routine computation give

〈x, b〉 ≥ lim
n

∫
Ck0

〈x, gn〉 dμ− lim sup
n

∫

\Ck0

〈x, gn〉− dμ

≥ lim
n

∫
Ck0

〈x, gn〉 dμ− ε

=
∫

Ck0

〈x, f∞〉 dμ− ε

≥
∫




〈x, f∞〉 dμ− 2ε.
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Thus 〈x, b〉 ≥ ∫


〈x, f∞〉 dμ. As μ is nonatomic, by (5), we conclude that

b ∈
∫




f∞ dμ− C∗ ∈ w∗-cl
(∫




w∗-ls fndμ

)
− C∗.

�

5. Convergences in G1
E′ [E](μ)

In this section we proceed to a new convergence result in the space
G1

E′ [E](μ) of scalarly integrable mappings f : 
 → E′ and its appli-
cations to Fatou lemma. Since |f | /∈ L1

R
(μ), this study involves both the

L0- lim sup-Mazur and the scalar L1- lim inf-Mazur tightness conditions by
contrast with the L1- lim sup-Mazur tightness condition occurring in the
space L1

E′ [E](μ). Before going further, we need the following G1
E′ [E]-

extension of Lemma 4.4.

Lemma 5.1. Assume that μ is nonatomic and let (	q)q≥1 be a sequence of
measurable multifunctions from 
 to σ(E′, E)- compact subsets of E′. Sup-
pose that 1dom	q 	q is scalarly integrable, for all q,and G-S1∪q≥1	q

�= ∅.
Then:
(a) w∗-cl (G− ∫



∪qw∗-clco	q dμ) = w∗-cl (G− ∫



∪q	q dμ).

(b) ∀A ∈ F , w∗-cl (G− ∫
A

co ∪q 	q dμ) = w∗-cl (G− ∫
A
∪q	q dμ).

Proof. Let σ be a fixed element of G-S1∪q≥1	q
and set

�q := ∪i=q

i=1(1dom	i
	i + 1
\dom	i

σ ).

Then (�q) is increasing, dom�q = 
, for all q, and ∪q�q = ∪q	q. Next,
for each q ∈ N and each F ∈ F , define the following multifunction:

�F,q := 1F w∗-cl co�q + 1
\F σ.

We claim that

seq w∗-cl
(

G-
∫

A

∪q∈Nw∗-cl co �q dμ

)
= seq w∗-cl

(
G-

∫
A

∪q∈N ∪F∈F �F,q dμ

)
.

Here seq w∗-cl(Y ) denotes the sequential w∗-closure of a set Y ⊂ E′. Since,
for each q ∈ N and each F ∈ F , �F,q ⊂ ∪q∈Nw∗-cl co�q , it suffices to
prove the inclusion

G-
∫

A

∪q∈Nw∗-cl co �q dμ ⊂ seq w∗-cl

⎛
⎝⋃

q∈N

⋃
F∈F

G-
∫

A

�F,q dμ

⎞
⎠ .

(5.1.1)
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To show this, take s ∈ G-S1∪q≥1w∗-cl co	q
and for each q ∈ N, define a set

Fq ∈ F and an G1
E′ [E](μ) selector, sq , of �Fq,q as follows:

Fq := {ω ∈ 
 : s(ω) ∈ w∗-cl co�q(ω)} and sq := 1Fqs + 1
\Fq σ.

Then we have

∀x ∈ E,

∫



|〈x, s − sq〉| dμ ≤
∫


\Fq

|〈x, s〉|dμ+
∫


\Fq

|〈x, σ 〉|dμ.

Since limq→∞ μ(
 \ Fq) = 0, the preceding estimation implies that

s ∈ seq w∗-cl (G-
∫

A

∪q∈N ∪F∈F �F,q dμ).

Thus the desired inclusion follows.
On the other hand, since, for each q ∈ N, the multifunction �q satisfies

all the conditions of Lemma 4.3. we have

∀q ∈ N, ∀A ∈ F , G-
∫

A

w∗-cl co�qdμ = w∗-cl (G-
∫

A

�qdμ).

Consequently ∀q ∈ N, ∀F ∈ F , ∀A ∈ F ,

G-
∫

A

�F,qdμ = G-
∫

A

1F w∗-cl co�qdμ+
∫

A

1
\F σdμ

= w∗-cl (G-
∫

A

1F �qdμ)+
∫

A

1
\F σdμ

= w∗-cl (G-
∫

A

(1F �q + 1
\F σ)dμ).

This yields ∀A ∈ F ,

w∗-cl (
⋃
q∈N

⋃
F∈F

G-
∫

A

�F,q dμ)=w∗-cl (
⋃
q∈N

⋃
F∈F

G-
∫

A

1F �q+1
\F σdμ).

(5.1.2)

Since 1F �q + 1
\F σ ⊂ ∪q∈N	q , for all q ∈ N and all F ∈ F , from (5.1.1)
and (5.1.2) we deduce

∀A ∈ F , w∗-cl (G-
∫

A

∪q≥1w
∗-cl co	q dμ) ⊂ w∗-cl (G-

∫
A

∪q∈N	qdμ).

Hence the equality (a) follows. Finally, the equality (b) is a consequence of
the preceding inclusion and the fact that

co ∪q∈N 	q ⊂ ∪q≥1w
∗-cl co	q.

�
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The following result is a reformulation of Proposition 4.5 for the multi-
valued Gelfand integral. Its proof is similar using Lemma 5.1.
Proposition 5.2. Let (Xn) be a sequence of measurable multifunctions with
values in E′. If μ is nonatomic and if the set G-S1

w∗-ls Xn
is nonempty, then

for all A ∈ F , the equalities

w∗-cl
(

G-
∫
A
∪qw∗-clcow∗-ls (Xn ∩ BE′ (0, q)) dμ

)
= w∗-cl

(
G-

∫
A

w∗-ls Xn dμ

)
,

w∗-cl
(

G-
∫

A

cow∗-ls Xn dμ

)
= w∗-cl

(
G-

∫
A

w∗-ls Xn dμ

)
,

hold. Moreover, the set w∗-cl
(
G-

∫
A

w∗-ls Xn dμ
)

is w∗-closed and convex.

In particular, if Xn = �, for all n, where � : 
 ⇒ E′ is a measurable
multifunction such that G-S1

� �= ∅, then

∀A ∈ F , w∗-cl
(

G-
∫

A

co�

)
= w∗-cl

(
G-

∫
A

� dμ

)
.

Consequently the set w∗-cl
(
G-

∫
A

� dμ
)

is w∗-closed and convex

Theorem 5.3. Let E is a separable Banach space. Let (fn) be a in
G1

E′ [E](μ) satisfying the following conditions:

(i) (fn) is L0- lim sup-MT.
(ii) (fn) is scalarly L1- lim inf-MT.

