Chapter 4
Invariant Fiber Bundles

In a broad range of qualitative studies on nonlinear dynamical systems, invariant
manifolds are omnipresent and play a crucial role for local as well as global ques-
tions: For instance, local stable and unstable manifolds dictate the saddle-point
behavior in the vicinity of hyperbolic solutions (or surfaces) of a system. As il-
lustrated by the celebrated reduction principle of Pliss, center manifolds are a
paramount tool to simplify given dynamical systems in terms of a reduction of their
state space dimension. Concerning a more global perspective, stable manifolds serve
as separatrix between different domains of attractions and allow a classification of
solutions with a specific asymptotic behavior. Systems with a gradient structure
possess global attractors consisting of unstable manifolds (and equilibria). Finally,
so-called inertial manifolds are global versions of the classical center-unstable
manifolds and yield a global reduction principle for typically infinite-dimensional
dissipative equations.

The invariant fiber bundles introduced in this chapter generalize invariant man-
ifolds from the well-known autonomous dynamical systems to nonautonomous
difference equations. Precisely, we call a nonautonomous set W in the extended
state space X a (forward) invariant fiber bundle' of (D), if it is (forward) invariant
and each fiber W(k) is a submanifold of a linear space X}, for k € I.

The contents of this chapter can be summarized as follows:

o From a technical perspective it is advantageous to initially work with semilinear
implicit difference equations. For this type of systems, we provide an existence
and uniqueness criterion for forward and backward solutions, as well as assump-
tions guaranteeing the existence of a nontrivial global attractor.

¢ In the following section, we present and discuss a fairly general version of an
existence theorem for invariant fiber bundles of semilinear equations. It applies
to non-invertible implicit nonautonomous difference equations, whose linear part
can be pseudo-hyperbolic, i.e., associated to an arbitrary spectral splitting. More
detailed, each gap in an exponential splitting (see Fig.3.4) gives rise to two

I'We refer to [1, p. 184, Definition 3.4.27] for the general notion of a fiber bundle in differential
topology. In this sense, our fiber bundles WV are trivial with the discrete interval I as base space and
submanifolds W(k) as fibers.
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188 4 Invariant Fiber Bundles

invariant fiber bundles intersection along a complete (exponentially) bounded
solution. These fiber bundles consist of solutions with a particular exponential
growth behavior in forward resp. backward time — thus, our approach is based
on the Lyapunov—Perron method. Using a less functional analytical argument,
we also construct nontrivial intersections of invariant fiber bundles yielding an
extended hierarchy.

e Whereas in Sect.4.2 we construct invariant fiber bundles, we next investigate
the asymptotic behavior of solutions which are not contained in these bundles.
Indeed, due to our general pseudo-hyperbolic framework, attractivity properties
of invariant fiber bundles need to be generalized to exponential boundedness of
solutions approaching the bundle. Here, we work with invariant foliations which
are equivalence classes of solutions converging towards a given solution at an
exponential rate. In order to obtain an asymptotic phase property, we track a
particular solution starting on a fiber bundle.

e Besides existence we next tackle the smoothness of invariant fiber bundles, which
is of fundamental importance in applications. In particular, an elementary yet
lengthy proof for the differentiability is presented: Fundamentally based on the
classical contraction mapping principle only, none of the classical approaches,
i.e., Banach space scale techniques, a Henry-type lemma or the fiber contraction
theorem, is involved.

o As prerequisite for persistence under perturbation or discretization, we also es-
tablish the normal hyperbolicity of invariant fiber bundles.

e The subsequent sections present two applications of this flexible framework.
First, we weaken the global assumptions and obtain (pseudo-) stable and unstable
fiber bundles, which are related to given (pseudo-) hyperbolic reference solutions
and describe the local saddle-point structure around them. W.r.t. the aspects given
above, the corresponding Theorem 4.6.4 extends stable manifold theorems com-
monly found in the literature. Intersections of these pseudo-stable and -unstable
bundles yield center-like bundles and in particular the classical hierarchy of the
stable, center-stable, center, center-unstable and the unstable bundle. The center-
unstable fiber bundle’s asymptotic phase enables us to derive a nonautonomous
version of Pliss’ reduction principle. It states that stability properties of nonhy-
perbolic solutions are determined by their behavior on the center-unstable fiber
bundle. In order to apply it, we address local approximation issues of invariant
fiber bundles by means of Taylor series. Differing from the autonomous situ-
ation, the time-dependent Taylor coefficients are bounded solutions of a linear
difference equation rather than solutions of a linear algebraic problem.

o Furthermore, discrete versions of inertial manifolds are constructed. Despite not
having an asymptotic phase, they still possess the beneficial property of being
asymptotically complete. Beyond the situation of classical center-unstable man-
ifolds, inertial fiber bundles allow a global reduction principle guaranteeing that
the essential dynamics of a possibly infinite-dimensional problem is given by a
finite-dimensional difference equation. In particular, inertial bundles contain the
global attractor of dissipative equations.
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o Last but not least, we discuss an approximation method for the invariant fiber
bundles. It is based on fixed point iteration for the Lyapunov—Perron operator.
A corresponding error estimate justifies that one can pass over to the so-called
truncated Lyapunov—Perron operator, which involves only finite sums. In a nut-
shell, this means that invariant fiber bundles can be approximated by solving
nonlinear systems of algebraic equations, which can be efficiently and success-
fully achieved using, e.g., Newton methods from numerical analysis.

e Our theoretical results from Sect. 4.1 apply to full discretizations of semilinear
FDE:s. Using a simple example we show that under corresponding assumptions,
attractors of discretized semilinear DDEs can be nontrivial. The following sub-
section on time-discretized abstract evolutionary equations shows how global
integral manifolds can be constructed using an appropriate discretization from
Sect.2.6.2; moreover, we provide criteria for the existence of a global attractor.
Using two examples, we illustrate how hierarchies of invariant fiber bundles can
be constructed for temporal discretizations of parabolic evolution equation. For
full discretizations of scalar RDEs and the complex Ginzburg—Landau equation
we prove the existence of inertial fiber bundles — here, our results are quanti-
tative and we obtain explicit dimension estimates. The algorithm from Sect. 4.8
is exemplified in order to approximate the inertial manifold of a scalar RDE of
Chafee—Infante type.

