
Chapter 2
Coexistence of Cluster States
and Mean-Field-Type States

Hisashi Horiuchi

2.1 Introduction

The saturation property of binding energy and density of the nucleus means that
nucleons are easy to assemble and disassemble. If we regard nuclear clustering as
being the physics of dynamical assembling and disassembling of nucleons,
clustering is a basic nuclear dynamics and appears abundantly in many problems
of nuclear structure and reactions [1, 2]. We can say that the formation of clusters
is a fundamental aspect of nuclear many body dynamics together with the for-
mation of mean field.

The omnipresence of cluster dynamics in nuclei has long been reported in
various phenomena as has been discussed in many conferences and many review
papers [3–8]. One of the most impressive manifestations of the omnipresence of
clustering has recently been obtained through the studies of neutron-rich unstable
nuclei. We now know that neutron-rich nuclei present us with novel types of
cluster structure which are composed of clusters and many valence neutrons.
Participation of excess neutrons as basic constituents of cluster structure gives rise
to quite different features from the cluster structure in stable nuclei.

The coexistence of two structures, the cluster structure and the mean-field-type
structure, which are very different to each other, is a unique feature of nuclear
system. The coexistence implies that the nuclear many-body physics contains the
physics of the structure change between two very distinct structures. We need to
clarify what is the relation between two different structures and how one type of
structure changes into the other type of structure.
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The purpose of this lecture is to discuss two fundamental problems of nuclear
cluster physics: (1) how are the coexistence features of cluster states and
mean-field-type states in nuclei?, (2) how does nuclear structure change from
shell-model-like ground state to cluster states? Our discussion in this lecture is,
however, restricted only to stable nuclei. Namely, we do not discuss the
dynamics due to the excess neutrons in this lecture.

In this lecture I first review some of the present understandings of the first
problem, which is the main purpose of this lecture. This review is made in two
parts. In the first part I discuss the relation of cluster structure and deformed mean-
field-type structure in p-shell and light sd-shell nuclei. In the second part I discuss
the coexistence of cluster structure and superdeformation in sd-shell and light
pf-shell nuclei. Specifically, in the first part I discuss the coexistence features of
mean-field-type structure and typical cluster structures in 8Be, 12C, 16O, and 20Ne.
In the second part, I discuss the coexistence features in 44Ti and 32S. The inves-
tigation in 32S suggests strong interrelation of 16O + 16O molecular states and
superdeformed states. For the discussions of 20Ne, 44Ti and 32S systems, I utilize
the results of the detailed studies with antisymmetrized molecular dynamics
(AMD).

I then discuss the second problem, the mechanism of the structure-change
between cluster structure and mean-field-type structure. The discussion is made on
the basis of the studies of the above two subjects about the coexistence features.
I argue that the structure change and the resulting coexistence come from the dual
nature of nuclear wave functions which have both characters of cluster wave
function and mean-field-type wave function. This argument is shown to be sup-
ported by the analyses of the electric monopole (E0) transitions between cluster
states and the ground state which are reported recently in the cases of 16O and 12C.

2.2 AMD Theory

Since in this lecture we often use the results of AMD calculations, we give here a
brief explanation of the AMD model.

2.2.1 AMD Wave Function

The basic building block of the AMD wave function is a Slater determinant

Uint ¼
1
ffiffiffiffiffi

A!
p det u1;u2; � � �;uAf g; ð2:1Þ

uiðrÞ ¼ /iðrÞvini; /iðrÞ / exp �
X

r¼x;y;z

mr rr � Zirð Þ2
( )

; ð2:2Þ
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vi ¼ aiv" þ biv#; jaij2 þ jbij2 ¼ 1; ni ¼ proton or neutron: ð2:3Þ

The parameter {Zir} is a complex vector whose real part Re(Zir) gives the spatial
position of the Gaussian wave packet /i(r) while imaginary part Im(Zir)gives the
momentum of the packet. The imaginary part of Zir is important to take into account
of the effect of the two-nucleon spin-orbit interaction. The size parameter mr can take
different values for different spatial directions r = x, y, z but takes common value
for all the nucleons usually. The Slater determinant Uint remains unchanged for any
linear transformation of single nucleon wave functions, fu1;u2; � � � ;uAg !
fu01;u02; � � � ;u0Ag with u0i ¼

PA
j¼1 Tijuj; namely UintðfuigÞ ¼ detfTgUintðfu0igÞ.

Therefore, for example, we can replace u1 and u2 by ðu1 þ u2Þ and ðu1 � u2Þ by
keeping Uint unchanged. If two wave packets u1 and u2 are located at almost the
same spatial positions ReðZ1rÞ � ReðZ2rÞ with zero momenta Im(Z1r) =

Im(Z2r) = 0, ðu1 þ u2Þ and ðu1 � u2Þ are almost equal to the 0s and 0p wave
functions, respectively, around the spatial position ReðZ1rÞ � ReðZ2rÞ. From this
argument, we know that the AMD Slater determinant can be almost equal to various
kinds of shell model wave functions.

The wave function Uint is always projected to a good-parity wave function U�;

U� ¼ ð1� PÞUint: ð2:4Þ

The parameters of U�; mr; Zir; ai; and bi, are determined by energy variation under
the constraint of the given value of the quadrupole deformation parameter b0, and
such wave function U� is denoted as U�ðb0Þ. From U�ðb0Þ, we project out good-
spin wave functions which are denoted as UJ�

MK ;

UJ�
MKðb0Þ ¼ PJ

MKU�ðb0Þ

¼
Z

2p

0

da
Z

p

0

db sin b
Z

2p

0

dcðDJ
MKða; b; cÞÞ

�

� expð�iaJzÞ expð�ibJyÞ expð�icJzÞU�ðb0Þ;

ð2:5Þ

where DJ
MKða; b; cÞ is Wigner’s D function given as

DJ
MKða; b; cÞ ¼ hJMj expð�iaJzÞ expð�ibJyÞ expð�icJzÞjJKi: ð2:6Þ

The AMD wave function UJ�
n is obtained by superposing UJ�

MKðb0Þ with various
values of b0,

UJ�
n ¼ cnU

J�
MKðb0Þ þ c0nU

J�
MKðb

0
0Þ þ � � � : ð2:7Þ

The superposition coefficients, cn; c0n; and so on, are determined by energy
variation.
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2.2.2 Hartree–Fock-Type Orbits

From the intrinsic wave function of AMD Uint; we can extract the single nucleon
orbits of Hartree–Fock type by which we can study mean-field character of the
AMD wave function [9, 10]. First we orthonormalize the single nucleon wave
packets ui;

ûa ¼
1
ffiffiffiffiffi

la
p

X

A

j¼1

djauj;
X

A

j¼1

huijujidja ¼ ladia: ð2:8Þ

Next we construct the Hartree–Fock single nucleon Hamiltonian h by this ort-
honormalized basis, which takes the following form when the inter-nucleon
interaction consists of only two-body force v̂

hab ¼ hûa ĵtjûbi þ
X

c

hûaûcjv̂jûbûc � ûcûbi: ð2:9Þ

The single nucleon orbit wp and its single nucleon energy ep of Hartree–Fock type
are obtained by diagonalizing hab as

wp ¼
X

a

gapûa;
X

b

habgbp ¼ epgap: ð2:10Þ

Since the Hartree–Fock type orbits fw1;w2; � � � ;wAg are obtained by linear
transformation of fu1;u2; � � � ;uAg; we have

1
ffiffiffiffiffi

A!
p det w1;w2; � � � ;wAf g / 1

ffiffiffiffiffi

A!
p det u1;u2; � � � ;uAf g ¼ Uint: ð2:11Þ

2.3 Coexistence of Cluster Structure and Deformed
Mean-Field-Type Structure in p-Shell
and Light sd-Shell Nuclei

Coexistence features of cluster states and mean-field-type states have been studied
in many nuclei. In this lecture I review representative examples of such studies in
two parts. In this section I discuss the first part which is for the relation of cluster
structure and deformed mean-field-type structure in p-shell and light sd-shell
nuclei specifically in 8Be, 12C, 16O, and 20Ne. In the next section I will discuss the
second part which is for the coexistence of cluster structure and superdeformation
in sd-shell and light pf-shell nuclei, specifically in 44Ti and 32S. In the cases of
discussions of 20Ne, 44Ti, and 32S, I utilize the results of the detailed AMD cal-
culations of the coexistence features.
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2.3.1 8Be Case

2.3.1.1 Brink Wave Function and its Telation to Shell-Model Wave Function

The a + a structure of 8Be has long been investigated by many authors as the most
fundamental two-cluster structure. The intrinsic wave function of the Brimk model
[11] for 8Be with a + a structure is given as

WðdÞ ¼ n0ðdÞA w a1;
d

2
ez

� �

w a2;�
d

2
ez

� �� �

¼ n0ðdÞ
ffiffiffiffiffiffiffiffi

4!4!
p det g r1 �

d

2
ez; m

� �

v"np � � � � � g r4 �
d

2
ez; m

� �

v#nn

�

�g r5 þ
d

2
ez; m

� �

v"np � � � � � g r8 þ
d

2
ez; m

� �

v#nn

�

;

ð2:12Þ

wðak; aÞ ¼
1
ffiffiffiffi

4!
p det g r � a; mð Þð Þ4

n o

r ¼ rk0þ1� rk0þ4ð Þ

¼ 1
ffiffiffiffi

4!
p det gðrk0þ1 � a; mÞv"np � � � � � g rk0þ4 � a; mð Þv#nn

� �

;

k0 ¼ 4ðk � 1Þf g

ð2:13Þ

gðr; cÞ ¼ 2c
p

� �3=4

expð�cr2Þ; ð2:14Þ

where A is the antisymmetrizing operator of nucleons belonging to different a

clusters, n0(d) is the normalization constant and ez is a unit vector along the
z-direction. n0(d) is calculated by the relation

1 ¼ hWðdÞjWðdÞi

¼ n0ðdÞ
ffiffiffiffiffiffiffiffi

4!4!
p
� �2

8! 1� hgðr � d

2
ez; mÞjgðr þ

d

2
ez; mÞi2

� �4

;
ð2:15Þ

which gives us

n0ðdÞ ¼
ffiffiffiffiffiffiffiffi

4!4!

8!

r

1
m2d4 þ Oðd6Þ : ð2:16Þ

In the limit of zero inter-a distance d;WðdÞ becomes equivalent to the intrinsic
wave function of the SU(3) shell model with (k, l) = (4, 0);

lim
d!0

WðdÞ ¼ 1
ffiffiffiffi

8!
p detfð0; 0; 0Þ4ð0; 0; 1Þ4g; ð2:17Þ
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where (nx, ny, nz) stands for the single particle wave function of the harmonic
oscillator model

ðnx; ny; nzÞ ¼ unx
ðx; mÞuny

ðy; mÞunz
ðz; mÞ; ð2:18Þ

unðx; mÞ ¼ one dimensinal harmonic oscillator function with

n quanta and size parameter m ¼ mx=2�h:
ð2:19Þ

The relation of Eq. (2.17) can be proved by using the expansion of g(r + (d/2)ez, m)
around g(r - (d/2)ez, m). We introduce the notation (nx, ny, nz)0 and (nx, ny, nz)00 to
express the Cartesian harmonic oscillator function (nx, ny, nz) around the spatial
position (d/2)ez and - (d/2)ez, respectively. Then we have g(r + (d/2)ez, m) =

(0, 0, 0)00 and g(r - (d/2)ez, m) = (0, 0, 0)0. We can easily prove the relation

ð0; 0; 0Þ00 ¼ exp �1
2
md2

� �

ð0; 0; 0Þ0 �
ffiffiffi

m
p

dð0; 0; 1Þ0 þ Oðd2Þ
� �

; ð2:20Þ

where O(d2) expresses the terms of d2 and higher order terms of d than d2. The
insertion of this relation together with Eq. (2.16) into WðdÞ gives us the proof of
Eq. (2.17).

2.3.1.2 Bayman–Bohr Theorem

A useful way to relate the Brink wave function WðdÞ to the shell-model wave
function is given by expressing WðdÞ in terms of internal a-cluster wave function /
(a) and inter-cluster relative wave function Cðraa; dÞ;

WðdÞ ¼ n0ðdÞA wða1;
d

2
ezÞw a2;�

d

2
ez

� �� �

¼ n0ðdÞA Cðraa; dÞ/ða1Þ/ða2Þf ggðXG; 8mÞ;
ð2:21Þ

Cðraa; dÞ ¼ gðraa � dez; 2mÞ ¼ 4m
p

� �3=4

expð�2mðraa � dezÞ2Þ; ð2:22Þ

gðXG; 8mÞ ¼ 16m
p

� �3=4

expð�8mðXGÞ2Þ; ð2:23Þ

raa ¼ X1 � X2; XG ¼
1
2
ðX1 þ X2Þ ¼

1
8

X

8

i¼1

ri; ð2:24Þ

X1 ¼
1
4

X

4

i¼1

ri; X2 ¼
1
4

X

8

i¼5

ri: ð2:25Þ
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Here we used the relation

wðak; aÞ ¼
8m
p

� �3=4

expð�4mðXk � aÞ2Þ/ðakÞ: ð2:26Þ

The actual form of the inter-a relative wave function Cðraa; dÞ deviates from the
Gaussian wave packet due of the effect of the antisymmetrization. The effect of the
antisymmetrization is well reflected in the following relation,

A Xðnx;ny;nzÞðraa; 2mÞ/ða1Þ/ða2Þ
n o

¼ 0; for nx þ ny þ nz\4; ð2:27Þ

where Xðnx;ny;nzÞðr; cÞ stands for the Cartesian harmonic oscillator function defined
as Xðnx;ny;nzÞðr; cÞ ¼ unx

ðx; cÞuny
ðy; cÞunz

ðz; cÞ: It is to be noted that, for c = m,

Xðnx;ny;nzÞðr; cÞ is equal to (nx, ny, nz) defined before. Eq. (2.27) is easy to under-
stand. We first notice the following relation

NopA Xðnx;ny;nzÞðraa; 2mÞ/ða1Þ/ða2Þ
n o

Xð0;0;0ÞðXG; 8mÞ

¼ ðnx þ ny þ nzÞA Xðnx;ny;nzÞðraa; 2mÞ/ða1Þ/ða2Þ
n o

Xð0;0;0ÞðXG; 8mÞ;
ð2:28Þ

where Xð0;0;0ÞðXG; 8mÞ ¼ ð16m=pÞ3=4
expð�8mðXGÞ2Þ ¼ gðXG; 8mÞ and Nop stands for

the total number operator of harmonic oscillator quanta. Eq. (2.28) is verified to
hold by noting the following relation

ðNopÞr ¼
X

8

i¼1

ðNopðiÞÞr ¼ ðNopða1ÞÞr þ ðNopða2ÞÞr þ ðNopðraaÞÞr þ ðNopðXGÞÞr;

ð2:29Þ

ðNopða1ÞÞr ¼
X

4

i¼1

ðNopðiÞÞr � ðNopðX1ÞÞr; ¼
X

8

i¼5

ðNopðiÞÞr � ðNopðX2ÞÞr;

ð2:30Þ

ðNopðX1ÞÞr þ ðNopðX2ÞÞr ¼ ðNopðraaÞÞr þ ðNopðXGÞÞr ð2:31Þ

ðNopðiÞÞr¼NððriÞr;mÞ; ðNopðraaÞÞr¼NðraaÞr;2mÞ; ðNopðXGÞÞr¼NðXGÞr;8mÞ;

ðNopðXkÞÞr¼NððXkÞr;4mÞ X1¼
1
4

X

4

i¼1

ri; X2¼
1
4

X

8

i¼5

ri;

ð2:32Þ

Nðr; lÞ ¼ 1
�hx

��h2

2l
o

or

� �2

þlx2

2
r2

 !

