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Controlled Systems

2.1 The Time-Continuous Case

2.1.1 The Problem of Controllability
We start with a system of differential equations of the form
z; = fi(z,u), i=1,...,n (2.1)
where z € R", u € R™,
fi : R"xR™—>1R
with f; € C (R"™™,R) and f;(-,u) € C' (R",IR) for every u € IR™ and for
t=1,...,n.

Assumption: For every function u € C! (IR,IR™) and every point zg € IR"
there is exactly one function x € C! (IR,IR™) with

() = file(®),u(t), teR (2:2)
for i=1,...,n and
z(0) = xo. (2.3)

We consider every function v € C (IR,IR™) as a control of the system (2.1)
that is used in order to transfer every initial state ¢ € IR" within a given time
interval [0,7] into a final state z7 € IR", i.e., we look for a control function
u € C(IR,IR™) such that the unique solution z € C! (R,IR™) of (2.2), (2.3)
satisfies the condition

z(T) = zp. (2.4)

In the following we are mainly interested in final states that are rest points
of the system (2.1) for u = ©,, =null vector of R™ (which we also call the
uncontrolled system).
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We therefore assume that the system (2.1) for u = ©,,, possesses a rest point
Z € IR™ which is a solution of the equations

i (Z,0m) =0 for i=1,...,n. (2.5)
Let {2 be a non-empty subset of IR™ with ©,, € 2.

Definition.

(1) The system (2.1) is called £2— controllable on the interval [0,T] with T > 0,
if for every pair xo,xr € R™ there is a control u € C (R, R™) with

u(t) € 12 for all t€[0,T)

such that the unique solution x € Ct (R,R") of (2.2), (2.3) satisfies con-
dition (2.4).

(2) The system (2.1) is called £2— controllable, if there exists some T > 0 such
that it is £2—controllable on the interval [0, T).

(3) The system (2.1) is called completely £2— controllable, if it is {2— controllable
on every interval [0,T], T > 0.

The complete 2—controllability is obviously the strongest property. In the
next section we will present sufficient conditions for linear controlled systems
to be completely {2—controllable.

In the case of non-linear systems we will concentrate on the following problem:

For a given zg € IR" and xr = T =solution of (2.5) and a time T > 0 find a
control function u € C (IR,IR™) such that the unique solution z € C! (IR, IR")
of (2.2), (2.3) satisfies condition (2.4).

2.1.2 Controllability of Linear Systems
Instead of (2.1) we consider a system of the form
t=Azxz+ Bu (2.6)

where v € IR", u € IR™, A = real n x n—matrix and B = real n X m—matrix.
If we put
flx,u) = Az + Bu, zelR", velR™,

then (2.6) is of the form (2.1) and f € C' (R"*™,IR").
The assumption in Section 2.1.1 is satisfied.

For every zg € IR" and every function v € C (IR,IR™) the unique solution
x € Ct (IR,IR™) of (2.6) with z(0) = ¢ is given by

z(t) = et (xo + /Ote_SABu(s) ds) , teR. (2.7)
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We put
Y(t)=e B forall tcR (2.8)
and consider control functions of the form

u(t) =Y x, telR, (2.9)

where z € IR" is chosen arbitrarily. Insertion into (2.7) gives

z(t) = et (mo + /OtY(s)Y(s)Tx ds) ,  teR.

Let, for some given T > 0, the n x n—matrix
T
M(T) = / Y)Y ()T dt (2.10)
0

(which is symmetric and positive semi-definite) be non-singular.

Then, for every vector z7 € IR", there is exactly one zr € IR" such that
zr =T (xg + M(T)2r) <= M) zr=cT42r -0

which implies that the system (2.6) is IR™—controllable on [0, 7.

Lemma 2.1. For some T > 0 the matriz M(T) (2.10) is non-singular, if and
only if the following implication holds true

Y)Y 'z =06, forall t€[0,T] = x=06,. (2.11)

Proof.

(a) Let M(T) be non-singular. If there were some z € IR" with z # ©,, such
that Y (t)T 2 = ©,, for all t € [0,T], then it would follow that M(T)z = O,
which is impossible.

(b) Let the implication (2.11) hold true. If M(T') were singular, then there
would exist some z € R", z # O, with M(T)z = 6,,.

This implies
T M(T) 2 = /T Y@ Y®Tzdi=0
from which it follows that i
Yt)Y'2=0,,  forall tecl0,T].

However, this implies z = ©,, contradicting z # ©,,. Therefore, M (T') must
be non-singular. m]

Theorem 2.2. The implication (2.11) holds true for every T > 0, if and only
if the so called Kalman condition

rank (B| AB|...| A"'B) =n (2.12)

is satisfied.
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Proof.
(a) Let the implication (2.11) be violated for some T > 0. Then there is some
z € R", z # O, with

Y(t)' 2 =6, for all te]0,T).

If one differentiates 27 Y (¢) successively by ¢ and puts ¢t = 0 then it follows
that

dB=06L TAB=0T .. T A'B=0T (2.13)

which contradicts condition (2.12).

(b) Let condition (2.12) be violated. Then there is a vector z € IR"™ with
z # O, such that (2.13) holds true. Now let

@(7}\) = Qo “+ aq (7}\) + ...+ Ap—1 (7)\)“

be the characteristic polynomial of A. Then it follows, by the theorem of
Cayley-Hamilton, that #(—A) = 0 and, therefore,

A" =bo I +bi A+ ...+ b, A"}
with suitable coefficients b, ...,b,_1 € IR. This implies
AR = py AR g AR 4, AR
for all £ > n and on using (2.13) one concludes that
2T A*B =0T forall k>0 — ZY(t)=0 forall teTR,
i.e., the condition (2.11) is violated for all T' > 0. O

As a consequence of the above considerations we obtain

Theorem 2.3. If the Kalman condition (2.12) is satisfied, then the system
(2.6) is completely R™—controllable.

Let us demonstrate this result by an example. We consider a moving linear
pendulum as being depicted in the following picture:

’U(O) =15 <0

»(0) = ¢o P(T)=¢(T)=0

#(0) = ¢o

3
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The movement of the pendulum is described by the differential equation

B(t) = =5 o(t) — @ t € IR, (2.14)

with the initial conditions

©(0) =0,  ¢(0) =¢o

where ¢ = @(t) denotes the deviation angle at the time ¢ and v = wv(t) is
the location of the suspension point at the time t. This is moving with speed
0(t) and acceleration 4(t) at the time ¢t. The problem to be solved consists of
finding a function v = v(¢) by which an initial state (¢(0), ¢(0),v(0),v(0)) =
(¢0, $0,v0,00) of the pendulum is transferred in the final (rest) state
(p(T),o(T),v(T),o(T)) = (0,0,0,0) at a given time T > 0.

If we define a vector function x(t) = (x1(t), z2(t), z3(t), z4(t)) by putting
z1(t) = @(t), za(t) = o(t), z3(t) = v(t), x4(t) = 0(t), then the differential
equation (2.14) can be rewritten in the form

i(t) = Az(t) + Bu(t), teR, (2.15)

where u(t) = 9(t), t € R, is the control and

0 100 0
w=[rnee)
0 000 1
In this case we obtain
0 -1/i 02 g/l?
(B| AB| A’B | A’B) = ’(l)/l (1) g{)l 8 ,

1 0 0 0

hence
rank (B | AB | A’B | A*B) = 4,

i.e., the Kalman condition (2.12) is satisfied.

By Theorem 2.3 the system (2.15) is completely IR* —controllable. This means
that every initial state (¢(0),¢(0),v(0),(0))" € IR* of the pendulum can
be controlled within every time interval [0,7], T > 0, by a suitable con-
trol function u(t) = #(t), t € [0,T] with v € C*(IR) into every final state
(p(1), (), 0(T),9(T))" € R™.
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2.1.3 Restricted Null-Controllability of Linear Systems

We start with a system
x(t) = Ax(t), te IR, (2.16)

where z € IR” and A =real n X n—matrix.

This system has T = ©,, as rest point. In the following we make the special
choice 2 = [—1,+1]™ and ask for the existence of some time 7' > 0 and a
control function v € C (IR,IR™) with

u(tye 2 forall tel0,T] (2.17)
such that for every initial state o € IR™ the unique solution = € C! (IR, IR")
of (2.6) with

z(0) = g (2.3)
satisfies the end condition
x(T)=2=6,. (2.18)

In order to give an affirmative answer to this question we replace the space
C (IR,IR™) of control functions by the space L (IR, IR™) of measurable and
essentially bounded m—vector functions u on IR. Condition (2.17) is replaced
by

[lu(t)]|oo <1 for almost all ¢ € [0,7 (2.19)

where || - ||oc denotes the maximum norm in R™.

For every T' > 0 we define
Ur ={u € L (R,IR"™) | u satisfies (2.19)}. (2.20)

From the solution formula (2.7) which also holds true for the unique absolutely
continuous solution z : IR — R" of (2.6) with (2.3) in the case that u €
L> (IR,IR™) it follows that the end condition (2.18) is equivalent to

T
/ Y () ut) dt = —o (2.21)
0

where Y () is given by (2.8).

This leads to the
Problem of Restricted Null-Controllability: Let xg € IR"™ be given arbitrarily.
Find some T > 0 and u € Uy (2.20) such that condition (2.21) is satisfied.

If this problem has a solution, we call the system (2.6) restricted null-
controllable.



2.1 The Time-Continuous Case 83

If we define, for every T > 0, a so called reachable set

T
E(T) = {m = /O Y () u(t) dt | u e uT} C R", (2.22)

then the problem of restricted null-controllability is solvable, if and only if

E=J E®=R" (2.23)
T>0

Obviously every reachable set E(T') is convex and we have the following im-
plication

This implies that E is also convex.
Assumption: E # R".
Then there exists some T € IR™ with ¥ ¢ E. By a well known separation

theorem for convex sets there exists a number o« € IR and a vector y €
R", y # ©,, such that

y'r<a<y’z forall zcE. (2.24)

Because of ©,, € E it follows that o > 0. Further the left side of (2.24) is
equivalent to

T
/ yT'Y(t)ut)dt <o  forall wely and T > 0. (2.25)
0

For the following we assume that the Kalman condition (2.12) is satisfied.

Because of y # ©,, it follows from Theorem 2.2 that for every T > 0 there
exists some tp € [0,T] with

yTY (tr) # O,
If we put
v(t)T =47 Y (1), t € R,

then there exists at least one component of v which does not vanish identically,
say
nt)=y"e by, teR,

where b is the first column of the matrix B.

Since with u also —u belongs to Uy, T > 0, it follows from (2.25) that

/ v(t)T u(t) dt‘ <a for all we L*(R,R™) with
0

u(®)|loo < 1 for almost all ¢ € (0, 00).
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This implies

/ [o(®)|]1 dt:Z/ lui(t)] dt < o < o0
0 i=1 70

and further -
/ lv1 (t)] dt < a.
0

This implies the existence of the integrals
o0
w(t) :/ v1(s) ds for all ¢ € [0,00)
t

and it follows that

d
T w(t) = —v1(t) for all ¢e€0,00) aswellas lim w(t) =0.

t—oo

d
If we put D = T it follows that

(Dkvl) t) =yl (—A) ke b, telR, for k=0,1,2,...

If () denotes the characteristic polynomial of A, then the application of the
Cayley-Hamilton-theorem implies 1)(A4) = 0 and therefore

(Y(=D)v1) (t) =y (P(A)e b =0 for all ¢ € [0,00).
This implies
Y(=D)(—=Dw)(t) =0 for all ¢ € [0,00)
and because (—D) and ¢ (—D) are interchangeable we can conclude
(=Dy(=D)w)(t) =0  forall ¢e€[0,00).
The characteristic equation of this linear differential equation reads
—Ap(=A) =0.

From tlim w(t) = 0 we infer that at least one solution —\ of the equation
— 00

1 (—A) = 0 must have a negative real part. Therefore the matrix A must have
an eigenvalue with a positive real part.

Summarizing we obtain by contraposition the

Theorem 2.4. If the Kalman condition (2.12) is satisfied and if the matrix
A has only eigenvalues with non-positive real parts, then the system (2.6) is
restricted null-controllable. This means that for every initial state xg € IR"
there is some T > 0 and a control function u € Ur (2.20) such that the unique
absolutely continuous solution x = x(t), t € R, of (2.6), (2.3) satisfies the
end condition (2.18).
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The assumptions of this theorem are for instance satisfied for the system
(2.15). It has been shown already that the Kalman condition (2.12) is satisfied.
It is easy to show that the eigenvalues of the matrix A are given by

M=iy [ Ao =i %, A3 = Ay = 0.

2.1.4 Controllability of Nonlinear Systems into Rest Points

We again start with a system of the form

z = f(x,u) (2.1)

where f € C(IR" x R™,IR") and f(-,u) € C' (R",IR™) for every u € IR"™.
We make the same assumptions as at the beginning of Section 2.1.1.

Let Z € IR™ be a rest point of the uncontrolled system for u = ©,,, i.e., a
solution of the equation

f(Z,0n) = 6,. (2.5)

Given an arbitrary initial state 7o € IR™ we then look for some time T > 0
and a control function v € C (IR,IR™) such that the unique solution z €
C! (R, R") of (2.1) with

z(0) = zg (2.3)

satisfies the end condition
z(T) =17.