Throughout the chapter, we suppose that I is an unbounded discrete interval, the
extended state space X consists of Banach spaces and ) of linear spaces.

4.1 Semilinear Difference Equations

During this opening section and beyond, nonautonomous equations of the form
Bii12' = Agz + fr(z,2") (S)

are in the center of our interest. As opposed to (S,) studied in Sect. 3.5, we do not
suppose that (S) admits the trivial solution.

One denotes (S) as semilinear, when it is studied using perturbation techniques
on the basis of an established linear theory applicable to

Bjyi1' = Az, (Lo)

where Ay, By are as in Definition 3.1.1. For instance, this is possible for globally
Lipschitzian or linearly bounded nonlinearities f;. Note that for a linearly implicit
equation the functions fj do not depend on their second argument .

Hypothesis 4.1.1. Suppose that the linear homogeneous equation (L) satisfies
(3.1a)and fi, : Xp x Xpy1 — Yy fulfills fro(Xg, Xpy1) Cim Bry,

lipy Bi fe <1 forallk el (4.1a)
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Remark 4.1.2. The global Lipschitz condition (4.1a) trivially holds for linearly im-
plicit equation (S). In various discretizations it can be fulfilled for small temporal
stepsizes. Especially for the #-method from Example 2.1.4 or the 2-stage #-method
in Example 2.1.6, small values of § € [0, 1] ensure (4.1a).

Proposition 4.1.3. Let m € N. Under Hypothesis 4.1.1 the following holds:

(a) The general forward solution ¢ to (S) exists on X.

(b) If By}  Ax € L(Xi, Xpq1) and B!y fr(,2') + X = Xpy1, @' € Xpga, is
continuous for all k € T, then also ¢ is continuous.

(c) Ika__&lAk € L(Xk, Xk+1) and Bk__&lfk € C"™( Xy X Xkt1,Xpt1) for all
k el then also o(k; k,-) € C™(X,, Xy) forall k < k.

Proof. The claims (a) and (b) are an immediate consequence of Theorem 2.3.6,
while assertion (c¢) follows from Theorem 2.3.9. O
Next we formulate a dual version of Proposition 4.1.3 for backward solutions.

Proposition 4.1.4. Let m € N and suppose that (Lo) satisfies (3.1a) with
B LAk € GL(Xi, Xiar1), k € U If fro + Xie X Xpq1 — Yaeq fulfills

Fio(Xp, Xpr) Cim Brgr, [[(BrAn) Mk, x 1P Biga fie < 1

forallk € T, then the following holds:

(a) The general backward solution  to (S) exists on X.

(b) In case B,;llfk(x,) i Xgr1 — Xka1, v € X, is continuous for all k € T,
then @ is continuous.

(c) In case Bk__&lfk € C"™( Xk X Xkq1,Xpt1) for all k € T, then one has the
inclusion p(k; k,-) € C"™(X,, Xi) forall k < k.

Proof. In order to construct backward solutions, we proceed as in Proposition 4.1.3
using Theorem B.1.1 for (a), (b), resp. Theorem B.1.5 for (c) applied to the fixed
point problem Bk_-&lAk [x’ — Bk__&lfk(x, x’)] =zxforallk el, 2 € Xpy1. O

Having the variation of constants formula from Theorem 3.1.16 available, we can
prove dissipativity results for semilinear equations (S). While the Lipschitz condi-
tions assumed in Theorem 3.5.8 implied a condition for exponential stability (see
Remark 3.5.9(1)), we now are interested in boundedness properties:

Proposition 4.1.5. Suppose that beyond Hypothesis 4.1.1 the following holds:
(i) Bk_+11Ak € L(Xk, Xk41), k € I, and there exist K > 1 and a : T — (0,00)
with
18k 1)l x, x,) < Kealk,1) foralll <E. (4.1b)
(ii) There exist sequences B,y > 0and 6 € [0,1/K) such that
Bt fulesa), < Bt max {wallx, 02", b @)

Jorallk €, x € Xy andx' € Xyy1.
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Then the general forward solution of (S) satisfies for all k < k, £ € X that

k—1
K
(s 1,6, < T ((k) €l +> easus (k1 + wl).

=k

Proof. Thanks to Corollary 3.1.18(a) the forward evolution operator @ for (Lg) ex-
ists and is bounded. From Proposition 4.1.3(a) we know that the general forward
solution ¢ to (S) exists. For a fixed (k,&) € X we abbreviate p(k) := ¢(k; &, &).
Thus, according to Theorem 3.1.16(a) the sequence ¢ satisfies

k—1
k) O d(k, ) + 37 B(k, 1+ 1B filpl(D))

=k

for all k < k, where we have abbreviated f;(p(l) = fi(o(l), ¢’ (1)) (see p.54).
Passing over to the norms, we obtain

