2

How much does a curve curve?

In this chapter, we associate two scalar functions, its curvature and torsion, to
any curve in R3. The curvature measures the extent to which a curve is not
contained in a straight line (so that straight lines have zero curvature), and
the torsion measures the extent to which a curve is not contained in a plane
(so that plane curves have zero torsion). It turns out that the curvature and
torsion together determine the shape of a curve.

2.1 Curvature

We are going to try to find a measure of how ‘curved’ a curve is, and to simplify
matters we shall work with plane curves initially. Since a straight line should
certainly have zero curvature, a measure of the curvature of a plane curve at a
point p of the curve should be its deviation from the tangent line at p.

Suppose then that ~ is a unit-speed curve in R?. As the parameter ¢ of ~
changes to t + At, the curve moves away from its tangent line at ~(t) by a
distance (y(t + At) —~(t)) - n, where n is a unit vector perpendicular to the
tangent vector 4(t) of « at the point ~(t).
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Yt + At)

V(1)
By Taylor’s theorem,

1
~(t+ At) = ~(t) + A (t) At + §f'y(t)(At)2 + remainder, (2.1)
where (remainder)/(At)? tends to zero as At tends to zero. Since 4 -n = 0, the
deviation of « from its tangent line at ~(t) is

1
5’7@) -n(At)? + remainder.

Since ~ is unit-speed, 4 is perpendicular to % and therefore parallel to n. Hence,
neglecting the remainder terms, the magnitude of the deviation of ~ from its
tangent line is

2l | (ar2

This suggests the following definition:

Definition 2.1.1

If ~y is a unit-speed curve with parameter ¢, its curvature k(t) at the point ~(¢)
is defined to be || %(t) ||

Note that we make this definition for unit-speed curves in R™ for all n > 2.
Note also that this definition is consistent with Proposition 1.1.6, which tells
us that if 4 = 0 everywhere then ~ is part of a straight line, and so should
certainly have zero curvature.
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Let us see if Definition 2.1.1 is consistent with what we expect for the
curvature of circles. Consider the circle in R? centred at (zg, yo) and of radius R.
This has a unit-speed parametrization

t t
~(t) = (1‘0 + Rcos —, 90 + Rsin —> .

R R
We have 4(t) = (—sin 4, cos &), and so
£\’ £\’
4@ ||I= \/( sin E) + <COS E) =1,

confirming that - is unit-speed, and hence %(t) = (f% cos %, f% sin %), SO

the curvature

150 | LS R (R AP R
= —— — ——sin — = —
v R®R R R R

is the reciprocal of the radius of the circle. This is in accordance with our

expectation that small circles should have large curvature and large circles
small curvature.

So far we have only considered unit-speed curves. If ~ is any regular curve,
then by Proposition 1.3.6, v has a unit-speed parametrization 4, say, and we
can define the curvature of o to be that of 4. For this to make sense, we need
to know that if 4 is another unit-speed parametrization of -+, the curvatures of
4 and 4 are the same. To see this, note that 4 will be a reparametrization of
4 (Exercise 1.3.4), so by Corollary1.3.7,

F(t) = (u),
where u = +t¢ 4 ¢ and c is a constant. Then, by the chain rule, %?— = i%, SO
A
dt " du du )  du®’
which shows that 4 and 4 do indeed have the same curvature.
Although every regular curve « has a unit-speed reparametrization, it may
be complicated or impossible to write it down ezplicitly (see Examples 1.3.8

and 1.3.9), and so it is desirable to have a formula for the curvature of v in
terms of ~ itself rather than a reparametrization of it.

Proposition 2.1.2
Let v(t) be a regular curve in R3. Then, its curvature is

REEE]
I [1°
where the x indicates the vector (or cross) product and the dot denotes d/dt.

: (2.2)
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Of course, since a curve in R? can be viewed as a curve in the xy-plane
(say) in R3, Eq. 2.2 can also be used to calculate the curvature of plane curves.

Proof
Let s be a unit-speed parameter for vv. Then, by the chain rule,
_dy_dyds
YT T ds dt
SO
i d’y/dt 2 2
o d*y _||d (dv/atN| dt(ds/dt) _ dedy dpdy (2.3)
ds? ds \ ds/dt ds/dt (ds/dt)3 '
Now,
dS 2 .2 . .
(E) =l IF =,
and differentiating with respect to ¢ gives
dsd* .
dtaz =T
Using this and Eq. 2.3, we get
ds\2 »  d’sds
@@ G| G -G
(ds/dt)* (el
Using the vector triple product identity
ax(bxc)=(a-c)b—(a-b)c
(where a, b, c € R?), we get
FXEXY) =Y -GV
Further, 4 and 4 x 4 are perpendicular vectors, so
> <) =1 A >0
Hence,
LG DY =Gyl _ Iy x G x DI _ Iy lld >3l _ A =501 4

11 11 I 11 11
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Note that formula (2.2) makes sense provided that 4 # 0. Thus, the
curvature is defined at all regular points of the curve.

