
Chapter 2
Representation of Atomic Environments

2.1 Introduction

The quantitative representation of atomic environments is an important tool in
modern computational chemistry and condensed matter physics. For example, in
structure search applications [1], each configuration that is found during the
procedure depends numerically on the precise initial conditions and the path of the
search, so it is important to be able to identify equivalent structures or detect
similarities. In other applications, such as molecular dynamics simulation of phase
transitions [2], one needs good order parameters capable of detecting changes in
the local order around the atoms. In constructing interatomic potentials [3], the
functional forms depend on elements of a carefully chosen representation of
atomic neighbourhoods, e.g. bond lengths, bond angles, etc.

Although the Cartesian coordinate system provides a simple and unequivocal
description of atomic systems, comparisons of structures based on it are difficult:
the list of coordinates can be ordered arbitrarily, or two structures might be
mapped to each other by a rotation, reflection or translation. Hence, two different
lists of atomic coordinates can in fact represent the same or very similar structures.
In a good representation, permutational, rotational and translational symmetries
are built in explicitly, i.e. the representation is invariant with respect to these
symmetries, while retaining the faithfulness of the Cartesian coordinates. If a
representation is complete, a one-to-one mapping is obtained between the genu-
inely different atomic environments and the set of invariants comprising the
representation.

The most well known invariants describing atomic neighbourhoods are the set
of bond-order parameters proposed by Steinhardt et al. [4]. These have been
successfully used as order parameters in studies of nucleation [5], phase transitions
[6] and glasses [7]. In the following sections we show that the bond-order
parameters actually form a subset of a more general set of invariants called the
bispectrum. We prove that the bispectrum components indeed form a rotational
and permutational invariant representation of atomic environments. The formally
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infinite array of bispectral invariants provide an almost complete set, and by
truncating it one obtains representations whose sensitivity can be refined at will.

2.2 Translational Invariants

The concept of the power spectrum and the bispectrum was originally introduced
by the signal processing community. In the analysis of periodic signals the
absolute phase is often irrelevant and a hindering factor, for example, when
comparing signals. The problem of eliminating the phase of a periodic function is
very similar to the problem of creating a rotationally invariant representation of
spatial functions. We show how the bispectrum of periodic functions can be
defined and discuss its possible uses in atomistic simulations.

2.2.1 Spectra of Signals

A periodic signal f(t) (or a function defined on the circumference of a circle) where
t [ [0, 2p), can be represented by its Fourier series:

f ðtÞ ¼
X

n

fn expðixntÞ; ð2:1Þ

where the coefficients, fn, can be obtained as follows:

fn ¼
1

2p

Z2p

0

f ðtÞ expð�ixntÞdt: ð2:2Þ

A phase shift of the signal (or rotation of the function) by t0 transforms the original
signal according to

f ðtÞ ! f ðt þ t0Þ; ð2:3Þ

and the coefficients become

fn ! expðixnt0Þfn: ð2:4Þ

It follows that the power spectrum of the signal defined as

pn ¼ f �n fn ð2:5Þ

is invariant to such phase shifts:

pn ¼ f �n fn ! fn expðixnt0Þð Þ� fn expðixnt0Þð Þ ¼ f �n fn; ð2:6Þ
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but the information content of different channels becomes decoupled. Figure 2.1
and Table 2.1 demonstrate two functions, f1 ¼ sinðtÞ þ sinð2tÞ and f2 ¼ sinðtÞ þ
cosð2tÞ; that can both be represented by the same power spectrum.

2.2.2 Bispectrum

As the power spectrum is not complete, i.e. the original function cannot be recon-
structed from it, there is a need for an invariant representation from which the original
function can (at least in theory) be restored. The bispectrum contains the relative
phase of the different channels, moreover, it has been proven to be complete [8].

