Chapter 2
Group Identities on Symmetric Units

2.1 Introduction

We now turn our attention from the unit group of the group ring to the set of sym-
metric units. Some definitions are in order. Let R be a ring. Then an involution is a
function * : R — R satisfying (r+s)* = r* + 5%, (rs)* = s*r* and (r*)* = r for all
r,s € R. Classic examples of involutions include conjugation on the complex num-
bers and the transpose function (r;;) — (rj;) on the ring of n X n matrices over any
field.

The elements of R fixed by an involution are said to be symmetric with respect
to that involution, and we write R™ for the set of symmetric elements. From time to
time, we will also consider the set of skew elements, R~ ={reR:r* = —r}. If R
is an F-algebra with char F # 2, and * fixes F elementwise, then R is easily seen to
be a direct sum (as vector spaces) of Rt and R™, since r = (“5-) + (55), for all
r € R. We write " (R) for the set of symmetric units. It seems natural to explore
the extent to which the symmetric units determine the structure of the unit group.

If F is a field and G a group, then F'G has a natural involution given by

(So) s

gcG gcG

This is the involution upon which we focus in this book. In Chapter 7, we will
briefly examine other involutions, but until then, whenever we mention x on F G, we
will assume that it is this involution. It is easy to see that if char F # 2, then the
symmetric elements are the F-linear combinations of g+ ¢~ !, g € G. When F has

characteristic 2, we must consider the elements of order 1 or 2 as well, since we

cannot take 8% -
F #2.

An obvious first question is this: If % 7 (FG) satisfies a group identity, does it
follow that % (F G) satisfies a group identity? The answer, in general, is no. Recall,

for instance, that if char F = 0 and G is torsion, then % (FG) satisfies a group

Nearly all of the results for the symmetric units assume that char
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identity if and only if G is abelian (see Corollary 1.2.21). However, we have the
following simple observation. Recall that a Hamiltonian 2-group has the form Qg x
E, where Qg is the quaternion group and E is an elementary abelian 2-group.

Lemma 2.1.1. Let F be any field and G a Hamiltonian 2-group. Then (FG)™ is the
centre of FG.

Proof. Take @ = Y,c 08 € FG. Then o is central if and only if

o= oh 'gh
geG

forall i € G; that s, if and only if o = ot forall g,h € G. But it is easy to see that
every element of order 1 or 2 in G is central, and if a € G does not have order 1 or
2, then the conjugates of a are a and a~!. Thus, the central elements are precisely
the linear combinations of the elements of order 1 or 2, and the terms a+a~! for all
other group elements. But these are the symmetric elements of F'G. a

Thus, in this case, the symmetric units commute, and therefore they satisfy a
group identity. We will see that many of the results concerning the symmetric ele-
ments break down into two cases: groups containing the quaternions and groups not
containing them.

Of course, if the symmetric units do not commute, then they do not form a
group, since (af)* = f*o* = Ba, for all o, € (FG)'. (See Bovdi et al. [18]
and Bovdi [17] for a discussion of the groups G such that 7 * (FG) is a group.) But,
we can still ask if 7" (FG) satisfies a group identity.

In this chapter, we will present the results of Giambruno et al. [39] (for torsion
groups) and Sehgal and Valenti [96] (for groups with elements of infinite order).
Their results provide a complete classification of the groups G such that Z *(FG)
satisfies a group identity, whenever F' is an infinite field of characteristic different
from 2 (subject to the same condition on G modulo its torsion elements that was
needed in the previous chapter). The problem is currently open for finite fields and
fields of characteristic 2.

An interesting question along the way is this: Is there an analogue for Hartley’s
conjecture? We will need the notion of a x-polynomial identity. We can define an
involution on the free algebra F{xi,x»,...} by letting x{ = x2, xj = x4, and so forth.
Renumbering, we obtain the free algebra with involution F {x,x},x2,x3,...}. Let R
be an F-algebra with involution; that is, we insist that (Ar)* = Ar* forall L € F,
r € R. We say that R satisfies a x-polynomial identity if there is a nonzero poly-
nomial f(x1,x],...,Xn,x;) € F{xy,x],...} such that f(ri,r],...,r,,r;) =0 for all
r1,...,rn € R. As part of the Giambruno et al. result, we will see that if G is torsion
and % " (FG) satisfies a group identity, then (FG)* satisfies a polynomial identity.
In particular, then, F G must satisfy a x-polynomial identity. (Indeed, if f(x1,...,x,)
is a polynomial identity for (FG)", then f(x; +x},...,x, +x;) is a *-polynomial
identity for F'G.) But more can be said, due to this classical result of Amitsur.
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Proposition 2.1.2. Let F be a field and R an F-algebra with involution (with or
without an identity). If R satisfies a x-polynomial identity, then R satisfies a polyno-
mial identity.

Proof. See [48, p. 195]. O

Thus, Hartley’s conjecture is true for the symmetric units as well.

We can always assume that our group identity is an identity in two variables. We
do have to be a little bit careful in our argument, in that we must make sure that we
are only making symmetric substitutions.

Lemma 2.1.3. Let R be a ring with involution and suppose that % ™ (R) satisfies a
group identity. Then % ™ (R) satisfies an identity of the form x'1y/1x2 - - - yJm=1xim = 1,
where each exponent is a nonzero integer and iy > 0.

Proof. Suppose that %+ (R) satisfies w(xy,...,x,) = 1. Notice thatif u,v € Z * (R),
then also u'vu’ € % *(R) for any positive integer i. Thus, we can substitute x'yx’ for
x;, and we obtain a group identity of the required form, replacing x with x~! if
necessary in order to ensure that i; > 0. a

It is useful to know about the involutions on matrix rings as well. Fortunately,
these have been extensively studied. We have already seen that the transpose func-
tion is an involution on M, (F) for any field F. If n is even, there is another important
involution, called the symplectic involution. If Aj1,A12,A21,A2 € M, 2 (F), then we

let
(An A12)S _ ( A5, —Atu)
Ay An)  \-AYy Ay )7
where ¢ is the usual matrix transpose. In fact, by [57, Propositions 2.19 and 2.20],
all of the involutions on M, (F) can be expressed in terms of these two involutions.

But up to an isomorphism respecting the involution, we can simplify that result and
allow for division rings as well. The following is a classical result due to Kaplansky.

Proposition 2.1.4. Let D be a division ring of characteristic different from 2 and n
a positive integer. Let * be any involution on M, (D). Then, up to an automorphism
0 of M,,(D) satisfying 6(A*) = (6(A))* for all A € M,,(D), we have either:

1. there exist an involution™ of D and an invertible diagonal matrix

g 0 - 0
0 up -+ 0
u=1 . . .
0 0 - uy

such that i;; = w; for all i, and if A = (a;j) € M, (D), then A* = U~'BU, where
bij=aj; for alli and j; or
2. Dis a field, n is even, and * is the symplectic involution.

Proof. See [6, Theorem 4.6.8 and Lemma 4.6.11]. O
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Note that involutions of the sort described in the first part of the preceding propo-
sition are said to be of transpose (or orthogonal) type.

We will begin with some results concerning semiprime rings with involution, and
then move on to group rings of finite groups and the general torsion case. Follow-
ing that, we will discuss semiprime group rings of nontorsion groups, and then the
general case.

2.2 Semiprime Rings

Throughout this section, F is an infinite field of characteristic different from 2 and
R is an F-algebra having an involution * such that * fixes F elementwise.
Let us begin with the following lemma.

Lemma 2.2.1. Suppose % T (R) satisfies the group identity w(x,y) = 1, as in Lem-
ma 2.1.3. Then there is a positive integer n, depending only upon w, such that

1. ifa € R is square-zero, then (aa*)" = 0; and
2. if b,c € RT are square-zero, then (cbcd)" =0 for alld € RT.

Proof. Suppose a € R, a*> = 0. Then for any A € F, we have (1+Aa)(1 +1a*) €
%" (R), as its inverse is easily seen to be (1 —Aa*)(1 — Aa). In the same way,
(14+Aa*)(1+2Aa) € Z " (R). Thus,

w((l+2Aa)(1+Ad"),(1+Aa")(1+4 Aa)) = 1.

Expanding this, we obtain Y| p;(a,a*)A! = 0, where each p; is a polynomial in a
and a*. We now apply a Vandermonde argument similar to Lemma 1.2.4. Indeed,

since F is infinite, let A;,..., A, be distinct elements of F'. We have
1 A A - AP 0 0
1 A A - A pi(a,a*) 0
1 Adnrt l,%lH Ay pm(a,a®) 0

As a Vandermonde matrix is invertible, we get that p;(a,a*) = 0 for all i. However,
we note that in
w((1+Aa)(1+Aa"),(1+Aa")(1+ Aa)),

we have at most two consecutive instances of 1 + Aa or 1+ Aa* (and at most two
consecutive instances of their inverses, 1 — Aa and 1 — Aa*). Since (1 + Aa)* =
14 2Aa, and similarly for the other terms, we know that the leading coefficient is
pm(a,a*) = £2¥(aa*)!a’, where k > 0,1 > 1, and j € {0,1}. Thus, (aa*)!"! =0,
and the first part is established.

For the second part, we note that for any A € F,
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(14+2¢)(1+Ab)(1 4 Ac), (1 +Ab)(1 +Ac)(1+Ab) € % (R).

Substituting these symmetric units into w, we repeat the argument above and learn
that (cb)” = 0 for some positive integer . But notice that cdc is symmetric and
square-zero. Thus, replacing ¢ with cdc, we get (cdcb)” = 0, hence (ched)™! = 0.
Taking n to be the larger of / + 1 and r+ 1, we are done. O

The next result is Theorem 1 in [39]. The proof is very nice, but it requires some
machinery that is not needed elsewhere in the book. For convenience, the proof can
be found in the appendix.

Proposition 2.2.2. Let R be semiprime. Fix a central element z € R and a positive
integer k. If a € R satisfies (ab(z — a)b*)* = 0 for all b € R, then a is central in R.

As an easy consequence, we have

Lemma 2.2.3. If R is semiprime and a € R* satisfies (ab)* = 0 for all b € R*, then
a is central.

Proof. Let b = cac* for any ¢ € R. Then b is symmetric, hence (acac*)* = 0. We
now apply Proposition 2.2.2, using z = 0. ad

We can now deduce

Lemma 2.2.4. If R is semiprime and % * (R) satisfies a group identity, then every
symmetric idempotent of R is central.

Proof. Let e be a symmetric idempotent. Take any r € R. Then (er(1 —e))? = 0;
hence, by Lemma 2.2.1, there exists a positive integer n such that

0= ((er(1—e))(er(l1 —e))")" = (er(1 —e)r*e)".