If this problem has a solution for every zy € IR™ we call the system (2.1)
controllable to Z.

Let us weaken this concept to a concept of local controllability. For this pur-
pose we assume that

fi €CH(R" x R™) forall i=1,2,...,n
and linearize the equation (2.1) in (Z, ©,,), i.e., we replace it by
t=Ax+ Bu (2.6)
where

A= (fiz, (Z,6m)) and B = (fiu, (Z,0m))

i,j=1,...n

“1m . (2.26)

%
k=1,....m

Definition. The system (2.1) is called locally controllable to T, if the system
(2.6) with A and B by (2.26) is R™ —null-controllable, i.e., if for every xg €
R" there exists a T > 0 and a control function u € C (IR,IR"™) such that the
unique solution x € C* (R, IR™) of (2.6), (2.3) satisfies the end condition

2(T) = Op. (2.18)

An immediate consequence of Theorem 2.3 is the
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Theorem 2.5. If A and B given by (2.26) satisfy the Kalman condition
(2.12), then the system (2.1) is locally controllable to .

Definition. The system (2.1) is called locally restricted controllable to T, if
the system (2.6) with A and B by (2.26) is restricted null-controllable, i.e., if
for every xg € R™ there exists a T > 0 and a control function u € Ur (2.20)
such that the unique absolutely continuous solution x = x(t), t € R, of (2.6),
(2.3) satisfies the end condition (2.18).

An immediate consequence of Theorem 2.4 is the

Theorem 2.6. If A and B given by (2.26) satisfy the Kalman condition
(2.12) and if the matriz A has only eigenvalues with non-positive real parts,
then the system (2.1) is locally restricted controllable to .

Let us demonstrate these two theorems by the example of a nonlinear pendu-
lum with movable suspension point. We use the same notations as in the case
of a linear pendulum in Section 2.1.2.

The movement of the pendulum is described by the differential equation

B(t) = % sin () — @ cosp(t), telR. (2.27)

If one defines functions

,’i‘l(t) = Qig(t),

Zo(t) = —% sinxq (t) — @ cos z1(t),

a3(t) = wa(t),

d4(t) = u(t) (2.28)

where u(t) = 4(t), t € IR, is the control function. If we define

f(m,u) = (fl(xau)vfQ(xvu)af3($7u)7f4(x’u))T7 (S IR47 u € IR?

where
fl(xau) = .’L'Q(t),
fa(z,u) = —% sinz; — 7 CoS X1,
f3($7u) = T4,
falz,u) = u,
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then the system (2.28) takes the form (2.1) and we have
fieC(RYR) for i=1,234.

Obviously for u = 0 the point ©4 = (0,0,0,0)” € IR* is a rest point of the
system (2.28) and we obtain

0 1 00
A = (fia, (9470))1-,]':1,2,3,4: _g/l 8 8 (1) ’
0 0 00
0
B = (fiu(64,0));21 934 = 7(1)/1
1

We have already shown (see Section 2.1.2) that the Kalman condition (2.12)
is satisfied for A and B and that the matrix A has only eigenvalues with real
parts equal to zero (see Section 2.1.3).

Theorem 2.6 then implies that the system is locally restricted controllable to
T =06,

Now we return to the question of the Z—controllability of the system (2.1).
We again assume a set 2 C IR" with ©,, € 2 to be given and define, for
every T' > 0,

Ur ={u e L™ (R,R™) | u(t) € 2 for almost all t € [0,T]}. (2.29)

Further let S (Z,T), for every T' > 0, be the set of all zp € IR™ such that
there exists a u € Ur such that the unique absolutely continuous solution
x=z(t), t € R, of (2.1), (2.3) satisfies the end condition z(T') = Z.
If we then define
S@=\Js@nmn, (2.30)
T>0
the set S (Z) consists of all vectors zp € IR™ such that there exists a time

T > 0 and a control u € Up such that the unique absolutely continuous
solution z = z(t), t € IR, of (2.1), (2.3) satisfies the end condition z(T) = Z.

With this definition we formulate the

Theorem 2.7. Let T be an interior point of S (Z) (T € S (Z) follows from the
definition of S (Z)) and let T be attractive, i.e., there exists an open setU C IR"™
with T € U such that for every xo € U the unique solution x € Ct (R, R") of
& = f(x,0m) with (0) = xo satisfies the statement lim x(t) = Z. Then it

t—o0
follows that S () D U.
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Proof. Let xo € U be chosen arbitrarily. Then for the solution x € C! (R, IR"™)
of & = f(x,0) with £(0) = z¢ it follows that tlim x(t) = Z. Since T is
an interior point of S (Z), there exists some t; > 0 with x (t1) € S (Z). This
implies the existence of some time 7" > 0 and a function v € Uy such that the
absolutely continuous solution = = Z(t) of

I(t) = f(@t),u), telR with Z(0)=z(t)

satisfies the end condition z(7T") = .

If we deﬁne
Qm f()] 1 < 1’;]7

u(t—ty) for t>ty,

then u* € Up and it follows for the absolutely continuous solution z* =
x*(t), t € R, of *(t) = f (z*(t),u*(t)), t € R, 2*(0) = x(0) = z( that the
end condition * (T + t1) = Z(T) = 7 is satisfied which completes the proof.

a

Let us apply this result to linear systems of the form (2.6). In this case we
have
f(z,u) = Az + Bu, reR", uveR™.

A rest point of the uncontrolled system
i=f(z,0n)=Az, zeR", (2.16)

is given by = ©,,. This is the only one, if the matrix A is non-singular.
If all the eigenvalues of A have negative real parts (which implies that A is
non-singular), then = = @,, is globally attractive, i.e., for every zo € IR" the
unique solution x € C* (IR, IR™) of (2.16) with x(0) = z¢ satisfies the condition
tlirgo x(t) = Op,.

Theorem 2.8. If the Kalman condition (2.12) is satisfied, then T = ©,, is an
interior point of S(0,) =FE (2.25).

Proof. Assume that ©,, is no interior point of E. Then ©,, is also not an

algebraically interior point of E and K(E) = |J AFE is not equal to R".
A>0

Since because of E = —F the convex cone K(F) is a linear space, the set E,

as subset of K(F), is contained in a hyperplane, i.e., there exists some y € IR"

with y # ©,, such that
yle=0 forall e€ FE.

In particular it follows for every T' > 0 that

T
/ yTeBu(t) dt =0  forall wue Uy
0
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and hence for all w € L* ([0, T],R™) = | AUr.
A>0
This implies
yTe "*B=0 forall tel0,T]

and in turn y = @,, by Theorem 2.2 which contradicts y # ©,,. a

As a consequence of Theorem 2.7 and Theorem 2.8 we obtain

Theorem 2.9. If the Kalman condition (2.12) is satisfied and if the matriz
A has only eigenvalues with negative real parts, then for every xo € IR™ there
exists some T > 0 and a control function u € Ur (2.20) such that the unique
absolutely continuous solution x = x(t), t € R, of (2.6), (2.3) (which is given
by (2.7)) satisfies the end condition x(T) =T (2.18).

This theorem is contained in Theorem 2.4.

2.1.5 Approximate Solution of the Problem of Restricted
Null-Controllability

We again consider the problem of restricted null-controllability as in Sec-
tion 2.1.3. We assume T > 0 and 2y € IR"™ to be given and formulate the
following

Approximation Problem: Find some ur € Uy (2.20) such that

T T
H / Y (&) ur(t) dt + zo|| < H / Y (t)u(t) dt + zo for all weUr
0 2 0

2
where Y'(t) is given by (2.8).

A solution ur € Ur of this approximation problem is considered as an ap-
proximation of a solution of the problem of restricted null-controllability.

If one defines
T
V=(yeR" \yz/ Y (t)u(t) dt with v € Ur o,
0

one obtains a convex subset of IR". This set is weakly closed, i.e., the following
implication holds true:
lim yf 2 =972 forall z€IR"
k—o0 Yr Y = yc V.
and yr €V forall kelN
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Proof. y, € V implies for every k € IN the existence of some function
up € {u € L= ([0, T],R™) | ||u(t)||co <1 for almost all t € [0,T]} = Koo (T)
with
T
Y = / Y(t) uk(t) dt
0

which implies

T
lim up()TY )z dt = yT for all = € IR™

k—oo Jq

Since the set K (T") is weak-* sequentially compact, there is some u € K (T)
and a subsequence (uy,);cy With

T T
lim [ we ()T Y (t) 2 dt = / w®T Y (1) dt
0

1—00 0

which implies

T
<yT - / u®)T Y ()T dt) r=0 forall xeR"
0
From this it follows that

T
y:/o YQu(t)dt <= yevV

which completes the proof. a
The weak closedness of the set V' implies that V is also closed.

As a consequence of a well known theorem in approximation theory we then
obtain the existence of exactly one y* € V with

ly" +xoll2 < [ly + a0l forall yeV
which is characterized by
(W +20) ¥y < +z)'y forall yev,

if y* + x¢ # O,.
Now we distinguish two cases:

(a) y* + 2o = O,. Then every u* € Uy with

T
E Tu*
Y = /0 V()T u(t) dt

is a solution of the problem of restricted null-controllability.
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b) y* 4+ x¢ # O,,. Then for every u* € Uy as in (a) we obtain from the above
characterization of y* € V' the equation

T T
[ @) YOuw©a= [ N6+ YOl
0 0
We try to solve this equation iteratively by starting with

vy’ =06, and ul(t) = —sgn (a:oTY(t))]C for k=1,...,n,te€][0,T],

(where sgn(0) = 0) and constructing a sequence (y) in R" and a

NeNg
sequence (UN)NGINO in K(T) as follows:

If yV € IR™ is given, then we define

ud (t) = —sgn ((yN + xO)T Y(t))k for k=1,...,n, t€[0,T],

and "
yN Tt :/ Y (t)u® (t) dt.
0

If the sequence converges weak-* to u* € K (T), then the

(u™)

NeN,
N * T * * * :

sequence (y )NGIN0 to y* = [, Y(t)u*(t) dt and y* and u* satisfy the

equation in (b).
2.1.6 Time-Minimal Restricted Null-Controllability of Linear
Systems

We replace the set Uy (2.20) in Section 2.1.3 by
U= {u € L (IR, IR™) | esssup ||u(t)]]2 < 7} (2.31)

telR
where ||u(t)||]2 = (u(t)Tu(t))l/2

The problem of restricted null-controllability now consists of finding a time
T > 0 and some v € Y (2.31) such that

, teR.

T
/ Y () u(t) dt = — (2.21)
0

where xo € IR" is given arbitrarily.

Let us assume that the problem is solvable. Then we define a so called mini-
mum time T'(v) by

T(y) = inf{T > 0| There is some u € U which satisfies (2.21)}.  (2.32)

At first we prove
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Theorem 2.10. If restricted null-controllability is possible, then time-minimal
restricted null-controllability is also possible, i.e., there exists some u, € U
such that

T(v)
/ Y(t)us (t) dt = —ao. (2.33)
0

Proof. By the definition of T'(y) there exists a sequence (T}),p of times
Ty, > T'(vy) with klim Ty, = T(~y) and corresponding controls uy € U with
— 00

T
Y (t)up(t) dt = —x9 for all ke IN.
0

Since the set U is sequentially weak-+ compact, there is a subsequence (ug, ),y
of the sequence (ug), . and some uy € U such that

ke

() ()
i [y @ de= [y 0 de
71— 00 0 0

for all y € L' ([0,T(v)],IR™)
which implies

T(v) T(v)
lim Y ()T uy, (t) dt = / Y (t) uy (t) dt.
11— 00 0 0

For every i € IN we then have

T(v)
/ Y (t) uy(t) dt
0

T(v) Tk, T,
— [ Y@ ) dts [ Y@ u @ d- [V ©u a
0 0 T(v)

— O = —Zo

From this we infer because of lim T}, = T(vy) and therefore

1—00
T’“i

lim Y (t) ug, (t) dt = Oy

1—00 T(v)
that (2.33) is satisfied which completes the proof. O

Every u., € U which satisfies (2.33) is called a time-minimal null-control. The
next step is to characterize time-minimal null-controls.

For this purpose we make use of the
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Normality Condition: For every T' > 0 and every y € IR" the components of

the vector function Y (¢)T y only vanish on a subset of [0,T] of (Lebesgue-)
measure zero unless y = O,,.

At first we consider the

Minimum Norm Problem: For T > 0 and zy € R" given determine u €
L> (IR,IR™) such that (2.21) is satisfied and the functional ¢ defined by

p(u) = [[ul|p(o,r1,mm) = ess sup [[u(t)||2 (2.34)
te[0,7]

is minimized.

In order to study the problem of minimizing ¢(u) defined by (2.34) on the
linear manifold

M= {u e L™ (R,R™)

/ ) di = —xo} (2.35)
0

we also consider the
Dual Problem: Determine y € IR"™ such that

T
/ WYY )Ty ar<1 (2.36)
0
holds true and the functional

U(y) = —z3 y (2.37)
is minimized.
Let
N ={yeR"| (2.36) is satisfied} . (2.38)

If u e M and y € N, then it follows that
T
vly) = —afy= [ YOy
0
T
< / (w®Tu(t)"” (T Y (Y (1) y)" at
0

T

1/2

<es sup u(dlle [ (7 YOYO')" <o
t€[0,T) 0

which implies

sup Y(y) < inf o(u). (2.39)

The dual problem will now be used to solve the minimum norm problem.