(4.1b) k-1
le(k)| < Kealk m) €1+ K Y ealks 1+ 1) || BRL )|
=k

k—1
“4.1c
< Kea(k RIEN+ KD ealk, 1 +1)8

l=k

k—1 k—1
+E Y eall, L+ Dy lle@)l + 0K ealk, 1+ 1) [’ ()],
=k l=k

abbreviating u(k) := eq(k, k) ||p(k)|| yields
k—1
()<KH§H+KZeanl+lﬂl+KZ +5KZ
=K

and from this we finally infer

k—1

k—1
- (IIéll # P ealr + 1)@) - > (% +5) u(l)

u(k) < 1

for all k < k. The Gronwall lemma in Proposition A.2.1(a) implies

k—1

—% Z e1rb(k, 1+ 1eq(k, 1+ 1)
=k

A2y K

alh) = el ) €] + £
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with b(k) := % ( ﬁ,’;—) + 5) and consequently by Proposition A.1.2(b)

k—1
(A.1b) K K
o)l € el m) €]+ e S sl 1))
=K

for all k < k, which was our claim. O

Corollary 4.1.6. Suppose € > 0 is fixed and 1 is unbounded below. If the assump-
tions of Proposition 4.1.5 hold with the summability condition

k—1
P = CatyK (k,l+1)8 < oo forallk €1,
1-0K
l=—00
then the nonautonomous set A := {(k, )€ X (zlly, <e+ 1o JK} is B-absor-

bing for every absorption universe

Bg{ng lim e (K, — )|B(k—n)|=0forallkeﬂ},

n—oo

and B-uniformly absorbing for every absorption universe

BQ{BQX lim supeatqrx (k,k —n) |B n)l :0},

n—oo k’el[ 1-0K

Proof. Using Proposition 4.1.5 this can be shown as Corollary 2.3.19. a

Corollary 4.1.7. Let I be unbounded below. If beyond Hypothesis 4.1.1 the map-
pings B,;ElAk, B,;Elfk satisfy (4.1c) and a Darbo condition with

q(k) := dar B} A + dar Bi !, fu €[0,1] forallk €T,

then the semilinear difference equation (S) is:

(a) B-contmcting for every family

BC {B CS: lim eq(k,k—n)xx—n(B(k—n)) =0 forallke H} .

n—oo

(b) B-uniformly contracting, provided lim,, suppcpeq(k, k—n) =0.

Proof. Letk € T'. By Proposition 4.1.3 the general forward solution ¢ of (S) exists
on X. Referring to the proof of Theorem 2.3.6 one constructs the generator ¢y, of
using the fixed point equation (2.3e), which in the present situation reads as

v =B, LAk + Bl fr(&2) = Ti(é,2) forall (k&) € X.
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Due to the assumed inequality (4.1c) its right-hand side T%(-,x) is bounded for
every fixed x € X4 and [35, p. 39, Proposition 5.3(c)] guarantees

dar T, < daer_J:lAk + dar Blc_-ilfk =gq(k) <1 forallk el

Hence, we can apply Corollary 2.3.8 yielding the claim. O

This brings us to the main result of this section:

Theorem 4.1.8. Let g € [0,1), suppose that 1 is unbounded below, the family B
consists of all uniformly bounded nonautonomous sets and that beyond Hypothe-
sis 4.1.1 the following holds for all k € T':

(i) Bl Ak € L(Xy, Xp41) satisfies (4.1b).
(ii) B,;_&lfk(',x’) : Xp — Xga1, ¥ € Xgaa, is continuous with (4.1c).
(iii) sup;ep B < oo and one has the estimate % € [0,q].
If the semilinear equation (S) is B-contracting, then it possesses a uniformly
bounded global attractor A*, which additionally satisfies

A*(k) € B ksup, ey 5, (0,X%) forallk €l

(1-q9)(1-K9)

Proof. First of all, by Proposition 4.1.3 the general forward solution ¢ of (S) exists
and is continuous. Choose B € 3 and by assumption (iii) with Proposition A.1.2(d)
we get

earyic (kK —n) |B(k—n)| <q¢" |B(k—n)] —— 0 uniformlyink € I,

1 n—oo

as well as S5 eatyi (k1 +1)5 < w for all k£ € L. So Corollary 4.1.6

ensures that ¢ has a closed B-uniformly absorbing set A € B, ie., ( is uni-
formly bounded dissipative. We assumed that ¢ is B-contracting. Because A is
B-uniformly absorbing, for each B € B there exists an N = N (B) > 0 such
that (cf. Definition 1.3.6(b))

v (k)= | e(kik —n,B(k—n)) C A(k) forallk el
n>N

andvf C A€ B. Thus, Proposition 1.2.30 implies that ¢ is B-asymptotically com-
pact. With this we have verified the assumptions of Theorem 1.3.9 and (S) admits
a global attractor A*, which is uniformly bounded; in particular Theorem 1.3.9(b)
implies the claimed bound on the fibers A* (k). O
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4.2 Existence of Invariant Fiber Bundles

Every five years or so, if not more often, someone ‘discovers’ the theorem of
Hadamard and Perron, proving it by Hadamard’s method of proof, or by Perron’s.
D.V. Anosov (cf. [11])

For linear difference equations admitting an exponential splitting we have a solid un-
derstanding of their dynamical behavior. Indeed, by virtue of Remark 3.4.16 it was
possible to characterize the set of ¢*-bounded solutions using kernels and ranges
of associated invariant projectors — the invariant vector bundles form the skeleton
of the extended state space. Moreover, for autonomous equations these vector bun-
dles become generalized eigenspaces and can be determined using purely algebraic
methods.