It follows that (er(1 — e)r*)"*! = 0. Thus, applying Proposition 2.2.2 with z = 1,
we see that e is central. O

This gives us a nice consequence for semiprime group rings.

Lemma 2.2.5. Let F' be an infinite field of characteristic different from 2 and G a
group, such that FG is semiprime and % * (F G) satisfies a group identity. If g is an
element of finite order in G, and char F does not divide o(g), then (g) is a normal
subgroup.

Proof. Observe that a(l—g) g is a symmetric idempotent. Thus, by the previous lemma,

it is central. Therefore, (g) is normal. O

In particular, it follows that if char ' = 0 and G is torsion, or if char F = p > 2
and G is a torsion p’-group, then G is abelian or Hamiltonian. We will refine this
observation later on.

We record two other results for later use. The first is similar to Lemma 1.5.7.
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Lemma 2.2.6. Suppose that % *(R) satisfies a group identity. Let S be a nil F-
subalgebra of R (without identity) such that S is invariant under x. Then S satisfies
a polynomial identity.

Proof. Assume that the group identity is of the form w(x,y) = 1, as in Lemma 2.1.3.
We can consider the power series ring F{xj,x2}[[z]], and by Lemma 1.2.25, the
elements 1+ x;z and 1 + x»z generate a free subgroup of the unit group. Thus,

0£w(l+x1z,1+x2z7)— 1= Zﬁ(xl,xg)zi,

i>0

and some f;, is not the zero polynomial. Choosing 51,52 € ST, we know that 1+
Asi € % T (R) foreachi and all A € F. Thus,

0=w(l+4+Ais;,1+As)—1= Zﬁ(sl,sz)li.

i>0

But, for any particular s; we have (1+s1)~! =1—s; 457 —--- £ s for some , and
similarly for s,. That is, there exists a j > m such that f;(sy,s;) =0 for all i > j.
Thus,

J .
Zf,‘(sl ,Sz))yl =0.
i=0

Since F is infinite, choose distinct elements A;,...,A;,1 € F. Then
ae AR AL (folsis) 0
1L 4 A3 - A fi(s1,s2) |0
LA A2y e A fi(s1,52) 0

jt+1

Since a Vandermonde matrix is invertible, each f;(sq,s2) = 0. In particular, ST sat-
isfies fiu(x1,x2). That is, S satisfies the %-polynomial identity g, (x1,x],x2,x3) =
fm(x1 +x7,22 +x3). But then Proposition 2.1.2 tells us that S satisfies a polynomial
identity. O

Lemma 2.2.7. Let R be semiprime and suppose that % * (R) satisfies a group iden-
tity. Take any square-zero symmetric element a of R. Then:

1. if b is a symmetric nilpotent element of R, then aba = 0; and

2. ifc,d € R satisfy cd = 0, then cad = 0.

Proof. For the first part, let us suppose, to begin with, that 5> = 0. Then by
Lemma 2.2.1, (abar)" =0 for all r € R*. Thus, by Lemma 2.2.3, aba is central.
But aba is also square-zero, and a semiprime ring cannot have a nonzero central
nilpotent element, lest it generate a nonzero nilpotent ideal. Thus, aba = 0.

Let us consider the general case. If aba # 0, then let i be the largest positive
integer such that ab'a # 0. (If b/ = 0, then evidently i < j.) Take any r € R*. Then
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(b'arab)? = b'ar(ab*a)rab’ = 0, and b'arab' is symmetric. Thus, as we have just
observed, ab'arab'a = 0. Hence, (ab'ar)? = 0 for all € R, and by Lemma 2.2.3,
ab'a is central. Once again, we cannot have nonzero central nilpotent elements, so
ab'a = 0, giving us a contradiction.

For the second part, suppose that s is a square-zero element of R. By Lemma 2.2.1,
(ss*)" = (s*s)" = 0. But this implies that (s + s*)?* = 0. Indeed, when we expand
(s +5*)%", we get a number of terms in which s or (s*)? appear, and these van-
ish, along with (ss*)" 4 (s*s)" = 0. Thus, by the first part of the lemma, we have
a(s+s*)a = 0 or, equivalently, asa = —as*a. Now, (sas)? = 0, so replacing s with
sas, we obtain a(sas + (sas)*)a = 0. Thus,

asasa = —as*(as*a) = (as*a)sa = —asasa,

and, therefore, asasa = 0. Now, for any r € R, we see that drc is square-zero, hence
adrcadrca = 0 and (cadr)® = 0 for all r € R. By Proposition 1.4.7, this cannot
happen unless cad = 0. We are done. O

The semiprime case for group rings of torsion groups will be resolved quickly
once we have dealt with the finite group case.

2.3 Group Rings of Finite Groups

Let us suppose that G is a finite group. We once again assume that F' is an infinite
field. We begin with a useful general lemma.

Lemma 2.3.1. Let R be a ring with involution, with % € R, and let I be a x-invariant
nil ideal of R. Then % " (R/I) is the image of % * (R) under the natural map R —
R/IL

Proof. Tt is evident that symmetric units map to symmetric units. Take any symmet-
ricunitidi € R=R/I.Let v= (@)~'. Thenuv— 1 € I, say uv = 1 +r, with r € I. But
r is nilpotent, so let us say that ¥ = 0. Then we have uv(1 —r+r>—--- £/ 1) =1,
hence u has a right inverse and, by the same argument, a left inverse in R. That is,
u € % (R). Now, i = ii*, hence u* = u+ s for some s € I. Thus, u+ u* = 2u(1+1¢)
for some ¢ € I. Ast is nilpotent, 2u(14¢) is a unit, and it is clearly symmetric. Also,

%(u + u*) = ii. Thus, i is the image of a symmetric unit in R. We are done. ad

First of all, suppose that char F = p > 2. We must show that if %/ T (FG) satisfies
a group identity, then the p-elements of G form a group. Let us begin with

Lemma 2.3.2. Let F be an infinite field of characteristic p > 2 and G a finite group.
If % *(FG) satisfies a group identity, then for every p-element g of G, (g — 1) €
J(FG).

Proof. Observe that J(FG) is invariant under *. Indeed, one of the definitions of
J(FG) is that it consists of all o € FG such that 1 — Bay e % (FG) forall B,y €
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FG (see [62, Lemma 4.3]). Thus, if o € J(FG), then 1 — Bo*y=(1—v'af*)" €
% (FG) for all B,y € FG; hence a* € J(FG). Let R= FG/J(FG). Then R has an
induced involution. Furthermore, by Proposition 1.3.3, J(FG) is nilpotent. Thus, by
the preceding lemma, % *(R) is a homomorphic image of %+ (FG) and therefore
satisfies a group identity. We claim that if » € R is nilpotent, then r7* = 0. This will
complete the proof, since if g € G is a p-element, then g — 1 is nilpotent, hence

(g-1(g'=1)=(g—1)(g— 1) €J(FG),

and therefore (g — 1)> = —g(g— 1)(g~' = 1) € J(FG).
We know that R is semisimple, so let us write

R=Re @B Rey,

where each ¢; is a primitive central idempotent, and Re; = M, (D;), with n; a positive
integer and D; a division algebra.

Suppose, first of all, that e; is symmetric. Then the projection R — Re; in-
duces an involution on M, (D;). Furthermore, every symmetric unit ae; € Re; is
the image of a symmetric unit ae; + (1 —¢;) in R. (If (ae;)(be;) = e;, then also
(aej+ (1 —e;))(be; + (1 —e;)) = 1.) Thus, the symmetric units of M, (D;) satisfy a
group identity. Considering Proposition 2.1.4, we may assume that this involution
is either of transpose type or symplectic. Suppose that it is of transpose type. Then
the matrix unit £y is easily seen to be a symmetric idempotent. By Lemma 2.2.4,
Eq; is central. Thus, n; = 1 and Re; is a division algebra. On the other hand, if the
involution is symplectic, then D; is a field and Eyj + Ej, 211,241 1s @ symmetric
idempotent and, therefore, central. Clearly, n; = 2 and by definition of the symplec-
tic involution on 2 X 2 matrices, the symmetric elements are simply scalar multiples
of the identity matrix.

Suppose, on the other hand, that ¢; is not symmetric. Then e} is also a primitive
central idempotent, say e; = e;. Notice that if ae; € % (Re;), then ae; is the image
of aej+a*e;+ (1 — (e;+e¢;)), and this is a symmetric unit. Thus, GL,, (D;) satisfies
a group identity. By Proposition 1.2.2, D; is a field, and by Lemma 1.2.6, n; = 1.
Thus, Re; is a field.

In summary, each Re; is a division algebra or a 2 x 2 matrix ring over a field,
and in the latter case, it has an induced involution under which all of the symmetric
elements are central. Now, suppose that r € R is nilpotent. Then so is each re;. If Re;
is a division algebra, then re; = 0. Otherwise, re; is a nilpotent 2 x 2 matrix. Since
the minimal polynomial of this matrix has degree at most 2, (re;)> = 0. Thus, 7> = 0.
By Lemma 2.2.1, (rr*)" = 0, and by the same argument, if Re; is a division algebra,
then rr*e; = 0. If Re; is a 2 X 2 matrix ring, then rr*e; is symmetric, hence central.
But a central nilpotent matrix must be the zero matrix. Thus, rr* = 0. O

In order to show that the p-elements form a subgroup, we need to borrow a result
about group representations. For our purposes, when we speak of a representation
over a field F, we will mean a homomorphism p : G — GL,(F), where G is a finite
group, n (the degree) is a positive integer and F is an algebraically closed field.
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Recall that p is said to be faithful if ker(p) = 1. As usual, we write SL,(F) for the
group of n X n matrices of determinant one over a field F, and PSL, (F) for the group
obtained by factoring out the centre of SL,(F).

Proposition 2.3.3. Let F be the algebraic closure of Z,, the field of p elements,
where p is any prime. Let G be a finite group generated by two p-elements g and
h. Suppose that G has a faithful irreducible representation p over F such that the
minimal polynomials of p(g) and p(h) are quadratic. Then G has a subgroup iso-
morphic to SLy(Zp).

Proof. See [45, Theorem 3.8.1]. O
Now we have

Lemma 2.3.4. Let F' be an infinite field of characteristic p > 2 and let G be a finite
group. If, for every p-element g of G, we have (g — 1)* € J(FG), then the p-elements
of G form a (normal) subgroup.

Proof. First of all, we can assume that F' is the field mentioned in Proposition 2.3.3.
Indeed, by Proposition 1.3.3, we can shrink the field to Z, and then expand it to its
algebraic closure. Thus, we will assume that this is indeed our field.