94 2 Controlled Systems

At first we observe that the normality condition implies that for every T" > 0
the function

1/2

T
y— x(y) = / WYY ) A, yeRn,

is Gateaux-differentiable and its Gateaux-derivative is given by
Dx(y,h) = Vx(y)"h,  heR"

where

Vx(y) = / ' ! Y6y 5Ty dt
o (TY ()Y (H)Ty)'? '

Now we can prove

Theorem 2.11. Under the normality condition the minimum norm problem
has exactly one solution (on [0,T]) for every choice of T > 0 which is of the
form
_ —ah yr T
ur(t) = pe 73 Y(t)" yr (2.40)
(WY (&)Y (t)Tyr)
for almost all t € [0,T] and ur(t) = O, for all t ¢ [0,T]

where yr € R™ is a solution of the dual problem and satisfies

1/2

/T (Y)Y () yr) " dt =1. (2.41)
0

Proof. Since the set of all y € IR™ which satisfy (2.36) is compact and the
function 1 (y) = —al y is continuous there is some yr € IR"™ which solves the
dual problem and every solution satisfies (2.41). Hence the dual problem has
the same solutions, if we assume equality to hold in (2.36).

Let yr € IR™ be a solution of the dual problem. Then by the Lagrangean
multiplier rule there is a multiplier A € IR such that

Vip (yr) — Ar Vx (yr) = On

which is equivalent to

20 = Ay / ! 1 s YOV () yr dt
o (yrY(®)Y )T yr)

and implies

1/2

T
—Ig yr = AT / (y%Y(t)Y(t)TyT) dt = /\T-
0
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Therefore, if we define ur = up(t) by (2.40), then (2.21) is satisfied for u = ur.
Further it follows that

(uT(t)TuT(t))1/2 = —ad yr = sup ¥(y) for almost all t € [0,T]
yeN

which implies ¢ (ur) = sup ¥ (y). From (2.39) it then follows that ur solves
yeN
the minimum norm problem.

It remains to prove the uniqueness of ur. Let & € M be any solution of the
minimum norm problem. In order to find a solution v € L™ (IR,IR™) of (2.21)
we tentatively put u(t) = Y ()7 y for t € IR. Then (2.21) reads

/ YY) dty = a0, (2.42)
0

The normality condition implies that the row vector functions y! = y;(t)T, t €
R, i =1,...,n of Y = Y (t) are linearly independent. From this it follows

that the matrix fOTY(t)Y(t)T dt is non-singular so that for every choice of
o € R"™ the linear system (2.42) has exactly one solution y € IR™. Therefore
the mapping

T
U / Y(#)u(t) dt  from L*(IR,R™) into R"
0
is surjective. This implies that there exists a multiplier y € IR" such that
T
o (@) < p(u) —yT / Y (t)u(t) dt + xo (2.43)
0
for all w € L*™ (IR,IR™), hence
T
P @+ 0 < - [ T YOu dr
0
for all w € L™ (IR,IR™) which is only possible, if

T
o(u) — / y Y (t)u(t) dt >0 for all we L (IR,R™).
0
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This is equivalent to

/T yT Y (t)u(t) dt < ess sup (u(t)Tu(t))1/2
0 t€[0,T)

for all we L* (IR,R™)

or
T
/ y' Y (t)u(t) dt <1 for all u € L= (R, R™) with
0
ess sup (u(t)Tu(t))1/2 =1
t€[0,77]
If we define
1 T
t) = Y1)y

WY Y (1))
for almost all ¢ € [0,T] and u(t) = O,, for all ¢t & [0, T

then it follows that
/2

ess sup (u(t)Tu(t)) 1

t€[0,T)

and therefore

/T WYY ()T y)"? dat = /T yTY () u(t) dt < 1.
0 0

Thus y € N. If we choose u = O, in (2.43) it follows that ¢ (7)) < —zl .

On the other hand we have shown (in the proof of (2.39)) that —zl y < ¢ (7).
Therefore we obtain

T
ess sup (@(0)Ta(1)"? = —aly = / ATy dty
te[0,7] 0

which is only possible, if

_xTy
u(t) = 0 Y(t)Ty for almost all ¢ € [0,7
(WY (Y (H)Ty)"?

This implies

@) = ¢ @) = ¢ (ur) = (ur®)Tur(t))

for almost all ¢ € [0,7].

1/2
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Since w(t) = 3 (@(t) + ur(t)), t € [0,T], is also a solution of the minimum
norm problem, it follows

lla(®)|]2 = ||lur®)]|2 = [|w(t)]|2 for almost all ¢ € [0,7]
which is only possible, if
a(t) = ur(t) = w(t) for almost all ¢ € [0,T].
This completes the proof. O

Now we make a first step towards a characterization of time-minimal null-
controls by proving the

Theorem 2.12. If restricted null-controllability holds and if the mormality
condition is satisfied, then the minimum time T(vy) defined by (2.32) is also
given by

T(v)=inf{T >0]0v(T) <~} (2.44)

where

v(T) = max {—xg Yy

/T WYY (n)Ty)"? dt < 1} (2.45)
0

Proof. Let us put R
T(v) =inf{T > 0| v(T) < ~}.

Then it is clear that T(y) < T(y) because of
{T > 0 (2.21) is satisfied for some u € U (2.31)} C{T > 0| v(T) <~}
which is a consequence of (2.39).

If T(v) < T(v), then by, Theorem 2.11, for every T € ( (’y)) there is

some ur € U which satisfies (2.21) and for which <p( T) = ( ) < v holds
true. This, however, contradicts the definition (2.32) of T'(y) which completes
the proof. a

Theorem 2.11 can be strengthened to

Theorem 2.13. In addition to the assumption of Theorem 2.12 let the func-
tion T — v(t) (2.45) from (0,00) into (0,00) be continuous. Then it follows
that

o(T'(y)) =~ (2.46)

and for each u, € U with (2.33) it follows that ¢ (uy) = v(T(7)), i.e., every
time-minimal null-control is a minimum norm control of [0,T(vy)] (we tacitly
assume that o # O).
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Proof. x¢ # ©,, implies T'(y) > 0 and Tlirngv(T) = 00.

By virtue of the continuity of T — v(T') it follows from (2.44) that v(T(y)) <
~. Let us assume that v(T(y)) < 7. By the intermediate value theorem for
continuous functions then it follows that there is some T* € (T, T(y)) (where
v(T') > ) with v (T™*) = ~. This implies the existence of up~ € U which satis-
fies (2.21) and ¢ (ug~) = v (T*) = 7. This is a contradiction to the definition
(2.32) of T'(vy). Hence (2.46) must be true from which the last assertions follow
immediately. |

In view of Theorem 2.11 we have the following

Corollary 2.14. Under the assumptions of Theorem 2.13 there is exactly
one time-minimal control on [0,T(y)] which is the minimum norm control
ur ) (t) €U on [0,T(v)] and is given by

~

. 172
(v, YOY 0T yr(r))
for almost all ¢ € [0,T(7)]

Y ()" yre (2.47)

UT () (t) =

where yp(,y € IR" is a solution of the dual problem to the minimum norm
problem for T = T(y).

The continuity assumption for the function 7' — v(T') in Theorem 2.13 can
be dispensed with, since it is a consequence of the normality condition.

In order to show this we at first observe that in the case xg # ©,, for every
T > 0, v(T) defined by (2.45) is also given by v(T) = 1/A(T) where

T
A(T) = min {/O WTY Y (n)Ty)'? at

—aly = 1} (2.48)

Theorem 2.15. If the normality condition holds, then the function T — X(T)
(2.48), T > 0, is strictly increasing and continuous.

Proof. Let Tb > T be given. Let
Tk T T 1/2
ATy) = (yr, Y)Y ()" yr,) ™ dt for k=1,2
0

with —2 yr, = 1. For brevity we put, for every y € R",

Y&yl = BT YY)y, teR.
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At first we get

T
AT = [ IV e e
0
T1 T2
S/IW@%M&MS/IWM%Mb&:MB)
0 0

It even follows that
Ts
AH@=/IW@%Mb&
0

Ty T2
= [T il der YTy
0

Ty

Ts
zxan+/|wm%mma
T

where

T
/ 1Y ()" yr, |2 dt > 0,
T

since otherwise Y (t)yr, = O,, for all t € [T}, T3] which, by the normality
condition, implies yr, = ©,, and contradicts —z2 yr, = 1.

As a result we obtain A (T3) > A (71) which shows that T'— A(T) is strictly
increasing. On the other hand we also have

T

T
Aﬂw:AIWM%MbMSAIWM%Mb&

T1 T2
= [ IOl des [ IO
0 1

T
:MM+/IW®%Mh%
T

hence

Ts
0<A(Ty) = \(Ty) < / 1Y ()" yr,[|2 dt
T

which implies

T2£I£+o MT2) = (1)

and shows the right continuity of the function 7' — A(T).

The proof of the left continuity requires some preparation.
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We choose Ty € (0,7T7) arbitrarily and consider the function

To
y~/|wm%mw
0

from IR" into (0, co) for which

To
mr, = inf {/ Y ()T yl|o dt
0

mmzw%ﬂﬂ>o

holds true. This implies

To
mr, [[yll2 < / Y ()T y|o dt for all y e IR"™.
0

In particular we obtain

To
mﬂmmé/IWM%Mh&
0

T
S/IW@%Mb&:MmSA@)
0
and further

T>
ogmnngng/lww%Mb&
T

Ts MNT Ts
S/‘HY@TMdHanégiﬁz/ Y (&), dt
T1 m TO T1

with
1/2

YOl = | > yin®)?
jk=1
From this we infer

Ty —T>—0

which shows the left-continuity of the function and completes the proof.

Under the assumptions of Theorem 2.15 it follows that the function T —

o(T) =1/XT), T > 0, is strictly decreasing and continuous.

Thus we can strengthen Theorem 2.13 to

Theorem 2.16. If restricted null-controllability holds and if the mormality
condition is satisfied, then the equation (2.46) for the minimum time T(7)
holds true and there is exactly one time-minimal control on [0,T(v)] which is
the unique minimum norm control ury,y € L (IR,IR™) on [0,T(v)] and is

given by (2.47).
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2.2 The Time-Discrete Autonomous Case

2.2.1 The Problem of Fixed Point Controllability
We begin with a system of difference equations of the form
z(t+1) = g(z(t), u(t)), te Ny (2.49)

where g : R" x IR™ — IR" is a continuous mapping.

The functions z : INg — IR™ and u : INyg — IR™ are considered as state and
control functions, respectively. For every control function u : INyg — IR™ and
every vector xp € IR" there exists exactly one state function z : INy; — IR"
which satisfies (2.49) and

z(0) = zo. (2.50)

If we fix the control function v : INyg — IR™ and define
fra1(z) = gz, u(t)), x € R", t € Ny, (2.51)

then, for every ¢ € INg, f; : R" — IR"™ is a continuous mapping and
(]R”7 ( ft)telN) is a non-autonomous time-discrete dynamical system which is
controlled by the function u : Ng — IR™. If

u(t) = 6,, = zero vector of IR™ for all ¢ € INy,

then the system (2.49) is called uncontrolled. Let us assume that the un-
controlled system (2.49) admits fixed points Z € IR"™ which then solve the
equation

T=g(Z,0,). (2.52)

Now let 2 C IR™ be a subset with ©,, € 2. Then we define the set of
admissible control functions by

U={u:Ng—R"|u(t)e 2 foral teNy}. (2.53)

After these preparations we are in the position to formulate the

Problem of Fixed Point Controllability: Given a fixed point & € IR™ of the
system

z(t+1)=g(x(t),On), t € INy, (2.54)

i.e., a solution Z of equation (2.52) and an initial state zy € IR" find some
N € INg and a control function v € U with

u(t) = O forall t>N (2.55)
such that the solution = : INg — IR™ of (2.49), (2.50) satisfies the end condition

2(N) = 7. (2.56)
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(This implies z(t) = Z for all t > N.) From (2.49) and (2.50) it follows that

CC(N) = g(g(' v (g (1'07“(0))’“(1))7' ' )7U(N - 1))
N —times

=GN (z0,u(0),...,u(N —1)). (2.57)
Let N € IN be given. If u(0),...,u(N — 1) € £2 are solutions of the system
GN (20,u(0),...,u(N —1)) =7 (2.58)
and one defines
u(t) = O forall t> N,

then one obtains a control function u : INg — IR™ which solves the problem
of fixed point controllability.

From the definition (2.57) it follows that
GN (20, u(0),...,u(N — 1)) = G* (GN ! (20, u(0),...,u(N —2)),u(N — 1)).

Conversely now let us assume that we are given a sequence (GN ) NeN of
vector functions GV : IR" x R™®" — IR™ with this property.

