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Controlled Systems

2.1 The Time-Continuous Case

2.1.1 The Problem of Controllability

We start with a system of differential equations of the form

ẋi = fi(x, u), i = 1, . . . , n (2.1)

where x ∈ IRn, u ∈ IRm,

fi : IRn × IRm → IR

with fi ∈ C
(
IRn+m, IR

)
and fi(·, u) ∈ C1 (IRn, IR) for every u ∈ IRm and for

i = 1, . . . , n.
1 (IR, IRm) and every point x0 ∈ IRn

there is exactly one function x ∈ C1 (IR, IRn) with

ẋi(t) = fi(x(t), u(t)), t ∈ IR (2.2)
for i = 1, . . . , n and

x(0) = x0. (2.3)

We consider every function u ∈ C (IR, IRm) as a control of the system (2.1)
that is used in order to transfer every initial state x0 ∈ IRn within a given time
interval [0, T ] into a final state xT ∈ IRn, i.e., we look for a control function
u ∈ C (IR, IRm) such that the unique solution x ∈ C1 (IR, IRn) of (2.2), (2.3)
satisfies the condition

x(T ) = xT . (2.4)

In the following we are mainly interested in final states that are rest points
of the system (2.1) for u = Θm =null vector of IRm (which we also call the
uncontrolled system).

S. Pickl and W. Krabs, Dynamical Systems: Stability, Controllability and Chaotic Behavior, 77

Assumption: For every function u ∈ C

DOI 10.1007/978-3-642-13722-8_2, © Springer-Verlag Berlin Heidelberg 2010
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We therefore assume that the system (2.1) for u = Θm possesses a rest point
x̂ ∈ IRn which is a solution of the equations

fi (x̂, Θm) = 0 for i = 1, . . . , n. (2.5)

Let Ω be a non-empty subset of IRm with Θm ∈ Ω.

Definition.

(1)The system (2.1) is called Ω−controllable on the interval [0, T ] with T > 0,
if for every pair x0, xT ∈ IRn there is a control u ∈ C (IR, IRm) with

u(t) ∈ Ω for all t ∈ [0, T ]

such that the unique solution x ∈ C1 (IR, IRn) of (2.2), (2.3) satisfies con-
dition (2.4).

(2)The system (2.1) is called Ω−controllable, if there exists some T > 0 such
that it is Ω−controllable on the interval [0, T ].

(3)The system (2.1) is called completely Ω−controllable, if it is Ω−controllable
on every interval [0, T ], T > 0.

The complete Ω−controllability is obviously the strongest property. In the
next section we will present sufficient conditions for linear controlled systems
to be completely Ω−controllable.

In the case of non-linear systems we will concentrate on the following problem:
For a given x0 ∈ IRn and xT = x̂ =solution of (2.5) and a time T > 0 find a
control function u ∈ C (IR, IRm) such that the unique solution x ∈ C1 (IR, IRn)
of (2.2), (2.3) satisfies condition (2.4).

2.1.2 Controllability of Linear Systems

Instead of (2.1) we consider a system of the form

ẋ = Ax + B u (2.6)

where x ∈ IRn, u ∈ IRm, A = real n×n−matrix and B = real n×m−matrix.
If we put

f(x, u) = Ax + B u, x ∈ IRn, u ∈ IRm,

then (2.6) is of the form (2.1) and f ∈ C1
(
IRn+m, IRn

)
.

The assumption in Section 2.1.1 is satisfied.

For every x0 ∈ IRn and every function u ∈ C (IR, IRm) the unique solution
x ∈ C1 (IR, IRn) of (2.6) with x(0) = x0 is given by

x(t) = etA

(
x0 +

∫ t

0

e−sA B u(s) ds

)
, t ∈ IR. (2.7)
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We put
Y (t) = e−tA B for all t ∈ IR (2.8)

and consider control functions of the form

u(t) = Y T x, t ∈ IR, (2.9)

where x ∈ IRn is chosen arbitrarily. Insertion into (2.7) gives

x(t) = etA

(
x0 +

∫ t

0

Y (s)Y (s)T x ds

)
, t ∈ IR.

Let, for some given T > 0, the n× n−matrix

M(T ) =
∫ T

0

Y (t)Y (t)T dt (2.10)

(which is symmetric and positive semi-definite) be non-singular.

Then, for every vector xT ∈ IRn, there is exactly one zT ∈ IRn such that

xT = eT A (x0 + M(T ) zT ) ⇐⇒ M(T ) zT = e−T A xT − x0

which implies that the system (2.6) is IRm−controllable on [0, T ].

Lemma 2.1. For some T > 0 the matrix M(T ) (2.10) is non-singular, if and
only if the following implication holds true

Y (t)T x = Θm for all t ∈ [0, T ] =⇒ x = Θn. (2.11)

Proof.
(a) Let M(T ) be non-singular. If there were some z ∈ IRn with z 6= Θn such
that Y (t)T z = Θn for all t ∈ [0, T ], then it would follow that M(T ) z = Θn

which is impossible.
(b) Let the implication (2.11) hold true. If M(T ) were singular, then there
would exist some z ∈ IRn, z 6= Θn, with M(T ) z = Θn.

This implies

zT M(T ) z =
∫ T

0

zT Y (t)Y (t)T z dt = 0

from which it follows that

Y (t)T z = Θm for all t ∈ [0, T ].

However, this implies z = Θn contradicting z 6= Θn. Therefore, M(T ) must
be non-singular. ut
Theorem 2.2. The implication (2.11) holds true for every T > 0, if and only
if the so called Kalman condition

rank
(
B | AB | . . . | An−1B

)
= n (2.12)

is satisfied.
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Proof.
(a) Let the implication (2.11) be violated for some T > 0. Then there is some
z ∈ IRn, z 6= Θn with

Y (t)T z = Θm for all t ∈ [0, T ].

If one differentiates zT Y (t) successively by t and puts t = 0 then it follows
that

zT B = ΘT
m, zT AB = ΘT

m, . . . , zT An−1B = ΘT
m (2.13)

which contradicts condition (2.12).
(b) Let condition (2.12) be violated. Then there is a vector z ∈ IRn with
z 6= Θn such that (2.13) holds true. Now let

Φ(−λ) = a0 + a1 (−λ) + . . . + an−1 (−λ)n

be the characteristic polynomial of A. Then it follows, by the theorem of
Cayley-Hamilton, that Φ(−A) = 0 and, therefore,

An = b0 I + b1 A + . . . + bn−1 An−1

with suitable coefficients b0, . . . , bn−1 ∈ IR. This implies

Ak = b0 Ak−n + b1 Ak+1−n + . . . + bn−1 Ak−1

for all k ≥ n and on using (2.13) one concludes that

zT AkB = ΘT
m for all k ≥ 0 =⇒ zT Y (t) = 0 for all t ∈ IR,

i.e., the condition (2.11) is violated for all T > 0. ut

As a consequence of the above considerations we obtain

Theorem 2.3. If the Kalman condition (2.12) is satisfied, then the system
(2.6) is completely IRm−controllable.

Let us demonstrate this result by an example. We consider a moving linear
pendulum as being depicted in the following picture:

v(0) = v0 < 0

ϕ(0) = ϕ0

ϕ̇(0) = ϕ̇0

v(t) < 0 v(T ) = 0

l

m
v

ϕ(T ) = ϕ̇(T ) = 0

ϕ(t)

mv

S
S

S
S

S
SS

¶
¶

¶
¶

¶
¶¶vm

ϕ(t)
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The movement of the pendulum is described by the differential equation

ϕ̈(t) = −g

l
ϕ(t)− v̈(t)

l
, t ∈ IR, (2.14)

with the initial conditions

ϕ(0) = ϕ0, ϕ̇(0) = ϕ̇0

where ϕ = ϕ(t) denotes the deviation angle at the time t and v = v(t) is
the location of the suspension point at the time t. This is moving with speed
v̇(t) and acceleration v̈(t) at the time t. The problem to be solved consists of
finding a function v = v(t) by which an initial state (ϕ(0), ϕ̇(0), v(0), v̇(0)) =
(ϕ0, ϕ̇0, v0, v̇0) of the pendulum is transferred in the final (rest) state
(ϕ(T ), ϕ̇(T ), v(T ), v̇(T )) = (0, 0, 0, 0) at a given time T > 0.

If we define a vector function x(t) = (x1(t), x2(t), x3(t), x4(t)) by putting
x1(t) = ϕ(t), x2(t) = ϕ̇(t), x3(t) = v(t), x4(t) = v̇(t), then the differential
equation (2.14) can be rewritten in the form

ẋ(t) = Ax(t) + B u(t), t ∈ IR, (2.15)

where u(t) = v̈(t), t ∈ IR, is the control and

A =




0 1 0 0
−g/l 0 0 0

0 0 0 1
0 0 0 0


 , B =




0
−1/l

0
1


 .

In this case we obtain

(
B | AB | A2B | A3B

)
=




0 −1/l 0 g/l2

−1/l 0 g/l2 0
0 1 0 0
1 0 0 0


 ,

hence

rank
(
B | AB | A2B | A3B

)
= 4,

i.e., the Kalman condition (2.12) is satisfied.

By Theorem 2.3 the system (2.15) is completely IR4−controllable. This means
that every initial state (ϕ(0), ϕ̇(0), v(0), v̇(0))T ∈ IR4 of the pendulum can
be controlled within every time interval [0, T ], T > 0, by a suitable con-
trol function u(t) = v̈(t), t ∈ [0, T ] with u ∈ C1(IR) into every final state
(ϕ(T ), ϕ̇(T ), v(T ), v̇(T ))T ∈ IR4.
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2.1.3 Restricted Null-Controllability of Linear Systems

We start with a system

ẋ(t) = Ax(t), t ∈ IR, (2.16)

where x ∈ IRn and A =real n× n−matrix.

This system has x̂ = Θn as rest point. In the following we make the special
choice Ω = [−1, +1]m and ask for the existence of some time T > 0 and a
control function u ∈ C (IR, IRm) with

u(t) ∈ Ω for all t ∈ [0, T ] (2.17)

such that for every initial state x0 ∈ IRn the unique solution x ∈ C1 (IR, IRn)
of (2.6) with

x(0) = x0 (2.3)

satisfies the end condition
x(T ) = x̂ = Θn. (2.18)

In order to give an affirmative answer to this question we replace the space
C (IR, IRm) of control functions by the space L∞ (IR, IRm) of measurable and
essentially bounded m−vector functions u on IR. Condition (2.17) is replaced
by

||u(t)||∞ ≤ 1 for almost all t ∈ [0, T ] (2.19)

where || · ||∞ denotes the maximum norm in IRm.

For every T > 0 we define

UT = {u ∈ L∞ (IR, IRm) | u satisfies (2.19)} . (2.20)

From the solution formula (2.7) which also holds true for the unique absolutely
continuous solution x : IR → IRn of (2.6) with (2.3) in the case that u ∈
L∞ (IR, IRm) it follows that the end condition (2.18) is equivalent to

∫ T

0

Y (t)u(t) dt = −x0 (2.21)

where Y (t) is given by (2.8).

This leads to the
Problem of Restricted Null-Controllability: Let x0 ∈ IRn be given arbitrarily.
Find some T > 0 and u ∈ UT (2.20) such that condition (2.21) is satisfied.

If this problem has a solution, we call the system (2.6) restricted null-
controllable.
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If we define, for every T > 0, a so called reachable set

E(T ) =

{
x =

∫ T

0

Y (t)u(t) dt | u ∈ UT

}
⊆ IRn, (2.22)

then the problem of restricted null-controllability is solvable, if and only if

E =
⋃

T>0

E(T ) = IRn. (2.23)

Obviously every reachable set E(T ) is convex and we have the following im-
plication

0 ≤ T1 < T2 =⇒ E (T1) ⊆ E (T2) .

This implies that E is also convex.
Assumption: E 6= IRn.
Then there exists some x̂ ∈ IRn with x̂ 6∈ E. By a well known separation
theorem for convex sets there exists a number α ∈ IR and a vector y ∈
IRn, y 6= Θn such that

yT x ≤ α < yT x̂ for all x ∈ E. (2.24)

Because of Θn ∈ E it follows that α ≥ 0. Further the left side of (2.24) is
equivalent to

∫ T

0

yT Y (t)u(t) dt ≤ α for all u ∈ UT and T > 0. (2.25)

For the following we assume that the Kalman condition (2.12) is satisfied.

Because of y 6= Θn it follows from Theorem 2.2 that for every T > 0 there
exists some tT ∈ [0, T ] with

yT Y (tT ) 6= ΘT
m.

If we put
v(t)T = yT Y (t), t ∈ IR,

then there exists at least one component of v which does not vanish identically,
say

v1(t) = yT e−tA b1, t ∈ IR,

where b1 is the first column of the matrix B.

Since with u also −u belongs to UT , T > 0, it follows from (2.25) that
∣∣∣∣
∫ ∞

0

v(t)T u(t) dt

∣∣∣∣ ≤ α for all u ∈ L∞ (IR, IRm) with

||u(t)||∞ ≤ 1 for almost all t ∈ (0,∞).
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This implies
∫ ∞

0

||v(t)||1 dt =
n∑

i=1

∫ ∞

0

|vi(t)| dt ≤ α < ∞

and further ∫ ∞

0

|v1(t)| dt ≤ α.

This implies the existence of the integrals

w(t) =
∫ ∞

t

v1(s) ds for all t ∈ [0,∞)

and it follows that

d
dt

w(t) = −v1(t) for all t ∈ [0,∞) as well as lim
t→∞

w(t) = 0.

If we put D =
d
dt

, it follows that

(
Dk v1

)
(t) = yT (−A)k e−tA b1, t ∈ IR, for k = 0, 1, 2, . . .

If ψ(λ) denotes the characteristic polynomial of A, then the application of the
Cayley-Hamilton-theorem implies ψ(A) = 0 and therefore

(ψ(−D)v1) (t) = yT (ψ(A)) e−tA b1 = 0 for all t ∈ [0,∞).

This implies

ψ(−D)(−D w)(t) = 0 for all t ∈ [0,∞)

and because (−D) and ψ(−D) are interchangeable we can conclude

(−D ψ(−D)w)(t) = 0 for all t ∈ [0,∞).

The characteristic equation of this linear differential equation reads

−λψ(−λ) = 0.

From lim
t→∞

w(t) = 0 we infer that at least one solution −λ of the equation

ψ(−λ) = 0 must have a negative real part. Therefore the matrix A must have
an eigenvalue with a positive real part.

Summarizing we obtain by contraposition the

Theorem 2.4. If the Kalman condition (2.12) is satisfied and if the matrix
A has only eigenvalues with non-positive real parts, then the system (2.6) is
restricted null-controllable. This means that for every initial state x0 ∈ IRn

there is some T > 0 and a control function u ∈ UT (2.20) such that the unique
absolutely continuous solution x = x(t), t ∈ IR, of (2.6), (2.3) satisfies the
end condition (2.18).
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The assumptions of this theorem are for instance satisfied for the system
(2.15). It has been shown already that the Kalman condition (2.12) is satisfied.
It is easy to show that the eigenvalues of the matrix A are given by

λ1 = i

√
g

l
, λ2 = −i

√
g

l
, λ3 = λ4 = 0.

2.1.4 Controllability of Nonlinear Systems into Rest Points

We again start with a system of the form

ẋ = f(x, u) (2.1)

where f ∈ C (IRn × IRm, IRn) and f(·, u) ∈ C1 (IRn, IRm) for every u ∈ IRm.
We make the same assumptions as at the beginning of Section 2.1.1.

Let x̂ ∈ IRn be a rest point of the uncontrolled system for u ≡ Θm, i.e., a
solution of the equation

f (x̂, Θm) = Θn. (2.5)

Given an arbitrary initial state x0 ∈ IRn we then look for some time T > 0
and a control function u ∈ C (IR, IRm) such that the unique solution x ∈
C1 (IR, IRn) of (2.1) with

x(0) = x0 (2.3)

satisfies the end condition
x(T ) = x̂.

If this problem has a solution for every x0 ∈ IRn we call the system (2.1)
controllable to x̂.

