2 Modern Stochastic Process Methods for
Multi-state System Reliability Assessment

The purpose of this chapter is to describe basic concepts of applying a random
process theory to MSS reliability assessment. Here, we do not present the basics
of the measure-theoretic framework that are necessary to pure mathematicians.
Readers who need this fundamental framework and a more detailed presentation
on stochastic processes can find it in Kallenberg (2002), Karlin and Taylor (1981)
and Ross (1995). For reliability engineers and analysts, the books of Trivedi
(2002), Epstein and Weissman (2008), Aven and Jensen (1999), and Lisnianski
and Levitin (2003) are especially recommended. A great impact to stochastic
processes application to MSS reliability evaluation was done by Natvig (1985)
and Natvig er al. (1985).

In this chapter, the MSS system reliability models will be consequently studied
based on Markov processes; Markov rewards processes, and semi-Markov proc-
esses. The Markov processes are widely used for reliability analysis because the
number of failures in arbitrary time intervals in many practical cases can be de-
scribed as a Poisson process and the time up to the failure and repair time are often
exponentially distributed. This chapter presents a detailed description of a dis-
crete-time Markov chain as well as a continuous-time Markov chain in order to
provide for readers a basic understanding of the theory and its engineering appli-
cations. It will be shown how by using the Markov process theory MSS reliability
measures can be determined. It will also be shown how such MSS reliability
measures as the mean time to failure, mean number of failures in a time interval,
and mean sojourn time in a set of unacceptable states can be found using the
Markov reward models. These models are also the basis for reliability-associated
cost assessment and life-cycle cost analysis. In practice, basic assumptions about
exponential distributions of times between failures and repair times sometimes do
not hold. In this case, more complicated mathematical techniques such as semi-
Markov processes and embedded Markov chains may be applied. Corresponding
issues are also considered in this chapter.
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2.1 General Concepts of Stochastic Process Theory

A stochastic or random process is, essentially, a set of random variables where the
variables are ordered in a given sequence. For example, the daily maximum tem-
peratures at a weather station form a sequence of random variables, and this or-
dered sequence can be considered as a stochastic process. Another example is the
sequence formed by the continuously changing number of people waiting in line at
the ticket window of a railway station.

More formally, the sequence of random variables in a process can be denoted
by X (t), where 7 is the index of the process.

The values assumed by the random variable X (t) are called states, and the set

of all possible values forms the state space of the process. So, a stochastic process
is a sequence of random variables {X (t)| te T}, defined on a given probability

space, indexed by the parameter ¢, where ¢ varies over an index set 7. In this book,
we mainly deal with stochastic processes where ¢ represents time.

A random variable X can be considered as the rule for assigning to every out-
come ¢ of an experiment the value X (g) A stochastic process is a rule for as-

signing to every ¢ the function X (t,g). Thus, a stochastic process is a family of
time functions depending on the parameter¢ or, equivalently, a function of ¢
and¢. The domain of ¢ is the set of all the possible experimental outcomes and

the domain of 7 is a set of non-negative real numbers.

For example, the instantaneous speed of a car movement during its trip from
point A to point B will be a stochastic process. The speed on each trip can be con-
sidered as an experimental outcome ¢, and each trip will have its own speed

X (t,g) that characterizes for this case an instantaneous speed of the trip as a

function of time. This function will be different from such functions of other trips
because of the influence of many random factors (such as wind, broad conditions
etc.). In Figure 2.1 one can see three different speed functions for three trips that
can be treated as three different realizations of the stochastic process. It should be
noticed that the cut of this stochastic process at time instant #, will represent the

random variable with mean V,,. In real-world systems many parameters such as
temperature, voltage, frequency, etc. may be considered stochastic processes.

The time may be discrete or continuous. A discrete time may have a finite or
infinite number of values; continuous time obviously has only an infinite number
of values. The values taken by the random variables constitute the state space.
This state space, in its turn, may be discrete or continuous. Therefore, stochastic
processes may be classified into four categories according to whether their state
spaces and time are continuous or discrete. If the state space of a stochastic proc-
ess is discrete, then it is called a discrete-state process, often referred to as a chain.
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t1 Time
Fig. 2.1 Three realizations of stochastic process V(¢)

The stochastic process X (t, g) has the following interpretations:

1. Itis a family of functions X (7,¢), where ¢ and ¢ are variables.

2. It is a single time function or a realization (sample) of the given process if ¢ is a
variable and ¢ is fixed.

3. It is a random variable equal to the state of the given process at time ¢ when ¢ is
fixed and ¢ is variable.

4. Tt is a number if 7 and ¢ are fixed.

One can use the notation X (t) to represent a stochastic process omitting, as in
the case of random variables, its dependence on ¢.

For a fixed time ¢ =1, the term X (7,) is a simple random variable that de-
scribes the state of the process at time #,. For a fixed number x,, the probability of

the event X (1,) < x, gives the CDF of the random variable X (7,), denoted by
F(x;:t) = Fy, (x) =Pr{X()<x}. (2.1)

CDF F(x;t;) is called the first-order distribution of the stochastic proc-
ess{X (1)|7>0}. Given two time instants 7, and 7, X (,)and X (z,)are two ran-

dom variables in the same probability space. Their joint distribution is known as
the second-order distribution of the process and is given by

F(xl7x2;tl7t2) = FX(tl)X(tz)(XI’XZ) :PI"{X(II) S)Cl,X(l2) S)C2}. 2.2)

In general, the nth-order joint distribution of the stochastic process
{X(@)|1>0} is defined by
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F(x, Xy, X500, 008,) = Fy v xa,) (K X050 X,) =

2.3
=Pr{X(1) <x,X(t,)<x,,...X(1,) < x,} &3

for all 1;<t,<...<t,.

The last formula represents a complete description of a stochastic process. In
practice, to get such a complete description of a stochastic process is a very diffi-
cult task. Fortunately, in practice many stochastic processes permit a simpler de-
scription.

The simplest form of the joint distribution corresponds to a family of independ-
ent random variables. Then the joint distribution is given by the product of indi-
vidual distributions.

Definition 2.1 A stochastic process {X(t)|t>0} is said to be an independent

process if its nth-order joint distribution satisfies the condition

n n
F(X3 X0 X3 0a 00 e ty) = [ [ F(xp5) = [ [ Pr{X (1) < x;} . (2.4)
i=1 i=1

The assumption of an independent process considerably simplifies analysis, but
it is often unwarranted and we are forced to consider some kind of dependence.
The simplest and a very important type of dependence is the first-order depend-
ence or Markov dependence.

Definition 2.2 A stochastic process {X (t)|t 20} is called a Markov process if for

any t, <t <t, <..<t,_, <t <t the conditional distribution of X(t) for given val-

ues of X (to), X (tl ),..., X (tn ) depends only on X (tn ):

Pr{X()<x|X@)=x,X{t,_)=x_,..X1#)=x,X(t,)=x,}= 2.5)
=Pr{X(1)<x|X(,)=x,). '
This is a general definition, which applies to Markov processes with a continu-
ous-state space. When MSS reliability is studied, discrete-state Markov processes
or Markov chains are mostly involved. In the next sections we will study both dis-
crete-time and continuous-time Markov chains.
In the Markov process, the probabilities of the random variable at time 7 > ¢,

depend on the value of the random variable at 7, but not on the realization of the
process prior to #,. In other words, the state probabilities at a future instant, given
the present state of the process, do not depend on the states occupied in the past.
Therefore, this process is also called “memoryless.”

In many cases the conditional distribution (2.5) has the property of invariance
with respect to the time origin 7,:



2.1 General Concepts of Stochastic Process Theory 33

Pr{X(t)< x| X(t,)=x,} =Pr{X(t—1,) < x| X(0)=x,} . (2.6)

Such a Markov process is said to be homogeneous.

In addition we consider here two important stochastic processes that will be
used in the future: point and renewal processes.
A point process is a set of random points ¢, on the time axis. For each point proc-
ess one can associate a stochastic process X (t) equal to the number of points ¢,
in the interval (0,7). In reliability theory point processes are widely used to de-

scribe the appearance of events in time (e.g., failures, terminations of repair, etc.).
An example of the point processes is the so-called Poisson process. The Pois-

son process is usually introduced using Poisson points. These points are associated

with certain events, and the number N (#,,7,) of the points in an interval (,,z,) of

length ¢t =¢, —t, is a Poisson random variable with parameter Af, where A is the

mean occurrence rate of the events:

B e*ﬂf (ﬂ,[)k

Pr{N(t.t,)=k}= x 2.7)

If the intervals (#,,z,) and (1,,z,) are not overlapping, then the random vari-
ables N(1,,1,) and N(z,,z,) are independent. Using the points 7, one can form
the stochastic process X (1) =N (0,1).

The Poisson process plays a special role in reliability analysis, comparable to the
role of the normal distribution in probability theory. Many real physical situations
can be successfully described with the help of Poisson processes.

A well-known type of point process is the so-called remewal process. This
process can be described as a sequence of events, the intervals between which are
independent and identically distributed random variables. In reliability theory, this
kind of mathematical model is used to describe the flow of failures in time.

To every point process ¢, one can associate a sequence of random variables y,
such that y, =t,, y, =1, —t,,...,y, =t,—t,_,, where ¢, is the first random point to

the right of the origin. This sequence is called a renewal process. An example is
the life history of items that are replaced as soon as they fail. In this case, y, is the

total time the ith item is in operation and ¢, is the time of its failure.
One can see a correspondence among the following three processes:
e a point process t,;
e a discrete-state stochastic process X (t) increasing (or decreasing) by 1 at

points ¢,; and
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e a renewal process consisting of random variables y, such that

t, =y +..+Y,.

A generalization of this type of process is the so-called alternating renewal
process. This process consists of two types of independent and identically distrib-
uted random variables alternating with each other in turn. This type of process is
convenient for the description of repairable systems. For such systems, periods of
successful operation alternate with periods of idle time.

2.2 Markov Models: Discrete-time Markov Chains

2.2.1 Basic Definitions and Properties

As was described above, a Markov process is a stochastic process whose dynamic
behavior is such that the probability distribution for its future development de-
pends only on the present state and not on how the process arrived at that state
(Trivedi 2002). Generally Markov technique is very effective in many practical
important cases (International Standard IEC 61165 2006).

When the state space, S, is discrete (finite or countably infinite), then the
Markov process is known as a Markov chain. Since the state space is discrete and
countable, we can assume without loss of generality that § = {0,1, 2, 3,...}. If the

parameter space, T (recall that we usually will consider time as the parameter), is
discrete too, then we have a discrete-time Markov chain. Since the parameter
space is discrete, we will let T ={0,1,2,3,.}. Thus, a Markov chain
{X(n), n=0,1,2,...} is described by a sequence of random variables
X (0)=1x,,X(1)=x,X(2)=x,...., where x,,x,x,,... are integer numbers. If
the state of the system at time step » is j, we denote it as X (n) = j. Then X is the

initial state of the system at time step 0. By using these designations in analogy
with (2.5), the Markov property can be defined as

Pr{anxn|X0 zxo,Xlle,...,Xn_lzxn_l}z (28)
=Pr{X, <x,| X,_1=x,-1}
As in the case of a general Markov process, Equation 2.8 implies that chain be-

havior in the future depends only on its present state and does not depend on its
behavior in the past.
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We designate the probability that at step n the chain will be in state j as p; (n).

Thus, we can write
pj(n)=Pr{X, =j}. (2.9)

We also define the probability p;;(m,n) that the chain makes a transition to

state j at step n if at step m it was in state i. This probability is a conditional prob-
ability, and we can write the following

pij(m,n):Pr{X(n):j|X(m):i}, 0<m<n. (2.10)

Conditional probability p;;(m,n) is known as the fransition probability func-

tion of the Markov chain.
Here we will only consider homogeneous Markov chains — those in which
pij(m,n) depends only on difference n-m. For such chains, the simpler notation

pij(n)=Pr{X(m+n)=j|X(m):i}, 0<m<n (2.11)

is usually used to denote so-called n-step transition probabilities. In words,
Dij (n) is the probability that a homogeneous Markov chain will move from state

i to state j in exactly n steps.
If n=1, for homogeneous Markov chains we can also write

p; () =Pr{X(m+1)=j| X(m)=i} = p, = const. (2.12)

The probabilities p, are called one-step transition probabilities.

For engineering applications here we will consider only finite and countable
state space S = {0,1,2,...,M } The one-step transition probabilities can be con-

densed into a transition (one-step) probability matrix P, where

P Po Pom
Puo Pmr -+ Pum

Since for all i,je S, 0< p; < 1, and each row in P adds up to 1, matrix P is a

stochastic matrix.
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The probability mass function of the random value X (O) is called the initial

probability row-vector
p(0)=[ 2, (0).,(0)..... p, (0)] (2.14)

and presents the initial conditions of a Markov chain.

An equivalent description of the Markov chain can be given by a directed graph
called the state-transition diagram (or state diagram for short) of the Markov
chain. A node labeled i of the state diagram represents state i of the Markov chain
and a branch labeled p; from node i to j represents the corresponding one-step
transition probability from state i to state j.

2.2.2 Computation of n-step Transition Probabilities and State
Probabilities

The problem being considered here is in obtaining an expression for evaluating the
n-step transition probability p, (n) from the one-step transition probabilities
P; =D (1) . Recall that for a homogeneous Markov chain according to expression

(2.11) we have the following:

pij(n):Pr{X(m+n):j|X(m):i}, 0<m<n.

Let us consider the transition probability p;;(m+n) that the process goes to
state j at the (m+n) step, given that at O step it is in state i. In order to reach state
j at the (m+n) step the process first reaches some intermediate state k at step m
with probability p, () and then moves from k and reaches j at step (m+n) with
probability p,;(n). The Markov property implies that there are two independent

events. Then using the theorem of total probability we obtain

pij(m+n)=>" py(m)p;;(n). (2.15)
k

Equation 2.15 is one form of the widely known Chapman—Kolmogorov equa-
tion and provides efficient calculation of the n-step transitions probabilities.

We designate as P(n) the matrix of n-step probabilities or, in other words, the
matrix whose (i,j) entry is p; (n) . Then, if in (2.15) we let m =1 and replace n

by n-1, we can rewrite Equation 2.15 in matrix form:
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P(n)=P-P(n-1)=P", (2.16)

where P is the one-step probabilities of the Markov chain.

In words, the n-step transition probability matrix is the nth power of the one-
step transition probability matrix.

Based on the obtained results the unconditional state probabilities p;(n) can be

examined. Their values depend on the initial state probabilities at n =0 and on the
number of steps passed since n =0. It can be written as follows:

p;(n)=Pr{X(n)=j)=

= Y PX (O =D PHX () = j| X0 =)= Y p,Op, . F1D
In matrix form expression (2.17) can be rewritten as
p(n)=p(0)-P". (2.18)

where p(0) and p(n) are the row-vectors of the state probabilities initially (at step
n =0) and after the nth’ step, respectively.

This implies that unconditional state probabilities of a homogeneous Markov
chain are completely determined by the one-step transition probability matrix P
and the initial probability vector p(0).

To illustrate the presented approach, we consider the following example.

Example 2.1 (Bhat and Miller 2002). Assume a two-state Markov chain with the
states denoted by 0 and 1 (Figure 2.2).

