Chapter 2
Mass and Radius of the Star

In this chapter, we will discuss the most basic properties of a compact star, its mass
and radius. We have already given typical values for these quantities above. Below
we shall connect them with microscopic properties of nuclear and quark matter. This
connection is made by the equation of state from which, in particular, an estimate for
the maximum mass of the star can be obtained. Let us begin with a simple estimate
of mass and radius from general relativity. For the stability of the star we need
R > R, where R is the radius of the star, and Ry = 2M G the Schwarzschild
radius, with the mass of the star M and the gravitational constant G = 6.672 -
107" mPkg=1s72 = 6.707 - 1073° GeV~2. (We shall mostly use units common in
nuclear and particle physics, i = ¢ = kp = 1, although astrophysicists often use
different units.) For R < R; the star becomes unstable with respect to the collapse
into a black hole. Let us build a simple star made out of a number of nucleons A
with mass m ~ 939MeV and a distance 9 ~ 0.5 - 10~13 c¢m (that’s where the
nucleon interaction becomes repulsive). We thus cover a volume ~ rg A and thus
have a radius

R~rgA'?, (2.1)
(for our rough estimate we are not interested in factors of ), and a mass
M~mA. (2.2)

Now from the limit R = 2M G we obtain

ro \3/2 57
A~ ~2.6-10"". 2.3
(2mG) 2-3)

This is the number of nucleons up to which we can fill our star before it gets
unstable. In other words, the Schwarzschild radius is proportional to the mass of
the star and thus increases linearly in the number of nucleons A, while the radius
increases with A1/3; therefore, for A smaller than the limit A ~ 2.6 - 10%7 the star
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8 2 Mass and Radius of the Star

is stable, while it collapses into a black hole for nucleon numbers larger than this
limit. We can plug the limit value for A back into the radius and mass of the star to
obtain

R~7km, M~23M;. (2.4)

Adding more nucleons would make the star too heavy in relation to its radius. We
see that these values are not too far from the observed ones given in Sect. 1.2.

Besides giving an estimate for the baryon number in the star, we see from
this simple exercise that general relativistic effects will be important because the
Schwarzschild radius will be a significant fraction of the radius of the star. We
can also estimate the gravitational energy of the star. To this end, we need the
differential mass of the star at a given radius (i.e., the mass of a thin spherical
layer)

dm = p(r)dVv, (2.5)

where dV = 4mr?dr is the volume of the thin spherical layer at radius . For a
rough estimate let us (unrealistically) assume a constant density p(r) = p such that
the mass m(r) of the star up to a radius r < R, is given by m(r) = 4T”r3,o. Then we
obtain

R G d 3 GM?
Egray :/ m@r)dm(r) 3 ~0.12M, (2.6)

r ~ 5 R

where we have used the above realistic values M ~ 1.4 Mg and R ~ 10km. We
thus see that the gravitational energy Egr,y is more than 10% of the mass of the star.
This suggests that for the mass-radius relation we need an equation that incorpo-
rates effects from general relativity. For simplicity, let us first derive the equation
that relates mass and radius without general relativistic effects and include them
afterwards. We are looking for an equation that describes equilibrium between the
gravitational force, seeking to compress the star, and the opposing force coming
from the pressure of the matter inside the star. In the case of a compact star, this
pressure is the Fermi pressure plus the pressure coming from the strong interactions
of the nuclear or quark matter inside. The differential pressure dP at a given radius
r is related to the gravitational force dF via

dP = r 2.7
T 4mr? '
with
d
dF = _M ) (2.8)

r2



2.1 Noninteracting Nuclear Matter 9

The equation for the differential mass (2.5), together with Eq. (2.7) [into which we
insert Egs. (2.5) and (2.8)], yields the two coupled differential equations,

dm

o 4rrle(r), (2.9a)
dP _ Ge(rym(r)
P (2.9b)

where we have expressed the mass density through the energy density e(r) = p(r)
(in units where ¢ = 1). The second equation, which is easy to understand from
elementary Newtonian physics, receives corrections from general relativity. It is
beyond the scope of these lectures to derive these corrections. We simply quote
the resulting equation,

3 -1

ap _ _ Ge(r)m(r) |:1 n P(r)i| [1 dmr P(r)] |:1 B 2Gm(r):| (.10
dr r2 e(r) m(r) r

This equation is called Tolman—Oppenheimer—Volkov (TOV) equation and the
derivation can be found for instance in Ref. [1]. In order to solve it, one first needs
the energy density for a given pressure. Only then do we have a closed system
of equations. This input is given from the microscopic physics which yields an
equation of state in the form P(g). We have thus found a first example how the
microscopic physics can potentially be “observed” from astrophysical data, namely
from mass and radius of the star. We shall encounter many more of these examples.
The equations of state for noninteracting nuclear and quark matter will be discussed
in the subsequent sections.