� 3
2
; ð2:33Þ
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Nop¼
X

r¼x;y;z

ðNopÞr; NopðiÞ¼
X

r¼x;y;z

ðNopðiÞÞr; NopðraaÞ¼
X

r¼x;y;z

ðNopðraaÞÞr;

NopðXGÞ¼
X

r¼x;y;z

ðNopðXGÞÞr; NopðakÞ¼
X

r¼x;y;z

ðNopðakÞÞr:

ð2:34Þ

Since NopðaÞ/ðaÞ ¼ NopðXGÞXð0;0;0ÞðXG; 8mÞ ¼ 0, there holds Eq. (2.28). Now, the
shell model teaches us that the lowest number of the total oscillator quanta of 8Be

is 4, which is given by detfð0sÞ4ð0pÞ4g: Therefore we have

A Xðnx;ny;nzÞðraa; 2mÞ/ða1Þ/ða2Þ
n o

gðXG; 8mÞ ¼ 0; for nx þ ny þ nz\4; ð2:35Þ

from which there follows Eq. (2.27).
By using the expansion of C(raa, d) with the harmonic oscillator basis func-

tions, Cðraa; dÞ ¼ expð�md2Þ
P1

n¼0fð
ffiffiffiffiffi

2m
p

dÞn=
ffiffiffiffi

n!
p
gXð0;0;nÞðraa; 2mÞ; we obtain

WðdÞ ¼ n0ðdÞA Cðraa; dÞ/ða1Þ/ða2Þf ggðXG; 8mÞ

¼ n0ðdÞ expð�md2Þ ð
ffiffiffiffiffi

2m
p

dÞ4
ffiffiffiffi

4!
p A Xð0;0;4Þðraa; 2mÞ/ða1Þ/ða2Þ

� �

þ Oðd6Þ
( )

� gðXG; 8mÞ;
ð2:36Þ

where we used Eq. (2.27). From this relation we obtain

lim
d!0

WðdÞ ¼ C0A Xð0;0;4Þðraa; 2mÞ/ða1Þ/ða2Þ
� �

gðXG; 8mÞ; ð2:37Þ

where C0 ¼ 4
ffiffiffiffiffiffiffiffiffiffi

4!=8!
p

¼ 1=
ffiffiffiffiffiffi

7!!
p

: By combining this with Eq. (2.17) we obtain

1
ffiffiffiffi

8!
p detfð0; 0; 0Þ4ð0; 0; 1Þ4g

¼ C0A Xð0;0;4Þðraa; 2mÞ/ða1Þ/ða2Þ
� �

gðXG; 8mÞ:
ð2:38Þ

This relation is known as an example of the relations of Bayman–Bohr theorem
[12] which says that the SU(3) shell model wave function of the ground state is in
most cases equivalent to the cluster model wave function. Eq. (3.38) can be proved
more directly by noticing that both the left-side and right-side wave functions are
the eigenstates of (Nop)x, (Nop)y, and (Nop)z with eigenvalues 0, 0, 4, respectively.
Since it is evident that there is only one wave function of 8Be which is an
eigenstate of (Nop)x, (Nop)y, and (Nop)z with eigenvalues 0, 0, 4, respectively. the
right-side cluster wave function of Eq. (3.38) is necessarily equal to the left-side
wave function. By applying the angular momentum projection to Eq. (3.38), we
get the Bayman–Bohr theorem written in the form of good angular momentum
states,
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jð0sÞ4ð0pÞ4; ðk; lÞ ¼ ð4; 0ÞLMi
¼ C0A RN¼4;Lðraa; 2mÞYLMðr̂aaÞ/ða1Þ/ða2Þ

� �

gðXG; 8mÞ;
ð2:39Þ

where RN,L(r, c) stands for the radial harmonic oscillator function with the size
parameter c and with the number of oscillator quanta N namely with the number of
nodes n = (N - L)/2.

2.3.1.3 a–a Interaction and Spatial Localization of a Cluster

If the SU(3) shell model description is good for 8Be, it means that the inter-a
relative wave function in the intrinsic 8Be wave function is well descrived by the
harmonic oscillator function X(0,0,4)(raa, 2m). If the inter-a interaction is strongly
attractive, the inter-a relative wave function should express the most compact state
allowable by the Pauli principle and hence it is given by X(0,0,4)(raa, 2m). Therefore
whether the SU(3) shell model description is good or not for 8Be can be studied by
the investigation of the inter-a interaction. The microscopic study of the a–a
interaction has a long history [3–5, 13–17]. The essential feature of the a–a
interaction is described by the theory of the orthogonality condition model (OCM)
which is an approximation of the RGM (resonating group method) approach. The
RGM gives us the a–a relative wave function v(raa) as the solution of the integro-
differential equation

h/ða1Þ/ða2ÞjðH � EÞjA vðraaÞ/ða1Þ/ða2Þf gi ¼ 0; ð2:40Þ

H ¼
X

8

q¼1

Tq � TG þ
X

8

q\q0
V ð2Þq;q0 ; ð2:41Þ

where TG is the kinetic energy of the total center of mass. The OCM equation of
motion which is aimed at describing essential feature of the RGM equation of
motion is written as

K
��h2

2ð2mÞ
o

oraa

� �2

þVaaðraaÞ � ðE � 2EaÞ
 !

Kv̂ðraaÞ ¼ 0; ð2:42Þ

where Ea stands for the binding energy of a particle and K is the projection
operator given as

K ¼ 1�
X

nxþnyþnz\4

jXðnx;ny;nzÞðraa; 2mÞihXðnx;ny;nzÞðraa; 2mÞj

¼ 1�
X

N\4;L;M

jRN;Lðraa; 2mÞYLMðr̂aaÞihRN;Lðraa; 2mÞYLMðr̂aaÞj:
ð2:43Þ

The wave functions Xðnx;ny;nzÞðraa; 2mÞ with nx + ny + nz \ 4 and RN;Lðraa; 2mÞ
YLMðr̂aaÞ with N \ 4 are called the Pauli-forbidden states because they satisfy the
relation of Eq. (2.27) and
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A RN;Lðraa; 2mÞYLMðr̂aaÞ/ða1Þ/ða2Þ
� �

¼ 0; for N\4; ð2:44Þ

respectively. The operator K projects the relative wave function onto the functional
space orthogonal to the Pauli-forbidden states. The local potential Vaa(raa) is close
to the double folding potential and hence it is deep. Because of Eqs. (2.27) and
(2.44), K satisfies the relation, Af½KvðraaÞ	/ða1Þ/ða2Þg ¼AfvðraaÞ/ða1Þ/ða2Þg:
The wave function v̂ðraaÞ is related to v(raa) as

v̂ðraaÞ ¼
ffiffiffiffiffiffi

NK

p
vðraaÞ; ð2:45Þ

where NK is defined by

h/ða1Þ/ða2ÞjAfvðraaÞ/ða1Þ/ða2Þgi ¼ NK vðraaÞ: ð2:46Þ

NK and K satisfy the relations, KNK ¼ NKK ¼ NK ;K
ffiffiffiffiffiffi

NK
p

¼
ffiffiffiffiffiffi

NK
p

K ¼
ffiffiffiffiffiffi

NK
p

:

In the a–a system,
ffiffiffiffiffiffi

NK
p

is close to K and hence v̂ðraaÞ is close to v(raa). The OCM
equation of Eq. (2.42) implies that the essential effect of the Pauli principle is
expressed by the orthogonalization of the relative wave function to the Pauli-
forbidden states. Namely, OCM equation says that the relative wave function is
obtained by the deep potential Vaa(raa) similar to the double folding potential
under the condition of the orthogonality to the Pauli-forbidden states. It was shown
that the OCM equation reproduces well the a–a relative wave function v(raa) and
the a–a scattering phase-shifts given by the RGM equation [13, 14].

The calculated relative wave function v(raa) has characteristic features
[13–16]. The radial part of v(raa) for low energy has (4 - L)/2 nodes in the
interaction region which are almost energy-independent and its amplitude is
fairly small compared with the amplitude in the outer region. The outermost
node is at about 2 fm for both L = 0 and 2. The existence of nodal points is due
to the orthogonality of the relative wave function to the Pauli-forbiden states.
The oscillatory behavior of the radial relative wave function in the inner region
causes the large amount of the kinetic energy of the relative motion. The small
amplitude of the radial relative wave function in the inner region is caused in
order to make the contribution of the kinetic energy from the inner region small
as much as possible. If the amplitude of the radial relative wave function in the
inner region is large, it can gain energy from the deep attractive potential
Vaa(raa). Therefore the small amplitude of the radial relative wave function in
the inner region means that that the repulsive effect due to the orthogonality to
the Pauli-forbiden states is larger than the attractive effect of the potential
Vaa(raa). The small amplitude of the radial relative wave function in the inner
region is always obtained so far as the good reproduction of the a–a scattering
phase-shifts is to be guaranteed and this feature remains the same in the ground
band resonance states of 8Be. Since the function RN=4,L(raa, 2m) which the SU(3)
shell model assigns as the radial a–a relative wave function has even larger
amplitude in the inner region than in the outer region, we observe that the SU(3)
description of the 8Be ground band states is not compatible with the a–a
scattering data.

66 H. Horiuchi



2.3.1.4 a-Gas Like Nature of 8Be

Recently the 2a structure of 8Be which is the most fundamental two-cluster structure
was cast new light [18]. The 0+ wave function U0þ obtained by the GCM (generator
coordinate method) calculation, U0þ ¼

P

j fjPJ¼0AfCðraa; djÞ/ða1Þ/ða2Þg; was

shown to be almost 100% equivalent to a single 2a wave function U2aTHSRðc0Þwhich
is called 2a THSR wave function [37] and is defined as

U2aTHSRðc0Þ ¼A exp �2c0

X

2

k¼1

ðXk � XGÞ2
 !

/ða1Þ/ða2Þ
( )

: ð2:47Þ

Here PJ=0 is projection operator of angular momentum onto J = 0 and the size
parameter c0 is much smaller than m. Since the width parameters c0 is much smaller
than m, a clusters in the THSR wave function are distributed widely in space.
By noting that the orthogonality of the a–a relative wave function to Pauli-for-
bidden states removes the spatially compact components from the relative wave
function, we know that the THSR wave function has a very small staying prob-
ability of two a clusters in short relative distance region. Small staying probability
in the inner region and long tail probability in the outer region of two a clusters is
nothing but what the 2a RGM (or OCM) relative wave function v(raa) describes.

2.3.1.5 Ab Initio Calculation of 8Be

A remarkably important progress in theoretical study of 8Be structure was recently
achieved by Wiringa et al [19]. They showed that the wave function of 8Be
obtained by their ab initio method with realistic nuclear force has a clear a + a
structure with inter-a separation around 4 fm as shown in Fig. 2.1. According to
Ref. [19], the net energy contribution from the tensor force to the 8Be binding
energy is nearly twice that to 4He binding energy. This result is very plausible for
the a + a structure where each a cluster wave function is almost the same as the

Fig. 2.1 Density distribution
of 8Be obtained by ab initio
calculation (variational
Monte Carlo method) [19]
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free 4He wave function with large D-state mixture. It is important to check whether
mean-field type wave function can reproduce or not such energy contribution from
the tensor force.

2.3.2 12C Case

2.3.2.1 From Linear-Chain Structure to Gas-Like Structure
of 3a for the Hoyle State

The second 0+ state of 12C is located near the 3a breakup threshold. It is called the
Hoyle state [20, 21] in honor of astrophysicist Fred Hoyle who predicted the
existence of this state which plays an astrophysically crucial role for the synthesis
of 12C in the universe. From the viewpoint of nuclear structure, this state is well
known as one of the mysterious 0+ states in light nuclei. The understanding of its
structure has been actually one of the most difficult and challenging problems of
nuclear structure. Its small excitation energy of 7.66 MeV has been regarded to be
difficult to explain by the shell model. The no-core shell model which is the most
advanced modern shell model approach at present has so far not succeeded to
reproduce it [22, 23].

