Chapter 2
Representation of Atomic Environments

2.1 Introduction

The quantitative representation of atomic environments is an important tool in
modern computational chemistry and condensed matter physics. For example, in
structure search applications [1], each configuration that is found during the
procedure depends numerically on the precise initial conditions and the path of the
search, so it is important to be able to identify equivalent structures or detect
similarities. In other applications, such as molecular dynamics simulation of phase
transitions [2], one needs good order parameters capable of detecting changes in
the local order around the atoms. In constructing interatomic potentials [3], the
functional forms depend on elements of a carefully chosen representation of
atomic neighbourhoods, e.g. bond lengths, bond angles, etc.

Although the Cartesian coordinate system provides a simple and unequivocal
description of atomic systems, comparisons of structures based on it are difficult:
the list of coordinates can be ordered arbitrarily, or two structures might be
mapped to each other by a rotation, reflection or translation. Hence, two different
lists of atomic coordinates can in fact represent the same or very similar structures.
In a good representation, permutational, rotational and translational symmetries
are built in explicitly, i.e. the representation is invariant with respect to these
symmetries, while retaining the faithfulness of the Cartesian coordinates. If a
representation is complete, a one-to-one mapping is obtained between the genu-
inely different atomic environments and the set of invariants comprising the
representation.

The most well known invariants describing atomic neighbourhoods are the set
of bond-order parameters proposed by Steinhardt et al. [4]. These have been
successfully used as order parameters in studies of nucleation [5], phase transitions
[6] and glasses [7]. In the following sections we show that the bond-order
parameters actually form a subset of a more general set of invariants called the
bispectrum. We prove that the bispectrum components indeed form a rotational
and permutational invariant representation of atomic environments. The formally
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infinite array of bispectral invariants provide an almost complete set, and by
truncating it one obtains representations whose sensitivity can be refined at will.

2.2 Translational Invariants

The concept of the power spectrum and the bispectrum was originally introduced
by the signal processing community. In the analysis of periodic signals the
absolute phase is often irrelevant and a hindering factor, for example, when
comparing signals. The problem of eliminating the phase of a periodic function is
very similar to the problem of creating a rotationally invariant representation of
spatial functions. We show how the bispectrum of periodic functions can be
defined and discuss its possible uses in atomistic simulations.

2.2.1 Spectra of Signals

A periodic signal f{(¢) (or a function defined on the circumference of a circle) where
t € [0, 27), can be represented by its Fourier series:

£(6) = frexpliont), 2.1)
where the coefficients, f,,, can be obtained as follows:

2n
fu= %/f(r) exp(—iw,t)dr. (2.2)
0

A phase shift of the signal (or rotation of the function) by 7, transforms the original
signal according to

f(t) = f(t +10), (2.3)
and the coefficients become
Jn — exp(ionto)fy. (2.4)
It follows that the power spectrum of the signal defined as
Pn = ok (2.5)

is invariant to such phase shifts:

Pn = fufa = (faexp(ionto))” (fu explionto)) = fyfa; (2.6)
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but the information content of different channels becomes decoupled. Figure 2.1
and Table 2.1 demonstrate two functions, f; = sin(#) + sin(2¢) and f, = sin(¢) +
cos(2t), that can both be represented by the same power spectrum.

2.2.2 Bispectrum

As the power spectrum is not complete, i.e. the original function cannot be recon-
structed from it, there is a need for an invariant representation from which the original
function can (at least in theory) be restored. The bispectrum contains the relative
phase of the different channels, moreover, it has been proven to be complete [8].

A periodic function f : R" — C, whose period is L; in the ith direction, can be
expressed in terms of a Fourier series:

f(r) = f(w)exp(ior), (2.7)

where the Fourier-components can be obtained from
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H ! /f exp(ior)dr (2.8)

l

and = (w1, w,...,0,). An arbitrary translation T(ry) transforms f as
fr) = flr — ry), thus the Fourier-coefficients change as f (w) — exp(—ior)f ().
The bispectrum of fis defined as the triple-correlation of the Fourier coefficients:

b(wr, m) = f(o1)f (02)f (01 + @2)". (2.9)

The bispectrum is invariant to translations:

b(w, ) — f(or)exp(i — o11p)f (02) exp(i — wary)

xf(wy + @) exp(i(w) + 0;)ry) = b(wy, »,). (2.10)

The bispectrum has been shown to be complete [8]. The proof, which is highly
technical and would be too long to reproduce here is based on Group Theory.
Further, Dianat and Raghuveer [9] proved that in case of one- and two-dimen-
sional functions the original function can be restored using only the diagonal
elements of the bispectrum, i.e. only the components for which | = ;.