A periodic function f : Rn ! C; whose period is Li in the ith direction, can be
expressed in terms of a Fourier series:

f ðrÞ ¼
X

x

f ðxÞ expðixrÞ; ð2:7Þ

where the Fourier-components can be obtained from
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Table 2.1 Fourier and power
spectrum coefficients of f1
and f2

x -2 -1 0 1 2

f1 -i -i 0 i i
f2 1 -i 0 i 1
p1 = p2 1 1 0 1 1
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f ðxÞ ¼
Yn

i¼1

1
Li

Z

V

f ðrÞ expðixrÞdr ð2:8Þ

and x ¼ ðx1;x2; . . .;xnÞ: An arbitrary translation T̂ðr0Þ transforms f as
f(r) ? f(r - r0), thus the Fourier-coefficients change as f ðxÞ ! expð�ixr0Þf ðxÞ.
The bispectrum of f is defined as the triple-correlation of the Fourier coefficients:

bðx1;x2Þ ¼ f ðx1Þf ðx2Þf ðx1 þ x2Þ�: ð2:9Þ
The bispectrum is invariant to translations:

bðx1;x2Þ ! f ðx1Þ expði� x1r0Þf ðx2Þ expði� x2r0Þ
�f ðx1 þ x2Þ� exp iðx1 þ x2Þr0ð Þ ¼ bðx1;x2Þ:

ð2:10Þ

The bispectrum has been shown to be complete [8]. The proof, which is highly
technical and would be too long to reproduce here is based on Group Theory.
Further, Dianat and Raghuveer [9] proved that in case of one- and two-dimen-
sional functions the original function can be restored using only the diagonal
elements of the bispectrum, i.e. only the components for which x1 ¼ x2.

2.2.3 Bispectrum of Crystals

Crystals are periodic repetitions of a unit cell in space in each of the three
directions defined by the lattice vectors. A unit cell can be described as a paral-
lelepiped (the description used by the conventional Bravais system of lattices)
containing some number of atoms at given positions. The three independent edges
of the parallelepiped are the lattice vectors, whereas the positions of the atoms in
the unit cell form the basis. Defining crystals in this way is not unique, as any
subset of a crystal which generates it by translations can be defined as a unit cell,
for example, a Wigner–Seitz cell, which is not even necessarily a parallelepiped.

Thus a crystal can be described by the coordinates of the basis atoms ri, where
i ¼ 1; . . .;N and the three lattice vectors aa,a = 1, 2, 3. The position of the basis
can be given in terms of the fractional coordinates xi, such that

ri ¼
X3

a¼1

xiaaa; ð2:11Þ

where 0 \ xia \ 1.
In the same way as in the case of atomic environments, the order of the atoms in

the basis is arbitrary. We introduce the permutational invariance through the
atomic density:

qðxÞ ¼
X

i

dðx� xiÞ: ð2:12Þ
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q is a periodic function in the unit cube, therefore we can expand it in a Fourier series
and calculate invariant features such as the power spectrum and bispectrum. It can be
noted that the power spectrum of q is equivalent to the structure factor used in X-ray
and neutron diffraction, and it is clear from Sect. 2.2.1 why the structure factor is not
sufficient to determine the exact structure of a crystal. In contrast, the bispectrum of
the atomic density function could be used as a unique fingerprint of the crystal that is
invariant to the permutation and translation of the basis.

We note that permuting the lattice vectors of the crystal permutes the reciprocal
lattice vectors which therefore, mixes the elements of the bispectrum. This problem
can be eliminated by first matching the lattice vectors of the two structures which
are being compared. The rotation of the entire lattice does not change the frac-
tional coordinates, hence the bispectrum is invariant to global rotations.

2.3 Rotationally Invariant Features

Invariant features of atomic environments can be constructed by several methods,
of which we list a few here. In interatomic potentials, a set of geometric param-
eters are used, such as bond lengths, bond angles and tetrahedral angles. These are
rotationally invariant by construction, but the size of a complete set of such
parameters grows as exp(N), where N is the number of neighbours. The complete
set is vastly redundant, but there is no systematic way of reducing the number of
parameters without losing completeness.