For a given equation of state one needs two boundary conditions for the TOV
equation. The first is obviously m(r = 0) = 0, the second is a boundary value for
the pressure in the center of the star, P(r = 0) = Py. Then, the solution of the
equations will produce a mass and pressure profile m(r), P(r) with the pressure
going to zero at some point ¥ = R, giving the radius of the star. The mass of the star
is then read off at this point, M = m(R). Doing this for varying initial pressures
Py yields a curve M (R) in the mass-radius plane, parametrized by Py. This curve
depends strongly on the chosen equation of state.

2.1 Noninteracting Nuclear Matter
We start with a very simple system where we neglect all interactions. In this case,

all we need is basic statistical physics and thermodynamics. The thermodynamic
potential for the grand-canonical ensemble is given by

Q=E—uN-TS, @2.11)
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with the energy E, chemical potential w, particle number N, temperature 7 and
entropy S. The pressure is then

2
P:—Vz—s—f—,un—i—Ts, 2.12)

where V is the volume of the system. Number density n = N/V, energy density
¢ = E/V, and entropy density s = S/ V are, for a fermionic system, given by

3
n =2/ﬂfk, (2.13a)
(2m)3
3
gzzfﬂp:kfk, (2.13b)
(2m)3
d’k
=-2| Gy [(1 = foln( — fi) + filn fi] . (2.13¢)

We shall first be interested in a system of neutrons (n), protons (p), and electrons
(e), each giving a contribution to the pressure according to Eqs. (2.12) and (2.13).
Since they are spin-% fermions, we have included a factor 2 for the two degenerate
spin states. The Fermi distribution function is denoted by fk,

1
= e(Ekfﬂ)/T —|— 1 ’

Sk (2.14)

and the single-particle energy is

Ex = VK2 +m?. (2.15)

Inserting number density, energy density, and entropy density into the pressure

(2.12) yields
P = ZT/

This corresponds to the result obtained from field-theoretical methods in
Appendix A.2, see Eq. (A.71). There also the antiparticle contribution is included,
which can here, due to the large positive chemical potential, safely be neglected.
One can easily check that number density and entropy are obtained from the pres-
sure (2.16) via the usual thermodynamic relations, i.e., by taking the derivatives
with respect to p and T'. For the following we now take the limit 7 = 0. This is
a good approximation since the temperature of a compact star is typically in the
keV range and thus much smaller than the chemical potentials and masses of the
nucleons.

d’k
oy ln[1+e_(E"_“)/T] . (2.16)
T
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For T = 0 the Fermi distribution is a step function, fy = & (kg — k), and thus
the k integrals will be cut off at the Fermi momentum &, i.e.,

1 kp k3
n=— dk k> = 3—Fz (2.17a)
T 0 T
1 [k
£=— dk k>N k2 + m?
v 0

2 2
1 3 2 2 ) 4 ki + kg +m
-5 (2kF+m kF),/kF+m —mtin———— | . 217)

Then, with 1 = \/k% + m2, the pressure is

k
P:iz dekz(u—\/k2+m2)
7= Jo
kp +\/k3 +m?
= ﬁ (Zk; - 3m2kp),/k% +m? + 3m* 1n+ .(2.18)

This can either be obtained by inserting Eqgs. (2.17a) and (2.17b) into Eq. (2.12) or,
equivalently, by taking the 7 = 0 limit in Eq. (2.16). For the latter one makes use
of limr_o T In(1 + &*/T) = x O(x).

For n, p, e matter, the total pressure is

P:% > fok“ dkkz(m—,/k2+mi2>. (2.19)

i=n,p,e

The Fermi momenta can be thought of as variational parameters which have to be
determined from maximizing the pressure, i.e., from the conditions

P _y ' (2.20)
=0, i=n,p,e, .
okr. p

which implies

Wi = /k%i +m?. (2.21)
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We have additional constraints on the Fermi momenta from the following two condi-
tions. Firstly, we have to require the star to be electrically neutral, 1 ie., the densities
of protons and electrons has to be equal,

Ne=Tnp. (2.25)
With Eq. (2.17a) this means
kpe=krp. (2.26)
Secondly, we require chemical equilibrium with respect to the weak processes
n—p+e+v,, (2.27a)
pt+e—>n+v,. (2.27b)