In this section, we aim to extend the above observation to nonlinear equations,
yielding invariant fiber bundles. As explicated in the introduction to this chapter,
applications for invariant manifolds or fiber bundles cover local questions (behavior
near reference solutions in Sect. 4.6, linearization in Chap. 5) as well as global ones
(dynamics of dissipative equations in Sect. 4.7). For this reason, we need flexible
existence theorems which apply to both cases and carry most of the technical prepa-
rations. It is the goal of the present section to tackle this problem for a sufficiently
wide class of equations, namely semilinear equations as already considered above.

According to this, our intent is centered around semilinear equations

B2’ = Az + fi(z,2), )
which are understood as a perturbation of the linear homogeneous system
Bk+1x/ = AkI. (LO)

Thus, it will be a standing assumption throughout the remaining chapter that (L)
has an exponential splitting. The alert reader surely remembers that for autonomous
or periodic linear equations (L), one can formulate the following crucial hypothesis
in terms of spectral properties for Ay, By, (cf. Theorems 3.4.28 and 3.4.31).

Hypothesis 4.2.1. Suppose that A, € Hom (X, Yi+1), Br € Hom(Xy,Yy:) has

an inverse with Bk__&lAk € L(Xg, Xpt1), k € I, and that the linear equation (L)
admits a strongly regular exponential N -splitting on I with N > 1, namely

N-1

S(A,B; P) = U (bit1,a4),

=0

where the sequences b; are bounded above. The associated Green’s functions are
abbreviated by G; := Gpli, 1 <i<N.

Remark 4.2.2. If a linear equation (L) is B-contracting, B denoting the family of
uniformly bounded subsets of X, then the pseudo-unstable vector bundles P are
finite-dimensional, as soon as b; > 1 (cf. Proposition 3.4.24).
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In contrast to Sect. 4.1, we additionally impose that the nonlinearity fj, satis-
fies a global Lipschitz condition, as opposed to the linear bound in (4.1c). It will
be demonstrated in the upcoming Sects. 4.6—4.7 how such a restrictive assumption
can be weakened when it comes to applications. Yet, we try to make our results as
explicit as possible, since quantitative results pay off when it comes to domain es-
timates of locally invariant fiber bundles (see Sect.4.6) or dimension estimates for
inertial fiber bundles (see Sect. 4.7).

Conditions for solutions of implicit difference equations to exist have been given
throughout Sects. 2.2 and 2.3; moreover, the particular situation of semilinear equa-
tions (S) is addressed in Proposition 4.1.3. We, however, explicitly suppose the
existence of forward solutions in order to remain flexible:

Hypothesis 4.2.3. Let the general forward solution ¢ of equation (S) exist on X.
Suppose that fi, : Xk X X1 — Yy fulfills fr.(Xg, Xg+1) C im By for all
k € I and that we have the global Lipschitz estimates

Lj :=suplip; B,;Elfk < oo forj=1,2. (4.2a)
kel’

Remark 4.2.4 (spectral gap condition). For an integer 1 < ¢ < N we require the
spectral gap condition that there exists a g; € (O, %) such that

max {K; , K} } (L1 + [b;] L2)
— < G,
1 +max{Ki ,K;L}Lg

(Gy)

choose a fixed real number ¢ € (max {K;, K;L} (L1 + [b; — ;| L2) ,gl-) and de-
fine intervals I; := [a; + ¢, b; — ).

(1) The gap condition (G;) guarantees that neither the real interval for ¢ nor T;
itself is empty. If we introduce the function g : [0, 00) — Rby g(t) := ﬁ%i’!@l,
then (G;) can be written as g(max {K TLKT }) < ¢;. For later use we point out that
g is strictly increasing on [0, c0) from 0 to oo. Thus, if g(t*) < ¢; holds for one
t* > 0, one surely has g(t) <, forall ¢t € (0,t*].

(2) For semi-implicit equations (S) the gap condition (G;) simplifies to

max{Ki_,Kf}Ll < G-

(3) In order to give an intuition for the crucial condition (G;) we observe the
following: Assume a more classical situation in which the linear part (L) is auton-
omous and generates a bounded discrete semigroup ((B~A)*) kez; ON acommon
space X = Xj. Referring to Theorem 3.4.28, an exponential dichotomy holds,
provided the spectrum o (A, B) allows a decomposition o(A, B) = o Uo_ into
disjoint spectral sets o, 0_ C C such that max.c,_ |2| < a; < b; < inf.eo, |2
with positive reals a;, b; (see Fig. 3.2). Moreover, we suppose (S) is linearly implicit,
i.e., one has Ls = 0 and (G);) reduces to the above inequality. Hence, we are able
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to fulfill the spectral gap condition (G;), if one of the following two conditions is
satisfied:

(i) For a given spectral gap b; — a; and g; € (O, b%a) the nonlinear perturbation
fx is so weak that its Lipschitz constant L; > 0 fulfills (G;).

(i1) Given a fixed value for L; > 0, the spectral gap b; —a; > 0 has to be sufficiently
large so that there exists a g; € (0, 5% ) satisfying (G)).

Which of these perspectives (i) or (ii) is favorable, depends on the application. When
dealing with local questions, i.e., in the context of invariant fiber bundles associated
to fixed reference solutions (see Sect. 4.6), the first interpretation applies. For inertial
fiber bundles (see Sect.4.7), which are global in nature, the second one is crucial.
Admittedly, the situation of (ii) changes for implicit nonlinearities, i.e., Ly > 0. In
fact, we still have to require a smallness condition on L9, no matter how large the
gap b; — a; in the spectrum is.

Remark 4.2.5 (growth condition). For 1 < ¢ < N we require the growth conditions

Ik el: I'F(E) = sup HBk—-&lfk(O’O)HXHI €a; (K, k) < 00, rh
kEZy

Ik el: I'[(i):= sup HBk__&lfk(O,O)ka+1 ep; (K, k) < 00, )
kE€Z;

provided the discrete interval I is unbounded above resp. below:

(1) If a constant 1" (i) exist for one € I, then it exists for all x € L.