Pio
Poo Pu

Po1

Fig. 2.2 Two-state discrete-time Markov chain

The one-step transition probability matrix will be as follow

P- |:p00 p01:| _ |:1_ Po Por :|
P Pu Pro I-p,
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since it must hold that p, + p, =1 and p,,+ p,, =1. Assume that p, =« and

Do =B Then
{l—a a }
P= .
B 1-p

The initial conditions at step n=0 are the following p,(0)=a and

p,(0) =1—a, so the initial state probability row-vector is given as

p(0)=[p,(0).p, (0] =[a.l-a].

Find the n-step transition probability matrix and unconditional probabilities
Do (n) and p, (n) of states 0 and 1 at step n, respectively.

Solution. According to the given one-step transition probability matrix P we can
write

poo(l) =Py = 1—0[, Pm(l) =Py =Q,
P =py =5, puM=p,=1-4.

For n >1, using Equation 2.16, we obtain

Poo (M) = Py (D poy(n =D+ py (D py (n—1) =
=(1-a)pyy(n-1)+ Bpy(n-1).

Now since the row sums of matrix P" are unity, we have
Doy(n=1)=1-py,(n-1).
Substituting p,, (n—1) into the previous equation we obtain for n >1
Po(M) =(A=a)pyy(n=1)+ Bl1- pyy(n—=DI= f+(1-a - B)py,(n—1).

By using the last recurrent equation we can write the following:
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poo(l) =l-a,
Pn(2)=p+1-a-p1-a),
P =B+pl-a-p)+(1-a-p)Y(1-a),

P =B+pl-a-p)+pl-a-p) +.+
+pU-a-p)" +1-a-p) " (1-a)

=ﬂr2(l—a—ﬂ)"}+(l—a—ﬂ)”‘(l—a).
k=0

Based on the formula for the sum of a finite geometric series, we can write:

I-(-a-p"" _1-(-a-p""

n-2
l-a-p)f =
kZ::O( a=p) 1-A-a-p4) a+pf

Therefore, the expression for p,,(n) can be rewritten in the following form:

p__ ald-a-p)
+p a+p

Poo (Vl) =
o

Now p,,(n) can be found:

a al-a-p)
a+p a+p

pol(n) =1- poo(n) =

Expressions for the two remaining entries p,,(n) and p,,(n) can be found in a

similar way. (Readers can do it themselves as an exercise.)
Thus, the n-step transition probability matrix can be written as

pral-a-p)" a-a(l-a-p)

P(n):P”: a+f a+f
B-pl-a-p)" a+pld-a-p)
a+pf a+f

Based on this n-step transition probability matrix and on the given initial state
probability row-vector p(O), one can find state probabilities after the nth step by

using Equation 2.18
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Pral-a-p)" a—a(l—a—ﬂ)”_
a+pf a+pf
=p(0)P" =|a,1—a|x
Pl =R O =let=al o —a—py  aspa-a—py
a+pf a+pf |
- M[a(aJrlg)_m’ M[a(aJrﬁ)_ﬂ] _
a+p a+pf |

Therefore, the state probabilities after the nth step are as follows:

p()(n):ﬂ*%‘lﬂ‘w[amw)—ﬂ],
—(=a—-B)"
p1<n>=%[a<a+m—ﬂ].

2.3 Markov Models: Continuous-time Markov Chains

2.3.1 Basic Definitions and Properties

As in the previous section we confine our attention to discrete-state Markov sto-
chastic processes or Markov chains. The continuous-time Markov chain is similar
to that of the discrete-time case, except that the transitions from any given state to
another state can take place at any instant of time. Therefore, for a discrete-state
continuous-time Markov chain the set of values X(¢) is discrete, X (¢) €{1,2,...},

and parameter ¢ has a continuous range of values, ¢ €[0,00). In reliability applica-
tions the set S of states is usually finite, § ={1,2,...,K},and so X () €{1,2,...K}.

A discrete-state continuous-time stochastic process {X(¢)|7 >0} is called a
Markov chain if for ¢y <#; <...<t,_; <t, its conditional probability mass func-
tion satisfies the relation

Pr{X(t,)=x|X(t, )=%_....X(#)=x,X(t)=x}

(2.19)
=Pr{X(@t,)=x,|X(,)=x,_}
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Introducing the notations t=¢ _, and ¢ =t , + At the expression (2.19) sim-
plifies to

Pr{X(1+AN=i|X(1)= j}=7,(t.1+Ar). (2.20)

The following designation is often used for the simplification:

7 (1,0 + At) = 7 j; (¢, Ar) .

These conditional probabilities are called transition probabilities. If the prob-
abilities 7 (t,At) do not depend on ¢, but only on the time difference Az, the
Markov process is said to be (time-) homogeneous. 7 ;(t,At) is the probability
that no change in the state will occur in a time interval of length Ar given that the
process is in state j at the beginning of the interval. Note that

1, if j =1,
7 (t,1) = (2.21)

0, otherwise.

Taking into account (2.21) one can define for each j a non-negative continuous
functiona, (¢):

D -7+ A - 1= 7 (1,1 + Ar)

a;(t)= lim 2.22
i® YN At YN At (222
and for each jand i # j a non-negative continuous function a, (t):
() — 7 (1 + At 7t 1+ At
aji(t)= lim iD= i ) _ lim M. (2.23)
At—0 At Ar—0 At

The function a (t) is called the transition intensity from state i to state j at

time 7. For homogeneous Markov processes, the transition intensities do not de-
pend on ¢ and therefore are constant.
If the process is in state j at a given moment, in the next A¢ time interval there

is either a transition from j to some state i or the process remains at j. Therefore

7 (A + Y (A =1. (2.24)

i#j

Designating a, =—a; and combining (2.24) with (2.22) one obtains
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1
a,=-a,= BE)_E 2 7, (Ar) = _Z,: aj. (2.25)

Let p, (t) be the state probabilities of X (t) at time #:
p,()=Pr{X(®)=i}, j=1..,K;1>0. (2.26)

Expression (2.26) defines the probability mass function (pmf) of X(¢) at time 7.
Since at any given time the process must be in one of K states,

Z p.()=1 (2.27)

for any 7 > 0.
By using the theorem of total probability, for given ¢ >¢, we can express the

pmf of X(7) in terms of the transition probabilities 7;; (#,7) and the pmf of X(z):

p, ) =Pu(X()=j)=Y Pr(X(1)= j| X(1,) =i} Pr{X (1)) =i}

ie§

(2.28)
= Z ﬂ-[j (tl B t)p,' (t1 )
ieS§
If we let £, =0 in (2.28), we obtain the following equation:
pi0)= Y 7;(0,0)p; 0). (2.29)

ieS
This means that the probabilistic behavior of a continuous-time Markov chain
in the future is completely determined by the transition probabilities 7,(0,7) and
the initial probability vector p(0)={p,(0),..., p, (0)].
The transition probabilities of a continuous-time Markov chain {X (¢)|7 >0}

satisfy for all i, j € S, the Chapman—Kolmogorov equation, which can be written
for this case in the following form:

(1) = 2 7, (4 1)y (1,.0), 0<t, <1, <t. (2.30)

keS

The proof of this equation is based on the theorem of total probability:



2.3 Markov Models: Continuous-time Markov Chains 43

Pr{X(®)=j|X@)=i}
=D Pr{X(®)=j|X(t,)=kX@)=i}Pr{X(t,)=k| X (1) =i}.

keS

(2.31)

The subsequent application of the Markov property (2.20) to expression (2.31)
yields (2.30).

The state probabilities at instant 7+ At can be expressed based on state prob-
abilities at instant ¢ by using the following equations:

i#] i

p,(t+A)=p, (:){1—2%4 +> p,(DaAt, i, j=1,...K. (2.32)

Equation 2.32 can be obtained by using the following considerations.
The process can achieve state j at instant 7+ Af in two ways.

1. The process may already be in state j at instant # and does not leave this state up
to the instant 7+ Az. These events have probabilities p, (t) and 1—ZaﬁAt,

i#]
respectively.
2. At instant ¢ the process may be in one of the states i # j and during time At

transits from state i to state j. These events have probabilities p, (t) and a,Ar,
respectively. These probabilities should be multiplied and summarized for all

i # j because the process can achieve state j from any state .

Now one can rewrite (2.32) by using (2.29) and obtain the following:

p;(t+ A1) = p (O +a,At]+ ) p,(H)a,At (2.33)

i#j
or

P/(I+Al)_l7j(t)

. S S (2.34)
= Z p;(Da;At+ p (t)a At = Z p;()a;At—p, (t)z a;At. )
i=1 i=1 i=1

i#] i#] i#]

After dividing both sides of Equation 2.34 by Ar and passing to limit Ar — 0,
we get

dp;(1) & & .
=Y p 06, (0, =120 K. 235)
i=1 i=1

i#j i#j
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The system of differential equations (2.35) is used for finding the state prob-
abilities p; (t), j=1,..., K for the homogeneous Markov process when the initial

conditions are given as

p,=a, j=1..K. (2.36)

More mathematical details about (2.35) may be found in Trivedi (2002) or in
Ross (1995).

When a state-transition diagram for continuous-time Markov chain is built,
Equation 2.35 can be written by using the following rule: the time derivative of
p; (t) for any arbitrary state j equals the sum of the probabilities of the states that
have transitions to state j multiplied by the corresponding transition intensities
minus the probability of state j multiplied by the sum of the intensities of all tran-
sitions from state j.

Introducing the row-vector p()=[p, (1), p,(1),..., p (t)] and the transition in-

tensity matrix a

a,  ap aig
a a .o a
21 2 2K
a= , (2.37)
g, Qg Agg

in which the diagonal elements are defined as a; =—a;, we can rewrite system

j7
(2.35) in matrix notation:

—dl::) ~p(1)a. (2.38)

K
Note that the sum of the matrix elements in each row equals O: Zaii =0 for
=
each i (lﬁis K)

When the system state transitions are caused by failures and repairs of its ele-
ments, the corresponding transition intensities are expressed by the element’s fail-
ure and repair rates.

An element’s failure rate l(t) is the instantaneous conditional density of the

probability of failure of an initially operational element at time # given that the
element has not failed up to time z. Briefly, one can say that /I(t) is the time-to-

failure conditional probability density function (pdf). It expresses a hazard of fail-



2.3 Markov Models: Continuous-time Markov Chains 45

ure in time instant ¢ under a condition where there was no failure up to time ¢. The
failure rate of an element at time ¢ is defined as

M,):“mi{w}:&, (2.39)
A0 At R(?) R()

where R(t) =1-F (t) is the reliability function of the element, F (t) is the CDF
of the time to failure of the element, and f (t) is pdf of the time to failure of the

element.
For homogeneous Markov processes the failure rate does not depend on ¢ and
can be expressed as

A=MTTF™', (2.40)

where MTTF is the mean time to failure. Similarly, the repair rate s(r) is the

time-to-repair conditional pdf. For homogeneous Markov processes a repair rate
does not depend on ¢ and can be expressed as

1 =MTTR™, (2.41)

where MTTR is the mean time to repair.

A state i is said to be an absorbing state; if once entered, the process is destined
to remain in that state. A state j is said to be reachable from state i if for some >0,
7;j(t) >0 . A continuous-time Markov chain is said to be irreducible if every state

is reachable from every other state.
In many applications, the long-run (final) or steady-state probabilities
p; = lim p;(¢t) are of interest. For an irreducible continuous-time Markov chain
t—w

these limits always exist for every state i € S,

p; = lim p;(t) = lim 7 (1) = lim 7;(t) (2.42)
t—>0 1—>0 1—>0

and they are independent of the initial state j e S. If the steady-state probabilities

exist, the process is called ergodic. For the steady-state state probabilities, the
computations become simpler. The set of differential equations (2.35) is reduced
to a set of K algebraic linear equations because for the constant probabilities all

. . dp,(1) .
time-derivatives are equal to zero, so ~u =0,i=1,..,K.
t

Let the steady-state probabilities p, =lim pl.(t)exist. For this case in steady
t—©

state, all derivatives of state probabilities on the left-hand side of (2.35) will be ze-
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roes. So, in order to find the long-run probabilities the following system of alge-
braic linear equations should be solved:

k K
0= pMa;,—p, O a,,j=12...K. (2.43)
i=1 i=1

i#] i#]

The K equations in (2.43) are not linearly independent (the determinant of the
system is zero). An additional independent equation can be provided by the simple
fact that the sum of the state probabilities is equal to 1 at any time:

i p, =1 (2.44)

i=l1

Thus, steady-state probabilities of ergodic continuous-time Markov chains can
be found using expressions (2.43) and (2.44).

Now we consider additional important parameters of the process in steady
state: state frequency and mean time of staying in state. The frequency f; of state
i is defined as the expected number of arrivals into this state per unit time. Usually
the concept of frequency is associated with the long-term (steady-state) behavior
of the process. In order to relate the frequency, probability, and mean time of
staying in state i, we consider the system evolution in the state space as consisting
of two alternating periods — the stays in i and the stays outside i. Thus, the proc-
ess is represented by two states. Designate the mean duration of the stays in state i
as T, and that of the stays outside i, 7,. The mean cycle time, T ,, is then

ci?

T,=T+T,. (2.45)

i

From the definition of the state frequency it follows that, in the long run, f;
equals the reciprocal of the mean cycle time

1
Tci
Multiplying by 7, both sides of Equation 2.46 one gets
Tf - ;_ —p. (2.47)

Therefore



2.3 Markov Models: Continuous-time Markov Chains 47

_ D 2.48
b T, (2.48)

This is a fundamental equation, which provides the relation between the three
state parameters in the steady state.
Unconditional random value 7, is minimal from all random values 7 that

characterize the conditional random time of staying in state i if the transition is
performed from state i to any state j #i:

T, = min{T,,,...,T,}. (2.49)

u

All conditional times T}, are distributed exponentially with the following cu-
mulative distribution functions F; (Tu < t) =1-¢ . All transitions from state i

are independent and, therefore, the cumulative distribution function of uncondi-
tional time 7, of staying in state i can be computed as follows:

F(T, <1) =1-Pr{T, >t} =1-[ [ Pr{T; > 1}

. S (2.50)
=1-TI[1-F,@, <n]=1-[]e™ =1-¢ 7
J#i J#i

This means that unconditional time 7; is distributed exponentially with parame-

tera, = Zaij, and the mean time of staying in state i is asfollows:
j

Tt (2.51)

2%

J#i

Substituting 7_", in expression (2.48) we finally get

fi=p).a;. (2.52)

J#i

Once state probabilities, p; or p«(f), have been computed, reliability measures
are usually obtained as corresponding functionals of these probabilities.
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2.3.2 Markov Models for Evaluating the Reliability of Multi-state
Elements

According to the generic MSS model (Chapter 1), any system element j can have
k; different states corresponding to the performance rates, represented by the set

g = { 818 } The current state of the element j and, therefore, the current

value of the element performance rate G, (t) at any instant ¢ are random variables.
Gj (t) takes values from g Gj (t) €g;. Therefore, for the time interval [0,T],

where T is the MSS operation period, the performance rate of element j is defined
as a stochastic process. Note that we consider only the Markov process where the
state probabilities at a future instant do not depend on the states occupied in the
past.

In this subsection, when we deal with a single multi-state element, we can omit
index j for the designation of a set of the element’s performance rates. Thus, this
set is denoted as g = {gl,..., gk}. We also assume that this set is ordered so that

giv1 = g; forany i.