Let us weaken this concept to a concept of local controllability. For this pur-
pose we assume that

fi ∈ C1 (IRn × IRm) for all i = 1, 2, . . . , n

and linearize the equation (2.1) in (x̂, Θm), i.e., we replace it by

ẋ = Ax + B u (2.6)

where

A =
(
fixj

(x̂, Θm)
)
i,j=1,...,n

and B = (fiuk
(x̂, Θm)) i=1,...,n

k=1,...,m
. (2.26)

Definition. The system (2.1) is called locally controllable to x̂, if the system
(2.6) with A and B by (2.26) is IRm−null-controllable, i.e., if for every x0 ∈
IRn there exists a T > 0 and a control function u ∈ C (IR, IRm) such that the
unique solution x ∈ C1 (IR, IRn) of (2.6), (2.3) satisfies the end condition

x(T ) = Θm. (2.18)

An immediate consequence of Theorem 2.3 is the
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Theorem 2.5. If A and B given by (2.26) satisfy the Kalman condition
(2.12), then the system (2.1) is locally controllable to x̂.

Definition. The system (2.1) is called locally restricted controllable to x̂, if
the system (2.6) with A and B by (2.26) is restricted null-controllable, i.e., if
for every x0 ∈ IRn there exists a T > 0 and a control function u ∈ UT (2.20)
such that the unique absolutely continuous solution x = x(t), t ∈ IR, of (2.6),
(2.3) satisfies the end condition (2.18).

An immediate consequence of Theorem 2.4 is the

Theorem 2.6. If A and B given by (2.26) satisfy the Kalman condition
(2.12) and if the matrix A has only eigenvalues with non-positive real parts,
then the system (2.1) is locally restricted controllable to x̂.

Let us demonstrate these two theorems by the example of a nonlinear pendu-
lum with movable suspension point. We use the same notations as in the case
of a linear pendulum in Section 2.1.2.

The movement of the pendulum is described by the differential equation

ϕ̈(t) =
g

l
sin ϕ(t)− v̈(t)

l
cosϕ(t), t ∈ IR. (2.27)

If one defines functions

x1(t) = ϕ(t), x2(t) = ϕ̇(t), x3(t) = v(t), x4(t) = v̇(t),

then (2.27) can be rewritten in the form

ẋ1(t) = x2(t),

ẋ2(t) = −g

l
sinx1(t)− u(t)

l
cos x1(t),

ẋ3(t) = x4(t),

ẋ4(t) = u(t) (2.28)

where u(t) = v̈(t), t ∈ IR, is the control function. If we define

f(x, u) = (f1(x, u), f2(x, u), f3(x, u), f4(x, u))T
, x ∈ IR4, u ∈ IR,

where

f1(x, u) = x2(t),

f2(x, u) = −g

l
sin x1 − u

l
cosx1,

f3(x, u) = x4,

f4(x, u) = u,
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then the system (2.28) takes the form (2.1) and we have

fi ∈ C1
(
IR4, IR

)
for i = 1, 2, 3, 4.

Obviously for u ≡ 0 the point Θ4 = (0, 0, 0, 0)T ∈ IR4 is a rest point of the
system (2.28) and we obtain

A =
(
fixj (Θ4, 0)

)
i,j=1,2,3,4

=




0 1 0 0
−g/l 0 0 0

0 0 0 1
0 0 0 0


 ,

B = (fiu (Θ4, 0))i=1,2,3,4 =




0
−1/l

0
1


 .

We have already shown (see Section 2.1.2) that the Kalman condition (2.12)
is satisfied for A and B and that the matrix A has only eigenvalues with real
parts equal to zero (see Section 2.1.3).

Theorem 2.6 then implies that the system is locally restricted controllable to
x̂ = Θ4.

Now we return to the question of the x̂−controllability of the system (2.1).
We again assume a set Ω ⊆ IRn with Θm ∈ Ω to be given and define, for
every T > 0,

UT = {u ∈ L∞ (IR, IRm) | u(t) ∈ Ω for almost all t ∈ [0, T ]} . (2.29)

Further let S (x̂, T ), for every T > 0, be the set of all x0 ∈ IRn such that
there exists a u ∈ UT such that the unique absolutely continuous solution
x = x(t), t ∈ IR, of (2.1), (2.3) satisfies the end condition x(T ) = x̂.

If we then define
S (x̂) =

⋃

T>0

S (x̂, T ) , (2.30)

the set S (x̂) consists of all vectors x0 ∈ IRn such that there exists a time
T > 0 and a control u ∈ UT such that the unique absolutely continuous
solution x = x(t), t ∈ IR, of (2.1), (2.3) satisfies the end condition x(T ) = x̂.

With this definition we formulate the

Theorem 2.7. Let x̂ be an interior point of S (x̂) (x̂ ∈ S (x̂) follows from the
definition of S (x̂)) and let x̂ be attractive, i.e., there exists an open set U ⊆ IRn

with x̂ ∈ U such that for every x0 ∈ U the unique solution x ∈ C1 (IR, IRn) of
ẋ = f (x,Θm) with x(0) = x0 satisfies the statement lim

t→∞
x(t) = x̂. Then it

follows that S (x̂) ⊇ U .
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Proof. Let x0 ∈ U be chosen arbitrarily. Then for the solution x ∈ C1 (IR, IRn)
of ẋ = f (x,Θm) with x(0) = x0 it follows that lim

t→∞
x(t) = x̂. Since x̂ is

an interior point of S (x̂), there exists some t1 > 0 with x (t1) ∈ S (x̂). This
implies the existence of some time T > 0 and a function u ∈ UT such that the
absolutely continuous solution x̃ = x̃(t) of

˙̃x(t) = f (x̃(t), u(t)) , t ∈ IR with x̃(0) = x (t1)

satisfies the end condition x̃(T ) = x̂.

If we define

u∗(t) =

{
Θm for t ≤ t1,

u (t− t1) for t > t1,

then u∗ ∈ UT and it follows for the absolutely continuous solution x∗ =
x∗(t), t ∈ IR, of ẋ∗(t) = f (x∗(t), u∗(t)) , t ∈ IR, x∗(0) = x(0) = x0 that the
end condition x∗ (T + t1) = x̃(T ) = x̂ is satisfied which completes the proof.

ut
Let us apply this result to linear systems of the form (2.6). In this case we
have

f(x, u) = Ax + B u, x ∈ IRn, u ∈ IRm.

A rest point of the uncontrolled system

ẋ = f (x,Θm) = Ax, x ∈ IRn, (2.16)

is given by x̂ = Θn. This is the only one, if the matrix A is non-singular.
If all the eigenvalues of A have negative real parts (which implies that A is
non-singular), then x̂ = Θn is globally attractive, i.e., for every x0 ∈ IRn the
unique solution x ∈ C1 (IR, IRn) of (2.16) with x(0) = x0 satisfies the condition
lim

t→∞
x(t) = Θn.

Theorem 2.8. If the Kalman condition (2.12) is satisfied, then x̂ = Θn is an
interior point of S (Θn) = E (2.23).

Proof. Assume that Θn is no interior point of E. Then Θn is also not an
algebraically interior point of E and K(E) =

⋃
λ≥0

λE is not equal to IRn.

Since because of E = −E the convex cone K(E) is a linear space, the set E,
as subset of K(E), is contained in a hyperplane, i.e., there exists some y ∈ IRn

with y 6= Θn such that

yT e = 0 for all e ∈ E.

In particular it follows for every T > 0 that
∫ T

0

yT etA B u(t) dt = 0 for all u ∈ UT
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and hence for all u ∈ L∞ ([0, T ], IRm) =
⋃

λ≥0

λUT .

This implies
yT e−tA B = 0 for all t ∈ [0, T ]

and in turn y = Θn by Theorem 2.2 which contradicts y 6= Θn. ut

As a consequence of Theorem 2.7 and Theorem 2.8 we obtain

Theorem 2.9. If the Kalman condition (2.12) is satisfied and if the matrix
A has only eigenvalues with negative real parts, then for every x0 ∈ IRn there
exists some T > 0 and a control function u ∈ UT (2.20) such that the unique
absolutely continuous solution x = x(t), t ∈ IR, of (2.6), (2.3) (which is given
by (2.7)) satisfies the end condition x(T ) = x̂ (2.18).

This theorem is contained in Theorem 2.4.

2.1.5 Approximate Solution of the Problem of Restricted
Null-Controllability

We again consider the problem of restricted null-controllability as in Sec-
tion 2.1.3. We assume T > 0 and x0 ∈ IRn to be given and formulate the
following

Approximation Problem: Find some uT ∈ UT (2.20) such that

∥∥∥∥
∫ T

0

Y (t)uT (t) dt + x0

∥∥∥∥
2

≤
∥∥∥∥

∫ T

0

Y (t)u(t) dt + x0

∥∥∥∥
2

for all u ∈ UT

where Y (t) is given by (2.8).

A solution uT ∈ UT of this approximation problem is considered as an ap-
proximation of a solution of the problem of restricted null-controllability.

If one defines

V =

{
y ∈ IRn | y =

∫ T

0

Y (t)u(t) dt with u ∈ UT

}
,

one obtains a convex subset of IRn. This set is weakly closed, i.e., the following
implication holds true:

{
lim

k→∞
yT

k x = yT x for all x ∈ IRn

and yk ∈ V for all k ∈ IN

}
=⇒ y ∈ V.
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Proof. yk ∈ V implies for every k ∈ IN the existence of some function

uk ∈ {u ∈ L∞ ([0, T ], IRm) | ||u(t)||∞ ≤ 1 for almost all t ∈ [0, T ]} = K∞(T )

with

yk =
∫ T

0

Y (t)uk(t) dt

which implies

lim
k→∞

∫ T

0

uk(t)T Y (t)x dt = yT x for all x ∈ IRn.

Since the set K∞(T ) is weak-∗ sequentially compact, there is some u ∈ K∞(T )
and a subsequence (uki

)i∈IN with

lim
i→∞

∫ T

0

uki
(t)T Y (t)x dt =

∫ T

0

u(t)T Y (t)x dt

which implies
(

yT −
∫ T

0

u(t)T Y (t)T dt

)
x = 0 for all x ∈ IRn.

From this it follows that

y =
∫ T

0

Y (t)u(t) dt ⇐⇒ y ∈ V

which completes the proof. ut
The weak closedness of the set V implies that V is also closed.

As a consequence of a well known theorem in approximation theory we then
obtain the existence of exactly one y∗ ∈ V with

||y∗ + x0||2 ≤ ||y + x0||2 for all y ∈ V

which is characterized by

(y∗ + x0)
T

y∗ ≤ (y∗ + x0)
T

y for all y ∈ V,

if y∗ + x0 6= Θn.

Now we distinguish two cases:

(a) y∗ + x0 = Θn. Then every u∗ ∈ UT with

y∗ =
∫ T

0

Y (t)T u∗(t) dt

is a solution of the problem of restricted null-controllability.
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b) y∗ + x0 6= Θn. Then for every u∗ ∈ UT as in (a) we obtain from the above
characterization of y∗ ∈ V the equation

−
∫ T

0

(y∗ + x0)
T

Y (t)u∗(t) dt =
∫ T

0

|| (y∗ + x0)
T

Y (t)||1 dt.

We try to solve this equation iteratively by starting with

y0 = Θn and u0
k(t) = −sgn

(
xT

0 Y (t)
)
k

for k = 1, . . . , n, t ∈ [0, T ],

(where sgn(0) = 0) and constructing a sequence
(
yN

)
N∈IN0

in IRn and a
sequence

(
uN

)
N∈IN0

in K∞(T ) as follows:

If yN ∈ IRn is given, then we define

uN
k (t) = −sgn

((
yN + x0

)T
Y (t)

)
k

for k = 1, . . . , n, t ∈ [0, T ],

and

yN+1 =
∫ T

0

Y (t)uN (t) dt.

If the sequence
(
uN

)
N∈IN0

converges weak-∗ to u∗ ∈ K∞(T ), then the

sequence
(
yN

)
N∈IN0

to y∗ =
∫ T

0
Y (t)u∗(t) dt and y∗ and u∗ satisfy the

equation in (b).

2.1.6 Time-Minimal Restricted Null-Controllability of Linear
Systems

We replace the set UT (2.20) in Section 2.1.3 by

U =
{

u ∈ L∞ (IR, IRm) | ess sup
t∈IR

||u(t)||2 ≤ γ

}
(2.31)

where ||u(t)||2 =
(
u(t)T u(t)

)1/2
, t ∈ IR.

The problem of restricted null-controllability now consists of finding a time
T > 0 and some u ∈ U (2.31) such that

∫ T

0

Y (t)u(t) dt = −x0 (2.21)

where x0 ∈ IRn is given arbitrarily.

Let us assume that the problem is solvable. Then we define a so called mini-
mum time T (γ) by

T (γ) = inf{T > 0 | There is some u ∈ U which satisfies (2.21)}. (2.32)

At first we prove
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Theorem 2.10. If restricted null-controllability is possible, then time-minimal
restricted null-controllability is also possible, i.e., there exists some uγ ∈ U
such that ∫ T (γ)

0

Y (t)uγ(t) dt = −x0. (2.33)

Proof. By the definition of T (γ) there exists a sequence (Tk)k∈IN of times
Tk ≥ T (γ) with lim

k→∞
Tk = T (γ) and corresponding controls uk ∈ U with

∫ Tk

0

Y (t)uk(t) dt = −x0 for all k ∈ IN.

Since the set U is sequentially weak-∗ compact, there is a subsequence (uki)i∈IN

of the sequence (uk)k∈IN and some uγ ∈ U such that

lim
i→∞

∫ T (γ)

0

y(t)T uki
(t) dt =

∫ T (γ)

0

y(t)T uγ(t) dt

for all y ∈ L1 ([0, T (γ)], IRm)

which implies

lim
i→∞

∫ T (γ)

0

Y (t)T uki(t) dt =
∫ T (γ)

0

Y (t)uγ(t) dt.

For every i ∈ IN we then have

∫ T (γ)

0

Y (t)uγ(t) dt

=
∫ T (γ)

0

Y (t) (uγ(t)− uki
(t)) dt

︸ ︷︷ ︸
→ Θm

+
∫ Tki

0

Y (t)uki
(t) dt

︸ ︷︷ ︸
= −x0

−
∫ Tki

T (γ)

Y (t)uki
(t) dt

From this we infer because of lim
i→∞

Tki = T (γ) and therefore

lim
i→∞

∫ Tki

T (γ)

Y (t)uki
(t) dt = Θm

that (2.33) is satisfied which completes the proof. ut

Every uγ ∈ U which satisfies (2.33) is called a time-minimal null-control. The
next step is to characterize time-minimal null-controls.

For this purpose we make use of the
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Normality Condition: For every T > 0 and every y ∈ IRn the components of
the vector function Y (t)T y only vanish on a subset of [0, T ] of (Lebesgue-)
measure zero unless y = Θn.

At first we consider the

Minimum Norm Problem: For T > 0 and x0 ∈ IRn given determine u ∈
L∞ (IR, IRm) such that (2.21) is satisfied and the functional ϕ defined by

ϕ(u) = ||u||L∞([0,T ],IRm) = ess sup
t∈[0,T ]

||u(t)||2 (2.34)

is minimized.

In order to study the problem of minimizing ϕ(u) defined by (2.34) on the
linear manifold

M =

{
u ∈ L∞ (IR, IRm)

∣∣∣∣∣
∫ T

0

Y (t)u(t) dt = −x0

}
(2.35)

we also consider the
Dual Problem: Determine y ∈ IRn such that

∫ T

0

(
yT Y (t)Y (t)T y

)1/2
dt ≤ 1 (2.36)

holds true and the functional

ψ(y) = −xT
0 y (2.37)

is minimized.

Let
N = {y ∈ IRn | (2.36) is satisfied} . (2.38)

If u ∈ M and y ∈ N , then it follows that

ψ(y) = −xT
0 y =

∫ T

0

u(t)T Y (t)T y dt

≤
∫ T

0

(
u(t)T u(t)

)1/2 (
yT Y (t)Y (t)T y

)1/2
dt

≤ ess sup
t∈[0,T ]

||u(t)||2
∫ T

0

(
yT Y (t)Y (t)T y

)1/2 ≤ ϕ(u)

which implies
sup
y∈N

ψ(y) ≤ inf
u∈M

ϕ(u). (2.39)

The dual problem will now be used to solve the minimum norm problem.
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At first we observe that the normality condition implies that for every T > 0
the function

y → χ(y) =
∫ T

0

(
yT Y (t)Y (t)T y

)1/2
dt, y ∈ IRn,

is Gateaux-differentiable and its Gateaux-derivative is given by

Dχ(y, h) = ∇χ(y)T h, h ∈ IRn,

where

∇χ(y) =
∫ T

0

1

(yT Y (t)Y (t)T y)1/2
Y (t)Y (t)T y dt.