Then there exist a function f∞ ∈ G1
E′ [E](μ), a subsequence (gn) of (fn) and

a sequence (Ck) in F with limk μ(Ck) = 1 such that the following hold:

(1) ∀k ∈ N, ∀n ≥ k, 1Ck
gn ∈ L1

E′ [E](μ), 1Ck
f∞ ∈ L1

E′ [E](μ).
(2) (1Ck

‖gn‖E′b )n≥k is uniformly integrable in L1
R
(μ) for each k.

(3)

∀v ∈ L∞E (
,F , μ), lim
n→∞,n≥k

∫
Ck

〈v, gn〉dμ =
∫

Ck

〈v, f∞〉dμ.

(4) (gn) weakly Komlós converges to f∞.

(5) f∞(ω) ∈ w∗-cl co [w∗- ls gn(ω)] a.e.
(6) If μ is nonatomic, then ∀A ∈ F ,

(∈1)
∫
A

1Ck
f∞ dμ ∈ w∗-cl

(∫
A

1Ck
w∗-ls gn dμ

)
.

(∈2)∫
A

f∞ dμ∈w∗-cl
(

G-
∫

A

w∗-ls fn dμ

)
provided that G-S1

w∗- ls fn
�= ∅.



48 C. Castaing and M. Saadoune

Proof. On account of the L0- lim sup-MT tightness condition (i) and
Proposition 3.4, we provide a subsequence (gn) of (fn), a measurable func-
tion ϕ∞ : 
 �→ R

+, and a sequence (Ck) in F with limk μ(Ck) = 1 such
that

lim
n→∞

∫
A∩Ck

|gn| dμ =
∫

A∩Ck

ϕ∞ dμ < ∞,

for all k ∈ N and for all A ∈ F . In view of this equality, we observe that, for
each k ∈ N, every subsequence (hn) of (gn) admits a subsequence (hk

n) with∫
Ck
|hk

n| dμ < ∞, for all n ∈ N, such that (1Ck
hk

n) is uniformly integrable.
Using this fact and applying Theorem 4.1 to (1Ck

gn) via a standard diagonal
procedure, it is possible to find a subsequence of (gn) (not relabeled) and a
function f k∞ ∈ L1

E′ [E](μ) such that

(1Ck
gn)n≥k is uniformly integrable in L1

E′ [E](μ),

(1Ck
gn) weakly Komlós converges to f k∞,

∀k ∈ N, ∀v ∈ L∞E (
,F , μ), lim
n→∞,n≥k

∫



〈v, 1Ck
gn〉dμ=

∫



〈v, f k∞〉dμ,

f k∞(ω) ∈ w∗-cl co [w∗- ls gn(ω)] a.e ω ∈ Ck.

Furthermore, if μ is nonatomic, then

∀A ∈ F ,

∫
A

f k∞ dμ ∈ w∗-cl
(∫

A

w∗-ls 1Ck
gn dμ

)
.

Put
C′1 := C1 and C′k := Ck \ Ck−1 for k > 1,

and

f∞ :=
k=∞∑
k=1

1C′k f
k∞.

Since 1
n

∑n
i=1 gi w∗-converges to f k∞ a.e. on each Ck and (Ck) ↑, it follows

that
∀k,∀j ≤ k, f

j∞ = f k∞ a.e on Cj ,

and then
∀k, f∞ = f k∞ a.e on Ck.

Consequently we get

(gn) weakly Komlós converges to f∞,

∀k ∈ N, ∀v ∈ L∞E (
,F , μ), lim
n→∞,n≥k

∫
Ck

〈v, gn〉dμ =
∫

Ck

〈v, f∞〉dμ,
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f∞(ω) ∈ w∗-cl co [w∗- ls gn(ω)] a.e.

and, if μ is nonatomic, we have

∀A ∈ F ,

∫
A∩Ck

f∞ dμ =
∫

A∩Ck

f k∞ dμ ∈ w∗-cl
(∫

A∩Ck

w∗-ls 1Ck
gn dμ

)

= w∗-cl
(∫

A

w∗-ls 1Ck
gn dμ

)
.

thus proving (1), (2), (3), (4), (5) and (6)-(∈1). Next, let us show that f∞ is
scalarly integrable. Fix x in E. By conditions (i), (ii) and Proposition 3.6,
the sequence (〈x, gn〉) is L1- lim sup-MT. So, applying Proposition 3.4 to the
sequence (〈x, gn〉), provides a function ϕx∞ ∈ L1

R+(μ), a subsequence of (gn)

still denoted (gn) and an increasing sequence (Cx
k ) in F with limk μ(Cx

k ) = 1
such that, for every k ∈ N, the following holds:

∀A ∈ F , lim
n→∞

∫
A∩Cx

k

|〈x, gn〉| dμ =
∫

A∩Cx
k

ϕx∞ dμ.

Using successively this equality, conclusion (4) and the classical Fatou
lemma we get

∫
Cx

k

|〈x, f∞〉| dμ =
∫

Cx
k

lim
n→∞ |

1
n

n∑
i=1

〈x, gi〉| dμ≤
∫

Cx
k

lim inf
n→∞

1
n

n∑
i=1

|〈x, gi〉|dμ

≤ lim inf
n→∞

1
n

n∑
i=1

∫
Cx

k

|〈x, gi〉|dμ

= lim
n→∞

∫
Cx

k

|〈x, gn〉| dμ =
∫

Cx
k

ϕx∞ dμ

for all k ∈ N. Whence
∫


|〈x, f∞〉| dμ= lim

k→∞

∫
Cx

k

|〈x, f∞〉| dμ ≤ lim
k→∞

∫
Cx

k

ϕx∞ dμ =
∫



ϕx∞ dμ < ∞,

proving the required integrability property. Finally, let us prove the second
inclusion of (6). Let σ ∈ G-S1

w∗- ls fn
. Then from (∈1) and the inclusion

0 ∈ w∗-ls fn − σ , it follows that
∫

A∩Ck

(f∞ − σ) dμ ∈ w∗-cl
(

G−
∫

A

1Ck

(
w∗-ls fn − σ

)
dμ

)

⊂ w∗-cl
(

G−
∫

A

w∗-ls fn − σ dμ

)
,
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for every k ∈ N and every A ∈ F . Consequently, since f∞ and σ are scalarly
integrable, one has ∀x ∈ E,∀A ∈ F ,〈
x,

∫
A

f∞ − σ dμ

〉
=

∫
A

〈x, f∞ − σ 〉 dμ = lim
k→∞

∫
A

〈
x, 1Ck

(f∞ − σ)
〉
dμ

= lim
k→∞

〈
x,

∫
A

1Ck
(f∞ − σ) dμ

〉

≤ δ∗
(

x,w∗-cl
(

G−
∫

A

w∗-ls fn − σ dμ

))
.