More than 40 years ago Morinaga proposed the assignment of 3a linear-chain
structure to this Hoyle state [24, 25]. The 3a linear-chain structure is intimately
related to the deformed mean-field structure with 4 particle jump from 0p shell to
1s0d shell;

lim
d!0

m0ðdÞA wða1; dezÞwða2; 0Þwða3;�dezÞf g

¼ 1
ffiffiffiffiffiffiffi

12!
p detfð0; 0; 0Þ4ð0; 0; 1Þ4ð0; 0; 2Þ4g;

ð2:48Þ

where m0(d) is the normalization constant. However the observed reduced a decay
width of the Hoyle state is larger than the Wigner limit value and therefore it is
contradictory to the linear-chain structure which gives small reduced width. The
linear chain structure necessarily contains high partial waves between 8Be and
a clusters in spite of the fact that only the S wave contributes to the a decay
because of the small Q value. The 3a linear-chain structure can thus give at most
only one third of the Wigner limit value [26]. The reduced a decay width h2(a)
deduced from the width Cexp = 8.7 eV of the Hoyle state is given in Table 2.1.
The definition of h2(a) is as follows,

Table 2.1 Experimental value of h2(a) of the Hoyle state

a 4.4 4.8 5.2 5.6 6.0
h2(a) 2.7 2.2 1.6 1.2 0.9

Channel radius a is in unit of fm
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C ¼ 2P‘¼0h
2ðaÞc2

WðaÞ; P‘ ¼
ka

G2
‘ðaÞ þ F2

‘ ðaÞ
; c2

WðaÞ ¼
3�h2

2la2
; ð2:49Þ

where a is channel radius, l reduced mass, and F‘ and G‘ are regular and irregular
Coulomb functions. In terms of reduced width amplitude y(r), we can express h2(a)
as h2ðaÞ ¼ ð1=3Þa3y2ðaÞ: Note that, in the case of yðrÞ ¼ constantða
 r
 0Þ,
h2(a) = 1. In Table 2.2 we show the calculated value of h2(a) when 3a linear-chain
structure is assumed for the Hoyle state, which is taken from Ref. [26].

The observed large a-decay reduced width of the Hoyle state in the 8Be(01
+) + a

channel was successfully reproduced by a full three-body OCM calculation [27, 28].

The wave function v̂ðn̂1; n̂2Þ of the 3a OCM which should be totally symmetric with
respect to the particle permutation is obtained by solving the following equation of
motion

� �h2

2Ma

X

3

i¼1

o

oxi

� �2

�T̂G þ
X

3

i [ j

V2aðjxi � xjjÞ � E

" #

v̂ðn̂1; n̂2Þ ¼ 0; ð2:50Þ

n̂1 ¼ x1 �
1
2
ðx2 þ x3Þ; n̂2 ¼ x2 � x3; ð2:51Þ

hvFðxi � xjÞjv̂ðn̂1; n̂2Þi ¼ 0; ð1� j\i� 3Þ: ð2:52Þ

The coordinate xi is the position vector of the ith a cluster. T̂G is the kinetic energy
of the total center of mass. The 2a wave functions vF stand for the Pauli
forbidden states of the 2a relative motion which we explained in the previous
subsection. Namely, vF satisfy A½vFðXi � XjÞ/ðaiÞ/ðajÞ	 ¼ 0; with Xi ¼ ð1=4Þ
PIðiÞþ4

k¼IðiÞþ1 rk; IðiÞ ¼ 4ði� 1Þ, where rk stands for kth nucleon coordinate. The

numbers of Pauli-forbidden states are two and one for S and D waves, respectively.
The structure of the Hoyle state obtained by this 3a OCM calculation has, as the
dominant component of the Hoyle state, the 8Be(01

+) + a structure with relative S
wave between two clusters, 8Be(01

+) and a. Since 8Be(01
+) consists of two a clusters

weakly coupled in relative S wave, the Hoyle state was concluded to have a weakly
coupled 3a structure in relative S waves with large spatial extent. Namely it was
regarded as being a gas-like structure of a clusters.

A few years later, this understanding of the structure of the Hoyle state was
reported to be confirmed by fully microscopic 3a calculations by two groups,
namely the 3a RGM calculations by Kamimura et al. [29, 30] and the 3a GCM
calculations by Uegaki et al. [31–33]. The wave functions of the 3a RGM

Table 2.2 Calculated value of h2(a) when 3a linear-chain structure is assumed for the Hoyle
state

Raa 1.0 2.0 3.0 4.0
h2(a) 0.29 0.32 0.35 0.37

Raa is the inter-a distance of the chain state, and is in unit of fm
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and GCM have the form, UJð12CÞ ¼AfvJðn1; n2Þ/ða1Þ/ða2Þ/ða3Þg with n1 ¼
X1 � 1

2ðX2 þ X3Þ; and n2 = X2 - X3. The 3a relative wave function vJ(n1, n2)
satisfies the following equation of motion

h/ða1Þ/ða2Þ/ða3ÞjðH � EÞjA vJðn1; n2Þ/ða1Þ/ða2Þ/ða3Þf gi ¼ 0; ð2:53Þ

H ¼
X

12

q¼1

Tq � TG þ
X

12

q\q0
V ð2Þq;q0 ; ð2:54Þ

where TG is the kinetic energy of the total center of mass. It is to be noted that, due
to the Bayman–Bohr theorem, the SU(3) shell model wave function

jð0sÞ4ð0pÞ8; ðk; lÞ ¼ ð04ÞJ ¼ 0i can be expressed by the 3a cluster wave function,

jð0sÞ4ð0pÞ8; ðk; lÞ ¼ ð04ÞJ ¼ 0i
¼ N0A R4;0ðn1; ð8=3ÞmÞR4;0ðn2; 2mÞ/ða1Þ/ða2Þ/ða3Þ

� �

� gðXG; 12mÞ:
ð2:55Þ

Figure 2.2 shows that the obtained wave function supports the dominance of
8Be(01

+) + a (S wave) structure of the Hoyle state. The reduced width amplitude
yc(r) in this figure is defined as

yc¼ðL;‘ÞðrÞ ¼
ffiffiffiffiffiffiffiffi

12!

4!8!

r

dðn1 � rÞ
r2

/Lð8BeÞY‘ðn̂1Þ
h i

J
/ða1ÞjUJð12CÞ

	 


: ð2:56Þ

These calculations nicely reproduced not only the energy position of the Hoyle
state but also other experimental properties including inelastic electron form factor
and E0 and E2 transition properties. In Table 2.3 we show the good reproduction
of the 12C data by 3a calculation.

2.3.2.2 AMD and FMD + UCOM Calculations

About 20 years later after the 3a calculations of Refs. [29, 30] and [31–33], the
results by these microscopic 3a cluster model calculations were confirmed by the
antisymmetrized molecular dynamics (AMD) calculation [34] which does not

Fig. 2.2 Reduced width
amplitudes of [L � L] chan-
nels (8BeðLÞ þ að‘ ¼ LÞ
channels) of the 02

+ state of
12C [31–33]
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assume the alpha clustering. Figure 2.3 shows the energy spectra and density
distributions of obtained states by AMD. Furthermore recently the fermionic
molecular dynamics (FMD) calculations [35, 36] gave us quite similar results as
the AMD results. This FMD approach which also does not assume the alpha
clustering starts from a realistic bare N–N force by using the unitary correlation
operator method (UCOM) technique. Since both AMD and FMD+UCOM do not
assume alpha clustering but build up wave functions totally on nucleonic degrees
of freedom, the obtained wave functions contain components with broken spatial
symmetry. Table 2.4 shows the good reproduction by the AMD calculation of the
observed b+ decay strengths to 12C states from the ground 1+ state of 12N which are
due to the components with broken spatial symmetry of 12C wave function.

Table 2.3 Reproduction of
the 12C data by 3a
calculation of Ref. [29, 30]

Exp. Theor.

Excitation energy (02
+) (MeV) 7.65 7.74

Width (02
+) (eV) 8.7 ± 2.7 7.7

Mð0þ2 ! 0þ1 Þðfm2Þ 5.4 ± 0.2 6.7

BðE2 : 0þ2 ! 2þ1 Þðe2fm4Þ 13 ± 4 5.6

BðE2 : 2þ1 ! 0þ1 Þðe2fm4Þ 7.8 9.3

Rrms(01
+) (fm) 2.43 2.4

Rrms(02
+) (fm) 3.37

Fig. 2.3 Energy spectra and density distributions of 12C by AMD [34]
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2.3.2.3 3a-BEC-Like Structure of the Hoyle State

Almost 30 years after the first proposal of the 8Beð0þ1 Þ þ a structure for the Hoyle
state, this state was reconsidered in a new light in Ref. [37]. The authors of this
paper presented, for the description of the Hoyle state, the following new model
wave function U3aTHSRðBÞ which is called the 3a THSR wave function :

U3aTHSRðBÞ ¼A exp � 2
B2
ðX2

1 þ X2
2 þ X2

3Þ
� �

/ða1Þ/ða2Þ/ða3Þ
� �

¼ exp � 6
B2

n2
3

� �

A exp � 4
3B2

n2
1 �

1
B2

n2
2

� �

/ða1Þ/ða2Þ/ða3Þ
� �

;

ð2:57Þ

where n3 ¼ 1
3ðX1 þ X2 þ X3Þ: As shown in Eq. (2.57), the THSR wave function

can be regarded as expressing the cluster structure where the a1 cluster and a
8Be(01

+)-like cluster Afexpð�ð1=B2Þn2
2Þ/ða2Þ/ða3Þg couple via S-wave with

inter-cluster wave function expð�ð4=3B2Þn2
1Þ: On the other hand, Eq. (2.57)

shows that the THSR wave function represents the state where three a clusters
occupy the same single 0S-orbit expð�ð2=B2ÞX2Þ, namely a 3a-condensate-like
state which is the finite size counterpart of the macroscopic a-particle
Bose–Einstein condensation (BEC) in infinite nuclear matter at low density [38].
If the parameter B is so large that the antisymmetrization operator A has no
effect, the 3a THSR wave function of Eq. (2.57) actually represents the simple
product state where three a particles occupy the same single 0S-orbit
expð�ð2=B2ÞX2Þ: On the other hand, in the limit where the parameter B takes its
smallest value B = b with b standing for the single-nucleon size parameter of /
(a) (m = 1/(2b2)), the normalized 3a THSR wave function is equivalent to the
shell model wave function;

lim
B!b

NðBÞU3aTHSRðBÞ ¼ jð0sÞ4ð0pÞ8; ð0; 4ÞJ ¼ 0i; ð2:58Þ

where N(B) is normalization constant. When we calculate the energy curve by
the THSR wave function, we have only one energy minimum corresponding to
a compact shell-model-like structure and no energy minimum at a large value
of B corresponding to the dilute 3a-condensate-like state. Therefore in order to

Table 2.4 The experimental
data for b decays 12N(b+)12C
compared with the AMD
results

States in 12C (MeV) J± (log ft)exp (log ft)AMD (Jf
±)

0 0+ 4.120 ± 0.003 3.8
4.44 2+ 5.149 ± 0.007 4.8 (21

+)
7.65 0+ 4.34 ± 0.06 4.0 (02

+)
10.3 (0+) 4.36 ± 0.17 4.7 (03

+)
12.71 1+ 3.52 ± 0.14 3.8 (11

+)
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study the 3a-condensate-like state, we need to perform the GCM calculation by
adopting the parameter B as the generator coordinate. In Ref. [37], this GCM
calculation with respect to the parameter B was performed for na systems with
n = 3 and 4,

WkðnaÞ ¼
X

j

f k
j A exp � 2

B2
j

X

n

i¼1

X2
i

" #

/ða1Þ � � �/ðanÞ
( )

; ð2:59Þ

This GCM calculation gave excited 0+ state with very large radius in the vicinity
of the na breakup threshold in each na system (n = 3 and 4).

The results of the calculated 0þ2 state for 3a system were found to be very
similar to those of the previous micrpscopic 3a calculations of Refs. [29–33].
Actually it was soon discovered [39] that the microscopic 3a wave functions of
both of Refs. [29–33] have overlaps of more than 95% with a single 3a THSR
wave function with a large size parameter B. This result is very striking since the
microscopic 3a wave functions of the 0þ2 state were obtained by solving very
complicated integro-differential three-body equation of motion. This striking fact
reported in Ref. [39] means without doubt that the Hoyle state structure has a
strong relation with the a condensation physics in dilute infinite nuclear
matter [38].

The a-particle condensate-like state is the lowest energy state of the a-particle
gas-like state. In nuclear physics, gas-like state of nucleons has been an
important subject of study for a long time. Such a state has a very high exci-
tation energy and therefore has been a subject of nuclear matter and nuclear
reaction rather than nuclear structure. On the other hand, the gas-like state of
clusters, if it exists, is not a so highly excited state, and can be a discrete state
accessible spectroscopically. This situation is shown in Fig. 2.4. Gas-like state of
clusters is a new concept of nuclear structure and this concept was first proposed
for the Hoyle state of 12C in 1970s. However, the discussion at that time was
confined only for the Hoyle state. Now in 2000s, gas like state of clusters is
expected to be universal and is studied in many nuclei both theoretically and
experimentally.

10 MeV

100 MeV

ground state

liquid

α cluster gas

nucleon gas

excitation energyFig. 2.4 Excitation energies
of a-cluster gas state and
nucleon gas state in the case
of 12C
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2.3.2.4 Structure Change from the Ground State to the Hoyle State

The energy curve by the 3a THSR wave function shows no local minimum point
which corresponds to the Hoyle state and the Hoyle state needs to be obtained by
the GCM calculation. When we draw the energy curve by the wave function
ð1� j0þ1 ih0þ1 jÞU3aTHSRðBÞ with j0þ1 i standing for the GCM ground state, the
energy curve has a minimum point whose wave function is very close to the 0þ2
state by the GCM calculation [39]. This fact means that the 3a structure of the
Hoyle state is largely related to the orthogonality of the Hoyle state to the ground
state.

The important role of the orthogonality to the ground state for the formation of
the 3a structure of the Hoyle state was discussed already in Ref. [6] from the
viewpoint of the 3a dynamics with the a–a interaction described by the OCM. As
we explained in the Sect. 2.3.1 on 8Be, the OCM says that the a–a interaction is
composed of two main factors, one is the local attractive potential of the folding-
potential type and the other is the orthogonality condition of the a–a relative
motion to the Pauli-forbidden states. In the 2a system, because of the orthogonality
condition to the Pauli-forbidden states, the relative wave function should have
nodes, two nodes for S-wave and one node for D-wave, which means that the
relative wave function has the oscillatory behavior in the interaction region.
The positions of the nodal points are almost fixed unless we are not treating the
high energy motion. The oscillatory behavior of the relative wave function gives
rise to a large amount of the kinetic energy. Thus in order to avoid the large kinetic
energy, the amplitude of the oscillatory part of the relative wave function becomes
small. Small amplitude of the inner part of the relative wave function means that
the Pauli-forbidden states act like a repulsive core potential. Actually the radius of
the repulsive core of the phenomenological a–a potential like the Ali–Bodmer
potential [40] is about 2 fm which is the same as the outermost nodal point.