Now we can prove

Theorem 2.11. Under the normality condition the minimum norm problem
has exactly one solution (on [0, T ]) for every choice of T > 0 which is of the
form

uT (t) =
−xT

0 yT(
yT

T Y (t)Y (t)T yT

)1/2
Y (t)T yT (2.40)

for almost all t ∈ [0, T ] and uT (t) = Θm for all t 6∈ [0, T ]

where yT ∈ IRn is a solution of the dual problem and satisfies
∫ T

0

(
yT

T Y (t)Y (t)T yT

)1/2
dt = 1. (2.41)

Proof. Since the set of all y ∈ IRn which satisfy (2.36) is compact and the
function ψ(y) = −xT

0 y is continuous there is some yT ∈ IRn which solves the
dual problem and every solution satisfies (2.41). Hence the dual problem has
the same solutions, if we assume equality to hold in (2.36).

Let yT ∈ IRn be a solution of the dual problem. Then by the Lagrangean
multiplier rule there is a multiplier λT ∈ IR such that

∇ψ (yT )− λT ∇χ (yT ) = Θn

which is equivalent to

−x0 = λT

∫ T

0

1
(
yT

T Y (t)Y (t)T yT

)1/2
Y (t)Y (t)T yT dt

and implies

−xT
0 yT = λT

∫ T

0

(
yT

T Y (t)Y (t)T yT

)1/2
dt = λT .
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Therefore, if we define uT = uT (t) by (2.40), then (2.21) is satisfied for u = uT .

Further it follows that

(
uT (t)T uT (t)

)1/2
= −xT

0 yT = sup
y∈N

ψ(y) for almost all t ∈ [0, T ]

which implies ϕ (uT ) = sup
y∈N

ψ(y). From (2.39) it then follows that uT solves

the minimum norm problem.

It remains to prove the uniqueness of uT . Let û ∈ M be any solution of the
minimum norm problem. In order to find a solution u ∈ L∞ (IR, IRm) of (2.21)
we tentatively put u(t) = Y (t)T y for t ∈ IR. Then (2.21) reads

∫ T

0

Y (t)Y (t)T dt y = −x0. (2.42)

The normality condition implies that the row vector functions yT
i = yi(t)T , t ∈

IR, i = 1, . . . , n of Y = Y (t) are linearly independent. From this it follows
that the matrix

∫ T

0
Y (t)Y (t)T dt is non-singular so that for every choice of

x0 ∈ IRn the linear system (2.42) has exactly one solution y ∈ IRn. Therefore
the mapping

u 7→
∫ T

0

Y (t)u(t) dt from L∞ (IR, IRm) into IRn

is surjective. This implies that there exists a multiplier y ∈ IRn such that

ϕ (û) ≤ ϕ(u)− yT

(∫ T

0

Y (t)u(t) dt + x0

)
(2.43)

for all u ∈ L∞ (IR, IRm), hence

ϕ (û) + yT x0 ≤ ϕ(u)−
∫ T

0

yT Y (t)u(t) dt

for all u ∈ L∞ (IR, IRm) which is only possible, if

ϕ(u)−
∫ T

0

yT Y (t)u(t) dt ≥ 0 for all u ∈ L∞ (IR, IRm) .
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This is equivalent to

∫ T

0

yT Y (t)u(t) dt ≤ ess sup
t∈[0,T ]

(
u(t)T u(t)

)1/2

for all u ∈ L∞ (IR, IRm)

or
∫ T

0

yT Y (t)u(t) dt ≤ 1 for all u ∈ L∞ (IR, IRm) with

ess sup
t∈[0,T ]

(
u(t)T u(t)

)1/2
= 1.

If we define

u(t) =
1

(yT Y (t)Y (t)T y)1/2
Y (t)T y

for almost all t ∈ [0, T ] and u(t) = Θm for all t 6∈ [0, T ]

then it follows that
ess sup

t∈[0,T ]

(
u(t)T u(t)

)1/2
= 1

and therefore
∫ T

0

(
yT Y (t)Y (t)T y

)1/2
dt =

∫ T

0

yT Y (t)u(t) dt ≤ 1.

Thus y ∈ N . If we choose u ≡ Θm in (2.43) it follows that ϕ (û) ≤ −xT
0 y.

On the other hand we have shown (in the proof of (2.39)) that −xT
0 y ≤ ϕ (û).

Therefore we obtain

ess sup
t∈[0,T ]

(
û(t)T û(t)

)1/2
= −xT

0 y =
∫ T

0

û(t)T Y (t)T dt y

which is only possible, if

û(t) =
−xT

0 y

(yT Y (t)Y (t)T y)1/2
Y (t)T y for almost all t ∈ [0, T ]

This implies

(
û(t)T û(t)

)1/2
= ϕ (û) = ϕ (uT ) =

(
uT (t)T uT (t)

)1/2

for almost all t ∈ [0, T ].
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Since w(t) = 1
2 (û(t) + uT (t)) , t ∈ [0, T ], is also a solution of the minimum

norm problem, it follows

||û(t)||2 = ||uT (t)||2 = ||w(t)||2 for almost all t ∈ [0, T ]

which is only possible, if

û(t) = uT (t) = w(t) for almost all t ∈ [0, T ].

This completes the proof. ut

Now we make a first step towards a characterization of time-minimal null-
controls by proving the

Theorem 2.12. If restricted null-controllability holds and if the normality
condition is satisfied, then the minimum time T (γ) defined by (2.32) is also
given by

T (γ) = inf{T > 0 | v(T ) ≤ γ} (2.44)

where

v(T ) = max

{
−xT

0 y

∣∣∣∣∣
∫ T

0

(
yT Y (t)Y (t)T y

)1/2
dt ≤ 1

}
(2.45)

Proof. Let us put
T̂ (γ) = inf{T > 0 | v(T ) ≤ γ}.

Then it is clear that T̂ (γ) ≤ T (γ) because of

{T > 0 | (2.21) is satisfied for some u ∈ U (2.31)} ⊆ {T > 0 | v(T ) ≤ γ}

which is a consequence of (2.39).

If T̂ (γ) < T (γ), then by, Theorem 2.11, for every T ∈
(
T̂ (γ), T (γ)

)
there is

some uT ∈ U which satisfies (2.21) and for which ϕ (uT ) = v(T ) ≤ γ holds
true. This, however, contradicts the definition (2.32) of T (γ) which completes
the proof. ut

Theorem 2.11 can be strengthened to

Theorem 2.13. In addition to the assumption of Theorem 2.12 let the func-
tion T → v(t) (2.45) from (0,∞) into (0,∞) be continuous. Then it follows
that

v(T (γ)) = γ (2.46)

and for each uγ ∈ U with (2.33) it follows that ϕ (uγ) = v(T (γ)), i.e., every
time-minimal null-control is a minimum norm control of [0, T (γ)] (we tacitly
assume that x0 6= Θn).
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Proof. x0 6= Θn implies T (γ) > 0 and lim
T→0+

v(T ) = ∞.

By virtue of the continuity of T → v(T ) it follows from (2.44) that v(T (γ)) ≤
γ. Let us assume that v(T (γ)) < γ. By the intermediate value theorem for
continuous functions then it follows that there is some T ∗ ∈ (T, T (γ)) (where
v(T ) > γ) with v (T ∗) = γ. This implies the existence of uT∗ ∈ U which satis-
fies (2.21) and ϕ (uT∗) = v (T ∗) = γ. This is a contradiction to the definition
(2.32) of T (γ). Hence (2.46) must be true from which the last assertions follow
immediately. ut

In view of Theorem 2.11 we have the following

Corollary 2.14. Under the assumptions of Theorem 2.13 there is exactly
one time-minimal control on [0, T (γ)] which is the minimum norm control
uT (γ)(t) ∈ U on [0, T (γ)] and is given by

uT (γ)(t) =
γ

(
yT

T (γ)Y (t)Y (t)T yT (γ)

)1/2
Y (t)T yT (γ) (2.47)

for almost all t ∈ [0, T (γ)]

where yT (γ) ∈ IRn is a solution of the dual problem to the minimum norm
problem for T = T (γ).

The continuity assumption for the function T → v(T ) in Theorem 2.13 can
be dispensed with, since it is a consequence of the normality condition.

In order to show this we at first observe that in the case x0 6= Θn, for every
T > 0, v(T ) defined by (2.45) is also given by v(T ) = 1/λ(T ) where

λ(T ) = min

{∫ T

0

(
yT Y (t)Y (t)T y

)1/2
dt

∣∣∣∣∣ − xT
0 y = 1

}
(2.48)

Theorem 2.15. If the normality condition holds, then the function T → λ(T )
(2.48), T > 0, is strictly increasing and continuous.

Proof. Let T2 > T1 be given. Let

λ (Tk) =
∫ Tk

0

(
yT

Tk
Y (t)Y (t)T yTk

)1/2
dt for k = 1, 2

with −xT
0 yTk

= 1. For brevity we put, for every y ∈ IRn,

||Y (t)T y||2 =
(
yT Y (t)Y (t)T y

)1/2
, t ∈ IR.
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At first we get

λ (T1) =
∫ T1

0

||Y (t)T yT1 ||2 dt

≤
∫ T1

0

||Y (t)T yT2 ||2 dt ≤
∫ T2

0

||Y (t)T yT2 ||2 dt = λ (T2) .

It even follows that

λ (T2) =
∫ T2

0

||Y (t)T yT2 ||2 dt

=
∫ T1

0

||Y (t)T yT2 ||2 dt +
∫ T2

T1

||Y (t)T yT2 ||2 dt

≥ λ (T1) +
∫ T2

T1

||Y (t)T yT2 ||2 dt

where ∫ T2

T1

||Y (t)T yT2 ||2 dt > 0,

since otherwise Y (t)yT2 = Θm for all t ∈ [T1, T2] which, by the normality
condition, implies yT2 = Θn and contradicts −xT

0 yT2 = 1.

As a result we obtain λ (T2) > λ (T1) which shows that T → λ(T ) is strictly
increasing. On the other hand we also have

λ (T2) =
∫ T2

0

||Y (t)T yT2 ||2 dt ≤
∫ T2

0

||Y (t)T yT1 ||2 dt

=
∫ T1

0

||Y (t)T yT1 ||2 dt +
∫ T2

T1

||Y (t)T yT1 ||2 dt

= λ (T1) +
∫ T2

T1

||Y (t)T yT1 ||2 dt,

hence

0 ≤ λ (T2)− λ (T1) ≤
∫ T2

T1

||Y (t)T yT1 ||2 dt

which implies

lim
T2→T1+0

λ (T2) = λ (T1)

and shows the right continuity of the function T → λ(T ).

The proof of the left continuity requires some preparation.



100 2 Controlled Systems

We choose T0 ∈ (0, T1) arbitrarily and consider the function

y →
∫ T0

0

||Y (t)T y||2 dt

from IRn into (0,∞) for which

mT0 = inf

{∫ T0

0

||Y (t)T y||2 dt

∣∣∣∣∣ ||y||2 =
(
yT y

)1/2

}
> 0

holds true. This implies

mT0 ||y||2 ≤
∫ T0

0

||Y (t)T y||2 dt for all y ∈ IRn.

In particular we obtain

mT0 ||yT1 ||2 ≤
∫ T0

0

||Y (t)T yT1 ||2 dt

≤
∫ T1

0

||Y (t)T yT1 ||2 dt = λ (T1) ≤ λ (T2)

and further

0 ≤ λ (T2)− λ (T1) ≤
∫ T2

T1

||Y (t)T yT1 ||2 dt

≤
∫ T2

T1

||Y (t)T ||2 dt ||yT1 ||2 ≤
λ (T2)
mT0

∫ T2

T1

||Y (t)T ||2 dt

with

||Y (t)T ||2 =




n∑

j,k=1

yjk(t)2




1/2

.

From this we infer
lim

T1→T2−0
λ (T1) = λ (T2)

which shows the left-continuity of the function and completes the proof. ut
Under the assumptions of Theorem 2.15 it follows that the function T →
v(T ) = 1/λ(T ), T > 0, is strictly decreasing and continuous.

Thus we can strengthen Theorem 2.13 to

Theorem 2.16. If restricted null-controllability holds and if the normality
condition is satisfied, then the equation (2.46) for the minimum time T (γ)
holds true and there is exactly one time-minimal control on [0, T (γ)] which is
the unique minimum norm control uT (γ) ∈ L∞ (IR, IRm) on [0, T (γ)] and is
given by (2.47).
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2.2 The Time-Discrete Autonomous Case

2.2.1 The Problem of Fixed Point Controllability

We begin with a system of difference equations of the form

x(t + 1) = g(x(t), u(t)), t ∈ IN0 (2.49)

where g : IRn × IRm → IRn is a continuous mapping.

The functions x : IN0 → IRn and u : IN0 → IRm are considered as state and
control functions, respectively. For every control function u : IN0 → IRm and
every vector x0 ∈ IRn there exists exactly one state function x : IN0 → IRn

which satisfies (2.49) and
x(0) = x0. (2.50)

If we fix the control function u : IN0 → IRm and define

ft+1(x) = g(x, u(t)), x ∈ IRn, t ∈ IN0, (2.51)

then, for every t ∈ IN0, ft : IRn → IRn is a continuous mapping and(
IRn, (ft)t∈IN

)
is a non-autonomous time-discrete dynamical system which is

controlled by the function u : IN0 → IRm. If

u(t) = Θm = zero vector of IRm for all t ∈ IN0,

then the system (2.49) is called uncontrolled. Let us assume that the un-
controlled system (2.49) admits fixed points x̂ ∈ IRn which then solve the
equation

x̂ = g (x̂, Θm) . (2.52)

Now let Ω ⊆ IRm be a subset with Θm ∈ Ω. Then we define the set of
admissible control functions by

U = {u : IN0 → IRm | u(t) ∈ Ω for all t ∈ IN0} . (2.53)

After these preparations we are in the position to formulate the
Problem of Fixed Point Controllability: Given a fixed point x̂ ∈ IRn of the
system

x(t + 1) = g (x(t), Θm) , t ∈ IN0, (2.54)

i.e., a solution x̂ of equation (2.52) and an initial state x0 ∈ IRn find some
N ∈ IN0 and a control function u ∈ U with

u(t) = Θm for all t ≥ N (2.55)

such that the solution x : IN0 → IRn of (2.49), (2.50) satisfies the end condition

x(N) = x̂. (2.56)
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(This implies x(t) = x̂ for all t ≥ N .) From (2.49) and (2.50) it follows that

x(N) = g
(
g
( · · · (g︸ ︷︷ ︸

N−times

(
x0, u(0)

)
, u(1)

)
, · · · ), u(N − 1)

)

= GN (x0, u(0), . . . , u(N − 1)) . (2.57)

Let N ∈ IN be given. If u(0), . . . , u(N − 1) ∈ Ω are solutions of the system

GN (x0, u(0), . . . , u(N − 1)) = x̂ (2.58)

and one defines
u(t) = Θm for all t ≥ N,

then one obtains a control function u : IN0 → IRm which solves the problem
of fixed point controllability.

From the definition (2.57) it follows that

GN (x0, u(0), . . . , u(N − 1)) = G1
(
GN−1 (x0, u(0), . . . , u(N − 2)) , u(N − 1)

)
.

Conversely now let us assume that we are given a sequence
(
GN

)
N∈IN

of
vector functions GN : IRn × IRm·N → IRn with this property.