A more compact rotationally invariant representation of the atomic environ-
ment can be built in the form of a matrix by using the bond vectors ri; i ¼ 1; . . .;N
between the central atom and its N neighbours. The elements of the matrix are
given by the dot product

Mij ¼ ri � rj: ð2:13Þ

Matrix M contains the bond lengths on its diagonal, whereas the off-diagonal
elements are related to the bond angles. It can be shown that M is a complete
representation [10]. However, permuting the neighbouring atoms shuffles the
columns and rows of M, thus M is not a suitable invariant representation.

Permutational invariance can be achieved by using the symmetric polynomials
[11]. These are defined by

Pkðx1; x2; . . .; xNÞ ¼ Pkðxp1 ; xp2 ; . . .; xpN Þ ð2:14Þ

for every p; where p is an arbitrary permutation of the vector ð1; 2; . . .;NÞ: The
first three symmetric polynomials are

P1ðx1; x2; . . .; xNÞ ¼
XN

i

xi ð2:15Þ
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P2ðx1; x2; . . .; xNÞ ¼
XN

i\j

xixj ð2:16Þ

P3ðx1; x2; . . .; xNÞ ¼
XN

i\j\k

xixjxk: ð2:17Þ

The series of polynomials form a complete representation, however, this set is not
rotationally invariant.

2.3.1 Bond-order Parameters

As a first step to derive a more general invariant representation of atomic envi-
ronments, we define the local atomic density as

qiðrÞ ¼
X

j

dðr� rijÞ; ð2:18Þ

where the index j runs over the neighbours of atom i. The local atomic density is
already invariant to permuting neighbours, as changing the order of the atoms in
the neighbour list only affects the order of the summation. This function could be
expanded in terms of spherical harmonics (dropping the atomic index i for clarity):

qðrÞ ¼
X

l¼0

Xl

m¼�l

clmYlm hðrÞ;/ðrÞð Þ: ð2:19Þ

However, we should note that this representation does not contain information
about the distances of neighbours. In fact, q(r) represented this way is the
projection of the positions of neighbouring atoms onto the unit sphere. The
properties of functions defined on the unit sphere are described by the group theory
of SO(3), the group of rotations about the origin.

The spherical harmonics functions form an orthonormal basis set for L2:

hYlmjYl0m0 i ¼ dll0dmm0 ; ð2:20Þ

where the inner product of functions f and g is defined as

h f jgi ¼
Z

f �ðrÞgðrÞdr: ð2:21Þ

The coefficients clm can be determined as

clm ¼ hqjYlmi ¼
X

j

Ylm hðrijÞ;/ðrijÞ
� �

: ð2:22Þ
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We note that the order parameters Qlm introduced by Steinhardt et al. [4] are
proportional to the coefficients clm. In their work, they defined the bonds in the system
as vectors joining neighbouring atoms. Defining which atoms are the neighbours of a
particular atom can be done by using a simple distance cutoff or via the Voronoi
analysis. Once the set of neighbours has been defined, each bond rij connecting
neighbour atoms i and j is represented by a set of spherical harmonics coefficients

Ylmðr̂ijÞ ¼ YlmðhðrijÞ;/ðrijÞÞ: ð2:23Þ

Averaging the coefficients for atom i provides the atomic order parameters for that
atom

Qi
lm ¼

1
Ni

X

j

Ylmðr̂ijÞ; ð2:24Þ

where Ni is the number of neighbours of atom i. Similarly, averaging over all
bonds in the system gives a set of global order parameters

�Qlm ¼
1

Nb

X

ij

Ylmðr̂ijÞ; ð2:25Þ

where Nb is the total number of bonds. Both of these order parameters are invariant
to permutations of atoms and to translations, but they still depend on the orien-
tation of the reference frame. However, rotationally invariant combinations of
these order parameters can be constructed as follows:

Qi
l ¼

4p
2lþ 1

Xl

m¼�l

ðQi
lmÞ
�Qi

lm

 !1=2

and ð2:26Þ

Wi
l ¼

Xl

m1;m2;m3¼�l

l l l
m1 m2 m3

� �
Qi

lm1
Qi

lm2
Qi

lm2
ð2:27Þ

for atoms and

�Ql ¼
4p

2lþ 1

Xl

m¼�l

�Q�lm �Qlm

 !1=2

ð2:28Þ

�Wl ¼
Xl

m1;m2;m3¼�l

l l l
m1 m2 m3

� �
�Qlm1

�Qlm2
�Qlm2 ð2:29Þ

for global structures. The factor in parentheses is the Wigner-3jm symbol, which is
nonzero only for m1 + m2 + m3 = 0.

Ql
i and Wi

l are called second-order and third-order bond-order parameters,
respectively. It is possible to normalise Wi

l such that it does not depend strongly on
the number of neighbours as follows:
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Ŵi
l ¼ Wi

l

Xl

m¼�l

ðQi
lmÞ
�Qi

lm

 !3=2,
: ð2:30Þ

Bond-order parameters were originally introduced by Steinhardt et al. [4] for
studying the order in liquids and glasses, but their approach was adopted soon for a
wide range of applications. For example, the bond-order parameters, when aver-
aged over all bonds in the system, can be used as reaction coordinates in phase
transitions [12].

For symmetry reasons, bond order parameters with l C 4 have non-zero values
in clusters with cubic symmetry and l C 6 for clusters with icosahedral symmetry.
The most widely calculated bond order parameters are l = 4 and l = 6. Different
values correspond to crystalline materials with different symmetry, while the
global values vanish in disordered phases, such as in liquids. This feature made
the Q and W invariants attractive for use as bond order parameters in many
applications.

2.3.2 Power Spectrum

Using some basic concepts from representation theory, we can now prove that the
second-order invariants are rotationally invariant, then we show a more general
form of invariants, a superset consisting of third-order invariants [13]. An arbitrary
rotation R̂ operating on a spherical harmonic function Ylm transforms it into a linear
combination of spherical harmonics with the same l index:

R̂Ylm ¼
Xl

m0¼�l

DðlÞmm0 ðRÞYlm0 ; ð2:31Þ

where the matrices D(l)(R) are also known as the Wigner-matrices. The elements of
the Wigner matrices can be generated by

DðlÞmm0 ðRÞ ¼ hYlmjR̂jYlm0 i: ð2:32Þ

It follows that the rotation operator R̂ acts on the function q as

R̂q ¼ R̂
X

l¼0

Xl

m¼�l

clmYlm ¼
X

l¼0

Xl

m¼�l

clmR̂Ylm

¼
X

l¼0

Xl

m¼�l

Xl

m0¼�l

clmDðlÞmm0 ðRÞYlm0

¼
X

l¼0

Xl

m0¼�l

c0lmYlm0 ;

ð2:33Þ
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thus the vector of coefficients cl transform under rotation as

cl ! DðlÞðRÞcl: ð2:34Þ

Making use of the fact that rotations are unitary operations, it is possible to show
that the matrices D(l) are unitary, i.e.

DðlÞ
� �y

DðlÞ ¼ I; ð2:35Þ

leading us to a set of rotationally invariant coefficients, the rotational power
spectrum:

pl ¼ cyl cl: ð2:36Þ

The coefficients of the power spectrum remain invariant under rotations:

pl ¼ c
y
l cl ! c

y
l DðlÞ
� �y� �

DðlÞcl

� �
¼ c

y
l cl: ð2:37Þ

It can be directly seen that the second-order bond-order parameters are related to
the power spectrum via the simple equation

Ql ¼
4p

2lþ 1
pl

� �1=2

: ð2:38Þ

The power spectrum is a very impoverished representation of the original
function q, because all pl coefficients are rotationally invariant independently,
i.e. different l channels are decoupled. This representation, although rotationally
invariant, is, in turn, severely incomplete.