Then we define, for every ¢t € IN,

l’(t) = Gt (xo,u(O),...,u(t— 1))
for o € R" and u(s) e R™ for s =0,...,t —1

and conclude

z(t) = G! (Gt_l (xo,u(0),...,u(t —2)),u(t — 1))
= GYa(t —1),u(t —1))
for all ¢ € IN,

if we define G° (x¢) = zo. Now let S () C IR" be the set of all vectors zo € IR"
such that there exists a time N € IN and a solution (u(0)7, ..., u(N — l)T)T €
02N of the system (2.58). Obviously, 7 € S (Z) (choose N = 1 and u(0) = ©,,).
A first simple sufficient condition for the solvability of the problem of fixed
point controllability is then given by

Proposition 2.17. Let & € S () be an interior point of S (Z) and let T be
an attractor of the uncontrolled system (2.54), i.e., there exists an open set
U CIR" with T € U such that tlirgo x(t) = & where x : Ny — IR" is a solution
of (2.54) with (2.50) for any xo € U. Then it follows that S (Z) 2 U which
implies that for every choice of xo € U the problem of fixed point controllability
has a solution.
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Proof. Since T € S (Z) is an interior point of S (Z), there is an open neighbor-
hood W () C R™ of T with W (Z) C S (Z).

Now let g € U be chosen arbitrarily. Then there is some N; € IN with
x(Ny) € W(Z) where z : INg — IR™ is a solution of (2.54), (2.50).
This implies the existence of some No € IN and a solution (u(O)T,...,

7T .
w(Ny — 1) ) e OV with

GN2 (@ (V1) ,u(0), ., u (Ny — 1)) = &,
If we define

“(t) Om for t=0,...,N; —1,
u =
U(t—Nl) for t:Nh...,Nl—FNQ—l,

then it follows that
GN (20, u*(0),...,u* (N —1)) =2
where N = Ny + N, i.e., zg € S (&) which completes the proof. O

The essential assumption in Proposition 2.17 is that the fixed point Z of the
uncontrolled system (2.54) is an interior point of the controllable set S (7).

In order to find sufficient conditions for that we assume that (2 is open and
g € C'(R" x R™) which implies GV € C! (R" x IRm'N) for every N € IN
and
GY (2,u(0),...,u(N — 1))
= 0z (GN71 (;E07U(O), cee 7U(N - 2)) 7U(N - 1))
X Gz (GN72 (an ’LL(O), s ,U(N - 3)) ,’LL(N - 2))
X
X go(z,u(0)),
and
Gﬁf(k) (I, U(O), BERE) U(N - 1))
=9z (GN71 (330711(0), s 7u(N - 2)) 7U(N - 1))
X g (GN 72 (20,u(0),...,u(N = 3)) ,u(N —2))
X :
X go (GM* (2,u(0), ..., u(k)) , u(k + 1))
X Gugry (GF (2, u(0), ..., u(k — 1)), u(k))
fork=0,...,N — 1.
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Let us assume that g, (&, 0,,) is non-singular. Then it follows, for all N € IN|
that GY (Z,0,,,...,6,,) is also non-singular, since

GN(Z,0m,...,0m) = g (F,0,)"
Since
=GN (2,6m,...,0m),

there exists, by the implicit function theorem, an open set V C 02V with
ON €V and a function h: V — R" with h € C1(V) such that

h(ON) =2 and G (h(u(0),...,u(N —1)),u(0),...,u(N - 1)) =2

for all (w(0),...,u(N —1)) € V.
Moreover,
hugry (ON) = =GN (%,0m, .. .,0m) " Gur) (T, Om,y -, Om)
= —9: (@,0m) ™" 9 (@ 6,)" " gut) (& 6m)
= 00 (Z,0m) " gur) (,6m)
fork=0,...,N —1.

Result. If g, (Z,0,,) is non-singular, then, for every N € IN, there is an
open set Viy C 2V with 9% € Vn and a function hy : Vy — IR™ with
hx € Ct (V) such that

hy(u(0),...,u(N —1)) € S (Z) for all  (u(0),...,u(N —1)) € Vy.
We next assume that, for some N € IN,

rank () (ON) | -+ | huv—1y (OF)) = n.

Then there are n columns in the n x m - N —matrix

(hu) (Om) |-+ | huv—1) (O1))

which are linearly independent.

Now let E be the n—dimensional subspace of R™ consisting of all vectors
whose components vanish that do not correspond to the above linearly inde-
pendent columns.

If we put U = E N Vy, then U is an open subset of E and the restriction
of h to U is a C'—function on U whose Jacobi matrix at ©Y consists of the
above linearly independent columns of (hyo) () | .. | hunv—1) (O})) and
is therefore invertible. By the inverse functmn theorem there exist open sets

U C ENVy and 1% C IR"™ with QN € U and 7 € V such that h is homeomor-
phic on U and h (U) =V.
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This implies that Z is an interior point of S (7).

Let us demonstrate this result by the predator prey model that was investi-
gated with respect to asymptotical stability in Section 1.3.7. We consider this
model as a controlled system of the form

ot +1) =z1(t) Fazy(t) —exi(t)? — bay(t)z2(t) — 21 (t) up (),
CCQ(t + 1) = ZEQ(t) — CJ?Q(t) + dl‘l(t)fb2(t) - [L’Q(t) UQ(t), te No.

The mapping ¢ : IR? x IR? — IR? in (2.49) is therefore given by

(1+a)ry —ex? —bxizo — 21U v.uc R
(I1-c)xs+dzize — 22U ’ ’ .

We have seen in Section 1.3.7 that
- c 1 ( ce) r
r=|(-,-a——
d'b d
is the only fixed point of the uncontrolled system (with u; = us = 0) in

R% x RZ, if a > ce/d.

One calculates

which implies that g, (Z, ©2) is non-singular, if and only if

1—e§+c(a—%>7€0. (%)
Further we obtain
L
Gu (T,02) = 1 ce
0 —= (a — —)
b d

which implies
rank (hu(O) (92)) = rank (fgu(o) (z, @2)) =2.
Hence Z is an interior point of S (), if (%) is satisfied.

This example is a special case of the following situation:
Let

9(z,u) = f(z) + Fle)u = f(z) + Zfi(w) ui,

r€R", uy,...,uy € R, where f, f; €C* (R"), i=1,...,m.
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Let # € IR™ be a fixed point of f, i.e.,
T=f(T)=9(% 6m).

Then,
9z (T,0p,) = f. (T) and gu (T,0,,) = F (Z)

and hence

(hug) (Om) |-+ [ huv—1) (O))
=~ (F@I L@ F@ ..

In the example we have m = n = 2 and the 2 X 2—matrix F (Z) is non-
singular. Next we come back to the solution of (2.58) which we replace by
an optimization problem. For this purpose we define a cost functional ¢ :
R™" — R by putting

L@ P@).

p(u(0), ..., u(N = 1)) = |GV (2o, u(0),...,u(N — 1)) — |
for (u(0),...,u(N —1)) € R™Y (|| ||2 =Euclidian norm in IR™)
and try to find (u ( )y u(N —1)) € 2V such that p(u(0),...,u(N —1)) <
© (w(0),...,u(N ))forall(() L u(N —1)) € 2N,

If p(u(0),...,u(N — 1)) = 0, then o(u(0),...,u(N — 1)) € 2% solves the
equation (2.58). Otherwise no such solution exists. We again assume that
g €CH(IR" x IR™). Let 2 C IR" be open.

Then a necessary condition for u(0),...,u(N — 1)) € 2% to minimize ¢ on
NV is given by
Guti) (u(0), ..., u(N — 1)) = 2G1 (z0,u(0),...,u(N — 1))"
X (GN (20, w(0),...,u(N — 1)) — Z)
=6 (0C)
forall k=0,...,N —1.

For the determination of (u(0),...,u(N — 1)) € 2% with (OC) one can apply
Marquardt’s algorithm: Let (u(0),...,u(N — 1)) € 2% be chosen. If (OC) is
satisfied, then (u(0),...,u(N — 1)) is taken as a solution of the optimization
problem. Otherwise, for every k € {0,...,N — 1}, a vector hy(k) € R™ is
determined as a solution of the linear system

(2 Gf:[(k) (o, u(0),...,u(N — 1)))TG£[(,€) (o, u(0),...,u(N —1)) + A I, ha(k)

=2GN,) (20,u(0), ..., u(N —1))" (Gﬁ’(k) (20, u(0), ..., u(N — 1)) — @)

where X\ > 0 and I,,, is the m X m—unit matrix.
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Then one can show (see, for instance [22]) that for sufficiently large A > 0 it
follows that

(w(0) 4+ hr(0),...,u(N = 1) + hy(N —1)) € 2
and
@ (u(0) + hx(0),...,u(N — 1)+ hr(N — 1)) < ¢ (u(0),...,u(N —1)).

The algorithm is then continued with (u(0) + ~x(0),...,u(N — 1) + hx(N — 1))
instead of (u(0),...,u(N —1)).

Special Case: Modelling of Conflicts

Now let us consider a special case which is motivated by a situation which
occurs in the modelling of conflicts. We begin with an uncontrolled system of
the form

t+1) =g (ml(t)7m2(t)) ,
2’ (t+1) = go (2' (), 22(1)), t € Ny,

where g; : R™ x R™ — R"™, i = 1,2, are given continuous mappings and
z': INg — IR™, i = 1,2, are considered as state functions.

For t = 0 we assume initial conditions
2 0)=z5,  2%(0) =3 (2.59)
where zf € IR™ and z3 € IR™ are given vectors with
O, < x% < xf

for some xi > ©,, which is also given. We further assume that the above
system admits fixed points (7, EQT)T € R™ x IR™ with

~2 2
O, <z° <z}
which are then solutions of the system
~1 ~1 42 ~2

z :gl(m,x), z :gg(fl,fz).

Now we consider the following
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Problem: Find vector functions 2! : Ng — IR™ and 2?2 : INg — IR™ with

Op, < 22(t) < 22 for all t e INg

*

which satisfy the above system equations and initial conditions and
o' (t) =zt 23(t) = 2? forall ¢t>N

where NV € Ny is a suitably chosen integer. In general this problem will not
have a solution. Therefore we replace the uncontrolled system by the following
controlled system

pH(t+1) = g1 (2 (8),2°() + u(t)) ,
2?(t+1) = go (2 (1), 2°(t) + u(t)) , t € INy, (2.60)

where u : INg — IR™? is a control function. Then we consider the problem of
finding a control function u : INyg — IR™ such that the solutions z!' : INg —
R™ and 22 : INg — IR™ of (2.60) and (2.59) satisfy the conditions

O, < 2%(t) +u(t) < 22 for all teINy

and
o' (t) =z, 22(t) +u(t) = 2° forall t>N

where N € INj is a suitably chosen integer.

Let us assume that we can find a vector function v : INg — IR"™ with

On, <v(t)<2? for t=0,...,N—1 and v(t) =22 for t>N

such that the solution z' : INg — IR™ of
at(0) = o,
' (t+1) =g (2" (1),v()), te Ny

satisfies
zi(t) =72t forall ¢t>N

where N € IN is a suitably chosen integer.

Then we put

2 (t+1) = go (2" (1), 0(t)) te Ny

and define
u(t) = v(t) — 2%(t) for t> Np.

With these definitions we obtain a solution of the above control problem.
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Thus, in order to find such a solution, we have to find a vector function
v : INg — IR™? with

for t=0,...,N—1,

O, <v(t) <z
z for t> N

2
v(t) = 22

such that the solution z' : INg — IR™* of

satisfies

oi(t) =72t forall ¢t>N

where N € IN is a suitably chosen integer. Let us demonstrate all this by an
emission reduction model (1.65) to which we add the conditions

0 < M;(t) < M} forall telNy and i=1,...,r
and the initial conditions
E;(0) = Ey; and M;(0) = Mo, for i=1,...,r
where Ey; € IR and My; € IR with 0 < My; < M for i =1,...,r are given.
The corresponding controlled system (2.60) reads in this case
E(t+1)=E;t) + iemij (M;(t) +u;(t)),
M;(t +1) = M;(t) +jui1(t) = Ai (M(t) + ug(t)) (M — M;(t) — ui(t)) Ei(t)

fori=1,...,r and t € INg.

The control functions u; : Ny — IR, ¢« =1,...,r, must satisfy the conditions

0 < M;(t) + ui(t) < M} for i=1,...,r and t¢& INy.

~ e\ T ~
Fixed points of the system (1.65) are of the form (ET, @f) with £ € R"
arbitrary.
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We have to find a vector function v : INg — IR" with

O, <vt)<M* for t=0,...,N—1,
v(it)=6, for t>N

such that the solution F : INg — IR" of
E(0) = Eo,
E(t+1)=E({t)+Cu(t), teN, (o - (emij)i,jzlﬁ__m)
satisfies R
E(t)=F forall t> N
where N € IN is a suitably chosen integer.

First of all we observe that for every N € IN

N-1
E(N)=Ey+C (Z v(t)) :

t=0

Let us assume that C is invertible and C~! is positive. Further we assume
that E > F,.

Then E(N) = E, if and only if

N-1 N
o(t) = 01 (E - EO) > 0,.
t=0
If we define
v(t) = O, forall ¢t> N,
then R
E(t)=F for all t> N.
Let us put
N-1 R
UN = ’U(t) :C_l (E—Eo)
t=0
If we define 1
v(t):NvN for t=0,...,N—1
then
N-1 R
Zv(t):C*I(E—EO) and O, <wv(t)<M* for t=0,...,N—1
t=0

for sufficiently large NV, if M} >0foralli=1,...,r.
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We finish with a numerical example: r = 3, Ey = (0,0,0)7 E= (10,10, 10)7,
M* = (1,1,1)T, and

1 -08 0
C = 0 1 =08
-0.1-05 1

Then we have to solve the linear system
UN, — 0.8’[)1\[2 = 10,
UNy, — 0.8’0]\/3 = 10,
—0.1vn, — 0.5vN, + un, = 10.

