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Abstract  This paper presents a novel technique for modeling soft biological tissues as 
well as the development of an innovative interface for bio-manufacturing and medical 
applications. Heterogeneous deformable models may be used to represent the actual 
internal structures of deformable biological objects, which possess multiple compo-
nents and nonuniform material properties. Both heterogeneous deformable object 
modeling and accurate haptic rendering can greatly enhance the realism and fidelity of 
virtual reality environments. In this paper, a tri-ray node snapping algorithm is proposed 
to generate a volumetric heterogeneous deformable model from a set of object interface 
surfaces between different materials. A constrained local static integration method is 
presented for simulating deformation and accurate force feedback based on the mate-
rial properties of a heterogeneous structure. Biological soft tissue modeling is used as 
an example to demonstrate the proposed techniques. By integrating the heterogeneous 
deformable model into a virtual environment, users can both observe different materials 
inside a deformable object as well as interact with it by touching the deformable object 
using a haptic device. The presented techniques can be used for surgical simulation, 
bio-product design, bio-manufacturing, and medical applications.

2.1 � Introduction

The techniques of modeling of biological tissues and deformable objects for bio-
manufacturing and medical applications have not been successfully dealt with 
using conventional processes. Many biological tissues possess multiple components 
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and complex geometric information. Figure 2.1 shows the boundary surfaces and 
interface surfaces of the human anterior abdominal wall. As seen in this figure, 
adipose tissue, skin, and muscle tissues form a multilayered structure in this region 
of the body. It is difficult to model these structures using conventional approaches. 
Physically based deformable models are also of growing interest in virtual reality 
(VR) applications, including surgery, entertainment, design, and manufacturing, 
since most deformable objects consist of heterogeneous materials with complex 
internal structures [1–4]. Deformable models must incorporate appropriate internal 
structures and material properties for situations in which high-fidelity virtual envi-
ronments are required [5].

Heterogeneous deformable model representation is critical in modeling inter-
nal structures of deformable biological objects that possess multiple components 
with different material properties [6,7]. In previous studies, nonlinear elasticity 
of deformable objects has been modeled using nonlinear strain tensors or nonlin-
ear spring coefficients [8,9]. Bourguignon [10] and Picinbono [11] reported the 
modeling of anisotropic behaviors of deformable objects. However, these 
approaches are only capable of dealing with deformable objects that consist of 
single material type.

Haptic interfaces have attracted a lot of research interests in the recent years. 
Haptic interface is an electromechanical device that can provide force feedback to 
users [12,13]. Haptic force-feedback interface has been used for conceptual design, 
collaborative design, virtual prototyping, and sculpting in VR environments [14–
16]. Heterogeneous deformable object models combined with accurate haptic ren-
dering techniques based on these models provide great potential to enhance 
interactions with deformable objects. For example, in medicine and surgery it is 
often necessary to differentiate healthy soft tissues from unhealthy ones [5,17]. 
However, most current practices assume homogeneous material properties and 
ignore internal structure variations, which greatly limited their use [18]. In VR 
environments, new deformable models often need to be generated efficiently. In our 
earlier work presented in [4,19], haptic-based force rendering techniques have been 
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Fig. 2.1  Bio-tissue example and boundary surfaces of anterior abdominal wall
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developed for medical surgical applications. For example, patient-specific models 
of soft tissues may be required for the presurgical rehearsal and postsurgical analy-
sis. However, conventional virtual simulation systems lack appropriate flexibility 
for creating deformable models, especially heterogeneous deformable models.

In this paper, detailed techniques and modeling algorithms are proposed to gen-
erate heterogeneous deformable models for bio-manufacturing and medical appli-
cations. A constrained local static integration method is proposed for rapid and 
robust deformation simulation and a force accumulation model is presented to cal-
culate spring forces for accurate haptic rendering. Parts of human body such as 
anterior abdominal wall, leg, and thigh are modeled using the proposed techniques 
for demonstration. Other heterogeneous deformable objects can also be modeled 
using these techniques.

The remainder of this paper is organized as follows. Section  2.2 provides a 
review of heterogeneous modeling of deformable objects. Section 2.3 presents the 
detailed node snapping algorithm for modeling deformable heterogeneous objects. 
Section  2.4 discusses the system modeling of spring force rendering and the 
detailed techniques of solving the deformation equilibrium. Section 2.5 presents the 
computer implementation and practical examples of the proposed methods, followed 
by the concluding remarks in Sect. 2.6.