Then we define, for every t ∈ IN,

x(t) = Gt (x0, u(0), . . . , u(t− 1))
for x0 ∈ IRn and u(s) ∈ IRm for s = 0, . . . , t− 1

and conclude

x(t) = G1
(
Gt−1 (x0, u(0), . . . , u(t− 2)) , u(t− 1)

)

= G1(x(t− 1), u(t− 1))
for all t ∈ IN,

if we define G0 (x0) = x0. Now let S (x̂) ⊆ IRn be the set of all vectors x0 ∈ IRn

such that there exists a time N ∈ IN and a solution
(
u(0)T , . . . , u(N − 1)T

)T ∈
ΩN of the system (2.58). Obviously, x̂ ∈ S (x̂) (choose N = 1 and u(0) = Θn).
A first simple sufficient condition for the solvability of the problem of fixed
point controllability is then given by

Proposition 2.17. Let x̂ ∈ S (x̂) be an interior point of S (x̂) and let x̂ be
an attractor of the uncontrolled system (2.54), i.e., there exists an open set
U ⊆ IRn with x̂ ∈ U such that lim

t→∞
x(t) = x̂ where x : IN0 → IRn is a solution

of (2.54) with (2.50) for any x0 ∈ U . Then it follows that S (x̂) ⊇ U which
implies that for every choice of x0 ∈ U the problem of fixed point controllability
has a solution.
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Proof. Since x̂ ∈ S (x̂) is an interior point of S (x̂), there is an open neighbor-
hood W (x̂) ⊆ IRn of x̂ with W (x̂) ⊆ S (x̂).

Now let x0 ∈ U be chosen arbitrarily. Then there is some N1 ∈ IN with
x (N1) ∈ W (x̂) where x : IN0 → IRm is a solution of (2.54), (2.50).
This implies the existence of some N2 ∈ IN and a solution

(
u(0)T , . . . ,

u (N2 − 1)T
)T

∈ ΩN2 with

GN2 (x (N1) , u(0), . . . , u (N2 − 1)) = x̂.

If we define

u∗(t) =

{
Θm for t = 0, . . . , N1 − 1,

u (t−N1) for t = N1, . . . , N1 + N2 − 1,

then it follows that

GN (x0, u
∗(0), . . . , u∗(N − 1)) = x̂

where N = N1 + N2, i.e., x0 ∈ S (x̂) which completes the proof. ut
The essential assumption in Proposition 2.17 is that the fixed point x̂ of the
uncontrolled system (2.54) is an interior point of the controllable set S (x̂).

In order to find sufficient conditions for that we assume that Ω is open and
g ∈ C1 (IRn × IRm) which implies GN ∈ C1

(
IRn × IRm·N)

for every N ∈ IN
and

GN
x (x, u(0), . . . , u(N − 1))
= gx

(
GN−1 (x0, u(0), . . . , u(N − 2)) , u(N − 1)

)

× gx

(
GN−2 (x0, u(0), . . . , u(N − 3)) , u(N − 2)

)

× ...
× gx(x, u(0)),

and

GN
u(k) (x, u(0), . . . , u(N − 1))

= gx

(
GN−1 (x0, u(0), . . . , u(N − 2)) , u(N − 1)

)

× gx

(
GN−2 (x0, u(0), . . . , u(N − 3)) , u(N − 2)

)

× ...
× gx

(
Gk+1 (x, u(0), . . . , u(k)) , u(k + 1)

)

× gu(k)

(
Gk (x, u(0), . . . , u(k − 1)) , u(k)

)

for k = 0, . . . , N − 1.
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Let us assume that gx (x̂, Θm) is non-singular. Then it follows, for all N ∈ IN,
that GN

x (x̂, Θm, . . . , Θm) is also non-singular, since

GN
x (x̂, Θm, . . . , Θm) = gx (x̂, Θm)N

.

Since
x̂ = GN (x̂, Θm, . . . , Θm) ,

there exists, by the implicit function theorem, an open set V ⊆ ΩN with
ΘN

m ∈ V and a function h : V → IRn with h ∈ C1(V ) such that

h
(
ΘN

m

)
= x̂ and GN (h(u(0), . . . , u(N − 1)), u(0), . . . , u(N − 1)) = x̂

for all (u(0), . . . , u(N − 1)) ∈ V .

Moreover,

hu(k)

(
ΘN

m

)
= −GN

x (x̂, Θm, . . . , Θm)−1
Gu(k) (x̂, Θm, . . . , Θm)

= −gx (x̂, Θm)−N
gx (x̂, Θm)N−k

gu(k) (x̂, Θm)

= −gx (x̂, Θm)−k
gu(k) (x̂, Θm)

for k = 0, . . . , N − 1.

Result. If gx (x̂, Θm) is non-singular, then, for every N ∈ IN, there is an
open set VN ⊆ ΩN with ΘN

m ∈ VN and a function hN : VN → IRn with
hN ∈ C1 (VN ) such that

hN (u(0), . . . , u(N − 1)) ∈ S (x̂) for all (u(0), . . . , u(N − 1)) ∈ VN .

We next assume that, for some N ∈ IN,

rank
(
hu(0)

(
ΘN

m

) | . . . | hu(N−1)

(
ΘN

m

))
= n.

Then there are n columns in the n×m ·N−matrix
(
hu(0)

(
ΘN

m

) | . . . | hu(N−1)

(
ΘN

m

))

which are linearly independent.

Now let E be the n−dimensional subspace of IRm·N consisting of all vectors
whose components vanish that do not correspond to the above linearly inde-
pendent columns.

If we put U = E ∩ VN , then U is an open subset of E and the restriction
of h to U is a C1−function on U whose Jacobi matrix at ΘN

m consists of the
above linearly independent columns of

(
hu(0)

(
ΘN

m

) | . . . | hu(N−1)

(
ΘN

m

))
and

is therefore invertible. By the inverse function theorem there exist open sets
Ũ ⊆ E ∩ VN and Ṽ ⊆ IRn with ΘN

m ∈ Ũ and x̂ ∈ Ṽ such that h is homeomor-
phic on Ũ and h

(
Ũ

)
= Ṽ .
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This implies that x̂ is an interior point of S (x̂).

Let us demonstrate this result by the predator prey model that was investi-
gated with respect to asymptotical stability in Section 1.3.7. We consider this
model as a controlled system of the form

x1(t + 1) = x1(t) + ax1(t)− ex1(t)2 − bx1(t)x2(t)− x1(t)u1(t),
x2(t + 1) = x2(t)− cx2(t) + dx1(t)x2(t)− x2(t)u2(t), t ∈ IN0.

The mapping g : IR2 × IR2 → IR2 in (2.49) is therefore given by
(

(1 + a)x1 − ex2
1 − bx1x2 − x1 u1

(1− c)x2 + dx1x2 − x2 u2

)
, x, u ∈ IR2.

We have seen in Section 1.3.7 that

x̂ =
(

c

d
,
1
b

(
a− ce

d

))T

is the only fixed point of the uncontrolled system (with u1 = u2 = 0) in
◦
IR2

+ ×
◦
IR2

+, if a > ce/d.

One calculates

gx (x̂, Θ2) =




1− e
c

d
−bc

d
d

b

(
a− ce

d

)
1




which implies that gx (x̂, Θ2) is non-singular, if and only if

1− e
c

d
+ c

(
a− ce

d

)
6= 0. (∗)

Further we obtain

gu (x̂, Θ2) =


−

c

d
0

0 −1
b

(
a− ce

d

)



which implies

rank
(
hu(0) (Θ2)

)
= rank

(−gu(0) (x̂, Θ2)
)

= 2.

Hence x̂ is an interior point of S (x̂), if (∗) is satisfied.

This example is a special case of the following situation:
Let

g(x, u) = f(x) + F (x)u = f(x) +
m∑

i=1

fi(x)ui,

x ∈ IRn, u1, . . . , um ∈ IR, where f, fi ∈ C1 (IRn) , i = 1, . . . ,m.
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Let x̂ ∈ IRn be a fixed point of f , i.e.,

x̂ = f (x̂) = g (x̂, Θm) .

Then,
gx (x̂, Θm) = fx (x̂) and gu (x̂, Θm) = F (x̂)

and hence
(
hu(0)

(
ΘN

m

) | . . . | hu(N−1)

(
ΘN

m

))

= −
(
F (x̂) | fx (x̂)−1

F (x̂) | . . . | fx (x̂)−N+1
F (x̂)

)
.

In the example we have m = n = 2 and the 2 × 2−matrix F (x̂) is non-
singular. Next we come back to the solution of (2.58) which we replace by
an optimization problem. For this purpose we define a cost functional ϕ :
IRm·N → IR by putting

ϕ(u(0), . . . , u(N − 1)) =
∥∥GN (x0, u(0), . . . , u(N − 1))− x̂

∥∥2

2

for (u(0), . . . , u(N − 1)) ∈ IRm·N (|| · ||2 =Euclidian norm in IRn)

and try to find (u(0), . . . , u(N − 1)) ∈ ΩN such that ϕ(u(0), . . . , u(N − 1)) ≤
ϕ (ũ(0), . . . , ũ(N − 1)) for all (ũ(0), . . . , ũ(N − 1)) ∈ ΩN .

If ϕ(u(0), . . . , u(N − 1)) = 0, then ϕ(u(0), . . . , u(N − 1)) ∈ ΩN solves the
equation (2.58). Otherwise no such solution exists. We again assume that
g ∈ C1 (IRn × IRm). Let Ω ⊆ IRn be open.

Then a necessary condition for u(0), . . . , u(N − 1)) ∈ ΩN to minimize ϕ on
ΩN is given by

ϕu(k) (u(0), . . . , u(N − 1)) = 2 GN
u(k) (x0, u(0), . . . , u(N − 1))T

× (
GN (x0, u(0), . . . , u(N − 1))− x̂

)

= Θm (OC)

for all k = 0, . . . , N − 1.

For the determination of (u(0), . . . , u(N − 1)) ∈ ΩN with (OC) one can apply
Marquardt’s algorithm: Let (u(0), . . . , u(N − 1)) ∈ ΩN be chosen. If (OC) is
satisfied, then (u(0), . . . , u(N − 1)) is taken as a solution of the optimization
problem. Otherwise, for every k ∈ {0, . . . , N − 1}, a vector hλ(k) ∈ IRm is
determined as a solution of the linear system
(
2 GN

u(k) (x0, u(0), . . . , u(N − 1))
)T

GN
u(k) (x0, u(0), . . . , u(N − 1)) + λ Im hλ(k)

= 2 GN
u(k) (x0, u(0), . . . , u(N − 1))T

(
GN

u(k) (x0, u(0), . . . , u(N − 1))− x̂
)

where λ > 0 and Im is the m×m−unit matrix.
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Then one can show (see, for instance [22]) that for sufficiently large λ > 0 it
follows that

(u(0) + hλ(0), . . . , u(N − 1) + hλ(N − 1)) ∈ Ω

and

ϕ (u(0) + hλ(0), . . . , u(N − 1) + hλ(N − 1)) < ϕ (u(0), . . . , u(N − 1)) .

The algorithm is then continued with (u(0) + hλ(0), . . . , u(N − 1) + hλ(N − 1))
instead of (u(0), . . . , u(N − 1)).

Special Case: Modelling of Conflicts

Now let us consider a special case which is motivated by a situation which
occurs in the modelling of conflicts. We begin with an uncontrolled system of
the form

x1(t + 1) = g1

(
x1(t), x2(t)

)
,

x2(t + 1) = g2

(
x1(t), x2(t)

)
, t ∈ IN0,

where gi : IRn1 × IRn2 → IRni , i = 1, 2, are given continuous mappings and
xi : IN0 → IRni , i = 1, 2, are considered as state functions.

For t = 0 we assume initial conditions

x1(0) = x1
0, x2(0) = x2

0 (2.59)

where x1
0 ∈ IRn1 and x2

0 ∈ IRn2 are given vectors with

Θn2 ≤ x2
0 ≤ x2

∗

for some x2
∗ ≥ Θn2 which is also given. We further assume that the above

system admits fixed points
(
x̂1T , x̂2T

)T ∈ IRn1 × IRn2 with

Θn2 ≤ x̂2 ≤ x2
∗

which are then solutions of the system

x̂1 = g1

(
x̂1, x̂2

)
, x̂2 = g2

(
x̂1, x̂2

)
.

Now we consider the following
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Problem: Find vector functions x1 : N0 → IRn1 and x2 : IN0 → IRn2 with

Θn2 ≤ x2(t) ≤ x2
∗ for all t ∈ IN0

which satisfy the above system equations and initial conditions and

x1(t) = x̂1, x2(t) = x̂2 for all t ≥ N

where N ∈ IN0 is a suitably chosen integer. In general this problem will not
have a solution. Therefore we replace the uncontrolled system by the following
controlled system

x1(t + 1) = g1

(
x1(t), x2(t) + u(t)

)
,

x2(t + 1) = g2

(
x1(t), x2(t) + u(t)

)
, t ∈ IN0, (2.60)

where u : IN0 → IRn2 is a control function. Then we consider the problem of
finding a control function u : IN0 → IRn2 such that the solutions x1 : IN0 →
IRn1 and x2 : IN0 → IRn2 of (2.60) and (2.59) satisfy the conditions

Θn2 ≤ x2(t) + u(t) ≤ x2
∗ for all t ∈ IN0

and
x1(t) = x̂1, x2(t) + u(t) = x̂2 for all t ≥ N

where N ∈ IN0 is a suitably chosen integer.

Let us assume that we can find a vector function v : IN0 → IRn with

Θn2 ≤ v(t) ≤ x2
∗ for t = 0, . . . , N − 1 and v(t) = x̂2 for t ≥ N

such that the solution x1 : IN0 → IRn1 of

x1(0) = x1
0,

x1(t + 1) = g1

(
x1(t), v(t)

)
, t ∈ IN0

satisfies
x1(t) = x̂1 for all t ≥ N

where N ∈ IN is a suitably chosen integer.

Then we put

x2(0) = x2
0,

x2(t + 1) = g2

(
x1(t), v(t)

)
, t ∈ IN0

and define
u(t) = v(t)− x2(t) for t ≥ N0.

With these definitions we obtain a solution of the above control problem.
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Thus, in order to find such a solution, we have to find a vector function
v : IN0 → IRn2 with

Θn2 ≤ v(t) ≤ x2
∗ for t = 0, . . . , N − 1,

v(t) = x̂2 for t ≥ N

such that the solution x1 : IN0 → IRn1 of

x1(0) = x1
0,

x1(t + 1) = g1

(
x1(t), v(t)

)
, t ∈ IN0

satisfies

x1(t) = x̂1 for all t ≥ N

where N ∈ IN is a suitably chosen integer. Let us demonstrate all this by an
emission reduction model (1.65) to which we add the conditions

0 ≤ Mi(t) ≤ M∗
i for all t ∈ IN0 and i = 1, . . . , r

and the initial conditions

Ei(0) = E0i and Mi(0) = M0i for i = 1, . . . , r

where E0i ∈ IR and M0i ∈ IR with 0 ≤ M0i ≤ M∗
i for i = 1, . . . , r are given.

The corresponding controlled system (2.60) reads in this case

Ei(t + 1) = Ei(t) +
r∑

j=1

emij (Mj(t) + uj(t)) ,

Mi(t + 1) = Mi(t) + ui(t)− λi (Mi(t) + ui(t)) (M∗
i −Mi(t)− ui(t)) Ei(t)

for i = 1, . . . , r and t ∈ IN0.

The control functions ui : IN0 → IR, i = 1, . . . , r, must satisfy the conditions

0 ≤ Mi(t) + ui(t) ≤ M∗
i for i = 1, . . . , r and t ∈ IN0.

Fixed points of the system (1.65) are of the form
(
ÊT , Θ̂T

r

)T

with Ê ∈ IRr

arbitrary.
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We have to find a vector function v : IN0 → IRr with

Θr ≤ v(t) ≤ M∗ for t = 0, . . . , N − 1,

v(t) = Θr for t ≥ N

such that the solution E : IN0 → IRr of

E(0) = E0,

E(t + 1) = E(t) + C v(t), t ∈ IN0,
(
C = (emij)i,j=1,...,r

)

satisfies
E(t) = Ê for all t ≥ N

where N ∈ IN is a suitably chosen integer.

First of all we observe that for every N ∈ IN

E(N) = E0 + C

(
N−1∑
t=0

v(t)

)
.

Let us assume that C is invertible and C−1 is positive. Further we assume
that Ê ≥ E0.

Then E(N) = Ê, if and only if

N−1∑
t=0

v(t) = C−1
(
Ê − E0

)
≥ Θr.

If we define
v(t) = Θr for all t ≥ N,

then
E(t) = Ê for all t ≥ N.

Let us put

vN =
N−1∑
t=0

v(t) = C−1
(
Ê − E0

)
.