Example 2.1.3

A circular helixz with axis the z-axis is a curve of the form
~(0) = (acosb,asinf, bh), 6¢€R,

where a and b are constants.

-
<

S\

A

If (z,y, 2) is a point on the helix, so that
x=acosl, y=asinh, z = bo,

for some value of @, then 2452 = a2, showing that the helix lies on the cylinder
with axis the z-axis and radius |a|; the positive number |a| is called the radius
of the helix. As 6 increases by 27, the point (acosf,asinf,bf) rotates once
round the z-axis and moves parallel to the z-axis by 27b; the positive number
27|b| is called the pitch of the helix.

Let us compute the curvature of the helix using the formula in Proposi-
tion 2.1.2. Denoting d/df by a dot, we have 4(6) = (—asinf, acosé,b) so

15(0) lI= Va2 + b2

This shows that 4(6) is never zero, so - is regular (unless a = b = 0, in
which case the image of the helix is a single point). Hence, the formula in
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Proposition 2.1.2 applies, and we have 4 = (—acos, —asinf,0) so ¥ x ¥ =
(—absin 6, abcosf, —a?) and hence
_ |l (—absin®,abcosd, —a?) | (a*® +a*)/?  |a 9.4
|| (~asinf,acos6,b) |3 (a2 +b2)3/2 a2+ b2’ 24)
Thus, the curvature of the helix is constant.

Let us examine some limiting cases to see if this result agrees with what
we already know. First, suppose that b = 0 (but a # 0). Then, the helix is
simply a circle in the zy-plane of radius |a|, so by the calculation following
Definition 2.1.1 its curvature is 1/|a|. On the other hand, the formula (2.4)
gives the curvature as

ol  _laf _Jof _ 1

a?+02 a2 a‘Q ~al”

Next, suppose that a = 0 (but b # 0). Then, the image of the helix is just the
z-axis, a straight line, so the curvature is zero. And formula (2.4) gives zero
when a = 0 too.

EXERCISES

2.1.1 Compute the curvature of the following curves:

() (1) = (31 + 02230 -2
(ii) ¥(t) = (% cost,1—sint, —2 cos
) ~(t) = (t,cosht).

)
1)-

(iii
(iv) ~(t) = (cos® t,sin®t).

For the astroid in (iv), show that the curvature tends to oo as we
approach one of the points (£1,0), (0, £1). Compare with the sketch
found in Exercise 1.1.5.

2.1.2 Show that, if the curvature x(t) of a regular curve v(t) is > 0 every-
where, then k(t) is a smooth function of t. Give an example to show
that this may not be the case without the assumption that x > 0.

2.2 Plane curves

For plane curves, it is possible to refine the definition of curvature slightly and
give it an appealing geometric interpretation.
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Suppose that v(s) is a unit-speed curve in R2. Denoting d/ds by a dot, let
t=7%
be the tangent vector of «; note that t is a unit vector. There are two unit

vectors perpendicular to t; we make a choice by defining ng, the signed unit
normal of -, to be the unit vector obtained by rotating t anticlockwise by /2.

By Proposition 1.2.4, t = 4 is perpendicular to t, and hence parallel to ns.
Thus, there is a scalar k, such that

Y = Rshs;
ks is called the signed curvature of ~ (it can be positive, negative or zero). Note
that, since || ns || =1, we have
£=7 1= rens || = [rs], (2.5)

so the curvature of - is the absolute value of its signed curvature. The following
diagrams show how the sign of the signed curvature is determined (in each case,
the arrow on the curve indicates the direction of increasing s); ks is negative
for the two middle diagrams and positive for the other two.

ng

K, >0 Ks <0 Ks <0 Kg >0
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If «(t) is a regular, but not necessarily unit-speed, curve we define the unit
tangent vector t, signed unit normal n, and signed curvature ks of v to be
those of its unit-speed parametrization 4(s), where s is the arc-length of ~.
Thus,

¢ dy/dt — dvy/dt
ds/dt | dv/dt |’

n; is obtained by rotating t anticlockwise by 7/2, and

dt _dtds_ ds
At dsdt  Cdt

dry
dt

ng = Kg ng.

The signed curvature has a simple geometric interpretation in terms of the
rate at which the tangent vector rotates. If 7y is a unit-speed curve, the direction
of the tangent vector 4(s) is measured by the angle ¢(s) such that

F(s) = (cos p(s),sin p(s)). (2.6)

The angle ¢(s) is not unique, however, as we can add to any particular choice
any integer multiple of 27. The following result guarantees that there is always
a smooth choice:

Proposition 2.2.1

Let v : (o, 3) — R? be a unit-speed curve, let s € (o, 3) and let ¢g be such
that

Y (s0) = (cos o, sin o).

Then there is a unique smooth function ¢ : (a, 5) — R such that ¢(so) = ¢o
and that Eq. 2.6 holds for all s € (a, 3).