The incompleteness of the power spectrum can be demonstrated by the fol-
lowing example. Assuming a function f in the form

f ðr̂Þ ¼
Xl1

m¼�l1

amYl1mðr̂Þ þ
Xl2

m¼�l2

bmYl2mðr̂Þ; ð2:39Þ

its power spectrum elements are pl1 ¼ jaj
2 and pl1 ¼ jbj

2. Thus only the length of the
vectors a and b are constrained by the power spectrum, their relative orientation is
lost, i.e. the information content of channels l1 and l2 becomes decoupled. Figure 2.2
shows two different angular functions, f1 = Y22 + Y2–2 + Y33 + Y3–3 and f2 =

Y21 + Y2–1 + Y32 + Y3–2 that have the same power spectrum p2 = 2 and p3 = 2.

2.3.3 Bispectrum

We will now generalise the concept of the power spectrum in order to obtain a
more complete set of invariants via the coupling of the different angular
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momentum channels [13]. Let us consider the direct product cl1 � cl2 ; which
transforms under a rotation as

cl1 � cl2 ! DðllÞ � Dðl2Þ
� �

cl1 � cl2ð Þ: ð2:40Þ

It follows from the representation theory of groups that the direct product of two
irreducible representations can be decomposed into direct sum of irreducible
representations of the same group. In case of the SO(3) group, the direct product of
two Wigner-matrices can be decomposed into a direct sum of Wigner-matrices in
the form

DðllÞ � Dðl2Þ ¼ Cl1;l2
� �y

a
l1þl2

l¼jl1�l2j
DðlÞ

" #
Cl1;l2 ; ð2:41Þ

where Cl1;l2 denote the Clebsch–Gordan coefficients. The matrices of Clebsch–
Gordan coefficients are themselves unitary, hence the vector Cl1;l2 cl1 � cl2ð Þ
transforms as

Cl1;l2 cl1 � cl2ð Þ ! a
l1þl2

l¼jl1�l2j
DðlÞ

" #
Cl1;l2 cl1 � cl2ð Þ: ð2:42Þ

We define gl1;l2;l as

a
l1þl2

l¼jl1�l2j
gl1;l2;l � Cl1;l2 cl1 � cl2ð Þ; ð2:43Þ

i.e. the gl1;l2;l is that part of the RHS which transforms under rotation as

gl1;l2;l ! DðlÞgl1;l2;l: ð2:44Þ

Analogously to the power spectrum, the bispectrum components or cubic invari-
ants, can be written as

Fig. 2.2 Two different
angular functions that share
the same power spectrum
coefficients
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bl1;l2;l ¼ cyl gl1;l2;l; ð2:45Þ

which are invariant to rotations:

bl1;l2;l ¼ cyl gl1;l2;l ! clD
ðlÞ

� �y
DðlÞgl1;l2;l ¼ cyl gl1;l2;l ð2:46Þ

Kondor showed that the bispectrum of the SO(3) space is not complete, i.e. the
bispectrum does not determine uniquely the original function. This is a deficiency
due to the fact that the unit sphere, S2 is a homogeneous space. However, he states
that the bispectrum is still a remarkably rich invariant representation of the
function.