The solution reads

v, = 38.059701,
v, = 35.074627,
v, = 31.343284.

We choose N = 39. Then we have to put

1 0.9758898
v(t) = NN = 0.8993494 for t=0,...,38.
0.803674

2.2.2 Null-Controllability of Linear Systems

Instead of (2.49) we consider a linear system of the form
z(t+1) = Az(t) + Bu(t), t € INy, (2.61)

where A is a real n x n—matrix and B a real n x m—matrix and where
u: INg — IR™ is a given control function. The corresponding uncontrolled
system reads

z(t+1) = Ax(t), t € Ny, (2.62)
and admits Z = ©,, as a fixed point.

The problem of fixed point controllability is then equivalent to the

Problem of Null-Controllability: Given xzg € IR" find some N € INy and a
control function v € U (2.53) with (2.55) such that the solution « : Ny — IR"
of (2.61), (2.50) satisfies the end condition

z(N) =0, (2.63)

(which implies z(t) = 6, for all t > N).



112 2 Controlled Systems

From (2.61) and (2.50) it follows that

N
2(N) = AN 2o+ > AN Bu(t - 1) (2.64)

t=1

so that (2.63) turns out to be equivalent to
N
> AN Bu(t — 1) = — AN x. (2.65)
t=1

Now let A be non-singular. Then the set S (6,,) of all vectors xg € IR" such

that there exists a time N € IN and a solution (u(0)”, ..., u(N — 1)T)T e 0N
of the system (2.61) is given by

SO = |J BEW)

NeIN

where, for every N € IN,

E(N) = {x = ZN:AN—fBu(t 1)

t=1

uelU (2.53)} .

Next we assume that {2 C IR™ is convex, has ©,, as interior point and satisfies
ue R = —uell (2.66)

Then, for every N € IN, the set E(N) is convex and E(N) = —E(N). This
implies because of

E(N)CE(N+1) forall N eIN

that S (6,,) is also convex and S (0,,) = —5 (6,).

Further we assume Kalman’s condition, i.e., there exists some Ny € IN such
that
rank (B | AB | ...| AN7!B) = n. (2.67)

Then we can prove
Theorem 2.18. If A is non-singular, 2 C IR™ is convex, has ©,, as interior

point and satisfies (2.66) and if Kalman condition (2.67) is satisfied for some
Ny € IN, then 6, is an interior point of S (6y).

Proof. Let us assume that ©,, is not an interior point of S (6,,). Then S (6,,)
must be contained in a hyperplane through 6, i.e., there must exist some
y € R", y # O,, with

y'z =0 forall ze€S(6,).
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This implies

N
yT <Z ANT Bu(t — 1)) =0

t=1

forall  (u(0)7,...,u(N—1)T)" e R™ andall N e N,

hence

yT AN='B = 6L for all N € IN.

In particular for N = Ny this implies y = O,, due to the Kalman condition
(2.67) which contradicts y # O,,. Therefore the assumption that ©,, is not an
interior point of S (6,,) is false. a

In addition to the assumption of Theorem 2.18 we assume that all the eigen-
values of A are less than 1 in absolute value. Then according to the Corollary
following Theorem 1.6 @,, is a global attractor of the uncontrolled system
(2.62), i.e., tlirglo x(t) = 6, where z : INy — IR" is a solution (2.62) with
(2.50) for any xo € IR™. By Proposition 2.17 therefore the problem of null-
controllability has a solution for every choice of xg € IR". If the set 2 of
control vector values has the form

2 ={ueR™|[ju]| <~} (2.68)

for some v > 0 where || - || is any norm in IR™, then this result can be
strengthened to

Theorem 2.19. Let the Kalman condition (2.67) be satisfied for some Ny €
IN. Further let £2 be of the form (2.68). Finally let all the eigenvalues of AT be
less than or equal to one in absolute value and the corresponding eigenvectors
be linearly independent.

Then the problem of null-controllability has a solution for every choice of
zo € R", if A is non-singular.

Proof. We have to show that for every choice of g € IR" there is some N € INg
and a control function u € U (2.53) such that (2.65) is satisfied. Since A is
non-singular, (2.65) is equivalent to

N
ZA_tB u(t—1) = —xo.
t=1
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For every N € IN we define the convex set

N
R(N) = {x => AT'Bu(t-1)

t=1

uEU}

and put

Re= |J RNV

NeIN
Because of
R(N)C R(N+1) for all N € Ny

the set R, is also convex. We have to show that R,, = IR". Let us assume
that Re # IR".

Then there exists some T € R"™ with T € R, which can be separated from
Roo by a hyperplane, i.e., there exists a number o € IR and a vector y €
R", y # ©,, such that

yre<a<y'z for all x € Ry
Since ©,, € R, it follows that o > 0. Further it follows from the implication
u € 2 = —ucthat

N

ZyT AT'Bu(t—-1)| <«

t=1

forall Ne€IN andall uwelU.

This implies

N
Z” (y" A~'B) H <a foral NeN

where || - ||4 is the norm in IR™ which is dual to || - ||. This in turn implies
lim yT A~'B = 6L, (2.69)
t—o0

From the Kalman condition (2.67) it follows that there exist n linearly inde-
pendent vectors in IR"™ of the form

= A" b, for i=1,...,n

where t; € {0,...,No —1} and j; € {1,...,m} and b;, denotes the j;—th
column vector of B. From (2.69) it follows that

lim 4T A7t ¢; =0 for i=1,...,n.

t—o0

This implies
lim y7 A=t =671

t—o0
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or, equivalently,

lim (A7) "y =6,. (2.70)

t—o0

Now let A1, ..., A\, € C be eigenvalues of AT and y1,...,y, € C" correspond-
ing linearly independent eigenvectors. Then there is a unique representation

n
y= Z o5 Y where not all «a; € C are zero
=1

and

t
(AT)_tyj=<;> Yj for j=1,...,n,
J

hence

n t
(AT) - y = Zaj <>\1]) Y for all ¢t e IN.

J=1

From (2.70) we therefore infer that
[Aj] >1 forall jed{l,...,n} with «a;#0.
This is a contradiction to
A <1 forall j=1,...,n.
Hence the assumption R, # IR" is false. O

Remark. If we define

A1 0
Y=yl -lya) and A= :
0 An
then it follows that o
ATY =Y A
which implies
Y ATY = A

and in turn

from which

follows.
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This implies that A has the same eigenvalues as A7 (which holds for arbi-

=1
trary matrices) and the eigenvectors of A are the column vectors of (YT
Therefore A7 in Theorem 2.19 could be replaced by A. For the following let
us assume that 2 = R™.

For every NV € IN let us define
Y(N)=(B|AB|...| AN"'B).

Since U (2.53) consists of all functions v : INy — IR™, it follows, for every
N € IN, that

N
E(N) = {x => ANT'Bu(t 1)

t=1

u:]NOHIRm}.

Further we can prove

Proposition 2.20. The following statements are equivalent:
(i) rank Y(N) =rank Y(N + 1),

(ii) E(N)=E(N +1),

(iii) (ANB) R™ C E(N),

(iv) rank Y (N) = rank Y (N + ) forall j>1.

Proof.
(i) = (ii): This is a consequence of the fact that E(N) C E(N +1).
(ii) = (iii): This follows from Y(N +1) = (Y(N) | AV B).

(iii) = (1): Y(N +1) = (Y(N) | AVB) Shows that (iii) = (ii) and obviously
e have (ii) = (i).
i) = (iv): Since (i) implies (iii), it follows that

(ANT'B) R™ C AE(N) C E(N +1)
which implies E(N + 1) = E(N + 2) and hence
rank (Y (N + 1)) = rank (Y(N +2)) .

(iv) = (i): is obvious. This completes the proof. o
Now let r be the smallest integer such that I, A,..., A"~! are linearly inde-
pendent in IR™™ and hence there are numbers a,_1,a,_o,...,a9 € IR such
that

A"+, A7V ol =0.
Defining
Do\ =N+, 1 AT 4 ag,

we have @(A) = 0. This monic polynomial (leading coefficient 1) is the monic
polynomial of least degree for which $3(A) = 0 and is called the minimal
polynomial of A.
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The polynomial
D(A) =det(AN — A) with degree n

is called characteristic polynomial of A, and the Cayley-Hamilton Theorem
states that ®(A) = 0 which implies r < n.

This leads to

Proposition 2.21. Let s be the degree of the minimal polynomial of A (s <
n). Then there is an integer k < s such that

rank Y (1) < rank Y(2) < ... < rank Y (k) = rank Y (k+j) forall jeIN.

Proof. Proposition 2.20 implies the existence of such an integer k, since
rank Y(N) < n for al N € IN. We have to show that k < s. Let
(A) = X + as_1 A1 + ... + ap be the minimal polynomial of A. Then
P(A)B = 0 and A°BIR™ C E(s) which implies (by Proposition 2.20) that
rank Y (s) = rank Y (s + j) for all j € IN, hence k < s. |

As a consequence of Proposition 2.21 we obtain

Proposition 2.22. If the Kalman condition (2.67) is satisfied for some Ny €
IN, then necessarily Nog < n and

rank (B | AB|...]| A”_IB) =n,

hence E(n) = IR". Conversely, if E(n) = IR", then Kalman’s condition (2.67)
is satisfied for all N > n and

E(N)=R" forall N >n.

Proposition 2.21 also implies that, if rank Y (n) < n, then rank Y (N) < n for
all N > n and

E(N)=E(n) #R" forall N >n.

If we define, for every N € IN, the n X n—matrix
N-1 -
W(N)=Y(N)Y(N)" =Y A'BB" (47)",
§=0
then it follows that
W(N)IR" C E(N) for every N € IN.

Now let us assume that rank Y (N) = n which is equivalent to E(N) = R".
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Then W(N) is non-singular and
W(N)R" =1R" = E(N).
Let y* € IR™ be the unique solution of
W(N)y* = —AN x.
Further let u € R™® be any solution of

Y(N)u=—-ANzs  (see (2.65)).

If we put
w=Y(N)Ty  (eR™Y),
then
Y(N)Tu* = —AN x4
and

=~y TA 20 =y Y (N)u = u"Tu < [Ju*]]2 [Jull2

which implies ||u*||2 < ||ul|2.

2.2.3 A Method for Solving the Problem of Null-Controllability

Let us equip IR™ with the Euclidian norm || - || and consider the following

Problem (P) For a given N € N find v : {0,...,N —1} — IR"™ such that
N
> AN Bu(t — 1) = — AN (2.71)
t=1

and
px(u) = max [lu(t = 1la

s as small as possible.

If the Kalman condition (2.67) is satisfied for some Ny € IN and if N > N,
then Problem (P) has a solution uy € R™™N. If py (uny) < v (see (2.68)),
then we obtain solution uy : INg — IR™ of the problem of null-controllability
if we define

un(t) = Op, for all ¢> N.

If on (un) > 7, then N must be increased.
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If the matrix A is non-singular, then (2.65) is equivalent to

N
ZA_tBu(t —1)=—xg
t=1

which implies
ont1 (unt1) < on (un) forall N > Nj.

Under the assumptions of Theorem 2.19 there exists, for every € > 0, some
N(e) € IN such that

PN (une) <e
which implies

li = 0.
Jm o (1) =0

So we can be sure, for every choice of v > 0, to find a solution Uy, €

R™ N of Problem (P) with ©N(y) (Un(y)) < v which leads to a solution
un(y) : INg — IR"™ of the problem of null-controllability, if we define

Un(y) (t) = Om for all ¢ > N(v).

In order to solve Problem (P) we replace it by

Problem (D) Minimize

N
x() =ZHBT (AN-F)T y‘Q, y € R",
k=1
subject to
'y =—al (AT)N y=1. (2.72)

Let u:{0,...,N —1} — IR™ be a solution of (2.65) and let y € IR™ satisfy
(2.72). Then it follows that

N
ZyTAN_kBu(k—l) =ylce=1
k=1

which implies
1
— >
pmax | flu(k = 1)l = @)
Now let ¥ € R™ be a solution of Problem (D). Then there is a multiplier
A € IR such that

Vx (¥) = Ae (2.73)
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This yields

1 T
Vx@= ) —— ANTEBBT (ANTR) g
kEI(G) |I1BT (AN*k)T yll2

with .
1@ = {k |57 (47" 9], > o}
This implies
A=7"Vx (@) =2z(®).
If we define

1 BT (AN—k)T m

— it kell(y)),
un(k—1) =< z () I|BT (AN-K)T 3|, () (2.74)
Om else, k=1,...,N,
then it follows that
N
ZAN_kBuN(k -1 =c
k=1
and )
uny(k —1)||s = — forall kel(y
[lun (k = D]l G ¥)
which implies
1
max lun (k= 1)[|2 = G
Hence v : {0,..., N—1} — IR™ solves Problem (P). This result is summarized

as

Theorem 2.23. If § € R" solves Problem (D), thenu : {0,...,N—-1} — IR™
defined by (2.74) solves Problem (P).