Moreover, by Proposition 5.2, the set w∗-cl(G−∫
A

w∗-ls fn dμ) is w∗-closed
convex and so is w∗-cl(G− ∫

A
w∗-ls fn − σ dμ). Hence we get

∀A ∈ F ,

∫
A

f∞ − σ dμ ∈ w∗-cl
(

G−
∫

A

w∗-ls fn − σ dμ

)
.

Thus ∫
A

f∞ dμ ∈ w∗-cl
(

G−
∫

A

w∗-ls fn dμ

)
.

This completes the proof. �

The following result is a direct consequence of Theorem 5.3, Corol-
lary 4.6 and Theorem 5.8 in [12].

Corollary 5.4. Let E is a separable Banach space. Let (fn) be a sequence in
G1

E′ [E](μ) satisfying the following two conditions

(i) (fn) is L0- lim sup-MT.
(ii) (fn) is scalarly L1- lim inf-MT.

(iii) lim inf |fn| ∈ L1
R
(μ).

Then there exist a function f∞ ∈ G1
E′ [E](μ), a subsequence (gn) of (fn) and

a sequence (Ck) in F with limk μ(Ck) = 1 satisfying (1)–(5) of Theorem 5.3
and, if μ is nonatomic, then

(6′) ∀A ∈ F ,

∫
A

f∞ dμ ∈ w∗-cl
(∫

A

w∗-ls fn dμ

)
.

Theorem 5.3 extends Theorem 4.1 to the space G1
E′ [E](μ), by the way,

we get the following G1
E′ [E](μ)-extension of Corollary 4.8.

Corollary 5.5. Suppose that μ is nonatomic, E is a separable Banach space
and (fn) is a sequence in G1

E′ [E](μ) satisfying the following two conditions

(i) (fn) is L0- lim sup-MT.
(ii) (fn) is scalarly L1- lim inf-MT.

(iii) lim inf |fn| ∈ L1
R
(μ).
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Then the following inclusion holds

w∗- ls

∫



fn dμ ⊂ w∗-cl
(∫




w∗- ls fn dμ

)
− C∗,

where C is the cone of all x ∈ E for which (max[0, 〈−x, fn〉]) is uniformly
integrable and C∗ is the polar cone of C.

The proof is the same as that of Corollary 4.8 using Corollary 5.4 and is
omitted. �

6. Convergences in L1
cwk(E′

s )
(μ) and G1

cwk(E′
s )
(μ)

Our main result in this section is concerned with new convergence results in
the space L1

cwk(E′s )
(μ) and G1

cwk(E′s )
(μ).

Theorem 6.1. Let (Xn) be a sequence in L1
cwk(E′s )

(μ) satisfying the condi-

tion L1- lim sup-MT. Then there exist a subsequence (X′n) of (Xn), X∞ ∈
L1

cwk(E′s )
(μ) and a sequence (Dk) in F with limk μ(Dk) = 1 such that the

following hold:

(1) (|X′n|) is uniformly integrable in L1
R
(Dk)(μ) on each Dk .

(2) (X′n) weakly Komlós converges to X∞.
(3) (X′n) dm∗ -Wijsman Komlós converges a.e. to X∞.
(4) (X′n) weakly biting converges to X∞.

∀k ≥ 1, ∀v ∈ L∞E (
,F , μ), lim
n→∞

∫
Dk

δ∗(v,X′n)dμ =
∫
Dk

δ∗(v,X∞)dμ,

(5) X∞(ω) ⊂ w∗-cl co [w∗- ls Xn(ω)] a.e.
(6) If μ is nonatomic then

∀A ∈ F ,

∫
A

X∞ dμ ⊂ w∗-cl
(∫

A

w∗-ls X′n dμ

)
.

Proof. We will use several arguments of the proof of Theorem 4.1 with ap-
propriate modifications.
Step 1. On account of the condition L1- lim sup-M, Theorem 2.1 in [15]
and Proposition 3.4, there exist a subsequence (X′n) of (Xn) a function
ϕ ∈ L1

R
(μ) and an increasing sequence (Dk) in F with limk μ(Dk) = 1

such that

(|X′n|) is uniformly integrable in L1
R
(Dk)(μ) on eachDk, (6.1.1)
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lim
n→∞

1
n

n∑
i=1

|Yi |(ω) = ϕ(ω) exists a.e., and (6.1.2)

lim
n→∞ δ∗

(
xp,

1
n

n∑
i=1

Yi

)
exists a.e. (6.1.3)

for every subsequence (Yn) of (X′n). On the other hand, in view of
Proposition 3.8, we may suppose, for simplicity, that (X′n) is compactly
cwk(E′s)-tight. Consequently, we can construct a non decreasing sequence,
(Kq), in L1

cwk(E′s )
(μ) such that

∀n, μ(
 \ {ω ∈ 
 : X′n(ω) ⊂ Kq(ω)}) ≤ 1
q

. (6.1.4)

Next, for every p ∈ N, pick a maximal L1
E′ [E](μ)-selection vn,p of X′n,

that is
δ∗(xp,X′n) = 〈xp, vn,p〉.

It is clear that (vn,p) is also L1- lim sup-MT and we have

∀n, μ(
\ {ω ∈ 
 : vn,p(ω) ⊂ Kq(ω)}) ≤ μ(
\ {ω ∈ 
 : X′n(ω) ⊂ Kq(ω)}) ≤ 1
q

.

As in the proof of Theorem 4.1, let us set

Qq :=
i=q⋃
i=1

1Bi
w∗-ls (X′n ∩Ki)+ 1
\Bi

τ,

where Bi := dom w∗-ls (X′n ∩Qi) and τ a fixed L1
E′s

(μ)-integrable selector
of w∗-lsX′n (such a function is ensured by Theorem 5.7 in [16]). Repeating
mutandis the arguments of the proof of Theorem 4.1 for the sequence (vn,p)n
instead of (fn) but replacing (Ck), �q , Lq , φ and σ respectively by (Dk), Kq ,
Qq , ϕ and τ , we can always find a subsequence of (vn,p) (not relabeled) and
v∞,p ∈ L1

E′ [E](μ) for each p ∈ N, such that

(vn,p) weakly Komlós converges to v∞,p ∈ L1
E′ [E](μ) for each p ∈ N

(6.1.5)

v∞,p(ω)−�τ(ω) ∈ w∗ − cl[∪q≥1(w∗-cl co[Qq(ω)− �τ(ω) ∪ {e′m}] ∩G�
m,τ (ω))],

(6.1.6)
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where

G�
m,τ (ω) :=BE′(v∞,p(ω)−�τ(ω), ϕ(ω)+�‖τ(ω)‖E′b+‖e′m‖E′b ), (�=0, 1).