Next, we note that our hypothesis upon G is inherited by its subgroups and ho-
momorphic images. Indeed, if H < G, then for any p-element g of H, we have
(§—1)> € J(FG)NFH C J(FH), by Proposition 1.3.3. If H is normal, then for
any p-element § of G = G/H, let us choose an integer k, relatively prime to
p, such that g¥ is a p-element. Then (g5 — 1)> € J(FG). By Proposition 1.3.3,
J(FG) is nilpotent, hence the image of J(FG) under &y : FG — FG is a nilpo-
tent ideal of FG. But the Jacobson radical of a ring contains every nil ideal. Thus,
(8= 1) € ey (J(FG)) C J(FG). Of course, g*' is a p-element for each positive
integer [. As g is a p-element, we can choose / in such a way that g"’ = g. Thus,
replacing k with k', we get (g — 1)? € J(FG).

Let G be a group of smallest order satisfying the hypothesis of the lemma but
not its conclusion. It must have two p-elements whose product is not a p-element
and, by minimality, G must be generated by those two elements. Furthermore, we
claim that G has an irreducible representation p of degree greater than 1. If not, then
FG/J(FG) is adirect sum of copies of F, and therefore commutative. It follows that
for every g € G/, g — 1 € J(FG). Now J(FG) is nilpotent, hence g is a p-element.
That is, G is commutative modulo a p-group and therefore, the p-elements of G
form a subgroup.

Next, we claim that p is faithful. Suppose 1 # K = ker(p). Surely K # G,
so by minimality, the p-elements of K form a subgroup N, necessarily normal
in G. If N # 1, then again by minimality of |G|, the p-elements of G/N form a
subgroup as well. Thus, the p-elements of G form a subgroup, contradicting the
choice of G. Therefore, K is a p’-group. We know that the p-elements of G/K
form a normal subgroup L/K. But p induces a faithful irreducible representa-
tion on G/K. Since A(G/K,L/K) is nilpotent, by Lemma 1.1.1, it follows that
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A(G/K,L/K) CJ(F(G/K)). That is, every element of L/K is in the kernel of ev-
ery irreducible representation of G/K. Since this representation is faithful on G/K,
L =K and G has no p-elements, a contradiction. Thus, p is faithful on G.

Finally, if g is any p-element in G, then (g — 1)?> € J(FG), hence the minimal
polynomial of p(g) is either linear or quadratic. If it is linear, then p(g) is a scalar
multiple of the identity matrix. But g is a p-element, so this cannot happen in a field
of characteristic p unless g € ker(p), which is not allowed. Thus, the conditions of
Proposition 2.3.3 are met, and G contains a subgroup isomorphic to SL,(Z,).

We know, therefore, that SL,(Z,) satisfies the hypothesis of the lemma, but by in-
spection, its p-elements do not form a subgroup. Thus, by minimality, G = SL»(Z,).
Factoring out its centre, we obtain PSL,(Z p) and again, its p-elements do not form
a subgroup. But this contradicts the minimality of |G|, and we are done. O

Thus, if G is finite and % " (FG) satisfies a group identity, then the p-elements
of G form a normal subgroup P. In fact, we can simply consider G/P due to the
following two results (which do not depend upon F being infinite).

Lemma 2.3.5. Suppose that R is an F-algebra with involution, where char F =
p # 2. Let I be a nil ideal invariant under . If % ™ (R) satisfies the group identity
w(X1,...,X,) = 1, then so does % *(R/I). Conversely, if p > 0, I is nil of bounded
exponent and %+ (R/I) satisfies a group identity, then % *(R) satisfies a group
identity.

Proof. Suppose that 7/t (R) satisfies a group identity w(xp,...,x,;) = 1. Choose
symmetric units iy,...,i, € R = R/I. By Lemma 2.3.1, we may assume that each
u; € % *(R). Thus, since w(uy,...,u,) = 1, we must have w(iy,...,i,) = 1.
Conversely, suppose that p > 0, I is nil of bounded exponent at most p' and
U+ (R/I) satisfies w(x,y) = 1. If u,v €  *(R), then it,v € Z * (R), hence w(ii, V) =
1. Thatis, w(u,v) — 1 € I, hence 0 = (w(u,v) — 1)?' = w(u,v)?' — 1. Thus, Z * (R/I)
satisfies (w(x,y))”l =1.

O

We now have the following lemma, similar to Lemma 1.2.18.

Lemma 2.3.6. Let F be a field of characteristic p > 2 and G a group such that
Ut (FG) satisfies a group identity w(xy,...,x,) = 1. If N is a normal p-subgroup
of G, and either N is finite or G is locally finite, then % *(F(G/N)) satisfies
w(xy,...,xn) = L.

Proof. If N is finite, then by Lemma 1.1.1, A(G,N) is nilpotent. It is surely *-
invariant as well. By the preceding lemma, % " (F (G/N)) satisfies w(xp,...,x,) = 1.

Now suppose that G is locally finite. Let G = G/N. Take @, ..., 0, € % T (FG).
We may lift the & up to elements oy € (FG)", and similarly for their inverses,
since (FG)™ is the image of (FG)" under FG — FG. Let H be the subgroup of G
generated by the supports of all of these elements. Since H is finitely generated, it is
finite. Therefore, since % " (FH) satisfies w(xy,...,x,) = 1, the finite case tells us
that 7" (F(H/(HNN))) also satisfies w(xy,...,x,) = 1. Replacing G with H and
N with H NN, we obtain our result. O
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Thus, for finite groups G, Z " (FG) satisfies a group identity if and only if
% *(F(G/P)) satisfies a group identity. Hence, we may assume that G has no ele-
ments with order divisible by char F. According to Lemma 2.2.5, every subgroup
of G is normal, hence G is abelian or Hamiltonian. There is nothing to be said if
G is abelian. In the Hamiltonian case, G = Qg X E x O, where E is an elementary
abelian 2-group and O is abelian with every element having odd order. We would
like to eliminate O. Then the finite case will be done, by Lemma 2.1.1. To this end,
we have the following lemma.

Lemma 2.3.7. Let F be an infinite field of characteristic p > 2. Let G = Qg X {c).
If %+ (FG) satisfies w(x,y) = 1, then there exists a positive integer m, depending
only upon w, such that the order of c divides 2p™.

Proof. Notice that the sets {A2: A € Z,} and {—1—u?: u € Z,} each contain -+
elements. Thus, they overlap, and we may choose A,u € F such that A% 4 p? =
—1. Write Qg = (g,h: g> = h>,h* = 1,gh = h™'g). Then it is easily verified that
6 : F(Qs x (c)) — Mx(F(c)) given by

0(g) = (ﬁ —HA> . 0(h) = (_01 (1)) , and O(c)= ((C) S)

is a homomorphism.

It is also easy to check that o = }(c+ ¢ 'g?)(ug —h+ Agh)(1 — g*) and
B = %(c +c1g?)(ug+h+ Agh)(1 — g?) are symmetric and square-zero. Thus, by
Lemma 2.2.1, there exists an n, depending only on w, such that (o8)" = 0 and so
(6(e)0(B))" =0.But

o) = (8 CIO‘C) and 0(B) = (CIO_C 8).

(757" 8)=(00)

That is, (¢~! —¢)*" = 0. Choosing m so that p™ > 2n, we get ¢ 7" = ¢”", hence
c¥" =1, as required. O

Thus,

Thus, if we have G/P = Qg X E x O, then as O cannot contain p-elements, we
must have O = 1. As we mentioned above, this proves

Proposition 2.3.8. Let F be an infinite field of characteristic p > 2 and G a finite
group. Then % +(FG) satisfies a group identity if and only if the p-elements of G
Sform a (normal) subgroup P and G /P is abelian or a Hamiltonian 2-group.

If char F = 0, we cannot use the technique of Lemma 2.3.7, since F' may not
contain A and p satisfying A2 + u?> = —1. But we are still able to reduce to the
Hamiltonian 2-groups. We will make use of the following famous result due to Tits
(a corollary of Tits’ alternative).
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Proposition 2.3.9. Suppose that A,B € GL,(C), and that A has two eigenvalues
with distinct magnitudes, as does B. Further suppose that the eigenspaces of A are
distinct from those of B. Then there exists a positive integer n such that A* and B"
generate a free group.

Proof. See [95, Lemma 5.3]. O

We recall that for any field F of characteristic different from 2, the ring of (Hamil-
tonian) quaternions over F, H(F), is the F-vector space with basis {1,i, j, k} made
into an F-algebra through the rules i* = j> = k> = —1,ij = —ji=k, jk= —kj=1i
and ki = —ik =j.

Lemma 2.3.10. Let G = Qg X (c), where ¢ # 1 has odd order. Then % * (QG) does
not satisfy a group identity.

Proof. We may assume that o(c) = ¢, an odd prime. It is easy to see that if & is
a primitive gth root of unity, then the map Q(c) — Q(&) given by ¢ — & is an
epimorphism. As & has minimal polynomial I4x+-- 42071 over Q, the kernel
of this homomorphism is clearly Q(c )( ¢é). Letting e; = 1 — ;Ic we see that e;
is a symmetric central idempotent, hence Q(c) = Q(c)er ® Q(c)(1 —ey), and our
epimorphism restricts to an isomorphism on Q{c)e;

Next, notice that the map QQg — H(Q) given by g +— i, h+— jis also an epimor-

phism. Its kernel is easily seen to be QQg(—* Lig? ). Letting ey = 1 — IJ;—”Z we see that
ey is a symmetric central idempotent and our epimorphism restricts to an isomor-
phism on QQge». Working in QG = QQg ®g Q(c), we see that e = eje; is a central
symmetric idempotent and we have an epimorphism 0 : QG — H(Q(&)) given by
g+ i, h— j, c— &, restricting to an isomorphism on QGe.

Note that in C, elements of the form A + pi, with A, u € Q(&), are uniquely ex-
pressed in this form. Otherwise, we would get i € Q(&). If this happened, then Q(&)
would contain a primitive 4qth root of unity. But the minimal polynomial of such
a root of unity over Q has degree @(4q) = 2(q — 1), where @ is the Euler function.
However, ©(q) = g — 1, so this is impossible. Thus, we identify the elements of the
form A + pi of H(Q(&)) with the subfield Q(&,i) of C. (Equivalently, we could
identify the elements A + uj with this subfield.)

Evidently, then, (14 &i)(1—& i) and (14+&)(1—& 1)) are units in H(Q()).