Proof

Let

note that
f(5)> 4+ g(s)> =1 for all s (2.7)

since -y is unit-speed. Define
S
oo) = ot [ (13- o)t
s0

Obviously ¢(sg) = @o. Moreover, since the functions f and g are smooth, so is
¢ = fg—gf, and hence so is .
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Let
F=fcosp+gsing, G= fsinp— gcose.
Then,
F=(f+gp)cosp+(g— fo)sing.
But

frgo=F0—g*) +f9g=Ff(ff+99) =0,
where the second equality used Eq. 2.7 and the last equality used its conse-
quence

ff+g9=0.

Similarly, § — f¢ = 0. Hence, I' = 0 and F is constant. A similar argument
shows that G is constant. But

F(s0) = f(s0) cospo + g(s0) sinpo = cos? o + sin® g = 1,
and similarly G(sg) = 0. It follows that
fcosp+gsinp =1, fsinp—gcosp=0

for all s. These equations imply that f = cosp, g = sinp, and hence that the
smooth function ¢ satisfies Eq. 2.6.

As to the uniqueness, if ¢ is another smooth function such that 1 (sg) = o
and ¥(s) = (cos)(s),sinp(s)) for s € (a, B), there is an integer n(s) such that

P(s) —@(s) =2mn(s) for all s € («, 3).

Because ¢ and 1) are smooth, n is a smooth, hence continuous, function of s.
This implies that n is a constant: otherwise we would have n(sg) # n(s1) for
some $1 € (a, ), and then by the intermediate value theorem the continuous
function n(s) would have to take all values between n(so) and n(s1) when s
is between sp and s;. But most real numbers between n(sg) and n(s1) are not
integers! Thus, n is actually independent of s, and since ¥(sg) = ¢(s0) = ®o,
we must have n = 0 and hence 9(s) = ¢(s) for all s € (a, 3). |

Definition 2.2.2

The smooth function ¢ in Proposition 2.2.1 is called the turning angle of ~
determined by the condition ¢(sg) = ¢p.

We are now in a position to give the geometric interpretation of the signed
curvature that we promised earlier.
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Proposition 2.2.3

Let ~(s) be a unit-speed plane curve, and let ¢(s) be a turning angle for ~.

Then,
.
fds’

Thus, the signed curvature is the rate at which the tangent vector of the
curve rotates. As the diagrams following Eq. 2.5 show, the signed curvature is
positive or negative accordingly as t rotates anticlockwise or clockwise as one
moves along the curve in the direction of increasing s.

Proof

By Eq. 2.6 the tangent vector t = (cos p, sin¢), so
t = p(—sin g, cos p).

Since ng = (—sin g, cos p), the equation t = kon, gives the stated result. [

Example 2.2.4

Let us find the signed curvature of the catenary (Exercise1.2.1). Using the
parametrization ~y(¢) = (¢, cosht) we get 4 = (1,sinh¢) and hence

t
s = / V1 + sinh?t dt = sinh ,
0

so if ¢ is the angle between 4 and the z-axis,

tan =sinht = s,
dy
2
- = 1,
sec” p—
Cdp 1 1 1

" ds  sec?y IttanZp 1482

Proposition 2.2.3 has an interesting consequence in terms of the total signed
curvature of a unit-speed closed curve ~ of length ¢, namely

¢
/ Ks(s) ds. (2.8)
0

Corollary 2.2.5

The total signed curvature of a closed plane curve is an integer multiple of 2.
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Proof

Let ~ be a unit-speed closed plane curve and let ¢ be its length. By
Proposition 2.2.3, the total signed curvature of ~ is

/ 92 4s = p(t) - p(0),

where ¢ is a turning angle for 4. Now, « is [-periodic (see Section 1.4):

(s +£6) =~(s).
Differentiating both sides gives

F(s+£6) =(s),
and in particular 4(¢) = 4(0). Hence, by Eq. 2.6,

(cos p(£),sin (£)) = (cos ¢(0), sin (0)),
which implies that ¢(¢) — ¢(0) is an integer multiple of 27. |
The next result shows that a unit-speed plane curve is essentially determined

once we know its signed curvature at each point of the curve. The meaning of
‘essentially’ here is ‘up to a direct isometry of R?’, i.e., a map M : R? — R? of

the form
M =T,0 P,

where pg is an anticlockwise rotation by an angle # about the origin,
po(z,y) = (xcosf —ysinf, xsin b + y cosb),
and T, is the translation by the vector a,
Ta(v) =v+a,

for any vectors (x,y) and v in R? (see Appendix 1).

Theorem 2.2.6

Let k : (o, ) — R be any smooth function. Then, there is a unit-speed curve
v : (o, B) — R? whose signed curvature is k.

Further, if 4 : (a,3) — R? is any other unit-speed curve whose signed
curvature is k, there is a direct isometry M of R? such that

A(s) = M(~(s)) for all s € (a, 3).
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Proof

For the first part, fix sg € (a, 3) and define, for any s € («, 3),

w(s) = ‘ k(u)du, (cf. Proposition 2.2.3),

S0

~(s) = ( / cos p(t)dt, / sin<p(t)dt) .