2.2.3 Bispectrum of Crystals

Crystals are periodic repetitions of a unit cell in space in each of the three
directions defined by the lattice vectors. A unit cell can be described as a paral-
lelepiped (the description used by the conventional Bravais system of lattices)
containing some number of atoms at given positions. The three independent edges
of the parallelepiped are the lattice vectors, whereas the positions of the atoms in
the unit cell form the basis. Defining crystals in this way is not unique, as any
subset of a crystal which generates it by translations can be defined as a unit cell,
for example, a Wigner—Seitz cell, which is not even necessarily a parallelepiped.

Thus a crystal can be described by the coordinates of the basis atoms r;, where
i=1,...,N and the three lattice vectors a, o« = 1, 2, 3. The position of the basis
can be given in terms of the fractional coordinates x;, such that

3
= Xidy, (2.11)
=1

where 0 < x;, < 1.

In the same way as in the case of atomic environments, the order of the atoms in
the basis is arbitrary. We introduce the permutational invariance through the
atomic density:

X)=> S(x—x). (2.12)
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p is a periodic function in the unit cube, therefore we can expand it in a Fourier series
and calculate invariant features such as the power spectrum and bispectrum. It can be
noted that the power spectrum of p is equivalent to the structure factor used in X-ray
and neutron diffraction, and it is clear from Sect. 2.2.1 why the structure factor is not
sufficient to determine the exact structure of a crystal. In contrast, the bispectrum of
the atomic density function could be used as a unique fingerprint of the crystal that is
invariant to the permutation and translation of the basis.

We note that permuting the lattice vectors of the crystal permutes the reciprocal
lattice vectors which therefore, mixes the elements of the bispectrum. This problem
can be eliminated by first matching the lattice vectors of the two structures which
are being compared. The rotation of the entire lattice does not change the frac-
tional coordinates, hence the bispectrum is invariant to global rotations.

2.3 Rotationally Invariant Features

Invariant features of atomic environments can be constructed by several methods,
of which we list a few here. In interatomic potentials, a set of geometric param-
eters are used, such as bond lengths, bond angles and tetrahedral angles. These are
rotationally invariant by construction, but the size of a complete set of such
parameters grows as exp(N), where N is the number of neighbours. The complete
set is vastly redundant, but there is no systematic way of reducing the number of
parameters without losing completeness.

A more compact rotationally invariant representation of the atomic environ-
ment can be built in the form of a matrix by using the bond vectors r;,i = 1,...,N
between the central atom and its N neighbours. The elements of the matrix are
given by the dot product

M,“ =TI T (213)

Matrix M contains the bond lengths on its diagonal, whereas the off-diagonal
elements are related to the bond angles. It can be shown that M is a complete
representation [10]. However, permuting the neighbouring atoms shuffles the
columns and rows of M, thus M is not a suitable invariant representation.

Permutational invariance can be achieved by using the symmetric polynomials
[11]. These are defined by

Hk(xlvx23"'7xN) :Hk(xm’xnzv"'7xﬂN) (214)

for every m, where = is an arbitrary permutation of the vector (1,2,...,N). The
first three symmetric polynomials are

N
I (1, X2, - .y XN) :in (2.15)

i
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N
o (x1, 20, ..y xy) = Zx,-xj (2.16)
i<j
N
I3 (x1,x2, .., xn) = Z XiXjX. (2.17)
i<j<k

The series of polynomials form a complete representation, however, this set is not
rotationally invariant.

2.3.1 Bond-order Parameters

As a first step to derive a more general invariant representation of atomic envi-
ronments, we define the local atomic density as

r) = Za(r_rij), (2.18)

where the index j runs over the neighbours of atom i. The local atomic density is
already invariant to permuting neighbours, as changing the order of the atoms in
the neighbour list only affects the order of the summation. This function could be
expanded in terms of spherical harmonics (dropping the atomic index i for clarity):

l
£) =Y cm¥m(0(r), d(r)). (2.19)

1=0 m=—1

However, we should note that this representation does not contain information
about the distances of neighbours. In fact, p(r) represented this way is the
projection of the positions of neighbouring atoms onto the unit sphere. The
properties of functions defined on the unit sphere are described by the group theory
of SO(3), the group of rotations about the origin.