If we define
v(t) =

1
N

vN for t = 0, . . . , N − 1

then

N−1∑
t=0

v(t) = C−1
(
Ê − E0

)
and Θr ≤ v(t) ≤ M∗ for t = 0, . . . , N − 1

for sufficiently large N , if M∗
i > 0 for all i = 1, . . . , r.
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We finish with a numerical example: r = 3, E0 = (0, 0, 0)T , Ê = (10, 10, 10)T ,
M∗ = (1, 1, 1)T , and

C =




1 −0.8 0
0 1 −0.8

−0.1 −0.5 1


 .

Then we have to solve the linear system

vN1 − 0.8vN2 = 10,
vN2 − 0.8vN3 = 10,

−0.1vN1 − 0.5vN2 + vN3 = 10.

The solution reads

vN1 = 38.059701,

vN2 = 35.074627,

vN3 = 31.343284.

We choose N = 39. Then we have to put

v(t) =
1
N

vN =




0.9758898
0.8993494
0.803674


 for t = 0, . . . , 38.

2.2.2 Null-Controllability of Linear Systems

Instead of (2.49) we consider a linear system of the form

x(t + 1) = Ax(t) + B u(t), t ∈ IN0, (2.61)

where A is a real n × n−matrix and B a real n × m−matrix and where
u : IN0 → IRm is a given control function. The corresponding uncontrolled
system reads

x(t + 1) = Ax(t), t ∈ IN0, (2.62)

and admits x̂ = Θn as a fixed point.

The problem of fixed point controllability is then equivalent to the
Problem of Null-Controllability: Given x0 ∈ IRn find some N ∈ IN0 and a
control function u ∈ U (2.53) with (2.55) such that the solution x : IN0 → IRn

of (2.61), (2.50) satisfies the end condition

x(N) = Θn (2.63)

(which implies x(t) = Θn for all t ≥ N).
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From (2.61) and (2.50) it follows that

x(N) = AN x0 +
N∑

t=1

AN−tB u(t− 1) (2.64)

so that (2.63) turns out to be equivalent to

N∑
t=1

AN−tB u(t− 1) = −AN x0. (2.65)

Now let A be non-singular. Then the set S (Θn) of all vectors x0 ∈ IRn such
that there exists a time N ∈ IN and a solution

(
u(0)T , . . . , u(N − 1)T

)T ∈ ΩN

of the system (2.61) is given by

S (Θn) =
⋃

N∈IN

E(N)

where, for every N ∈ IN,

E(N) =

{
x =

N∑
t=1

AN−tB u(t− 1)

∣∣∣∣∣ u ∈ U (2.53)

}
.

Next we assume that Ω ⊆ IRm is convex, has Θm as interior point and satisfies

u ∈ Ω =⇒ −u ∈ Ω. (2.66)

Then, for every N ∈ IN, the set E(N) is convex and E(N) = −E(N). This
implies because of

E(N) ⊆ E(N + 1) for all N ∈ IN

that S (Θn) is also convex and S (Θn) = −S (Θn).

Further we assume Kalman’s condition, i.e., there exists some N0 ∈ IN such
that

rank
(
B | AB | . . . | AN0−1B

)
= n. (2.67)

Then we can prove

Theorem 2.18. If A is non-singular, Ω ⊆ IRm is convex, has Θm as interior
point and satisfies (2.66) and if Kalman condition (2.67) is satisfied for some
N0 ∈ IN, then Θn is an interior point of S (Θn).

Proof. Let us assume that Θn is not an interior point of S (Θn). Then S (Θn)
must be contained in a hyperplane through Θn, i.e., there must exist some
y ∈ IRn, y 6= Θn, with

yT x = 0 for all x ∈ S (Θn) .
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This implies

yT

(
N∑

t=1

AN−tB u(t− 1)

)
= 0

for all
(
u(0)T , . . . , u(N − 1)T

)T ∈ IRm·N and all N ∈ IN,

hence

yT AN−tB = ΘT
m for all N ∈ IN.

In particular for N = N0 this implies y = Θn due to the Kalman condition
(2.67) which contradicts y 6= Θn. Therefore the assumption that Θn is not an
interior point of S (Θn) is false. ut

In addition to the assumption of Theorem 2.18 we assume that all the eigen-
values of A are less than 1 in absolute value. Then according to the Corollary
following Theorem 1.6 Θn is a global attractor of the uncontrolled system
(2.62), i.e., lim

t→∞
x(t) = Θn where x : IN0 → IRn is a solution (2.62) with

(2.50) for any x0 ∈ IRn. By Proposition 2.17 therefore the problem of null-
controllability has a solution for every choice of x0 ∈ IRn. If the set Ω of
control vector values has the form

Ω = {u ∈ IRm | ||u|| ≤ γ} (2.68)

for some γ > 0 where || · || is any norm in IRm, then this result can be
strengthened to

Theorem 2.19. Let the Kalman condition (2.67) be satisfied for some N0 ∈
IN. Further let Ω be of the form (2.68). Finally let all the eigenvalues of AT be
less than or equal to one in absolute value and the corresponding eigenvectors
be linearly independent.

Then the problem of null-controllability has a solution for every choice of
x0 ∈ IRn, if A is non-singular.

Proof. We have to show that for every choice of x0 ∈ IRn there is some N ∈ IN0

and a control function u ∈ U (2.53) such that (2.65) is satisfied. Since A is
non-singular, (2.65) is equivalent to

N∑
t=1

A−tB u(t− 1) = −x0.
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For every N ∈ IN we define the convex set

R(N) =

{
x =

N∑
t=1

A−tB u(t− 1)

∣∣∣∣∣ u ∈ U

}

and put
R∞ =

⋃

N∈IN

R(N).

Because of
R(N) ⊆ R(N + 1) for all N ∈ IN0

the set R∞ is also convex. We have to show that R∞ = IRn. Let us assume
that R∞ 6= IRn.

Then there exists some x̃ ∈ IRn with x̃ 6∈ R∞ which can be separated from
R∞ by a hyperplane, i.e., there exists a number α ∈ IR and a vector y ∈
IRn, y 6= Θn such that

yT x ≤ α ≤ yT x̃ for all x ∈ R∞.

Since Θn ∈ R∞, it follows that α ≥ 0. Further it follows from the implication
u ∈ Ω ⇒ − u ∈ Ω that

∣∣∣∣∣
N∑

t=1

yT A−tB u(t− 1)

∣∣∣∣∣ ≤ α for all N ∈ IN and all u ∈ U.

This implies

N∑
t=1

∥∥∥
(
yT A−tB

)T
∥∥∥

d
≤ α for all N ∈ IN

where || · ||d is the norm in IRm which is dual to || · ||. This in turn implies

lim
t→∞

yT A−tB = ΘT
m. (2.69)

From the Kalman condition (2.67) it follows that there exist n linearly inde-
pendent vectors in IRn of the form

ci = Ati bji for i = 1, . . . , n

where ti ∈ {0, . . . , N0 − 1} and ji ∈ {1, . . . , m} and bji
denotes the ji−th

column vector of B. From (2.69) it follows that

lim
t→∞

yT A−t ci = 0 for i = 1, . . . , n.

This implies
lim

t→∞
yT A−t = ΘT

n
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or, equivalently,
lim

t→∞
(
AT

)−t
y = Θn. (2.70)

Now let λ1, . . . , λn ∈ C be eigenvalues of AT and y1, . . . , yn ∈ Cn correspond-
ing linearly independent eigenvectors. Then there is a unique representation

y =
n∑

j=1

αj yj where not all αj ∈ C are zero

and
(
AT

)−t
yj =

(
1
λj

)t

yj for j = 1, . . . , n,

hence
(
AT

)−t
y =

n∑

j=1

αj

(
1
λj

)t

yj for all t ∈ IN.

From (2.70) we therefore infer that

|λj | > 1 for all j ∈ {1, . . . , n} with αj 6= 0.

This is a contradiction to

|λj | ≤ 1 for all j = 1, . . . , n.

Hence the assumption R∞ 6= IRn is false. ut

Remark. If we define

Y = (y1 | y2 | . . . | yn) and ∧ =




λ1 0
. . .

0 λn


 ,

then it follows that
AT Y = Y ∧

which implies
Y
−1

AT Y = ∧
and in turn

Y
T

A
(
Y

T
)−1

= ∧
(
since

(
A−1

)T
=

(
AT

)−1
)

from which

A
(
Y

T
)−1

=
(
Y

T
)−1

∧
follows.
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This implies that A has the same eigenvalues as AT (which holds for arbi-

trary matrices) and the eigenvectors of A are the column vectors of
(
Y

T
)−1

.

Therefore AT in Theorem 2.19 could be replaced by A. For the following let
us assume that Ω = IRm.

For every N ∈ IN let us define

Y (N) =
(
B | AB | . . . | AN−1B

)
.

Since U (2.53) consists of all functions u : IN0 → IRm, it follows, for every
N ∈ IN, that

E(N) =

{
x =

N∑
t=1

AN−tB u(t− 1)

∣∣∣∣∣ u : IN0 → IRm

}
.

Further we can prove

Proposition 2.20. The following statements are equivalent:

(i) rank Y (N) = rank Y (N + 1),
(ii) E(N) = E(N + 1),
(iii)

(
ANB

)
IRm ⊆ E(N),

(iv) rank Y (N) = rank Y (N + j) for all j ≥ 1.

Proof.
(i) ⇒ (ii): This is a consequence of the fact that E(N) ⊆ E(N + 1).
(ii) ⇒ (iii): This follows from Y (N + 1) =

(
Y (N) | ANB

)
.

(iii) ⇒ (i): Y (N + 1) =
(
Y (N) | ANB

)
shows that (iii) ⇒ (ii) and obviously

we have (ii) ⇒ (i).
(i) ⇒ (iv): Since (i) implies (iii), it follows that

(
AN+1B

)
IRm ⊆ AE(N) ⊆ E(N + 1)

which implies E(N + 1) = E(N + 2) and hence

rank
(
Y (N + 1)

)
= rank

(
Y (N + 2)

)
.

(iv) ⇒ (i): is obvious. This completes the proof. ut
Now let r be the smallest integer such that I, A, . . . , Ar−1 are linearly inde-
pendent in IRn·n and hence there are numbers αr−1, αr−2, . . . , α0 ∈ IR such
that

Ar + αr−1 Ar−1 + . . . + α0 I = 0.

Defining
Φ0(λ) = λr + αr−1 λr−1 + . . . + α0,

we have Φ0(A) = 0. This monic polynomial (leading coefficient 1) is the monic
polynomial of least degree for which Φ0(A) = 0 and is called the minimal
polynomial of A.
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The polynomial

Φ(λ) = det(λI −A) with degree n

is called characteristic polynomial of A, and the Cayley-Hamilton Theorem
states that Φ(A) = 0 which implies r ≤ n.

This leads to

Proposition 2.21. Let s be the degree of the minimal polynomial of A (s ≤
n). Then there is an integer k ≤ s such that

rank Y (1) < rank Y (2) < . . . < rank Y (k) = rank Y (k+j) for all j ∈ IN.

Proof. Proposition 2.20 implies the existence of such an integer k, since
rank Y (N) ≤ n for all N ∈ IN. We have to show that k ≤ s. Let
ψ(λ) = λs + αs−1 λs−1 + . . . + α0 be the minimal polynomial of A. Then
ψ(A)B = 0 and AsB IRm ⊆ E(s) which implies (by Proposition 2.20) that
rank Y (s) = rank Y (s + j) for all j ∈ IN, hence k ≤ s. ut

As a consequence of Proposition 2.21 we obtain

Proposition 2.22. If the Kalman condition (2.67) is satisfied for some N0 ∈
IN, then necessarily N0 ≤ n and

rank
(
B | AB | . . . | An−1B

)
= n,

hence E(n) = IRn. Conversely, if E(n) = IRn, then Kalman’s condition (2.67)
is satisfied for all N ≥ n and

E(N) = IRn for all N ≥ n.

Proposition 2.21 also implies that, if rank Y (n) < n, then rank Y (N) < n for
all N ≥ n and

E(N) = E(n) 6= IRn for all N ≥ n.

If we define, for every N ∈ IN, the n× n−matrix

W (N) = Y (N)Y (N)T =
N−1∑

j=0

AjBBT
(
Aj

)T
,

then it follows that

W (N) IRn ⊆ E(N) for every N ∈ IN.

Now let us assume that rank Y (N) = n which is equivalent to E(N) = IRn.
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Then W (N) is non-singular and

W (N) IRn = IRn = E(N).

Let y∗ ∈ IRn be the unique solution of

W (N)y∗ = −AN x0.

Further let u ∈ IRm·N be any solution of

Y (N)u = −AN x0 (see (2.65)).

If we put
u∗ = Y (N)T y∗

(∈ IRm·N)
,

then
Y (N)T u∗ = −AN x0

and

||u∗||22 = u∗T u∗ = y∗T Y (N)u∗ = y∗T W (N)y∗

= −y∗T AN x0 = y∗ Y (N)u = u∗T u ≤ ||u∗||2 ||u||2

which implies ||u∗||2 ≤ ||u||2.

2.2.3 A Method for Solving the Problem of Null-Controllability

Let us equip IRm with the Euclidian norm || · ||2 and consider the following

Problem (P) For a given N ∈ IN find u : {0, . . . , N − 1} → IRm such that

N∑
t=1

AN−tB u(t− 1) = −AN x0 (2.71)

and
ϕN (u) = max

t=1,...,N
||u(t− 1)||2

is as small as possible.

If the Kalman condition (2.67) is satisfied for some N0 ∈ IN and if N ≥ N0,
then Problem (P) has a solution uN ∈ IRm·N . If ϕN (uN ) ≤ γ (see (2.68)),
then we obtain solution uN : IN0 → IRm of the problem of null-controllability
if we define

uN (t) = Θm for all t ≥ N.

If ϕN (uN ) > γ, then N must be increased.
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If the matrix A is non-singular, then (2.65) is equivalent to

N∑
t=1

A−tB u(t− 1) = −x0

which implies

ϕN+1 (uN+1) ≤ ϕN (uN ) for all N ≥ N0.

Under the assumptions of Theorem 2.19 there exists, for every ε > 0, some
N(ε) ∈ IN such that

ϕN(ε)

(
uN(ε)

) ≤ ε

which implies
lim

N→∞
ϕN (uN ) = 0.

So we can be sure, for every choice of γ > 0, to find a solution UN(γ) ∈
IRm·N(γ) of Problem (P) with ϕN(γ)

(
uN(γ)

) ≤ γ which leads to a solution
uN(γ) : IN0 → IRm of the problem of null-controllability, if we define

uN(γ)(t) = Θm for all t ≥ N(γ).

In order to solve Problem (P) we replace it by

Problem (D) Minimize

χ(y) =
N∑

k=1

∥∥∥BT
(
AN−k

)T
y
∥∥∥

2
, y ∈ IRn,

subject to
cT y = −xT

0

(
AT

)N
y = 1. (2.72)

Let u : {0, . . . , N − 1} → IRm be a solution of (2.65) and let y ∈ IRn satisfy
(2.72). Then it follows that

N∑

k=1

yT AN−kB u(k − 1) = yT c = 1

which implies

max
k=1,...,N

||u(k − 1)||2 ≥ 1
χ(y)

.

Now let ŷ ∈ IRn be a solution of Problem (D). Then there is a multiplier
λ ∈ IR such that

∇χ (ŷ) = λc. (2.73)
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This yields

∇χ (ŷ) =
∑

k∈I(ŷ)

1

||BT (AN−k)T
ŷ||2

AN−kBBT
(
AN−k

)T
ŷ

with
I (ŷ) =

{
k

∣∣∣
∥∥∥BT

(
AN−k

)T
ŷ
∥∥∥

2
> 0

}
.

This implies
λ = ŷT ∇χ (ŷ) = x (ŷ) .

If we define

uN (k − 1) =





1
x (ŷ)

BT
(
AN−k

)T
ŷ

||BT (AN−k)T
ŷ||2

if k ∈ I (ŷ) ,

Θm else, k = 1, . . . , N,

(2.74)

then it follows that
N∑

k=1

AN−kB uN (k − 1) = c

and

||uN (k − 1)||2 =
1

χ (ŷ)
for all k ∈ I (ŷ)

which implies

max
k=1,...,N

||uN (k − 1)||2 =
1

χ (ŷ)
.