2.2 � Modeling of Deformable Biological Soft Tissues

Biological soft tissues are viscoelastic, anisotropic, and heterogeneous deformable 
objects [20]. Deformable model generation is a process of discretizing volumetric 
objects into mass points and springs in a Mass Spring Model or small elements in 
a Finite Element Model. Most simulation systems use the mesh generation 
approaches of Finite Element Analysis (FEA) to generate small elements such as 
tetrahedra or hexahedra for a Finite Element Model [21]. Many Mass Spring mod-
els can also be generated from these tetrahedra or hexahedra by taking their vertices 
as mass points and edges as springs [22]. However, homogeneous deformable mod-
els are generated using these approaches in many cases.

A heterogeneous deformable object may include several materials, as shown in 
Fig. 2.2. For example, a human leg consists of skin, adipose tissue, muscles, bone, 
tendons, and other tissues. To generate such a heterogeneous model, the geometry 
of each material inside the object is required, such as its interface surfaces. Most 
interface surfaces between materials can be acquired from computed tomography, 
magnetic resonance imaging, and other techniques, although it remains as a chal-
lenge to differentiate some similar tissues.

In some applications like Computer Aided Design (CAD), smooth variation 
between different materials is traditionally applied by interpolation [23]. For het-
erogeneous deformable modeling of biological soft tissues, a meaningful interface 
layer usually exists between two different materials, as shown in Fig.  2.2. For 
instance, muscles are often enclosed by the muscle sheath and bones are enclosed 
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by the periosteum. These interface surfaces provide appropriate visual clue to 
differentiate soft tissues. They can also be used for specifying different material 
properties such as mass, texture, and stiffness.

Heterogeneous modeling and simulation require more computational power than 
homogeneous modeling since more topological constraints and material properties 
are involved. For interactive VR applications (e.g., surgical simulation), real-time 
computation has the highest priority. As a result, algorithms used in heterogeneous 
modeling must be as efficient as possible. In addition, the balance between the level 
of details in heterogeneous modeling and computational efficiency needs to be 
carefully taken into account.

2.3 � Node Snapping Algorithm for Constructing Heterogeneous 
Models

In this paper, we present a technique of constructing heterogeneous deformable 
models. The key point of heterogeneous model generation is to retain a single mass 
spring layer for the outmost surface of a whole object and also individual mass 
spring layers for each internal interface surface. For the remainder of the deform-
able model, a uniform mass spring network is created to connect these interface 
mass spring layers. For a better illustration of the idea of heterogeneous deformable 
model generation, two definitions are provided below:

Definition 1: Mass points of the same material are defined as homogeneous mass 
points; otherwise they are heterogeneous mass points.

Definition 2: Springs connecting homogeneous mass points are defined as 
homogeneous springs; springs connecting heterogeneous mass points are 
defined as heterogeneous springs.

Material 1

Interface surface

Material 2

Mass points of material 1
Mass points of material 2
Mass points on interface surface

Fig. 2.2  Modeling of heterogeneous deformable bio-objects with interface surface between tissues
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In this paper, the heterogeneous deformable model generation algorithm is 
implemented in the following sequence: (1) mass point generation by a tri-ray node 
snapping algorithm, (2) springs connection and interface marching technique, and 
(3) physical parameter specification.

From the boundary and interface surfaces, mass points are generated by a tri-ray 
node snapping algorithm similar to the Ray Casting algorithm in Computer 
Graphics. On the basis of the concept of the tri-dexel volumetric model developed 
in our earlier work [12], parallel rays are cast respectively three orthogonal direc-
tions to intersect the boundary surface and interface surfaces, to accurately preserve 
the shapes of these surfaces. Figure 2.3 shows the procedure of using tri-ray tracing 
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Fig. 2.3  Procedure of constructing heterogeneous volumetric models
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technique developed in our earlier work in [5] to construct volumetric heteroge-
neous models and the technique is briefly explained as follows.