Furthermore,
(1+&)(1=&7") = 0((1+cg)(1+(cg)*)e)

and

(L+E)(1=E71) = 8((1+ch)(1+ (ch)")e).
As 6 is an isomorphism on QGe, (14 ¢g)(1+ (cg)*)e and (14 ch)(1+ (ch)*)e are
units of QGe; hence

(14cg)(1+(cg))e+ (1—e),(1+ch)(1+(ch)*)e+ (1 —e) € Z 1 (QG),

sou=(1+&i)(1—Ei)andv = (1+E&j)(1— &) are images under 6 of sym-
metric units in QG. It follows that w(u,v) = 1 if w(x,y) = 1 is a group identity for
U+ (QG).
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Now, H(Q(&)) may be regarded as a right Q(&, i)-space with basis {1, j}. Con-
sider the left regular representation on H(Q(&)); that is, the map sending r to p;,
where p,(s) = rs for all 5. Surely w(p,, py) = 1. But with respect to the basis {1, j}
we calculate the matrix of p, to be

- <2+(5651)i2+(&ol_§)i>

and the matrix of p, to be

r=(e ")

The eigenvalues of A are clearly distinct positive real numbers. A calculation reveals
that the eigenvalues of B are the same as those of A. Furthermore, the eigenvectors
of A are obvious and are not eigenvectors for B. Thus, the preceding proposition
applies, and we get that powers of A and B generate a free group. This contradicts
the hypothesis that they satisfy a group identity, and we are done. O

We can now conclude the torsion case for fields of characteristic zero.

Proposition 2.3.11. Let F be a field of characteristic zero and G a torsion group.
Then %+ (FG) satisfies a group identity if and only if G is abelian or a Hamiltonian
2-group.

Proof. By Lemma 2.2.5, if / T (FG) satisfies a group identity, then G is abelian or
Hamiltonian. In the latter case, G ~ Qg x E x O, where E? =1 and every element
of O has odd order. By the last lemma, O = 1. The converse follows immediately
from Lemma 2.1.1. a

2.4 Group Rings of Torsion Groups

Having dealt with the characteristic zero case, we can now assume that F is infinite
and char F = p > 2. The next step will be to show that if %+ (F G) satisfies a group
identity, then F'G satisfies a polynomial identity. This breaks down into three cases:
N(FG) =0, N(FG) nonzero nilpotent, and N(FG) not nilpotent. In the first of these
cases, where F'G is semiprime, we can do even better. We start with

Lemma 2.4.1. Suppose F is an infinite field, char F = p > 2 and FG is semiprime.
Further suppose that % * (FG) satisfies a group identity. If g € G has order p, then
(g) is normalized by every torsion element of G.

Proof. Take h € G with o(h) = p™, m > 0. Observe that § is symmetric and square-
zero and (h — 1)(h~! — 1) is symmetric with ((h—1)(h~' —1))”" = 0. Thus, by
Lemma?2.2.7, §(h—1)(h~' —1)§ = 0. Expanding this and discarding the (g)? terms,
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we get ghg + gh~'¢ = 0. Writing this as a sum of group elements, we note that each
element must appear at least three times in order to get a zero sum. Thus, a group
element appears at least twice in either ghg or gh~'g. As the proofs for the two cases
are essentially the same, assume that g/l hg/! = g2hg/2 If iy = i, then j; = j», so
we may assume that i} # i and j; # j», with all exponents in the range of O to p — 1.
Then h~!gii—2jy = gi2=J1_ As ij — i, is not divisible by p, by taking a suitable power
we get that A~ 'gh € (g). Thus, (g) is normalized by the p-elements of G.

Suppose that k € G is a p’-element. By Lemma 2.2.5, (k) is normal in G. Thus,
(k,g) is finite. We can now apply Proposition 2.3.8 to (k,g), and we get that its
p-elements form a normal subgroup. Therefore, (g,k) is both a p-element and a p’-
element, hence g and k commute. Thus, (g) is normalized by both the p-elements
and the p’-elements and therefore by all elements of finite order. O

Proposition 2.4.2. Suppose F is an infinite field, char F # 2, G is torsion and FG
is semiprime. Then % ™+ (F G) satisfies a group identity if and only if G is abelian or
a Hamiltonian 2-group.

Proof. The characteristic zero case is handled in Proposition 2.3.11, so let char F' =
p > 2 and suppose that % *(F G) satisfies a group identity. By the preceding lemma,
if g € G has order p, then (g) is a normal subgroup. But by Proposition 1.2.9, this
contradicts the semiprimeness of F'G. Thus, G has no p-elements. By Lemma 2.2.5,
G is abelian or Hamiltonian. In the latter case, G = Qg x E x O, where E?=1and
O is an abelian group in which every element has odd, p’-order. By Lemma 2.3.7,
O =1, and the necessity is proved.

Lemma 2.1.1 proves the sufficiency. O

Let us now extend Hartley’s conjecture.

Proposition 2.4.3. Let F be an infinite field of characteristic p # 2 and G a torsion
group. If % *(F G) satisfies a group identity, then F G satisfies a polynomial identity.
In particular, G is locally finite. Also, if p > 2, then the p-elements of G form a
(normal) subgroup.

Proof. Once we show that F'G satisfies a polynomial identity, the fact that G is
locally finite will follow from Proposition 1.1.4, and then the fact that the p-elements
form a subgroup will come from Proposition 2.3.8. If p = 0, then Propositions 2.3.11
and 1.1.4 do the job. Thus, we assume that p > 2.

Suppose, first of all, that N(FG) is a nilpotent ideal. By Proposition 1.2.22,
¢,(G) is finite, and by Proposition 2.3.8, its p-elements form a group. Thus,
¢p(G) is a finite p-group. By Lemma 2.3.6, % " (F(G/¢,(G))) satisfies a group
identity. But by Proposition 1.2.9, F(G/¢,(G)) is semiprime. Thus, by Proposi-
tion 2.4.2, G/¢,(G) is abelian or a Hamiltonian 2-group. If it is abelian, then
[FG,FG] C A(G,$,(G)). But A(G,¢,(G)) is a nilpotent ideal by Lemma 1.1.1,

hence FG satisfies [x,y]”l = 0 for some /. If, on the other hand, G/¢,(G) is a
Hamiltonian 2-group, then by Lemma 2.1.1, (F(G/¢,(G)))" is commutative. That
is, [(FG)",(FG)"] C A(G,¢,(G)), hence FG satisfies the *-polynomial identity

[x+x*,y+ y*]”l = 0. By Proposition 2.1.2, FG satisfies a polynomial identity.
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Now, suppose that N(FG) is not nilpotent. It is surely nil, so by Lemma 2.2.6,
N(FG) satisfies a polynomial identity. By Lemma 1.2.16, FG satisfies a nondegen-
erate multilinear GPL Thus, by Proposition 1.2.15, (G : ¢(G)) < e and |(¢(G))| <
oo, In particular, G is locally finite. Considering finite subgroups of G, we see from
Proposition 2.3.8 that the p-elements of G form a normal subgroup P.

By Lemma 2.3.6,  * (F (G/P)) satisfies a group identity. But F(G/P) is semi-
prime, hence by Proposition 2.4.2, G/P is abelian or a Hamiltonian 2-group. In the
former case, G’ is a p-group, hence (¢(G))’ is a finite p-group. That is, G has a p-
abelian subgroup of finite index, and by Proposition 1.1.4, F G satisfies a polynomial
identity. If G/P ~ Qg x E, where E is an elementary abelian 2-group, then there
exists a normal subgroup H of G, containing P, such that G/H ~ Qg and H/P ~ E.
Since H/P is abelian, as we have just seen, F H satisfies a polynomial identity. That
is, H has a p-abelian subgroup of finite index and, therefore, so does G. O

As usual, we write P for the subgroup of G consisting of p-elements. Let us first
consider the case where G does not contain the quaternions. Let H be any finitely
generated (hence finite) subgroup of G. Let N be the group of p-elements of H. By
Proposition 2.3.8, H/N is abelian or a Hamiltonian 2-group. Now, (|N|, |H/N|) = 1.
Thus, by the Schur-Zassenhaus theorem, H is the semidirect product N x K, for
some subgroup K. If H/N is a Hamiltonian 2-group, then K contains the quater-
nions, which is impossible. So H/N is abelian, and H', and hence G/, is a p-group.
We already know that F'G satisfies a polynomial identity. In view of Theorem 1.3.1,
if we can show that G’ has bounded exponent, then we will know that % (FG) sat-
isfies a group identity and we will be done. In order to do this, we need versions
of Lemmas 1.3.5 and 1.3.6, assuming only that % *(FG) satisfies a group identity
(and that F is infinite).

Lemma 2.4.4. Let F be an infinite field of characteristic p > 2 and let G=A x (g),
where A is an abelian p-subgroup and g has prime order q # p. If % * (F G) satisfies
a group identity, then G’ has bounded exponent.

Proof. Define 0 : FA — FA as in the proof of Lemma 1.3.5, and recall that for all
B € FA, 6(B) is central and ¢3¢ = 6()g. Take anya € A. Let e = ga ' (1 — g 1).
Clearly o? = 0; hence, by Lemma 2.2.1, there exists an n (independent of the choice
of a) such that (cco*)?”" = 0. But o = (1 — g)ag. Thus,
ao’ =ga'(2-g—g )ag

=2(8)* ~4a"'gag—fa'g"'ag

=298 —§(g,a)8—4(g " a)g

= (24— 6((g,0) — 6((s".a)))é-
Now, 2q — 08((g,a)) — 6((g!,a)) is central, so it follows that

(24— 6((8.a) — 6((g ")) ¢" g =0.

As2g—0((g,a)) — 06((g!,a)) € FA, it follows that
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n

(29— 0((g,a)) — 0((g",a)))”" =0.

Everything in FA commutes, hence

n

(29)"" = 6((g,))" +6((s",a)""

As (2q)”n is a nonzero multiple of the identity element, one of the conjugates
of (g,a) or (g~',a) appearing in this last equation must have order dividing p”.
Thus, (g,a) or (¢!, a) has order dividing p”, and by Lemma 1.3.4, G’ has bounded
exponent. O

Lemma 2.4.5. Let F be an infinite field of characteristic p > 2 and let G=A % (g),
where A is an abelian p-subgroup and g has order p. If % * (FG) satisfies a group
identity, then G' has bounded exponent.

Proof. Notice that § is square-zero and symmetric and, for any a € A, so is a~ ! ga.
Hence, by .Lemma 2.2.1, there exists r, independent of the choice of a, such that
(a~'gag)?" = 0. Now follow the proof of Lemma 1.3.6. O

We also need the following lemma.

Lemma 2.4.6. Let F be any field and G a group. Let N be a torsion normal subgroup
of G having no elements of order divisible by char F. Suppose either that N is finite
or G is locally finite. If % * (F G) satisfies the group identity w(xy,...,x,) = 1, then
so does % T (F(G/N)).