(2) Besides in Sect. 4.6, we do not assume that the nonlinearity f5(0,0) van-
ishes identically on I'. Rather, we weaken this frequently made assumption to an
exponential boundedness, i.e., the finite existence of F,ﬁc (7). More detailed, the con-
dition (F;L) is equivalent to the inclusion f.(0,0) € DCia B> 1.€., the sequence

B_jrll £.(0,0) is a; -bounded and dually (I;") means £.(0,0) € X5, p» 1€, the se-
quence B_;ll £.(0,0) is b; -bounded. By Lemma 3.3.26 this yields the implications

(IhH = (Iit), (I, =) forall2<i<N.

We construct invariant fiber bundles of (S) using a functional analytical approach.
For this, let (k,£) € X, ¢ : I — (0,00) and suppose the discrete interval I is un-
bounded below. We aim to characterize the solutions of (S) which exist in backward
time and are ¢~ -bounded. Choose a fixed 1 < 7 < V. For given ¢ € X;; ., we for-
mally define a sequence-valued mapping — the so-called Lyapunov—Perroﬁ operator

r—1

T ($:6) = P (L RPHR)E+ Y Gilyn + 1B} fa(d(n))  (4.2b)

n=—oo

resembling the Lyapunov—Perron sums in Theorem 3.5.3(b). The backward evo-

lution operators @, of (Lo) exist on Pi by the strongly regular splitting from
1

Hypothesis 4.2.1.
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The next lemma establishes a solid part of our notation:

Lemma 4.2.6. Assume Hypotheses 4.2.1 and 4.2.3. If (I';") holds and c,d : 1 —
(0, 00) satisfy

c€ (a;,b;), 0«d<c foronel<i<N, (4.2¢)
then the mapping T,; : X0 . X X, — X ; is well-defined with

|7 @l < K7 ||Pf<n>§||xn +Cile) (I () + () 91l +

(4.2d)
< KLLO ol

forall (k,§) € X, ¢ € X_ . and we have Lipschitz estimates

[CHONCRI

lip) Q4 (k)T (k,-) <€ (c), lipy Ty <ti(c), lipy T, <K;  (42e)

with the constants C;(c) from Theorem 3.5.3 and

li(c) = Ci(c )(Ll + |—C-| Lz), L(C) =1L+ |—C-| Lo,
€+(C) = K+ (Ll + |VC-| LQ) I (C) = K7 (Ll + |VC-| LQ)
' le —ai] ' [bi —c]

Proof. Let (k,£) € X be given and choose growth rates ¢,d : I — (0,00) as
required in (4.2c). We begin with preparatory estimates. For a sequence ¢ € X .,

using the triangle inequality and (I, ), one has

HB;ilfn(M)H (4%1) (F,.: (1) + L(c) H(;5||;c) ec(n,k) foralln € Z,_

as in the proof of Theorem 3.5.8 (cf. (3.5h)). Using the splitting estimates (3.4g),
we obtain almost identically to the proof of Theorem 3.5.3(b) that

I P{IT (k5O eatr k) < K7 [P+ g (1) + Lie) o)

K (@ ma o)

for all k& € Z, (cf. Proposition A.1.2). Combining these two estimates, one de-
duces the inclusion T, (¢;¢) € DC; 4 as well as the first estimate (4.2d). The second
relation (4.2d) follows from the latter above estimate by setting & = «. To prove the
Lipschitz estimates in (4.2¢), let ¢, ¢ € X . and £,{ € X,.. We get from (3.4g) that

1@ (R)T¢ (k. 6:€)]| ealr, k) <

B8 (2 b 656) = T (s8] | S TR

H¢ Ol el
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forall £ € Z,, and similarly

X _ 4.2a + c o
Q8 (75 (k. 0:€) = T (b ]| S T 0 . eal )

for all k € Z,. Setting k = & gives us the first relation in (4.2e). Multiplying both
above estimates with eq(r, k), the definition of the norm ||-[|, , immediately yields
the Lipschitz condition for T, (+; §), i.e., the middle relation of (4.2¢). Finally, using
(4.2b), (3.4g), the remaining Lipschitz estimate in (4.2¢) follows from

1T (k, ¢:6) = T (k, ¢:6)|| ealrs, k) < K [|€ = €]| - forall k € Z.

This establishes Lemma 4.2.6. O

By virtue of the Lyapunov—Perron operator 7, from (4.2b), we will characterize
the exponentially bounded solutions of (S) as its fixed points, and solve the corre-
sponding problem using the contraction mapping principle.

Lemma 4.2.7. Let (k,§) € X and assume Hypotheses 4.2.1 and 4.2.3 are fulfilled.
If (I';") holds, a sequence ¢ : 1 — (0, 0o) satisfies (4.2¢c) and ¢ € X, ., then for the

K,c’

mapping T (¢) : X, . — X ¢ the following statements are equivalent:

K,C

(a) ¢ solves the difference equation (S) with P{(k)¢(k) = P{(k)E.
(b) ¢ is a solution of the fixed point equation

¢ =T (¢:€). (4.2f)

Proof. Let (k,&) € X and define a sequence gy := fr(¢(k))in Y for k € I'. Asin

the above proof of Lemma 4.2.6 one has the estimate
Bz g6l < (10 @)+ L) 19l ) eclh m) forall kb € Z;

with the constant L(c) from Lemma 4.2.6, and consequently g € X p.