Then, the tangent vector of ~ is

F(s) = (cosp(s), sin p(s)),

which is a unit vector making an angle ¢(s) with the z-axis. Thus, ~ is unit-
speed and, by Proposition 2.2.3, its signed curvature is

dp d [*

1 = 1s . k(u)du = k(s).

For the second part, let ¢(s) be a smooth turning angle for 4. Thus,

Y(s) = (cos 3(s),sin §(s)),

<s>—(/ cos G(t)dt / p(0dt) + 30, (29)

By Proposition 2.2.3, k(s) = d¢/ds so

N

= /s: E(u)du + ¢(s0).

Inserting this into Eq. 2.9, and writing a for the constant vector 4(s¢) and 6
for the constant scalar @(sg), we get

T, ( / cos((t) + 0)dt, / sin(u(t) + G)dt)

= Ta (cosé)/ coscp(t)dtfsin(‘)/ sin (t)dt,

S0 S0

3(s)

S s
sin@/ COS(p(t)dt+COS@/ sincp(t)dt)

S0 S0

Tape (/ cos p(t)dt, / sin go(t)dt)
S0 S0

Tap0(7(3))' 0
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Example 2.2.7

Any regular plane curve v whose curvature is a positive constant is part of a
circle. To see this, let x be the curvature of v, and let x5 be its signed curvature.
Then, by Eq. 2.5,

Ks = K.

A priori, we could have ks = k at some points of the curve and ks = —k at
others, but in fact this cannot happen since k, is a continuous function of s
(see Exercise 2.2.2), so the intermediate value theorem tells us that, if ks takes
both the value x and the value —k, it must take all values between. Thus,
either ks = K at all points of the curve, or ks = —k at all points of the curve.
In particular, s is constant.

The idea now is to show that, whatever the value of ks, we can find a
parametrized circle whose signed curvature is xs. The theorem then tells us
that every curve whose signed curvature is ks can be obtained by applying a
direct isometry to this circle. Since rotations and translations obviously take
circles to circles, it follows that every curve whose signed curvature is constant
is (part of) a circle.

A unit-speed parametrization of the circle with centre the origin and radius
R is

5 .S
¥(s) = (Rcos E,Rsm E> .

Its tangent vector
s 5
t=9= <fsin—,cos—)
7 R "R
is the unit vector making an angle 7/2 + s/R with the positive z-axis:

Hence, the signed curvature of v is

£G+3)-3

Thus, if ks > 0, the circle of radius 1/k, has signed curvature k.
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If ks < 0, it is easy to check that the curve

A(s) = (R cos i, —Rsin i)

R R
(which is just another parametrization of the circle with centre the origin and
radius R) has signed curvature —1/R. Thus, if R = —1/k we again get a circle

with signed curvature k.

These calculations should be compared to the analogous ones for curvature
(as opposed to signed curvature) following Definition 2.1.1.

Example 2.2.8

Theorem 2.2.6 shows that we can find a plane curve with any given smooth
function as its signed curvature. But simple curvatures can lead to complicated
curves. For example, let the signed curvature be x4 (s) = s. Following the proof
of Theorem 2.2.6, and taking sg = 0, we get p(s) = fos udu = % S0

+(s) = (/0 cos (g) dt,/os sin (?) dt>.

These integrals cannot be evaluated in terms of ‘elementary’ functions. (They
arise in the theory of diffraction of light, where they are called Fresnel’s inte-
grals, and the curve = is called Cornu’s Spiral, although it was first considered
by Euler.) The picture of 4 above is obtained by computing the integrals nu-
merically.
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/. .,

It is natural to ask whether Theorem 2.2.6 remains true if we replace ‘signed
curvature’ by ‘curvature’. The first part holds if (and only if) we assume that
k > 0, for then v can be chosen to have signed curvature k and so will have
curvature k as well. The second part of Theorem 2.2.6, however, no longer
holds. For, we can take a (smooth) curve « that coincides with the z-axis for
—1 <z <1 (say), and is otherwise above the z-axis. (The reader who wishes
to write down such a curve explicitly will find the solution of Exercise 9.4.3
helpful.) We now reflect the part of the curve with < 0 in the z-axis. The
new curve has the same curvature as =, but obviously cannot be obtained by
applying an isometry to «. See Exercise 2.2.3 for a version of Theorem 2.2.6
that is valid for curvature instead of signed curvature.

EXERCISES

2.2.1 Show that, if v is a unit-speed plane curve,

n; — —kKst.

2.2.2 Show that the signed curvature of any regular plane curve (¢) is a
smooth function of ¢. (Compare with Exercise 2.1.2.)

2.2.3 Let v and 4 be two plane curves. Show that, if 4 is obtained from ~
by applying an isometry M of R?, the signed curvatures x, and & of
~ and 7 are equal if M is direct but that &, = —k, if M is opposite
(in particular, v and 4 have the same curvature). Show, conversely,
that if v and 4 have the same nowhere-vanishing curvature, then %
can be obtained from 4 by applying an isometry of R2.