First, rays in one direction are used to generate all mass points. Then rays in the 
other two directions are used to adjust the positions of mass points around interface 
surfaces, without generating new mass points. As shown in Fig. 2.4, uniform rays 
are cast from grid points P[i, j, 0] on the two-dimensional X–Y plane to intersect 
with all the accessible boundary surfaces. Mass points are evenly generated at the 
interval Dd along the ray as shown below:

	 + = + ∆ 
[ , , 1] [ , , ] ·P i j k P i j k d r 	 (2.1)

where r


 is a unit vector in the ray direction; Dd is the grid distance between adja-
cent mass points. Dd is defined by the maximum of d

min
 and d

threshold
 as follows:

	 { , }threshold mind max d d∆ = 	 (2.2)

In (2.2), d
min

is the minimal distance between two intersection points of different 
interface surfaces in the model, and d

threshold
 is a preset value to control the mass 

point density in case  d
min

 is too small. As shown in Fig. 2.4a, when a ray intersects 
an interface surface at the point P

intersect
, the closest mass point to P

intersect
 along the 

ray is P[i,j,k] if the following condition is true:

	
∆

− ≤[ , , ]
2intersect

d
P P i j k 	 (2.3)

Using (2.3), a mass point can be snapped into its closest intersection point on an 
interface surface. As shown in Fig.  2.4b, P[i, j, k] is the closest mass point to 
P

intersect
 and it is snapped to P

intersect
 as a result. Figure 2.5 shows the flowchart of 

the detailed procedures for generating mass points in heterogeneous volumetric 
models.

Using (2.1)–(2.3), mass points generated by the tri-ray procedure can be refined 
into the intersection points located on the surfaces. Mass points are gradually 
generated along the ray until the ray reaches the outmost boundary surface. This 
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Fig. 2.4  Mass points snapped to intersection surface points, (a) Mass points before snapping, (b) 
Mass points after snapping onto surface
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Fig. 2.5  Flowchart of generating the volumetric heterogeneous models
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process is repeated until all rays in the Z direction are processed. After this step, 
newly generated mass points are shown in the X–Z plane of Fig. 2.6a. However, 
mass points on the interface surface cannot separate Material 1 and Material 2. 
They also cannot preserve the shapes of original interface surfaces, as shown in 
Fig. 2.6a.

These problems may be solved by adjusting some mass points around the inter-
face surfaces using rays in the X and Y directions, respectively. For example, rays 
along the X direction are cast to intersect the interface surfaces. Existing mass 
points closest to the intersection points are snapped to these intersection points, 
without generating new mass points. Figure 2.6b shows an example of adjusting 
mass points along the X direction. Ray k + 1 intersects the interface surface at point 
M and point N. Mass point P[i − 1, k + 1], which is closest to point M, and mass 
point P[i + 3, k + 1], which is closest to point N, are snapped to points M and N, 
respectively. After the mass point adjustment step, a smooth boundary interface is 
formed to separate the two materials (Fig. 2.6c). Figure 2.7 gives an example of 
mass points on one section of human thigh model using the tri-ray node snapping 
algorithm. Larger mass points are located on boundary or interface surfaces. The 
example shows that the node snapping algorithm can preserve boundary and inter-
face shapes in deformable objects during the construction of heterogeneous 
deformable models.

Most mass points by the tri-ray node snapping algorithm are uniformly distrib-
uted inside the deformable model if they are not snapped onto any interface surface. 
These mass points maintain a regular neighboring topology so that they can be 
directly connected to their neighboring mass points by springs. On the contrary, 
mass points snapped onto interface surfaces are irregularly distributed due to snap-
ping. Mass points snapped on an interface surface are supposed to form a single 
mass spring layer to represent this interface surface. However, the direct neighbor-
ing mass point connection method is not able to achieve this.