The first of these processes is the usual B-decay, the second is sometimes called
inverse B-decay or electron capture. We shall assume that the neutrino chemical
potential vanishes, p,, = 0. This is equivalent to assuming that neutrinos and
antineutrinos, once created by the above processes, simply leave the system without
further interaction. This assumption is justified for compact stars since the neutrino
mean free path is of the order of the size of the star or larger (except for the very

Un fact, a compact star has to be electrically neutral to a very high accuracy, as one can see from
the following simple estimate. Suppose the star has an overall charge of Z times the elementary
charge, Ze, and we consider the Coulomb repulsion of a test particle, say a proton, with mass
m and charge e (e having the same sign as the hypothetical overall charge of the star Ze). The
Coulomb force, seeking to expel the test particle, has to be smaller than the gravitational force,
seeking to keep the test particle within the star. This gives the condition

(Ze)e  GMm

R? = R?
with the mass M and radius R of the star. Even if we are generous with the limit on the right-hand
side by assigning the upper limit M < Am to the mass of the star (if the star contains A nucleons,

its total mass will be less than Am due to the gravitational binding energy), we will get a very
restrictive limit on the overall charge. Namely, we find

, (2.22)

(Ze)e GAm? m?
%2 < R = Z < Ge—ZA. (2.23)

With the proton mass m ~ 103 MeV, the elementary charge ¢> ~ 10~! (remember o = €2/ (47)
=~ 1/137), and the gravitational constant G ~ 7 - 1073 GeV*Z, we estimate

Z <1074, (2.24)

i.e., the average charge per nucleon has to be extremely small in order to ensure the stability of the
star. Since we have found such an extremely small number, it is irrelevant for the argument whether
we use a proton or an electron as a test particle. The essence of this argument is the weakness of
gravitation compared to the electromagnetic interactions: a tiny electric charge per unit volume,
distributed over the star, is sufficient to overcome the stability from gravity.
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early stages in the life of the star). Consequently, B-equilibrium, i.e., equilibrium

with respect to the processes (2.27), translates into the following constraint for the
chemical potentials,

Mn = Up + He - (2.28)

Inserting Eq. (2.21) into this constraint yields

\/ k., +m} = \/ kg, +m2 + \/ Ky o +m?. (2.29)

We can eliminate the electron Fermi momentum with the help of Eq. (2.26) and
solve this equation to obtain the proton Fermi momentum as a function of the neu-
tron Fermi momentum,

2 (k% +ma —m2)? = 2(k. , +mj +mZ)m> +my 230)
" 43, +m?) ' '

To illustrate the physical meaning of this relation, let us consider some limit cases.
First assume a vanishing proton contribution, kr , = 0. Then the equation gives
[which is most easily seen from Eq. (2.29)]

k%, = (mp+me)? —m? <0. 2.31)

This expression is negative because the neutron is slightly heavier than the electron
and the proton together, m, ~ 938.3MeV, m, >~ 939.6MeV, m, ~ 0.511 MeV.
Therefore, kr,, = 0is impossible and there always has to be at least a small fraction
of protons. Now let’s assume k¢, = 0, which leads to

2

2 2 2

2 my, +mg —m;,
2my,

2= ) —m? ~1.4MeV?. (2.32)

This is the threshold below which there are no neutrons and the charge neutral sys-
tem in B-equilibrium contains only protons and electrons of equal number density.

In general, we may consider a given baryon density ng = n, +n to express the
neutron Fermi momentum as

k= GBn’np — ki)' (2.33)

Inserting this into Eq. (2.30) yields an equation for kr, , as a function of the baryon
density. In the ultrarelativistic limit, i.e., neglecting all masses, Eq. (2.30) obviously
yields kg , = kp /2 and thus n, = n, /8 or

ny = %B , (2.34)
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By solving Eq. (2.30) numerically one can check that this limit is approached from
below for large baryon densities, i.e., in a compact star containing nuclear matter
we deal with neutron-rich matter, which justifies the term neutron star.

As a crude approximation we may thus consider the simple case of pure neutron
matter. We also consider the nonrelativistic limit, m, > kr,. In this case, the
energy density (2.17b) and the pressure (2.18) become

4 k3 kS
m, F.n F.n
~ : O : , 2.35
¢ 372 |: m3 + ( m ( 2)
4k k;
m F.n F.n
po M |ZEn o[ ZEn) | 2.35b
1572 |: mz + ( m) ( )

(To see this, note that the In term cancels the term linear in k¢ in the case of ¢, and
the linear and cubic terms in k¢ in the case of P.) Consequently, keeping the terms
to lowest order in kg ,, /m,,

372\3 53
P(e) ~ —_. 2.36
() ( - ) 5mon? (2.36)

We have thus found a particularly simple equation of state, where the pressure is
given by a power of the energy density. The general (numerical) discussion of the
equation of state, including protons and electrons, is left to the reader, see Prob-
lem 2.1.