The elements can be divided into two groups. Those elements that are observed
only until they fail belong to the first group. These elements either cannot be re-
paired, or the repair is uneconomical, or only the life history up to the first failure
is of interest. Those elements that are repaired upon failure and whose life histo-
ries consist of operating and repair periods belong to the second group. In the fol-
lowing subsections, both groups are discussed.

2.3.2.1 Non-repairable Multi-state Element

As mentioned above, the lifetime of a non-repairable element lasts until its first
entrance into the subset of unacceptable states. In general, the acceptability of an
element’s state depends on the relation between the element’s performance and
the desired level of this performance (demand). The demand W() is also a random
process that takes discrete values from the set w= {wl,...,wM } The desired rela-

tion between the system performance and the demand can be expressed by the ac-
ceptability function F(G(¢),W(r)).

First consider a multi-state element with only minor failures defined as failures
that cause element transition from state i to the adjacent state i—1. In other words,
a minor failure causes minimal degradation of element performance. The state-
space diagram for such an element is presented in Figure 2.3.

The element evolution in the state space is the only performance degradation
that is characterized by the stochastic process {G(?) | >0 }. The transition inten-
sity for any transition from state i to state i—1is A, i =2,....k.

7,i—1%
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;tk, k-1

/11(- 1,k-2

Fig. 2.3 State-transition diagram for non-repairable element with minor failures

When the sojourn time in any state i (or in other words, the time up to a minor
failure in state 7) is exponentially distributed with parameter 4, ,, the process is a
continuous-time Markov chain. Moreover, it is the widely known pure death
process (Trivedi 2002). Let us define the auxiliary discrete-state continuous time

stochastic process {X(t) |t > O}, where X (¢)e€{L,....k}. This process is strictly
associated with the stochastic process {G(¢)|t>0}. When X (t)=i, the corre-
sponding performance rate of a multi-state element is g, :G(t) = g,. The process

X(?) is a discrete-state stochastic process decreasing by 1 at the points 7, i =1,..., k,
when the corresponding transitions occur. The state probabilities of X(7) are

p()=Pr{X(t)=i}, i=1,...k for 120, (2.53)

Note that

k
2 pit)=1 (2.54)

i=1

for any 1> 0, since at any given time the process must be in some state.

According to the system (2.35), the following differential equations can be
written in order to find state probabilities for the Markov process presented in
Figure 2.3:
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dp (1)

# =~ k-1 Dy (0),

? = A iLin = A, p@), i=2,3,.., k-1, (2.55)
dp, (1)

? = ﬂz,lpz(t)'

One can see that in state & there is only one transition from this state to the state
k-1 with the intensity of 4 ;_; and there are no transitions to state k. In each state

i, 1=2,3,...,k—1, there is one transition to this state from the previous state i+1
with the intensity 4;,;; and there is one transition from this state to state i1 with
the intensity 4, ;. Observe that there are no transitions from state 1. This means

that if the process enters this state, it is never left. State 1 for non-repairable multi-
state elements is the absorbing state.

We assume that the process begins from the best state k with a maximal ele-
ment performance rate of g;. Hence, the initial conditions are

Pr 0)=1, P 0)= Pio O)=..= P (0)=0. (2~56)

Using widely available software tools, one can obtain the numerical solution of
the system of differential equations (2.55) under initial conditions (2.56) even for
large k. The system (2.55) can also be solved analytically using the Laplace—
Stieltjes transform (Gnedenko and Ushakov 1995). Using this transform and tak-
ing into account the initial conditions (2.56) one can represent (2.55) in the form
of linear algebraic equations:

P (8) =1==2 P (),
P (8) = Ay Din(8) = Ay Di(s), i =23, k-1, (2.57)

spy(s) = /12,1ﬁ2(s)’

where p, (s)=L{p, (1)} = Ie""’pk (1) is the Laplace—Stieltjes transform of a func-
0

dp, (t - . S
tion py;(t) and L{pé—()} =sp, (s)— p,(0) is the Laplace—Stieltjes transform of
t

the derivative of a function p, (7).

The system (2.57) may be rewritten in the following form:
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- 1
§)=—-—,
P(s) s+ ﬂ’k,k—l
~ ;l’i+l i ~ .
pi(s)=—""—p,. (s), i=23,.. k-1, (2.58)
+ 4
~ ﬂ’z_] ~
pi(s)= - D, ().

Starting to solve this system from the first equation and sequentially substitut-
ing the obtained results into the next equation, one obtains

. 1
Dx (s)= ot ﬂk,k,l s
. A A
Pi(s) =—14 L ! ,i=2,3,...k—1, (2.59)
(s+ /11',171) (s+ ﬂ’Hl,i) (s+ ﬂ’k—l,k—z) (s+ ﬂ’k,k—l)
1—3 (S) :@ /13.2 /14,3 lk.k—l 1
! s (S+A) (5+4,)  (5+ A4, (S+A,.)

Now in order to find the functions p,(¢), the inverse Laplace—Stieltjes trans-
form L {p, (s)} = p,(t) should be applied (Korn and Korn 2000).

In the most common case when F (gl.,w) =g, —w (the element performance
should not be less than the demand) for the constant demand level g,,, 2w> g,
(i =1,....k —1) the acceptable states are the states i+1,...,k, where the element per-
formance is above level g,.

The probability of the state with the lowest performance p, (t) determines the

unreliability function of the multi-state element for the constant demand level
g, 2w> g,. Therefore, the reliability function defined as the probability that the

element is not in its worst state (total failure) is
R(@)=1-p@). (2.60)

In general, if the constant demand is g,,, 2w > g,, i =1,...,k -1, the unreliabil-

i+1
ity function for the multi-state element is a sum of the probabilities of the unac-

ceptable states 1,2,...,i. Thus, the reliability function is

R(D=1- Y p;®). 2.61)
j=1
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The mean time up to multi-state element failure for this constant demand level
can be interpreted as the mean time up to the process entering state i. It can be cal-
culated as the sum of the time periods during which the process remains in each
state j >i. Since the process begins from the best state k with the maximal ele-

ment performance rate g; [the initial conditions (2.56)], we have

k
MTTF, = ) Li=12,... k-1. (2.62)

JEi+l 7Y -1

According to (1.23) one can obtain the element mean instantaneous perform-
ance at time ¢ as

k
E = Z g,p.(0). (2.63)

The element mean instantaneous performance deficiency for the constant de-
mand w according to (1.29) is

k
D, = Y p;(rymax(w—g;,0) . (2.64)
i=1

Example 2.2 We consider an electric generator installed in an airplane where its
maintenance is impossible during flight. This generator assumed as a non-
repairable multi-state element that can have only minor failures. The generator has
4 possible performance levels (in states 4, 3, 2, and 1 its capacities are g, =10

KW, g, =8 KW, g, =5 KW and g, =0, respectively) and the following failure

1 1

rates: A,,=2year ', A, =lyear', and 4, =0.7 year . The initial state is the

best state 4.

Each flight duration is 7, =10 h. The airplane was designed for N, =50

flights up to general maintenance on the ground. Thus, the service time up to the
general maintenance is defined as T, ,, =500 h. The failure is defined as de-

creasing of generating capacity down the demand level 6 KW.

Our objective is to find the expected energy not supplied to the airplane's con-
sumers during the airplane service time, the probability that the failure occurs dur-
ing the service time, and the mean time up to the failure.

Solution. In order to find state probabilities the following system of differential
equations should be solved according to (2.55):
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d,
%(t) = _/14,3p4 (),
d,
%(t) =Ay3Py (t) - ﬂg,zp3 (t),
d,
%O) = /13,2 p; (1) - 12,1172 o),
dp, (1) _
o A1, (1),

with the initial conditions p,(0) =1, p,(0)= p,(0) = p,(0) =0.

Using the Laplace—Stieltjes transform, we obtain

3 | S Ays
Pi(s) = St A, ps(s) = 5+ A )5+ As)

/13,2/14,3
s+, )(s+A,)(s+4,5)

A Asa s
S(S+ )5+ 4,5+ A,5)

py(s)= pi(s)=

Using the inverse Laplace-Stieltjes transform, we find the state probabilities as
functions of time #:

Py = eiﬂ“r s

Py(0) = —Jf@ (¢ " —e ™),
= Aoy =4, )e%ﬂ + (A, = Ay )e%ﬂ +(4, -4, )e%‘jt]
b - (’132 - 12,1 )(14,3 - /?'3,2 )(ﬂle - 14,3) ’

p(1) =1=p, ()= p; (1) = p, (D).

These probabilities are presented in Figure 2.4.
Now we can obtain the reliability measures for this multi-state element. The re-
liability functions for different demand levels are according to (2.61):

R@)=1-p/1), forg, <w<g,,
R,(t)=1-p,(1)-p,(@), forg, <w< g,
R,(t) =1-p, (1) — p,(1) = p;(2) = p, (1), for g, <w<g,.

These reliability functions are also presented in Figure 2.4.
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1
0.8 ]
—pl®)
""" p2(t)
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= . —p4®
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Fig. 2.4 State probabilities and reliability measures for non-repairable element with minor fail-

ures

According to (2.63) we obtain the element mean instantaneous performance at

time ¢:

E, :Zg[p,(t) =10p,(t)+8p,(t)+5p, () +0p, ().

i=l1

The demand is constant during the flight and w =6 KW. Therefore, according
to (2.64), the element mean instantaneous performance deficiency is

D, =Y p,(ymax(w—g;,0) =1p,(1)+6p, ().

i=l1

Functions E, and D, are presented in the Figure 2.5.

Note that the expected energy not supplied (EENS) to the airplane consumers

during the service time 7T, ., =500 h will be as follows:

T,

EENS = | D,dt~0.547 KWh.

0
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Fig. 2.5 Mean instantaneous performance and mean instantaneous performance deficiency for
non-repairable element with minor failures

Now based on (2.62) we obtain the mean times to failure

MTTF, =L+L+L= 2.93 year for g, <w<g,,

43 2 2.1

1 1
MTTF, =—+——=1.5 year forg, <w< g,,

4.3 .2

1
MTTF, :T:0.5 year for g, <w<g,.

4,3

For the constant demand w=6KW, the mean time to failure is equal
to MTTF, =1.5 years. The probability that this failure (decreasing the generating

capacity lower than a demand level of 6 KW) will not occur during the service
time according to the graph in Figure 2.4 will be as follows:

R, (t=T

WW) =R, (500 h) =0.997.

Now consider a non-repairable multi-state element that can have both minor
and major failures (a major failure is a failure that causes the element transition
from state i to state j: j <i—1). The state-space diagram for such an element rep-

resenting transitions corresponding to both minor and major failures is presented
in Figure 2.6.
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Fig. 2.6 State-transition diagram for non-repairable element with minor and major failures
For the continuous-time Markov chain that is represented by this state-space

diagram, the following system of differential equations for state probabilities can
be written according to Equations 2.35:

dpk (t) k(t)z/lkg

d k
p(t) Z NXOE p,(t)z L i=23, k-1, (2.65)
dpl(t) Z

with the initial conditions (2.56).
After solving this system and obtaining the state probabilities
D; (t), i=1,...,k, the mean instantaneous performance and the mean instantane-

ous performance deficiency can be determined by using (2.63) and (2.64).

As in the case of the non-repairable multi-state element with minor failures, the
unavailability of the element with both minor and major failures is equal to the
sum of the probabilities of unacceptable states. Therefore, for the constant demand
w (g, <w<g,,) one can use expression (2.61) for determining the element reli-

ability function.

The straightforward method for finding the mean time up to failure is not appli-
cable for multi-state elements with minor and major failures. The general method
for solving this problem is based on the Markov reward model and is presented in
a later section.
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2.3.2.2 Repairable Multi-state Elements

The more general model of a multi-state element is the model with repair. The re-
pairs can also be both minor and major. A minor repair returns an element from
state j to state j+1 while a major repair returns it from state j to state i, where
i>j+1

The special case of the repairable multi-state element is an element with only
minor failures and minor repairs. The stochastic process corresponding to such an

element is called the birth and death process. The state-space diagram of this proc-
ess is presented in Figure 2.7 (a).

Hie1k “ Akl

Ui g1 A1 k2
H23 13, 2
/1] ’2 }.,7 1

(a) b)

Fig. 2.7 State-transition diagrams for repairable element with minor failures and repairs (a) and
for repairable element with minor and major failures and repairs (b)

The state-space diagram for the general case of the repairable multi-state ele-
ment with minor and major failures and repairs is presented in Figure 2.7 (b). The
following system of differential equations can be written for the state probabilities
of such elements:
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d k-1
pk(t) = z,u( WP (D)= pk(t)zﬂ‘ke’

dp (t) . E
“a Z%WNHZMﬂm mmz FLAD e

i=2,3,.., k-1
k
mm Z mﬂ)m@ZMW

with the initial conditions (2.56). Solving this system one obtains the state prob-
abilities p, (1), i=1....k.

When F(g,,w) =g, —w for the constant demand level g, <w<g the ac-

i+l

ceptable states where the element performance is above level g; are i+1,...,k.
Thus, the instantaneous availability is

k
A= 2 p.). (2.67)

e=i+1

The element mean instantaneous performance and mean instantaneous per-
formance deficiency can be determined by using (2.63) and (2.64).
In many applications the steady-state probabilities lim p, () are of interest for
1—

the repairable element. As was said above, if the steady-state probabilities exist,
the process is called ergodic. For the steady-state probabilities the computations
become simpler. The set of differential equations (2.66) is reduced to a set of k al-
gebraic linear equations because for the constant probabilities all time-derivatives
dp, (1)
dt
Let the steady-state probabilities p; = lim p; (¢) exist. In order to find the prob-
t—0

are equal to zero, thus, =0, i=1,...,k

abilities the following system of algebraic linear equations should be solved

k-1 k=1
O: Z/uchpm _pkz/lk#’
e=1 e=1

k
0=23 2 P+Zu(,p p(Zﬂ o3 ) =23k (268)

e=i+1 e=i+1

z caPe — p]zﬂ]c
e=2
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The k equations in (2.68) are not linearly independent (the determinant of the
system is zero). An additional independent equation can be provided by the simple
fact that the sum of the state probabilities is equal to 1 at any time:

S pi=1. (2.69)

The determination of the reliability function for repairable multi-state elements
is based on finding the probability of the event when the element enters the set of
unacceptable states the first time. It does not matter which one of the unacceptable
states is visited first. It also does not matter how the element behaves after enter-
ing the set of unacceptable states the first time.

United state O

Fig. 2.8 State-transition diagram for determination of reliability function Ri(¢) for repairable ele-
ment (for a constant demand rate w: gi<w<g;+1)

In order to find the element reliability function R;(t), for the constant demand
w (gl. <w< gm), an additional Markov model should be built. All states 1,2,...,

of the element corresponding to the performance rates that are lower than the de-
mand w should be united in one absorbing state. This absorbing state can be con-
sidered now as state O and all repairs that return the element from this state back to
the set of acceptable states should be forbidden. This corresponds to zeroing all
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the transition intensities Ho.m for m=i+1,...,k. The transition rate ﬂm,() from

any acceptable state m (m >1i) to the united absorbing state O is equal to the sum

of the transition rates from state m to all the unacceptable states (states 1,2,...,):

=Y A m=kk—=1.. i+l (2.70)
j=1

The state-transition diagram for computation of the reliability function is pre-
sented in Figure 2.8. For this diagram, the state probability p,(¢) characterizes the

reliability function of the element because after the first entrance into the absorb-
ing state O the element never leaves it: R,(t) =1- p, ().