Hence u : {0, . . . , N−1} → IRm solves Problem (P). This result is summarized
as

Theorem 2.23. If ŷ ∈ IRn solves Problem (D), then u : {0, . . . , N−1} → IRm

defined by (2.74) solves Problem (P).

In order to solve Problem (D) we apply the well known gradient projection
method which is based on the following iteration step: Let y∗ ∈ IRn with
cT y∗ = 1 be given. (At the beginning we take y∗ = c/||c||22.) Then we calculate

h =
(

1
||c||22

cT ∇χ (y∗)
)

c−∇χ (y∗)

and see that
ch = 0

and

∇χ (y∗)T
h =

1
||c||22

(
cT ∇χ (y∗)

)2 − ||∇χ (y∗) ||22 ≤ 0.



2.2 The Time-Discrete Autonomous Case 121

If ∇χ (y∗)T
h = 0, then there exists some λ ≥ 0 such that (2.73) holds true

which is equivalent to y∗ being optimal. If ∇χ (y∗)T
h < 0, then h is a feasible

direction of descent. If we determine λ̂ > 0 such that

χ
(
y∗ + λ̂ h

)
= min

λ>0
χ (y∗ + λh) , (2.75)

then

χ
(
y∗ + λ̂ h

)
< χ (y∗)

and cT
(
y∗ + λ̂ h

)
= 1. The next step is then performed with y∗+ λ̂ h instead

of y∗. A necessary and sufficient condition for λ̂ > 0 to satisfy (2.75) is

d
dλ

χ
(
y∗ + λ̂ h

)
= ∇χ

(
y∗ + λ̂ h

)T

h = 0

which is equivalent to

∑

k∈I(y∗+λ̂ h)

hT AN−kBBT
(
AN−k

)T
(
y∗ + λ̂ h

)
∥∥∥BT (AN−k)T

(
y∗ + λ̂ h

)∥∥∥
2

= 0

and in turn to the fixed point equation

λ̂ = ψ
(
λ̂
)

with

ψ(λ) =

∑
k∈I(y∗+λ h)

hT AN−kBBT (AN−k)T
y∗

‖BT (AN−k)T (y∗+λ h)‖2

∑
k∈I(y∗+λ h)

hT AN−kBBT (AN−k)T h

‖BT (AN−k)T (y∗+λ h)‖2

.

In order to solve this equation we apply the iteration procedure

λk+1 = ψ (λk) , k ∈ IN0

starting with λ0 = 0. Let us return to the problem of fixed point controllability
in Section 2.2.1 and let us assume that g : IRn × IRm → IRn is continuously
Fréchet differentiable.
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Then it follows that

GN (x0, u(0), . . . , u(N − 1))− x̂

= GN (x0, u(0), . . . , u(N − 1))−GN (x̂, Θm, . . . , Θm)

≈ Jx
GN (x̂, Θm, . . . , Θm) (x0 − x̂) +

N∑

k=1

J
u(k−1)

GN (x̂, Θm, . . . , Θm) u(k − 1)

= Jx
g (x̂, Θm)N (x0 − x̂) +

N∑

k=1

Jx
g (x̂, Θm)N−k

Ju
g (x̂, Θm) u(k − 1)

where
Jx

g (x̂, Θm) =
(
gixj (x̂, Θm)

)
i,j=1,...,n

and
Ju

g (x̂, Θm) = (giuk
(x̂, Θm)) i=1,...,n

k=1,...,m
.

Therefore we replace equation (2.58) by

N∑

k=1

Jx
g (x̂, Θm)N−k

Ju
g (x̂, Θm) u(k − 1) = −Jx

g (x̂, Θm)N (x0 − x̂) (2.76)

and solve the problem of finding u : {0, . . . , N −1} → IRm which solves (2.76)
and minimizes

ϕN (u) = max
k=1,...,N

||u(k − 1)||2.

Such a u : {0, . . . , N − 1} → IRm is then taken as an approximate solution of
(2.58).

The above problem has the form of Problem (P) at the beginning of this sec-
tion and can be solved by the method described above.

Finally we consider a special case in which the problem of fixed point control-
lability is reduced to a sequence of such problems which can be solved more
easily.

For this purpose we consider the system

x(t + 1) = g0(x(t)) +
m∑

j=1

gj(x(t))uj(t), t ∈ IN0, (2.77)

where gj : IRn → IRn, j = 1, . . . ,m, are continuous vector functions.

For every control function u : IN0 → IRm there is exactly one function x :
IN0 → IRm which satisfies (2.77) and the initial condition

x(0) = x0, x0 ∈ IRn given. (2.78)
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We denote it by x = x(u). We assume that the uncontrolled system

x(t + 1) = g0(x(t)), t ∈ IN,

has a fixed point x̂ ∈ IRn which then solves the system

x̂ = g0 (x̂) .

We again assume that the set U of admissible control functions is given by
(2.53) where Ω ⊆ IRm is a subset with Θm ∈ Ω.

Let us define
g̃0(x) = g0(x)− x, x ∈ IRn.

Then (2.77) can be rewritten in the form

x(t + 1) = x(t) + g̃0(x(t)) +
m∑

j=1

gj(x(t))uj(t), t ∈ IN0. (2.79)

In order to find some N ∈ IN0 and a control function u ∈ U with (2.55) such
that the solution x : IN0 → IRn of (2.77) satisfies the end condition (2.56) we
apply an iterative method: Starting with some N0 ∈ IN0 and some u0 ∈ U
(for instance u0(t) = Θm for all t ∈ IN0) we construct a sequence (Nk)k∈IN in
IN0 and a sequence

(
uk

)
k∈IN

in U as follows:

If Nk−1 ∈ IN0 and uk−1 ∈ U are determined, we calculate x
(
uk−1

)
: IN0 → IRn

as the solution of (2.78) and (2.79) for u = uk−1. Then we determine Nk ∈ IN0

and uk ∈ U such that

uk(t) = Θm for all t ≥ Nk (2.55)k

and the solution x
(
uk

)
: IN0 → IRn of (2.78) and

x
(
uk

)
(t + 1) = x

(
uk

)
(t) + g̃0

(
x

(
uk−1

)
(t)

)

+
m∑

j=1

gj

(
x

(
uk−1

)
(t)

)
uk+1

j (t), t ∈ IN0, (2.79)k

satisfies the end condition

x
(
uk

)
(Nk) = x̂. (2.56)k

If we put

xk = x0 +
Nk∑
t=1

g̃0

(
x

(
uk−1

)
(t− 1)

)

and

Bk(t− 1) =
(
g1

(
x

(
uk−1

)
(t− 1)

) | . . . | gm

(
x

(
uk−1

)
(t− 1)

))
,

then the end condition (2.56)k is equivalent to
N∑

t=1

Bk(t− 1)uk−1(t− 1) = x̂− xk.
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2.2.4 Stabilization of Controlled Systems

Let g : IRn × IRm → IRn be a continuous mapping and let H be a family
of continuous mappings h : IRn → IRm. If we define, for every h ∈ H, the
mapping fh : IRn → IRn by

fh(x) = g(x, h(x)), x ∈ IRn,

then fh is continuous and (IRn, fh) is a time-discrete autonomous dynamical
system. Let x̂ ∈ IRn be a fixed point of

f(x) = g (x,Θm) , x ∈ IRn.

Further we assume that

h (x̂) = Θm for all h ∈ H

which implies that x̂ is a fixed point of all fh, h ∈ H. After these preparations
we can formulate the

Problem of Stabilization

Find h ∈ H such that {x̂} is asymptotically stable with respect to fh.

We assume that g : IRn × IRm → IRn and every mapping h ∈ H are contin-
uously Fréchet differentiable. Then every mapping fh : IRn → IRn, h ∈ H,
is also continuously Fréchet differentiable and, for every x ∈ IRn, its Jacobi
matrix is given by

Jfh
(x) = Jx

g (x, h(x)) + Ju
g (x, h(x))Jx

h (x)

where
Jx

g (x, h(x)) =
(
gixj (x, h(x))

)
i=1,...,n
j=1,...,n

and

Ju
g (x, h(x)) = (giuk

(x, h(x))) i=1,...,n
k=1,...,m

, Jx
h (x) =

(
hixj

(x)
)
i=1,...,m
j=1,...,n

.

From the Corollary of Theorem 1.5 we then obtain the

Theorem 2.24.
(a) Let the spectral radius % (Jfh

(x̂)) < 1. Then x̂ is asymptotically stable with
respect to fh.

(b)Let (Jfh
(x̂)) be invertible and let all the eigenvalues of % (Jfh

(x̂)) be larger
than 1 in absolute value. Then x̂ is unstable with respect to fh.
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Special cases:

(a) Let
g(x, u) = Ax + B u, x ∈ IRn, u ∈ IRm,

where A is a real n× n−matrix and B a real n×m−matrix, respectively.
Further let H be the family of all linear mappings h : IRn → IRm which
are given by

h(x) = C x, x ∈ IRn,

where C is an arbitrary real m× n−matrix, respectively.

If we choose x̂ = Θn, then

f (Θn) = g (Θn, Θm) = Θn

and
h (Θn) = Θm for all h ∈ H.

Finally we have Jh(x) = C,

Jx
g (x, h(x)) = A and Ju

g (x, h(x)) = B

for all x ∈ IRn and h ∈ H which implies

Jfh
(x) = A + BC for all x ∈ IRn and h ∈ H.

Thus x̂ = Θn is asymptotically stable with respect to fh, if

%(A + BC) < 1,

and unstable with respect to fh, if all the eigenvalues of A+BC are larger
than one in absolute value.

(b) Let
g(x, u) = F (x) + B(x)u, x ∈ X, u ∈ IRm,

where F : X → X, X ⊆ IRn open, is continuously Fréchet differentiable
and B(x) = (b1(x), . . . , bm(x)) , x ∈ X, where bj : X → IRn, j = 1, . . . , n,
are also continuously Fréchet differentiable. Let again H be the family of
all linear mappings h : IRn → IRm which are given by

h(x) = C x, x ∈ IRn.

Finally, we assume that Θn ∈ X and F (Θn) = Θn.

If we choose x̂ = Θn, then

f (Θn) = g (Θn, Θm) = Θn

and
h (Θn) = Θm for all h ∈ H.
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Further we obtain

Jx
h (x) = C,

Jx
g (x, h(x)) = JF (x) +

m∑

j=1

Jbj (x)hj(x) and Ju
g (x, h(x)) = B(x)

for all x ∈ X and h ∈ H which implies

Jfh
(x) = JF (x) +

m∑

j=1

Jbj (x)hj(x) + B(x)C for x ∈ X, h ∈ H,

hence
Jfh

(Θn) = JF (Θn) + B (Θn) C for all h ∈ H.

Thus x̂ = Θn is asymptotically stable with respect to fh, if

% (JF (Θn) + B (Θn) C) < 1

and unstable with respect to fh, if all the eigenvalues of JF (Θn)+B (Θn) C
are larger than one in absolute value.

2.2.5 Applications

a) An Emission Reduction Model

We pick up the emission reduction model that was treated as uncontrolled
system in Section 1.3.6 and as controlled system in Section 2.2.1. Here we
concentrate on the controlled system which we linearize at a fixed point(
ÊT , ΘT

r

)T

, Ê ∈ IRr, of the uncontrolled system which leads to a linear
control system of the form

x(t + 1) = Ax(t) + B u(t), t ∈ IN0,

with

A =

(
Ir C

0r D

)
, B =

(
C

D

)
,

where Ir and 0r is the r × r−unit and zero-matrix, respectively, and

C =




em11 · · · em1r

...
. . .

...
emr1 · · · emrr


 , D =




1− λ1M
∗
1 Ê1 0

. . .
0 1− λrM

∗
r Êr


 .
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This implies

AkB =

(
C

(
Ir + D + . . . + Dk

)

Dk+1

)
for all k ∈ IN0.

We consider the problem of null-controllability as being discussed in Sec-
tion 2.2.2. Let us assume that C and D are non-singular. Then it follows that
the matrices A and (

C C (Ir + D)
D D2

)

are non-singular which implies that the Kalman condition (2.67) is satisfied for
N0 = 2. Let d1, . . . , dr be the diagonal elements of D. Thus the non-singularity
of D is equivalent to

di 6= 0 for all i = 1, . . . , r.

If all di 6= 1 for i = 1, . . . , r, then it follows (see Section 1.3.6) that the
eigenvectors corresponding to the eigenvalues

µi = 1 for i = 1, . . . , r and µi+r = di for i = 1, . . . , r

of A are linearly independent which also holds true for AT (which has the
same eigenvalues) (see Section 2.1.2).

If
|di| ≤ 1 for all i = 1, . . . , r

and
Ω = {u ∈ IRr | ||u|| ≤ γ}

for some γ > 0 where || · || is any norm in IRr, then by Theorem 2.19
the problem of null-controllability has a solution for every choice of x0 =(
x1

0
T , x2

0
T
)T ∈ IR2r. This problem can be solved with the aid of Problem (P)

in Section 2.2.3 which reads as follows in this case: For a given N ∈ IN find
u : {0, . . . , N − 1} → IRr such that

N∑

k=1

(
C

(
Ir + D + . . . + Dk

)

Dk+1

)
u(k − 1)

= −
(

Ir C
(
Ir + D + . . . + DN−1

)

0r DN

)(
x1

0

x2
0

)

and
ϕN (u) = max

k=1,...,N
||u(k − 1)||2

is minimized (where || · ||2 denotes the Euclidean norm in IRr).
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Finally we illustrate the method by two numerical examples.

Let m = 3. In both cases we choose

x1
0

T = x2
0

T = (1, 1, 1). (2.80)

At first we choose

C =




0.8 0.5 −0.5
0.2 0.2 0.3
0.4 0.3 0.2


 and D =




0.1 0 0
0 −0.2 0
0 0 0.1




and obtain Fig. 2.1:
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Fig. 2.1.
Ordinate, ϕN (uN ) = 1

χ(ŷN )

Abscissa, N

Next we choose

C =




0.8 0.5 0.5
0.2 0.2 0.3
0.4 0.1 0.2


 and D =




0.2 0 0
0 0.8 0
0 0 0.6




and get Fig. 2.2.

b) A Controlled Predator-Prey Model

We pick up the predator prey model that has been discussed in Section 1.3.7
a) whose controlled version we assume to be of the form

x1(t + 1) = x1(t) + ax1(t)− bx1(t)x2(t)− x1(t)u1(t),
x2(t + 1) = x2(t)− cx2(t) + dx1(t)x2(t)− x2(t)u2(t) t ∈ IN0,
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χ(ŷN )

Abscissa, N

where a > 0, 0 < c < 1, b > 0, d > 0, x1(t) and x2(t) denote the density of
the prey and predator population at time t, respectively, and u1, u2 : IN0 → IR
are control functions.

If we define

g̃0 (x1(t), x2(t)) =

(
ax1(t)− bx1(t)x2(t)
−cx1(t) + dx1(t)x2(t)

)

and

g1 (x1(t), x2(t)) =

(
−x1(t)

0

)
, g2 (x1(t), x2(t)) =

(
0

−x2(t)

)
,

then the system can be rewritten in the form

x(t + 1) = x(t) + g̃0(x(t)) +
2∑

j=1

gj(x(t))uj(t), t ∈ IN0, (2.81)

with x(t) = (x1(t), x2(t))
T . This is exactly the system (2.79) for m = 2.

In addition we assume an initial condition

x(0) =

(
x01

x02

)
= x0. (2.82)
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The uncontrolled system

x(t + 1) = x(t) + g̃0(x(t)), t ∈ IN0,

has x̂ =
( c

d
,
a

b

)T

as fixed point.

We assume the set U of admissible control functions to be given by

U =
{
u : IN0 → IR2 | ||u(t)||2 ≤ γ for all t ∈ IN0

}

where γ > 0 is a given constant and || · ||2 is the Euclidean norm. For every
u ∈ U we denote the unique solution x : IN0 → IR2 of (2.81) and (2.82) by
x(u). Our aim now consists of finding some N ∈ IN0 and a control function
u ∈ U with

u(t) = Θ2 for all t ≥ N (2.83)

such that the solution x : IN0 → IR2 of (2.81), (2.82) satisfies the end condition

x(N) = x̂. (2.84)

In order to find a solution of this problem we apply the iteration method
described in Section 2.2.3. In the k−th step of this procedure we have, for a
given uk−1 ∈ U , to find some Nk ∈ IN0 and a uk ∈ U with

uk(t) = Θ2 for t ≥ Nk

such that

Nk∑
t=1

(
x1

(
uk−1

)
(t− 1) 0

0 x2

(
uk−1

)
(t− 1)

)(
uk

1(t− 1)
uk

2(t− 1)

)
= xk − x̂,

where

xk = x0 +
Nk∑
t=1

g̃0

(
x

(
uk−1

)
(t− 1)

)
,

and
||uk(t− 1)||2 ≤ γ for t = 1, . . . , Nk.