Step 2. Let us prove (2) and (3). To do this consider the multifunctions

Sn = 1
n

n∑
i=1

X′i and X∞ = w∗-li 1
n

n∑
i=1

X′i ,

where w∗-li Cn is the sequential weak∗ lower limit of a sequence (Cn) in 2E′

defined by

w∗-li Cn = {x′ ∈ E′ : x′ = σ(E′, E)- lim
n→∞ x′n; x′n ∈ Cn}.

Then, by (6.1.2), (Sn) is pointwise bounded a.e., and X∞ is cwk(E′s)-valued,
the w∗-closedness of X∞ follows easily from the fact that the restriction of
the weak* topology to bounded sets is metrizable. Moreover, v∞,p ∈ S1

X∞
and we have

lim
n→+∞ δ∗(xp, Sn(ω)) = lim

n

〈
xp,

1
n

n∑
i=1

vi,p

〉
= 〈

xp, v∞,p

〉 ≤ δ∗(xp, X∞(ω)) a.e.

On the other hand it easy to see that

δ∗(xp,X∞(ω)) ≤ lim
n→∞ δ∗(xp, Sn(ω)) a.e.

Whence we get

lim
n→∞ δ∗(xp, Sn(ω)) = δ∗(xp,X∞(ω)) a.e. (6.1.7)

We will use an argument in [10, Lemma 3.2]. We have

|δ∗(x, Sn)− δ∗(x,X∞)| ≤ max{δ∗(x − xp, Sn), δ
∗(xp − x, Sn)}

+|δ∗(xp, Sn)− δ∗(xp,X∞)|
+max{δ∗(x − xp,X∞), δ∗(xp − x,X∞)

for all x′ ∈ E′ and for all j . Now let x ∈ BE and ε > 0. There is xp ∈ D

such that ||x − xp|| ≤ ε. Then we have

|δ∗(x, Sn)−δ∗(x,X∞)| ≤ ε sup
n
|Sn|+|δ∗(xp, Sn)−δ∗(xp,X∞)|+ε |X∞|.

Thus, by (6.1.7) and the pointwise boundedness of (Sn), it follows

∀x ∈ E, lim
n→∞ δ∗(x, Sn(ω)) = δ∗(x,X∞(ω)) a.e. (6.1.8)
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By this equality, X∞ is scalarly measurable, and hence measurable, (see, e.g.,
Corollary 5.3, [12]). Furthermore, returning again to (6.1.2), we get

|X∞| ≤ lim inf
n→∞ |Sn| ≤ lim

n→∞
1
n

n∑
i=1

|X′i | dμ = ϕ,

hence
∫


|X∞| dμ < ∞.

Next, we claim that

lim
n

dE′
m∗ (x

′, Sn) = dE′
m∗ (x

′, X∞),

for all x′ ∈ E′ and almost all ω ∈ 
. Indeed, since the multifunctions Sn and
X∞ are cwk(E′s)-valued and p(x′) := dE′

m∗ (0, x′) is a m∗-continuous semi-
norm, we can invoke Theorem II.18 in [17], which, together with (6.1.8),
entail

lim inf
n

dE′
m∗ (x

′, Sn) = lim inf
n

sup
x∈U0

[〈x, x′〉 − δ∗(x, Sn)]

≥ sup
x∈U0

lim
n
[〈x, x′〉 − δ∗(x, Sn)]

= sup
x∈U0

[〈x, x′〉 − δ∗(x,X∞)]

= dE′
m∗ (x

′, X∞)

for every x′ ∈ E′ and for almost all ω ∈ 
, where U := {x′ ∈ E′ : p(x′)<1}
and U0 its polar. By definition of X∞ we have

lim sup
n

dE′
m∗ (x

′, Sn)) ≤ dE′
m∗ (x

′, X∞),

for every x′ ∈ E′ and for almost all ω ∈ 
. Hence

lim
n

dE′
m∗ (x

′, Sn)) = dE′
m∗ (x

′, X∞),

for every x′ ∈ E′ and for almost all ω ∈ 
.

Applying the results obtained above for the sequence (X′n) to any other
subsequence (Yn) of (X′n) gives X′∞ ∈ L1

cwk(E∗s )(μ) such that

∀x ∈ E, lim
n→∞ δ∗

(
x,

1
n

n∑
i=1

Yi(ω)

)
= δ∗

(
x,X′∞(ω)

)
a.e.

∀x′ ∈ E′, lim sup
n

dE′
m∗

(
x′, 1

n

n∑
i=1

Yi(ω)

)
= dE′

m∗
(
x′, X′∞

)
, a.e.
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Then returning to (6.1.3) and (6.1.8) we deduce that X∞ = X′∞, thus com-
pleting the proof of (2) and (3).
Step 3. Using (6.1.1), conclusion (2) and Lebegue–Vitali theorem, we get

∀k ≥ 1, ∀v ∈ L∞E (
,F , μ), lim
n→∞

∫
Dk

δ∗(v,
1
n

n∑
i=1

Yi)dμ=
∫
Dk

δ∗(v, X∞)dμ,

for every subsequence (Yn) of (X′n). This is equivalent to

∀k ≥ 1, ∀v ∈ L∞E (
,F , μ), lim
n→∞

∫
Dk

δ∗(v,X′i )dμ=
∫

Dk

δ∗(v,X∞)dμ,

thus proving (4).
Step 4. To prove (5) and (6) let us set

r1(ω) := |X∞|(ω)+ ϕ(ω)+ ‖e′m‖E′b and

r2(ω) := |X∞|(ω)+ 2‖τ(ω)‖E′b + ϕ(ω)+ ‖e′m‖E′b .
Since v∞,k ∈ S1

X∞ , it follows from (6.1.6) for � = 0 that

δ∗(xp,X∞(ω)) = 〈xp, v∞,j (ω)〉
≤ δ∗(xp,w∗ − cl

[∪q≥1w
∗-cl co[Qq(ω) ∪ {e′m}]

∩w∗-cl co
⋃

s∈S1
X∞

BE′(s(ω), ϕ(ω)+ ‖e′m‖E′b )
]
)

≤ δ∗
(
xp,w∗ − cl

[∪q≥1w
∗-cl co[Qq(ω) ∪ {e′m}] ∩ BE′(0, r1(ω))

])
,

for every p and for every m. Since the multifunction

ω ⇒ w∗ − cl[∪q≥1(w
∗-cl co[Qq(ω) ∪ {e′m}] ∩ BE′(0, r1(ω)))]]

is cwk(E′s)-valued, E′s is Suslin and its dual is equal to E, by virtue of
Proposition III-35 in [17], the preceding inequality entails

X∞(ω) ⊂ w∗ − cl
[∪q≥1w

∗-cl co[Qq(ω) ∪ {e′m}] ∩ BE′(0, r1(ω))
]

⊂ w∗ − cl (∪q≥1w
∗-cl co[Qq(ω) ∪ {e′m}]). (6.1.9)

Similarly, using again (6.1.6) but this time for � = 1, we obtain

X∞(ω)−τ(ω) ⊂ w∗− cl
[∪q≥1(w∗-cl co[Qq(ω)−τ(ω) ∪ {e′m}]∩BE′(0, r2(ω))

]
.