When the same a–a interaction acts in the 3a system, it is to be noted that
the attractive interaction between two a’s becomes effectively stronger than in
the 2a system because the attractive interaction via the third a cluster strengthen
the a–a attraction in the average by factor 1.5. This point can be explained also

in the following way. The 3a Hamiltonian can be written as H ¼
P3

i Ti þ
P3

ij Vij ¼ ð2=3Þ
P3

ij½Tij þ 1:5Vij	; where Tij and Vij are the kinetic and interaction
operators between ith and jth a clusters. This effectively strengthened a–a
attraction drastically changes the inter-a wave function in the interaction region.
Namely now the a–a attraction overwhelms the large relative kinetic energy in the
inner region, and therefore the amplitude of the relative wave function in the inner
region becomes large in order to gain the attractive potential energy. This leads to
the formation of the compact ground state of the 3a system (see Fig. 2.5). The
formation of the compact ground state affects largely the inter-a relative motion in
the excied 0+ state via the orthogonality of the excied 0+ state to the compact
ground state. The orthogonality to the compact ground state prevents two a’s in the
excied 0+ state from approaching close to each other. This implies the appearance
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of the ‘‘effective repulsive force’’ between two a’s in the excited 0+ state. Thus in
the excited 0+ state there is a combined repulsive interaction; one is this ‘‘effective
repulsive force’’ and the other is the repulsive effect due to the inner oscillation of
2a relative wave function originating from the Pauli-forbidden states. This com-
bined repulsive interaction now overwhelms the strengthened attractive force and
expel each a from other a’s, which explains the formation of the weakly inter-
acting gas-like 3a structure of the Hoyle state. We see thus that the formation of
the 3a structure of the Hoyle state is governed by the orthogonality of the Hoyle
state to the ground state.

2.3.3 16O Case

The nucleus 16O is a typical nucleus which shows that nuclear many-body system
is rich. It has been long known that, while the ground state is described dominantly
by double closed shell wave function, there exist many low-lying excited states
which are well described by the 12C + a cluster model around and above the
12C + a threshold. Recently it is strongly suggested that there exist 4a condensate-
like states around and above the 4a threshold. The formation of 4a condensate-like
states is made by the activation of the a-clustering of the 12C cluster of the 12C + a
structure and it is realized by the assistance of the orthogonality to the lower-lying
12C + a states and the ground state.

2.3.3.1 12C + a Clustering

The 16O nucleus is a doubly magic nucleus and the ground state is described
dominantly by double-closed shell structure. Thus this nucleus is a representative
nucleus of the nuclear shell model. In spite of this fact, however, the first excited
state is located at Ex = 6.05 MeV and has spin-parity Jp = 0+. Since the value of
�hx in this mass region is about 15 MeV, the positive-parity excitation of the
double-closed-shell ground state necessitates excitation energy around 2�hx �
30 MeV if the mean-field (shell model) dynamics works soundly. Therefore the
observed excitation energy 6.05 MeV means that this nucleus is not simply gov-
erned by the mean-field dynamics.

Fig. 2.5 Change of a–a rel-
ative wave function from 2a
cluster state to 3a compact
state
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In 1960s it was experimentally established that this 0þ2 state is the head state
of the positive-parity rotational band with Kp =0+ constituted by
Jp = 0+, 2+, 4+, 6+ states (Fig. 2.6). In correspondence with this experimental
knowledge, an idea of the deformed mean field for this excited rotational band
with Kp = 0+ prevailed [41, 42]. According to this idea, it is assumed that the
16O nucleus drastically changes its structure from the double closed shell
configuration of the ground state into the largely deformed configuration of the
Kp ¼ 0þ1 rotational band whose dominant component is of four-particle four-hole
nature. The small excitation energy of this Kp ¼ 0þ1 band was attributed to
the small energy gap between the deformed 0p-hole orbit and deformed
1s0d-particle orbit. Up to now, this interpretation of the 0þ2 state as having
deformed four-particle four-hole structure has remained unchanged in the mean-
field model approaches.

Contrary to this deformed four-particle four-hole model which assumes a single
common deformed mean field for both particles and holes, the weak coupling
model of Ref. [43] considers that particles and holes move in their respective (non-
common) mean fields. Namely rotational motion of particles does not couple
strongly with that of holes. When the coupling between particles and holes is
weak, the 4 0p-holes take the configuration similar to the ground state of 12C and
the four 1s0d-particles take the configuration similar to the ground rotational band
of 20Ne:

WðKp ¼ 0þ1 ; JÞ ¼ jð0pÞ�4ð12C; 0þÞ; ð1s0dÞ4ð20Ne; JþÞi: ð2:60Þ

The configuration of four 1s0d-particles of ground rotational band states of 20Ne is
well approximated by the SU(3) configuration with the symmetry (k, l) = (8, 0).
According to the Bayman–Bohr theorem[12], this SU(3) state is just equivalent to
the cluster state with 16O + a structure.

Fig. 2.6 Inversion doublet
rotational bands in 16O and
20Ne
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jð0sÞ4; ð0pÞ12; ð1s; 0dÞ4; ð8; 0ÞJi ¼ CJA R8;J rO�a;
16
5

m

� �

YJðr̂O�aÞ/ðaÞ/ð16OÞ
� �

� gðXG; 20mÞ:
ð2:61Þ

Thus the weak-coupling model wave function has a relation to the 12C + a cluster
wave function.

The 12C - a cluster model gives a very natural explanation of the observed
small excitation energy 6.05 MeV of the first excited state ð0þ2 Þ because the
threshold energy of 12C + a breakup is located at Ex = 7.16 MeV. If this first
excited state has a cluster structure of 12C + a, the excitation energy 6.06 MeV
is very reasonable because it means 1.1 MeV for the binding energy of the
12C - a relative motion. The assignment of 12C + a structure to the first
excited state of 16O was suggested already around 1960 by Wildermuth and his
coworkers [44, 45]. This work was an underlying knowledge for the weak-
coupling model by Arima and his coworkers [43]. The 12C + a cluster structure
for the 0þ2 state with definite idea of spatial localization of clusters was first
proposed by Horiuchi and Ikeda [46]. They noticed the negative-parity rotational
band states with Jp = 1-, 3-, 5-, 7- (Fig. 2.6) observed by a-particle resonant
scattering on 12C by Davis and his coworkers [47–49]. The band head 1- state is
located at Ex = 9.63 MeV. The authors of Refs. [47–49] found that the a-widths
of the rotational member states are large and comparable with Wigner-limit
values and, from these large widths and from the value of the moment of inertia,
they interpreted the rotational member states as consisting of an a-cluster
rotating outside the 12C core nucleus. The authors of Ref. [46] argued that, if the
intrinsic state of this negative-parity rotational band has a 12C + a structure with
spatial localization of clusters, the intrinsic state is of parity-asymmetric
(parity-violating) shape and hence this intrinsic state should possess a parity-
inverted positive-parity rotational band which constitutes a parity doublet
(inversion doublet) together with the negative-parity rotational band (Fig. 2.7).
They concluded that this positive-parity rotational band is just the observed
rotational band upon the 0þ2 state as the band head state (Fig. 2.6). The main
reason for this conclusion was firstly that, as we explained above, there already
existed theoretical arguments of Refs. [43–45] which assign the 12C + a struc-
ture to this positive parity band upon the 0þ2 state. The other reason was
that there is only this positive-parity band below the negative-parity band of
Davis et al. [47–49].

16O* = 12C + 
20Ne = 16O +

±
a a

a
a

Fig. 2.7 Inversion doublet
intrinsic wave functions of
core + a clustering
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2.3.3.2 12C + a OCM

In 1970s an extensive study of 16O was performed by Suzuki [50, 51] by using
12C + a coupled-channel OCM [52] where the 12C cluster can be excited to its
ground band states with 2+ and 4+. The equation of motion of the coupled-channel
OCM for the 12C + a syatem is given as;

TiðrÞ þ ðMECÞi þ Er


 �

v̂iðrÞ ¼ �
X

j

Ui;jv̂jðrÞ;
X

i

hvF
i ðrÞjv̂iðrÞi ¼ 0; ð2:62Þ

TiðrÞ ¼ Y‘iðr̂Þ
��h2
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o2

or2

�

�

�

�

�

�

�

�

Y‘iðr̂Þ
	 


; ðMECÞi ¼ ELiðCÞ � E0ðCÞ;

Er ¼ E � EðaÞ � E0ðCÞ;
ð2:63Þ

where l is the reduced mass of 12C and a and i is the index of a channel with total
angular mementum J. fvF

i ðrÞg stand for the Pauli-forbidden states to which fv̂iðrÞg
should be orthogonal. The wave function WJ of the system is obtained from the
solution of the relative wave function v̂iðrÞ as follows,

WJ ¼A
X

i

viðrÞhJ
i

" #

; v̂iðrÞ ¼
X

j

Z

ðN1=2
K Þi;jðr; r0Þvjðr0Þr0

2
dr0; ð2:64Þ

ðNKÞi;jða; bÞ ¼
dðr � aÞ
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; hJ
i ¼ Y‘iðr̂Þ½ /Li

ðCÞ
	 �

J

/ðaÞ:

ð2:65Þ

The Pauli-forbidden states fvF
i ðrÞg are defined as those states that satisfy

A
X

i

vF
i ðrÞhJ

i

" #

¼ 0: ð2:66Þ

The orthogonality requirement
P

ihvF
i ðrÞjv̂iðrÞi ¼ 0 means

0 ¼
X

i

hvF
i ðrÞjv̂iðrÞi ¼

X

i

vF
i ðrÞhJ

i

X

j

v̂jðrÞ
�

�

�

�

�

hJ
j

* +
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The Pauli-forbidden configurations
P

i v
F
i ðrÞhJ

i are specified by SU(3) irreducible
representations and are tabulated in Refs. [50–52].

According to the Bayman–Bohr theorem [12], the double closed shell wave
function of 16O can be described with the cluster model wave function:

det jð0sÞ4ð0pÞ12j ¼ cLA R4;LðrC�a; 3mÞ YLðr̂C�aÞ/Lð12
CÞ

h i

J¼0
/ðaÞ

h i

� gðXG; 16mÞ;
ð2:68Þ
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where R4,L (r, 3m) is harmonic oscillator radial function with oscillator parameter
3m, angular momentum L and number of oscillator quanta 4, 4 = 2n + L. This
equality holds for any L among L = 0, 2, and 4. Thus this OCM study could treat
the ground state and accordingly the structure change between the shell-model-like
structure and the cluster structure. The calculated results were very successful in
reproducing almost all the observed data. The good reproduction of the energy
spectra is shown in Fig. 2.8. Table 2.5 shows the good reproduction of electric
transition data. The ground state was shown to be dominantly given by double
closed shell wave function and the Kp ¼ 0þ1 and Kp ¼ 0�1 bands were shown to
have dominantly the 12C(01

+) + a cluster structure. Furthermore the negative parity
states with 3�1 ; 1

�
1 ; 2

�
1 were shown to have dominantly shell model structure with

1-particle 1-hole excitation although rather large mixture of cluster configuration is
existent. Beside the good reproduction of energy spectra and electric transitions
shown in Fig. 2.8 and Table 2.5, alpha-decay data are also well reproduced as
shown in Table 2.6. The 12Cð2þ1 Þ þ a structure with S-wave of a motion is realized
in the observed 2þ2 state at 9.85 MeV.

The results of the 12C + a OCM deny the formation of single deformed
structure composed of strong coupling of the rotational motion of 12C cluster and
the orbiting motion of a cluster around 12C cluster. In the case of the 2þ2 state at
9.85 MeV, as mentioned above, the dominant component of the 2þ2 wave func-
tion is composed of 12C(2+) coupled with S-wave a cluster. This result is in

Fig. 2.8 Energy spectra by 12C + a OCM [6, 50, 51] classified by dominant component Lþ �
‘ð12CðLþÞ þ að‘ÞÞ: Classification denoted as (1) is for the mean-field-type states including the
ground state and 1p - 1h type states
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accordance with the weak-coupling shell model of Ref. [43] which describes this
2þ2 state as composed of the four-hole configuration (0p)-4(Jh = 2) and the four-
particle configuration (1s0d)4(Jp = 0). In usual mean-field models, this state is

Table 2.5 Electric transition
rates in 16O compared with
12C + a OCM calculation
[50, 51]

Transition exp. 12C + a

B(E2)(e2fm4)
2þ1 ! 0þ1 7.8 ± 0.3 2.20

2þ1 ! 0þ2 76 ± 13 60.2

1�1 ! 3�1 51 ± 10 25.5
2�1 ! 3�1 14-4

+3 13.8
2�1 ! 1�1 36 ± 5 15.1
2þ2 ! 0þ1 0.082 ± 0.007 0.247

2þ2 ! 0þ2 3.0 ± 0.7 9.68

4þ1 ! 2þ1 150 ± 18 102

4þ2 ! 2þ1 2.4 ± 0.6 0.0405

2þ3 ! 0þ1 3.7 ± 0.1 1.21

2þ3 ! 0þ2 7.6 ± 2 1.20

M(E0)(fm2)
01

+ - 02
+ 3.55 ± 0.21 3.88

01
+ - 03

+ 4.03 ± 0.09 3.50
B(E3) (e2fm6)

3�1 ! 0þ1 213 ± 11 130

Table 2.6 Alpha decay
0data in 16O compared with
12C + a OCM calculation
[50, 51]

Reduced widths h2 are at the
channel radius a = 5.2 fm

Jp (Ex (MeV)) C (keV) Decay hexp
2 hcal

2

12
- (9.63) 510 ± 60 a0 0.71 0.59

22
+ (9.85) 0.9 ± 0.3 a0 0.0019 0.0079

41
+ (10.35) 27 ± 4 a0 0.37 0.42

42
+ (11.10) 0.28 ± 0.05 a0 0.0011 0.047

23
+ (11.52) 74 ± 4 a0 0.033 0.048

32
- (11.60) 800 ± 100 a0 0.63 0.51

03
+ (12.05) 1.5 ± 0.5 a0 0.00037 0.097

13
- (12.44) 98 ± 7 a0 0.024 0.000064

0.025 a1 0.084 0.18
22

- (12.53) B0.5 a1 B0.59 0.13
24

+ (13.02) 150 ± 11 a0 0.039 0.069
33

- (13.13) 90 ± 14 a0 0.032 0.091
�20 a1 � 0:36 0.41

11
+ (13.66) 64 ± 3 a1 0.54 0.54

51
- (14.67) 530 ± 71 a0 0.38 0.30

28 ± 4 a1 0.10 0.074
61

+ (14.82) 22 a0 0.043 0.025
48 a1 0.62 0.41

62
+ (16.29) 490 ± 40 a0 0.42 0.42

72
- (20.88) 650 ± 75 a0 0.27 0.34
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regarded as the band-head state of the Kp = 2+ side band with four-particle four-
hole structure.