Rewriting the bispectrum formula as

bl1;l2;l ¼
Xl

m¼�l

Xl1

m1¼�l1

Xl2

m2¼�l2

c�lmClm
l1m1l2m2

cl1m1 cl2m2 ; ð2:47Þ

the similarity to the third-order bond-order parameters becomes apparent. Indeed,
the Wigner 3jm-symbols are related to the Clebsch–Gordan coefficients through

l1 l2 l3

m1 m2 m3

� �
¼ ð�1Þl1�l2�m3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2l3 þ 1
p Clm

l1m1l2m2
: ð2:48Þ

For the spherical harmonics Ylm ¼ ð�1Þm Y�l�m; thus the third-order parameters Wl

are simply the diagonal elements of the bispectrum bl,l,l up to a scalar factor, and
thus, the bispectrum is a superset of the third-order bond-order parameters. Further,
considering that Y00 : 1, therefore the coefficient c00 is simply the number of

neighbours N, and Cl;0;l2
m;0;m2

¼ dl;l2dm;m2 , we notice that the bispectrum elements
l1 = 0, l = l2 are the power spectrum components, previously introduced:

bl;0;l ¼ Ni

Xl

m¼�l

Xl

m2¼�l

c�lmdm;m2 clm2 ¼ Ni

Xl

m¼�l

c�lmclm ¼ Nipl: ð2:49Þ

Finally, the relationship between the bond-order parameters and the bispectrum
can be summarised as

Ql /
ffiffiffiffi
pl
p /

ffiffiffiffiffiffiffiffiffi
bl;0;l

p
ð2:50Þ

Wl / bl;l;l: ð2:51Þ

2.3.3.1 Radial Dependence

The bispectrum is still a very incomplete representation, as it uses the unit-sphere
projection of the atomic environment, i.e. the distance of the atoms from the centre
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is not represented. One way to improve this shortcoming—namely, the lack of
radial information—is to introduce radial basis functions [14], completing the
basis for three-dimensional space. In Eq. 2.19, we use the product of spherical
harmonics and a linearly independent set of radial functions gn:

qðrÞ ¼
X

n

X

l¼0

Xl

m¼�l

cnlmgnðrÞYlm hðrÞ;/ðrÞð Þ: ð2:52Þ

If the set of radial basis functions is not orthonormal, i.e. hgn | gm i = Snm = dnm,
after obtaining the coefficients c0nlm with

c0nlm ¼ hgnYlmjqi; ð2:53Þ

the elements cnlm are given as

cnlm ¼
X

n0
S�1
� �

n0n
c0n0lm: ð2:54Þ

In practice, when constructing the invariants, both c0nlm and cnlm can be used.
Rotational invariance only applies globally, therefore the different angular

momentum channels corresponding to various radial basis functions need to be
coupled. Simply extending Eq. 2.47 to the form

bn;l1;l2;l ¼
Xl

m¼�l

Xl1

m1¼�l1

Xl2

m2¼�l2

c�nlmClm
l1m1l2m2

cnl1m1 cnl2m2 ; ð2:55Þ

provides a set of invariants describing the three-dimensional neighbourhood of the
atom. In fact, this formula can easily lead to a poor representation, if the radial
functions have little overlap with each other, as the coefficients belonging to
different n channels become decoupled. To avoid this, it is necessary to choose
wide, overlapping radial functions, although this greatly reduces the sensitivity of
each channel (Fig. 2.3). The fine-tuning of the basis set is rather arbitrary, and
there does not necessarily exist an optimum for all systems. An alternative way to
construct invariants from c is to couple different radial channels, for example, as

Fig. 2.3 Two possible sets of radial basis functions, Gaussians centred at different radii. The
narrow Gaussians are more sensitive to changes in radial positions, but the coupling between
them is weaker
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bn1;n2;l1;l2;l ¼
Xl

m¼�l

Xl1

m1¼�l1

Xl2

m2¼�l2

c�n1lmClm
l1m1l2m2

cn2l1m1 cn2l2m2 : ð2:56Þ

Now we ensure that radial channels cannot become decoupled, but at the price of
increasing the number of invariants quadratically. Although adding a suitable set
of radial functions allows one to construct a complete representation, we found this
approach overly complicated. A high degree of arbitrariness is introduced by
having to choose a radial basis.