(6.1.10)



56 C. Castaing and M. Saadoune

Inclusion (5) is a consequence of (6.1.9). Indeed, it suffices to proceed as in
the Step 1 of the proof of Theorem 4.1, by using an argument in the proof of
Theorem 8 in [2]. Finally, to prove (6) take u ∈ S1

X∞ and note that (6.1.10)
entails

u(ω)−τ(ω) ∈ w∗−cl
[∪q≥1w

∗-cl co[Qq(ω)−τ(ω)∪{e′m}]∩BE′(0, r2(ω))
]
.

Since the sequence
(
w∗-cl co[Qq(ω) − τ ∪ {e′m}] ∩ BE′(0, r2(ω))

)
satisfies

all the conditions of Lemma 4.4, repeating exactly the same arguments as in
the Step 2 of the proof of Theorem 4.1, we deduce that

∫
A

u dμ ∈ w∗-cl
(∫

A

∪q≥1Q
′
q dμ

)
= w∗-cl

(∫
A

w∗- ls X′n dμ

)
,

which yields the desired inclusion (6). �

From Theorem 6.1 we derive the following Biting lemma in L1
cwk(E′s )

(μ).

We refer to [8, 9, 14] dealing with Biting lemma in L1
cwk(E)(μ).

Corollary 6.2. Suppose that E is a separable Banach space, (Xn) is a
bounded sequence in L1

cwk(E′s )
(μ). Then there exist a subsequence (X′n) of

(Xn) and X∞ ∈ L1
cwk(E′s )

(μ) such that the following hold:

(i) (X′n) weakly biting converges to X∞
(ii) X∞(ω) ⊂ w∗clco [w∗- ls X′n(ω)] a.e.

Our second main result presents a version of Theorem 5.3 for multifunc-
tions in the space G1

cwk(E′s )
(μ). The L1- lim sup-MT condition is replaced by

the L0 − lim sup and the scalar L1 − lim inf Mazur tightness conditions

Theorem 6.3. Let (Xn) be a sequence in G1
cwk(E′s )

(μ) satisfying the following
conditions:

(i) (Xn) is L0- lim sup-MT.
(ii) (Xn) is scalarly L1- lim inf-MT.

Then there exist a subsequence (X′n) of (Xn), X∞ ∈ G1
cwk(E′s )

(μ) and a se-
quence (Dk) in F with limk μ(Dk) = 1 such that the following hold:

(1) ∀k ∈ N, ∀n ≥ k, 1Ck
X′n ∈ L1

cwk(E′s )
(μ), 1Ck

X∞ ∈ L1
cwk(E′s )

(μ).

(2) (1Ck
|X′n|)n≥k is uniformly integrable in L1

R
(μ) for each k.

(3) (X′n) weakly Komlós converges to X∞.
(4) (X′n) dm∗ -Wijsman Komlós converges a.e. to X∞.
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(5)

∀k ≥ 1, ∀v ∈ L∞E (
,F , μ), lim
n→∞,n≥k

∫
Dk

δ∗(v, X′n)dμ =
∫
Dk

δ∗(v, X∞)dμ.

In particular,

∀x ∈ E, lim
n→∞

∫
Ck

δ∗(x,X′n)dμ =
∫

Ck

δ∗(x,X∞)dμ.

(6) X∞(ω) ⊂ w∗-cl co [w∗- ls X′n(ω)] a.e.
(7) If μ is nonatomic then ∀A ∈ F ,

(⊂1)
∫
A

1Dk
X∞ dμ ⊂ w∗-cl

(∫
A

1Dk
w∗-ls X′n dμ

)
.

(⊂2) G-
∫
A

X∞ dμ ⊂ w∗-cl (G-
∫
A

w∗-ls Xn dμ), provided that G-S1
w∗- ls Xn

�= ∅.

Proof. Reasoning as in the beginning of the proof of Theorem 5.3 by
using Proposition 3.6 and Theorem 6.1, we find a subsequence (X′n) of
(Xn), Xk∞ ∈ L1

cwk(E′s )
(μ) and an increasing sequence (Dk) in F with

limk μ(Dk) = 1 such that ∀k ∈ N,

(1Dk
|X′n|)n≥k is uniformly integrable in L1

E′ [E](μ).

(1Dk
X′n) weakly Komlós converges to Xk∞.

∀v ∈ L∞E (
,F , μ), lim
n→∞,n≥k

∫



δ∗(v, 1Dk
X′n(ω))dμ=

∫



δ∗(v,Xk∞)dμ.

Xk∞(ω) ⊂ w∗-cl co w∗- ls X′n(ω) a.e. on each Dk.

Furthermore, if μ is nonatomic, then

∀A ∈ F ,

∫
A

Xk∞ dμ ⊂ w∗-cl
(∫

A

w∗-ls 1Dk
X′n dμ

)
.

Put
D′

1 := D1 and D′
k := Dk \Dk−1 for k > 1,

and

X∞ :=
k=∞∑
k=1

1D′
k
Xk∞.

Since 1
n

∑n
i=1 δ∗(x,X′i (ω)) converges to δ∗(x,Xk∞(ω)) for all x ∈ E and for

almost everywhere ω ∈ Dk and (Dk) ↑, it follows that

∀k,∀j ≤ k, δ∗(x,X
j∞(ω)) = δ∗(x,Xk∞(ω)),
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for all x ∈ E and for almost everywhere ω ∈ Dj . Hence

∀k,∀j ≤ k, X
j∞ = Xk∞ a.e. on Dj,

which yields
∀k, X∞ = Xk∞ a.e. on Dk.

Consequently we get

(X′n) weakly Komlós converges to X∞,

∀k ∈ N,∀v ∈ L∞E (
,F , μ), lim
n→∞,n≥k

∫
Dk

δ∗(v,X′n)dμ =
∫
Dk

δ∗(v, X∞)dμ,

X∞(ω) ⊂ w∗-cl co [w∗- ls X′n(ω)] a.e.

and, if μ is nonatomic, we have

∀A ∈ F ,

∫
A

1Dk
X∞ dμ =

∫
A

1Dk
Xk∞ dμ =

∫
A∩Dk

Xk∞ dμ

⊂ w∗-cl (
∫

A∩Dk

w∗-ls 1Dk
X′n dμ) = w∗-cl (

∫
A

w∗-ls 1Dk
X′n dμ)

whence follow (1), (2), (3), (4), (5), (6) and (7)-(⊂1). Next, let us show that
X∞ is scalarly integrable. Fix x in E. By conditions (i), (ii) and Propo-
sition 3.5, the sequence (δ∗(x,X′n)) is L1- lim sup-MT. Applying Proposi-
tion 3.4, provides a function θx∞ ∈ L1

R+(μ), a subsequence of (X′n) still de-
noted (X′n) and a sequence (Bx

k ) in F with limk μ(Bx
k ) = 1 such that, for

every k ∈ N, the following holds:

∀A ∈ F , lim
n→∞

∫
A∩Bx

k

|δ∗(x,X′n)| dμ =
∫

A∩Bx
k

θx∞ dμ.