The next step to obtain the mass-radius relation of the star is to insert the equation
of state into the TOV equation. The simplest case is a power-law behavior as in
Eq. (2.36). The general form of such a so-called “polytropic” equation of state is

P(e) = K&V . (2.37)
Using the Newtonian form of the mass-radius equations, Egs. (2.9), this yields

dm 4

o 2pl/y

o = Ky r PV (r), (2.38a)
dap G PYv(@rym(r)

E = — K]/V r2 . (238b)

Even in this simplest example, we need to solve the equations numerically, see Prob-
lem 2.2. The results of this problem show that the maximum mass reached within
this model is about M < 0.7M which is well below observed neutron star masses.
(See also Refs. [2—4] for a pedagogical introduction into the equation of state and
mass-radius relation from solving the TOV equation.) This small maximum mass is
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a consequence of the assumption of noninteracting nucleons. Taking into account
interactions will increase the maximum mass significantly.

2.2 Noninteracting Quark Matter

Whenever we talk about quark matter in these lectures we ignore the charm (c),
bottom (b), and top (¢) quarks. The quark chemical potential inside the star is at
most of the order of 500 MeV and thus much too small to create a population of
these states. Therefore, we only consider at most three quark flavors, namely up
(u), down (d), and strange (s). We shall mostly neglect the masses of the u and d
quarks; their current masses are m,, >~ mg >~ 5SMeV <« u =~ (300 — 500) MeV.
The mass of the strange quark, however, is not negligible. The current strange
quark mass is my; ~ 90MeV, and the density-dependent constituent mass can
be significantly larger, making it non-negligible compared to the quark chemical
potential.

If we consider free quarks, the energy density &, the number density n, and
the pressure P, are obtained in the same way as demonstrated for nucleons in
the previous subsection. We only have to remember that there are three colors for
each quark flavor, N, = 3, i.e., the degeneracy factor for a single quark flavor is
2N, = 6, where the factor 2 counts the spin degrees of freedom. Consequently,
for each quark flavor f = u, d, s we have at zero temperature [cf. Eqs. (2.17) and
(2.18)],

3
ke s
2 9

T
3 rkrr
£ = ?/O dk I\ I +m7 (2.39b)
k -’
pr=— [ i (ns =2 +m2). (2.39¢)
T 0

Again, we need to impose equilibrium conditions with respect to the weak interac-
tions. In the case of three-flavor quark matter, the relevant processes are the leptonic
processes (including a neutrino or an antineutrino)

np= (2.39)

d—u+e+v,, s—>u+e+v,, (2.40a)

ut+e—>d+v,, U+e—s+v,, (2.40b)
and the non-leptonic process

s+u<d+u. 241)
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These processes yield the following conditions for the quark and electron chemical
potentials,

Hd = He + Hu Hs = He + Hu - (2.42)

(This automatically implies wy = ps.) The charge neutrality condition can be writ-
ten in a general way as

> qmp—n.=0, (2.43)
f=u,d,s
with the electric quark charges
1
=73 9a=4qs =—7. (2.44)

and the electron density 7,.

2.2.1 Strange Quark Matter Hypothesis

Before computing the equation of state, we discuss the strange quark matter hypoth-
esis within the so-called bag model. The bag model is a very crude phenomenolog-
ical way to incorporate confinement into the description of quark matter. The effect
of confinement is needed in particular if we compare quark matter with nuclear
matter (which is ultimately what we want to do in this section). Put another way,
although we speak of noninteracting quarks, we need to account for a specific — in
general very complicated — aspect of the interaction, namely confinement.