2.3.4 4-Dimensional Bispectrum

Instead of using a rather arbitrary radial basis set, we propose a generalisation of
the power spectrum and bispectrum that does not require the explicit introduction
of a radial basis set, yet still forms a complete basis of three-dimensional space.
We start by projecting the atomic neighbourhood density onto the surface of the
four-dimensional unit sphere, in a similar fashion to the Riemann-construction:

r �
x
y
z

0
@

1
A!

/ ¼ arctanðy=xÞ
h ¼ arccosðz=jrjÞ
h0 ¼ jrj=r0

; ð2:57Þ

where r0 [ rcut/p. Using this projection, rotations in the three-dimensional space
correspond to rotations in the four-dimensional space. Figure 2.4 shows such
projections for one and two dimensions, which can be more easily drawn than the
three-dimensional case that we use here.

An arbitrary function q defined on the surface of a 4D sphere can be numeri-

cally represented using the hyperspherical harmonics functions U j
m0mð/; h; h0Þ:

q ¼
X1

j¼0

Xj

m;m0¼�j

c j
m0mU j

m0m: ð2:58Þ

Fig. 2.4 Projection of a line to a circle (left), projection the two-dimensional plane onto the
three-dimensional sphere (right). The projection we use is in Eq. 2.57 the generalisation to one
more dimension
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The hyperspherical harmonics form an orthonormal basis set, thus the expansion

coefficients c j
m0m can be calculated via

c j
m0m ¼ hU

j
m0mjqi; ð2:59Þ

where h�|�i denotes the inner product in four-dimensional space. Although the

coefficients c j
m0m have two indices for each j, they are vectors and, for clarity, we

denote them as cj. Similarly to the three-dimensional case, a unitary operation R̂;
such as a rotation, acts on the hyperspherical harmonics functions as

R̂U j
m01m1
¼
X

m02m2

R j
m01m1m02m2

U j
m02m2

; ð2:60Þ

where the matrix elements R j
m01m1m02m2

are given by

R j
m01m1m02m2

¼ U j
m01m1
jR̂jU j

m02m2

D E
: ð2:61Þ

Hence the rotation R̂ acting on q transforms the coefficient vectors cj according to

c j ! Rjcj: ð2:62Þ

Rj are unitary matrices, i.e. Rj
� �y

Rj ¼ I:

The product of two hyperspherical harmonics functions can be expressed as the
linear combination of hyperspherical harmonics [15]:

Ul1
m01m1

Ul2
m02m2
¼

Xl1þl2

l¼jl1�l2j
Clm

l1m1l2m2
Clm

l1m1l2m2
Ul

m0m; ð2:63Þ

where Clm
l1m1l2m2

are the well-known Clebsch–Gordan coefficients. We can recognise
in Eq. 2.63 the four dimensional analogues of the Clebsch–Gordan expansion
coefficients, defined as Hlmm0

l1m1m01;l2m2m02
� Clm

l1m1l2m2
Clm0

l1m01l2m02
: Using the matrix notation

of the expansion coefficients, it can be shown that the direct product of the four-
dimensional rotation matrices decompose according to

Rj1 � Rj2 ¼ Hj1;j2
� �y

a
j1þj2

j¼jj1�j2j
R j

" #
Hj1;j2 : ð2:64Þ

The remainder of the derivation continues analogously to the 3D case. Finally, we
arrive at the expression for the bispectrum elements, given by

Bj1;j2;j ¼
Xj1

m01;m1¼�j1

Xj2

m02;m2¼�j2

Xj

m0;m¼�j

c j
m0m

� ��

Cjm
j1m1j2m2

Cjm0

j1m01j2m02
cj1

m01m1
cj2

m02m2
:

ð2:65Þ
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Note that the 4D power spectrum can be constructed as