This equality, conclusion (3) and the classical Fatou lemma entail

∫
Bx

k

|δ∗(x,X∞)| dμ =
∫

Bx
k

lim
n→∞ |

1
n

n∑
i=1

δ∗(x,X′i )| dμ

≤
∫

Bx
k

lim inf
n→∞

1
n

n∑
i=1

|δ∗(x,X′i )|dμ

≤ lim inf
n→∞

1
n

n∑
i=1

∫
Bx

k

|δ∗(x,X′i )|dμ

= lim
n→∞

∫
Bx

k

|δ∗(x,X′n)| dμ =
∫

Bx
k

θx∞ dμ
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for all k ∈ N. Whence∫



|δ∗(x,X∞)| dμ = lim
k→∞

∫
Bx

k

|δ∗(x,X∞)| dμ

≤ lim
k→∞

∫
Bx

k

θx∞, dμ =
∫




θx∞, dμ < ∞,

which shows the desired integrability property.
Finally, let us show the second inclusion of (7). Let σ ∈ G-S1

w∗- ls Xn
,

then from inclusion (⊂1) we deduce

∀x∈E, G-
∫

A

1Dk
(X∞ − σ) dμ⊂w∗-cl

(
G-

∫
A

1Dk
(w∗-ls Xn − σ) dμ

)

⊂w∗-cl
(
G-

∫
A

w∗-ls Xn−σ dμ

)
, (6.3.1)

where the last inclusion follows the fact 0 ∈ w∗-ls Xn − σ a.e. Since
1Dk

X∞ ∈ L1
cwk(E′s )

(μ), for all k ∈ N, by Strassen formula (see again
Theorem V-14, [17]), it follows

∀k ∈ N,

∫
A

δ∗(x, 1Dk
(X∞ − σ)) dμ

=
∫

A

δ∗(x, 1Dk
X∞) dμ−

∫
A

〈x, 1Dk
σ 〉 dμ

= δ∗(x,

∫
A

1Dk
X∞ dμ)−

〈
x,

∫
A

1Dk
σ dμ

〉

= δ∗(x,G-
∫

A

1Dk
(X∞ − σ) dμ). (6.3.2)

From (6.3.1), (6.3.2) and the fact that μ(Dk) ↑ 1 it follows

∀x ∈ E, ∀A ∈ F , δ∗
(

x,G−
∫

A

X∞ − σ dμ

)

≤
∫

A

δ∗(x,X∞ − σ) dμ

= lim
k→∞

∫
A

δ∗(x, 1Dk
(X∞ − σ)) dμ

= lim
k→∞ δ∗(x,G-

∫
A

1Dk
(X∞ − σ)dμ)

≤ δ∗(x,w∗-cl (G-
∫

A

w∗-ls Xn − σ dμ)). (6.3.3)
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Moreover, by Proposition 5.2, the set w∗-cl (G-
∫
A

w∗-ls Xn dμ) is convex
w∗-closed and so is w∗-cl (G-

∫
A

w∗-ls Xn−σ dμ). Therefore (6.3.3) entails

G-
∫

A

X∞ − σ dμ ⊂ w∗-cl
(

G-
∫

A

w∗-ls Xn − σ dμ

)
.

Equivalently

G-
∫

A

X∞ dμ ⊂ w∗-cl
(

G-
∫

A

w∗-ls Xn dμ

)
,

which is the desired inclusion (⊂2). �

As a direct consequence of Theorem 6.3, Corollary 4.6 and Theorem 5.8
in [12] we have the following

Corollary 6.4. Let (Xn) be a sequence in G1
cwk(E′s )

(μ) satisfying the follow-
ing conditions:

(i) (Xn) is L0- lim sup-MT.
(ii) (Xn) is scalarly L1- lim inf -MT.

(iii) lim inf dE′b (0, Xn) ∈ L1
R
(μ).

Then there exist a multifunction X∞ ∈ G1
cwk(E′s )

(μ), a subsequence (X′n) of
(Xn) and a sequence (Dk) in F with limk μ(Dk) = 1 satisfying (1)–(6) of
Theorem 6.3, and if μ is nonatomic

(7′) ∀A ∈ F , G-
∫

A

X∞ dμ ⊂ w∗-cl
(∫

A

w∗-ls Xn dμ

)
.

The following is an application of the preceding result to weak compact-
ness in the space G1

cwk(E′s )
(μ)

Corollary 6.5. Let (Xn) be a sequence in G1
cwk(E′s )

(μ) satisfying the follow-
ing conditions:

(i) (Xn) is L0- lim sup-MT.
(ii) (δ∗(x,Xn)) is uniformly integrable.

Then there exist a subsequence (X′n) of (Xn) and X∞ ∈ G1
cwk(E∗s )(μ) such

that
∀A ∈ F , ∀x ∈ E,

lim
n→∞

∫
A

δ∗(x,X′n) dμ =
∫

A

δ∗(x,X∞) dμ

with X∞(ω) ⊂ w∗clco [w∗- ls X′n(ω)] a.e.
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We finish this section by providing the following Fatou lemma which
is a multivalued version of Corollary 5.5. Its proof is essentially based on
Theorem 5.3 and Proposition 3.5.

Proposition 6.6. Suppose that μ is nonatomic, E is a separable Banach
space and (Xn) in G1

cwk(E′s )
(μ) satisfying the following conditions:

(i) (Xn) is L0- lim sup-MT.
(ii) (Xn) is scalarly L1- lim inf -MT.

(iii) lim inf dE′b (0, Xn) ∈ L1
R
(μ).

Then the following inclusion holds

w∗- ls G-
∫




Xn dμ ⊂ w∗-cl
(∫




w∗- ls Xn dμ

)
− C∗,

where C is the cone of all x ∈ E for which (max[0, δ∗(−x,Xn)]) is uni-
formly integrable and C∗ is the polar cone of C.