In order to solve Problem (D) we apply the well known gradient projection
method which is based on the following iteration step: Let y* € IR"™ with
cT'y* = 1 be given. (At the beginning we take y* = ¢/||c||2.) Then we calculate

1 * *
= ( ¢ Vx(y )) c—Vx(y")
|lefl3
and see that
ch=0

and
#1) 2 *
(" Vx (")) —IVx ()|l <o.
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If Vx (y*)" h = 0, then there exists some A > 0 such that (2.73) holds true
which is equivalent to y* being optimal. If Vx (y*)” h < 0, then h is a feasible
direction of descent. If we determine A > 0 such that

X (y* + Xh) = I§1>1101X (y" +Ah), (2.75)

then

~

x (v +AR) < x (")
and ¢7 (y* + Xh) = 1. The next step is then performed with y* + M h instead

of y*. A necessary and sufficient condition for >0 to satisfy (2.75) is

d

X (y +Xh) — Vy (y +Xh)T h=0

which is equivalent to

BT AN-RBBT (AN-8)T (yr 4 3n)
|57 =T (i +30)]

>

kel(y*+Xh)

=0

and in turn to the fixed point equation

with

nT AN—kBBT(AN—k)Ty*
| BT (AN=)T (y*+Ah) |,

keI(y*+Ah)
’(/}(A) = hT AN—kBBT(AN—k)T h
[BT (AN BT (g +xn)]],

keI(y*+Xh) |

In order to solve this equation we apply the iteration procedure
/\k+1 = 1/) ()\k), k € INg

starting with Ag = 0. Let us return to the problem of fixed point controllability
in Section 2.2.1 and let us assume that g : IR" x R — IR" is continuously
Fréchet differentiable.
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Then it follows that

G" (zo,u(0),...,u(N —1)) -2
=GN (z0,u(0),...,u(N = 1)) =GN (Z,0p,...,60m)

~ Jin (Z,Om, -, Om) (0 — T) +ZJ“U€ V(Z,60m,....0m) ulk—1)

N
=J2(7.0m)" (w0 —0)+ Y JI (@ 60,)" " JH(E,Om) u(k—1)
k=1
where
J; (xvem) - (gzz] ($79m))17]_1, m
and

Therefore we replace equation (2.58) by
N
> Uz (E,.0m) T JE(E 0m) u(k — 1) = —J7 (3,0m)" (x0—F)  (2.76)

and solve the problem of finding w : {0,..., N —1} — IR™ which solves (2.76)
and minimizes
on(u) = maxfu(k 1)l

FRREE}

Such a u:{0,...,N —1} — IR™ is then taken as an approximate solution of
(2.58).

The above problem has the form of Problem (P) at the beginning of this sec-
tion and can be solved by the method described above.

Finally we consider a special case in which the problem of fixed point control-
lability is reduced to a sequence of such problems which can be solved more
easily.

For this purpose we consider the system
z(t+1) = go(x +ZQJ t € INo, (2.77)

where g; : R" — IR", j =1,...,m, are continuous vector functions.

For every control function u : INg — IR™ there is exactly one function x :
Ny — IR™ which satisfies (2.77) and the initial condition

z(0) = xo, xo € R" given. (2.78)
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We denote it by = x(u). We assume that the uncontrolled system
z(t+1) = go(x(t)), t € N,
has a fixed point Z € IR"™ which then solves the system
T =ygo(T).

We again assume that the set U of admissible control functions is given by
(2.53) where 2 C R™ is a subset with 6,, € (2.

Let us define
do(z) = go(x) — x, z € R"™
Then (2.77) can be rewritten in the form

z(t+1) = z(t) + Go(z(t)) + Zg] t € INo. (2.79)

In order to find some N € INy and a control function w € U with (2.55) such
that the solution x : INg — IR™ of (2.77) satisfies the end condition (2.56) we
apply an iterative method: Starting with some Ny € INg and some u° € U
(for instance u"(t) = @y, for all t € INg) we construct a sequence (Nj),cp in

INy and a sequence (uk) kEIN in U as follows:

If Ny_1 € INg and ©*~! € U are determined, we calculate (ukil) :INg — IR"
as the solution of (2.78) and (2.79) for u = u*~1. Then we determine N; € INg
and u* € U such that

ub(t) = O, for all t> Nj (2.55)%
and the solution z (u*) : INg — IR™ of (2.78) and

o (uf) (t+1) =2 (u") () + 5o (= («* 1) ()

D0 (@ () () W, teNo, (279

satisfies the end condition

T (uk) (Ng) = 2. (2.56)
If we put
Ny,
a* =z + Zgo (z (W) (t - 1))
t=1
and

Bt —1)= (g1 (z (")t =1)) | ... | gm (z (1) (£ = 1))),

then the end condition (2.56); is equivalent to

N
M BFt-1uF Tt - 1) =3 — b,
t=1
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2.2.4 Stabilization of Controlled Systems

Let g : R" x R™ — IR" be a continuous mapping and let H be a family
of continuous mappings h : R" — IR™. If we define, for every h € H, the
mapping f, : R" — IR" by

fh(x) Zg($7h($)), r € R”,

then f;, is continuous and (IR", f) is a time-discrete autonomous dynamical
system. Let Z € IR™ be a fixed point of

flx)=9g(x,0), r e IR™.
Further we assume that
h(Z) = O, forall he H

which implies that 7 is a fixed point of all f,, h € H. After these preparations
we can formulate the

Problem of Stabilization

Find h € H such that {Z} is asymptotically stable with respect to fp.

We assume that g : IR" x R™ — IR"™ and every mapping h € H are contin-
uously Fréchet differentiable. Then every mapping fn : R" — IR", h € H,
is also continuously Fréchet differentiable and, for every z € IR", its Jacobi
matrix is given by

Ip.(2) = Jg (z, h(z)) + Jg (2, h(z)) Jj; (z)

where
and

From the Corollary of Theorem 1.5 we then obtain the

Theorem 2.24.

(a) Let the spectral radius o (Jy, (T)) < 1. Then T is asymptotically stable with
respect to fp.

(b) Let (Jy, (Z)) be invertible and let all the eigenvalues of o (Jy, (%)) be larger
than 1 in absolute value. Then T is unstable with respect to fy,.
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Special cases:

(a) Let
g(z,u) = Ax + Bu, zeR", uelR™,

where A is a real n x n—matrix and B a real n x m—matrix, respectively.
Further let H be the family of all linear mappings h : IR" — IR™ which
are given by

h(z) =Cu, zeR",

where C' is an arbitrary real m X n—matrix, respectively.

If we choose 7 = ©,,, then

f(On) =9(6On,0m) =6n

and
h(6,) =6y for all he H.

Finally we have Jy(x) = C,
Jg(x,h(z))=A  and Jg(z,h(x)) = B
for all z € R™ and h € H which implies
Jp, (x) = A+ BC forall xe€IR"™ and he H.
Thus & = O,, is asymptotically stable with respect to f, if
0o(A+ BC) < 1,

and unstable with respect to f, if all the eigenvalues of A+ BC' are larger
than one in absolute value.
(b) Let
g(z,u) = F(z) + B(z) u, reX, ue R™,

where F': X — X, X C IR" open, is continuously Fréchet differentiable
and B(z) = (bi(x),...,bm(z)), x € X, where b; : X - R", j=1,...,n,
are also continuously Fréchet differentiable. Let again H be the family of
all linear mappings h : IR™ — IR which are given by

hz) =Cuz, zeR"™.
Finally, we assume that ©,, € X and F (6,,) = O,,.
If we choose T = ©,,, then

and
h(©,) =6, forall heH.
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Further we obtain

Ji(x) = C,
Jy(z,h(z)) = Jp(z) + Z Jy; () hj(x) and Jy(z,h(z)) = B(z)

j=1

for all x € X and h € H which implies

th(x):Jp(x)—l—Zij(x)hj(x)—i—B(a:)C for x€ X, he H,
j=1

hence
Jt, (On) =Jr (O,) +B(O,)C forall heH.

Thus Z = O,, is asymptotically stable with respect to f, if
o (JF (Qn) +B (@n) C) <1
and unstable with respect to fj, if all the eigenvalues of Jg (0,,)+B (0,,) C

are larger than one in absolute value.

2.2.5 Applications
a) An Emission Reduction Model

We pick up the emission reduction model that was treated as uncontrolled
system in Section 1.3.6 and as controlled system in Section 2.2.1. Here we
concentrate on the controlled system which we linearize at a fixed point

~ T
ET OT) | E € R, of the uncontrolled system which leads to a linear

control system of the form

z(t+1) = Az(t) + Bu(t), t € INo,

I
0, D D

where I, and 0, is the r X r—unit and zero-matrix, respectively, and

with

emi1 - EMiy 1-— )\1M1*E\1 0
eMmpy - eMyy 0 1—\M;E,
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This implies

C(I,+D+...+DF)
AkB:( DFE+1

) for all k € INg.

We consider the problem of null-controllability as being discussed in Sec-
tion 2.2.2. Let us assume that C' and D are non-singular. Then it follows that

the matrices A and
C C(.+D)
D D?

are non-singular which implies that the Kalman condition (2.67) is satisfied for
Ny = 2. Let dy, ..., d, be the diagonal elements of D. Thus the non-singularity
of D is equivalent to

d; 20 forall i=1,...,7.

If all d; # 1 for 4+ = 1,...,r, then it follows (see Section 1.3.6) that the
eigenvectors corresponding to the eigenvalues

w; =1 for i=1,...,r and Wiyr =d; for i=1,...r

of A are linearly independent which also holds true for AT (which has the
same eigenvalues) (see Section 2.1.2).

If
|di| <1 forall i=1,...,r
and
2 ={uecR"|[[ul] <~}
for some v > 0 where || - || is any norm in IR", then by Theorem 2.19

the problem of null-controllability has a solution for every choice of zy =

(z37, x%T)T € R?". This problem can be solved with the aid of Problem (P)
in Section 2.2.3 which reads as follows in this case: For a given N € IN find
w:{0,...,N —1} = IR" such that

N
Z(C (Ir+1]))k++.l..+pk)> wlk—1)

k=1

B I, C(IL,+D+...+D"" 1)\ [}
N 0, DN x%

p(u) = max_lu(b—1)||

and

is minimized (where || - ||2 denotes the Euclidean norm in IR").
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Finally we illustrate the method by two numerical examples.

Let m = 3. In both cases we choose

ot =227 = (1,1,1). (2.80)
At first we choose
0.8 0.5 —0.5 0.1 0 0
C=102 02 0.3 and D= 0 -02 0
04 03 0.2 0 0 0.1

and obtain Fig. 2.1:

L L L L L L L L L
0 5 10 15 20 25 30 35 40 45 50

Fig. 2.1.
Ordinate, pn(un) = m
Abscissa, N
Next we choose
0.8 0.5 0.5 02 0 0
C=102 02 03 and D= 0 08 0
04 0.1 0.2 0 0 0.6

and get Fig. 2.2.

b) A Controlled Predator-Prey Model

We pick up the predator prey model that has been discussed in Section 1.3.7
a) whose controlled version we assume to be of the form

z1(t+1) =z1(t) + ax1(t) — bay(t)za(t) — 21 () us(t),
,IZQ(t + 1) = ﬂig(t) — Cl‘g(t) + d$1(t)$2(t) - afg(t) ’U,z(t) te ]N()7
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25

05

L L L L L L L L T
0 5 10 15 20 25 30 35 40 45 50

Fig. 2.2.
Ordinate, pn(un) = m
Abscissa, N

where a >0, 0<c <1, b>0, d>0, 1(¢t) and z2(t) denote the density of
the prey and predator population at time ¢, respectively, and uq,us : INg — IR
are control functions.

If we define

go (w1(t), w2(t)) =

<ax1(t) — by () za(t) )

—cx1(t) + day(t)za(t)
and

g1 (z1(t), 22(2)) = <—:E5(t)> ;g2 (wa(t), 2e(t)) = (—mi(t)) ;

then the system can be rewritten in the form
2
a(t+1) =2(t) +go(x(t) + Y gi((®)ui(t),  t €Ny, (2.81)
j=1

with z(t) = (21 (t), 22(t))". This is exactly the system (2.79) for m = 2.

In addition we assume an initial condition

2(0) = (m"l) = 1. (2.82)



130 2 Controlled Systems

The uncontrolled system

x(t+1) = z(t) + go(x(t)), t € INy,

T
has T = (2, %) as fixed point.