To understand how the bag constant accounts for confinement, we compare the
pressure of a noninteracting gas of massless pions with the pressure of a noninteract-
ing gas of quarks and gluons at finite temperature and zero chemical potential. The
pressure of a single bosonic degree of freedom at © = 0 and at large temperatures
compared to the mass of the boson is

d’k _ 2T
Pooson = —T m In (1 —e k/T) = 9—0 . (2.45)

This is derived in Appendix A.l within thermal field theory, see Eq. (A.37). Analo-
gously, a single fermionic degree of freedom gives [see Eq. (A.72) of Appendix A.2]

7 72T*
8 90

d’k _
Prermion = T / W In (l +e k/T> = (2.46)
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Therefore, since there are three types of pions, their pressure is

7274

P, =3
T 90

(2.47)

This is a simple approximation for the pressure of the confined phase. In the decon-
fined phase, the degrees of freedom are gluons (8 x 2) and quarks (4N.Ny; = 24).
Thus with 2 x 8 4+ 7/8 x 24 = 37 we have

7274
90

Pg.e =37 - B, (2.48)

where the bag constant B has been subtracted for the following reason. If B were
zero, the deconfined phase would have the larger pressure and thus would be pre-
ferred for all temperatures. We know however, that at sufficiently small tempera-
tures, the confined phase (that’s the world we live in) must be preferred. This is
phenomenologically accounted for by the bag constant B which acts like an energy
penalty for the deconfined phase. Without this penalty, at least in this very sim-
ply model description, the deconfined phase would be “too favorable” compared to
what we observe. As a consequence, by including the bag constant there is certain
critical temperature 7, below which the confined phase is preferred, P; > P, ,,
and above which the deconfined phase is preferred, P, ; > Py . This is indeed what
one expects from QCD, where the deconfinement transition temperature is expected
to be T, >~ 170 MeV. (As can be seen in the QCD phase diagram in Fig. 1.1, this
deconfinement transition is rather a crossover than a phase transition in the strict
sense.)

In the context of compact stars we are not interested in such large temperatures.
In this case, the chemical potential is large and the temperature practically zero.
Nevertheless we compare nuclear (confined) with quark (deconfined) matter and
thus have to include the bag constant in the pressure and the free energy of quark
matter,

P+B=Y Py, (2.492)
f

=) e/ +B. (2.49b)
f

This phenomenological model of confinement is called the bag model [5, 6] because
the quarks are imagined to be confined in a bag. One can view the microscopic
pressure Y ¢ Py of the quarks to be counterbalanced by the pressure of the bag B
and an external pressure P.

Equipped with the bag model, we can now explain the strange quark mat-
ter hypothesis. For simplicity we consider massless quarks. A nonzero strange
quark mass will slightly change the results but is not important for the qualitative
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argument. We will also ignore electrons. They are not present in three-flavor mass-
less quark matter at zero temperature. They are however required in two-flavor quark
matter to achieve electric neutrality. But also in this case their population is small
enough to render their effect unimportant for the following argument.

With m y = 0 we simply have

_ M _ Ky p, = (2.50)
=g °F = an2 F= an2 ’
which in particular implies
€
P = ?f . 2.51)

For the strange quark matter hypothesis we consider the energy E per nucleon num-
ber A,

E e
—_ = —, 2.52
( )

where np is the baryon number density, given in terms of the quark number densi-
ties as

1
nB=§an, (2.53)
!
because a baryon contains N, = 3 quarks. At zero pressure, P = 0, Egs. (2.49) and
(2.51) imply ¢ = 4B and thus

E 4B
—=— (2.54)
A np

We now apply this formula first to three-flavor quark matter (“strange quark mat-

ter”), then to two-flavor quark matter of only up and down quarks. For strange quark
matter, the neutrality constraint (2.43) becomes

2n, —ng —ng =0. (2.55)
Together with the conditions from chemical equilibrium (2.42) this implies

My = fhd = s = [L. (2.56)
We see that strange quark matter is particularly symmetric. The reason is that the

electric charges of an up, down, and strange quark happen to add up to zero. Now
withng = u3 /7% and
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B=YP _ 3w (2.57)
o I = 42 '
7
(still everything at P = 0) we have
E
- = (4?4334 B4 ~ 5714 B4 ~ 829MeVB/j:. (2.58)

Ny=3

We have expressed B!'/4 in units of 145 MeV, Bllz{;1 = B'/4/(145MeV).
For two-flavor quark matter (neglecting the contribution of electrons), the charge

neutrality condition is

ng =2ny,. (2.59)
Hence,
ta =2, . (2.60)
Then, withng = /Lg/nz and
1 24/3 4
B:ZPf:(t‘—z)Mu’ (2.61)
r TT
we find
E
n = (4r))'/* (1 4243)%/4 BY/* ~ 6.441 B'/* ~ 934MeV B, /2 . (2.62)
Nf=2

By comparing this to Eq. (2.58) we see that two-flavor quark matter has a larger
energy per baryon number than three-flavor quark matter. This is a direct conse-
quence of the Pauli principle: adding one particle species (and keeping the total
number of particles fixed) means opening a set of new available low-energy states
that can be filled, thus lowering the total energy of the system.