The system of differential equations for determining the reliability function of
the element takes the following form:

d k-1
pk(t) z:uekpe(t) pk(t)(z/l,e—i_/lk,oj’

e=i+l e=i+l

dp;(1) &

— = 2 AP, (t)+Zﬂ( 20D, (r)[z RIS u,(J 2.71)
e=j+1 e=i+l e=j+1 °

fori<j<k
dp,(t
Po( ) Z op. ().
e=i+l
Solving this system under initial conditions
p0)=L p, (0) = =D (0) =P (0) =0
one obtains the reliability function as
k
R()=1-pgt)= 2, pj). (2.72)

j=i+l
Obviously, the final state probabilities for system (2.71) are as follows:
=P =--=P0n,=0,p, =1

because the element always enters the absorbing state O when ¢ — oo.
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k
Based on the computed reliability function R;(f) = Z p j(t) one can find the
j=i+l
mean time to first failure, when the element performance drops for the first time
under demand level w, where g, <w<g, :

i+l

MTTF; = [R;(t)dr . (2.73)
0

Once state probabilities, p; or p{(f), have been computed, reliability measures
are usually obtained based on these probabilities.

Example 2.3 (Lisnianski and Levitin 2003). Consider a data processing unit that
has k = 4 possible performance levels with corresponding task processing speeds:

g,=100s", g,=80s", g,=50s",and g, =0s".
The unit has the following failure rates
Az =2year, 4, =1year', A, =0.7 year ' (for minor failures),
Ay, =0.4 year ', 4, =03 year, Ay =01 year™' (for major failures)
and the following repair rates
5, =100 year™, s,, =80 year™, 4, =50 year™" (for minor repairs),
., =32 year™", p, =40 year, s, , =45 year”' (for major repairs).
The demand is constant w=60s".

Find such element reliability measures as availability, mean performance, mean
performance deficiency, reliability function, and mean time to first failure.

Solution. The state-space diagram for the unit is presented in Figure 2.9 (a). We
assume that the initial state is the best state 4.

In order to find the state probabilities, the following system of differential
equations should be solved:

% =—(Ayy+ Ay + 4 )Py O+ 1, Dy (O + 11, P, () + 11, P, (1),
dp;,(t) =30 (O) = (A, + Ay + 15, s (O + 50, () + 1, 5, (1),
dp;t( 8 2 Pa (D) + A, D3 () = (A, + 5 + 15, ) Py (D) + 1, P, (D),
% = Ay, Dy + A3 D5 (O + Ay Py () = (5 + 5+ 14, Py (D),

with the initial conditions p,(0) =1, p,(0)= p,(0)=p,(0)=0.
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A2
S

(a)

(b)

Fig. 2.9 State-transition diagrams for four-state element with minor and major failures and re-
pairs

The element instantaneous availability can be obtained for different constant
demand levels:

A(t)=p,), forg, <w<g,,
A)=p,)+ p,(t), forg, <w<g,,
A@)=p,@)+p,t)+p,t)=1-p, ), forg, <w<g,.

These element instantaneous availabilities are presented in Figure 2.10.
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Fig 2.10 Instantaneous availability of four-state element
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The element mean instantaneous performance at time ¢ is

4
E = ngpk (t) =100p, (t) +80p, () +50p, () +0p, (2).

k=1

For demand w = 60 s™' the element availability will be the following

The mean instantaneous performance deficiency (for constant demand
w=60s")is
4
D, = 2 pi (t)max(w— g;,0) =10p,(¢) +60p (1) .
k=1

The indices D, and E,, as functions of time, are presented in Figure 2.11.
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Fig. 2.11 Instantaneous mean performance (a) and performance deficiency (b) of the four-state
element

If one wants to find only the final state probabilities he can do it without solv-
ing the system of differential equations. As was shown above, the final state prob-
abilities can be found by solving the system of linear algebraic equations (2.68) in
which one of the equations is replaced with Equation 2.69. In our example, the
system of linear algebraic equations that should be solved takes the form
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(s + gy + A )Py = M54 D3+ [ 4Dy + 4Py
(/152 + /LH + /134,4)p3 = 244,3174 t 3Dy T 5D
(A + oy + 1y )Py = Ay s Py + A5, D3 + 5Py
p+py+ps+p, =L

Solving this system, we obtain the final state probabilities:

_ M 14,4(bzc3 —byc,)+u 12 (a,by —ab,) + 1, 5(asc, —a,cy)

1 b
ab,c, +a,b,c, +a,bc, —ab,c, —ab,c, —a,bc,

_ Uy 5(a,c; —aye) + py 4 (bye, —bicy) + (A, + 4y 5 + Hy 4 Na,by —asb))
: ab,c, +a,b,c, +a,bc, —ab,c, —ab,c, —a,bc, '

_ /13,2 (albz B azbl )+ (2*%2 + /13,1 iy )(alcz B aZCI) + i, (bICZ B bZCl)
’ ab,c, +a,b;c, + abc, —a.b,c, —ab,c, —a,bc, ’

Py=1-p —p,—ps

where

Q =p, — My, Q) =My — My, Gy =1+ /14,3 + /14,2 + /14,1’
b=ty =t by =+ A, + Ay, by =5 = Ay,
G =M, +ﬂ“2,1 Tyt € = My _/13,2’ G =H, _/14,2'

The steady-state availability of the element for constant demand w =60 s™" is
A=py+p3,

the mean steady-state performance is
4
E, =) g.p, =100p, +80p, +50p, +0p,,
k=1

and the mean steady-state performance deficiency is

4
Doo =Zpk maX(W_gk,O) =10p2 +6Opl'

k=1

As one can see in Figures 2.10 and 2.11 the steady-state values of the state
probabilities are achieved during a short time period. After 0.07 years, the process
becomes stationary. Due to this consideration, only the final solution is important
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in many practical cases. This is especially so for elements with a relatively long
lifetime. This is the case in our example if the element lifetime is at least several
years. However, if one deals with highly responsible components and takes into
account even small information losses at the beginning of the process, an analysis
based on a system of differential equations should be performed.

In order to find the element reliability function R, (¢), for the constant demand

w=60s" (g, <w<g,), an additional Markov model should be built. States 1

and 2 corresponding to performance rates that are lower than the demand w should
be united in one absorbing state. This absorbing state can be considered now as
state 0 and all repairs that return the element from this state back to the set of ac-
ceptable states should be forbidden. This corresponds to zeroing the transition in-
tensities 4, , and 4, ,. The transition rates from the acceptable states 3 and 4 to the

united absorbing state 0 are equal to the sum of the corresponding transition rates
from these states to the unacceptable states 1 and 2. According to (2.70) we obtain

14.0 = 14,1 +/14,2’ ﬂtﬁ,o = ﬂ?,l +13,2'
The state-space diagram for computation of the reliability function R (¢) is pre-
sented in Figure 2.9 (b). For this state-space diagram, the state probability p,(7)

characterizes the reliability function of the element because after the first entrance
into the absorbing state O the element never leaves it.

The system of differential equations for determining the reliability function of
the element takes the form

d

P;t(l‘) =—(Ays + Ay + A4, ) PO + 115, 5 (D),
d

pd3t(t) = 4‘3p4 (Z) - (&2 + ﬂ'].l + ‘u3‘4)p3 (Z),
d

pc(;t(l) =4, + A4 P, O+ (4, +4,,) P (D).

Solving this system under initial conditions p,(0) =1, p,(0) = p,(0) =0 we ob-
tain the reliability function as R (t) =1— p,(¢) . This function is presented in Fig-

ure 2.12.
When the reliability function is known, the mean time to first failure (element's
capacity dropping below to demand w =60 s™') can be found by using (2.73):

MTTF, = J‘Rw(t)dt ~ 2.3 years.
0
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Fig. 2.12 Reliability R,(?) of a four-state element

2.3.3 Markov Models for Evaluating the Reliability of Multi-state
Systems

Consider a system consisting of several multi-state elements. Each combination of
the states of these elements constitutes a unique system state. Any system element
J can have k; different states corresponding to the performance rates, represented

by the set g, = {g 10828k } The current state of element j and, therefore,

the current value of the element performance rate G; (t) at any instant ¢ are ran-
dom variables. G, (t) takes values from g;: G, (t) € g,. The performance rate of

any element j is defined as a continuous-state Markov process in the time interval
[0,7], where T is the MSS operation period. Such models for different types of
MSS elements were studied in the previous section.

According to the generic MSS model, we assume that

L ={g s g 1 ¥ (8015000 8ap, 1 X X G roves 8t }

is a space of possible combinations of performance rates for all n system elements
and g = {gl, 8ys-n 8 K} is a space of possible values of the performance rate for

the entire system. The transform (o(Gl ®),....G, (t)): L' — g, which maps the
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space of the performance rates of the elements into the space of the system per-
formance rates at any instant ¢, defines the system structure function. Therefore,
by using the structure function, the entire MSS performance rate can be computed
for any combination of performance rates of system elements. The current state of
the entire MSS and, therefore, the current value of the system output performance
rate G(¢) at any instant ¢ are random variables. G(f) is a continuous-time Markov

chain that takes values from g: G(t) eg= {gl,gz,..., 8k }

We suppose that Markov processes for different elements are independent and
that there are no simultaneous state transitions of any different elements. In other
words, there may be only one failure or one repair in a system at any instant z.

The traditional application of the Markov technique to MSS reliability evalua-
tion consists of two stages: development of the state-space diagram for the entire
system and the evaluation of the system’s reliability based on solving a system of
differential equations corresponding to the diagram.

The proper design of the state-transition diagram is a critical task in Markov
analysis, especially for the MSS. The explosion of the number of states when the
modeled system is large enough is still a major problem. In such cases a state-
space diagram representation in its pictorial form often becomes impossible. One
of the possible solutions is to use a formalized description of the system. When
such a description is used, the state-space diagram is not actually presented in pic-
torial form, but knowledge of the rules that govern the MSS evolution enable us to
explore the state-space graph systematically by using a computer. In addition, it is
important to understand that the state-space diagram plays only an auxiliary role.
The main aim here is to determine the transition intensity matrix a that defines the
system of differential equations (2.38) and hence the corresponding Markov
model. Therefore, in this context we speak about the formalized generation of the
transition intensity matrix and, therefore, about the Markov model generation.
Based on this idea, efficient algorithms are built for the reliability evaluation. One
possible algorithm for Markov model generation for the MSS is as follows.

Algorithm for the generation of the Markov model

1. Arrangement of the failure and repair rate sets

For every element j of the MSS, the given element failure and repair rates
should be arranged in the following ordered set of failure rates:

) ) ) ) ) ) ) 20 20D
{49 12 A4 A A 27480

kj k=10 T k=200 ki =Lk =22k Lk =320 M -0 M2 0 M

and the ordered set of repair rates
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2 2 ) ) ) ) () 9] ()
{:ul,z sees My 1o Mg s Moo eees B 1o Bk o eees My 2o 1o My g > Hi -1k, } :

If for element j there is no failure that causes a decrease in the element per-
formance from level g;, to level g the corresponding failure rate

Jjm—Am

2L)

o m—Am 18 €qual to zero in the failure rate set. In the same manner, if there is

no repair that returns the performance of element j from level g ;,,_4, to level

&jm»> the corresponding repair rate ,u(j )

m—Am.n 15 €qual to zero in the repair rate

set.

2. Generation of MSS states

All the K=kik,...k, possible MSS states are generated as different combina-
tions of all the possible performance levels of the system’s elements. To each
system state a set {g;,...&,}, i €[Lk],...,l €[Lk, ], of corresponding states

of the system elements should be assigned.

3. Enumeration of the system states and the computation of the MSS output per-
formance

All system states should be enumerated. For computer-based algorithms the
enumeration order is not important. What is really important is the correspon-
dence among the number of states n; (n‘Y e[l,K ]), the set of performance

rates of elements in this state {g;,...,g,}, and the MSS output performance

rate g, in this state that is determined by the MSS structure function

8, =08 8u), Ny =1... K.

4. State-transition analysis and generating the transition matrix

At this stage, the existence of connections between any system state n, and
other states must be determined. These connections are defined by failures and
repairs of the system elements.

According to the assumption that there are no simultaneous transitions in
any different elements, the transition from an arbitrary system state character-
ized by the set of element performances {gyi,...,gjm---»&un} 15 possible only to
one of the states in which just one of the elements changes its performance:

{g”,...,gjm,...,gnh}—){gu,...,gﬂ.,...,gnh}, wherem = f, 1< j<n.
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The transition in which f <m corresponds to the element failure (with transi-

tion intensity (with transition intensity 4/

m,/) and the transition in which

f > m corresponds to the element repair (with transition intensity #,”, )

In order to determine all the transitions in the MSS state-space diagram,
one has to choose all the pairs of system states that differ by the state of a sin-
gle element. For each pair, the corresponding transition intensities (failure and
repair rates) should be chosen from the corresponding ordered sets.

If the MSS transits from state n, to state n, because of a failure with the in-
tensity /1,("{ )f ( f< m) of the arbitrary element j, then the element a,, of tran-

sition matrix a located in the intersection of row 7n; and column n, is

=1 (2.74)

mn, m,f *

If the MSS transits from state n; to state n, because of repair with intensity

(/) . . R
) ( f> m) of an arbitrary element j, then the element a,, of transition

matrix a located in the intersection of row n; and column n, is

= M) (2.75)

If the transition from state n, to state n, does not exist, then the element
a,, of transition matrix a located in the intersection between row n; and col-

mn

umn 7, is zero:

=0. (2.76)

anlnz

5. Determination of diagonal elements in the transition intensity matrix

The last step in generating the transition intensity matrix a is the determina-
tion of its diagonal elements. As is known (see previous section), the elements
in each row of matrix a add up to 0. Hence, diagonal elements of the transition
intensity matrix should be defined as follows:

K
a;; :—zain, izl,...,K. (277)
n=1
n#i
By applying the five-step algorithm, one obtains a transition intensity matrix

for MSS. Based on the matrix, the system of differential equations (2.38) describ-
ing the system behavior can be directly derived.
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The algorithm described above is general. It can build a Markov model for
quite complex MSS and reduces the risk of errors and misrepresentations.

MSS reliability indices such as instantaneous availability, instantaneous ex-
pected performance, and instantaneous performance deficiency can be found in the
same way as was demonstrated for multi-state element (the only difference is the
greater order of the system of differential equations).

At first, the system of differential equations must be solved and probabilities
pi(t) must be found for all system states i=1,...,K.