The spherical harmonics functions form an orthonormal basis set for L;:

<Ylm|Yl’m/> = 511/5mm’7 (220)
where the inner product of functions f and g is defined as
(rle) = [ £ ®)glwyar. (221)
The coefficients c;,, can be determined as

= (p|Yi) = Zy,m (ry), p(xy)). (2.22)
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We note that the order parameters Q;, introduced by Steinhardt et al. [4] are
proportional to the coefficients c;,. In their work, they defined the bonds in the system
as vectors joining neighbouring atoms. Defining which atoms are the neighbours of a
particular atom can be done by using a simple distance cutoff or via the Voronoi
analysis. Once the set of neighbours has been defined, each bond r; connecting
neighbour atoms i and j is represented by a set of spherical harmonics coefficients

Yim(t5) = Yim (0(xy), ¢ (xy)). (2.23)

Averaging the coefficients for atom i provides the atomic order parameters for that
atom

i 1 -
le = ﬁl ]Z Ylm(rij)v (224)

where N; is the number of neighbours of atom i. Similarly, averaging over all
bonds in the system gives a set of global order parameters

_ 1
m = 3 Yy (T5), 2.25
Qun = 33 Yinly) (225)

where N, is the total number of bonds. Both of these order parameters are invariant
to permutations of atoms and to translations, but they still depend on the orien-
tation of the reference frame. However, rotationally invariant combinations of
these order parameters can be constructed as follows:

12
. 4 ! . .
0= < (Qﬁm)*Q}m> and (2.26)
TEa P
i _ l ! ! l i i i 29
Wi= > (o oy my )@ @i, (227)

for atoms and

1/2

!
W=y 1( M nﬁz n;)leleszmz (229)
my,my,m3=—

for global structures. The factor in parentheses is the Wigner-3jm symbol, which is
nonzero only for m; + my + my = 0.

Qf and Wli are called second-order and third-order bond-order parameters,
respectively. It is possible to normalise W/ such that it does not depend strongly on
the number of neighbours as follows:
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! 3/2
Wl Wl/(Z(Q;m)*Q;m> . (230)

m=—I

Bond-order parameters were originally introduced by Steinhardt et al. [4] for
studying the order in liquids and glasses, but their approach was adopted soon for a
wide range of applications. For example, the bond-order parameters, when aver-
aged over all bonds in the system, can be used as reaction coordinates in phase
transitions [12].

For symmetry reasons, bond order parameters with / > 4 have non-zero values
in clusters with cubic symmetry and [ > 6 for clusters with icosahedral symmetry.
The most widely calculated bond order parameters are / = 4 and [ = 6. Different
values correspond to crystalline materials with different symmetry, while the
global values vanish in disordered phases, such as in liquids. This feature made
the QO and W invariants attractive for use as bond order parameters in many
applications.

2.3.2 Power Spectrum

Using some basic concepts from representation theory, we can now prove that the
second-order invariants are rotationally invariant, then we show a more general
form of invariants, a superset consisting of third-order invariants [13]. An arbitrary
rotation R operating on a spherical harmonic function Y}, transforms it into a linear
combination of spherical harmonics with the same / index:

)
RYy = 3" DY (R)Yir, (2.31)

m'=—1

where the matrices D’(R) are also known as the Wigner-matrices. The elements of
the Wigner matrices can be generated by

Dl (R) = (Yo R[ Vo). (2.32)

It follows that the rotation operator R acts on the function p as

! ]
RP = RZ Z Clelm = Z Z ClmRYlm

1=0 m=—1 =0 m=—1
=2 35 bl (R (2.33)
=0 m=—Im'=—1

- Z Z CleIma

=0 m'=—1
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thus the vector of coefficients ¢; transform under rotation as
¢, — DY(R)c;. (2.34)

Making use of the fact that rotations are unitary operations, it is possible to show
that the matrices D are unitary, i.e.

(D(I))TD(Z) 1 (2.35)

leading us to a set of rotationally invariant coefficients, the rotational power
spectrum:

pr= C}ch- (2.36)

The coefficients of the power spectrum remain invariant under rotations:

pr=cle; — (cj (D(”)T) (D%) = cle,. (2.37)

It can be directly seen that the second-order bond-order parameters are related to
the power spectrum via the simple equation

4n 172
0= <—21+ 1P1> : (2.38)

The power spectrum is a very impoverished representation of the original
function p, because all p; coefficients are rotationally invariant independently,
i.e. different / channels are decoupled. This representation, although rotationally
invariant, is, in turn, severely incomplete.