We can now compare the results (2.58) and (2.62) with the energy per nucleon in
nuclear matter. For pure neutron matter, it is simply given by the neutron mass,

=m, = 939.6 MeV . (2.63)

neutrons

E
A

For iron, S°Fe, it is

E

A

_ 56my — 56 - 8.8MeV

=930MeV, 2.64
S6Fe 56 ( )
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with the nucleon mass my = 938.9MeV and the binding energy per nucleon in
iron of 8.8 MeV. Since we observe iron rather than deconfined quark matter, we
know that

E

" = B'/* > 144.4MeV . (2.65)

E
<_
A

30Fe Ny=2

We have thus found a lower limit for the bag constant from the stability of iron with
respect to two-flavor quark matter. Now what if the bag constant were only slightly
larger than this lower limit? What if it were small enough for three-flavor quark
matter to have lower energy than iron? The condition for this would be

E
<_

n = B'/* < 162.8MeV . (2.66)
Ny=3

E
A

56Fe

This would imply that strange quark matter is absolutely stable (stable at P = 0),
while nuclear matter is metastable. This possibility, which would be realized by a
bag constant in the window 145MeV < B'/4 < 162MeV, is called strange quark
matter hypothesis, suggested by Bodmer [7] and Witten [8], see also [9].

Note that the existence of ordinary nuclei does not rule out the strange quark
matter hypothesis. The conversion of an ordinary nucleus into strange quark matter
requires the simultaneous conversion of many (roughly speaking A many) u and
d quarks into s quarks. Since this has to happen via the weak interaction, it is
practically impossible. In other words, there is a huge energy barrier between the
metastable (if the hypothesis is true) state of nuclear matter and absolutely stable
strange quark matter. This means that strange quark matter has to be created in
another way (“going around” the barrier), by directly forming a quark-gluon plasma.
This can for instance happen in a heavy-ion collision. Or, more importantly in our
context, it may happen in the universe, giving rise to stars made entirely out of quark
matter, so-called strange stars.

Small “nuggets” of strange quark matter are called strangelets (a strange star
would then in some sense simply be a huge strangelet). If a strangelet is injected
into an ordinary compact star (a neutron star), it would, assuming the strange quark
matter hypothesis to be true, be able to “eat up” the nuclear matter, converting the
neutron star into a strange star. Note the difference between this transition and the
above described impossible transition from ordinary nuclear matter to strange quark
matter: once there is a sufficiently large absolutely stable strangelet, successive con-
version of up and down quarks into strange quarks increase the size of the strangelet;
the energy barrier originating from the simultaneous creation of a large number of
strange quarks now cannot cause the system to relax back into its original nuclear
(metastable) state. This argument has important consequences. If there exist enough
sizable strangelets in the universe to hit neutron stars, every neutron star would be
converted into a strange star. In other words, the observation of a single ordinary
neutron star would rule out the strange quark matter hypothesis. Therefore, it is
important to understand whether there are enough strangelets around. It has been
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discussed recently in the literature that there may not be enough strangelets [10], in
contrast to what was assumed before.

2.2.2 Equation of State

Next we derive the equation of state for strange quark matter. We include the effect
of the strange quark mass to lowest order and also include electrons. It is convenient
to express the quark chemical potentials in terms of an average quark chemical
potential u = (i, + g + 1s)/3 and the electron chemical potential 1,

2

My = — gﬂe , (2.67a)
1

Ha = b+ Fhe (2.67b)
1

s = b+ FHe - (2.67¢)

Written in this form, the conditions from S-equilibrium (2.42) are automatically
fulfilled. Taking into account the strange quark mass, the Fermi momenta for the
approximately massless up and down quark and the massive strange quark are
given by

K = tu - (2.682)

kpa =t (2.68b)

kiy =/p2—m?2. (2.68¢)

The energy density and the pressure are

3ud 3wk 3 ke ol
> 8f=4nz+m+ﬁ/0 N & B LD
i=u,d,s,e
kF.s 2 /J/4
| Z P = 2+4n2+ / dk k <y,b VK +m>+12n2,
i=u,d,s,e

(2.69b)

where we have neglected the electron mass. The neutrality condition can now be
written as

1 1
Y. P= m+ 2nd+ s e (2.70)
He 3 3

i=u,d,s,.e
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(Note that ., is defined as the chemical potential for negative electric charge.) Solv-
ing this equation to lowest order in the strange quark mass yields

“ N

m
, O~ —= 2.71
e 14 (2.71)

Consequently, the quark Fermi momenta become

2
kpu >~ pu— Z—; : (2.72a)
2

m
kra =~ p+ —>=, (2.72b)
’ 12

5m?