For this we can apply the method developed in Section 2.2.3.

c) Control of a Planar Pendulum with Moving Suspension Point

We consider a non-linear planar pendulum of length l(> 0) whose movement
is controlled by moving its suspension point with acceleration u = u(t) along
a horizontal straight line.
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If we denote the deviation angle from the orthogonal position of the pendu-
lum by ϕ = ϕ(t), then the movement of the pendulum is governed by the
differential equation

ϕ̈(t) = −g

l
sin ϕ(t)− u(t)

l
cosϕ(t), t ∈ IR, (2.85)

where g denotes the gravity constant.

For t = 0 initial conditions are given by

ϕ(0) = ϕ0 and ϕ̇(0) = ϕ̇0.

Now we discretize the differential equation by introducing a time step length

h > 0 and replacing the second derivative ϕ̈(t) by
1
h

(ϕ(t+2h)−2ϕ(t+h)+ϕ(t))
thus obtaining the difference equation

ϕ(t + 2h) = 2ϕ(t + h)− ϕ(t)− gh2

l
sin ϕ(t)− u(t)h2

l
cos ϕ(t), t ∈ IR.

If we define
y1(t) = ϕ(t) and y2(t) = ϕ(t + h)

then we obtain

y1(t + h) = y2(t),

y2(t + h) = 2y2(t)− y1(t)− gh2

l
sin y1(t)− u(t)h2

l
cos y1(t), t ∈ IR.

Finally we define functions x1 : IN0 → IR and x2 : IN0 → IR by putting

x1(n) = y1(n · h) and x2(n) = y2(n · h), n ∈ IN0,

and obtain the system

x1(t + 1) = x2(t),

x2(t + 1) = 2x2(t)− x1(t)− gh2

l
sin x1(t)− u(t)h2

l
cos x1(t), (2.49’)

t ∈ IN0 which is of the form (2.79) for m = 1 with

g̃0 (x1(t), x2(t)) =




x2(t)− x1(t)

x2(t)− x1(t)− gh2

l
sin x1(t)


 ,

g1 (x1(t), x2(t)) =




0

−h2

l
cosx1(t)


 , t ∈ IN0.
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In addition we assume initial conditions

x1(0) = ϕ0 and x2(0) = ϕ̇0. (2.50’)

The uncontrolled system

x1(t + 1) = x2(t),

x2(t + 1) = 2x2(t)− x1(t)− gh2

l
sin x1(t)

has x̂ = (0, 0) as fixed point.

We assume the set U of admissible control functions to be given by

U = {u : IN0 → IR | |u(t)| ≤ γ for all t ∈ IN0}

where γ > 0 is a given constant.

For every u ∈ U we denote the unique solution x : IN0 → IR2 of (2.49’) and
(2.50’) by x(u).

Our aim consists of finding some N ∈ IN0 and a control function u ∈ U with

u(t) = 0 for all t ≥ N (2.55’)

such that the solution x : IN0 → IR2 of (2.49’), (2.50’) satisfies the end condi-
tion

x(N) = Θ2.

This condition is equivalent to

x2(N) = x2(N − 1) = 0.

The k−th step of the iteration method described in Section 2.2.3 for the
solution of this problem then reads as follows: Let uk−1 ∈ U be given. Then
we determine Nk ∈ IN0 and uk ∈ U such that

uk(t) = 0 for all t ≥ Nk

and the solution x
(
uk

)
: IN0 → IRn of (2.50’) and

x1

(
u1(t + 1)

)
= x1

(
uk

)
(t) + x2

(
uk−1

)
(t)− x1

(
uk−1

)
(t),

x2

(
u1(t + 1)

)
= x2

(
uk

)
(t) + x2

(
uk−1

)
(t)− x1

(
uk−1

)
(t)

−gh2

l
sinx1

(
uk−1

)
(t)− h2

l
cos x1

(
uk−1

)
(t)uk(t),

t ∈ IN0, satisfies the end conditions

x2

(
uk

)
(Nk) = x2

(
uk

)
(Nk − 1) = 0.
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These are equivalent to

−1
l

Nk−1∑
t=1

cos x1

(
uk−1

)
(t− 1)uk(t− 1)

= −ϕ̇0 − x2

(
uk−1

)
(Nk − 2) + ϕ0 − g

l

Nk−1∑
t=1

sin x1

(
uk−1

)
(t− 1)

−1
l

cos x1

(
uk−1

)
(Nk − 1) uk (Nk − 1)

= −x2

(
uk−1

)
(Nk − 1) + x2

(
uk−1

)
(Nk − 2)

−g

l
sin x1

(
uk−1

)
(Nk − 1) .

Let us consider the special case Nk = 2. Then it follows that

−1
l

cos ϕ0 uk(0) = ϕ0 − g

l
sin ϕ0,

−1
l

cos ϕ0 uk(1) = −ϕ̇0 + ϕ0 +
gh2

l
sin ϕ0 − g

l
sin ϕ̇0 − h2

l
cos ϕ̇0 uk−1(0).

Let us assume that

cosϕ0 6= 0 and cos ϕ̇0 6= 0.

Then it follows for all k ≥ 1 that

uk(0) = − lϕ0

cos ϕ0
+ g tanϕ0,

uk(1) =
l (ϕ0 − ϕ̇0)

cos ϕ̇0
− gh2 sin ϕ0

cos ϕ̇0
+ g tan ϕ̇0 + h2 uk−1(0).
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2.3 The Time-Discrete Non-Autonomous Case

2.3.1 The Problem of Fixed Point Controllability

We consider a system of difference equations of the form

x(t + 1) = gt(x(t), u(t)), t ∈ IN0, (2.86)

where (gt)t∈IN0
is a sequence of continuous vector functions gt : IRn × IRm →

IRn, u : IN0 → IRm is a given vector function which is called a control function.
The vector function x : IN0 → IRn which is called a state function is uniquely
defined by (2.86), if we require an initial condition

x(0) = x0 (2.87)

for some given vector x0 ∈ IRn.

If we fix the control function u : IN0 → IRm and define

ft(x) = gt(x, u(t)), x ∈ IRn, t ∈ IN0, (2.88)

then, for every t ∈ IN0, ft : IRn → IRn is a continuous mapping and(
IRn, (ft)t∈IN0

)
is a non-autonomous time-discrete dynamical system which

is controlled by the function u : IN0 → IRm. If

u(t) = Θm for all t ∈ IN0,

then the system (2.88) is called uncontrolled. Let us assume that the un-
controlled system (2.88) admits a fixed point x̂ ∈ IRn which then solves the
equations

x̂ = gt (x̂, Θm) , for all t ∈ IN. (2.89)

Now let Ω ⊆ IRm be a subset with Θm ∈ Ω. Then we define the set of
admissible control functions by

U = {u : IN0 → IRm | u(t) ∈ Ω for all t ∈ IN0} . (2.90)

After these preparations we can formulate the

Problem of Local Fixed Point Controllability

Given a fixed point x̂ ∈ IRn of the system

x(t + 1) = gt (x(t), Θm) , t ∈ IN0, (2.91)

i.e., a solution x̂ of the equations (2.89) and an initial state x0 ∈ IRn, find
some N ∈ IN0 and a control function u ∈ U with

u(t) = Θm, for all t ≥ N (2.92)



2.3 The Time-Discrete Non-Autonomous Case 135

such that the solution x : IN0 → IRn of (2.86), (2.87) satisfies the end condition

x(N) = x̂ (2.93)

(which implies x(t) = x̂ for all t ≥ N). Let us assume that, for every t ∈ IN0,
the Jacobi matrices

At =
∂gt

∂x
(x̂, Θm) and Bt =

∂gt

∂x
(x̂, Θm)

exist. Then it follows that, for every t ∈ IN0,

x(t + 1)− x̂ = gt(x(t), u(t))− gt (x̂, Θm)
≈ At (x(t)− x̂) + Bt u(t).

Therefore we replace the system (2.86) by

h(t + 1) = At h(t) + Bt u(t), t ∈ IN0, (2.94)

and the initial condition (2.87) by

h(0) = x0 − x̂. (2.95)

The end condition (2.93) is replaced by

h(N) = Θn = zero vector of IRn. (2.96)

Now we consider the

Problem of Local Controllability

Find N ∈ IN0 and u ∈ U with

u(t) = Θm for all t ≥ N

such that the corresponding solution h : IN0 → IRn of (2.94), (2.95) satisfies
the end condition (2.96) which implies

h(t) = Θn for all t ≥ N.

From (2.94) and (2.95) we conclude that, for every N ∈ IN,

h(N) = AN−1 · · ·A0 (x0 − x̂) +
N∑

k=1

AN−1 · · ·AkBk−1 u(k − 1),

if, for k = N , we put AN−1 · · ·Ak = I = n× n−unit matrix.
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Therefore the end condition (2.96) is equivalent to

N∑

k=1

AN−1AN−2 · · ·AkBk−1 u(k − 1) = −AN−1AN−2 · · ·A0 (x0 − x̂) . (2.97)

Let us assume that, for some N0 ∈ IN,

rank (BN0−1 | AN0−1BN0−2 | . . . | AN0−1 · · ·A1B0) = n. (2.98)

Then, for N = N0, the system (2.97) has a solution
(
u(0)T , u(1)T , . . . ,

u (N0 − 1)T
)T

∈ IRm·N0 where x0 ∈ IRN can be chosen arbitrarily. If we
define

u(t) = Θm for all t ≥ N0, (2.99)

then we obtain a control function u : IN0 → IRm such that the corresponding
solution h : IN0 → IRn of (2.94) and (2.95) satisfies the end condition (2.96)
for N = N0.

If Ak is non-singular for all k ∈ IN0, then the assumption (2.97) implies that
(2.98) holds true for all N ≥ N0 instead of N0.

For instance, if we replace N0 by N0 + 1, then

(BN0 | AN0BN0−1 | AN0AN0−1BN0−2 | . . . | AN0 · · ·A1B0)

=


BN0 | AN0︸︷︷︸

non-singular

(BN0−1 | AN0−1BN0−2 | . . . | AN0−1 · · ·A1B0)︸ ︷︷ ︸
rank = n




︸ ︷︷ ︸
=⇒ rank = n

.

So the system (2.97) has a solution
(
u(0)T , u(1)T , . . . , u (N0 − 1)T

)T

for all
N ≥ N0.

Next we assume that Ω ⊆ IRm is convex, has Θm as interior point and satisfies
u ∈ Ω ⇒ − u ∈ Ω. Let us define, for every N ∈ IN, the set

R(N) =

{
x =

N∑

k=1

AN−1AN−2 · · ·AkBk−1 u(k − 1)

∣∣∣∣∣ u ∈ U

}
.

Then we can prove (see Theorem 2.18)

Theorem 2.25. If, for some N0 ∈ IN, condition (2.98) is satisfied and if Ak

is non-singular for all k ∈ IN0, then Θn is an interior point of R(N) for all
N ≥ N0.
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Proof. Let us assume that Θn(∈ R(N)) is not an interior point of R(N) for
some N ≥ N0. Thus R(N) must be contained in a hyperplane through Θn,
i.e., there must exist some y ∈ IRn, y 6= Θn, with

yT x = 0 for all x ∈ R(N).

This implies

N∑

k=1

yT AN−1AN−2 · · ·AkBk−1 uk = 0 for all
(
u1T , . . . , uN T

)T ∈ (IRm)N
,

hence

yT AN−1AN−2 · · ·AkBk−1 = ΘT
m for all k = 1, . . . , N.

Since (2.98) also holds true for all N ≥ N0 instead of N0, it follows that
y = Θn which contradicts y 6= Θn. Hence the assumption is false and the
proof is complete. ut
As a consequence of Theorem 2.25 we obtain

Theorem 2.26. In addition to the assumption of Theorem 2.25 let

sup
k∈IN0

||Ak|| < 1 where || · || denotes the spectral norm. (2.100)

Then there is some N ∈ IN and some u ∈ U such that (2.98) holds true.

Proof. Assumption (2.100) implies

lim
N→∞

AN−1AN−2 · · ·A0 (x0 − x̂) = Θn.

Hence Theorem 2.25 implies that there is some N ∈ IN with N ≥ N0 such
that

−AN−1AN−2 · · ·A0 (x0 − x̂) ∈ R(N)

which completes the proof. ut
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2.3.2 The General Problem of Controllability

We consider the same situation as at the beginning of Section 2.3.1. However,
we do not assume the existence of a fixed point x̂ ∈ IRn of the uncontrolled
system (2.91), i.e., a solution of (2.89). Instead we assume a vector x1 ∈ IRn

to be given and consider the general

Problem of Controllability

Find some N ∈ IN0 and a control function u ∈ U (2.90) such that the solution
x : IN0 → IRn of (2.86), (2.87) satisfies the end condition

x(N) = x1. (2.101)

From (2.86) and (2.87) we infer

x(N) = gN−1 (gN−2 (· · · (g0 (x0, u(0)) , u(1)) , . . .) , u(N − 1))
= GN (x0, u(0), . . . , u(N − 1)) . (2.102)

Hence the end condition (2.101) is equivalent to

GN (x0, u(0), . . . , u(N − 1)) = x1. (2.103)

So we have to find vectors u(0), . . . , u(N−1) ∈ Ω such that (2.103) is satisfied.

For every N ∈ IN we define the controllable set

SN (x1) = {x ∈ IRn| there exists some u ∈ U

such that GN (x, u(0), . . . , u(N − 1)) = x1

}

and put
S (x1) =

⋃

IN∈IN

SN (x1) .

Now let x0 ∈ S (x1). Then we ask the question under which conditions is x0

an interior point of S (x1)?

In order to find an answer to this question we assume that

Ω is open and gN ∈ C1 (IRn × IRm) for all N ∈ IN0.

Then it follows that GN ∈ C1
(
IRn × IRm·N)

for every N ∈ IN and

GN
x (x, u(0), . . . , u(N − 1))
= (gN−1)x

(
GN−1 (x, u(0), . . . , u(N − 2)) , u(N − 1)

)

× (gN−2)x

(
GN−2 (x, u(0), . . . , u(N − 3)) , u(N − 2)

)

× ...
× (g0)x (x, u(0)),
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and

GN
u(k) (x, u(0), . . . , u(N − 1))

= (gN−1)x

(
GN−1 (x, u(0), . . . , u(N − 2)) , u(N − 1)

)

× (gN−2)x

(
GN−2 (x, u(0), . . . , u(N − 3)) , u(N − 2)

)

× ...
× (gk+1)x

(
Gk+1 (x, u(0), . . . , u(k)) , u(k + 1)

)

× (gk)u(k)

(
Gk (x, u(0), . . . , u(k − 1)) , u(k)

)

for k = 0, . . . , N − 1, x ∈ IRn and u ∈ U .

Let us assume that x0 ∈ SN0 (x1) for some N0 ∈ IN, i.e.,

GN0 (x0, u0(0), . . . , u0 (N0 − 1)) = x1

for some u0 ∈ U . Further let (gN )x (x, u0) be non-singular for all N ∈ IN0, for
all x ∈ IRn and all u ∈ Ω.

Then GN0
x (x0, u0(0), . . . , u0 (N0 − 1)) is also non-singular and, by the im-

plicit function theorem, there exists an open set V ⊆ ΩN0 with (u0(0), . . . ,
u0 (N0 − 1)) ∈ V and a function h : V → IRn with h ∈ C1(V ) such that

h (u0(0), . . . , u0 (N0 − 1)) = x0

and

GN0 (h (u0(0), . . . , u0 (N0 − 1)) , u(0), . . . , u (N0 − 1)) = x1

for all (u(0), . . . , u (N0 − 1)) ∈ V

which means

h (u(0), . . . , u (N0 − 1)) ∈ SN0 (x1) for all (u(0), . . . , u (N0 − 1)) ∈ V.