Pj ¼
Xj

m0;m¼�j

c j
m0m

� ��
c j

m0m: ð2:66Þ

The 4D bispectrum is invariant with respect to rotations of four-dimensional space,
which include three-dimensional rotations. However, there are additional rotations,
associated with the third polar angle h0, which, in our case, represents the radial
information. In order to eliminate the invariance with respect to the third polar
angle, we modified the atomic density as follows:

qiðrÞ ¼ dð0Þ þ
X

j

dðr� rijÞ; ð2:67Þ

i.e. by adding the central atom as a reference point.
The magnitude of the elements of the bispectrum scale as the cube of the

number of neighbours, so we take the cube-root of the coefficients in order to make
the comparison of different spectra easier.

2.3.5 Results

In practice, the infinite spherical harmonic expansion of the atomic neighbourhood
is truncated to obtain a finite array of bispectral invariants. In Fig. 2.5 we show the
4D bispectra of atoms in a variety of environments, truncated to j B 4, which
gives 42 bispectrum coefficients. In each case the r0 parameter was set to highlight
differences between the bispectral elements.

It can be seen from Fig. 2.5 that the bispectrum is capable of distinguishing
very subtle differences in atomic neighbourhood environments. Some points of
particular interest are the following. The difference between the face-centred cubic
(fcc) and the hexagonal close-packed (hcp) structures is very small within the first
neighbour shell, as is the difference between the corresponding bispectra (panel a).
However, the difference is much more pronounced once second neighbours are
included (panel b). The difference between the cubic and hexagonal diamond
lattices is the stacking order of the (111) sheets. The positions of the four nearest
neighbours and nine atoms of the second-nearest neighbour shell are the same and,
only the positions of the remaining three neighbours are different, as shown in
Fig. 2.6. The curves in Fig. 2.5c reflect the similarity of these two structures: most
of the bispectrum coefficients are equal, except a few, which can be used for
distinguishing the structures. Figure 2.5d shows the bispectra of three atoms in
perfect diamond lattices, which differ in the lattice constants. This plot illustrates
the sensitivity of the bispectrum in the radial dimension because the expansion of a
lattice leaves all angular coordinates the same. It can be seen that the first element
of the bispectrum array remains the same, because this is proportional only to the
number of neighbours.
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We performed the principle component analysis [16] on the bispectra of atoms
in a slab of silicon. On the surface of the slab, the atoms were arranged according
to the 7 9 7 reconstruction [17]. The position of the atoms were randomised by

Fig. 2.5 Four-dimensional bispectra of atoms in various structures: a fcc/hcp/bcc lattices with a
first neighbour cutoff; b fcc/hcp/bcc lattices with a second neighbour cutoff; c hexagonal and
cubic diamond lattice; d expansion of a diamond lattice; e bulk diamond, (111) surface of
diamond and graphene; f fcc vacancy; g the A and B atoms in a zincblende structure, compared
with diamond

Fig. 2.6 Cubic and hexago-
nal diamond. Cubic diamond
is shown in the left
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0.3 Å. We projected the 42-dimensional space of the bispectrum—which corre-
sponds to j B 4—to the two-dimensional plane and clustered the points using the
k-means algorithm [18]. In Fig. 2.7, we show the result of the principle component
analysis. Different colours are assigned to each cluster identified by the k-means
method, and we coloured the atoms with respect to the cluster they belong.
This example demonstrates that the bispectrum can be used to identify atomic
environments in an automatic way.

It is straightforward to describe multi-species atomic environments using the
bispectrum. We modify the atomic density function defined in Eq. 2.18 as

qiðrÞ ¼ sidð0Þ þ
X

j

sjdðr� rijÞ; ð2:68Þ

where s contains an arbitrary set of coefficients, different for each species, which
are thus distinguished. Figure 2.5g shows the resulting bispectra for the two dif-
ferent atoms in the zincblende lattice, as well as the diamond lattice for com-
parison. It can be seen that the bispectrum successfully distinguishes between the
different species.
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