kps>~p— ﬁ (2.72¢)

We see that the Fermi momenta are split by an equal distance of mf /(4wr), and
krs < kru < kr g, see Fig. 2.1. The splitting and the order of the Fermi momenta
can be understood from the following physical picture: start from the symmetric
situation my = . = 0. In this case, all quark flavors fill their Fermi spheres to
a common Fermi momentum given by p, and the system is neutral. Now switch
on the strange quark mass. This lowers the Fermi momentum of the strange quark
according to Eq. (2.68c). Consequently, there are fewer strange quarks in the system
and thus there is a lack of negative charge. To counterbalance this missing negative
charge, the system responds by switching on a chemical potential 1.. Because of
B-equilibrium, the Fermi momenta of all quark flavors are rigidly coupled to this
change. Electric neutrality is regained by lowering the up quark Fermi momentum
and raising the down and strange quark Fermi momenta (which makes for the catchy
phrase “the Fermi momentum of the down goes up”). Since the strange quark Fermi
momentum was already lowered by the finite mass, it is clear that the resulting order

A )

=i

Fig. 2.1 Illustration of the i
Fermi momenta for neutral,
unpaired quark matter in
B-equilibrium with quark
chemical potential ;. The
splitting of the Fermi
momenta is due to the strange
quark mass mg which is
assumed to be small
compared to 1




2.3 Mass-Radius Relation Including Interactions 23

is kps < kru < kr.q. The electron contribution to the negative charge density is
negligibly low, n, Mg 66 m? /w3, while the contribution of the quarks due to the
strange quark mass is proportional to um%. The splitting of the Fermi momenta due
to the effects of the strange quark mass, B-equilibrium, and electric neutrality is
very important in the context of color superconductivity. Since color superconduc-
tivity is usually based on Cooper pairing of quarks of different flavor, a mismatch
in Fermi surfaces tends to disfavor this pairing. We shall discuss superconductivity
in quark and nuclear matter in Chap. 4 and give a brief qualitative discussion of the
consequences of Fermi surface splitting for color superconductivity at the end of
that chapter.

Here we continue with unpaired quark matter and insert the result for u, (2.71)
back into the energy density and the pressure. Again keeping only terms to lowest
order in the strange quark mass yields

3 out  3u’m?
: & = m - 47[2 : (2733)

3ut 3uim?
P~ ——> 2.73b
Zi: "T4m? 4n? ( )

Consequently,
3ulm?
Zei:3§_ P+ 27123‘ (2.74)
L 1

With Eq. (2.49a) the pressure, including the bag constant, becomes

3ut 3u2m?
M T T B, (2.75)

and, expressing P in terms of the energy density, we obtain with the help of
Eq. (2.49b)

e—4B  p’m?
3 272

(2.76)

This is the equation of state of noninteracting, unpaired strange quark matter within
the bag model with strange quark mass corrections to lowest order.

2.3 Mass-Radius Relation Including Interactions
Let us briefly discuss the results for the mass-radius relation of a compact star for

given equations of state for nuclear and quark matter. Since the underlying calcula-
tions in general are complicated and have to be done on a computer, we only quote
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some results to illustrate the physical conclusions. So far we have only discussed
the simplest cases of noninteracting matter. Interactions have a significant effect on
both the equation of state and the mass-radius relation. We now discuss these effects
briefly, only in the subsequent chapters shall we study the nature and details of these
interactions (and discuss their relevance to other observables than the mass and the
radius of the star).

The maximum mass of a star for noninteracting nuclear matter is ~ 0.7M¢ (see
for instance Ref. [4] or solve Problem 2.2); including interactions increases the mass
to values well above 2M. The significance of the equation of state and interac-
tions for the maximum mass is easy to understand: if the pressure P (¢) for a given
energy density ¢ is large, the system is able to sustain a large gravitational force
that seeks to compress it. Comparing two equations of state over a given energy
density range, the one with the larger pressure (for all energy densities in the given
range) is thus termed stiff, the one with the smaller pressure is termed soft. Soft
equations of state can sustain less gravitational force and thus lead to stars with
lower maximum masses. In the case of noninteracting nuclear matter, it is only the
Fermi pressure from the Pauli exclusion principle that prevents the star from the
collapse. Interactions increase this pressure because the dominant effect in the case
of nuclear matter at the relevant densities is the short-range repulsion between the
nucleons. Therefore, the maximum mass is significantly larger in this case.