(a) = (b) Let ¢ : Z,; — X be a ¢~ -bounded solution of (S) satisfying
Pj(k)¢(k) = Pj(k)&. Then ¢ also solves the linear inhomogeneous difference
equation B2’ = Apx + g, and Theorem 3.5.3(b) implies assertion (b).

(b) = (a) Conversely, a fixed point of T, (-,£) is a solution of the above lin-
ear inhomogeneous equation, and thus of the semilinear equation (S) satisfying the
relation P} (k)¢(k) = Pj(k)E. O

Lemma 4.2.8. Let (k,§) € X and assume Hypotheses 4.2.1 and 4.2.3. If (G)),
(I'7") hold and ¢ € I3, then T, (-;€) + X . — X . has a unique fixed point
#x(§) € X, . The fixed point mapping ¢ : X, — X satisfies ¢.(§) =
¢ (P1(k)E) and:
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(a) ¢n : Xy — X, . is linearly bounded, i.e., for § € X, it is

6l < T 1ALy, + S,

KT (e
@i o )], < KDy HD

(K7 Pl s, + GO (), @2e)

(b) ¢. is globally Lipschitzian with

. K o Kt/ (o)
lip ¢, < 1——&-(0)’ lip Q1 (k)pr < —)7 (4.2h)

1-— ilc
where the constants C;(c), £;(c) € [0,1), £} (c) are defined in Lemma 4.2.6.

Proof. Let (k,&) € X be given. The spectral gap condition (G;) implies

_ K K[ max { K;", K; } :
li(c) = max{ - al Thi—<] }L(c) < fl)(c) <1l (420

for all ¢ € I;. Thus, from the middle estimate (4.2¢) in Lemma 4.2.6 we know that
T,7(+;€) is a contraction on the Banach space X . (cf. Lemma 3.3.25(a)) and the
contraction mapping theorem (see, for example, [295, p.361, Lemma 1.1]) implies
the existence of a unique fixed point ¢, () € X .. Furthermore, the claimed re-
lation ¢, (&) = ¢ (P} (r)€) follows from the fact T, (-;&) = T (+; P{(k)€), and
consequently the fixed points of the two contractions coincide.

(a) Thanks to ¢;(c) < 1 (see (4.21)), the first estimate (4.2g) follows from

@20 |

(Ol = 1T (@€ O]

&K PiEl] + Cale) (I () + L) 16n @)1

and the second estimate (4.2g) is a consequence of the above inequality and

QL (%) (5, &)|| 2" || QL (R)T (5, 64 (€): )|
“2 KT (i)

~ le—ay]

(b) Next we derive the Lipschitz estimates in (4.2h). Let £, € € X, be given and
from (4.2f), (4.2e) we obtain using the triangle inequality

+ 0 () |ox (@), forall§ € X,

||¢K( K(£)||mc— 7||£ §||+£ )||¢K( K(€)||mc’
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which yields the left relation in (4.2h). From (4.2f), (4.2b), (4.2e) one has

1Q1(%) [¢x (5, €) = b (k. O] || < 6 () [|6x(€) = DO ..

and this in connection with the left estimate for ¢,; in (4.2h) established above, leads
to the remaining estimate claimed in (4.2h). O

After these preparations we formulate and prove the main existence theorem for
invariant fiber bundles. It states that the vector bundles Q% and P! guaranteed by
Hypothesis 4.2.1 and Remark 3.4.17 resp. Remark 3.4.18 persist globally as invari-
ant fiber bundles W;" and W, over Q! and P}, resp., under nonlinear perturbations
as in Hypothesis 4.2.3. This includes the dynamical characterization from (3.4k)
and (3.41).

Theorem 4.2.9 (of Hadamard-Perron). Assume Hypotheses 4.2.1 and 4.2.3 are
satisfied and that (G;) holds for one 1 < i < N.

(a) If 1 is unbounded above and (I’ ;‘) holds, then the nonautonomous set
W= {(k€) € Xt p(k,8) € XL}

is a forward invariant fiber bundle of (S), which is independent of ¢ € T'; and
possesses the representation as graph

Wi = {(k,n +wf (5,n) € Xt (k) € Q1 }
of a uniquely determined mapping wj 2 X — X with
w;t (5,8) = w! (5, Q(r)€) € Pi(r) forall (k) € X  (4.2))
and satisfying the invariance equation
wi (5 +1,m) = By Axwf (,)
+P{(k + 1) B fu(n+wif (5,0),m + w] (k4 1,m)),
m =B A + B fe(n+wi (5,0),m + wf (5 +1,m))
(4.2K)
forall (k,m) € Qf, m € Qi(k + 1). Furthermore, for all ¢ € T; it holds:
(a1) w; : X — X is linearly bounded, i.e., for (k, &) € X one has

< K. It(i) ¢ (c)

i Oy, < T (K Q0N + i ()

(az) w; (k, ) is globally Lipschitzian with lip, w;” < £} (c).
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(b) If 1 is unbounded below and (I';") holds, then the nonautonomous set

W, = {(n,g) ex

there exists a solution ¢ : 1 — X of (S)
with ¢(k) = § € X,; and ¢|,- € X,

is an invariant fiber bundle of (S), which is independent of ¢ € I'; and possesses
the representation as graph

W, = {(k,n+w; (k) € X: (k1) € P} (4.21)
of a uniquely determined mapping w; : X — X with
w; (k,&) = w; (K, P{(k)€) € Qi (k) forall (k,§) € X
and satisfying the invariance equation
wy (k+1,m) = B Agw; (k1)
+Q1 (5 + DB fe(n+ wy (5,m)m + wy (64 1,m)),
m = B Awn+ Bl fo(n +wyp (5,0),m +wy (5 +1,m))
(4.2m)
forall (k,m) € Pi, m € Pi(k + 1). Furthermore, for all c € I} it holds:
(1) w; : X — Xis linearly bounded, i.e., for (k,§) € X one has
TG, 6o
lc—a;] 1—=4(c)
(b2) w; (k,-) is globally Lipschitzian with lipy w; < £; (c),
where the constants C;(c), {(c),li(c) € [0,1) are defined in Lemma 4.2.6 and

ity . KT (o
i (e) = 1—0;(c)