For the constant demand level w the MSS instantaneous availability can be ob-
tained as the sum of probabilities of all acceptable states (the states where MSS
output performance is greater than or equal to w). Therefore, MSS instantaneous
availability can be defined as

K
Aty =Y p,(0)-1(g; = w), (2.78)
i=1
MSS mean instantaneous performance can be defined as
K
E =) 8p,0), (2.79)
i=1
and MSS mean instantaneous performance deficiency can be defined as

K
D, =Y p;(t)max(w—g;,0). (2.79)
i=1

In order to find the MSS reliability function R, (¢) for the constant demand w,

g, <w<=g,,,, the Markov model should be changed. All the system states from

i+l
the unacceptable area where the performance rate is lower than demand w, should
be united in one absorbing state with the number 0. Transitions from state O to any
acceptable state should be forbidden. The transition rate from any acceptable state
J to the absorbing state should be determined as the sum of the transition rates
from state j to all the unacceptable states. After performing these changes, we ob-
tain the new transition intensity matrix. By solving the differential equation (2.38
with this matrix one obtains the probability of state O p,(¢) and determines the

system reliability function as R(t) =1— p, ().

Example 2.4 (Lisnianski and Levitin 2003). Consider the flow transmission sys-
tem from Example 1.2 (Chapter 1) that was presented in Figure 1.8 (a). It consists
of three elements (pipes). The oil flow is transmitted from point C to point E. The
performance of the pipes is measured by their transmission capacity (tons per min-
ute). Elements 1 and 2 are repairable and each has two possible states. A state of
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total failure for both elements corresponds to a transmission capacity of 0 and the
operational state corresponds to capacities of 1.5 and 2 tons per minute, respec-
tively, so that G, (t) € {gn, gu} = {0,1.5} and G, (t) € {g21,g22} = {0,2}.

The failure rates and repair rates corresponding to these two elements are

A =7 year™, uf) =100 year™' for element 1,

A7) =10 year™', 147 =80 year™ for element 2.

Element 3 is a multi-state element with only minor failures and minor repairs.
It can be in one of three states: a state of total failure corresponding to a capacity
of 0, a state of partial failure corresponding to a capacity of 1.8 tons per minute,
and a fully operational state with a capacity of 4 tons per minute. Therefore,
G, (t) € {g31,g32,g33} = {0,1.8,4}.
The failure rates and repair rates corresponding to element 3 are
A3 =10 year', A7) =7 year™,
u) =120 year™, 45’ =110 year™.

The system output performance rate is defined as the maximum flow that can
be transmitted from C to E. As was shown in Example 1.2, the MSS structure
function is

G,(1)= £ (G (1).G,(t).G; (1)) = min{G, (1) + G, (¢). G, (1)}

The demand is constant: w =1.0 ton per minute.

The MSS structure is presented in Figure 2.13.

F———— -
| G (1)e{0,1.5} :
|
|
: 1 G, (1) e{0,1.8,4} :
C 5 . E
| | (1)< minlG. (1)
I | (t)=min{G, (1)+ G, (1).G, (1)}
| 2 :
|
|
L s B j

Fig. 2.13 MSS structure

The state-transition diagrams of system elements are presented in Figure 2.14.
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Element 1 Element 2 Element 3

g =15 0 8yn =2 8y =4
g, =0 ‘ )
! 8, =0

g31=0

Fig. 2.14 State-transition diagrams of the system elements

In order to derive the system of differential equations for the MSS we apply the
algorithm described above:

1. The failure and repair rate sets for the system elements are:
element 1: {/12“1)}, {,ul(fz)}; element 2 : {iﬁ)}, {/lf,zz)}é
element 3: {25, 4) =0. 4 |, {3 u = 0.3}

2. All the system states are generated as combinations of all possible states of sys-
tem elements (characterized by their performance levels). The total number of
different system states is K = kk,k, =2x2x3=12.

3. A unique number is assigned to each system state. All the system states with
their numbers n, corresponding performance rates are presented in columns 1 to
5 of Table 2.1. For every state, the system output performance rate is computed
based on the MSS structure function. For example, in state 1 we have
G()=g,=15 G,1)=g, =20, G,()=g,, =4.0.Using the system struc-
ture function, we obtain the entire MSS output performance in state 1 as

G(t)zgl zf(gmgzz’ g33)=min{g12 +g22,g33}=min{1.5+2.0, 4'0} =35

4. The state transition analysis is performed for all pairs of system states. For ex-
ample, for state number 2 where the states of the elements are {gi;, g
g:3}1={2,4,2} the transitions to states 1, 5, and 6 exist with the intensities

w257, A5, respectively. All the existing transitions and corresponding tran-

sition intensities are also presented in Table 2.1. Based on Table 2.1 one can
easily find the non-diagonal elements of the transition intensity matrix that de-
scribes an evolution of the MSS in the state space (the elements of the matrix
corresponding to the absence of transitions should be zeroed).
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Table 2.1 Markov model generated for MSS of Example 2.4

73

Performance
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5. The diagonal elements of the transition intensity matrix are determined in such

a way that the sum of elements of each row of the matrix equals zero. These di-
agonal elements are as follows:
(W @ 93
ay == + A, + A7)
- M, 9@, 43
@y ==(thy + 45 +455)

— 1 (2) 3)
a3 = _(1“1.2 + 12,1 + /13.2 )

— 3) 1) [€)] 3)
Ay =—(y5 + th, + A4, +A4,7)
— 3) 1 2)
Qgg = _(:ul.Z +ﬂ’2,1 +ﬂ’2,1 )

3) (2) @)

gy = (5 + My TH, T ﬂ’z(.?)

— 3) [¢Y)] (2) 3) _ 3) 1) 2)
Ay ==y + A, + 47 +4)) Ay,0 = (15 + 15 +47)
_ (1) 1 3) _ 3) (2) [¢)]
Ass ==, + 5 + 13,2 ) ay == + 15 + ﬂz,l )
3) @) 3)

_ (2) (1)
Ay =—(15 + 15 + 1y5)

A4+ A1)

The state-space diagram of the system is presented in Figure 2.15 (in this dia-

Age = —(fy5 + 15

gram the corresponding system performance is presented in the lower parts of the
circle).
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Fig. 2.15 State-transition diagram for MSS

According to (2.37) and (2.38) the corresponding system of differential equa-
tions for the state probabilities p;(¢), 1<i<12 takes the following form:

? =— (A + A +A2) )+ 1y py (6 + 1 py (6 + 1 p, (),
% = A0 (0= (1 + A7 + A8 ) py (6 + 1 p (1) + 17 po (1),
% = 2% P = (1) + A + A2 s (0) + 18 ps (6) + 183 p, (1),
PO 30014+ 23+ 25425 a0+ )

+ 1443 pr (1) + 11 py (),
dps ()

== O+ 2500 = (4 + 4 A2 ) P+ 411 py 0,
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dp (1)
p;h =43P, O+ 4] p, (1)~ (,Ltf; + 1 + A7+ 257 ) pe (1)
+ :ul(,22) p9 (t) + ;ul(,32) plo ([)7
dp, (t)
T = AP O+ T PO = (45 a3 + A48T ) pr 0
+ ful(,IZ> p9 ([) + :uf%) p1 1 (t),
dpy (1) ;
L;t - lz(’? P4 = ('ulg) + 12(}1) + ]’2(.21) ) ps()+ ;ul(,l2) P+ :ul(,22) (),
dp, (1)
ﬁt = A0 ps (1) + 2% po(0)+ A pr () = (15 + 2 + 1 + 257 py (0
+ 443 py (1),
dp,, (1)
—;)t - (i>p6(t)+ﬂz(ffpg(t)_(ﬂl(?; ) +/12(,2|))p|0(t)+ﬂ1(,22>p12(t)’
dp,(t)
Clilt = ;"z(fl)p7 "+ /12(,21)p3 - (/”1(,32) + /ul(,22) + /12(11) ) P )+ /ul(g P ),
dp,, (1)
B = 2 pe 0+ 257 o0+ 23 Py (0= (4 + 1+ 1) a0,

Solving this system with the initial conditions p;(0)=1, p;(0)=0for
2 <i<12 one obtains the probability of each state at time 7.

According to Table 2.1, in different states a MSS has the following perform-
ance rates: in state 1 g, =3.5,in state 2 g, =2.0,1in states 4 and 6 g, =g, =18,
in states 3 and 7 g,=g,=15,in states 5, 8, 9, 10, 11 and 12
85 =8 =80 =80 =&, =&, =0. Therefore,

Pr{G =35} =p,(1).

Pr{G =2.0} = p, (1),

Pr{G = 1.5} =p, (t)+ D5 (t),

Pr{G = 1.8} =p, (t)+p6 (t),

Pr{G = 0} = ps (t)+p8 t)+p9 (t)+p10 (t)+pll (t)+p12( )

For the constant demand level w =1 one obtains the MSS instantaneous avail-
ability as a sum of state probabilities where the MSS output performance is greater
than or equal to 1. States 1, 2, 3, 4, 6, and 7 are acceptable. Hence

At) = pi(t) + pa(t) + p3(t) + pa(t) + pe () + p7 (1) .
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Instantaneous availability and probabilities of different MSS performance lev-
els are presented in Figure 2.16.

1
0.8F ™ 1
806 — Availability |
= Pr (G=3.5)
E -==Pr (G=2.0)
£ 04 « Pr(G=18) | 1
---------- Pr (G=1.5)
——Pr (G=0)
0.2 ]

......................................................................................

0.05 0.1 0.15 0.2
Time (years)

Fig. 2.16 Instantaneous availability and probabilities of different MSS performance levels

The MSS mean instantaneous output performance is

12
E =) pg.

i=1

The MSS mean instantaneous performance deficiency is

12
D, =Y p;(t)max(w—g;,0).
i=1

These functions are presented in Figure 2.17.

In order to find the reliability function R(¢) for w =1one must unite all the un-
acceptable states into one absorbing state, forbid repairs that return the MSS from
this state to the acceptable states, and replace the failure rates from each accept-
able state j to absorbing state 0 by the sum of the failure rates from state j to all the
unacceptable states.
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Fig. 2.17 Reliability indices of the flow transmission MSS

The corresponding state-space diagram is presented in Figure 2.18.

Fig. 2.18 State-transition diagram for evaluating MSS reliability function

In this state-space diagram all unacceptable states (with MSS output perform-
ance lower thanw=1) are united into one absorbing state 0. As was described
above, the system unreliability is treated as the probability that the MSS enters the
unacceptable area the first time at time instant 7.
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The corresponding system of differential equations is as follows:

% = (A + A8+ A7) )+ 1 py () + 1 (6 + 153 P (1),
P00 00~ (A2 + 2 4 282 a0+ 4,0,

LD 20 O~ + 2+ 22) 00+ 12,0,

% =25, —( A+ AT+ ’12(,31))P4(t) + 18 po (6 + 1 ps (0),
LD = 20+ 280, 0= (3 257+ 27 442 a0

L 20+ A, 0= (43 253+ 4 42 2,0,

%: (i>p2(t)+ (jfp3(t)+ (i)p4(t)+< (i> +22(,31))p6(t)+(2'2(’31) " (,ll))p7(t).

Solving  this system under the initial conditions  p;(0)=1,

P, (0) = p,(0) = p,(0) = p,(0) = ps(0) = p,(0) =0, we find the probability pg ()
of absorbing state 0. This probability characterizes the reliability function
R(t) =1-p,(t) for w=1. The reliability function is presented in Figure 2.19.
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Fig. 2.19 Reliability function of flow transmission MSS
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2.4 Markov Reward Models

2.4.1 Basic Definition and Model Description

In the preceding subsections, it was shown how some important MSSs' reliability
indices can be found by using the Markov technique. Here we consider additional
indices such as states frequencies and the mean number of system failures during
an operating period. It is also very important that the Markov reward models con-
sidered here are very useful for MSS life cycle cost analysis and reliability-
associated cost computation. Here we describe the common computational
method, which is based on the general Markov reward model that was primarily
introduced by Howard (1960) and then was essentially extended for different ap-
plications in Mine and Osaki (1970) and many other research works. The corre-
sponding overview can be found in Reibman et al. (1989).

This model considers the continuous-time Markov chain with a set of states

{l,...,K} and transition intensity matrix a =[a,.j], i,j=L...,K. It is suggested

that if the process stays in any state { during the time unit, a certain amount of
money 7, should be paid. It is also suggested that each time that the process tran-

sits from state i to state j a certain amount of money 7; should be paid. These
amounts of money r; and r; are called rewards (the reward may also be negative

when it characterizes losses or penalties). Rewards may also be considered in
other senses, not only as money. It may be, for example, the energy of a power
generating system, information quantity of a communications system, the produc-
tivity of a production line, etc. Markov process with rewards associated with its
states and transitions is called a Markov process with rewards. For these proc-

esses, an additional matrix r = [rl.j], i,j=1,...,K of rewards is determined. If all

rewards are zeroes, the process reduces to the ordinary continuous-time discrete-
state Markov process.
Note that the rewards r; and r; have different dimensions. For example, if r; is

measured in cost units, reward r; is measured in cost units per time unit. The value
that is of interest is the total expected reward accumulated up to time instant ¢
under specified initial conditions.

Let V.(¢) be the total expected reward accumulated up to time ¢, given the ini-
tial state of the process at time instant r=0 is state i. According to Howard
(1960), the following system of differential equations must be solved under speci-
fied initial conditions in order to find the total expected rewards:
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dv.(t K K
(1) =5+ g+ Yy aV,(t), i=1..K. (2.80)
j=1 j=1

dt g

J#i

System (2.80) can be obtained in the following manner. Assume that at time in-
stant # =0 the process is in state i. During the time increment Af, the process can

remain in this state or transit to some other state j. If it remains in state i during
time Az, the expected reward accumulated during this time is r,Az. Since at the

beginning of the time interval [At, At+t]] the process is still in state 7, the ex-
pected reward during this interval is V;(f) and the expected reward during the en-
tire interval [0,Ar+¢] is V,(At+1) =r,At+V,(t). The probability that the process

will remain in state i during the time interval Ar equals 1 minus the probability
that it will transit to any other state j # i during this interval:

K
7, (0,A1) =1-Y a,At =1+a,At. (2.81)

j=1
Jj#i

On the other hand, during time A the process can transit to some other state
Jj #1i with the probability 7;;(0,Ar) = a;Az. In this case the expected reward ac-
cumulated during the time interval [0,Ar] is ry. At the beginning of the time in-
terval [At, At +t]] the process is in state j. Therefore, the expected reward during
this interval is V;(r) and the expected reward during the interval [O, At+t] is
Vi(Ar+1) =1, + V().

In order to obtain the total expected reward one must summarize the products
of rewards and corresponding probabilities for all of the states. Thus, for small Ar

one has
K
Vi(At+1) = (14 a, A0 [rAt+ V(0] + D aht[ 1 +V(0) ], i=1...K.  (2.82)
j=1
J#i

Neglecting the terms with an order greater than A7 one can rewrite the last ex-
pression as follows:

V.(At+1)-V.(t S S
%: Y ag + Y a Vo), i=1..K . (2.83)
t 1 1

J#i

Passing to the limit in this equation gives (2.80).
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Defining the vector column of total expected rewards V(f) with components
V,(),...,V, (t) and vector column # with components

i

K

w=r,+y ar, i=1..K, (2. 84)
.
Jj=1

one obtains Equation 2.80 in matrix notation:

V(1) =uraV (o). (2.85)

Usually system (2.80) should be solved under initial conditions V,(0) =0,
i=1,...,K.

In order to find the long-run (steady-state) solution of (2.80), the following sys-
tem of algebraic equations must be solved

0=u+aV(r), (2.86)

where 0 is a vector column with zero components.