Figure 2.8a shows an example of interface points generated by the tri-ray node 
snapping algorithm. Notice that the new interface points are not located at the exact 
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Material 2
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Mass points of Material 2
Mass points on interface surface

[i,k ]

[i+3,k+1][i-1,k+1 ]
M N

New interface surface

[i+3,k+1]

[i+2,k] [i+2,k ]

a b c

Generate mass points in Z direction,  Adjust mass points in X direction,  Final mass points

Fig. 2.6  Mass point generation with different bio-tissue materials. (a) Generate mass points in Z 
direction, (b) Adjust mass points in X direction, (c) Final mass points
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grid nodes. In this paper, an interface marching technique has been developed to 
construct the interface surface combined with the node snapping procedure. Using 
the concept of the marching cube algorithm developed in our earlier work presented 
in [13], the interface surface is connected through marching along the three-dimen-
sional surface contour. In Fig. 2.8b, the original grid nodes generated by the tri-ray 
method are snapped onto the interface surface. When marching along the interface 
contours ceases, the interface contours need to be connected and merged. As shown 
in Fig.  2.8c, a continuous interface surface has been successfully constructed. 
Details of the Interface Marching Algorithm are shown in Fig. 2.9.

The last step of heterogeneous deformable model generation is to assign mate-
rial properties to mass points and springs. In our heterogeneous deformable models, 
different materials are separated by the interface surfaces. By selecting any mass 
point, all of its homogeneous mass points can be chosen simultaneously and mate-
rial properties (e.g., mass) can be specified efficiently, which is an advantage of our 
heterogeneous model.

Similarly, we can assign physical properties (e.g., elastic modulus) to springs in 
this model. If a spring is a homogeneous spring that connects two homogeneous 
mass points, it is either on an interface surface or within a material. Material prop-
erties of the interface surface or the material are assigned to the spring. If a spring 
is a heterogeneous spring, the mass point at one end of the spring must be on an 
interface surface and the mass point at the other end of the spring belongs to another 
material. The spring is considered to have material properties of that material. All 
springs exhibiting the same physical properties can be found starting from any of 
these springs, since they are always connected with each other. Therefore, their 
spring properties can be assigned in a batch.

Mass points generated along Z direction Mass points adjusted along X direction

X

Z

Mass points on
interface surfaces

Mass points
inside materials

Mass point
adjustment in
X direction

a b

Fig. 2.7  Node snapping algorithm and mass-spring point construction of human thigh example
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2.4 � System Modeling of Spring Force Rendering and Solving 
Deformation Equilibrium

Local deformation of soft tissues is often assumed in surgical simulators to reduce 
the computational burden of deformable object simulation [24]. In this paper, local 
deformation is controlled by a preset small force value. Mass points are considered 
to be active only if their total spring forces are larger than the threshold force. Only 
active mass points are used in simulation.

In the conventional Mass Spring Model, the spring force of a mass point i is 
often calculated by total spring forces from its neighboring springs as follows:

	
=

∆
= ∑




0

n
it it it

i
t it

k l d
f

d
	 (2.4)

where k
it
 is the spring coefficient between mass points i and t; Dl

it
is the spring 

length deviation from its original length; $$ {\vec d_{it}} $$ is the direction vector 
pointing from mass point i to its neighboring mass point t.

During the simulation, it is possible that a spring will become over-compressed 
or stretched to its extreme length as spring ij in Fig. 2.10. In this case, (2.4) becomes 
inaccurate because the spring force will not change even if mass point i (Fig. 2.10) 
is further pushed down. In the extreme compression or stretching case, we assume 
that a spring will become a rigid object without break or fracture. A force accumu-
lation method is presented to accumulate the spring force acting on the rigid object. 
For example, spring ij in Fig. 2.10 is extremely compressed and is considered as a 
rigid object. The spring force on one end mass point (e.g., mass point j) is accumu-
lated to the other end mass point (e.g., mass point i) so that the total spring force at 
mass point i is calculated as follows:
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homogeneous mass point search algorithm

Fig. 2.8  Technique for Interface Surface Marching. (a) Mass points generated by the tri-ray snapping 
algorithm. (b) Spring connected by direct neighboring connection method. (c) Spring generation 
on the interface surface by homogeneous mass point search algorithm
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where n
i
 and n

j
 are the neighboring mass points of mass point i and j. f

k
 can be 

calculated recursively using the second formula in (2.5) if there are more extreme 
springs connecting to mass point k. A mass point touched by the haptic tool is 
defined as a contact mass point. Haptic feedback forces are calculated by interpolat-
ing spring forces of contact mass points. The use of a force accumulation method 
as well as appropriate material properties from heterogeneous deformable models 
can be used to provide realistic haptic force rendering for VR applications.