Moreover,

hu(k) (u0(0), . . . , u0 (N0 − 1)) = −GN0
x (x0, u0(0), . . . , u0 (N0 − 1))−1

×GN0
u(k) (x0, u0(0), . . . , u0 (N0 − 1)) .

Next we assume that

rank
(
hu(0) (u0(0), . . . , u0 (N0 − 1)) | . . .
| hu(N0−1) (u0(0), . . . , u0 (N0 − 1))

)
= n.
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Then it follows with the aid of the inverse function theorem that there exists an
n−dimensional relatively open set Ṽ ⊆ V with (u0(0), . . . , u0 (N0 − 1)) ∈ Ṽ

such that the restriction of h to Ṽ is a homeomorphism which implies that
h

(
Ṽ

)
⊆ SN0 (x1) is open.

Therefore x0 ∈ h
(
Ṽ

)
is an interior point of S (x1).

Now we consider the special case where there exists some x̂ ∈ IRn with

gN (x̂, Θm) = x̂ for all N ∈ IN

which implies
GN

(
x̂, ΘN

m

)
= x̂ for all N ∈ IN.

Then, for every N ∈ IN, it follows that x̂ ∈ SN (x̂), hence x̂ ∈ S (x̂).

Let us assume that

(gN )x (x̂, Θm) is non-singular for all N ∈ IN0.

Then

GN
x

(
x̂, ΘN

m

)
= (gN−1)x (x̂, Θm) · (gN−2)x (x̂, Θm) · · · (g0)x (x̂, Θm)

is also non-singular for all N ∈ IN.

By the implicit function theorem we therefore conclude, for every N ∈ IN,
that there exists an open set VN ⊆ ΩN with ΘN

m ∈ VN and a function hN :
VN → IRn with hN ∈ C1 (VN ) such that

hN

(
ΘN

m

)
= x̂ and GN (hN (u(0), . . . , u (N − 1)) , u(0), . . . , u(N − 1)) = x̂

for all (u(0), . . . , u(N − 1)) ∈ VN

which means

hN (u(0), . . . , u(N − 1)) ∈ SN (x̂) for all (u(0), . . . , u(N − 1)) ∈ VN .

Moreover,

(hN )u(k)

(
ΘN

m

)
= −GN

x

(
x̂, ΘN

m

)−1 ·GN
u(k)

(
x̂, ΘN

m

)
.

Next we assume that, for some N0 ∈ IN,

rank
(
(hN0)u(0)

(
ΘN0

m

) | . . . | (hN0)u(N0−1)

(
ΘN0

m

))
= n.

Then it follows with the aid of the inverse function theorem that there exists an
n−dimensional relatively open set ṼN0 ⊆ VN0 with ΘN0

m ∈ ṼN0 such that the
restriction of hN0 to ṼN0 is a homeomorphism which implies that hN0

(
ṼN0

)
⊆

SN0 (x̂) is open. Therefore x̂ ∈ hN0

(
ṼN0

)
is an interior point of S (x̂). This

result is a generalization of Theorem 2.25, if Ω in addition is open.
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2.3.3 Stabilization of Controlled Systems

Let (gt)t∈IN be a sequence of continuous mappings gt : IRn × IRm → IRn and
let H be a family of continuous mappings h : IRn → IRm. If we define, for
every h ∈ H and t ∈ IN, the mapping fh

t : IRn → IRn by

fh
t (x) = gt(x, h(x)), x ∈ IR,

then we obtain a non-autonomous time-discrete dynamical system
(
IRn,

(
fh

t

)
t∈IN

)
. The dynamics in this system is defined by the sequence Fh =(

Fh
t

)
t∈IN

of mappings Fh
t : IRn → IRn given by

Fh
t (x) = fh

t ◦ fh
t−1 ◦ . . . ◦ fh

1 (x) for all x ∈ IRn and t ∈ IN

and
Fh

0 (x) = x for all x ∈ IRn.

We also obtain the dynamical system
(
IRn,

(
fh

t

)
t∈IN

)
, if we replace the con-

trol function u : IN0 → IRm in the system (2.86) by the feedback controls
h(x) : IN0 → IRm, x ∈ IRn.

The problem of stabilization of the controlled system (2.86) by the feedback
controls h(x), x ∈ IRn, then reads as follows: Given x0 ∈ IRn such that the
limit set LF h (x0) defined by (1.70) (see Section 1.3.8) is non-empty and com-
pact for all h ∈ H.

Find a mapping h ∈ H such that LF h (x0) is stable, an attractor or asymp-
totically stable with respect to

(
fh

t

)
t∈IN

.

Let us consider the special case

gt(x, u) = At(x)x + Bt(x)u for x ∈ IRn, u ∈ IRm, (2.104)

where (At(x))t∈IN and (Bt(x))t∈IN is a sequence of real, continuous n × n−
and n×m−matrix functions on IRn, respectively.

Let H be the family of all linear mappings h : IRn → IRm (which are auto-
matically continuous). Every h ∈ H is then representable in the form

h(x) = Ch x, x ∈ IRn,

where Ch is a real m × n−matrix. For every t ∈ IN and h ∈ H we therefore
obtain

fh
t (x) =

(
At(x) + Bt(x)Ch

)
x, x ∈ IRn. (2.105)

Let us put

Dh
t (x) = At(x) + Bt(x)Ch for all x ∈ IRn.
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If we choose x0 ∈ Θn = zero vector of IRn, then we conclude

Fh
t (x0) = x0 for all t ∈ IN0, h ∈ H,

and therefore LF h (x0) = {x0}.
The problem of stabilization of the controlled system (2.86) with gt, t ∈ IN,
given by (2.104) in this situation consists of finding an m×n−matrix Ch such
that {x0 = Θn} is stable, an attractor or asymptotically stable with respect
to

(
fh

t

)
t∈IN

with fh
t given by (2.105).

Now let us assume that

||Dh
t (x)|| ≤ 1 for all x ∈ IRn and t ∈ IN (2.106)

where || · || denotes the spectral norm.

Let U ⊆ IRn be a relatively compact open set with x0 = Θn ∈ U . Then there
is some r > 0 such that

BU = {x ∈ IRn | ||x||2 < r} ⊆ U.

Hence BU is open, x0 ∈ BU , and assumption (2.106) implies

fh
t (BU ) ⊆ BU for all t ∈ IN.

If we define
V (x) = ||x||22 = xT x for x ∈ IRn,

then

V (x) ≥ 0 for all x ∈ IRn and (V (x) = 0 ⇔ x = x0 = Θn)

and

V
(
fh

t (x)
)− V (x) = xT Dh

t (x)T Dh
t (x)x− xT x

= ||Dh
t (x)x||22 − ||x||22 ≤

(||Dh
t (x)x|| − 1

) ||x||22 ≤ 0

for all x ∈ IRn and t ∈ IN.

This shows that V is a Lyapunov function with respect to
(
fh

t

)
t∈IN

on G = IRn

which is positive definite with respect to {x0 = Θn}. By Theorem 1.9 we
therefore conclude that {x0 = Θn} is stable with respect to

(
fh

t

)
t∈IN

with fh
t

given by (2.105).

Next we assume that

sup
t∈IN

||Dh
t (x)|| < 1 for all x ∈ IRn. (2.107)
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Then it follows from

V
(
Fh

t (x)
)

= xT Dh
1 (x)T · · ·Dh

t

(
Fh

t−1(x)
)T

Dh
t

(
Fh

t−1(x)
) · · ·Dh

1 (x)x

= ||Dh
t

(
Fh

t−1(x)
) · · ·Dh

1 (x)x||22
≤ ||Dh

t

(
Fh

t−1(x)
)

x||2 · · · ||Dh
1 (x)x||2 ||x||2

for all x ∈ IRn and t ∈ IN that

lim
t→∞

V
(
Fh

t (x)
)

= 0 for all x ∈ IRn.

This implies

lim
t→∞

Fh
t (x) = Θn for all x ∈ IRn

and shows that {x0 = Θn} is an attractor with respect to
(
fh

t

)
t∈IN

with fh
t

given by (2.105).

Result. Under the assumption (2.107) the set {x0 = Θn} is asymptotically
stable with respect to

(
fh

t

)
t∈IN

with fh
t given by (2.105).

2.3.4 The Problem of Reachability

We again consider the situation at the beginning of Section 2.3.1 without
necessarily assuming the existence of a fixed point x̂ ∈ IRn of the uncontrolled
system (2.91). Let Ω ⊆ IRm be a non-empty subset. For a given x0 ∈ IRn we
then define the set of states that are reachable from x0 in N ∈ IN steps by

RN (x0) =
{

x = GN (x0, u(0), . . . , u(N − 1))
∣∣∣ u(k) ∈ Ω, k = 0, . . . , N − 1

}
(2.108)

where the map GN : IRm·N → IRn is defined by (2.102).

Further we define the set of states reachable from x0 in a suitable number of
steps by

R (x0) =
⋃

N∈IN

RN (x0) . (2.109)

The question we are interested in now is: Under which conditions does R (x0)
have a non-empty interior?

A simple answer to this question gives
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Theorem 2.27. Let Ω be open. If there is some N ∈ IN and there exist
u(0), . . . , u(N − 1) ∈ Ω such that

rank
(
GN

u(0) (x0, u(0), . . . , u(N − 1)) | . . .

| GN
u(N−1) (x0, u(0), . . . , u(N − 1))

)
= n, (2.110)

then RN (x0) has a non-empty interior and therefore also R (x0).

Proof. Condition (2.110) implies that the n×N ·m−matrix
(
GN

u(0) (x0, u(0), . . . , u(N − 1)) | . . . | GN
u(N−1) (x0, u(0), . . . , u(N − 1))

)

has n linearly independent column vectors. Let E be the n−dimensional sub-
set of ΩN consisting of all vectors whose components which do not corre-
spond to these linearly independent column vectors are equal to the ones of(
u(0)T , . . . , u(N − 1)T

)T . If we restrict the mapping GN to E, then the Ja-
cobi matrix of this restriction consists of these linearly independent column
vectors and is therefore non-singular.

By the inverse function theorem therefore there exists an open set (with re-
spect to E) U ⊆ ΩN with

(
u(0)T , . . . , u(N − 1)T

)T ∈ U which is mapped
homeomorphically by GN on an open set V ⊆ RN (x0) with GN (x0, u(0), . . . ,
u(N − 1)) ∈ V . This completes the proof. ut
Next we consider the linear case where

gt(x, u) = At x + Bt u, x ∈ IRn, u ∈ IRm,

with n× n−matrices At and Bt, respectively, for every t ∈ IN0.

Then, for every N ∈ IN and every x0 ∈ IRn, we obtain

GN (x0, u(0), . . . , u(N − 1)) = AN−1 · · ·A0 x0

+
N∑

k=1

AN−1 · · ·AkBk−1 u(k − 1)

where for k = N we put AN−1 · · ·Ak = I = n × n−unit matrix. Further we
have, for every N ∈ IN and every x0 ∈ IRn,

RN (x0) =
{

x = AN−1 · · ·A0 x0 +
N∑

k=1

AN−1 · · ·AkBk−1 u(k − 1)

∣∣∣∣ u(k) ∈ Ω, k = 0, . . . , N − 1
}

.
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Because of

GN
u(k−1) (x0, u(0), . . . , u(N − 1)) = AN−1 · · ·AkBk−1 for k = 1, . . . , N

it follows that the condition (2.110) for N = N0 coincides with the condition
(2.98).

If this is satisfied, then by Theorem 2.27 the set R (x0) (2.109) of states
reachable from x0 has a non-empty interior, if Ω is open.

If Ω = IRm, it follows in addition that R (x0) = IRn for all x0 ∈ IRn.

Proof. Let x, x0 ∈ IRn be given arbitrarily. Then condition (2.98) implies the
existence of u(k) ∈ IRm for k = 0, . . . , N0 − 1 such that

x−AN0−1 · · ·A0 x0 =
N0∑

k=1

AN0−1 · · ·AkBk−1 u(k − 1)

holds true which shows that x ∈ RN0 (x0) ⊆ R (x0). ut

For every k = 1, . . . , N let us define an n×m−matrix Ck by

Ck = AN−1 · · ·AkBk−1 for k = 1, . . . , N − 1

and

CN = BN−1.

The condition (2.98) implies the existence of n column vectors




ckl
1jkl

...
ckl
njkl


 for l = 1, . . . , n which are linearly independent.

Let us define the n× n−matrix C and a vector u ∈ IRn by

C =




ck1
1jk1

· · · ckn
1jkn

...
ck1
njk1

· · · ckn
njkn


 and u =




ujkl
(k1 − 1)
...

ujkn (kn − 1)


 , respectively,

and put

uj(k − 1) = 0 for k 6= kl, j 6= jkl
, l = 1, . . . , n.
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Then we obtain

GN (x0, u(0), . . . , u(N − 1)) = AN−1 · · ·A0 x0 + C u

which implies

u = C−1
(

GN (x0, u(0), . . . , u(N − 1))︸ ︷︷ ︸
= x

−AN−1 · · ·A0 x0

)
.

Now let

E =
{

u = (u(0), . . . , u(N − 1)) ∈ IRm·N
∣∣∣ uj(k − 1) = 0 for k 6= kl and j 6= jkl

, l = 1, . . . , n
}

.

Then GN (x0, ·) is a linear isomorphism from E on IRn.

Therefore
GN (x0, u) = x for some u ∈ E

implies

u = GN (x0, ·)−1 (x),

GN (x0, u) = AN−1 · · ·A0 x0 + C ·GN (x0, ·)−1 (x).

If all Ak, k ∈ IN0 are invertible it follows that

x0 = A−1
0 ·A−1

N−1 x−A−1
0 ·A−1

N−1C ·GN (x0, ·)−1 (x).

In the nonlinear case we have the following situation:
If the condition (2.110) is satisfied, there exists an n−dimensional subset
E of ΩN and a set U ⊆ E which is open with respect to E and contains(
u(0)T , . . . , u(N − 1)T

)T and which is mapped homeomorphically on an open
V ⊆ RN (x0) by the restriction of GN (x0, ·) to E. If

x = GN (x0, u(0), . . . , u(N − 1)) ,

then (
u(0)T , . . . , u(N − 1)T

)T
= GN (x0, ·)−1 (x).

If in addition GN
x (x0, u(0), . . . , u(N − 1)) is non-singular, then by the im-

plicit function theorem there exists an open set W ⊆ ΩN which contains(
u(0)T , . . . , u(N − 1)T

)T and a function h : W → IRn with h ∈ C1(W ) such
that

h(u(0), . . . , u(N − 1)) = x0

and
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GN (h (ũ(0), . . . , ũ(N − 1)) , ũ(0), . . . , ũ(N − 1)) = x

for all
(
ũ(0)T , . . . , ũ(N − 1)T

)T ∈ W.

This implies
x0 = h

(
GN (x0, ·)−1 (x)

)
.

Since

hu(k) (u(0), . . . , u(N − 1)) = −Gx (x0, u(0), . . . , u(N − 1))−1

×GN0
u(k) (x0, u(0), . . . , u(N − 1))

for k = 0, . . . , N − 1,

it follows from (2.110) that

rank
(
hu(0) (u(0), . . . , u(N − 1)) | . . . | hu(N−1) (u(0), . . . , u(N − 1))

)
= n

which implies that h maps U ∩ W homeomorphically onto an open set
Ṽ ⊆ RN (x0) which contains x. Therefore h ◦GN (x0, ·)−1 maps V ∩ Ṽ home-

omorphically on an open set ˜̃
V which contains x0 and is contained in

SN (x) = {x̃ ∈ IRn | there exists some ũ ∈ U (2.53)
with GN (x̃, ũ(0), . . . , ũ(N − 1)) = x

}
.

Finally let us assume (as in Theorem 2.27) that Ω is open and (for given
x0 ∈ IRn) there exists some N ∈ IN such that the condition (2.110) is satisfied
for all

(
u(0)T , . . . , u(N − 1)T

)T ∈ ΩN . Then it follows from the proof of
Theorem 2.27 that every x ∈ RN (x0) is an interior point of RN (x0), i.e.,
RN (x0) is open.

This implies in the linear case with Ω being an open subset of IRm that
RN (x0) is open for every x0 ∈ IRn, if the condition (2.98) is satisfied.
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