We assume the set U of admissible control functions to be given by
U={u:INyg— R? | |[u(t)||2 < 7 for all t € No }

where v > 0 is a given constant and || - ||z is the Euclidean norm. For every
u € U we denote the unique solution z : INg — IR? of (2.81) and (2.82) by
z(u). Our aim now consists of finding some N € INy and a control function
u € U with

u(t) = Oq forall t> N (2.83)
such that the solution z : INg — IR? of (2.81), (2.82) satisfies the end condition
z(N) =17. (2.84)

In order to find a solution of this problem we apply the iteration method
described in Section 2.2.3. In the k—th step of this procedure we have, for a
given u*~1 € U, to find some N}, € INg and a u* € U with

uk(t) =6, for t> Ny

such that

N, _

5ol (WP (E—1) 0 uk(t —1) B N

; ( 0 wa (uh 1) (t — 1)) <u§(t — 1)) =" -8,

where
Ny
zF = zo + Z§0 (z (W 1) (t-1)),

and

[[u®(t — 1|2 < v for t=1,...,Ny.
For this we can apply the method developed in Section 2.2.3.
¢) Control of a Planar Pendulum with Moving Suspension Point
We consider a non-linear planar pendulum of length /(> 0) whose movement

is controlled by moving its suspension point with acceleration v = u(t) along
a horizontal straight line.
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If we denote the deviation angle from the orthogonal position of the pendu-
lum by ¢ = ¢(t), then the movement of the pendulum is governed by the
differential equation

G(t) = —= sinp(t) — B cos (), t e R, (2.85)

where g denotes the gravity constant.

For t = 0 initial conditions are given by

©0)=¢o and  H(0) = @o.

Now we discretize the differential equation by introducing a time step length
1
h > 0 and replacing the second derivative ¢(t) by E(@(H—Z h)=2p(t+h)+e(t))

thus obtaining the difference equation

2

et +2h) =20t +h) —o(t) — gT sin @ (t) —

If we define

then we obtain

yi(t+h) = ya2(t),
h? t)h?

Ya(t +h) = 2y2(t) —y1(t) — gT siny () — wl l)

cos y1(t), tcIR.

Finally we define functions x; : Ny — IR and x5 : INg — IR by putting
z1(n) =y1(n-h) and x3(n) =ya(n-h), n € Ny,
and obtain the system

z1(t+1) = 22(t),
h? u(t)h?

ot + 1) = 229(t) — 21 (t) — gT siny (t) - ==

t € INy which is of the form (2.79) for m = 1 with

cos 1 (1), (2.49")

LUQ(t> — X (t)

go (w1(t), w2(t)) = zo(t) — w1 () — glﬁ sinay(t) )

g1 (xl(t), Z‘Q(t)) = hQ s te INo.
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In addition we assume initial conditions

21(0) = o and 22(0) = ¢o. (2.50%)
The uncontrolled system

I,Cl(t + ].) = Ig(t),
gh* .
xa(t+1) =2x9(t) — 21 () — - sin x1(t)
has z = (0,0) as fixed point.
We assume the set U of admissible control functions to be given by

U={u:WNg— IR ||u(t)] <~vforal t € Nog}

where v > 0 is a given constant.

For every u € U we denote the unique solution z : INg — IR? of (2.49’) and
(2.50°) by z(u).

Our aim consists of finding some N € INy and a control function u € U with
u(t) =0 forall t>N (2.55%)

such that the solution z : INg — IR? of (2.49), (2.50) satisfies the end condi-

tion

This condition is equivalent to

ZL’Q(N) = ZL'Q(N - ].) =0.

The k—th step of the iteration method described in Section 2.2.3 for the
solution of this problem then reads as follows: Let u*~! € U be given. Then
we determine N € INg and u* € U such that

ub(t) =0 for all t> Ny

and the solution (uk) :INg — IR" of (2.50") and

- sin x4 (uk_l) (t) —

t € INg, satisfies the end conditions

Ta (uk) (Ng) = a2 (uk) (N, —1)=0.
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These are equivalent to

| N
7 Z COS T (uk_l) (t—1)uf(t —1)
t=1

Nj—1

= —¢o — z2 (W) (N — 2) + 0 — % Z sinay (u71) (¢ —1)
t=1
1 coszy (uP1) (N — 1) u¥ (N), — 1)

l
= —X2 (uk_l) (Nk; - 1) + X2 (uk_l) (Nk - 2)

—% sinay (u71) (N, — 1).

Let us consider the special case N = 2. Then it follows that

1 .
—7 oS g u’“(O) = o — % sin g,
h? h?

1 . . .
— = cospouf (1) = —po + @o + 9 sin g — g 8in go — =

k=1
;i i ; cos pou” " (0).

Let us assume that

cosyg # 0 and cos g # 0.

Then it follows for all £k > 1 that

l
uF(0) = ——2% 4 g tan gy,
oS ¢

W (1) = L (¢0 — $0) g2 SiHSD'O

- + g tan ¢o + h* u*71(0).
o8 ¢o o8 ¢o
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2.3 The Time-Discrete Non-Autonomous Case

2.3.1 The Problem of Fixed Point Controllability
We consider a system of difference equations of the form
z(t+1) = ge(x(t),u(t)), teNo, (2.86)

where (g:),cp, 18 a sequence of continuous vector functions g; : R" x R™ —
R", u: INg — IR™ is a given vector function which is called a control function.
The vector function x : INg — IR™ which is called a state function is uniquely
defined by (2.86), if we require an initial condition

z(0) = xo (2.87)
for some given vector zg € IR".
If we fix the control function v : INg — IR™ and define
fe(x) = ge(, u(t)), x € R", t € Ny, (2.88)

then, for every ¢ € INg, f; : R" — IR"™ is a continuous mapping and
(IR™, ( ft)te]NU> is a non-autonomous time-discrete dynamical system which
is controlled by the function u : INg — IR™. If

u(t) = On for all ¢ € INy,

then the system (2.88) is called uncontrolled. Let us assume that the un-
controlled system (2.88) admits a fixed point Z € IR"™ which then solves the
equations

T=g:(Z,0,), for all ¢eIN. (2.89)

Now let 2 C IR™ be a subset with ©,, € (2. Then we define the set of
admissible control functions by

U={u:Ng - R"™ |u(t) € 2 for all t € Np}. (2.90)
After these preparations we can formulate the
Problem of Local Fized Point Controllability
Given a fixed point & € IR"™ of the system
z(t+1) =g (2(t),Onm), t € INy, (2.91)

i.e., a solution Z of the equations (2.89) and an initial state zy € IR", find
some N € INy and a control function v € U with

u(t) = Om, forall ¢> N (2.92)



2.3 The Time-Discrete Non-Autonomous Case 135
such that the solution = : INg — IR™ of (2.86), (2.87) satisfies the end condition
2(N) =7 (2.93)

(which implies z(t) = Z for all t > N). Let us assume that, for every ¢ € INg,
the Jacobi matrices

At = - (/.’IJ\, 9m> and Bt = — (/ZC\, @m)

exist. Then it follows that, for every t € INg,

z(t+1) =& = gi(z(t), u(t)) — 9¢ (T, Om)
~ A, (z(t) — &) + Bru(t).

Therefore we replace the system (2.86) by
h(t+1) = Ash(t) + By u(t), t € INy, (2.94)
and the initial condition (2.87) by
h(0) = zp — 7. (2.95)
The end condition (2.93) is replaced by
h(N) = 6,, = zero vector of IR". (2.96)
Now we consider the

Problem of Local Controllability

Find N € INg and v € U with
u(t) = O forall t>N

such that the corresponding solution h : INg — IR™ of (2.94), (2.95) satisfies
the end condition (2.96) which implies

h(t) = 6, forall t> N.

From (2.94) and (2.95) we conclude that, for every N € IN,

N
h(N)=Ayn_1- Ao (20— 2) + Y _ An_1-- ABpoyu(k — 1),
k=1

if, for k = N, we put Ay_1--- A = I = n X n—unit matrix.
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Therefore the end condition (2.96) is equivalent to
N
ZAN_lAN_Q . ~AkBk_1 u(k - 1) = —AN_lAN_2 tee AO (JZQ - E) . (297)
k=1

Let us assume that, for some Ny € IN,
rank (BNO,1 | ANO*lBN0*2 | “ee | ANO,]_ s A]_Bo) =n. (298)

Then, for N = Np, the system (2.97) has a solution (u(0)",u(1)",...,

T
u(Ng — 1)T) € R™™ where 2y € RY can be chosen arbitrarily. If we
define

u(t) = O, for all ¢ > Ny, (2.99)

then we obtain a control function u : INg — IR™ such that the corresponding
solution h : INg — IR™ of (2.94) and (2.95) satisfies the end condition (2.96)
for N = Nj.

If Ay is non-singular for all & € INg, then the assumption (2.97) implies that
(2.98) holds true for all N > Ny instead of Np.

For instance, if we replace Ny by Ny + 1, then

(BNO | ANOBNo—l | ANOANo—lBNo—2 | | ANo o ‘AlBO)
=|Bn | Ang  (Bno-1 | Ang—1Bng—2 | - | Ang—1--- A1Bo)
~—
non-singular rank = n

— rank=n

T
So the system (2.97) has a solution (u(O)T,u(l)T7 .oy u(Ng — 1)T> for all
N > Ny.

Next we assume that £2 C IR™ is convex, has ©,,, as interior point and satisfies
u € 2 = —u € 2 Let us define, for every N € IN, the set
uelU } .

Theorem 2.25. If, for some Ny € IN, condition (2.98) is satisfied and if A
is non-singular for all k € Ny, then O, is an interior point of R(N) for all
N > Ng.

N
R(N) = {x = Z AN-1AN—2 - ApBi—1u(k — 1)
k=1

Then we can prove (see Theorem 2.18)
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Proof. Let us assume that 6, (€ R(N)) is not an interior point of R(N) for
some N > Ny. Thus R(N) must be contained in a hyperplane through 6,
i.e., there must exist some y € R", y # O, with

y'z=0 for all x € R(N).
This implies

N
ZyT An_1AN_9-  ApBr_1u* =0 for all (ulT, e ,uNT)T € (]Rm)JY
k=1

hence
yT Ay 1An_ o AxBy_1 =0%  forall k=1,...,N.

Since (2.98) also holds true for all N > Ny instead of Ny, it follows that
y = 6, which contradicts y # ©,,. Hence the assumption is false and the
proof is complete. O

As a consequence of Theorem 2.25 we obtain

Theorem 2.26. In addition to the assumption of Theorem 2.25 let

sup ||Ag|| <1 where || - || denotes the spectral norm. (2.100)
keNg

Then there is some N € IN and some u € U such that (2.98) holds true.
Proof. Assumption (2.100) implies

Nlim AN_1AN_2--- Ao (x0 —T) = Oy,

Hence Theorem 2.25 implies that there is some N € IN with N > Ny such
that
—AN_1An_2--- Ay (kg — ) € R(N)

which completes the proof. a
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2.3.2 The General Problem of Controllability

We consider the same situation as at the beginning of Section 2.3.1. However,
we do not assume the existence of a fixed point € IR"™ of the uncontrolled
system (2.91), i.e., a solution of (2.89). Instead we assume a vector z; € R"
to be given and consider the general

Problem of Controllability

Find some N € INy and a control function v € U (2.90) such that the solution
x: INg — IR" of (2.86), (2.87) satisfies the end condition

2(N) = 1. (2.101)
From (2.86) and (2.87) we infer

z(N) = gn-1(gn-2 (- (g0 (z0,u(0)) ,u(1)),...) , u(N — 1))
=GV (z0,u(0),...,u(N —1)). (2.102)

Hence the end condition (2.101) is equivalent to

GN (20, u(0),...,u(N — 1)) = ;. (2.103)
So we have to find vectors u(0), ..., u(N—1) € {2 such that (2.103) is satisfied.
For every N € IN we define the controllable set

Sy (1) = {x € R™| there exists some u € U
such that G (z,u(0),...,u(N — 1)) = z1}

and put

= |J Sw(a).

INelN

Now let g € S (x1). Then we ask the question under which conditions is xg
an interior point of S (z1)?

In order to find an answer to this question we assume that
Qisopen and gy €C'(R" x R™) for all N € INg.

Then it follows that GV € C* (R" x R™") for every N € IN and
GY (z,u(0),...,u(N — 1))

= (gn-1), (GN 7! (z,u(0),...,u(N —2)),u(N — 1))
x (gn-2), (GN 72 (z,u(0),...,u(N = 3)) ,u(N —2))

X
X (90), (2, u(0)),
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and

G;V(k) (z,u(0),...,u(N —1))
= (gn-1), (GN 7" (z,u(0),...,u(N —2)) ,u(N — 1))
x (gn-2), (GN 72 (z,u(0),...,u(N = 3)) ,u(N —2))
X (Ght1), (GkJrl (z,u(0),...,u(k)),u(k + 1))
X (k) ury (G* (2, 0(0), .. u(k — 1)), u(k))
fork=0,....,N—1, z€R"andu e U.

Let us assume that zg € Sy, (z1) for some Ny € IN, i.e.,
G™o (20, u0(0), - .., ug (No — 1)) = a1

for some ug € U. Further let (gn), (2, uo) be non-singular for all N € INy, for
all z € R™ and all u € £2.

Then G20 (zg,u0(0),...,up (Ng — 1)) is also non-singular and, by the im-
plicit function theorem, there exists an open set V' C 270 with (ug(0),..
up (Ng — 1)) € V and a function h: V — IR™ with h € C}(V) such that

)

h (UO(O), ... UQ (NO - 1)) = X9
and

GNo (B (up(0), . . . ,ug (No — 1)), u(0), ..., u(Ng — 1)) = 2
for all (u(0),...,u(Nyg—1)) eV

which means
h(u(0),...,u(Ng—1)) € Sn, (z1) for all  (u(0),...,u(Nog—1)) e V.
Moreover,

By (uo(0), .., ug (No — 1)) = =GN (9, uo(0), . . ., ug (No — 1))

><C’Yuj\,(ok) (20, u0(0),...,ug (Nog—1)).