Remark 4.2.10. (1) The (forward) invariance of Wf and W, implies forall K < k
the relations
Pi(k)p(k; k,€) = wi (k, Q1 (k)p(k; v, €))  forall (x,€) € Wi,
Qi (k) (ks 5, €) = wy (k, Pi(k)p(k; x,€)) forall (x,€) € W .

ey ()], < (K7 Piw)e] .+ CiOT ).

(4.2n)

(4.20)

2 W;L is an invariant fiber bundle, if the general solution to (S) exists on X.

(3) The fiber bundle W;" can be considered as set of all ¢*-bounded forward
solutions, while W, consists of ¢~ -bounded backward solutions for (S). In detail,
given (k1,&1), (k2,&2) € X we introduce the following equivalence relations on X:

e With k := max {k1, k2 } define (cf. Remark 3.4.17)

there exist solutions ¢; : Zij — X to (S) with

~F :
(r1,61) ~ (K2, &) =& {¢j(“j> = ¢ and ¢y — ¢ € X} forall c € I,



202 4 Invariant Fiber Bundles

e With k := min {k1, ko } define (cf. Remark 3.4.18)

there exist solutions ¢; : Z,; — X to (S) with

(k1,&1) ~; (K2,&2) & {Q?j(“j) =& and ¢y — ¢ € X forall c € I;.

Provided we have a ¢*-bounded solution ¢, : I — X of (S) with ¢ € I3, the
corresponding equivalence classes fulfill

[(5, pu (k)] = Wi, [(r 0 (R))]; = Wi

(4) It is possible to apply Theorem 4.2.9 in case of a linear function f;. In
this sense, Theorem 4.2.9 resembles our previous roughness result Theorem 3.6.5
for exponential splittings. However, the gap condition ((;) appears to be weaker
than (3.6j).

Proof. Let (k,€) € X, we choose afixedl <i< N,ce T; and abbreviate

Py (k) := Ix, — Pi(k), P_(k) = Py(k),
Py=Q, P_ =P, (4.2p)
wt (k, ) == wi(k, z), Wy =W

forall k, x € I, x € X,. This brief and intuitive notation will be useful later as well.

(a) Since the present part (a) of Theorem 4.2.9 can be proved along the same lines
as part (b) we present only a sketch of the proof. Analogously to Lemma 4.2.7, the
c*-bounded solutions of (S) can be characterized as fixed points of the Lyapunov—
Perron operator T,F : X} . x X,; — X;f

K,C?

T (¢3€) = B(-, & £+ZG 4+ 1Bt fa($(n) (4.2q)

(cf. Theorem 3.5.3(a)). Here, the forward evolution operator ¢ for (L) exists
due to Lemma 3.3.6(a). In particular, under (I f) corresponding counterparts to
our preparatory Lemmata 4.2.6, 4.2.7 and 4.2.8 hold true in the Banach space
X\ ., where the proof of Lemma 4.2.7 relies on Theorem 3.5.3(a). It follows
from the spectral gap condition (G;) that T.7(-,€), £ € X, is a contraction
on the Banach space f)C+ (cf. Lemma 3.3.25(a)) and we denote its unique fixed
point by ¢;7(£) € X} .. "Then the function wh(k,-) : X, — X, is defined by
w+(’{7§) =P_(r )QS:( ,€)-

(b) We want to show first that W_ is an invariant fiber bundle of (S). By defini-
tion, for each pair of initial values (x, &) € W-_ there exists a solution ¢ € X .
of (S) with ¢(k) = &y. Due to the uniqueness of forward solutions guaranteed
by Hypothesis 4.2.3, we have ¢ = ¢(+;1, ¢(1)); accordingly ¢(-;1, (1)) is a ¢ -
bounded solution and this yields the inclusion ¢(I;x,¢) € W_(I) forall [ € Z}.
Conversely, for & € W’ (k) there exists a ¢~ -bounded solution ¢ : I — X
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of (S) with ¢'(k) = & . Obviously, § = ¢(k) € W_(k) and since the gen-
eral forward solutions exists, &1 = ¢(k + 1;k,&p), i.e., we have the inclusion
&1 € plk + 155, W_(k)).

Our Lemma 4.2.8 implies that the mapping 7,7 (&) @ X . — X, has a
unique fixed point ¢, (§) € X, .. This fixed point is independent of the growth
rate ¢ € I because one has the inclusion T)C;’bif . C TXI,;C (cf. Lemma 3.3.26)
and every T, (-;€) = X, — X, . possesses the same fixed point as the restric-
tion T,; (-5 ¢ )|x; b Furthermore, the fixed point ¢, (&) is a solution of (S) on Z;,

satisfying P_ (ﬁjém(m &) = P_(k)¢ (cf. Lemma 4.2.7). Now we define

w™ (K, &) 7= Py (K)¢n (5, €) (4.2r)

and immediately conclude w™ (k,&) € P (k). In addition, (4.2b) and the relation
01 (&) = ¢ (P-(k)E) in Lemma 4.2.8 imply

@.20)

w” (5,€) 2 Py (8)dn (5, €) = Py (k) (5, P_(0)€) "= w™ (1, P_(r)).
We now verify the representation (4.21) and the invariance equation (4.2m).