Proof. In the proof of Lemma 1.3.9, we simply note that e is symmetric, and now
apply the same proof to the symmetric units. O

Remark 2.4.7. Notice that if F is infinite and char F # 2, then by Proposition 2.4.3,
if G is torsion and % * (F G) satisfies a group identity, then we get for free that G is
locally finite. If char F' = 0, this implies that we can choose any normal subgroup N
in the above lemma. If char F = p > 2, then we know that the p-elements of N form
a normal subgroup, so we can factor out the p-elements and then the p’-elements.
Thus, we can factor out any normal subgroup N here as well. This is obviously the
case for group identities on % (FG) too (even if char F = 2).

The first part of the main result of Giambruno et al. [39] is

Theorem 2.4.8. Let F be an infinite field of characteristic p # 2 and G a torsion
group not containing Qg. Then the following are equivalent:

(i) % T (FG) satisfies a group identity;
(ii) % (FG) satisfies a group identity;
(iii) a. p =0 and G is abelian, or
b. p > 2, G has a p-abelian subgroup of finite index and G' is a p-group of
bounded exponent.
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Proof. Ttis clear that (ii) implies (i), and (iii) implies (ii) comes from Theorem 1.3.1
(or is trivial if p = 0). Thus, we must show that (i) implies (iii). The characteristic
zero case was dealt with in Proposition 2.3.11. Thus, let p be an odd prime, and
assume that % * (FG) satisfies a group identity. We have already seen that FG sat-
isfies a polynomial identity (hence G has a p-abelian normal subgroup A of finite
index, by Proposition 1.1.4) and G’ is a p-group. Thus, we need only show that G’
has bounded exponent.

By Lemma2.3.6, % *(F(G/A")) satisfies a group identity. It suffices to show that
(G/A”) has bounded exponent. Thus, we factor out A’ and assume that A is abelian.
Write A = H x K, where H is a p-group and K is a p’-group. Then K is normal and
by Lemma2.4.6, % * (F(G/K)) satisfies a group identity. Also, (G/K)' = G'K /K ~
G'/(G'NK) =G, since G is a p-group. Thus, we factor out K and assume that A
is a p-group. In view of Lemmas 2.4.4 and 2.4.5, the proof of Lemma 1.3.10 shows
us that G’ has bounded exponent. We are done. O

If G contains the quaternions, then % (FG) cannot satisfy a group identity for
any infinite field of characteristic different from 2 (see Theorem 1.3.2 and Corol-
lary 1.2.21). However, the second main theorem from [39] is

Theorem 2.4.9. Let F be an infinite field of characteristic p # 2 and G a torsion
group containing Qg. If p =0, then %+ (FG) satisfies a group identity if and only
if G is a Hamiltonian 2-group. If p > 2, then % " (FG) satisfies a group identity
if and only if G has a p-abelian normal subgroup A of finite index, the p-elements
of G form a (normal) subgroup P of bounded exponent, and G /P is a Hamiltonian
2-group.

Proof. The characteristic zero case was resolved in Proposition 2.3.11, so suppose
p > 2. Assume that % *(FG) satisfies a group identity. By Proposition 2.4.3, FG
satisfies a polynomial identity, and Proposition 1.1.4 shows the existence of A.
Proposition 2.4.3 also says that P is a subgroup. As G is locally finite, Lemma 2.3.6
tells us that %" (F(G/P)) satisfies a group identity. But F(G/P) is semiprime.
Thus, by Proposition 2.4.2, G/P is abelian or a Hamiltonian 2-group. It surely can-
not be abelian, since G contains Qg.

Thus, it remains only to show that P has bounded exponent. By Theorem 2.4.8, P/
has bounded exponent. Therefore, it suffices to show that P/P’ has bounded expo-
nent. We know that we can factor out P’. Thus, we assume that P is abelian. Suppose
that G/P = (HL)/P where H/P ~ Qg and L/P is an elementary abelian 2-group.
Take any g € H. Then (P, g) does not contain Qg. Thus, by Theorem 2.4.8, (P,g)’
has bounded exponent. Similarly, (P,L)’ has bounded exponent. Noting that in any
group we have (gh, k) = (g,k)"(h,k), we see that since P is abelian, it follows that
(P, G) has bounded exponent. Thus, we can safely quotient out (P,G) and assume
that P is central. But then G has a subgroup isomorphic to Qg x P. It follows from
Lemma 2.3.7 that P has bounded exponent, and the necessity is complete.

Let us prove the sufficiency. But FG satisfies a polynomial identity and P is a
normal p-subgroup of bounded exponent. Thus, by Lemma 1.3.14, A(G, P) is nil
of bounded exponent at most p*, for some k. Now, if o, € % *(FG), then by
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Lemma 2.1.1, (e, ) — 1 € A(G, P) and therefore, (a,ﬁ)”k = 1. Thus, Z *(FG)
satisfies a group identity. O

Combining Theorems 2.4.8 and 1.3.1 with the proof of Theorem 2.4.9, we obtain
the following fact. If F is an infinite field of characteristic p # 2 and G is a torsion
group, and if % T (FG) satisfies a group identity, then it satisfies (x, y)Pk =1 for
some k > 0 (or (x,y) = 1if p=0).

2.5 Semiprime Group Rings

Let us move on to the results of Sehgal and Valenti [96] determining when % * (FG)
satisfies a group identity if G has elements of infinite order. Once again, we let F be
an infinite field of characteristic p # 2. This time, G will be an arbitrary group. We
let T denote the set of torsion elements, P the set of p-elements, and Q the set of
p’-elements in 7. (For convenience, when p =0, weletP=1and Q =T.)

We begin with the semiprime case. By Lemma 2.2.5,if g € Q, then (g) is a normal
subgroup. It follows that Q is a normal subgroup (and, indeed, every subgroup of Q
is normal in G). Thus, by Proposition 2.4.2, Q is abelian or a Hamiltonian 2-group.
Curiously, this will be the only time we have to worry about the quaternions; indeed,
they will only appear when the characteristic is zero. Let us begin with

Lemma 2.5.1. Let F be an infinite field of characteristic different from 2. Suppose
that G has a finite subgroup H and an element g of infinite order such that G =
(H,g). Further suppose that FG is semiprime. If % * (F G) satisfies a group identity,
and FH has no nilpotent elements, then every idempotent of FH is central in FG.

Proof. By Proposition 1.3.3, J(FH) is nilpotent. Thus, by our assumption on FH,
J(FH) = 0. Therefore, FH is a direct sum of matrix rings over division rings. But
any 2 x 2 or larger matrix ring surely has nilpotent elements. Therefore, FH is a
direct sum of division rings. As division rings only have 0 and 1 as idempotents,
it follows that the idempotents of FH are the sums of the primitive central idem-
potents. Thus, it suffices to show that the primitive central idempotents of FH are
central in F'G.

Let e be a primitive central idempotent of FH. By Lemma 2.2.4, any symmetric
idempotent is central in F'G. Thus, assume ¢* 7 e. Now, e* is also a primitive central
idempotent of FH. Since e+ ¢* is a symmetric idempotent, it is central in F'G. That
is, €8 + (¢*)8 = e+ ¢*. As we observed above, H is normal in G. Thus, e® and (e*)8
are also primitive central idempotents of FH, and we must have ¢8 = e or e¢*. In
the former case, e is centralized by H and g and is therefore central in FG. That

is, we may assume that e? = ¢*. Repeating the same procedure with g~! in place

-1 . .
of g, we get e¥ = ¢*. Expanding these equations, we get eg = ge*, g le = e*g~ !,

eg ' =g le*andge=e*g. Let v = (g+g eand B = (g+g !)e*. Now,

o =e(g+g ) =(g+g e=a



2.5 Semiprime Group Rings 63

and similarly, B* = 3. Also,

2e*e =0,

o =(g+g e(g+s e=(g+57")
as e and e* are distinct primitive central idempotents. Similarly, 32 = 0. By Lem-
ma 2.2.1, a3 is nilpotent. But o8 = (g +g~')?(e*)?> = (g + g~ ')?e*. It follows that
forany n, (af8)" = (g+g~')*"e*. If this is 0, then so is g>" (g +g~')*"e*. Expanding
this last expression, we get e* plus a linear combination of group elements outside
of H. Thus, (o8)" # 0, and we have a contradiction. O

We intend to apply this lemma when H is a Hamiltonian 2-group. Happily, the
group rings of Qg have been studied thoroughly. The following result is classical.

Proposition 2.5.2. Let F' be any field. Then F Qg has a nonzero nilpotent element if
and only if there exist ., € F such that A* + u? = —1.

Proof. See [94, Proposition VI.1.13]. O

Lemma 2.5.3. Let F' be an infinite field of characteristic different from 2 and G a
group generated by a finite Hamiltonian 2-group H and an element a of infinite
order. If FG is semiprime and % * (FG) satisfies a group identity, then char F = 0
and every idempotent of FH is central in FG.

Proof. Suppose, first of all, that A2 + u? = —1 has no solution in F. By Proposi-
tion 2.5.2, F Qg has no nilpotent elements. Now, H = Qg X E, where E = Cp X - - - X
Cy. Thus, FH = FQ3 ®p FC, @ FCy QpF -+ - @ FCy. But if C; = (¢), then

1 1—
FG —FC2< erc> SFC (TC) ~FaF.

Thus, FH is a direct sum of copies of F Qg and therefore has no nilpotent elements.
It follows from Lemma 2.5.1 that every idempotent of F'H is central in F'G. Also, we
know that A2 + u? = —1 has a solution in Z,, for every prime p. Thus, char F' = 0.

It remains to dispense with the case where A% 4 u?> = —1 has a solution. We
know that every subgroup of H is normal in G. Thus, conjugation by a induces an
automorphism of Qg under which every subgroup is invariant. By inspection, we
can see that any such automorphism must be conjugation by an element of Qg, say
k. But then ak~! centralizes Qg. Furthermore, G = (H,ak~') and since H is finite
and normal, this implies that ak~! has infinite order. Thus, we replace a with ak~!
and assume that G = Qg % (a).

Writing Qg = (g,h), we know that there is an epimorphism 6 : FQg — M;(F)

e o) =(* M) and oy =(° 1),
@= (%) waom—(°,)

Indeed, an easy calculation reveals that the matrices 6(g), 0(h) and 0(gh), to-
gether with the identity matrix, form a basis of M, (F). In fact, the kernel of 0 is

2 C . . . . .
F Qg(lizg—), which is clearly an ideal invariant under *, as g2 is both central and
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symmetric, and F Qg(l;zgz) = M, (F). Thus, 6 induces an involution on M;(F) and

furthermore, if 6(7y) is a symmetric unit in M, (F), then ¥( 1;”’2) + Hz—”z is a sym-

metric unit in FQg. This means that the symmetric units in M, (F) are images of
symmetric units in FQg.