2.3.3.3 4a OCM and 4a-Gas Like States

Recently Funaki and his coworkers have reported the results of the full four-body
calculations in the framework of 4a OCM [53]. They claim that the calculated
lowest six 0+ states reproduce or well correspond to the observed six 0+ states up to
the 0þ6 state at 15.1 MeV as shown in Fig. 2.9. The calculated 0þ1 has, as its
dominant component, the double closed shell wave function. From the calculation
of the reduced width amplitudes y(r) of various 12C + a channels,

yðrÞ ¼ dðrC�a � rÞ
r2

YLðr̂C�aÞ/Lð12CÞ
h i

0
jUð16O; 0þk Þ

	 


; ð2:69Þ

the calculated 0þ2 and 0þ3 states proved to have, as their dominant components,
12Cð0þ1 Þ þ a and 12Cð2þ1 Þ þ a cluster structures, respectively. In Eq. (2.69)
/L(12C) is the wave function of 12C given by the 3a OCM calculation [54] with the
same effective inter-a interaction. One of the most important results of Ref. [53] is
that the calculated 0þ6 state has a structure of 4a-condensate-like state. The radius
of the calculated 0þ6 state has a very large value of about 5 fm. This large size
suggests that the calculated 0þ6 state is composed of a weakly interacting gas of a
particles. The reduced width amplitudes yðrÞ of the calculated 0þ6 state proved to
have a large amplitude only in the 12Cð0þ2 Þ + a channel.

From the analyses of the reduced width amplitudes in various 12C + a channels,
the calculated 0þ4 and 0þ5 states were found to have dominantly 12Cð0þ1 Þ þ a and

Fig. 2.9 Energy spectra by
4a OCM [53] with two kinds
of effective nuclear force,
SW and MHN
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12C(1-) + a cluster structures, respectively. The widths of the calculated 0þ4 ; 0
þ
5

and 0þ6 states are � 150; � 50, and � 50 keV, respectively, while those of the
observed 0þ4 ; 0

þ
5 and 0þ6 states are 600, 185, and 166 keV, respectively.

The full four-body calculation of alpha clusters of Ref. [53] shows us that
nuclear many-body system undergoes actually drastic structure changes as the
excitation energy increases, namely from compact shell-model-like structure to
various 12C + a structures and furthermore to a 4a gas-like structure. Since the
various 12C + a structures have been well confirmed to be realized in many excited
states, the calculations of Ref. [53] which succeeded to reproduce these 12C + a
states can be regarded as highly reliable.

2.3.4 20Ne Case

2.3.4.1 Ikeda Diagram and Transitional Character of the Ground Band
Between Mean-Field Like Structure and Cluster Structure

As we mentioned in the previous section on 16O, Horiuchi and Ikeda proposed in
16O to regard the Kp = 0+ band upon 6.05 MeV 0+ state and Kp = 0- band upon
9.63 MeV 1- state as being inversion doublet bands with the parity-violating
structure of 12C + a [46]. In the same Ref. [46] the authors also proposed in 20Ne
to regard the Kp = 0+ ground band and Kp = 0- band upon 5.78 MeV 1- state as
being inversion doublet bands with the parity-violating structure of 16O + a
(Figs. 2.7, 2.8). One of the grounds of this proposal was the report given in Ref.
[47–49] which reported on the resonant scattering of a particles on 16O together
with that on 12C. The authors of Refs. [47–49] found that the a-widths of the
Kp = 0- band member states are large to be comparable with Wigner-limit values
and, from these large widths and from the value of the moment of inertia, they
interpreted the Kp = 0- band member states as having a structure of 16O + a.
Another ground of the proposal was the fact that the shell model study of the 20Ne
teaches us that the dominant component of the ground band is given by the SU(3)

configuration with (k, l) = (8, 0), jð0sÞ4; ð0pÞ12; ð1s; 0dÞ4; ð8; 0ÞJi [55, 56].
According to the Bayman–Bohr theorem this wave function is equivalent to the
16O + a cluster model wave function as was shown in Eq. (2.61). It was also
important to note that below the Kp = 0- band upon 5.78 MeV 1- state the
ground band is the only band with Kp = 0+.

Ikeda and his collaborators noticed the fact that the states in light nuclei which
were assigned to have cluster structures are energetically located near or above the
cluster-breakup thresholds corresponding to respective cluster structure. Typical
examples are ground band states of 8Be, the Hoyle state of 12C, and the above-
explained inversion doublet band states in 16O and in 20Ne. Supported by this fact,
they proposed the so-called Ikeda diagram which gives necessary conditions for
the formation of cluster states [57] (Fig. 2.10). The first condition is the stability of
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the constituent clusters which is necessary for keeping the identity of the clusters.
The second condition is the weakness of inter-cluster interaction. If the inter-
cluster interaction is strongly attractive, the clusters will dissolve into mean-field-
like structure. The weakness of the inter-cluster interaction results in the energy
location of the cluster state near the breakup threshold into constituent clusters.
Thus the Ikeda diagram says that the energy location of the cluster state is nec-
essarily near the breakup threshold into constituent clusters. Usually ground states
of nuclei are located well below the a breakup threshold and thus they have mean-
field-like structure. A clear violation for this statement is the ground state of 8Be
which is located slightly above the a–a breakup threshold. The well-known fact
that the ground state of 8Be has an a–a cluster structure is in good accordance of
the Ikeda diagram.

As mentioned above, the ground state is usually considered to have mean-field-
like structure except the case of 8Be. But in Ref. [46] the authors assigned the
16O + a cluster structure to the ground state of 20Ne. Thus this assignment needs to
be checked carefully. The ground state of 20Ne is located below the 16O + a
breakup threshold by 4.73 MeV. This value of 4.73 MeV is fairly smaller than
the corresponding binding energies of the ground states measured from the a
breakup threshold in other nuclei. For example in 12C the ground state is located
below the 8Be + a or 3a threshold by about 7.5 MeV and also in 16O the ground
state is located below the 12C + a threshold also by about 7.2 MeV. Hence it is
conceivable that the ground state of 20Ne does not have so good cluster structure of
16O + a. At the same time it is conceivable that the ground state of 20Ne does not
have so good mean-field-like structure. This intermediate character of the
ground band of 20Ne was noticed from the beginning in Refs. [46, 57] and was

Fig. 2.10 Ikeda diagram [57]
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named [58, 6] ‘‘transitional character of the ground band of 20Ne between mean-
field like structure and cluster structure’’. In Refs. [46, 57] it was pointed out that,
because of the transitional character of 20Ne ground band, the magnitude of the
gap energy between the band head states of the Kp = 0+ band and the Kp = 0-

band is much larger in 20Ne (5.5 MeV) than in 16O (3.0 MeV).

2.3.4.2 AMD Study of 20Ne

AMD studies of 20Ne [59–61] have made important contributions for the clarifi-
cation of structural problems of 20Ne, including the transitional character of the
ground band. Figure 2.11 shows good reproduction of the observed energy spectra
by the calculation of Ref. [60]. Table 2.7 shows that the E2 transitions inside the
ground, Kp ¼ 0�1 , and Kp ¼ 2�1 bands are also well reproduced by the calculation
of Ref. [60] without use of any effective charge. The magnitudes of the defor-
mations of the Kp ¼ 0þ1 (ground), Kp ¼ 0�1 ; and Kp ¼ 2�1 bands are shown in their
energy curves with respect to the quadrupole deformation parameter b in Fig. 2.12.
Here ‘‘deformed-basis AMD’’ means that the nucleon wave packets of AMD wave
function are deformable while ‘‘spherical-basis AMD’’ means that the nucleon
wave packets of AMD wave function are kept spherical. We note that for
the Kp ¼ 0þ1 and Kp ¼ 2�1 bands the deformation of nucleon wave packets makes
the binding energies of these bands appreciably deeper while for the Kp ¼ 0�1 band
the nucleon wave packets favor spherical shape. The value of b at the minimum
energy point is about 0.4 for both the Kp ¼ 0þ1 and Kp ¼ 2�1 bands while it is
about 0.5 for the Kp ¼ 0�1 band. The 16O + a clustering features of these three
bands can be seen in Fig. 2.13 which shows the position of centroids of the
nucleon wave packets of the AMD wave function. This figure shows that

Fig. 2.11 Energy spectra of 20Ne by AMD [60]
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the Kp ¼ 0�1 wave function around b = 0.5 has nucleon wave packets of an a
cluster separated largely apart from other 16 nucleon wave packets. This means
that the Kp ¼ 0�1 band has a clear cluster structure of 16O + a. On the contrary, the
nucleon wave packets of the Kp ¼ 2�1 wave function around b = 0.4 are all
located close to one another. This means that the Kp ¼ 2�1 band has a mean-field-
type structure. The wave function of the Kp ¼ 0þ1 band at the minimum energy

Table 2.7 B(E2) (e2fm2) in
20Ne compared with AMD
calculation [60]

Jp
i ! Jþf EXP AMD

[Kp = 01
+]

2þ1 ! 0þ1 65 ± 3 70.3

4þ1 ! 2þ1 71 ± 6 83.7

6þ1 ! 4þ1 64 ± 10 52.7

8þ1 ! 6þ1 29 ± 4 21.0

[Kp = 0-]
3� ! 1� 164 ± 26 151.2

[Kp = 2-]
3�1 ! 2� 113 ± 29 102.8
4� ! 3�1 77 ± 16 77.8
4� ! 2� 34 ± 6 38.5
5�1 ! 4� \808 84.5
5�1 ! 3�1 84 ± 19 56.6
6�1 ! 5�1 32 ± 13 29.9
6� ! 4� 55-13

+23 64.0

Fig. 2.12 Energy curves of 20Ne with respect to quadrupole deformation by AMD [60]
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point around b = 0.4 is seen to have rather similar spatial distribution of nucleon
wave packets to that of the Kp ¼ 2�1 band. However it is also seen that the
Kp ¼ 0þ1 band wave function with slightly larger b = 0.5 has a feature of weak
clustering of 16O + a. Fig. 2.14 gives the density distributions of the intrinsic wave
functions which have nucleon wave packet distributions shown in Fig. 2.13. We
see in this figure that the density distribution of the Kp ¼ 0�1 intrinsic state around
b = 0.5 has a clear parity-violating shape due to the 16O + a clustering while that
of the Kp ¼ 0þ1 intrinsic state in the region of b = 0.3 *0.5 does not show, just
like the Kp ¼ 2�1 band with mean-field-type structure, clear parity-violating shape.

Although the density distribution of the intrinsic state of the ground band does
not have a clear parity-violating shape due to the 16O + a clustering, the wave
function of the ground band has a large component of 16O + a clustering.
Table 2.8 shows that the squared amplitude of the 16O + a component WJ of the
ground band is about 70% for low spin states and decreases to about 30% for high
spin states. The magnitude WJ of the 16O + a component of a given wave function

UJ is obtained as WJ ¼ jaJ j2 with aJ defined as

UJ ¼ aJU
Jð16Oþ aÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� jaJ j2
q

UJ
R; ð2:70Þ

UJð16Oþ aÞ ¼ nJA vJðrO�aÞYJðr̂O�aÞ/ð16OÞ/ðaÞ
n o

; ð2:71Þ

where UJð16Oþ aÞ is normalized wave function in the functional space of 16O + a
and UJ

R is normalized component orthogonal to the 16O + a functional space.
A detailed explanation how to calculate WJ is given in Sect. 2.3.4.3. For the
large value of WJ = 70%, the fact due to the Bayman–Bohr theorem given in

Eq. (2.61), jð0sÞ4; ð0pÞ12; ð1s; 0dÞ4; ð8; 0ÞJi ¼ CJAfR8;JðrO�a; ð16=5ÞmÞYJðr̂O�aÞ

Fig. 2.13 Spatial positions of nucleon-wave-packet centroids of AMD wave functions of
20Ne [60]
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/ðaÞ/ð16OÞggðXG; 20mÞ;makes a large contribution. The percentage of the 16O + a
component of the Kp ¼ 0�1 band is much larger than the ground band and is about
95% for low spin states but it again decreases to about 70% for high spin states. We
can regard that the magnitude of WJ = 70% for the ground band is large enough to
allow the inversion doublet picture for the ground band and Kp ¼ 0�1 band.

AMD calculation reproduces the Kp ¼ 0þ4 band which has the band head 0+

state at 8.3 MeV. This band has been known by many cluster model studies [6] to
have an 16O + a structure which has one more nodal points in their relative wave
functions of 16O - a compared with the ground band. In terms of the quantum
number N = 2n + L with n standing for the number of nodes, the Kp ¼ 0þ4 band
has N = 10, while for the ground and Kp ¼ 0�1 bands N = 8 and 9, respectively.
Table 2.8 shows the magnitude of WJ of the Kp ¼ 0þ4 band is about 80% for low
spin states and it decreases to about 60% for high spin states. The 16O + a clus-
tering character is reflected in the a decay strength. Table 2.9 shows that the
observed a decay strengths of the ground, Kp ¼ 0�1 ; and Kp ¼ 0þ4 bands are well
reproduced by the AMD calculations.