2.2.4 Let k be the signed curvature of a plane curve C expressed in terms
of its arc-length. Show that, if C, is the image of C under the dilation
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2.25

2.2.6

v — av of the plane (where a is a non-zero constant), the signed
curvature of C, in terms of its arc-length s is k().

A heavy chain suspended at its ends hanging loosely takes the form
of a plane curve C. Show that, if s is the arc-length of C measured
from its lowest point, ¢ the angle between the tangent of C and the
horizontal, and T the tension in the chain, then

Tcosp=A, Tsinp=us,

where A, 1 are non-zero constants (we assume that the chain has
constant mass per unit length). Show that the signed curvature of

Cis )
1 2\~
H‘g:—(1+8—2> ,

a a

where a = A\/p, and deduce that C can be obtained from the catenary
in Example 2.2.4 by applying a dilation and an isometry of the plane.

Let v(t) be a regular plane curve and let A be a constant. The parallel
curve 4 of ~ is defined by

YAt) = (t) + Ang(t).

Show that, if Aks(t) # 1 for all values of ¢, then 4* is a regular curve
and that its signed curvature is £5/|1 — k).

Another approach to the curvature of a unit-speed plane curve ~ at
a point ~(sg) is to look for the ‘best approximating circle’ at this
point. We can then define the curvature of v to be the reciprocal of
the radius of this circle.

Carry out this programme by showing that the centre of the circle
which passes through three nearby points «(sg) and ~(so £ ds) on
~ approaches the point

€(s0) = 7(s0) + =m0

as s tends to zero. The circle C with centre €(sg) passing through
~Y(s0) is called the osculating circle to v at the point «(so), and
€(so) is called the centre of curvature of v at y(so). The radius of C
is 1/|ks(s0)| = 1/k(s0), where & is the curvature of -y — this is called
the radius of curvature of v at y(so).
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2.2.7 With the notation in the preceding exercise, we regard € as the

2.2.8

2.2.9

2.2.10

parametrization of a new curve, called the evolute of v (if ~ is any
regular plane curve, its evolute is defined to be that of a unit-speed
reparametrization of 7). Assume that &s(s) # 0 for all values of s
(a dot denoting d/ds), say ks > 0 for all s (this can be achieved
by replacing s by —s if necessary). Show that the arc-length of € is
7.‘-@;@) (up to adding a constant), and calculate the signed curvature
of €. Show also that all the normal lines to « are tangent to € (for
this reason, the evolute of v is sometimes described as the ‘envelope’
of the normal lines to ). Show that the evolute of the cycloid

~(t) = a(t —sint,1 — cost), 0<t<2m,
where a > 0 is a constant, is
€(t) = a(t+sint,—1 + cost)

(see Exercise 1.1.7) and that, after a suitable reparametrization, e
can be obtained from « by a translation of the plane.

A string of length ¢ is attached to the point y(0) of a unit-speed plane
curve (s). Show that when the string is wound onto the curve while
being kept taught, its endpoint traces out the curve

t(s) =v(s) + (€ = 9)¥(s),

where 0 < s < ¢ and a dot denotes d/ds. The curve ¢ is called
the involute of v (if 7y is any regular plane curve, we define its involute
to be that of a unit-speed reparametrization of ). Suppose that the
signed curvature k4 of v is never zero, say xs(s) > 0 for all s. Show
that the signed curvature of ¢ is 1/(¢ — s).

Show that the involute of the catenary
~(t) = (t,cosht)

with [ = 0 (see the preceding exercise) is the tractric

1
z = cosh™! <§) — /1 -2

See Section 8.3 for a simple geometric characterization of this curve.

A unit-speed plane curve ~(s) rolls without slipping along a
straight line ¢ parallel to a unit vector a, and initially touches ¢
at a point p = v(0). Let q be a point fixed relative to . Let T'(s)
be the point to which q has moved when « has rolled a distance s
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along ¢ (note that T’ will not usually be unit-speed). Let 0(s) be the
angle between a and the tangent vector 4. Show that

T(s) =p+sa+p_ge)(a—(s)),

where p,, is the rotation about the origin through an angle . Show
further that

L'(s) p_gs)(a—(s)) =0.
Geometrically, this means that a point on I" moves as if it is rotating
about the instantaneous point of contact of the rolling curve with £.
See Exercise 1.1.7 for a special case.

2.3 Space curves

Our main interest in this book is in curves (and surfaces) in R3, i.e., space
curves. While a plane curve is essentially determined by its curvature (see
Theorem 2.2.6), this is no longer true for space curves. For example, a circle
of radius 1 in the zy-plane and a circular helix with a = b = 1/2 (see Exam-
ple 2.1.3) both have curvature 1 everywhere, but it is obviously impossible to
change one curve into the other by any isometry of R3. We shall define an-
other type of curvature for space curves, called the torsion, and we shall prove
that the curvature and torsion of a curve together determine the curve up to a
direct isometry of R3.