Observe that the traces of 0(g), 6(h) and 6(gh) are all zero. Furthermore,
(6(g))* =06(g*) =0(g~ ") = —06(g), and similarly for & and gh. Thus, 8(g), 0 (h)
and 0(gh) span a three-dimensional subspace of the set of skew elements in M, (F).
Surely the identity matrix is symmetric, so (Ma(F))~ # M»(F). Thus, these three
matrices are a basis for (M (F))~. Similarly, they are a basis for the set of matrices
of trace zero, so the matrices of trace zero are precisely the skew matrices.

We can extend 0 to 0 : FG — M;(F {a)) via

6(a) = (‘O’ 2)

Thus, the symmetric units in M, (F (a)) are images of symmetric units in FG, and
the symmetric units in M, (F(a)) satisfy a group identity.
Now, E|, and E,; are both skew, having trace zero. Furthermore,

a—a! 0
A_< 0 a—al>

is central and obviously skew, by definition of 0. Therefore,

0 a—a! 0 0
AE12—<O “ Oa ) and AEZI_(Cl—al 0)

are both symmetric and square-zero. But their product is

(37

and this is not nilpotent. By Lemma 2.2.1, we have a contradiction. a

Suppose that F'G is semiprime and % * (F G) satisfies a group identity. We know
that Q is abelian or a Hamiltonian 2-group. Choose any idempotent e € FQ. Let
a € G have infinite order and take any b € Q. Since Q is locally finite, we can find a
finite subgroup H of Q containing b and the support of e. We know that H is normal
in G. Thus, in (H,a), every element outside of H has infinite order, so F(H,a) is
semiprime. Once again, H is abelian or a Hamiltonian 2-group. In the former case,
FH is a direct sum of fields, and therefore Lemma 2.5.1 applies. In the latter case,
Lemma 2.5.3 applies. Either way, e commutes with a and b. That is, e commutes
with Q and with every element of infinite order. When char F' = 0, this implies that
e is central in FG. If char F = p > 2, then to make the same statement, we must
prove that Q = T; that is, that G has no p-elements.
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Lemma 2.5.4. Let F be an infinite field of characteristic p > 2. Suppose that G
has an element of infinite order and FG is semiprime. If % *(F G) satisfies a group
identity, then G has no p-elements.

Proof. Let g € P have order p. By Lemma 2.4.1, (g) is normalized by T. Thus, the
elements of order p in G generate an elementary abelian p-subgroup H, which is
obviously normal in G. Let a € G have infinite order. We claim that the set {g“l >
0} is finite.

Suppose this is not the case. If g € (g), then gt e (g) for all i > 0, contradicting
our hypothesis. So, we may assume that g* ¢ (g). As H is an elementary abelian

p-group, we have a direct product {g) x (g%). Similarly, we may assume that i ¢

(g.g) and g’ ¢ (g,8%, ¢ ). and we get a direct product (g) x (g%) x () x (g°").
Noting that g(a +a~!)g is square-zero and symmetric and that (gA)"2 (1— g“z) =0,
we see from Lemma 2.2.7 that

o A A o2
() gla+a MHg(1—g*)=0.

Now, H isnormal in G and g € H, but a? ¢ H, hence a and a~ ! lie in different cosets
modulo H. Thus, the linear combinations of elements in Ha must sum to zero, as
must those in Ha~!. That is,

2

A 2A —_ ~
() ga'g(1-g*) =0.

Simplifying and multiplying on the right by a, we obtain

3

()7 2(0)"(1—-g)=0.

But we have zero equal to a product of terms lying, respectively, in F (g“2>, F{g),

F{g%) and F (g“3>. As the product of the groups in question is direct, one of these
terms is zero, which is not the case. The claim is proved.

Let K = (g,a), and let N be the subgroup of K generated by the finite set of
conjugates of g discussed above. Then N is normal in K and since N < H, N is
a finite elementary abelian p-group. Thus, by Lemma 1.1.1, A(K,N) is nilpotent.
Hence, for any group element g of order p and any element a of infinite order, we get
that (1 —g)a~' +a(1 — g~ ') is nilpotent and symmetric. By Proposition 1.2.9, (g)
is not a normal subgroup of G. Thus, there exists a conjugate g’ of g with g’ & (g).
As g’ has order p as well, we see that g’ is symmetric and square-zero. Thus, by
Lemma 2.2.7,

g((1—g)a'+a(l-g")g =0.

Once again, a and a~! do not lie in the same coset of H, so separating the terms
corresponding to each coset, we see that g/(1 — g)a~'g’ = 0. Multiplying by a, we
obtain

~

g(1-g)(g)* =0.
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If (g')* ¢ (g) x (g'), then we have a direct product (g) x {g’) x {(g')), in which case
one of the terms in the above product is zero, which is not the case. Thus, (g')¢ €
(g,¢"). Similarly, g% € (g,g'). That is, (g,g’) is a subgroup of order p*> normalized
by every element of infinite order. We saw above that it is normalized by T as well;
hence, the subgroup is normal. But this contradicts Proposition 1.2.9. Thus, g does
not exist, and G has no p-elements. O

In summary, we know that 7 = Q, and T is abelian or a Hamiltonian 2-group
(with the latter case only occurring if the characteristic is zero). Also, every idem-
potent in F'T is central in FG. One last condition is required.

Lemma 2.5.5. Let F be an infinite field of characteristic different from 2 and G
a group such that FG is semiprime. If FT has a nonsymmetric idempotent and
U T (FG) satisfies a group identity, then G/T satisfies a group identity.

Proof. 1If G is torsion, there is nothing to say, so let G have an element of infinite
order and suppose that e is a nonsymmetric idempotent of FT. If % ™ (F G) satisfies
w(x,y) = 1, then we claim that G/T satisfies this identity as well. Let H be the (finite
normal) subgroup of T generated by the support of e. Since e is known to be central,
it is a sum of primitive central idempotents of FH. Thus, since e is not symmetric,
one of the primitive central idempotents is not symmetric. Say

FH=FHe ®FHel®FHe;®---®FHe,

is the Wedderburn decomposition of FH. Since each idempotent of FH is central,
we have
FG=FGe ®FGe| ®FGe; @ --- B FGey,

as well. If g € G, then ge; +g’le“f +e3+ -+ ey is a symmetric unit. Thus, for any
g.heq,

w(ger+g ej+es+ - tenher +h e ezt tey) = 1.

Looking only at the first component, we have w(ge;,he;) = e, hence w(g,h)e; =
e1. But w(g, h) is a group element, and if w(g,h)e; = ey, then w(g, k) lies in H. That
is, G/T satisfies w(x,y) = 1. O

The first part of the main result of [96] is

Theorem 2.5.6. Let F be an infinite field of characteristic p # 2, and let G be a
group containing an element of infinite order. Suppose that FG is semiprime. If
U T (FG) satisfies a group identity, then

1. if p =0, then the set of torsion elements, T, is a (normal) subgroup of G, and T
is abelian or a Hamiltonian 2-group;

2. if p > 2, thenT is an abelian (normal) p'-subgroup of G;

3. every idempotent in FT is central in FG; and

4. if FT contains a nonsymmetric idempotent, then G/T satisfies a group identity.
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Conversely, if G/T is a u.p. group and FG satisfies the above four conditions, then
U T (FG) satisfies a group identity.

Proof. We have only to verify the converse. Of course we are done if the conditions
of Theorem 1.4.9 are satisfied, for in this case % (FG) satisfies a group identity.
First of all, note that in the proof of Theorem 1.4.9 it is sufficient to assume for
the third condition that every idempotent of F'T is central in F'G. For the remain-
ing conditions, there are only two cases to consider, namely, if p =0 and T is a
Hamiltonian 2-group, or if every idempotent of FT is symmetric. In fact, the former
case is contained in the latter. We know that every idempotent of FT is central and,
by Lemma 2.1.1, every central element in FT, where T is a Hamiltonian 2-group,
is symmetric. Thus, in any case, we can assume that every idempotent of FT is
symmetric. We claim that %7 *(FG) is abelian.

Take any o € T (FG). By Remark 1.4.10, there is a finite subgroup E of T such
that for any primitive idempotent e of FE, we have oce = A g for some A € % (FEe)
and some g € G. Since e is symmetric and central, Ag = (1g)* = g~ 'A*. Thus,
g*e =A"!(g7'A*g) € FEe. (Remember that E is a normal subgroup, since \EL|E is
a central idempotent.) But gZe would not lie in FEe if g had infinite order. Thus,
g € T and, in fact, e = Ag € FTe. Thatis, « € % T (FT). But T is abelian or a
Hamiltonian 2-group, and either way, by Lemma 2.1.1, we see that the symmetric
elements commute. We are done. O

Remark 2.5.7. Tt follows from the proof of the sufficiency above that if we replace
the fourth condition with the assumption that every idempotent in FT is symmetric,
then the symmetric units of F'G commute.

2.6 The General Case for Nontorsion Groups

Let us now discuss group rings that are not semiprime. We let F' be an infinite field
of characteristic p > 2 (as the characteristic zero case is done). Once again, G is a
group containing an element of infinite order, T is the set of torsion elements, P is
the set of p-elements and Q is the set of p’-elements in 7. As in the previous chapter,
we will handle the case in which N(FG) is nilpotent first.

Proposition 2.6.1. Let F' be an infinite field of characteristic p > 2 and G a group
containing an element of infinite order. Suppose that N(FG) is nilpotent. Then
U (FG) satisfies a group identity if and only if P is a finite (normal) subgroup
of G and % * (F(G/P)) satisfies a group identity.

Proof. Suppose that %+ (FG) satisfies a group identity. By Proposition 1.2.22,
¢,(G) is finite. Thus, by Proposition 2.3.8, the p-elements of ¢,(G) form a group,
s0 ¢,(G) is a finite p-group. Therefore, by Lemma 2.3.6, Z " (F(G/¢,(G))) satis-
fies a group identity. But by Proposition 1.2.9, F(G/¢,(G)) is semiprime. It follows
from Theorem 2.5.6 that G/¢,(G) has no p-elements. Thus, P = ¢,(G), and the
necessity is proved. The sufficiency follows from Lemmas 2.3.5 and 1.1.1. a
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Thus, in order to deal with groups containing only finitely many p-elements, it
remains to show that the p-elements form a subgroup when N(FG) is not nilpotent.
We begin with

Proposition 2.6.2. Let F' be an infinite field of characteristic p > 2 and G a group.
If N(FG) is not nilpotent and % * (F G) satisfies a group identity, then FG satisfies
a polynomial identity.