In all three bands of Kp ¼ 0þ1 ; Kp ¼ 0�1 ; and Kp ¼ 0þ4 ; the magnitude WJ of the
16O + a component decreases from low spin to high spin states. An important
reason of this decrease is the nucleon spin aligment which is against the formation
of a cluster [59]. Figure 2.15 shows the expectation value of the intrinsic spin

Fig. 2.14 Density distributions of AMD intrinsic wave functions with various quadrupole
deformation [60]

2 Coexistence of Cluster States and Mean-Field-Type States 87



angular momentum (non orbital angular momentum) in the ground band which
grows larger for high spin states. The nucleon spin alignment is reflected in the
expectation value of the two-body spin-orbit force which, for the ground band, is
-5.2 MeV for the Jp ¼ 0þ1 state and increases to -8.4 MeV for the Jp = 8+

state. Since the Kp ¼ 0�1 band has very large component of 16O + a, the expec-
tation value of the two-body spin-orbit force is small and is only -0.8 MeV for
the Jp = 1- state, but it still increases to -1.3 MeV the Jp = 9- state. The effect
of the nucleon spin aligment is reflected in the shape of the quadrupole

Table 2.8 Squared
amplitudes of 16O + a
component WJ and
expectation values of
two-body spin-orbit force
h�Vlsi by AMD [60]

Kp Jp WJ h�Vlsi

01
+ 01

+ 0.70 -5.2
21

+ 0.68 -5.3
41

+ 0.54 -5.9
61

+ 0.34 -8.4
81

+ 0.28 -10.9
04

+ 04
+ 0.82 -3.2

24
+ 0.81 -3.0

44
+ 0.79 -4.9

64
+ 0.67 -6.8

84
+ 0.55 -7.4

01
- 11

- 0.95 -0.8
32

- 0.93 -0.8
52

- 0.88 -0.7
72

- 0.71 -0.9
92

- 0.70 -1.3
2- 21

- -12.9
31

- -13.0
41

- -14.1
51

- -14.4
61

- -16.5

Table 2.9 a reduced widths
h2 multiplied by 100 in 20Ne
compared with AMD
calculations [60]

Channel radius a is 6 fm

Kp Jp EXP AMD

01
+ 61

+ 1.0 ± 0.2 0.53
81

+ 0.094 ± 0.027 0.08
04

+ 04
+ [50 69.0

24
+ [59 68.0

44
+ 23 35.5

01
- 1- [16 31.0

32
- 26 29.1

52
- 30 28.8

72
- 22 ± 5 11.5

9- 17 8.9
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deformation [60]. Figure 2.16 shows that the ground band intrinsic wave function
of AMD changes its shape from prolate deformation for low spin states to the
oblate deformation of the Jp = 8+ state. This effect was discussed in detail in Ref.
[59]. It is quite interesting that the nucleon spin alignment which is a mean-field-
like dynamics is coexistent together with the clustering dynamics in the ground
band and also even in the typical cluster band of Kp ¼ 0�1 :

In this lecture we do not discuss the Kp ¼ 0þ2 and Kp ¼ 0þ3 bands whose band-
head Jp = 0+ states are located between the ground state and the Kp ¼ 0þ4

Fig. 2.15 Expectation values
of intrinsic spin angular
momentum for the ground
band states of 20Ne by AMD
[59]

Fig. 2.16 Change of deformation with increase of angular momentum for ground, Kp = 0-, and
Kp = 2- bands of 20Ne [60]
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band-head Jp = 0+ state. The Kp ¼ 0þ2 band has a shell-model-like structure with
less collectivity than the ground band [6]. The Kp ¼ 0þ3 band has been discussed to
have a 12C + 2a structure [6] which has been recently supported by an AMD
calculation [61].

2.3.4.3 Projection Operator onto the Cluster Model Space

The projection operator onto the cluster model space can be constructed by using
the eigenvalues and eigenfunctions of the RGM norm kernel NK [63]. Here we
explain a practical method of numerical construction of the projection operator
onto the cluster model space spanned by the wave functions of the form
AfvLðrÞYLðr̂Þ/ðC1Þ/ðC2Þg with r standing for the relative coordinate between
clusters C1 and C2. We first prepare sufficient number of Brink wave functions
fWLðRiÞ; ði ¼ 1�NÞg;

WLðRÞ ¼ DðRÞPLA wðC1; n1rÞwðC2; n2rÞf g ¼ ULðRÞgðXG;AmÞ; ð2:72Þ

ULðRÞ ¼ DðRÞPLA gðr � r;ArmÞ/ðC1Þ/ðC2Þf g ð2:73Þ

n1 ¼
A2

A
; n2 ¼ �

A1

A
; Ar ¼

A1A2

A
; A ¼ A1 þ A2; ð2:74Þ

where PL is the projection operator of angular momentum, D(R) is normalization
constant, and A1 and A2 are mass numbers of the clusters C1 and C2, respec-
tively. The functional space spanned by fULðRiÞ; ði ¼ 1�NÞg is intended to be
approximately the same as the cluster model space under consideration. The
orthonormal basis wave functions fÛi

L; ði ¼ 1�NÞg of this functional space are
obtained by diagonalizing the overlap matrix {Aij} with orthogonal matrix {eij},

Ûi
L ¼

1
ffiffiffiffi

li
p

X

N

j¼1

eijULðRjÞ;
X

N

i¼1

Aijekj ¼ lkeki; ð2:75Þ

Aij ¼ hULðRiÞjULðRjÞi ¼ hWLðRiÞjWLðRjÞi: ð2:76Þ

The desired projection operator P onto the cluster model space and the percentage
WJ of the C1 + C2 cluster component of a given wave function U are approxi-
mately calculated as

P ¼
X

N

i¼1

jÛi
LihÛi

Lj ¼
X

N

i;j¼1

ðA�1ÞijjUi
LihU

j
Lj; ð2:77Þ

WJ ¼ hUjPjUi ¼
X

N

i;j¼1

ðA�1ÞijhUjUi
LihU

j
LjUi: ð2:78Þ
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2.4 Coexistence of Cluster Structure and Superdeformation
in Heavy sd-Shell and Light pf-Shell Nuclei

Studies of cluster states in heavy sd-shell and light pf-shell nuclei have been
pursued by many authors but microscopic studies have not been so extensive as in
light sd-shell and p-shell nuclei. One of the characteristic features of the studies of
clustering in this mass number region is the study of molecular resonances in
somewhat high excitation energy region [64–66]. Recently a new stimulation has
been brought to this subject by the accumulation of the experimental knowledge of
superdeformed and hyperdeformed states in this mass number region which is by
the use of powerful gamma detectors used in heavier mass regions. Representative
examples are for nuclei like 36Ar [67], 38Ar [68], 40Ca [69], and 44Ti [70]. For the
study of the coexistence of cluster states and mean-field-type states, the study of
the interrelation between superdeformed states and cluster states including
molecular resonances is a very important new subject to be investigated more in
future. In this lecture we discuss this subject in two nuclei, 44Ti and 32S.

2.4.1 44Ti Case

2.4.1.1 40Ca + a Cluster States and Superdeformed States

The 44Ti nucleus is the pf-shell analogue of the nucleus 20Ne and several studies by
using microscopic 40Ca + a cluster wave function were performed [71–73]. An
important knowledge on the 40Ca + a structure in 44Ti was obtained by using the
unique 40Ca + a potential which was derived by fitting the anomalous large angle
scattering (ALAS) and nuclear rainbow phenomena of 40Ca + a elastic scattering
[66, 74]. The lowest 0+ state of this potential was found to be located about 4 MeV
below the 40Ca + a threshold which is near the experimental ground state located
about 5 MeV below the threshold (Eth = 5.14 MeV). This result suggested that
the ground state contains large component of 40Ca + a cluster structure [75–77].
Similar conclusion was obtained by the 40Ca + a RGM study of Ref. [78]. In this
RGM study the parameters of the effective nuclear force were chosen so as to
reproduce the observed elastic scattering cross sections in a wide energy range by
using the same imaginary potential as Ref. [74]. Then this RGM calculation
proved to give the lowest 0+ state near the experimental ground state.

An important experimental finding which supports the existence of the 40Ca + a
cluster structure in 44Ti was obtained by the a transfer experiment on 40Ca [80].
This transfer experiment confirmed the existence of the negative-parity rotational
band with Kp = 0- which has the 40Ca + a cluster structure. The band head
1- level was found at *7 MeV and band member states were found to have large
a spectroscopic factors. As are the cases of the 12C + a structure in 16O and the
16O + a structure in 20Ne, the existence of the negative-parity rotational band with
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Kp = 0- is a necessary condition in order for the 40Ca + a cluster structure to
exist.

The two low-lying rotational bands, one with Kp ¼ 0þ2 upon 02
+ state at

1.90 MeV and the other with Kp = 2+ upon 2+ state at 2.89 MeV, are now sug-
gested to be a superdeformed band and its side band, respectively [70]. The low
spin members of these bands have been known since long [81, 82] and recently
their high spin members were found to extend up to Jp = 12+ states. Shell model
calculation assigned 8-particle four-hole configuration to this superdeformed band
[83], and mean-field-type calculations confirmed the appearance of low-lying 8-
particle four-hole band [84, 85] with superdeformation. On the other hand some
cluster model studies assume 40Ca* + a cluster structure to this band [77, 86, 87]
with 40Ca* standing for the 02

+ and 21
+ states assumed to have 36Ar + a cluster

structure.

2.4.1.2 AMD Study of 44Ti

AMD study of 44Ti in Ref. [8] has contributed for the clarification of the actual
coexistence features of 40Ca + a cluster states and mean-field-type states including
superdeformed states.

Figure 2.17 shows good reproduction of the observed energy spectra by the
calculation of Ref. [88]. Table 2.10 shows that the E2 transitions, intra-band
transitions inside the ground band and two superdeformed bands with Kp = 02

+ and
Kp = 2+ and also the inter-band transitions between Kp = 02

+ and Kp = 2+ bands,
are well reproduced by the calculation of Ref. [88] without use of any effective
charge.

Table 2.10 B(E2) (e2fm2)
in 44Ti compared with AMD
calculation [88]

Jp
i ! Jp

f EXP AMD

[Kp = 01
+]

2þ1 ! 0þ1 120 ± 30 142

4þ1 ! 2þ1 280 ± 60 222

6þ1 ! 4þ1 160 ± 30 167

8þ1 ! 6þ1 14[ 172

10þ1 ! 8þ1 140 ± 30 99

12þ1 ! 10þ1 40 ± 8 69

½Kp ¼ 2þ ! Kp ¼ 0þ2 	
2þ3 ! 0þ2 43\ 24

[Kp = 02
+]

2þ2 ! 0þ2 220 ± 50 320

4þ2 ! 2þ2 268 ± 50 361

Kp = 2+

3þ3 ! 2þ3 \590 298

4þ3 ! 2þ3 175-60
+100 220

4þ3 ! 3þ1 \785 ± 650 302
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Figure 2.18 gives positive-parity energy curves with respect to the quadrupole
deformation parameter b. We see, in addition to the minimum-energy point near
b = 0.2 which corresponds to the ground band, the existence of the minimum-
energy points near b = 0.5 which correspond to two superdeformed bands with
Kp = 02

+ and Kp = 2+. The calculated superdeformed bands have the wave
function with 4�hx excitation (four particle jump from deformed sd to pf). The
superdeformed state is triaxially deformed (c = 0.25). In the case of the negative-
parity energy curves, we see three minimum-energy points for Jp = 1- states with
Kp = 0- in the low excitation energy region. The highest minimum-energy point
is located near b = 0.27 and corresponds to the 40Ca + a cluster state. The other
two minimum-energy points around b = 0.25 and 0.4 correspond to structures
with dominantly 1�hx and 3�hx excitations, respectively. In Fig. 2.18 we give the
density distributions of the intrinsic wave functions of the Jp = 1- state with
Kp = 0- near b = 0.27. This density distribution clearly shows the 40Ca + a
structure of this state. In this density distribution, the black points show the spatial
positions of the centroids of the single-nucleon wave packets of AMD Slater
determinant. While the nucleon wave packet centroids are divided clearly into two
spatial groups for the Kp =0- band, we do not see clear division of the nucleon
wave packet centroids for the ground and 4�hx-jump bands. Thus the superde-
formed states in 44Ti are mean-field-type states and do not have clear clustering
structure. It is reported in Ref. [88] that, if nucleon wave packets are not allowed to
deform, the AMD wave function around the superdeformed deformation b has
36Ar + 2a structure.

In Table 2.11 we show the squared amplitudes WJ of the 40Ca + a component
of the ground band states. The definition of WJ is given in Sect. 2.3.4.3. WJ values
of the ground band are about 40% for low spin members which are fairly smaller

Table 2.11 Squared amplitudes of 40Ca + a component WJ and a spectroscopic factor Sa by
AMD calculation [88]

Jp WJ Sa (Sa)exp Jp WJ Sa

[ground] [N = 14]
0+ 0.39 0.14 0.20 0+ 0.46 0.22
2+ 0.34 0.12 0.20 2+ 0.42 0.23
4+ 0.32 0.12 0.18 4+ 0.38 0.19
6+ 0.25 0.09 0.16 6+ 0.30 0.17
8+ 0.21 0.08 0.13 8+ 0.21 0.13
10+ 0.06 0.01 10+ 0.12 0.08
12+ 0.06 0.00

[N = 13] [N = 15]
1- 0.56 0.20 0.25 1- 0.63 0.34
3- 0.50 0.18 0.37 3- 0.59 0.32
5- 0.43 0.16 0.30 5- 0.56 0.31
7- 0.38 0.12 7- 0.48 0.28
9- 0.32 0.10 9- 0.35 0.20

For ground and N = 13 bands Sa are compared with experiments
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than the WJ values of the 16O + a component in the low spin members of the
ground band of 20Ne. But still they are of sizable magnitude in view of the density
distributions of the ground band states which do not show clear clustering feature.
For this sizable magnitude of WJ of the ground band, the following relation due to
the Bayman–Bohr theorem makes a large contribution:

j40Ca; ð0f ; 1pÞ4; ð12; 0ÞLi ¼ DLA R12;LðrCa�a; ð40=11ÞmÞYLðr̂Ca�aÞ/ðaÞ/ð40CaÞ
n o

� gðXG; 40mÞ:
ð2:79Þ

The smaller WJ value of the 40Ca + a component in 44Ti than the WJ value of the
16O + a component in 20Ne is reasonable because the spin-orbit effect is much
stronger than in 20Ne and the core nucleus 40Ca is much larger than the 16O core in
20Ne. As seen in the above equality due to the Bayman–Bohr theorem, the 40Ca - a
relative wave functions contained in the ground band states have the value 12 for the
quantum number N = 2n + L with n standing for the number of nodes.