To find the equilibrium state of a deformable object under deformation forces, 
the governing force system of the deformable object is formulated first. The mass 
spring system of a deformable object is a dynamic system, which is governed by 
following second-order differential equations:

	 i i i i i im x d x g f+ = +  	 (2.6)

where m
i
, d

i
 are mass and damping coefficient of mass point i; ẍ

i
 and ẋ

i
 are its 

acceleration and velocity, respectively; g
i
 is total external force and f

i
is total internal 

spring force of mass point i. Several numerical integration schemes have been used 
to solve these Ordinary Differential Equations, such as explicit Euler method, 
fourth-order Runge–Kutta method and Verlet method [25,26]. All these numerical 
integration schemes suffer the same problem of slow convergence to system equi-
librium, since each mass point may oscillate around its equilibrium position for a 
few times. A large integration time step h can accelerate convergence but may bring 
system instability.
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Fig. 2.10  Spring becomes rigid (incompressible) at its extreme length
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In surgical techniques, it is often observed that dynamic behaviors of biological 
soft tissues cannot be readily determined by means of conventional surgical manip-
ulation [26]. Biological soft tissues can reach their static equilibrium quickly.  
A quasi-static algorithm was used to find the static solution without considering 
inertia, mass, or damping [27]. However, this algorithm still needs to find a proper 
integration step experimentally to balance fast convergence and real-time 
performance.

In our earlier work presented in [19], a constrained local static integration 
method was developed for quick convergence and stable simulation. Static equilib-
rium of each moving mass point is calculated locally within its neighboring bound-
ing box (NBB), as shown in Fig. 2.11. The NBB of mass point [i, j, k] is defined by 
its six direct neighboring mass points (Fig. 2.11). Movement of each mass point is 
constrained within the NBB by using the following conditions:
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The local static equilibrium force method is applied only to aforementioned 
active mass point i shown as follows:

	 0, 0,
0

[ ( )]
in

ij j i j i i
j

K P P P P g
=

− − − =∑ 	 (2.8)

where P
i
 is the current position of mass point i to be calculated; K

ij
is the spring 

coefficient of spring ij; P
j
 is the known current position of mass point j; P

0,i
 and P

0,j
 

are the initial positions of mass points i and j; g
i
is the external force on mass point 

NBB

z

x

y

[i, j, k +1]

[i, j, k ]

[i, j, k −1]

[i, j +1, k ]

[i, j −1, k ]

[i +1, j, k ][i −1, j, k ]

Fig. 2.11  Neighboring bounding box (NBB) of a mass point
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i; and n
i
is the number of the neighboring mass points of mass point i. The unknown 

position P
i
 in (2.8) can be expressed as follows:
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The static equilibrium for P
i
 is a local and temporary solution, which may be 

changed according to the dynamic perturbation of the nodes in the deformable mod-
els. For example, the variable P

j
 in (2.9) may be changed due to the dynamic move-

ment of P
i
 resulting from the change in the local static equilibrium. In this paper, an 

iterative procedure is applied to (2.9) with the iteration index t shown as follows:
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During determination of the final equilibrium, each mass point moves toward its 
final solution, normally within a few iterations. When some active mass points only 
move very short distance from their last iterative locations and the responsive 
spring force is smaller than a predefined threshold value, these mass points are 
considered to have reached the final equilibrium status. When no more active mass 
points are present, the iteration is completed and the final equilibrium of the system 
is accomplished.

2.5 � System Implementation and Examples

The presented techniques have been implemented at North Carolina State University 
on a 2.4 GHz dual-CPU workstation with 2 GB memory and a high-end graphics 
card, using Visual C++ .Net 2003 and OpenGL® library. The system is integrated 
with a 6-DOF (degree of freedom) Phantom® desktop haptic device, which provides 
3-DOF force feedback. Figure 2.12 shows the lab setup of the implemented system 
with the 6-DOF haptic interface. An example heterogeneous deformable model was 
deformed by using the haptic device, as shown in Fig. 2.12. Multiple threads tech-
nique has been applied to deal with haptic rendering, graphics, and collision detec-
tion, respectively.