Example 2.5 As an example of the method application we consider a line for ice-
cream production. The nominal productivity (performance) of the line is
N,. =280 ice creams per hour. The profit from the selling (delivery according
contract) of this product is r, . =US $15/h. The line only has complete failures
with a failure rate of A =0.1 year". If the line fails, the owner by contract is
forced to pay US $3 penalty for one unsupplied ice cream per hour, so
¢, = US $3 per ice-cream per hour. After the line failure, a repair is performed
with a repair rate of x =200 year . The mean cost of repair is ¢, = US $14,000.
The problem is to evaluate a total expected reward Ry associated with the pro-
duction line operating during the time interval [0, T1.
Solution. The state-space diagram for the ice-cream production line is presented in
Figure 2.20. It has only two states: perfect functioning with a nominal productivity
(state 2) and complete failure where the unit generating capacity is zero (state 1).
The profit from ice cream selling defines the reward associated with state 2, so
Iy =T,,. The transitions from state 2 to state 1 are associated with failures and

have intensity A. If the line is in state 1, the penalty cost ¢, N, should be paid for
each time unit (hour). Hence, the reward r,, associated with state 1 is r, =c¢,N,.

The transitions from state 1 to state 2 are associated with repairs and have an
intensity of x. The repair cost is c,, therefore the reward associated with the tran-
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sition from state 1 to state 2 is 1, =c,. There is no reward associated with the

transition from state 2 to state 1, so r,, =0.

Fig. 2.20 Markov reward model for ice-cream production line

The reward matrix takes the form

I I TR I L P
hy Ty pif
and the transition intensity matrix will be as follows:
a,  ap —H H
a=|da.. = = .
[ ”J Lm azj { A —/J

Using (2.85) the following system of differential equations can be written in
order to find the expected total rewards Vj(¢) and V, ()

@ =c,N, +uc, — v, @)+ uv, (@),
t

dav,(t

—;’t( ) =7, + AV, (1) = AV, ().

A total expected reward Ry associated with the production line operating dur-
ing the time interval [0, 7] is equal to the expected reward V,(f) accumulated up
to time #, given the initial state of the process at time instant ¢ =0 is state 2.

Using the Laplace-Stieltjes transform under the initial conditions
V,(0) =V,(0) =0, we transform the system of differential equations into the fol-

lowing system of linear algebraic equations:
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+ uc

v, (5) =2 ()4 v, (),

sV, (8) = Av,(s) — Av, (),

where v (s) is the Laplace—Stieltjes transform of a function V, (7).
The solution of this system is

Ac, L+ Auc
Vz(S)Z%.
sT(s+A+p)

After applying the inverse Laplace—Stieltjes transform we obtain

Ac, L+ Auc,

LO=LHnOl ==

[e_(“’”’ +(u+ At —1] .

The total expected cost C; during the operation time 7 is

Ac, L+ Auc,

C, =V,(T)= -
@ (u+4)

[e*““’” +(u+ AT —1] .

For relatively large T the term e~ AT

proximation can be used:

can be neglected and the following ap-

Alc, L+ uc,
CTzMT.
H+A

Therefore, for large 7, the total expected reward is a linear function of time and
the coefficient

/1(ch+ He,)

Cun

H+A

defines the annual expected cost associated with production line unreliability. For
the data given in the example, c,, =$13.14-10° year .
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2.4.2 Computation of Multi-state System Reliability Measures
Using Markov Reward Models

In its general form the Markov reward model was intended to provide economic
and financial calculations. From the preceding subsection and Example 2.5 it is
clear that the Markov reward model is a very useful tool for life cycle cost analy-
sis, and corresponding case studies will be presented in Chapters 6 and 7. How-
ever, it was shown by Lubkov and Stepanyans (1978) and Volik ez al. (1988) that
this tool may also be very suitable for reliability analysis and important reliability
measures could be easily found by the corresponding determination of the rewards
in matrix r. In these works it was suggested that demand w is constant. The
method was extended by Lisnianski (2007) to MSS with variable demand, where
demand is assumed to be a continuous-time Markov chain with m different possi-
ble states (levels) wy,...,w,, and corresponding constant transition intensities with a

given matrix b = |b,j|, i,j=1,2...,m. Here we apply this method for MSS reliabil-

ity analysis.

2.4.2.1 Multi-state System with Variable Demand

In the previous section, MSS was considered to have constant demand. In prac-
tice, this is often not so. A MSS can fall into a set of unacceptable states in two
ways: either through a performance decrease because of failures or through an in-
crease in demand.

For example, consider the demand variation that is typical for power systems.
Usually demand can be represented by a daily demand curve. This curve is cyclic
in nature with a maximum level (peak) during the day and a minimum level at
night (Endrenyi 1979); (Billinton and Allan 1996). Another example is a number
of telephone calls arriving during a time unit to a telephone station. In the simplest
and most frequently used model, the cyclic demand variation can be approximated
by a two-level demand curve as shown in Figure 2.21 (a).

In this model, the demand is represented as a continuous-time Markov chain
with two states: w={w,, w,} [Figure 2.21 (b)], where w, is a peak level of de-

mand and w is a low level. When the cycle time T, and the mean duration of the
peak #, are known (usually (usually T, =24 h), the transition intensities of the

model can be obtained as

Ay =rs A= (2.87)
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where A, is the transition intensity from a low demand level to a peak level and

P
A; 1is the transition intensity from a peak demand level to a low level.

'y

---------- Actual demand curve
Two-level approximation

(a) b)

Fig. 2.21 Two-level demand model: (a) approximation of actual demand curve, and (b) state-
transition diagram

In the further extension of the variable demand model the demand process can
be approximated by defining a set of discrete values {wl,wz,...,wm} representing
different possible demand levels and determining the transition intensities between
each pair of demand levels (usually derived from the demand statistics). The reali-
zation of the stochastic process of the demand for a specified period and the corre-
sponding state-space diagram are shown in Figure 2.22. b;; is the transition inten-
sity from demand level w; to demand level w;.

L J—L

(a) (b)

Fig. 2.22 Discrete variable demand: (a) realization of general Markov demand process, and (b)
state-transition diagram for general Markov demand process
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So, for a general case we assume that demand W(¢) is also a random process
that can take on discrete values from the set w= {wl,. W, } The desired relation

between the MSS output performance and the demand at any time instant ¢ can be
expressed by the acceptability function ®(G(¢),W(z)). The acceptable system

states correspond to ®(G(¢),W(¢)) 20 and the unacceptable states correspond to
O(G(t),W (1)) <0. The last inequality defines the system failure criterion. Usually

in power systems, the system generating capacity should be equal to or exceed the
demand. Therefore, in such cases the acceptability function takes on the following
form:

OGO),W(1)=G61)-W () (2.88)
and the criterion of state acceptability can be expressed as
OGHW)=G@t)-W({@)=0. (2.89)

Below we present a general method that proved to be very useful for the com-
putation of system reliability measures when MSS output performance and de-
mand are independent discrete-state continuous-time Markov processes.

2.4.2.2 Combined Performance-demand Model

Consider a MSS where its output performance is represented by a stochastic proc-
ess G(r) that is described as a continuous-time Markov chain Ch; with K different

possible states g,,..., &, and corresponding transition intensities matrix a = [au] ,
i,j=12,...,K. Therefore, Ch; is a mathematical model for stochastic process

G(t) that represents MSS output performance. This process is graphically pre-
sented in Figure 2.23, where system output performances for each state are repre-
sented inside the ellipses and the state number is presented near the corresponding
ellipse. Transition intensities are presented near the arcs connecting the corre-
sponding states. The state with the largest performance g, is the best state and all

the states are ordered according to their capacity, so thatg, > g, , >..> g,.
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ail k ag,1

Fig. 2.23 Markov model for MSS output performance

The demand process W(¢) is also modeled as a continuous-time Markov chain
Ch, with m different possible states wy, ..., w,, and corresponding constant transi-
tion intensities with the matrix b = [blj], i,j=12,...,m. Ch, is a mathematical
model for the demand stochastic process W(f) and is graphically represented in
Figure 2.24. The demand levels for each state are presented inside the ellipses. As
in the previous case, the state number is presented inside the corresponding circle
and transition intensities are presented near the corresponding arcs (connecting
corresponding states). State m is the state with the largest demand, and all states
are ordered according to their demand levels, so thatw, >w_, >..>w,.

bl,m

b m, 1

Fig. 2.24 Markov model for MSS demand
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The performance and demand models can be combined based on the inde-
pendence of events in these two models. The probabilities of transitions in each
model are not affected by the events that occur in another one. The state-space
diagram for the combined m-state demand model and K-state output capacity
model is shown in Figure 2.25. Each state in the diagram is labeled by two indi-
ces indicating the demand level w € {wy,...,w,,} and the element performance

rate g €{g,. 87, 8x }-
These indices for each state are presented in the lower part of the correspond-
ing circle. The combined model is considered to have mK states. Each state cor-

responds to a unique combination of demand levels w; and element performance

gj and is numbered according to the following rule:
z=(i-1)K+j, (2.90)

where z is a state number in the combined performance-demand model,
z=1....mK;
i is the demand level number, i =1,...m;
Jj is the MSS output performance level number, j=1,...K.

In order to designate that state z in a combined performance-demand model
corresponds to demand level w; and performance g, we use the form

z~{wp. g} (2.91)

In Figure 2.25 the number of each state is shown in the upper part of the corre-
sponding circle.

In addition to transitions between states with different performance levels, there
are transitions between states with the same performance levels but with different
demand levels. All intensities of horizontal transitions are defined by transition in-
tensities b,.'j, i,j=1,...m of the Markov demand model Ch,, and all intensities of

vertical transitions are defined by transition intensities a; ;s i,j=1,...K of the per-

formance model Ch;. All other (diagonal) transitions are forbidden. We designate
the transition intensity matrix for the combined performance-demand model as

c:[c,.j], where i,j=1,2,...,mK.
Thus, the algorithm of the combined performance-demand model building

based on separate performance and demand models Ch; and Ch, can be presented
by the following steps.
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W1 8k W 8k Win 8K

K-1

Wi 8k-1

w1 81

Fig. 2.25 Combined performance—demand model [Unacceptable states are grey]

Algorithm

1. The state-space diagram of a combined performance-demand model is shown in
Figure 2.25, where the nodes represent system states and the arcs represent cor-
responding transitions.

2. The graph consists of mK nodes that should be ordered in K rows and m col-
umns.

3. Each state (node) should be numbered according to rule (2.90).
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4. All intensities ¢ of horizontal transitions from state z; (corresponding to

70,2,
demand w; and performance g;) to state z, (corresponding to demand w; and the
same performance g; according to rule (2.90)) are defined by demand transition
intensities matrix b,

=b,,, (2.92)

where z, ~{w[,gj},z2 ~{wx,gj}, is=1..,m,j=1,..,K.

5. All intensities of vertical transitions from state z; (corresponding to demand w;
and performance g;) to state z3 (corresponding to the same demand w; and per-
formance g, according to rule (2.90) are defined by the performance transition
intensities matrix a,

€. =4a; (2.93)

where

Z~ {w,.,gj}, 3 ~{w,g ) i=L..,m, jt,=1..,K. (2.94)

6. All diagonal transitions are forbidden so that the corresponding transitions’ in-
tensities in matrix ¢ are zeroed.

2.4.2.3 Reward Determination for Computation of Multi-state System
Reliability Indices

In the previous subsection we built the combined performance-demand model and,
therefore, defined its transition intensity matrix ¢ based on matrices a and b for
performance and demand processes.

When the combined performance-demand model is built we can consider it as a

continuous-time Markov chain with a set of states {l,...,mK } and a transition in-
tensity matrix ¢ = [CUJ, i,j=1,...,mK.. In general it is assumed that a certain re-

ward r, is associated with the process of staying in any state i during a time unit.

It is also assumed that each time the process transits from state i to state j a reward

r; is associated with this transition.

Let V;(¢) be the expected total reward accumulated up to time ¢, given the ini-
tial state of the process at time instant 7 =0 is in state i. According to (2.80), the
following system of differential equations must be solved under specified initial
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conditions in order to find the total expected rewards for the combined perform-
ance-demand model:

dv t mK mK
%: roA Y cn+ e V@), i=1.. mK. (2.95)
! j=1 =

J#i

In the most common case, the MSS begins to accumulate rewards after time in-
stant ¢t =0, therefore, the initial conditions are

V,(0)=0, i=1,...,mK. (2.96)

If, for example, the state number K (Figure 2.25) with the highest performance
level and the lowest demand level is defined as the initial state, the value V()
should be found as a solution of system (2.95).

In order to find reliability measures for a MSS the specific reward matrix r
should be defined for each measure. Based on the combined performance-demand
model, the theory of the Markov reward processes can be applied for computation
of reliability measures for Markov MSS. As was said above, we assume that de-
mand W(¢) and MSS output performance G(f) are mutually independent continu-
ous-time Markov chains.

MSS average availability Z(T) is defined as a mean fraction of time when the

system resides in the set of acceptable states during the time interval [0,T],
_ 17
A(T)=— |A(t)dt, 2.97
(M=7 40 2.97)

where A(?) is the instantaneous (point) availability — the probability that the MSS
at instant 7 >0 is in one of the acceptable states:

A(t) = Pr{®(G(t),W (1)) > 0} . (2.98)

As was shown in the previous section, A(#) can be found by solving differential
equations (2.35) and summarizing the probabilities corresponding to all acceptable

states. But based on the Markov reward model MSS average availability Z(T )
may be found more easily without using expression (2.97). For this purpose the

rewards in matrix r for the combined performance-demand model should be de-
termined in the following manner:

e The rewards associated with all acceptable states should be defined as 1.
e The rewards associated with all unacceptable states should be zeroed as well as
all the rewards associated with the transitions.
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The mean reward Vi(T) accumulated during the interval [0,7] defines how long
the power system will be in the set of acceptable states in the case where state i is
the initial state. This reward should be found as a solution of system (2.95) under
initial conditions (2.96). After solving (2.95) and finding Vi(¢), the MSS average

availability can be obtained for each different initial statei =1,2,...,mK:
— V.(T
Ai(T) =%. (2.99)

Usually the state K with the greatest performance level and minimum demand
level is determined as an initial state.

The mean number Ny(T) of MSS failures during the time interval [0, T, if state i
is the initial state, can be treated as a mean number of MSS entrances into the set
of unacceptable states during the time interval [0,7]. For its computation, the re-
wards associated with each transition from the set of acceptable states to the set of
unacceptable states should be defined as 1. All other rewards should be zeroed.

In this case the mean accumulated reward Vi(T), obtained by solving (2.95) pro-
vides the mean number of entrances into the unacceptable area during the time in-
terval [0,7]:

N, (T)=V/(T). (2.100)

When the mean number of system failures is computed, the corresponding fre-
quency of failures or frequency of entrances into the set of unacceptable states can
be found:

1
N ()

fo(T) = (2.101)

Expected accumulated performance deficiency (EAPD) can be defined as mean
performance deficiency accumulated within the interval [0, 7]. The rewards for
any state number z = (i —1) K + j, in a combined model, where w; — g, >0, should

be defined asr,, =w; —g,. All other rewards should be zeroed. Therefore, the

mean reward V(T) accumulated during the time interval [0,7], if state i is in the
initial state, defines the mean accumulated performance deficiency:

EAPD, =V(T) = E{ j(W(;) - G(t))dt} (2.102)
0

Mean time to failure (MTTF) is the mean time up to the instant when the system
enters the subset of unacceptable states for the first time. For its computation the
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combined performance-demand model should be transformed — all transitions that
return the MSS from an unacceptable states should be forbidden, as in this case all
unacceptable states should be treated as absorbing states.