Proof. Let b be an arbitrary element of w∗- ls G-
∫



Xn dμ. Then there ex-
ist a subsequence of (Xn) (not relabeled) and an associated sequence (fn)

of G1
E′ [E](μ)-selectors such that b = w∗- limn→∞

∫



fn dμ. By (i) the se-
quence (fn) is L0- lim sup-MT. Furthermore, by (i), (ii) and Proposition 3.6,
(Xn) is scalarly L1- lim sup-MT. Using the inequality

∀x ∈ E, |〈x, fn(ω)| ≤ |δ∗(x,Xn(ω)| + |δ∗(−x,Xn(ω)| a.e.,

and Proposition 3.5, we conclude that (fn) is scalarly L1- lim sup-MT. Con-
sequently, according to Theorem 5.3, we find f∞ ∈ G1

E′ [E](μ), a subse-
quence (gn) of (fn) and a sequence (Ck) in F with limk μ(Ck) = 1 such
that

∀k ∈ N, ∀x ∈ E, ∀A ∈ F lim
n→∞

∫
A∩Ck

〈x, gn〉dμ =
∫

A∩Ck

〈x, f∞〉dμ,

(6.6.1)

∀A ∈ F ,

∫
A

1Ck
f∞ dμ ∈ w∗-cl

(∫
A

1Ck
w∗-ls gn dμ

)
. (6.6.2)

We claim that ∫
A

f∞ dμ ∈ w∗-cl
(∫

A

w∗-ls Xn dμ

)
. (6.6.3)

Indeed, since condition (iii) ensures that S1
w∗- ls Xn

is non empty, thanks to
Theorem 5.8 in [12], we can choose σ in ∈ S1

w∗- ls Xn
. Then from (6.6.2) and

the inclusion 0 ∈ w∗-ls Xn − σ a.e., it follows that
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∀x ∈ E,

∫
A

1Ck (f∞ − σ) dμ ∈ w∗-cl
(∫

A

1Ck
(w∗-ls gn − σ) dμ

)

⊂ w∗-cl
(∫

A

w∗-ls Xn − σ dμ

)
.

This inclusion and the same arguments used in the proof of Theorem 5.3 -
(∈2) prove our claim. On the other hand, let C′ be the cone of all x ∈ E

for which (max[0,−〈x, fn〉]) is uniformly integrable and C′ its polar cone.
Since, for each n ∈ N, gn is a selector of Xn, necessary C ⊂ C′. Using (6.6.1)
and reasoning as in the proof of Corollary 4.8 we deduce

b ∈
∫




f∞ dμ− C′ ⊂
∫




f∞ dμ− C∗. (6.6.4)

Combining (6.6.3)) and (6.6.4) gives

b ∈ w∗-cl
(∫

A

w∗-ls Xn dμ

)
− C∗.

�

7. Conditional expectation of weakly∗ closed convex
random sets in the dual

We finish our paper by providing the existence of conditional expectation of
w∗-closed random sets which led to Fatou lemma for conditional expectation
in the space L1

E′ [E](μ) and L1
cwk(E′s )

(μ).
In the following, B is a complete sub σ -algebra of F . For any subset H

in L1
E′ [E](B, μ), and for any v ∈ L∞E (B, μ) we set

δ∗(v,H) = sup
u∈H

〈v, u〉.

Definition 7.1. We shall say that � is a F-random (resp. B-random) closed
convex set in E′s , if the multifunction � : 
 ⇒ E′s is F (resp. B) measurable,
that is, the graph of � belongs to F × B(E′s) (resp. B × B(E′s)).

We begin to state the existence and uniqueness of conditional expectation
of an integrably bounded F-random closed convex set � in E′s (that is, |�| ∈
L1

R
(F)) .

Definition 7.2. A B-random closed convex set � in E′s is called conditional
expectation of � if:
(i) There is β ∈ L1

R+(B) such that �(ω) ⊂ β(ω)BE′ a.e.
(ii) ∀x ∈ E,∀B ∈ B,

∫
B

δ∗(x,�(ω))dμ(ω) = ∫
B

δ∗(x, �(ω))dμ(ω).
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Since E′s is Suslin and its dual is equal to E, by virtue of Theorem V.14
(ii) is equivalent to

∀B ∈ B,

∫
B

�(ω)dμ(ω) =
∫

B

�(ω)dμ(ω),

which is equivalent to

∀x ∈ E, δ∗(x,�(ω)) = EBδ∗(x, �(ω)) a.e.

here EBf denotes the usual conditional expectation of an integrable func-
tion f . We provide an existence and uniqueness result of conditional expec-
tation of an integrably bounded F-random closed convex set in E′s extending
Theorem VIII.34 in [17] because here the strong dual E′b of E is no longer
separable. This need a careful look involving a sequentially compactness re-
sult in [13, Corollary 6.5.10], and some other techniques.

Theorem 7.3. Under the foregoing hypotheses there exists a unique (for
equality a.e.) conditional expectation of �, �. Moreover � has the prop-
erties:

(a) �(ω) ⊂ EB(|�])(ω)BE′ a.e.
(b) The integral functionals

I� : v �→
∫



δ∗(v(ω),�(ω))dμ(ω) and I� : v �→
∫



δ∗(v(ω), �(ω))dμ(ω)

are continuous on the closed unit ball BL∞E (B) of L∞E (
,B, μ) endowed
with the topology of convergence in measure and coincide on the subset of
all simple functions v = ∑n

i=1 1Bi
xi , with the disjoint Bi ∈ B, xi ∈ E.

(c) S1
�(B) is sequentially σ(L1

E′ [E](B), L∞E (B)) compact (here S1
�(B)

denotes the set of all L1
E′ [E](
,B, μ) selections of �) and satisfies the

inclusion
EBS1

�(F) ⊂ S1
�(B).

(d) Furthermore one has

δ∗(v, EBS1
�(F) = δ∗(v,S1

�(B))

for all v ∈ L∞E (B).

Proof. Step 1 To prove the existence of � we apply Theorem V.17 in [17]
by recalling that E′s is a e.l.c Suslin space and E is its dual. Then we
take in this theorem �=L1

R
(
,B, μ) and �∗ = L∞

R
(
,B, μ). We put

M(f ) = ∫
f �dμ for f ∈ �∗. Since E′ = ∪nnBE′ , the mapping M mets

conditions (i)–(iv) of Theorem V.17 in [17]. So there exist a B-measurable
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convex σ(E′, E) compact valued, scalarly integrable multifunction � such
that, ∀f ∈ �∗,M(f ) = ∫

f �dμ. Taking f = 1B(B ∈ B), we obtain∫
B

�dμ = ∫
B

�dμ. The uniqueness follows easily as in the proof of The-
orem VIII.34 in [17]. Indeed, let �1 and �2 be two convex B-measurable
convex σ(E′, E) compact valued, scalarly integrable multifunction such that

∀f ∈ �∗, M(f ) =
∫

f �1dμ =
∫

f �2dμ.

By Strassen Theorem V.14 in [17], we have, for every x ∈ E, δ∗(x,�1(ω)) =
δ∗(x,�2(ω)) a.e. By Proposition III.35, we deduce that �1(ω) = �2(ω) a.e.

We will denote EB�=� the unique B-measurable convex σ(E′, E)

compact valued, scalarly integrable multifunction � which verifies

∀f ∈ �∗, M(f ) =
∫

f �dμ.