Figure 2.13 shows a procedure of using the presented techniques to construct the 
heterogeneous deformable model using medical imaging data. Using the presented 
techniques, a model of human right thigh is generated, as shown in Fig. 2.13. Skin, 
facial, femur, and nine types of muscles are integrated into one heterogeneous thigh 
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model. First, color medical images of different height sections are placed in a layer-by-
layer manner as shown in Fig. 2.13a. The boundary curves of soft tissues and femur 
in the right thigh are sketched using splines as shown in Fig. 2.13b. From boundary 
curves on different layers, surface models of each tissue are constructed as shown 

Fig. 2.12  Lab-setup of heterogeneous deformable modeling with a haptic force-feedback device
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Fig. 2.13  Construction of a heterogeneous volumetric model from medical images
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in Fig. 2.13c. The tri-ray node snapping algorithm is then used to generate the mass 
points (Fig. 2.13d). During the mass point generation process, a flag is set for each 
mass point to indicate which tissue it belongs to. Figure 2.13e shows the final ren-
dered heterogeneous deformable model.

Figure 2.14 shows a detailed profile of the deformation using a small compressive 
force via a haptic device. Several tissue layers including skin, subcutaneous fat, 
fascia, and muscles are involved in the deformation. The deformation is propagated 
from the model surface into the heterogeneous model. The upper layers exhibit 
larger deformation than deeper layers, as shown in Fig. 2.14. On the basis of our 
proposed techniques, no penetration happens between tissue layers during the defor-
mation. The result is consistent with deformation behavior of actual soft tissues.

Figure 2.15a shows another heterogeneous deformable model of human anterior 
wall. This model includes 4,248 triangles on the skin layer and a total of 53,199 
mass points inside the model. Tissue types are indicated by different colors, and 
interface surfaces between soft tissues are represented by bold lines. As shown in 
Fig. 2.15, a haptic tool is manipulated to push against the abdomen, similar to the 
interactive palpation on a patient’s abdomen by medical examiners. As shown in 
Fig. 2.15a–c, an experiment is performed by pushing the model using the haptic tool 
along two paths with different depths. Figure 2.15d, e shows the resulting forces 
along the two paths. When the tool is moved just underneath the skin, there is no 
apparent force change because only fat tissues are deformed slightly (Fig. 2.15d). 
When the tool is pushed deep enough as shown in Fig. 2.15e, muscles are indirectly 
involved in the deformation process. Since muscles exhibit much higher stiffness 
values than skin or fat, a larger force is generated. As a result, the user can feel the 
existence of muscles by force feedback. Due to hand shaking during movement, the 
tool paths as well as the resulting forces demonstrate some fluctuation.

Figure  2.16 shows an example of haptic manipulation of a human right leg 
model, in which bone is involved. Bone is a rigid inorganic–organic composite 
material, which is generally considered to be incompressible. When soft tissues are 
gradually pushed against the bone surface, soft tissues will be compressed to their 
mechanical limit. Once the soft tissues can no longer be compressed, forces will 
increase dramatically if the user continues to push against the model. In this case, 
users can feel the bone using a haptic device.

Muscle
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Skin

Fascial
Peritoneum

Skin layer
Fat layer

Fascia layer

Muscle layer

Interface
surfaces

External
force

Fig. 2.14  Example of deformation on a heterogeneous anterior abdominal model via the haptic 
interface
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2.6 � Conclusions

In this paper, modeling of soft biological tissues and development of a haptic-based 
force-feedback interface for bio-manufacturing and medical applications have been 
presented. Detailed techniques for constructing heterogeneous deformable models 
were discussed for representing the internal structures of deformable biological 
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objects that possess multiple components and nonuniform material properties. 
A tri-ray node snapping algorithm was presented to generate a volumetric hetero-
geneous deformable model from a set of object interface surfaces between different 
materials. A constrained local static integration method was presented for simulat-
ing deformation and accurate force feedback for heterogeneous structures. The 
presented heterogeneous deformable object modeling and haptic rendering can 
greatly enhance the realism and fidelity of virtual reality environments. By integrat-
ing the heterogeneous deformable model into the virtual environments, users can 
both visually see different materials inside the deformable objects as well as feel 
them when touching the deformable object via a haptic device. The presented tech-
niques may be used for several technological applications, including surgical simu-
lation, bio-product design, bio-manufacturing, and medical applications.
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