Let v(s) be a unit-speed curve in R?, and let t = 4 be its unit tangent
vector. If the curvature r(s) is non-zero, we define the principal normal of ~
at the point ~(s) to be the vector

1 .
= ——1t(s). 2.10
n(s) = —5t) (2.10)
Since || t || = &, n is a unit vector. Further, by Proposition 1.2.4, t -t = 0, so t

and n are actually perpendicular unit vectors. It follows that
b=txn (2.11)

is a unit vector perpendicular to both t and n. The vector b(s) is called the
binormal vector of «y at the point «(s). Thus, {t,n,b} is an orthonormal basis
of R?, and is right-handed, i.e.,

b=txn, n=bxt, t=nxb.
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Since b(s) is a unit vector for all s, b is perpendicular to b. Now we use the
‘product rule’ for differentiating the vector product of vector-valued functions
u and v of a parameter s:

d du v
E(uxv)ZEXV—l—uxE.
(This is easily proved by writing out both sides in component form and using
the usual product rule for differentiating scalar functions.) Applying this to
b =1t X n gives

b=txn+txn==txn, (2.12)

since by the definition (2.10) of n, t x n = kn x n = 0. Equation 2.12 shows
that b is perpendicular to t. Being perpendicular to both t and b, b must be
parallel to n, so

b= —7n, (2.13)

for some scalar 7, which is called the torsion of ~ (inserting the minus sign
here will reduce the total number of minus signs later). Note that the torsion
is only defined if the curvature is non-zero.

Of course, we define the torsion of an arbitrary regular curve « to be that
of a unit-speed reparametrization of . As in the case of the curvature, to see
that this makes sense, we have to investigate how the torsion is affected by a
change in the unit-speed parameter of v of the form

u==xs+c,

where c¢ is a constant. But this change of parameter clearly has the following
effect on the vectors introduced above:

t— +t, t— ¢t n—n, b— +tb, br—>b,

it follows from Eq. 2.13 that 7 +— 7. Thus, the curvature and torsion are well-
defined for any regular curve.
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Just as we did for the curvature in Proposition 2.1.2, it is possible to give
a formula for the torsion of a regular space curve -« in terms of ~ itself, rather
than in terms of a unit-speed reparametrization:

Proposition 2.3.1

Let v(t) be a regular curve in R?® with nowhere-vanishing curvature. Then,
denoting d/dt by a dot, its torsion is given by

r= XD F (2.14)
Iy x4l
Note that this formula shows that 7(¢) is defined at all points ~(t) of the

curve at which its curvature k(t) is non-zero, since by Proposition 2.1.2 this is
the condition for the denominator on the right-hand side to be non-zero.

Proof

We could ‘derive’ Eq. 2.14 by imitating the proof of Proposition 2.1.2. But it
is easier and clearer to proceed as follows, even though this method has the
disadvantage that one must know the formula (2.14) for 7 in advance.
We first treat the case in which ~ is unit-speed. Using Egs. 2.11 and 2.13,
r=-n-b=-n-(txn)=-n-(txn+txn)=-n-(txn).

Now, n = %t = %5’, SO

IR SO GO U S SO OO PP, R WS I
T= 117 ~ dt K'Y = K'Y ~ K'Y 1127 7}127 Y XY)

since ¥ - (¥ x4) =0 and 4 - (% x¥) = = - (4 x 4). This agrees with Eq. 2.14,
for, since -y is unit-speed, 4 and 4 are perpendicular, so
Ty x5 =155 1= 1=~
In the general case, let s be arc-length along ~y. Then,
dy  dsdy d?~ _ [(ds 2 d~ n d?s dvy
dt — dtds’ dt2 \dt) ds®  dt? ds’
Py (@' s sy sy
dt3 — \dt) ds3  “dt dt2 ds® = dt3 ds’

Hence,

. . ds\® dvy d2'y
v () (B 3)

e ds\® (d3y [dy d®y
”‘“‘”‘(a) (@‘(Wﬁ))
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So the torsion of ~ is

>y (dy A’y
ds3 ds

Example 2.3.2

We compute the torsion of the circular helix () = (acosf, asin 6, bf) studied
in Example 2.1.3. We have

4(0) = (—asinb,acosb,b), (0) = (—acosb,—asinb,0),
%(0) = (asinf, —acosh,0), 4 x4 = (absin®, —abcosh,a?),

|4 x4 2= a*(a® + %), (3 x4)-5 = a’,
so the torsion
(%) 5 _ % b

TTAATP T @@y @

Note that the torsion of the circular helix in Example 2.3.2 becomes zero
when b = 0, in which case the helix is just a circle in the zy-plane. This gives
us a clue to the geometrical interpretation of torsion, contained in the next
proposition.

Proposition 2.3.3

Let v be a regular curve in R? with nowhere vanishing curvature (so that the
torsion T of  is defined). Then, the image of -« is contained in a plane if and
only if 7 is zero at every point of the curve.