Taking f = 1B(B ∈ B), we obtain
∫

B

EB�dμ =
∫

B

�dμ.

Now we provide the properties of the conditional expectation EB�. It is wor-
thy to mention that, when �= u ∈ L1

E′ [E](F), then the EB of u, EBu, be-
longs to L1

E′ [E](B) and satisfies

∀f ∈ L∞
R

(
,B, μ),

∫
f u dμ =

∫
f EBu dμ.

Step 2 (a) For x ∈ E, one has

δ∗(x,�(ω)) = EB(δ∗(x, �(.))(ω) ≤ EB(||x||.|�|)(ω)

= ||x||EB(|�|)(ω) = EB(|�|)(ω)δ∗(x, BE′).

for a.e. ω ∈ 
. Again by [17, Proposition III.35], we have �(ω) ⊂
EB(|�|)(ω)BE′ .
(b) It is clear that the formula∫

δ∗(v(ω),�(ω))dμ(ω) =
∫

δ∗(v(ω), �(ω))dμ(ω)

holds if v = ∑n
i=1 1Bi

xi , with the disjoint Bi ∈ B, xi ∈ E. Now we claim
that the integral functionals

I� : v �→
∫



δ∗(v(ω),�(ω))dμ(ω) and I� : v �→
∫



δ∗(v(ω), �(ω))dμ(ω)
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are continuous on the closed unit ball BL∞E (B) of L∞E (
,B, μ) endowed with
the topology of convergence in measure. Indeed we have for v,w ∈ BL∞E (B)

the estimate
∣∣∣∣
∫




δ∗(v(ω),�(ω))dμ(ω)−
∫




δ∗(w(ω),�(ω))dμ(ω)

∣∣∣∣
≤

∫



|δ∗(v(ω),�(ω))− δ∗(w(ω),�(ω))|dμ(ω)

≤
∫




max(δ∗(v(ω)− w(ω),�(ω)), δ∗(w(ω)− v(ω),�(ω)))dμ(ω)

≤ 2
∫
||v(ω)− w(ω)||EB(|�|)(ω)dμ(ω)

and similarly
∣∣∣∣
∫

δ∗(v(ω), �(ω))dμ(ω)−
∫

δ∗(w(ω), �(ω))dμ(ω)

∣∣∣∣
≤

∫
|δ∗(v(ω), �(ω))− δ∗(w(ω), �(ω))|dμ(ω)

≤
∫




max(δ∗(v(ω)− w(ω), �(ω)), δ∗(w(ω)− v(ω), �(ω)))dμ(ω)

≤ 2
∫
||v(ω)− w(ω)||�|(ω)dμ(ω).

So (b) follows. If E is reflexive, one can see that I� and I� are Mackey con-
tinuous since the topology of convergence in measure on BL∞E (B) coincides
with the Mackey convergence τ(L∞E ,L1

E′).
(c) The sequential σ(L1

E′ [E](B), L∞E (B)) compactness of S1
�(B) follows

from Step 1 and Corollary 6.5.10 in [13]. Let u ∈ S1
�(F) and x ∈ E. Then

〈x,EBu〉 ≤ EB[(δ∗(x, �(.))] = δ∗(x,�(.)) a.e.

So again by [17, Proposition III.35], EBu ∈ S1
�(B) and hence

EBS1
�(F) ⊂ S1

�(B). (∗)

(d) By (∗), it is immediate that

δ∗(v, EBS1
�(F)) ≤ δ∗(v,S1

�(B))

for all v ∈ L∞E (B). Let us prove the converse inequality
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δ∗(v, EBS1
�(F)) ≥ δ∗(v,S1

�(B)). (∗∗)

Let v ∈ L∞E (B). Let u be a maximal F measurable selection of � associated
with v, that is

〈v(ω), u(ω)〉 = δ∗(v(ω), �(ω)), ∀ω ∈ 
.

See [17, Theorem III.22]. Then it is obvious that u ∈ L1
E′ [E](
,F , μ).

Furthermore, by applying the equality of conditional expectation given in
Step 2(b) ∫

〈v, u〉 dμ =
∫
〈v,EBu〉 dμ.

One has

δ∗(v, EBS1
�(F)) ≥ 〈v,EBu〉 =

∫
〈v,EBu〉 dμ

=
∫
〈v, u〉 dμ = 〈v, u〉 =

∫



δ∗(v(ω), �(ω)) dμ(ω)

=
∫




δ∗(v(ω),�(ω)) dμ(ω) (by (b) and approximation)

≥ 〈v, u1〉 for any u1 ∈ S1
�(B).

Finally
δ∗(v, EBS1

�(F)) = δ∗(v,S1
�(B)) (∗ ∗ ∗)

for all v ∈ L∞E (B). �

Remarks. When E is a reflexive separable Banach space and � ∈
L1

cwk(E′)(
,F , μ), then conditional expectation EB� of � belongs to
L1

cwk(E′)(
,B, μ) and satisfies

δ∗(v, EBS1
�(F)) = δ∗(v,S1

�(B))

for all v ∈ L∞E (B) so that

EBS1
�(F) = S1

�(B)

because EBS1
�(F) and S1

�(B) are convex σ(L1
E′(B), L∞E (B)) compact,

meanwhile the existence and uniqueness of EB met in Theorem 7.3 are un-
usual because the dual space is not strongly separable. See also [27] dealing
with CE of Random Sets in the dual of a separable Fréchet space via the
regular conditional probability.

To end the paper we provide the existence and uniqueness of condi-
tional expectation of a closed convex F random set in E′s in the line of
[17, Theorem VIII.35].
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Theorem 7.4. Let � be a closed convex F-random set in E′s which admits an
selection u0 ∈ L1

E′ [E](F). For every n and very ω, let

�n(ω) := �(ω)
⋂
n

(u0(ω)+ nBE′),

�(ω) = w∗cl
[⋃

n

EB(�n)(ω)

]
.

Then: (a) � which is a.e. convex, is a unique (for the equality a.e.) B closed
convex random set in E′s with

∀v ∈ L∞E (B),

∫



δ∗(v(ω),�(ω))dμ(ω) =
∫




δ∗(v(ω), �(ω))dμ(ω).

(b) � is the smallest (for inclusion a.e.) of the B closed convex random set �

such that
EBS1

�(F) ⊂ S1
�(B).

We shall denote EB� = � and says that � is the conditional expectation
of �.

Proof. The proof is the same as in [17, Theorem VIII.35], using Theorem 7.3,
the monotone convergence theorem and measurable projection theorem
which ensures the uniqueness. Here the measurability of � is ensured
thanks to Corollary 5.3 in [12]; at this point, let us mention that � ad-
mits a L1

E′ [E](F) selection iff d(0, �) is μ-integrable (see Lemma 5.6 in
[12]). �

The results obtained in this section led to Fatou lemma for conditional
expectation of weak-star random sets in a dual space.
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