Proof. If G is torsion, then Proposition 2.4.3 does the job, so assume that G is
not torsion. By Lemma 1.4.4, T N ¢(G) is a locally finite group. Thus, by Proposi-
tion 2.3.8, its p-elements form a subgroup; hence, ¢,(G) is a p-group. Suppose it is
finite. By Proposition 1.2.9, F(G/¢,(G)) is semiprime. Thus, FG/A(G,¢,(G)) has
no nilpotent ideals, hence N(FG) C A(G,¢,(G)). By Lemma 1.1.1, A(G, ¢,(G))
is nilpotent, so N(FG) is nilpotent, contrary to our assumption. Thus, ¢,(G) =
¢(G) NP is an infinite group.

By Lemma 2.2.6, N(F G) satisfies a polynomial identity. As N(FG) is not nilpo-
tent, Lemma 1.2.16 tells us that F G satisfies a nondegenerate multilinear GPI. Thus,
by Proposition 1.2.15, (G : ¢(G)) < = and |(¢(G))’| < . Hence, by Proposi-
tion 1.1.4, it suffices to show that F¢(G) satisfies a polynomial identity. By Propo-
sition 2.6.1, N(F¢(G)) is not nilpotent. Thus, replacing G with ¢(G), we assume
that G is an FC-group. Then we know that G’ is finite, so we can factor out G' N P
and assume that G is a finite p’-group. Now, (G, P) < G'NP = 1. Thus, P is central.
The last part of the proof of Proposition 1.5.9 finishes the argument. a

As promised, we now have this proposition.

Proposition 2.6.3. Let F be an infinite field of characteristic p > 2 and let G be a
group. If %+ (FG) satisfies a group identity, then P is a (normal) subgroup of G
and A(P) is locally nilpotent.

Proof. If we can show that P is a subgroup, then we are done, since it is locally finite
by Proposition 2.4.3, and therefore A (P) is locally nilpotent, by Lemma 1.1.1. If G is
torsion, then Proposition 2.4.3 gives us the result. So, assume that G is nontorsion.
If N(FG) is nilpotent, then Proposition 2.6.1 does the job. Thus, we assume that
N(FG) is not nilpotent. By Proposition 2.6.2, FG satisfies a polynomial identity.
Take any gi,...,8» € P and let H be the subgroup they generate. Then FH is a
finitely generated algebra satisfying a polynomial identity. By Proposition 1.5.12,
J(FH) is nilpotent. Now the Jacobson radical contains every nil ideal, so N(FH) is
nilpotent. By Propositions 2.4.3 and 2.6.1, H is a p-group. Thus, P is a group, and
we are done. O

As we have seen, if P is finite, there is nothing more to do. The second part of
the main result of [96] is

Theorem 2.6.4. Let F' be an infinite field of characteristic p > 2 and G a nontorsion
group. Suppose that G contains finitely many p-elements. If % *(FG) satisfies a
group identity, then
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1. the p-elements of G form a (finite normal) subgroup P of G;

2. the torsion elements of G /P form an abelian group, T | P;

3. every idempotent of F (T /P) is central in F(G/P); and

4. if F(T /P) has a nonsymmetric idempotent, then G/T satisfies a group identity.

Conversely, if G satisfies the four conditions above, and G/T is a u.p. group, then
U T (FG) satisfies a group identity.

What happens if P is infinite? In fact, if P has bounded exponent, then we are
done as well. By Proposition 2.6.1, N(FG) is not nilpotent. Hence, by Proposi-
tion 2.6.2, F G satisfies a polynomial identity (and therefore has a p-abelian normal
subgroup of finite index, by Proposition 1.1.4). Thus, by Lemma 1.3.14, A(G, P)
is nil of bounded exponent. By Lemma 2.3.5,  *(FG) satisfies a group identity
if and only if T (F(G/P)) satisfies a group identity. As F(G/P) is semiprime,
Theorem 2.5.6 gives us the third part of the result.

Theorem 2.6.5. Let F be an infinite field of characteristic p > 2 and G a nontorsion
group. Suppose that G contains infinitely many p-elements and that the p-elements
have bounded exponent. If % ¥ (FG) satisfies a group identity, then

1. the p-elements of G form a (normal) subgroup P of bounded exponent;

2. the torsion elements of G/ P form an abelian group, T | P;

3. every idempotent of F (T /P) is central in F(G/P);

4. if F(T /P) has a nonsymmetric idempotent, then G/T satisfies a group identity;
and

5. G has a p-abelian normal subgroup of finite index.

Conversely, if G satisfies the five conditions above, and G/T is a w.p. group, then
Ut (FG) satisfies a group identity.

Now we can consider groups in which P has unbounded exponent. We need to
borrow the following general result about x-polynomial identities on prime algebras.
The proof can be found in Theorems 2.4.13 and 3.1.62 of [91]. If f(x1,X7],..., X4, X};)
is a s-polynomial in F{x,x},...,x,,x}}, then we can construct a polynomial
g(x1,...,x2,) € F{x1,...,x2,} by replacing each x} with x,,1;. If f is a *-polynomial
identity for an F-algebra R, then we say that f is special if g is a polynomial identity
for R. (For example, let R = M;(F) under the transpose involution. Then R satisfies
[x1 —x},x2 —x3|, but surely not [x; —x3,x» —x4]. Thus, [x; —x},x, —x3] is not special
for M, (F).)

Proposition 2.6.6. Let F be an infinite field and R a prime F-algebra having an
involution x fixing F elementwise. Suppose that R satisfies a polynomial identity.
Then either

1. R satisfies precisely the same x-polynomial identities as M, (F"), under either the
transpose or symplectic involution, for some positive integer n and some exten-
sion field F' of F; or

2. every x-polynomial identity of R is special.
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Let us now refine Lemma 2.2.6.

Lemma 2.6.7. Let F be an infinite field of characteristic different from 2 and let R
be an F -algebra with an involution « that fixes F elementwise. If I is a x-invariant nil
ideal of R, let S be the F-subalgebra of R generated by 1 and I. Suppose that % ™ (R)
satisfies a group identity. Then S satisfies x-polynomial identities f(xy,x7,...,X4,X})
and g(x1,x7,...,x4,X}) such that

1. f is not a x-polynomial identity for M, (F) under the transpose involution, for
anyn>2;

2. f is not a x-polynomial identity for My, (F) under the symplectic involution for
anyn > 2; and

3. the sum of the monomials of g that do not involve any x} is not a polynomial
identity for M,,(F) for any n > 2.

Proof. Let w(x,y) = 1 be a group identity for % " (R), as in Lemma 2.1.3, and let
F{x1,x},x2,x5}[[z]] be the ring of formal power series over the free algebra with
involution. We write

w((1+x12)(1+x2), (14 x2) (1 +x52) — 1 =Y fi(x1,x],%2,%3)7".
i>0

Now, if aj,a; € I, then for any A € F, we have (1 + Aa;)(1+Aa}) € %™ (R), for
j=1,2. Thus,

0=w((1+Aa)(1+Aa]),(1+Aa)(1+Aa3))—1= Zﬁ(al,af,az,az)li.

i>0

Fixing ay,a; € I, and noting that if a’f =0,then (1+Aa;)"' =1—2Aa; + lza% —
R /'Lk’lalfl, and similarly for the other terms, we see that there exists a positive
integer j such that f;(a;,aj,a2,a3) =0 for all i > j. Thus,

J ,
Zﬁ(al,a’l‘,az,ai)l‘ =0.
i=0

As there are infinitely many choices for A, a Vandermonde determinant argument
(as in Lemma 1.2.4) tells us that each f;(ay,a],a2,a5) =0,0 <i < j (and obviously
for all i > j). That is, I satisfies each f;.

By definition of S, we have [S,S] C I. Thus, letting

gilx1, X7, x4,xy) = fil[x1,x3], [x1,x3]", [x2, x4, [x2,x4]7)

for each i, we see that S satisfies each g;. We will demonstrate that at least one g; is
not the zero polynomial by showing that it is not satisfied by a matrix ring.

Take any matrix ring M, (F), n > 2, with any involution. Suppose A is a square-
zero matrix. Then noting that (1 + Az)® = 1 4 sAz for all integers s and similarly for
1+ A*z, we have
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Y fi(A,A* A% A)Z = w((14+Az2)(1+A%2),(1+A%2) (1 +Az)) — L.

i>0

In this product we have no more than two consecutive identical terms, and no term
is adjacent to its inverse. Replacing (1 +Az)* with 1 +5Az, s € {£1,£2}, we see
that the highest term appearing is

:I:ZMAV(A*A)C(A*)dZm :fm(A,A*,A*,A)Zm,

with u,¢ >0, v,d € {0,1}.
Suppose first of all that * is the transpose involution. Then let A = E},. Notice
that

fn(Er2,Ex1, Epy, E1n) = £2"E}, (Ey1 E12) EY; = +2"E},ES,ES, # 0.
If M, (F) satisfies g, then
0=gm(E1,E11,E»,Ex,Ei,E>,Er1,E12) = fin(E12,E21,Ez,Er2),

and we have a contradiction.
Next, suppose that n = 2k, h > 2, and * is the symplectic involution. Let A =
E12 + Ej 1 h42. Notice that

Sm(Eta +Epii py2, Enioppr + Ext, Eno pvt + E21, E12 + Epg1 pg2)
= £2(Era+ Eps152)" (Ex2 + Ensop2) (Engapet + Ear)”.

As Ey + Ej 12 54 is an idempotent, this is not zero. If M, (F) satisfies g,,, then

0=gm(Evi +Entipr1:Envipe1 FEit,Enpo o+ Ex, Exo + Epyo pyo,
En+Eniipr2:Envoni1 +Ext, Epsopv1 + Ex1, En + Epg i py2)
= fu(E12 + Epg 1 p2. Enopit + E21, Epo 1 + E21, E12 + Ejg 1 pg2),

and again, we have a contradiction.

Finally, we claim that there exists an i such that if we let f;(x,x2) be the sum of
the monomials in f; containing no x* terms, then f;(E12,Ez1) # 0 in M, (F), n > 2.
If A, B € M,,(F) are square-zero, then calculating

S fi(AA*,B,B*)Z = w((1+Az)(1+A%2),(1+Bz)(1+B2)) — 1,

i>0

we see that we do not get identical consecutive terms in the product, nor will a term
appear next to its inverse. Replacing (14 Az)~! with 1 — Az, and so forth, and drop-
ping all of the monomials involving A* and B*, the highest remaining term will be
something of the form f;(A, B) = +A"(BA)°B“, with ¢ > 0 and v,d € {0, 1}. Letting
A = E13, B = E5;, we see that this is not zero, establishing the claim. Defining g;
as above, we see that g;(x1,x2,x3,%4) = fy([x1,%3], [x2,x4]). Evidently S satisfies gy,
but
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8s(E12,E21,En,E11) = fs(E12,En) #0.