The incompleteness of the power spectrum can be demonstrated by the fol-
lowing example. Assuming a function f in the form

L

I
FE) =3 Vi, (B + D BuYe, (B), (2.39)

m=—1 m=—I

its power spectrum elements are p;, = |a|* and p;, = |B|*. Thus only the length of the
vectors « and f are constrained by the power spectrum, their relative orientation is
lost, i.e. the information content of channels /; and /; becomes decoupled. Figure 2.2
shows two different angular functions, f; = Yoo + Yo 5 + Y33+ Y33 and f5, =
Y21 + Yo 1 + Y3, + Y3, that have the same power spectrum p, = 2 and p; = 2.

2.3.3 Bispectrum

We will now generalise the concept of the power spectrum in order to obtain a
more complete set of invariants via the coupling of the different angular
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Fig. 2.2 Two different
angular functions that share
the same power spectrum
coefficients

momentum channels [13]. Let us consider the direct product ¢; ® ¢;,, which
transforms under a rotation as

¢ ®c, — (DW ® DUz)) (e, ®c). (2.40)

It follows from the representation theory of groups that the direct product of two
irreducible representations can be decomposed into direct sum of irreducible
representations of the same group. In case of the SO(3) group, the direct product of
two Wigner-matrices can be decomposed into a direct sum of Wigner-matrices in
the form

¥ Li+0b
DWW D" = ()| P DU
I=|h—b|

Cchibl, (2.41)

where C'2 denote the Clebsch-Gordan coefficients. The matrices of Clebsch—
Gordan coefficients are themselves unitary, hence the vector C'(¢c; ®¢y,)
transforms as

Li+h
C'2 (e, ®¢) — l @ DY |C (e, @) (2.42)
I=|li—b|
We define g;, ,, ; as
L+
D g,50=C" (0, ®¢), (2.43)

I=[l b
i.e. the g, ,, ; is that part of the RHS which transforms under rotation as
8i.ht Dwgz,,zz,z- (2.44)

Analogously to the power spectrum, the bispectrum components or cubic invari-
ants, can be written as
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bllJzJ = cjgll,lz,lv (245)

which are invariant to rotations:

T
by 1,1 = Czngl,zz,z - (CID(I)> D(l)gzl bl = c;gll,w (2.46)

Kondor showed that the bispectrum of the SO(3) space is not complete, i.e. the
bispectrum does not determine uniquely the original function. This is a deficiency
due to the fact that the unit sphere, S, is a homogeneous space. However, he states
that the bispectrum is still a remarkably rich invariant representation of the
function.

Rewriting the bispectrum formula as

1 L b
— * im
bll-lz,l = § E E clmchmllzmzcllmlCIZmZ7 (2'47)

m=—I1 mi :7[1 mziflz

the similarity to the third-order bond-order parameters becomes apparent. Indeed,
the Wigner 3jm-symbols are related to the Clebsch—Gordan coefficients through

h—b—m3
ll 12 l3 — (_1)7 im
(ml ny m3) T V2L +1 Clymbomy (2.48)

For the spherical harmonics Yy, = (—1)" Y/, thus the third-order parameters W,
are simply the diagonal elements of the bispectrum b,;;; up to a scalar factor, and
thus, the bispectrum is a superset of the third-order bond-order parameters. Further,

considering that Yy, = 1, therefore the coefficient cq is simply the number of
neighbours N, and clok

m,0,m;
Iy = 0,1 = [, are the power spectrum components, previously introduced:

= 0;1,0mm,» We notice that the bispectrum elements

I I
bip; = N; Z Z CruOmmy Cimy = N Z CpuCim = Nipy. (2.49)

m=—Imy=—1 m=—1

Finally, the relationship between the bond-order parameters and the bispectrum
can be summarised as

Q1 o< \/p1 < \/bio, (2.50)
W] 0.8 bl,”. (251)

2.3.3.1 Radial Dependence

The bispectrum is still a very incomplete representation, as it uses the unit-sphere
projection of the atomic environment, i.e. the distance of the atoms from the centre
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is not represented. One way to improve this shortcoming—namely, the lack of
radial information—is to introduce radial basis functions [14], completing the
basis for three-dimensional space. In Eq. 2.19, we use the product of spherical
harmonics and a linearly independent set of radial functions g,:

1
P) =D 3 cutmga(r)Yim(0(r), $(r)). (2.52)

n =0 m=—I

If the set of radial basis functions is not orthonormal, i.e. (g, | &, ) = Sum # Opm>
after obtaining the coefficients ¢/, with

Cim = (8nYinlP), (2.53)

the elements c,,,, are given as

Cum = Y (57" yCoim- (2.54)

n

In practice, when constructing the invariants, both ¢/, and c,, can be used.