Next we assume that

rank (hu(O) (UO(O), ... Up (NO — 1)) ‘ N
| hu(No—l) (’LLO(O)7 <. Up (No - 1))) =nNn.
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Then it follows with the aid of the inverse function theorem that there exists an
n—dimensional relatively open set V' C V with (ug(0),...,ug (No—1)) € V
such that the restriction of A to V is a homeomorphism which implies that
h (V) C Sn, (z1) is open.

Therefore g € h (‘7) is an interior point of S (z1).

Now we consider the special case where there exists some z € R"™ with

gN (Z,0,,) =T forall NeIN

which implies
GN (E, @%) =7 for all N € IN.

Then, for every N € IN| it follows that Z € Sy (Z), hence = € S (7).
Let us assume that
(9n), (Z,0,,) is non-singular for all N € INg.
Then
GY (@.65) = (9n-1), (%.0m) - (gn-2), (T,Om) -+ (90),, (T, Om)
is also non-singular for all N € IN.

By the implicit function theorem we therefore conclude, for every N € IN,
that there exists an open set Vy C 2% with O € Vy and a function hy :
Vy — R" with hy € C* (Viy) such that

hn (OF) =7 and GV (hy (u(0),...,u(N —1)),u(0),...,u(N —=1)) =2
(

for all  (u(0),...,u(N —1)) € Vy

which means
hy (w(0),...,u(N —1)) € Sy (Z) for all  (u(0),...,u(N —1)) € Vy.
Moreover,
~ -1 ~
(hN)u(k:) (9%) = —Giv (557@%) 'GuN(k) (%QrJX) :

Next we assume that, for some Ny € IN,

rank ((hNo)u(O) ©@5) [+ | (o) (vo—1) (9%0)) =n.

Then it follows with the aid of the inverse function theorem that there exists an
n—dimensional relatively open set Vi, C Vi, with ©N0 € Vi, such that the

restriction of hy, to VNO is a homeomorphism which implies that hy, (‘71\;0) -
SN, (Z) is open. Therefore T € hy, (‘71\/0> is an interior point of S (z). This
result is a generalization of Theorem 2.25, if {2 in addition is open.
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2.3.3 Stabilization of Controlled Systems

Let (g9¢),cy be a sequence of continuous mappings g; : IR" x R™ — IR" and
let ‘H be a family of continuous mappings h : IR" — IR™. If we define, for
every h € H and t € IN, the mapping f/* : R"” — IR" by

fth(w) = gt(xvh(w))v z € IR,

then we obtain a non-autonomous time-discrete dynamical system (IR”7

( fth) . e]N)' The dynamics in this system is defined by the sequence F' h —
(F{"),en of mappings F{* : R™ — IR" given by

Fhx)y=flofh o...off(x) forall z€R"” and tcN

and
Fli(z)==x for all z € IR™.

We also obtain the dynamical system (]R", ( fth) ‘ e]N)’ if we replace the con-

trol function v : INg — IR™ in the system (2.86) by the feedback controls
h(z): Ng — R™, x € R".

The problem of stabilization of the controlled system (2.86) by the feedback
controls h(z), z € IR"™, then reads as follows: Given zy € IR" such that the
limit set Lpn (29) defined by (1.70) (see Section 1.3.8) is non-empty and com-
pact for all h € H.

Find a mapping h € H such that Lpn (x¢) is stable, an attractor or asymp-

totically stable with respect to (f/") tEIN®

Let us consider the special case
ge(z,u) = Ag(x) z + Be(x)u for ze€R", uveR™, (2.104)

where (A¢(z)),cn and (Bi(x)),cy is a sequence of real, continuous n x n—
and n x m—matrix functions on IR", respectively.

Let H be the family of all linear mappings h : R" — IR"™ (which are auto-
matically continuous). Every h € H is then representable in the form

h(z) =C"z, z e R",

where C" is a real m x n—matrix. For every t € IN and h € H we therefore

obtain
flH(z) = (A(2) + Bi(z) C") =, reR"™. (2.105)

Let us put

Dz) = Ay(x) + By(z)C" for all z e IR"™.
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If we choose xg € ©,, = zero vector of IR", then we conclude
Fl (20) = x0 forall ¢te€ Ny, heH,

and therefore Lpn (z9) = {x0}.

The problem of stabilization of the controlled system (2.86) with g;, ¢ € IN,
given by (2.104) in this situation consists of finding an m x n—matrix C* such
that {xg = ©,,} is stable, an attractor or asymptotically stable with respect
to (fth)te]N with f}! given by (2.105).

Now let us assume that
IDMz)|| <1 forall z€R"™ and t€IN (2.106)

where || - || denotes the spectral norm.

Let U C IR" be a relatively compact open set with zg = @,, € U. Then there
is some r > 0 such that

By={zeR"|||lz|]l2<r} CU.
Hence By is open, xg € By, and assumption (2.106) implies
" (By)C By  forall teIN.

If we define
V(z) =||lz|]|3 =272 for ze€IR",

then
V(z)>0 for all zeIR" and (V(z)=0 & z=20=06,)
and
V (fi(z)) = V(z) = 2" D}z)"D}(z)z — 2"z
= 1D} () «I3 — [2]]3 < (IID¢" () 2] = 1) [Jl[3 < 0
for all z € R™ and ¢ € IN.

This shows that V is a Lyapunov function with respect to ( fth) ten On G=R"
which is positive definite with respect to {xo = ©,}. By Theorem 1.9 we
therefore conclude that {zy = ©,} is stable with respect to (f/") with f}

given by (2.105).

telN

Next we assume that

sup || DIMx)]] < 1 for all zeIR". (2.107)
teIN
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Then it follows from

V (F2)) = 2" Di(«)”--- D} (F)\(2))" D} (F}y(x)) -~ D}(a)x
= ||D} (Fly () -~ Di(z) 2|
< ||D} (FIy (@) al*--- | D} () |

for all x € IR™ and ¢t € IN that
tlim V (F'(z)) =0 for all = € IR™.

This implies
lim F'(z) =0,  forall zcIR"

t—o0

and shows that {zg = ©,,} is an attractor with respect to (f/*) with f}

given by (2.105).

telN

Result. Under the assumption (2.107) the set {xo = O,} is asymptotically

stable with respect to (fth)teﬂv with fI' given by (2.105).

2.3.4 The Problem of Reachability

We again consider the situation at the beginning of Section 2.3.1 without
necessarily assuming the existence of a fixed point Z € IR™ of the uncontrolled
system (2.91). Let 2 C IR™ be a non-empty subset. For a given z¢ € IR"™ we
then define the set of states that are reachable from xy in NV € IN steps by

Ry (z0) = {x — G (20, u(0), ..., u(N — 1))

‘u(kz)eﬂ,k:O,...,N—l} (2.108)

where the map GV : R™Y — IR" is defined by (2.102).

Further we define the set of states reachable from z( in a suitable number of
steps by

R(z0) = |J R (20). (2.109)

The question we are interested in now is: Under which conditions does R (z)
have a non-empty interior?

A simple answer to this question gives
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Theorem 2.27. Let {2 be open. If there is some N € IN and there exist
w(0),...,u(N — 1) € 2 such that
rank (Gﬁ(o) (20, u(0), ..., u(N = 1)) | ...

| Gf(N_l) (w0, u(0), ..., u(N — 1))) =n, (2.110)

then Ry (z0) has a non-empty interior and therefore also R ().

Proof. Condition (2.110) implies that the n x N - m—matrix

(Gg(o) (20, u(0), -, u(N = 1)) | ... | GN ) (20, u(0),. .., u(N — 1)))

has n linearly independent column vectors. Let E be the n—dimensional sub-
set of 2V consisting of all vectors whose components which do not corre-
spond to these linearly independent column vectors are equal to the ones of
(u(0)T, ..., u(N — 1)T)T. If we restrict the mapping GV to E, then the Ja-
cobi matrix of this restriction consists of these linearly independent column
vectors and is therefore non-singular.

By the inverse function theorem therefore there exists an open set (with re-
spect to E) U C QN with (u(0)”,... ,u(N — 1)T)T € U which is mapped
homeomorphically by GV on an open set V C Ry (o) with GV (zg, u(0), ...,
u(N — 1)) € V. This completes the proof. o

Next we consider the linear case where
gi(z,u) = Ay x + By, zeR" uelR™,

with n X n—matrices A; and By, respectively, for every ¢t € IN.

Then, for every N € IN and every zo € IR", we obtain
GN (‘IO,U(O),...,U(N* 1)) =An-1 "'on()

N
-l—ZAN,l < ApBr_1 U(k — 1)
k=1

where for k = N we put Ay_1--- A = I = n X n—unit matrix. Further we
have, for every N € IN and every zy € IR",

N
Ry (z9) = {96 =An_1--Aozo+ ZANA - ApBr_1u(k —1)
k=1

u(k) € 2, k::O,...,N—l}.
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Because of
Gl (xo,u(0),...,u(N—=1)) = Ay 1--- ApByy  for k=1,...,N

it follows that the condition (2.110) for N = Ny coincides with the condition
(2.98).

If this is satisfied, then by Theorem 2.27 the set R (zg) (2.109) of states
reachable from zg has a non-empty interior, if {2 is open.

If 2 =1R™, it follows in addition that R (x¢) = IR" for all 2y € IR".

Proof. Let x,zy € R" be given arbitrarily. Then condition (2.98) implies the
existence of u(k) € R™ for k =0,..., Ny — 1 such that

No

xr — ANo—l e Ao To = ZANO—l cee AkBk:—l u(k: - 1)
k=1

holds true which shows that z € Ry, (zo) C R (). O

For every k =1,..., N let us define an n x m—matrix C* by
CF=An_1---ABi_1 for k=1,...,N—1
and
N =By_1.
The condition (2.98) implies the existence of n column vectors
k
clljkl
: for I=1,...,n which are linearly independent.
k
Cnijs,
Let us define the n x n—matrix C' and a vector v € R" by

ki k

e, 7 Cljn, Ujky (kl - 1)
C= and U = , respectively,
k1 K
e cbn Uik, (kn —1
c"]kl Cn]kn G kn ( n )

and put
’LLj(k‘—l):O for k#kl7j7éjk,7l:17~-~,n-
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Then we obtain

GV (20,u(0),...,u(N =1)) = Ay_1--- Agxo + Cu
which implies

u= C_I(GN (2o, u(0),...,u(N —1)) —AN,1-~-A0:100).

=

Now let
E= {u = (u(0), ..., u(N — 1)) e R™N

‘uj(k‘—l):Ofork:;ék;l and j # jg,, l:l,...,n}.

Then G (0, ) is a linear isomorphism from E on IR".

Therefore
GN (zo,u) =z for some we€FE

implies

u = GN ($07 ')_1 (I)v
GY (wo,u) = An_1++ Agwo + C - GV (w0, )" (2).

If all Ay, k € INg are invertible it follows that
xo= Ayt A x— AGL- AL ,C -GN (20,) 7 ().

In the nonlinear case we have the following situation:
If the condition (2.110) is satisfied, there exists an n—dimensional subset
E of 2V and a set U C E which is open with respect to F and contains
(u(O)T7 cou(N = l)T)T and which is mapped homeomorphically on an open
V C Ry (z0) by the restriction of GV (z,-) to E. If

T = GN (l’o,’u(O), s 7U(N - 1)) )
then .
(u(©0)7,...,u(N =1)T)" =GN (z0,) " (2).

If in addition G¥ (zg,u(0),...,u(N — 1)) is non-singular, then by the im-
plicit function theorem there exists an open set W C 2V which contains
(u(0)T, ..., u(N — 1)T)T and a function h : W — IR" with h € C}(W) such
that

h(u(0),...,u(N —1)) =g

and



2.3 The Time-Discrete Non-Autonomous Case 147

GN (b (W(0), ..., %N —1)),3(0),...,@(N - 1)) =
for all  (@(0)7,...,a(N —1)T)" e .
This implies
20 = h (G~ (20,) " (@)

Since

iy (W(0), ..., u(N — 1)) = =G (z0, u(0), ..., u(N — 1))
x GMo u(k) (zo,u(0),...,u(N —1))
for k=0,...,N—1,

it follows from (2.110) that

rank (hy(0) (u(0), ..., u(N = 1)) | ... | hyv—1) (w(0),...,u(N —1))) =

which implies that A maps U N W homeomorphlcally onto an open set
V C Ry () which contains . Therefore ho G (20,-)”" maps VNV home-

omorphically on an open set V which contains zy and is contained in

Sn(z) = {Z € R" | there exists some u € U (2.53)
with GV (Z,4(0),...,a(N — 1)) = z}.

Finally let us assume (as in Theorem 2.27) that (2 is open and (for given
xo € IR™) there exists some N € IN such that the condition (2.110) is satisfied
for all (w(0)”,...,u(N — 1)T)T € V. Then it follows from the proof of
Theorem 2.27 that every © € Ry (zp) is an interior point of Ry (xg), i.e.,
Ry (z0) is open.

This implies in the linear case with (2 being an open subset of IR™ that
Ry (z0) is open for every zp € IR, if the condition (2.98) is satisfied.
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