In order to assess MTTF for a MSS, the rewards in matrix r for the transformed
performance-demand model should be determined as follows:

e The rewards associated with all acceptable states should be defined as 1.
e The reward associated with unacceptable (absorbing) states should be zeroed,
as should all rewards associated with transitions.

In this case, the mean accumulated reward Vi(7) defines the mean time accumu-
lated up to the first entrance into the subset of unacceptable states (MTTF), if state
i is the initial state.

Probability of system failure during the time interval [0,T] The combined per-
formance-demand model should be transformed as in the previous section for cal-
culating the MSS reliability function — all unacceptable states should be treated as
absorbing states and, therefore, all transitions that return the system from unac-
ceptable states should be forbidden.

e Rewards associated with all transitions to the absorbing state should be defined
as 1.
e All other rewards should be zeroed.

The mean accumulated reward V(7) in this case defines the probability of sys-
tem failure during the time interval [0,7] if state i is the initial state. Therefore, the
MSS reliability function can be obtained as

R(T)=1-V/(T), i=1,...K. (2.103)

Example 2.6 Consider reliability evaluation for a power system, whose output
generating capacity is represented by a continuous-time Markov chain with three
states. The corresponding capacity levels for states 1, 2, and 3 are
8 =0, g,=70MW, g, =100 MW, respectively, and the transition intensity ma-

trix is as the follows:

-500 0 500
a=[aq;]=| 0 -1000 1000 .
110 -1

All intensities a;; are represented in such units as 1/year.

The corresponding capacity model Ch; is graphically shown in Figure 2.27 (a).

The demand for the power system is also represented by a continuous-time
Markov chain with three possible levels w, =0, w, = 60, w; =90. This demand is

shown graphically in Figure 2.26.
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Demand
A
[ w3=90 [
| |
I I
| I
| |
1472:60 I |
T, | T, |
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| 1 >
” ple » Time
24 h | 24 h I

Fig. 2.26 Daily demand for the power system

Daily peaks w, and w3 occur twice a week and five times a week, respectively,
and the mean duration of the daily peak is 7, =8 h. The mean duration of low

demand level w, =0 is defined as 7, =24-8 =16 h.

According to the approach presented in Endrenyi (1979) that is justified for a
power system, peak duration and low level duration are assumed to be exponen-
tially distributed random values.

The acceptability function is given: (D(G(t),W(t)) =G(t)—W(t). Therefore, a
failure is treated as an entrance into the state where the acceptability function is
negative or G(t) <W(z).

Find the mean number of generator entrances into the set of unacceptable states
during the time interval [0,T].

Solution. Markov performance model Ch; corresponding to the given capacity
levels g, =0, g, =70, g, =100 and transition intensity matrix a is graphically

shown in Figure 2.27 (a).
Markov demand model Ch2 is shown in Figure 2.27 (b). States 1, 2, and 3 rep-
resent the corresponding demand levels w,,w,, and w,. Transition intensities are

such as follows:

11
b, = b, == =3 h™' =1110 years™,
P
b, 2L 2L ho179n =156 years ',
7T, 716
b= 3 L 60446 h =301 years™.
77T, 716
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(a) (b)
Fig. 2.27 Output performance model (a) and demand model (b)

There are no transitions between states 2 and 3, therefore b,, =b;, =0.

Taking into account the sum of elements in each row of the matrix to be zero,
we can find the diagonal elements in the matrix.
Therefore, a transition intensity matrix b for the demand takes the form:

547 156 391
]: 1110 —-1110 0
1110 0  —1110

ij

b=[b,

All intensities b;; are also represented in 1/year.

By using the suggested method we find the mean number N(T) of system fail-
ures during the time interval [0,T] if the state with maximal generating capacity
and minimal demand level is given as the initial state.

First, the combined performance-demand model should be built according to
the algorithm presented above. The model consists of mK =3x3 =09 states
(nodes) that should be ordered in K =3rows and m =3columns. Each state
should be numbered according to rule (2.41). All intensities of horizontal transi-
tions from state z;~ {wl.,gj} to state zp~ {ws,gj}, i,s =13, j=1,3 are defined by

demand transition intensity matrix b
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All intensities of vertical transitions from state z;~{w,, g} to state z3~{w,, g, },

i= 1,_3 , Jot= 1,_3, are defined by the capacity transition intensity matrix a

All diagonal transitions are forbidden; therefore, the corresponding transition
intensities in matrix ¢ are zeroed.

The state-space diagram for the combined performance-demand Markov model
for this example is shown in Figure 2.28.

Fig. 2.28 Combined performance-demand model [Unacceptable states are grey]

Corresponding transition intensity matrix ¢ for the combined performance-
demand model can be written as follows:
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x 0 aq, 0 0 0 b, 0 O
0 x, a4, 0 0 O 0 b, O
a; a, x 0 0 0 0 0 by
6 0 0 x, 0 a5 b; 0 0
e=[¢,]=[0 0 0 0 x a, 0 b, O
0 0 0 a, a, x, 0 0 b,
b, 0 0 b, 0 0 x, 0 a
0 b, 0 0 b, 0 0 x a5,

where
X =—a,;-b;, X, =—a,5—b,,, X, =—a;—05, b,
Xy ==a;—by;, X5 =—0y3—b,s, Xo ==y —Uy,—b, 5,
X, =4y, _b3.1 _bs,z’ Xg =—ly3 _b3.1 _bs,z’ Xg =—l3, =3, _bl,s _b3.2'

The state with the maximum performance g, =100 MW and the minimum de-
mand w, =0 ( state 3) is given as the initial state. In states 2, 5, and 8 the MSS

performance is 70 MW, in states 3, 6, and 9 it is 100 MW, and in states 1, 4, and 7
it is 0. In states 4, 7, and 8 the MSS performance is lower than the demand. These
states are  unacceptable and have a  performance deficiency:
D,=w,—g =—-60MW, D, =w,—g, =-90MW, and D, =w,—g, =-7T0MW.
States 1, 2, 3, 5, 6, and 9 constitute the set of acceptable states.

In order to find the mean number of failures the reward matrix should be de-
fined according to the suggested method. Each reward associated with transition
from the set of acceptable states to the set of unacceptable states should be defined
as 1. All other rewards should be zeroed. Therefore, in a reward matrix
Iy =T, =hs =k =T, =1 and all other rewards are zeroes. So, reward matrix r

is obtained:

(00000010 0
0000000T10
000000000
000000000
r=[r]=[0 0000001 0|
000100000
000000000
000000000
0000001 1 0

The corresponding system of differential equations is as follows:
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DOy (a8 50+ 0350 B4

d‘;t(t) —b, _(azv3 +b,, )V2 (R ANAGES NAGN

d‘j;t(f) =, V() +a,V, (6) - (“1,3 +b,+a,, )V3 () +b, 3V, (1),
% = (@ +by )V, (0) + @,V () + b, ,V; (1),

d‘z;t(t) =b,; - (‘113 +by, )Vs (0)+ a3V (1) 4D, 3V (1),

d‘zgt(t) = ay, +a; V,(0)+a, Vi) = (a5, +ay, +by, )Ve(0) +b, Vo 1),
dv, (1) _ by Vi (D) + by, V() — (a5 +by, +by, )V, (0 +a, Vo (1),
avy(1) _ by Vo (0)+ b, Vo) = (a,, +by, +by, V(D) +a, Yy (1),
d‘i;t(f) =y, + a3, + by V() + by Vi () + a |V, (1) + a5, Vi (1)

—(ay, +ay, +by, + by, )V, (0).

By solving the system of these differential equations under the initial condi-
tions V, (t) =0, i=1...,9 all expected rewards V, (t) i=1,...,9 can be found as
functions of time ¢.

The state K =3,in which the system has a maximum capacity level and a
minimum demand, is given as the initial state. Then, according to expression
(2.100) the value V3(T) is treated as the mean numbers of system entrances into the
area of unacceptable states or the mean number of power system failures during
the time interval [0,7]. The function N (1) =V, (r) is graphically presented in

Figure 2.29, where N ,(7) is the mean number of system failures in the case, when

state 3 is an initial state.
The function N, (t) =V,(t) characterizes the mean number of system failures

in the case where state 1 is given as the initial state. It is also presented in this fig-
ure. As shown, N,;(¢)< N, (r) because state 1 is “closer” to the set of unac-

ceptable states — it has the direct transition to the set in the unacceptable area and
state 3 does not. Therefore, at the beginning of the process the system’s entrance
into the set of unacceptable states is more likely from state 1 than from state 3.
Figure 2.29 (a) graphically represents a number of power system failures for a
short period — only 8 d. However, after this short period the function N ,(r) will
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be a linear function. The reliability evaluation is usually performed over an ex-
tended period (years). See Figure 2.29 (b). For example, for 1 year we ob-
tain N (T =1 year) ~132.

3 140
[ (]
E 2.5 g E 120
f ) f 100
s 5 50
215 2
] g 60
=) =)
g 1 s
a —Nf1() = 40
s .~ = Nf3(t S
s 05 S 20
e 0
0 2 4 6 8 0 0.2 0.4 0.6 0.8 1
Time (days) Time (years)
(a) (b)

Fig. 2.29 Mean number of generator entrances to the set of unacceptable states: (a) — short time
period, and (b) — 1 year time period

According to (2.101) the frequency of the power system failures can be ob-
tained:

1
N

frs= =0.0076 year ™.

13

2.5 Semi-Markov Models

As was mentioned above, a discrete-state, continuous-time stochastic process can
only be represented as a continuous-time Markov chain when the transition time
between any states is distributed exponentially. This fact seriously restricts the ap-
plication of the Markov chain model to real-world problems. One of the ways to
investigate processes with arbitrarily distributed sojourn times is to use a semi-
Markov process model. The main advantage of a semi-Markov model is that it al-
lows non-exponential distributions for transitions between states and generalizes
several kinds of stochastic processes. Since in many real cases the lifetime and re-
pair times are not exponential, this is very important.

The semi-Markov processes were introduced almost simultaneously by Levy
(1954) and Smith (1955). At the same time, Takacs (1954) introduced essentially
the same type of processes and applied them to some problems in counter theory.
The foundations of the theory of semi-Markov processes can be found in Cinlar
(1975), Gihman and Skorohod (2004), Korolyuk and Swishchuk (1995), and
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Silverstov (1980). For readers interested in the field of semi-Markov processes
applications to the reliability theory and performability analysis, the following
books may be especially recommended: Limnios and Oprisan (2000), Kovalenko
et al. (1997), and Sahner et al. (1996). Some interesting examples one can find in
Grabski and Kolowrocki (1999). Using of Petri nets in semi-Markov process
evaluation is also proved to be effective (Ulmeanu and Ionescu 1999).

The general theory of semi-Markov processes is quite complex. Here we study
some aspects of reliability evaluation based on using semi-Markov processes that
do not involve very complex computations. In many real-world problems, rela-
tively simple computation procedures allow engineers to assess the reliability of
MSSs with arbitrary transition times without Monte-Carlo simulation. This espe-
cially relates to MSS steady-state behavior.

2.5.1 Embedded Markov Chain and Definition of Semi-Markov
Process

In order to define a semi-Markov process, consider a system that at any time in-
stant >0 can be in one of various possible states g, g,,...,8,. The system be-

havior is defined by the discrete-state continuous-time stochastic performance
process G(t) € {gl, 8as -ens gK}. We assume that the initial state i of the system

and one-step transition probabilities are given as follows:

GO0)=g,, ie{l,...K},

, (2.104)
7, =P{G,) = |G, ) =g}, jk e (L. K).

Here 7 is the probability that the system will transit from state j with per-
formance rate g; to state k with performance rate g,. Probabilities 7,
Jj.k e{l,..,K} define the one-step transition probability matrix 7 = |:7Z'jk:| for the
discrete-time chain G(¢,), where transitions from one state to another may hap-

pen only at discrete time moments?,,t,,...,t, .t ,.... Such a Markov chain G(t,,)

2t m—1°"m
is called Markov chain embedded in stochastic process G(#), or embedded Markov
chain for short.
To each 7 #0 arandom variable corresponds le with the cumulative distri-

bution function

F(0)=F (T, <1) (2.105)
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and probability density function f ;{ (t) This random variable is called a condi-

tional sojourn time in state j and characterizes the system sojourn time in the j un-
der condition that the system transits from state j to state k.

The graphical interpretation of possible realization of the considered process is
shown in Figure 2.30. At the initial time instant G (0) = g,. The process transits to

state j (with performance rate g;) from the initial state i with probability 7, . There-

fore, if the next state is state j, the process remains in state i during random time
T; with cdf F;(t). When the process transits to state j, the probability of the

transition from this state to any state k is 7. If the system transits from state j to
state k, it remains in state j during random time T, with cdf F, (¢) up to the tran-

sition to state k.

A
G(9)
Ty
g'j e —— ——
iy
7, e
&i . —_—
Ty
8k _y
4/

Fig. 2.30 Semi-Markov stochastic process

This process can be continued over an arbitrary period T.

The described stochastic process G(¢) is called a semi-Markov process if each
time the next state and the corresponding sojourn time in the current state must be
chosen independently of the previous history of the process.

The chain G(z,,) in this case will be a Markov chain with one-step transition

probabilities ik J.k €{l,...,K} and be called an embedded Markov chain.

m

So, in order to define the semi-Markov process one has to define the initial
state of the process and the matrices m= |:7Z'jk:| and F (1)= [E.; (t)] for
i,je{l,...K}.

Note that the process in which the arbitrarily distributed times between transi-

tions are ignored and only time instants of transitions are of interest is a homoge-
neous discrete-time Markov chain. However, in a general case, if one takes into
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account the sojourn times in different states, the process does not have Markov
properties. (It remains a Markov process only if all the sojourn times are distrib-
uted exponentially.) Therefore, the process can be considered a Markov process
only at time instants of transitions. This explains why the process was named
semi-Markov.

The most general definition of the semi-Markov process is based on kernel ma-
trix Q(7). Each element Q;;(¢) of this matrix determines the probability that a one-

step transition from state i to state j occurs during the time interval [0,7]. Using a
kernel matrix, one-step transition probabilities for embedded Markov chain can be
obtained as

7, =limQ, (7) (2.106)
and the CDF F” (t) of the conditional sojourn time in state i can be obtained as

. 1
F;(t)::;;-gh(z). (2.107)

g

Based on the kernel matrix, the CDF F;(f) of unconditional sojourn time 7; in

any state i can be definedas

K K
Fi()=20;(t)= XmyF *;; (1) (2.108)
j=1 j=1

Hence, for pdf of the unconditional sojourn time in state i with performance
rate g;, we can write

K
ﬁm=%ﬂm=;@fmm. (2.109)

Based on (2.109), the mean unconditional sojourn time in state i can be ob-
tained as

_ K _
T, = [tfi(ydt = Y7, T % (2.110)
0 J=1

where TU is the mean conditional sojourn time in state i given that the system tran-

sits from state i to state j.
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Kernel matrix Q(¢) and the initial state completely define the stochastic behav-
ior of a semi-Markov process.