Proof

We can assume that 4 is unit-speed (for this can be achieved by reparametrizing
~, and reparametrizing changes neither the torsion nor the fact that ~ is, or is
not, contained in a plane). We denote the parameter of v by s and d/ds by a
dot as usual.

Suppose first that the image of - is contained in the plane v-N = d, where
N is a constant vector and d is a constant scalar and v € R?. We can assume
that N is a unit vector. Differentiating ~ - N = d with respect to s, we get

t-N =0, (2.15)
t-N=0 (since N=0),
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kn-N =0 (since t = xn),
n-N=0 (since k #0). (2.16)

Equations 2.15 and 2.16 show that t and n are perpendicular to N. It follows
that b =t x n is parallel to N. Since N and b are both unit vectors, and b(s)
is a smooth (hence continuous) function of s, we must have b(s) = N for all s
or b(s) = —N for all s. In both cases, b is a constant vector. But then b = 0,
so T =0.

Conversely, suppose that 7 = 0 everywhere. By Eq. 2.13, b=0,s0bisa
constant vector. The first part of the proof suggests that « should be contained
in a plane v - b = constant. We therefore consider

d
Z(~-b)=4-b=t-b=
ds(v ) =7 0,

so 7 - b is a constant (scalar), say d. This means that « is indeed contained in
the plane v-b =d. O

There is a gap in our calculations which we would like to fill. Namely, we
know that, for a unit-speed curve, we have

t=kn and b= —7n

(these were our definitions of n and 7, respectively), but we have not com-
puted n. This is not difficult. Since {t,n,b} is a right-handed orthonormal
basis of R3,

txn=b, nxb=t, bxt=n.

Hence, _
n=bxt+bxt=—mnxt+xrbxn=—kt+b.

Putting all these together, we get the following theorem.

Theorem 2.3.4

Let 4 be a unit-speed curve in R? with nowhere vanishing curvature. Then,

t = rn
n=—«xt+7b (2.17)
b= —7n.

Equations 2.17 are called the Frenet—Serret equations. Notice that the matrix

0 k 0
-k 0 7
0O -7 0
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which expresses t, n and b in terms of t, n and b is skew-symmetric, i.e., it is
equal to the negative of its transpose. This helps when trying to remember the
equations. (The ‘reason’ for this skew-symmetry can be seen in Exercise 2.3.6.)

Here is a simple application of Frenet—Serret:

Proposition 2.3.5

Let 4 be a unit-speed curve in R3 with constant curvature and zero torsion.
Then, « is a parametrization of (part of) a circle.

Proof

This result is actually an immediate consequence of Example 2.2.7 and
Proposition 2.3.3, but the following proof is instructive and gives more in-
formation, namely the centre and radius of the circle and the plane in which it
lies.

By the proof of Proposition 2.3.3, the binormal b is a constant vector and
~ is contained in a plane II, say, perpendicular to b. Now

using the fact that the curvature x is constant and the Frenet—Serret equation
n=—xt+7b=—xt (since T =0)

(the reason for considering v + %n can be found in Exercise 2.2.6). Hence,
~y + %n is a constant vector, say a, and we have

1 1
[v—al=]-—n|=-.

K K
This shows that =~ lies on the sphere S, say, with centre a and radius 1/k.
The intersection of IT and § is a circle, say C, and we have shown that - is a
parametrization of part of C. If r is the radius of C, we have K = 1/rsor = 1/k
is also the radius of S. It follows that C is a great circle on S, i.e., that II passes
through the centre a of S. Thus, a is the centre of C and the equation of IT is

v-b=a-b. |

We conclude this chapter with the analogue of Theorem 2.2.6 for space
curves.
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Theorem 2.3.6

Let v(s) and 4(s) be two unit-speed curves in R® with the same curvature
k(s) > 0 and the same torsion 7(s) for all s. Then, there is a direct isometry
M of R? such that

F(s) = M(~v(s)) for all s.
Further, if k£ and ¢ are smooth functions with k& > 0 everywhere, there is a
unit-speed curve in R3 whose curvature is & and whose torsion is t.

Proof

Let t,n and b be the tangent vector, principal normal and binormal of ~, and
let t, 1 and b be those of 4. Let so be a fixed value of the parameter s, let 8 be
the angle between t(sg) and t(so) and let p be the rotation through an angle 0
around the axis passing through the origin and perpendicular to both of these
vectors. Then, p(t(so)) = t(s0); let i = p(n(so)), b = p(b(so)). If ¢ is the angle
between i1 and n(sp), let p’ be the rotation through an angle ¢ around the axis
passing through the origin parallel to t(sg). Then, p’ fixes t(sg) and takes f
to fi(sg). Since {t(s0),n(so),b(se)} and {t(s0),n(s0),b(se)} are both right-
handed orthonormal bases of R?, p’ o p takes the vectors t(sg),n(sg),b(sg) to
the vectors t(so), f(s0), b(so), respectively. Now let M be the direct isometry
M = T5(s0)=~(s0) © P' © p. By Exercise 2.3.5, the curve I' = M (v) is unit-
speed, and if T', N and B denote its unit tangent vector, principal normal and
binormal, we have