Rotational invariance only applies globally, therefore the different angular
momentum channels corresponding to various radial basis functions need to be
coupled. Simply extending Eq. 2.47 to the form

] A I
_ * Im
b"JlJz-,l = E E : E , CnlmCllmllgmzcnllmlcnlzmz7 (2'55>

m=—1 nmi :711 m2:712

provides a set of invariants describing the three-dimensional neighbourhood of the
atom. In fact, this formula can easily lead to a poor representation, if the radial
functions have little overlap with each other, as the coefficients belonging to
different n channels become decoupled. To avoid this, it is necessary to choose
wide, overlapping radial functions, although this greatly reduces the sensitivity of
each channel (Fig. 2.3). The fine-tuning of the basis set is rather arbitrary, and
there does not necessarily exist an optimum for all systems. An alternative way to
construct invariants from c is to couple different radial channels, for example, as

Fig. 2.3 Two possible sets of radial basis functions, Gaussians centred at different radii. The
narrow Gaussians are more sensitive to changes in radial positions, but the coupling between
them is weaker
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l Iy
’11 RTUWON E E E : Cnllmcllmllzmzcnzllmlcnzlzmz (2'56>

m=—I1 nmi 7711 mziflz

Now we ensure that radial channels cannot become decoupled, but at the price of
increasing the number of invariants quadratically. Although adding a suitable set
of radial functions allows one to construct a complete representation, we found this
approach overly complicated. A high degree of arbitrariness is introduced by
having to choose a radial basis.

2.3.4 4-Dimensional Bispectrum

Instead of using a rather arbitrary radial basis set, we propose a generalisation of
the power spectrum and bispectrum that does not require the explicit introduction
of a radial basis set, yet still forms a complete basis of three-dimensional space.
We start by projecting the atomic neighbourhood density onto the surface of the
four-dimensional unit sphere, in a similar fashion to the Riemann-construction:

X ¢ = arctan(y/x)
r=|y|— 6=arccos(z/|r|), (2.57)
z 0o = [r[/ro

where ry > r., /. Using this projection, rotations in the three-dimensional space
correspond to rotations in the four-dimensional space. Figure 2.4 shows such
projections for one and two dimensions, which can be more easily drawn than the
three-dimensional case that we use here.

An arbitrary function p defined on the surface of a 4D sphere can be numeri-

cally represented using the hyperspherical harmonics functions U,{l,m(qﬁ, 0,6p):

e J
P=3 D Gl (258)
Jj=0 mm'=—j

Fig. 2.4 Projection of a line to a circle (left), projection the two-dimensional plane onto the
three-dimensional sphere (right). The projection we use is in Eq. 2.57 the generalisation to one
more dimension
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The hyperspherical harmonics form an orthonormal basis set, thus the expansion
coefficients ¢/, can be calculated via

C

mm — <Uj’ |p>7 (259)

where () denotes the inner product in four-dimensional space. Although the
coefficients cfn,m have two indices for each j, they are vectors and, for clarity, we

denote them as ¢’. Similarly to the three-dimensional case, a unitary operation R,
such as a rotation, acts on the hyperspherical harmonics functions as

J J J
RUm i Z Rm']mlm’zmz Um’zmz’ (260)
mlymy
where the matrix elements Rm m are given by
f 1m my
J
Rm’lmlm’zma < m\m ‘ | iy 2>' (26])

Hence the rotation R acting on p transforms the coefficient vectors ¢ according to
¢/ — Ri¢. (2.62)

R’ are unitary matrices, i.e. (R’ )TR/' =L
The product of two hyperspherical harmonics functions can be expressed as the
linear combination of hyperspherical harmonics [15]:

L+

1 lm 1
Um \mi m mz - Z Cllmllzmz Lymylymy [Jm’m7 (263>
1=\l 1]

where C" , are the well-known Clebsch-Gordan coefficients. We can recognise
in Eq. 2.63 the four dimensional analogues of the Clebsch—Gordan expansion
coefficients, defined as H}”;”}‘m tomt, = Cllmtum, CZ”m (1w, - Using the matrix notation
of the expansion coefficients, it can be shown that the direct product of the four-
dimensional rotation matrices decompose according to