We are done. O

But we can be more specific. Note that every primitive ring is prime. Indeed, let
R be primitive, and let /; and I be nonzero ideals of R. If M is a faithful irreducible
left R-module, then oM is a submodule of M. Since M is faithful, L,M # 0, and
since M is irreducible, this implies that LM = M. Similarly, 0 #M = I1M = I, L, M.
Thus, I; I, # 0, and R is prime.

Lemma 2.6.8. Let F, R, [ and S be as in the preceding lemma, with char F = p > 2.
If % * (R) satisfies a group identity, then there exists a positive integer k such that S

satisfies the x-polynomial identities [x —|—x’l‘,x2]”k =0and (Jx; +x’{,x2]x3)”k =0.

Proof. Take f and g as in the preceding lemma. Let F{x,x},x2,x3,x3,x3} be the
free algebra with involution and let K be the ideal of this algebra generated by
flay,ai,... as4,a}) and g(ay,aj,. .. a4,a}), together with their images under *, for
all a; € F{x1,x{,x2,x5,x3,x3}. Let W = R/K. Then W has the induced involution
and satisfies the *-polynomials f and g. Therefore, by Proposition 2.1.2, it satisfies
a polynomial identity.

Let B be a primitive ideal of W; that is, let W /B be a primitive ring. Suppose
that B is invariant under *. Then W /B has the induced involution and satisfies f.
As we noted above, a primitive ring is prime. Thus, we examine the two possibil-
ities allowed by Proposition 2.6.6. If n > 2, then f is not satisfied by M, (F’) un-
der the transpose involution nor by My, (F’) under the symplectic involution. Thus,
if the first case of Proposition 2.6.6 occurs, then n = 1, hence we have a field or
M, (F’) under the symplectic involution. In the latter case, we note that the symmet-
ric elements are simply scalar multiples of the identity matrix. Thus, W /B satisfies
[x1 +x],x2] = 0. The alternative is that W /B satisfies the polynomial A(xi,...,x3)
obtained by replacing x} with x4; in f, 1 <i < 4. But by Proposition 1.5.11, W/B
satisfies the same polynomial identities as some M, (F ! ). If n > 2, then we know that
M,,(F) under the transpose involution does not satisfy f, so take A1,...,A4 € M, (F')
with f(A1,A7],...,A4,A}) # 0. Then, substituting x; = A; and x44; = Af, 1 <i <4,
we see that M,,(F') does not satisfy A. It follows that n = 1 and W /B is commutative.
Thus, in any case, W /B satisfies [x; +x],x2] = 0.

Suppose, on the other hand, that B* Z B. Then (B+ B*)/B is a nonzero ideal of
W /B. But W /B is primitive and satisfies a polynomial identity. Thus, by Proposi-
tion 1.5.11, W /B is simple, so W = B+ B*. We can see that a typical element is
(b+b")+B=0b"+B,be B.But (b*)" =0 (mod B) for all b € B. Thus, for any
bi,...,by € B*, we have

0 :g(blvb*{w";bﬁhbj;) Eg(bl,O,...,b4,0) (mOd B)

That is, letting § be the sum of the monomials in g not involving any x;, we have
8(b1,b2,b3,b4) =0 (mod B). Putting this another way, W /B satisfies g. By Propo-
sition 1.5.11, W/B satisfies the same polynomial identities as some M,(F’). But
Lemma 2.6.7 tells us that n = 1. Thus, W/B is commutative. In all cases, then,
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[wi +w},w2] € B (and, therefore, [w; +w],wz]ws € B) for all w; € W and all prim-
itive ideals B of W.

The intersection of the primitive ideals is J(W). Since W is a finitely generated
F-algebra, Proposition 1.5.12 tells us that J(W) is nilpotent. Thus, W satisfies the
required *-polynomial identities. But W is the relatively free algebra with involution
of the variety determined by f and g. Therefore, for any s1,s2,53 € S, we see that

[s1 +s’1‘,s2]”k =0and ([s; +s’1‘,s2]S3)pk =0, as required. O

Lemma 2.6.9. Let F be an infinite field of characteristic p > 2 and G a nontorsion
group with P infinite. Suppose that % *(FG) satisfies a group identity and G has
an abelian normal subgroup A of finite index. Then A(G,ANP) is nil and satisfies
the *-polynomial identities [x; —i—x’l‘,xz]”k =0 and ([x; +x’1‘,xz]x3)”k = 0 for some
positive integer k.

Proof. By Proposition 2.6.1, N(FG) is not nilpotent, since P is infinite. Further-
more, Proposition 2.6.3 tells us that A(P) is locally nilpotent. The first part of the
proof of Lemma 1.5.14 shows us that A(G,A N P) is locally nilpotent, hence nil.
Thus, by the previous lemma, A (G,A N P) satisfies the required *-polynomial iden-
tities. ad

We must show that G’ has to be a p-group of bounded exponent. For now, we
have

Lemma 2.6.10. Let F be an infinite field of characteristic p > 2 and G a nontorsion
group with P infinite. Suppose that % * (F G) satisfies a group identity and G has an
abelian normal subgroup A of finite index. Then (G,A N P) is an abelian p-group of
bounded exponent.

Proof. Since A and P are normal subgroups, (G,ANP) is clearly an abelian p-group.
Thus, we need only check that it has bounded exponent. By the previous lemma,
A(G,ANP) satisfies [x) —|—x“f,x2]”k = 0. Choose any a € ANP and any g € G. If we
can bound the order of (a, g), then we will be done, as (G,ANP) is abelian. We have

k

0=[(@a—1)g+((a—1)g)" (a—1)g]”

since A is abelian. Thus, a”* +a 7 = (a”k)g + (a”’k)g. That is, a?* = (a”k)g or
(a”’k)g. In the former case, (a,g)”k a7 (a”k)g = 1, as desired. Let us consider
the latter case.

If b= a”", then we have b~'g = gb, hence bg? = g?b. Thus,
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[(b—-1)g+((b—1)g)",8(b—1)]
=(b- )g( —D)+g7 (b7 = Dg(b—1)—g(b—1)’g—g(b—1)g”' (6" — 1)
b PP (b 1P (b~ 1P - (b — 1)
= (=1 =" = 1)) +1)

=02 (b+1)(b—-1)7(g*+1).

Of course, b € AN P. Therefore, [(b—1)g+ ((b—1)g)*,g(b— 1)]Pk =0, and hence
b2 1) (B —13(g? +1)=0.

Of course b’zl’k is a unit. Also, bpk is a p-element. If its order is p”, r > 0, then
(bP* 4+ 1)P" = 2. Thus, b” + 1 is also a unit. It follows that (5" — 1)3(g?" +1) =0
and multiplying on the left by (bpk —1)P73, we get

k+1

" —1) (g + 1) =0.

That is,

k+1 k+1 k k

bPT 4 bP g =g 11
and hence 2k+1 2k+1 k k
al” ta g =g 1.
2k+1 2k+1 2k+1 o\ p2k+1 . .
If a”" =1, then also (a,g)”  =a P (af)” =1, as desired. Otherwise,
2k+1 k 2k+1 k . 2k+1 .
a? ng’ =1 and, therefore, a” = gzp . That is, a?” = 1. Since a € P, we
2k+1 . 2k+1

have a?” =1 and the same conclusion follows. In any case, (a,g)?” =1, and
we are done. O

We close the chapter with the final part of the result of Sehgal and Valenti [96].

Theorem 2.6.11. Let F' be an infinite field of characteristic p > 2 and G a nontor-
sion group. Suppose that the p-elements of G are of unbounded exponent. Then the
following are equivalent:

(i) % * (FG) satisfies a group identity;
(ii) % (FG) satisfies a group identity;
(iii) G has a p-abelian normal subgroup A of finite index, and G' is a p-group of
bounded exponent.

Proof. Clearly (ii) implies (i), and we see from Theorem 1.5.16 that (iii) implies (ii).
Thus, let us assume that %+ (F G) satisfies a group identity and show that G has a p-
abelian normal subgroup A of finite index and that G’ is a p-group of bounded expo-
nent. By Proposition 2.6.1, N(FG) is not nilpotent. Therefore, by Proposition 2.6.2,
FG satisfies a polynomial identity, and the existence of A follows from Proposi-
tion 1.1.4. Now, A’ is a finite p-group, so by Lemma 2.3.6, " (F(G/A")) satisfies
a group identity. Furthermore, the p-elements of G/A’ have unbounded exponent,
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and if (G/A’) is a p-group of bounded exponent, then so is G'. Thus, we factor
out A’ and assume that A is abelian. Then, by Lemma 2.6.9, A(G,ANP) is nil. It
follows from Lemma 2.3.5 that ' (F (G /(AN P))) satisfies a group identity. Also,
by Lemma 2.6.10, (G,ANP) is a p-group of bounded exponent. Thus, we factor
out (G,ANP) and assume that A N P is central (and of unbounded exponent, since
(P:ANP) <(G:A) < o0). In fact, since P has a central subgroup of finite p-power
index, Proposition 1.3.7 says that P’ is a finite p-group. Thus, let us factor out P’
and assume that P is abelian.
Take any g,h € G and a € AN P. Since a is central, we have

(a—a(g—g™") € (A(G,ANP))*.
Also,
(a—a Yh ' (a—a )P 2ghe A(G,ANP).
Thus, by Lemma 2.6.9,

k

((a—a"Y(g—g ").(a—a Yh " [(a—a )P ~?gh)" =0.
Again, a is central, so we have

1

(a—a "y (g—g " h g =0.

Multiplying through by a’"! , we get

k+1 1. k
(@ —1)([g—g " ,n " gh)” =0.

Recall that A N P has unbounded exponent. Thus, we have infinitely many different
@' hence, by Lemma 1.5.8, ([g — g’l,h’l]gh)”k = 0. Equivalently,

(gh~'gh—(g.h) —h~'gh+1)"" =0.
Since this holds for any g € G, it also holds for ag. Thus,
(aPgh™"gh—(g,h) —a*h~'gh+1)"" = 0.
By Lemma 1.3.16,
2 (gh ' gh)? — (g, h)" — P (h'@?h)" +1 € [FG,FG).

But elements of [FG, FG] must have trace zero, so either (g,h)?" or a2 (h~'g2h)""
is the identity. However, A N P has unbounded exponent, so we can choose a in such
a way that a®”" # (h=1g?h)~P". Thus, (g,h)?" = 1 forall g,h € G. But G’ < P, and
P is abelian. Thus, G’ is a p-group of bounded exponent, and the proof is complete.

O
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