The percentage WJ of the 40Ca + a component of the Kp = 0- band which has
40Ca + a density distribution is larger than the ground band and is about 56% for
the band head 1- state but it decreases to about 32% for the 9- state. The
expectation value of the two-body spin-orbit force is -9.5 MeV for the ground
state while it is -4.3 MeV for the band head 1- state of the Kp = 0- band, which
is the reflection of the smaller breaking of the spatial symmetry of the Kp = 0-

band. The 40Ca - a relative wave functions contained in the Kp = 0- band states
have the value 13 for the quantum number N = 2n + L, and hence in Table 2.11
this band is called the N = 13 band. In Table 2.11 we see good reproduction of the
observed spectroscopic factor of 40Ca + a by AMD for the ground and N = 13
bands.

The AMD calculation gives excited bands with Kp = 0+ and Kp = 0- which
have 40Ca + a component with respective percentage numbers 46 and 63% for the
band head 0+ and 1- states. The 40Ca + a components of these Kp = 0± bands
have one more nodal points than the lower Kp = 0± bands in their 40Ca - a
relative wave functions, namely N = 14 and 15, respectively. Therefore, in
Table 2.11 these bands are called the N = 14 and 15 bands, respectively. The
N = 14 and 15 bands are called higher nodal Kp = 0± bands. In Ref. [80] the
higher nodal Kp = 0± bands are reported to be observed experimentally, and they
are shown in Fig. 2.17.

In the ground state of 44Ti, the 40Ca + a component is contained by only about
40%. But the AMD calculation does not give any other 0+ state which has larger
percentage of 40Ca + a component with N = 12 below the higher nodal 0+ state.
Thus we are allowed to say that the parity inversion partner of the observed
Kp = 0- band built upon the 1- state around 7 MeV is the ground band. The
higher nodal Kp = 0± bands can be regarded as the excited bands which are
formed by the activation of the 40Ca - a clustering degree of freedom embedded
in the ground band.
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2.4.2 32S Case

2.4.2.1 Superdeformed States and 16O + 16O Molecular Resonance States

In 32S, many mean-field calculations predict the presence of the band with doubly
superdeformed magic structure whose band head 0+ state is located near

Fig. 2.17 Energy spectra of 44Ti by AMD [88]. (Eth)exp for 40Ca + a breakup is 5.14 MeV

Fig. 2.18 Energy curves of positive-parity AMD states of 44Ti with respect to quadrupole
deformation and the density distribution of the intrinsic AMD wave function of the Jp = 1- state
of Kp = 0- band [88]
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Ex = 10 MeV [89–91], although no definite experimental information has been
obtained until now. The intrinsic state has a configuration with four nucleons
raised into the deformed intruder orbit coming down from pf shell. The density
distribution of this intrinsic state wave function looks like that of 16O + 16O
molecular configuration. The microscopic study of the 16O + 16O molecular
structure has been made by many authors [92–98], which is partly because the
cluster system of two double-closed-shell nuclei is of fundamental importance and
partly because the 16O + 16O molecular resonances were experimentally observed
[99]. However, it was not easy to give any definite suggestion from microscopic
theory to the 16O + 16O molecular resonance phenomena.

An important progress in the study of 16O + 16O system was made at the end of
80’s, which was the discovery of the nuclear rainbow phenomena in the 16O + 16O
elastic scattering [100]. This discovery made possible the derivation of unique
16O - 16O potential by Kondo and his coworkers [101, 102]. This unique potential
proved to be deep contrary to the very shallow potentials long used to describe low
energy scattering [99]. Additional measurements and calculations reinforced this
deep potential picture for this 16O - 16O system [103–105] and neighboring
systems like 12C - 12C and 12C - 16O [106]. Thus after years of controversy
about the nature of the inter-nucleus potential, it is now definitely agreed that the
potential is deep [17, 106, 107].

Recently it was argued, by calculating the eigenstates of the unique 16O - 16O
potential, that the band of observed 16O - 16O molecular resonance states cor-
responds to the calculated rotational band having the number of N = 2n + L = 28
of the 16O - 16O relative motion with respect to the excitation energy [108] as
shown in Fig. 2.19. Here n and L are the number of nodes and angular momentum
of the relative wave function, respectively. Furthermore it was argued that the
lowest rotational band having the lowest Pauli-allowed number of
N = 2n + L = 24 has its band head 0+ state at about 10 MeV in excitation energy
(Fig. 2.19).

2.4.2.2 AMD Study of 32S

AMD study of 32S [109] teaches us how superdefomed states can be related to
the molecular states. The AMD calculation by the use of the Gogny D1S force
gives almost the same answer for the superdeformed excited rotational band as
the Hartree–Fock calculations (Fig. 2.20). It is here to be noted that the
minimum energy by the 16O + 16O Brink wave function is calculated to be
higher by about 10 MeV than the superdeformed 0+. The Hill-Wheeler calcu-
lation by superposing the states on the AMD energy curve gives the refined
superdeformed band and other two higher-lying rotational bands in addition to
the ground state and low-lying excited states as shown in Fig. 2.21. The
16O + 16O component contained in the superdeformed band head state is about
42% and those contained in other two higher-lying rotational band head states
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are 71 and 73%. The expectation values of the two-body spin-orbit force are
-4.5, -3.2, and -2.8 MeV for the superdeformed and two higher-lying band
head states, respectively. The 16O + 16O components contained in the

Fig. 2.19 Several lowest
molecular bands calculated
with unique 16O - 16O
potential (circle points) [108].
Filled triangle points are
averaged energy positions of
observed 16O + 16O reso-
nances. Observed angular
distributions (dots) in the
inset are from Ref. [99]

Fig. 2.20 Energy curves of 32S with respect to quadrupole deformation by AMD [109]
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superdeformed and high-lying bands have the 16O - 16O relative wave functions
whose number of N = 2n + L are 24, 26, and 28, respectively.

For the magnitude, about 42%, of the 16O + 16O component in the superde-
formed band head state, the following relation due to the Bayman–Bohr theorem
makes a large contribution:

ð0; 0; 0Þ4ð1; 0; 0Þ4ð0; 1; 0Þ4ð0; 0; 1Þ4ð1; 0; 1Þ4ð0; 1; 1Þ4ð0; 0; 2Þ4ð0; 0; 3Þ4

¼ nA Xð0;0;24ÞðrO�O; 8mÞ/ð16OÞ/ð16OÞ
n o

gðXG; 32mÞ:
ð2:80Þ

In Ref. [109] the Hill-Wheeler calculation was made in wider basis space
by adopting 16O + 16O Brink wave functions in addition to the basis states on
the AMD energy curve (Fig. 2.21). This improved Hill-Wheeler calculation
gave only little change to the superdeformed band; the energy gain was very
small and the percentage of the 16O + 16O component contained in the su-
perdeformed band head state changed from about 42 to about 44%. However
the improved Hill-Wheeler calculation gave rather large change to the two
higher-lying bands, namely the percentages of the 16O + 16O components
contained in these two band head states changed from about 71 and 73% to
about 90 and 98%, respectively, although the energy gains for these two
bands were rather small. The higher band with N = 28 is thus almost pure
16O + 16O molecular band.

When we compare three bands of AMD with N = 24, 26, and 28 with the three
bands of unique 16O - 16O potential, we see good correspondence between them in
excitation energies. Especially we can regard the AMD band with N = 28 as cor-
responding to the band of observed molecular resonances of 16O + 16O. The AMD
study teaches us that the 16O + 16O molecular resonance band is formed by the
activation of the 16O - 16O clustering degree of freedom embedded in the super-
deformed band.

Fig. 2.21 Superdeformed
rotational band and two
excited bands in 32S by AMD
[109]
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2.5 Structure Change Between Cluster States
and Mean-Field-Type States

2.5.1 Dual Character of Nuclear Wave Function

In previous sections we discussed the Bayman–Bohr theorem for the wave func-
tions of the ground states of 8Be, 12C, 16O, 20Ne, and 44Ti, and for that of the
superdeformed excited state of 32S. This theorem says that the nuclear many-body
wave function possesses two faces, face of ‘mean-field-type structure’ and face of
‘cluster structure’. This fact may look like only a mathematical feature of the wave
function. But it also represents a physical feature. It is because there do exist two
kinds of excitation modes on the basis of this dual nature of the wave function. We
below summarize what we discussed in previous sections in this lecture from this
viewpoint.

In 8Be we discussed Bayman–Bohr theorem for the ground state, but the ground
state is a 2a cluster state rather than a mean-field-type state. In this nucleus,
beyond the Bayman–Bohr theorem which compares the SU(3) shell model wave
function with the cluster model wave function, the deformed Hartree–Fock wave
functions for several types of Skyrme forces were compared with the 2a cluster
wave function [111]. The result showed that the Hartree–Fock wave functions
contain a large amount of the 2a component (WJ of Sect. 2.3.4.3) more than 97%.
It is desirable to compare the Hartree–Fock wave functions with the optimum
(minimum energy) 2a cluster wave function.

In 12C, the ground state wave function is known to contain large amount of the

SU(3) shell model wave function jð0sÞ4ð0pÞ8; ðk; lÞ ¼ ð04ÞJ ¼ 0i. According to
the Bayman–Bohr theorem, this wave function is equivalent to a 3a cluster wave
function as follows,

jð0sÞ4ð0pÞ8;ðk;lÞ¼ð04ÞJ¼0i

¼N0A R4;0ðn1;ð8=3ÞmÞR4;0ðn2;2mÞ/ða1Þ/ða2Þ/ða3Þ
� �

�gðXG;12mÞ;

ð2:81Þ

where n1 = X1 - (X2 + X3)/2, n2 = X2 - X3, and Xi stands for the center-of-mass
coordinate of ith a cluster. Since the Hoyle state can be well described by the wave
function AfPA expð�ð4=ð3B2ÞÞn2

1 � ð1=B2Þn2
2Þ/ða1Þ/ða2Þ/ða3Þg with PA stand-

ing for the projection operator onto the functional space having the number of
oscillator quanta larger than 8, the formation of the Hoyle state can be regarded to
be the excitation of the 3a relative wave function from R4,0(n1, (8/3)m) R4,0(n2, 2m)
of the ground state to PA expð�ð4=ð3B2ÞÞn2

1 � ð1=B2Þn2
2Þ of the Hoyle state. On

the other hand, there is, of course, mean-field-type excitation of the ground state as
is typically seen in the formation of the 1+ excited state at 12.7 MeV having non-
zero intrinsic spin S = 1.
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In 16O, it has been long known that the excited states of 31
-, 11

-, 21
-, 01

-, are
dominantly of the structure of 1-particle 1-hole, namely they are the excited states
due to the mean-field-type excitation mode. At the same time, as we described in
section 3, it is now well known that lot of excited states including
02

+, 21
+, 22

+, 41
+, 61

+, 12
-, 32

-, 51
-, 71

-, are dominantly of the cluster structure of 12C + a
described by the wave function of the form Afv‘;L;JðrC�aÞ½Y‘ðr̂C�aÞ
/Lð

12CÞ	J/ðaÞg: Since the Bayman–Bohr theorem assures that the double-closed-
shell wave function of the ground state is equivalent to 12C + a cluster wave function
as,

det jð0sÞ4ð0pÞ12j ¼ cLA R4;LðrC�a; 3mÞ YLðr̂C�aÞ/Lð12CÞ
h i

J¼0
/ðaÞ

h i

� gðXG; 16mÞ;
ð2:82Þ

where L is arbitrary among L = 0, 2, and 4, the formation of 12C + a cluster states
can be regarded to be the excitation of the 12C - a relative motion from
R4;LðrC�a; 3mÞYLðr̂C�aÞof the ground state to v‘;L;JðrC�aÞY‘ðr̂C�aÞof the cluster states.

In 20Ne, the ground band states contain the 16O + a component at most 70%.
This 16O + a component is mostly equivalent to SU(3) shell model wave function
with (k, l) = (8, 0) due to Bayman–Bohr theorem (Eq. (2.61)):

jð0sÞ4ð0pÞ12ð1s; 0dÞ4; ð8; 0ÞLi ¼ CLA R8;LðrO�a; ð16=5ÞmÞYLðr̂O�aÞ/ð16
OÞ/ðaÞ

n o

� gðXG; 20mÞ:
ð2:83Þ

We saw in Sect. 2.3 that the excitations of 16O - a clustering degree of freedom
imbedded in the ground band states give rise to the excited cluster bands, Kp = 0-

and Kp = 04
+ bands which are described by the wave functions of the form

AfvLðrO�aÞYLðr̂O�aÞ/ð16OÞ/ðaÞg: On the other hand, in 20Ne there exists the
low-lying Kp = 2- band having mean-field-type structure. This band is domi-
nantly formed by 1-particle 1-hole excitation of the ground state.

In 44Ti, the ground band states contain the 40Ca + a component at most 40%.
This 40Ca + a component is mostly equivalent to SU(3) shell model wave function
with (k, l) = (12, 0) due to Bayman–Bohr theorem :

j40Ca; ð0f ; 1pÞ4; ð12; 0ÞLi ¼ DLA R12;LðrCa�a; ð40=11ÞmÞYLðr̂Ca�aÞ/ð40CaÞ/ðaÞ
n o

� gðXG; 40mÞ:
ð2:84Þ

We saw in Sect. 2.4 that the excitations of 40Ca - a relative motion imbedded in
the ground band give rise to the excited cluster bands, Kp = 0-, and N = 14, 15
higher nodal bands which are described by the wave functions of the form

AfvLðrCa�aÞYLðr̂Ca�aÞ/ð40CaÞ/ðaÞg: On the other hand, in 44Ti there exists the
low-lying Kp = 3- band having mean-field-type structure. This band is
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dominantly formed by 1-particle 1-hole excitation of the ground state. Further-
more, there exist two low-lying superdeformed bands with mean-field-type
structure formed by four-particle jump.