In practice, when MSS reliability is studied, in order to find the kernel matrix
for a semi-Markov process, one can use the following considerations (Lisnianski
and Yeager 2000). Transitions between different states are usually executed as
consequences of such events as failures, repairs, inspections, etc. For every type of
event, the cdf of time between them is known. The transition is realized according
to the event that occurs first in a competition among the events.

In Figure 2.31, one can see a state-transition diagram for the simplest semi-
Markov process with three possible transitions from initial state 0. The process
will transit from state O to states 1, 2, and 3 when events of some different types 1,
2, and 3, respectively, occurs. The time between events of type 1 is random vari-
able T; distributed according to CDF F (). If an event of type 1 occurs first, the
process transits from state O to state 1. The random variable 7, that defines the
time between events of type 2 is distributed according to cdf F,(7). If an event of
type 2 occurs earlier than other events, the process transits from state O to state 2.

Fo(h) Foall)

Fig. 2.31 State-transition diagram of simplest semi-Markov process

The time between events of type 3 is random variable T 3 distributed according
to cdf Fy;(¢). If an event of type 3 occurs first, the process transits from state 0 to
state 3.

The probability Q,,(¢) that the process will transit from state O to state 1 up to

time ¢ (the initial time ¢ =O) may be determined as the probability that under

condition 7T; <t , the random variable Ty, is less than variables Ty, and 7).
Hence, we have

Q, (1) =Pr{(T,, <) &(T,, > ) &(T, 5 > 1)}

= tdeoyl (u)ojdﬁ)yz(u)dj‘dFm(u) (2.111)

-I-
0

F,,) ][ 1= F, ;(u) |dF, , ).
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In the same way we obtain

0, (1) = j [1-F,, ) |[1-F, ;) |dF, , (u). (2.112)

0

t

0,, (1) = j[l - F, ) ][ 1-F,,)]dF, ,(u). (2.113)

0

For a semi-Markov process with the state-transition diagram presented in Fig-
ure 2.31, we have the following kernel matrix:

0 O0n() Qp) Q)

Q(r)= 0 0 0 0 (2.114)
o o0 0 0 ’
0 0 0 0

Expressions (2.112) — (2.114) can be easily generalized to the arbitrary number
of possible transitions from initial state 0.

In order to demonstrate the technique of kernel matrix computation we consider
the following example.

Example 2.7 We consider the simplest system with a state-transition diagram as
shown in Figure 2.31. Two random variables T, and Ty, are exponentially dis-

tributed with CDFs F,(¢) = l—e ™" and Fy,@) = l—e%'zr, respectively, and the
third random variable T 3 has the following CDF:

0,if r<T,
B2\ ik rar

(such a CDF corresponds to the arrival of events with constant period 7).

Find:

1. one-step transition probabilities Qq;(f), Qo (1), Qo3(?) for the kernel matrix;
2. cumulative distribution function for unconditional sojourn time 7y, in state 0;
3. one-step transition probabilities for the embedded Markov chain.

Solution. Using (2.111) — (2.113) we obtain one-step probabilities for the kernel
matrix:
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ﬂo ﬂﬂ,lﬂ/ [l_e*(ﬂru*%,z)f]’ lf t<7:‘,
.1 + 0,2
Q0| @)= /10
1 [l_e*(ﬂn_ﬁ%,zﬂ:- ]’ if 1> Tc’
ﬂU,l + /10,2
A ,
0,2 [l_e*(/lﬂ,ﬁ/ko.z)t]’ if Z<TL,,
20.1 + 2’0,2
Q02 (t) = 1
| N T
20.1 + 2’0,2
0,if t<T,
Q03 (Z) = e*(}m_l*;&»,z )T, , lf > Tl

According to (2.108), unconditional sojourn time Ty in state O is distributed as
follows:

3 1_6*(/10,#/10.2)[ lf t<T
F(=)0,0= ’
‘ ; o 1, ift>T.

One-step transition probabilities for embedded Markov chain are defined ac-
cording to (2.106):

Ay oy Ao )T,
Ty = B l—e (Zo1+202)T; :|’
)’0,1 + 2’0.2

A .
0,2 — DT,
Ty = l—e (Zo,1+492) :|’
Aoy + 2
_ ot )T,
Ty =€ .

2.5.2 Evaluation of Reliability Indices Based on Semi-Markov
Processes

In order to find the MSS reliability indices, the system state-space diagram should
be built as was done in previous sections for Markov processes. The only differ-
ence is that, in the case of the semi-Markov model, the transition times may be
distributed arbitrarily. Based on transition time distributions F;;(7), the kernel

matrix Q(#) should be defined according to the method presented in the previous
section.
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The main problem of semi-Markov process analysis is to find the state prob-
abilities. Let 6 (#) be the probability that the process that starts in initial state 7 at

instant 7 =0 will be in state j at instant 7. It was shown that probabilities &, (1),
i,je {1, LK }, can be found from the solution of the following system of inte-

gral equations:

6, (1) = 5,[1-F.()]+ i jq,k ()6, (t-7)d7 (2.115)
k=1 ¢
where
q, (1) :%, (2.116)
dr
F(t)=2.0,), 2.117)
5. :{1’ ifi=J, (2.118)
volo, ifi#

The system of linear integral equations (2.115) is the main system in the theory
of semi-Markov processes. By solving this system, one can find all the probabili-
ties ;(t), i,je{l,...K}, for a semi-Markov process with a given kernel matrix

[Ql.j (t)] and given initial state.
Based on the probabilities 91.1. @), i,j€{l,..,K}, important reliability indices

can easily be found. Suppose that system states are ordered according to their per-
formance rates g, > g, =..2g,=>g, and demand g, =>w> g  is constant.
State K with performance rate g is the initial state. In this case system instantane-
ous availability is treated as the probability that a system starting at instant
t = 0from state K will be at instant #> 0 in any state g,,..., g,,. Hence, we obtain

A(t,w) = i O, (1) . (2.119)

j=m

The mean system instantaneous output performance and the mean instantane-
ous performance deficiency can be obtained, respectively, as
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K
E =) g6, (2.120)
i=1

and

m—1

D,(w) =) (w=g)0(O1(w> g,). (2.121)

i=1

In the general case, the system of integral Equations 2.115 can be solved only
by numerical methods. For some of the simplest cases the method of the Laplace—
Stieltjes transform can be applied in order to derive an analytical solution of the
system. As was done for Markov models, we designate a Laplace—Stieltjes trans-
form of function f(x) as

~ t X
f&=L{f (0} = e f(x)dx. (2.122)
0
Applying the Laplace-Stieltjes transform to both sides of (2.115) we obtain

~ ~ K ~ ~
0,(5)=0,Z(s)+ Y 7w, [ ()0, (s), 1<i,j< K , (2.123)
k=1
where ‘f’i(s) is the Laplace—Stieltjes transform of the function
() =1-F (1) = I]‘i (t)dt = Pr{T, >1} (2.124)

and, therefore,
- 1 -
?’i(s)=§[l—fi(s)]. (2.125)

The system of algebraic equations (2.123) defines Laplace—Stieltjes transform
of probabilities 6;(7), i,je{l,...,K}, as a function of the main parameters of a

semi-Markov process.

By solving this system, one can also find steady-state probabilities. A detailed
investigation is beyond the scope of this book and we only give here the resulting
formulae for computation of steady-state probabilities. Steady-state probabilities
6’17 = }1_{2 4917 (t) (if they exist) do not depend on the initial state of process I, and for

their designation, one can use only one index: 6,. It is proven that
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, (2.126)

where p;, j=1,....K are steady-state probabilities of the embedded Markov chain.

These probabilities are the solutions of the following system of algebraic equa-
tions:

= (2.127)

Note that the first K equations in (2.127) are linearly dependant and we cannot
K
solve the system without the last equation )., p; =1.
i=1
In order to find the reliability function, an additional semi-Markov model
should be built in analogy with the corresponding Markov models: all states corre-
sponding to performance rates lower than constant demand w should be united in
one absorbing state with the number 0. All transitions that return the system from
this absorbing state should be forbidden. The reliability function is obtained from
this new model as R(w,t) = 6, (¢).

Example 2.8 (Lisnianski and Levitin 2003). Consider an electric generator that
has four possible performance (generating capacity) levels g, =100MW,

g, =7T0MW, g, =50MW, and g, =0. The constant demand is w=60 MW. The
best state with performance rate g, =100 MW is the initial state. Only minor fail-

ures and minor repairs are possible. Times to failures are distributed exponentially
with following parameters: A,, =5x10"h™, 4,, =2x10"h™" . Hence, times to

failures T3 T3, T, are random variables distributed according to the corre-
sponding CDF:

Ay 3t A3t _ At
Fy()=1-e™", F,(t)=1-¢" F, (t)=1-¢™".

Repair times are normally distributed. 754 has a mean time to repair of
T,, =240 h and a standard deviation of o,, =16 h, T3 has a mean time to repair

of 7_"2,3 =480 h and standard deviation o, ; =48h, T}, has a mean time to repair
7_"1’2 =720 h and standard deviation |, =120 h. Hence, the CDF of random vari-

ables T34, 153, and T, are, respectively:
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1 w-T,,)
F,,(t) = ——— [exp| ———2* ldu,
M ‘[271'0'32,4 6[ |: 20—3,4
1 w-T,;)
F,.(t) = —— |exp| ———== ldu,
2 1[271’0'22‘3 6[ |: 20—2,3

F,®)= L ]exp{—@}du.

2
A [27[0'1’2 0 Oy

Find the generator steady-state availability, mean steady-state performance
(generating capacity), and mean steady-state performance deficiency and the gen-
erator reliability function.

Solution. The state-transition diagram of the generator is shown in Figure 2.32 (a).

(D (D

Fs4(n) “ Fis(0) Os.4(1) “ Oa3(0)
(2 (2

F25(1) “ F3(0) 0253(1) “ O32(1)
(2 (2

Fia(0) “ Fa(f) O12(0) “ 0:.1(1)
(0 (0
(a) (b)

Fig. 2.32 Generator representation by stochastic process: (a) generator evolution in the state
space, and (b) semi-Markov model

State 4 is an initial state with generating capacity g4. After the failure, which
occurs according to distribution F, 3(¢), the generator transits from state 4 to state 3
with reduced generating capacity gs.

If a random repair time in state 3, which is distributed according to CDF
F54(?), is lower than the time up to the failure in state 3, which is distributed ac-
cording to F;,(f), the generator will come back to state 4. If the repair time is
greater than the time up to the failure in state 3, the generator will fall down to
state 2 with generating capacity g,.

If the random repair time in state 2, which is distributed according to CDF
F,5(2), is lower than the time up to the failure in state 2, which is distributed ac-
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cording to F,,(?), the generator will come back to state 3. If the repair time is
greater than the time up to the failure in state 2, the generator will fall down to
state 1 with generating capacity g;.

In state 1 after repair time, which is distributed according to F, (t) the genera-

tor will come back to state 2.
Based on (2.111)-(2.113), we obtain the following kernel matrix

Q)=[ 0,1 ].i.j=1.2.3.4:

0 Q0,0 0 0
o 0 0.0 0
RI=1"0" 0.0 0 0.0
0 0 Q.0 0
in which
0, () = E,Z(t)7 0, ()= J‘[I_Fz,z(t)]sz,l(t)’

0, () = [1=F, ,(01dF,; (1),  Qy(t) = [[1=F, ,()1dF, , (1),

0.0 = [ll=F,(OdF,, (). Qu (D)= F,,0).

The corresponding semi-Markov process is presented in Figure 2.32 (b).
Based on the kernel matrix, the cdf of unconditional sojourn times in states 1,
2, 3, and 4 can be written according to (2.108) as

F}(I):le(t) Fz(t):le(t)+Q23(t)
Fi (1) =0y, (1) + 0, (1) F, (1) = 0;(7)

According to (2.109) and (2.110) we have the following mean unconditional
sojourn times: T, =720h, T, =457 h, T; =226h, T, =1000 h.
Using (2.106) we obtain one-step probabilities for the embedded Markov chain:

Ty, = Fl,z (0) =1, Ty = j[l_ F24,3 (t)]sz,l @), Ty = j[l_ F24,1 (t)]dFm @),
0 0

7y = (1= F O1dF, (1), 7, = [[1=F,(01dF, (1), 7 = Fy5(0) =1,
0 0



2.5 Semi-Markov Models 111

Calculating the integrals numerically, we obtain the following one-step prob-
ability matrix for the embedded Markov chain:

0 7, 0 O 0 1 0 0
r=limQ()=| ™ 0 m 0|_|00910 0 0909 0 |
= 0 z, 0 =, 0 01131 0  0.8869
0 0 =z, O 0 0 1 0

In order to find steady-state probabilities Pjs j=12,3,4,for the embedded

Markov chain, we have to solve the system of algebraic equations (2.127) that
takes the form

Py =75 P,
Dy =7, P+ 73, Pss
D3 =T3Py + T3Py
Py =734 D3

Ptp,tpyt+p, =1

By solving this system we obtain: p, =0.0056, p, =0.0615, p, =0.4944,
p, =0.4385.
Now using (2.126) we obtain the steady state probabilities

T, T
6, =—L0—00069, 6, =—L22 00484,
2rT, 2rT,
j=1 Jj=t
T, p4ﬁ

0,=—L" —0.1919, 6, =
pit;

=0.7528.

pT,

M-
|

.Mb
Nl

-
L

-
L

The steady-state availability of the generator for the given constant demand is
A(w) =0,+06,=0.94417.

According to (2.120), we obtain the mean steady-state performance

4
E, =Y g0, =91.13MW,
k=1
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and according to (2.121), we obtain the mean steady-state performance deficiency
D, =(w-g,)8,+(w—g,)6 =0.50 MW.

In order to find the reliability function for the given constant demand
w =60 MW, we unite states 1 and 2 into one absorbing state 0. The modified
graphical representation of the system evolution in the state space for this case is
shown in Figure 2.33 (a). Figures 2.33 (b) shows the state-space diagram for the
corresponding semi-Markov process.

F34(0) “ Fy5(1) 0s4(0) “ (%)
(@) (b)

F50(6)=F3,1() Os0(0)

Fig. 2.33 State-transition diagrams for evaluating reliability function of generator: (a) evolution
in modified state space, and (b) semi-Markov model

As in the previous case, we define the kernel matrix for the corresponding
semi-Markov process based on expressions (2.111) — (2.113):

0 0 0
Q(1)=[0p(® 0 0,0,
0 0.0 0

where
0y (1) = [[1=F, ,(1dF, (1), Oy (D) = [[1= F,, (D1dF, , (1), Oy (1) = F5 (1),

The reliability function for constant demand w =60 MW is defined as

Rw,t)=0,,(1).
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According to (2.115), the following system of integral equations can be written
in order to find the probability 6,,(¢):

O, (1) = [4, (D)0, (1 —7)d,
0

NOE qu (1)0,,(t —7)d7 + jqw (1)0,,(t—7)dr,.
0 0

Gy () =1.

The reliability function obtained by solving this system numerically is pre-
sented in Fig. 2.34.

0.8¢ 1

0.67 1

Reliability function

0.2r i

0 2000 4000 6000 8000 10000
Time (hours)

Fig. 2.34 Reliability function of generator
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