T'(so) = 4(s0), T(s0) = t(s0), N(s0) = i(s0), B(so) = b(s0).  (2.18)
The trick now is to consider the expression

A(s)=t-T+a-N+b-B.
In view of Eq. 2.18, we have A(sg) = 3. On the other hand, since t and T are
unit vectors, t- T < 1, with equality holding if and only if t = T; and similarly
for n- N and b - B. It follows that A(s) < 3, with equality holding if and only
if t = T,n = N and b = B. Thus, if we can prove that A is constant, it will
follow in particular that t = T, i.e., that 4 = T, and hence that 5(s) — I'(s) is
a constant. But by Eq. 2.18 again, this constant vector must be zero, so ¥ = T'.
For the first part of the theorem, we are therefore reduced to proving that

A is constant. But, using the Frenet—Serret equations,

A = tT+a-N+b-B+t-T+a-N+b-B
= kn-T+ (—kt+7b)-N+ (—7n)-B+t-sN
+11- (=T +7B) + b - (=7N),

and this vanishes since the terms cancel in pairs.
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For the second part of the theorem, we observe first that it follows from the
theory of ordinary differential equations that the equations

T = kN, (2.19)
N = — kT +1tB, (2.20)
B=—tN (2.21)

have a unique solution T(s), N(s), B(s) such that T(sp), N(sg),B(so) are the
standard orthonormal vectors i = (1,0,0), j = (0,1,0), k = (0,0,1), respec-
tively. Since the matrix

0 k0

-k 0 ¢
0 —t 0
expressing T, N and B in terms of T, N and B is skew-symmetric, it follows
that the vectors T, N and B are orthonormal for all values of s (see Exercise
2.3.6).

Now define

706 = [ T(u)du.

Then, 4+ = T, so since T is a unit vector, v is unit-speed. Next, T = kN
by Eq. 2.19, so since N is a unit vector, k is the curvature of v and N is its
principal normal. Next, since B is a unit vector perpendicular to T and N,
B = AT x N where ) is a smooth function of s that is equal to +1 for all s.
Since k =1 x j, we have A(so) = 1, so it follows that A(s) = 1 for all s. Hence,
B is the binormal of v and by Eq. 2.21, ¢ is its torsion. O

EXERCISES

2.3.1 Compute &, 7,t,n and b for each of the following curves, and verify
that the Frenet—Serret equations are satisfied:

(i) () = (%(1 2L — )32, \/%)
(ii) y(t) = (% cost,1 —sint,—3 cost).

Show that the curve in (ii) is a circle, and find its centre, radius and
the plane in which it lies.

2.3.2 Describe all curves in R3 which have constant curvature x > 0 and
constant torsion T.
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2.3.3

2.34

2.3.5

2.3.6

A regular curve v in R? with curvature > 0 is called a generalized
heliz if its tangent vector makes a fixed angle # with a fixed unit
vector a. Show that the torsion 7 and curvature x of ~ are related
by 7 = £k cot 0. Show conversely that, if the torsion and curvature
of a regular curve are related by 7 = Ak where ) is a constant, then
the curve is a generalized helix.

In view of this result, Examples 2.1.3 and 2.3.2 show that a circular
helix is a generalized helix. Verify this directly.

Let ~(t) be a unit-speed curve with x(t) > 0 and 7(¢) # 0 for all ¢.
Show that, if v is spherical, i.e., if it lies on the surface of a sphere,

then J )
T ]
—-—=—|—]. 2.22
Kk ds <7%2> (222)
Conversely, show that if Eq. 2.22 holds, then
p°+ (po)? =1

for some (positive) constant r, where p = 1/k and o = 1/7, and
deduce that -~ lies on a sphere of radius r. Verify that Eq. 2.22 holds
for Viviani’s curve (Exercise 1.1.8).

Let P be an n x n orthogonal matrix and let a € R™, so that M (v) =
Pv + a is an isometry of R? (see Appendix 1). Show that, if v is a
unit-speed curve in R", the curve T' = M («y) is also unit-speed. Show
also that, if t,n,b and T,N,B are the tangent vector, principal
normal and binormal of v and T, respectively, then T = Pt, N = Pn
and B = Pb.

Let (a;j) be a skew-symmetric 3 x 3 matrix (i.e., a;; = —aj; for
all 4,7). Let vq,vy and vs be smooth functions of a parameter s
satisfying the differential equations

3
V; = E (lijVj,
Jj=1

for i = 1,2 and 3, and suppose that for some parameter value sy the
vectors vi(so), va(so) and vs(sg) are orthonormal. Show that the
vectors vi(s), va(s) and vs(s) are orthonormal for all values of s.

For the remainder of this book,
all parametrized curves will be assumed to be reqular.
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