. . Lt Jith . L.
R' @ R? = (Hjmz)' C_D R/ | W2, (2.64)
j=lj1 =]
The remainder of the derivation continues analogously to the 3D case. Finally, we
arrive at the expression for the bispectrum elements, given by

]l Jad T Z Z Z

ml iy == mlymy=—jo m' m=—j (2.65)

Jjm jm' c/2
Jrmijama = jim jymly© mlmy = mhmy *
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Note that the 4D power spectrum can be constructed as

Pi= > (chm) o (2.66)

m' \m=—j

The 4D bispectrum is invariant with respect to rotations of four-dimensional space,
which include three-dimensional rotations. However, there are additional rotations,
associated with the third polar angle 0y, which, in our case, represents the radial
information. In order to eliminate the invariance with respect to the third polar
angle, we modified the atomic density as follows:

pi(x) = 6(0) + > é(r — 1y, (2.67)

i.e. by adding the central atom as a reference point.

The magnitude of the elements of the bispectrum scale as the cube of the
number of neighbours, so we take the cube-root of the coefficients in order to make
the comparison of different spectra easier.

2.3.5 Results

In practice, the infinite spherical harmonic expansion of the atomic neighbourhood
is truncated to obtain a finite array of bispectral invariants. In Fig. 2.5 we show the
4D bispectra of atoms in a variety of environments, truncated to j < 4, which
gives 42 bispectrum coefficients. In each case the r, parameter was set to highlight
differences between the bispectral elements.

It can be seen from Fig. 2.5 that the bispectrum is capable of distinguishing
very subtle differences in atomic neighbourhood environments. Some points of
particular interest are the following. The difference between the face-centred cubic
(fcc) and the hexagonal close-packed (hep) structures is very small within the first
neighbour shell, as is the difference between the corresponding bispectra (panel a).
However, the difference is much more pronounced once second neighbours are
included (panel b). The difference between the cubic and hexagonal diamond
lattices is the stacking order of the (111) sheets. The positions of the four nearest
neighbours and nine atoms of the second-nearest neighbour shell are the same and,
only the positions of the remaining three neighbours are different, as shown in
Fig. 2.6. The curves in Fig. 2.5c reflect the similarity of these two structures: most
of the bispectrum coefficients are equal, except a few, which can be used for
distinguishing the structures. Figure 2.5d shows the bispectra of three atoms in
perfect diamond lattices, which differ in the lattice constants. This plot illustrates
the sensitivity of the bispectrum in the radial dimension because the expansion of a
lattice leaves all angular coordinates the same. It can be seen that the first element
of the bispectrum array remains the same, because this is proportional only to the
number of neighbours.
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Fig. 2.5 Four-dimensional bispectra of atoms in various structures: a fcc/hcp/bece lattices with a
first neighbour cutoff; b fcc/hep/bece lattices with a second neighbour cutoff; ¢ hexagonal and
cubic diamond lattice; d expansion of a diamond lattice; e bulk diamond, (111) surface of
diamond and graphene; f fcc vacancy; g the A and B atoms in a zincblende structure, compared
with diamond

Fig. 2.6 Cubic and hexago-
nal diamond. Cubic diamond
is shown in the left

We performed the principle component analysis [16] on the bispectra of atoms
in a slab of silicon. On the surface of the slab, the atoms were arranged according
to the 7 x 7 reconstruction [17]. The position of the atoms were randomised by
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Fig. 2.7 Principle component analysis of the bispectrum of atoms on the 7 x 7 reconstruction of
the (111) surface of silicon

0.3 A. We projected the 42-dimensional space of the bispectrum—which corre-
sponds to j < 4—to the two-dimensional plane and clustered the points using the
k-means algorithm [18]. In Fig. 2.7, we show the result of the principle component
analysis. Different colours are assigned to each cluster identified by the k-means
method, and we coloured the atoms with respect to the cluster they belong.
This example demonstrates that the bispectrum can be used to identify atomic
environments in an automatic way.

It is straightforward to describe multi-species atomic environments using the
bispectrum. We modify the atomic density function defined in Eq. 2.18 as

pi(r) = 5i0(0) + Zs,-é(r —ry), (2.68)

where s contains an arbitrary set of coefficients, different for each species, which
are thus distinguished. Figure 2.5g shows the resulting bispectra for the two dif-
ferent atoms in the zincblende lattice, as well as the diamond lattice for com-
parison. It can be seen that the bispectrum successfully distinguishes between the
different species.
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