In Figs. 2.2 and 2.3 several models for the nuclear equation of state are applied
to obtain maximum masses up to 2.4 M. For the case of quark matter, we can
understand some of the corrections through interactions in the following simple
way. A generalization of the pressure (2.75) is

4 2

S ey = 3—“2(m§ —4A%) _B. 2.77)

p="E
472 4

This equation contains two corrections compared to Eq. (2.75). One is included in
the coefficient ¢ and originates from the (leading order) correction of the Fermi
momentum due to the QCD coupling o,

2
kp = u <1 _ “5> , (2.78)
3

resulting in a correction of the u* term in the pressure with ¢ = 2ay /7. (This
modification of the Fermi momentum will also become important in the context of
neutrino emissivity in Chap. 5.) Higher order calculations suggest ¢ = 0.3 at den-
sities relevant for compact stars. However, the exact value of ¢ is unknown because
perturbative calculations are not valid in the relevant density regime, cf. discussion
in Sect. 1.1. Therefore, ¢ can only be treated as a parameter with values around
0.3, as done for example in Fig. 2.2. To get an idea about perturbative calculations
beyond leading order in o, you may consult the recent Ref. [11].

The second correction in Eq. (2.77) is the quantity A. This is the energy gap aris-
ing from color superconductivity whose microscopic origin we discuss in Chap. 4. It
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Fig. 2.2 Mass-radius plot from Ref. [12] which shows the dependence of the mass-radius curve
on the (uncertain) parameters of the quark matter equation of state in a hybrid star. We see that
reasonable choices of the parameters lead to similar curves as for nuclear matter (here with the
APR equation of state). In this plot, the transition density p. (in units of the nuclear ground state
density ng) between quark matter and nuclear matter has been used as a parameter, rather than
the bag constant. From our discussion it is clear that one can be translated into the other. The

coefficient ¢ describes QCD corrections to the quark Fermi momentum and thus to the x* term in

the pressure, see Eq. (2.77)
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Fig. 2.3 Mass-radius plot from Ref. [13]. A comparison of a neutron star, different hybrid stars,
and a quark star is shown, using several nuclear equations of state (DBHF, APR, HHJ) and several
quark phases (CFL, 2SC). For more details and explanations of the various abbreviations, see

Ref. [13]
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gives a correction to the ;> term in the pressure. One might think that this correction
is negligible compared to the 11* term and the bag constant. However, it turns out
that for reasonable values of the bag constant these two terms largely cancel each
other and the ;% term becomes important. However, the effect of superconductivity
is still hard to determine. Firstly, it would require a precise knowledge of the strange
quark mass. Secondly, it turns out that the maximum mass of a hybrid star is not very
sensitive to the value of m? — 4A% [12].

As a result of this discussion and the results in Figs. 2.2 and 2.3, two points
are important for the further contents of these lectures. Firstly, we should now be
motivated to learn more about the nature and the consequences of interactions in
nuclear and quark matter. Secondly, we have learned that, given our ignorance of the
precise quantitative effects of the strong interaction and the uncertainty in astrophys-
ical observations, the mass and the radius of the star are not sufficient to distinguish
between a neutron star, a hybrid star, and possibly a quark star. Therefore, we also
have to take into account other observables which are linked to the microscopic
physics. While the equation of state is a bulk property, i.e., it is determined by
the whole Fermi sea, there are other phenomena which are only sensitive to the
low-energy excitations at the Fermi surface. One class of such phenomena is given
by transport properties. They can possibly be related to observables which are more
restrictive than mass and radius for the question of the matter composition of the
star. We shall discuss such observables in Chap. 5 where we relate the cooling of
the star to neutrino emissivity, and in Chap. 6 where we qualitatively discuss other
such observables.

Problems

2.1 Equation of state for noninteracting nuclear matter

Find the full equation of state for noninteracting n, p, e matter at 7 = 0 numerically
by plotting P versus €. You should see the onset of neutrons and identify a region
where the equation of state is well approximated by the power-law behavior of pure
neutron matter in the nonrelativistic limit, Eq. (2.36).

2.2 Mass-radius relation

(a) Solve Egs. (2.38) numerically (for nonrelativistic pure neutron matter, i.e., y =
5/3) and plot m(r), P(r) for a given value of the pressure Py = P(r = 0).

(b) Use Py as a parameter to find the mass-radius relation M (R). To this end, you
need to do (a) for several values of Py and find for each Py the radius R at which
P(R) = 0 and the corresponding mass M (R).

(c) You may incorporate general relativistic effects from the TOV equation (2.10)
and/or the full (numerical) equation of state for noninteracting nuclear matter
from Problem 2.1.
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