In 32S we showed that the superdeformed band contains 16O + 16O component
by about 44%. This 16O + 16O component is mostly equivalent to shell model
wave function with 4p - 4h excitation due to Bayman–Bohr theorem :

ð0; 0; 0Þ4ð1; 0; 0Þ4ð0; 1; 0Þ4ð0; 0; 1Þ4ð1; 0; 1Þ4ð0; 1; 1Þ4ð0; 0; 2Þ4ð0; 0; 3Þ4

¼ nA Xð0;0;24ÞðrO�OÞ/ð16OÞ/ð16OÞ
n o

gðXG; 32mÞ:
ð2:85Þ

We explained that the excitation of 16O - 16O relative motion imbedded in the
superdeformed band gives rise to the 16O + 16O molecular resonance band.

From these actual features of the coexistence of cluster states and mean-field-
type states in 12C, 16O, 20Ne, 44Ti, and 32S, one may say that the coexistence of
cluster structure and mean-field-type structure is rather of logical necessity of the
dual character of nuclear wave function. Recently this point has been argued by
H. Horiuchi, K. Ikeda, K. Kato, and T. Yamada, who have called this dual nature
of nuclear states the Janus nature of nuclei [110]. Of course this mechanism of
the coexistence of mean-field type and cluster type states is based on the nature
of nuclear force. Nuclear force has strong tensor force which gives rise to tightly
bound alpha cluster and it is of course responsible to the formation of the mean
field which is close to the harmonic oscillator field.

2.5.2 E0 Transitions Between Ground State and Cluster
States in 16O and 12C

An important observable quantity which directly verifies the dual nature of the
nuclear wave function expressed by the Bayman–Bohr theorem is the large
strength of the monopole transition between shell model type ground state and the
excited cluster states. E0 transition strengths between ground state and cluster
states in light nuclei are actually strong in general with their order of magnitude
comparable with single-nucleon strength [112, 113]. This looks strange because
cluster states are many-particle many-hole states in the shell model description
which implies E0 strengths from the ground state are much smaller than the single-
nucleon strength.

Below we explain that the above problem of the E0 transition strength can be
answered quite naturally by applying the Bayman–Bohr theorem to the ground
state wave functions, by explicitly analysing the E0 transitions in 16O and 12C
[113]. The observed strengths M(E0) of the E0 transition in 16O are 3.55, 4.03,
and 3.3 fm2 for 0þ2 $ 0þ1 ; 0

þ
3 $ 0þ1 ; and 0þ5 $ 0þ1 ; respectively, while the

observed M(E0) in 12C for 0þ2 $ 0þ1 is 5.4 fm2. A rough estimation of the
single-nucleon strength huf ðrÞjr2juiðrÞi is given by (3/5)R2 with R standing for
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the nuclear radius. This estimation is obtained under the uniform-density

approximation of uðrÞ�
ffiffiffiffiffiffiffiffiffiffi

3=R3
p

for ui(r) and uf(r). For R� 3 fm; we have
huf ðrÞjr2juiðrÞi� 5:4 fm2: Another strange point, from shell model viewpoint,
about the observed values of M(E0) is the fact that the three excited 0+ states of
16O have very similar magnitude of M(E0) although they have different com-
plicated configurations of many-particle many-hole. The explanation given below
also answers to this question.

2.5.2.1 E0 Transitions in 16O

As we explained in Sect. 2.3, the 02
+ and 03

+ states can be dominantly described by
12C + a cluster model wave functions, A½v0ðrC�aÞ½Y0ðr̂C�aÞ/0ð12CÞ	J¼0/ðaÞ	 and

A½v2ðrC�aÞ½Y2ðr̂C�aÞ/2ð12CÞ	J¼0/ðaÞ	; respectively. On the other hand, the
ground state is dominantly described by the double-closed-shell wave function

UDCS which is equivalent to A½R4;LðrC�a; 3mÞ½YLðr̂C�aÞ/Lð
12CÞ	J¼0/ðaÞ	 with

arbitrary L = 0, 2, 4. Therefore the E0 transition between the ground state and a
12C + a cluster state is the transition between the relative wave function R4,L

(rC - a, 3m) and vL(rC - a). Actually, in spite of the presence of the antisym-
metrization, the E0 transition strength comes only from the relative motion part of
the wave function. It means that the E0 transition strength comes only from the E0
operator O(E0, rel.) of the relative motion. In order to verify this, we decompose
the total E0 operator O(E0) between zero isospin states as

OðE0Þ ¼ 1
2

X

16

i¼1

ðri � XGÞ2 ¼ OðE0;12 CÞ þ OðE0; aÞ þ OðE0; rel:Þ; ð2:86Þ

OðE0;12 CÞ ¼ 1
2

X

i212C

ðri � XCÞ2; OðE0;12 CÞ ¼ 1
2

X

i2a
ðri � XaÞ2; ð2:87Þ

OðE0; rel:Þ ¼ 1
2

12� 4
16

r2
C�a: ð2:88Þ

We then note the fact that the relative wave function vL(rC - a) has the harmonic
oscillator components whose number of the oscillator quanta is larger than 4 of
R4,L (rC - a, 3m). From this fact we obtain the following equations,

UDCSjA vLðrC�aÞ YLðr̂C�aÞOðE0;12 CÞ/Lð12CÞ
h i

J¼0
/ðaÞ

n oD E

¼ 0; ð2:89Þ

UDCSjA vLðrC�aÞ YLðr̂C�aÞ/Lð12CÞ
h i

J¼0
OðE0; aÞ/ðaÞ

n oD E

¼ 0: ð2:90Þ

In these equations use is made of the fact that the numbers of the oscillator quanta
of O(E0, 12C) /L(12C) and O(E0, a) /(a) are not smaller than those of /L(12C) and
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/(a), respectively, because both /L(12C) and /(a) have minimum numbers of
oscillator quanta for 12C and a nuclei, respectively. We thus obtain for the M(E0)

UDCSjOðE0ÞjA vLðrC�aÞ YLðr̂C�aÞ/Lð12CÞ
h i

J¼0
/ðaÞ

n oD E

¼ UDCSjOðE0ÞjA OðE0; rel:ÞvLðrC�aÞ YLðr̂C�aÞ/Lð12CÞ
h i

J¼0
/ðaÞ

n oD E

:

ð2:91Þ

In Ref. [113], exact analytical formulas of MðE0; 0þ2 ! 0þ1 Þ and MðE0; 0þ3 ! 0þ1 Þ
are obtained as

MðE0; 0þ2 ! 0þ1 Þ ¼
1
2

ffiffiffiffiffiffiffi

s0;4

s0;6

r

g6 R40ðr; mÞjr2jR60ðr; mÞ
� �

; ð2:92Þ

MðE0; 0þ3 ! 0þ1 Þ ¼
1
2

ffiffiffiffiffiffiffi

s2;4

s2;6

r

f6 R42ðr; mÞjr2jR62ðr; mÞ
� �

; ð2:93Þ

sL;N ¼ hWL;N jAfWL;Ngi; WL;N ¼ RN;LðrC�a; 3mÞ YLðr̂C�aÞ/Lð12CÞ
h i

J¼0
/ðaÞ;

ð2:94Þ

j0þ2 i ¼
X

1

N¼6

gNðCNAfW0;NgÞ; jjCNAfW0;Ngjj ¼ 1; ð2:95Þ

j0þ3 i ¼
X

1

N¼6

fNðDNAfW2;NgÞ; jjDNAfW2;Ngjj ¼ 1; ð2:96Þ

The quantity sL,N represents the effect of the antisymmetrization and actually is
fairly smaller than unity in general for non large N. However, in the above analytical
formulas, quantities sL,N appear in the form of ratio, s0,4/s0,6 and s2,4/s2,6, and the
magnitudes of these ratios are close to unity, which implies that the effect of anti-
symmetrizaion has only little influence on the M(E0) values. The quantities g6 and f6

are the coefficients of the 2�hx - jump component contained in j0þ2 i and j0þ3 i;
respectively, and their magnitudes are around 0.4. Note that g6 and f6 are not
percentage quantities, (g6)2 and (f6)2. The E0 matrix elements of the relative motion,
hR40ðr; mÞjr2jR60ðr; mÞi and hR42ðr; mÞjr2jR62ðr; mÞi; are larger than the corresponding
E0 matrix elements of the single-nucleon motion, hR00ðr; mÞjr2jR20ðr; mÞi and
hR11ðr; mÞjr2jR31ðr; mÞi; by about 50%. We thus see that the order of magnitude of
MðE0; 0þ2 ! 0þ1 Þ and MðE0; 0þ3 ! 0þ1 Þ are the same as the single-nucleon strength.
Also we see that MðE0; 0þ2 ! 0þ1 Þ and MðE0; 0þ3 ! 0þ1 Þ should have similar
magnitude because their analytical formulas are very similar each other.

The numerical values of MðE0; 0þ2 ! 0þ1 Þ and MðE0; 0þ3 ! 0þ1 Þ calculated
with the above formulas with suitable parameter values are 1.97 fm2 and 3.89
fm2, respectively. These values are somewhat smaller than the observed values
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although the order of magnitudes are reproduced. This problem was investigated
in Ref. [113], and it was shown that the inclusion of the ground state correlation
into the ground state wave function makes the reproduction of the observed values
by theory fairly satisfactory. The ground state correlation adopted is the one due to
the inter-cluster relative motion, namely the 12C - a relative wave function
embedded in the ground state is not simply R4,L (rC - a, 3m) but has contributions
from higher N components, RN,L (rC - a, 3m), with N [ 4. The important point
of this result is that the clustering degree of freedom described by the Bayman–
Bohr theorem induces the ground state correlation which affects the E0 matrix
elements.

2.5.2.2 E0 Transitions in 12C

In Ref. [113] similar analytical formula of M(E0) was derived for the transition
between the ground state and the 02

+ state of 12C (Hoyle state) as follows

MðE0; 0þ2 ! 0þ1 Þ ¼
ffiffiffi

7
6

r

ffiffiffiffiffiffiffiffiffi

hF4i
hF5i

s

r5hR40ðr; mÞjr2jR60ðr; mÞi; ð2:97Þ

hFni ¼ hQnjAfQngi; Qn ¼ Fnðn1; n2Þ/ða1Þ/ða2Þ/ða3Þ; ð2:98Þ

Fnðn1; n2Þ ¼
1

4p

X

n1þn2¼n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð2n1 þ 1Þ!!ð2n2 þ 1Þ!!
2n1!!2n2!!

s

R2n1;0ðn1; ð8=3ÞmÞR2n2;0ðn2; 2mÞ;

ð2:99Þ

j0þ2 i ¼
X

1

n¼5

rnðenAfQngÞ; jjenAfQngjj ¼ 1; ð2:100Þ

Here, as before, jð0sÞ4ð0pÞ8; ð04ÞJ ¼ 0i was adopted as the ground state wave
function, and AfPA expð�ð4=ð3B2ÞÞn2

1 � ð1=B2Þn2
2Þ/ða1Þ/ða2Þ/ða3Þg was

adopted for the Hoyle state. Applying the Bayman–Bohr theorem to the ground
state, the E0 transition is shown to be the transition of the 3a relative wave
function between R4,0(n1, (8/3)m) R4,0(n2, 2m) and PA expð�ð4=ð3B2ÞÞn2

1 �
ð1=B2Þn2

2Þ by the E0 operator of relative motion O(E0, rel.) = (4/3)n1
2 ? n2

2.
The quantity hFni represents the effect of the antisymmetrization but in the above

analytical formula, it appears in the form of ratio, hF4i=hF5i; whose magnitude is
close to unity. Thus the effect of antisymmetrizaion has only little influence on the
M(E0) value like in the case of 16O. The quantity r5 is the amplitude of the 2�hx -
jump component contained in j0þ2 i and its magnitude is around 0.25. The E0 matrix
element of the relative motion, hR40ðr; mÞjr2jR60ðr; mÞi; is the same as in 16O, and
hence it is larger than the corresponding E0 matrix elements of the single-nucleon
motion, hR00ðr; mÞjr2jR20ðr; mÞi and hR11ðr; mÞjr2jR31ðr; mÞi; by about 50%. We thus
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obtain the same result as in 16O that the order of magnitude of MðE0; 0þ2 ! 0þ1 Þ is
the same as the single-nucleon strength.

The numerical value of MðE0; 0þ2 ! 0þ1 Þ calculated with the above formula
with suitable parameter values is 1.3 fm2. This value is smaller than the observed
value although the order of magnitude is reproduced. In Ref. [113], there was
given the same conclusion as in 16O that the clustering degree of freedom
described by the Bayman–Bohr theorem induces the ground state correlation
which makes the magnitude of the calculated E0 matrix element close to the
observed value.

2.6 Summary

(1) Actual features of coexistence of cluster states and mean-field-type states
were discussed in six self-conjugate nuclei, 8Be, 12C, 16O, 20Ne, 44Ti, and 32S.
(2) In many cases detailed studies with AMD were utilized. The existence of the
nucleon spin alignment in higher spin members of rotational bands even with
prominent clustering character is one of the interesting features of coexistence of
cluster dynamics and mean-field-type dynamics. (3) Rather large percentage of
clustering components in the ground bands of 20Ne and 44Ti (about 70 and 40%
for ground states of 20Ne and 44Ti, respectively) and the superdeformed bands in
32S (about 40% for band-head), is largely due to the Bayman–Bohr theorem. (4)
All the excited states with cluster structure discussed in this lecture can be
considered to be formed by the excitation of the clustering degrees of freedom
embedded in the ground states (superdeformed state in 32S) which is described
by the Bayman–Bohr theorem. (5) An important evidence of the dual nature of
ground state wave function described by the Bayman–Bohr theorem was shown
to be given by the fact that lots of E0 transitions between cluster states and
ground state in 16O and 12C are rather strong comparable to the single-nucleon
strength. (6) Coexistence of cluster states and mean-field-type states was dis-
cussed to be rather of logical necessity due to the dual character of nuclear wave
function.
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