(©) Let (k,z9) € W-, i.e., there exists a ¢~ -bounded solution ¢ : I — X of
(S) with ¢(k) = xo. Then ¢ satisfies P_(k)p(k) = P_(x)xo and is consequently
the unique fixed point of T, (+; zg), i.e., ¢ = ¢y (x0) (see Lemma 4.2.7). This, and
D1 (&) = ¢ (P-(K)E) (cf. Lemma 4.2.8), implies

2o = P_(K)pwx(k,x0) + Py (K)dk (K, 20) = P—(k)xo + Pt (k)P (k, P—(K)xo).

So, setting & := P_(k)xo, we have 29 = & + Py (k)dx(k,&) = €+ w™ (k,&) by
(4.2r) and finally the first inclusion of (4.21) is verified.

(2) On the other hand, let o € X, be of the form xy = £ + w™ (k, §) for some
& € P_(k). Then

.21

2o = &4 Py(r)ox(r,§) = P(K)n(, &) + Py (k)b (r, §) = bk, E)

and therefore, ¢ = ¢,.(£) is a ¢~ -bounded solution of (S) with ¢(x) = xo.

With points (k, &) € W_, k € I, the invariance of W_ (i.e., (4.20)) implies the
relation ¢ (k; k,&o) = P—(k)p(k; k, &) +w™ (k, P—(k)¢(k; k,&)) and multiplica-
tion with Py (k) yields Py (k)p(k; K, &) = w™ (k, P—(k)o(k; k,&)) for k € Z,,.
We set k = k + 1 and the solution identity for (S) eventually implies the invariance
equation (4.2m).

(b1) We obtain (4.2n) from Lemma 4.2.8(a), since (4.2r) yields

KIT6) | GlOn ()6 ()
le—a;] 1—4;(c)

“.29)
<

[w™ (kO] < £ (o) |P-(r)é]| +
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(b2) To prove the claimed Lipschitz estimate, consider & € € Xy and corre-
sponding fixed points ¢, (§), #x(§) € X . of T, (+;§) and T, (+; &), respectively.
One obtains from Lemma 4.2.8(b) that

@20

o (r,€) — = (5, )| “2” || P () [0, €) — b, D] | 2 () € — €]

and this finishes the present proof of Theorem 4.2.9. O

It can be seen that the gap condition (G)) is optimal in the following sense:

Example 4.2.11 (optimal spectral gap). Letreals 0 < v < 1 < [ and € be given.
For X = Z x R? we consider an autonomous explicit difference equation (S) with

Ak = (g 2) y Bk = IRQ, fk(:E) =¢£ (;f2> .

The linear part (L) is hyperbolic on Z and for the nonlinearity we obtain the
Lipschitz constant lip f;, = |e|. The right-hand side of ' = Agz + fr(z) can

be written as linear system x’ = (‘2‘ E)x, whose coefficient matrix has the two
eigenvalues % (a +08+t(B—aa)— 462>. Thus, the origin is a saddle, precisely

as long as |e| < B;O‘ and this is equivalent to the spectral gap condition (G;). For

nonlinearities Wlth le] > B 2 the origin becomes a sink or a source (depending

on the value O‘;B ) and we do not have invariant fiber bundles given by graphs over
images of nontrivial projectors as postulated in Theorem 4.2.9.

Our next observation is that the invariant fiber bundles W;* from Theorem 4.2.9
are nested, which means they are ordered w.r.t. the set inclusion.

Corollary 4.2.12. Let 1 < i, < N and S(A, B; P) be minimal.

(a) In case 1 is unbounded above, (Ff) and (G;) for 1 < i < i, hold, we obtain
the pseudo-stable hierarchy of forward invariant fiber bundles,

Whewi c...cwf cx.

(b) In case 1 is unbounded below, (I';_) and (G;) for i. < i < N hold, we obtain
the pseudo-unstable hierarchy of invariant fiber bundles,

W, cW, ,,C...CX.

Proof. From Remark 4.2.5(2) we see that the growth condition (F. ) implies (F+)
for all 1 < ¢ < +¢,. Thus, by Theorem 4.2.9(a) there exist forward invariant
fiber bundles W;' consisting of ¢; -bounded forward solutions. The growth rates
¢; € I fulfill ci+1 < c¢; and therefore claim (a) follows from the embed-
dings in Lemma 3.3.26. The pseudo-unstable hierarchy in (b) can be established
analogously. O
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Generally speaking, through a given point (k,£) € X there may exist no or
a multiple number of backward solutions of (S). The next result ensures that for
(k,&) € W, exactly one of them lies on the fiber bundle W, and that p(k; &, )
is Lipschitzian between the fibers of W, . Moreover, it relates the dynamics of
equation (S) to a reduced equation (the so-called W, -reduced equation), which
is finite-dimensional provided dim P} < oc.

Corollary 4.2.13 (W, -reduced equation). The general solution ¢ of (S) exists
on W,". Moreover, the so-called VW, -reduced equation

By’ = Akx+Bk+1Pf(k—i—l)Bk__&lfk(x—Fwi_(k,x),x’—kw{(k—i—l,x’)) (4.25)
in the pseudo-unstable vector bundle P} has the following properties:

(a) Its general solution $ exists on Pi and ¢ is related to p by virtue of
o(k; k, &) = Pi(k)p(k; ki, & +wy (k,€))  forall (k,k,&) €1 x Pi.

(b) Under the condition K, max {1, Z; (c)} (blL(—}C) + L2> < 1forallk € 1 and

a fixed c € T, one has the following Lipschitz estimate for all k € Z,

lip p(k; &, ~)|W;(K) < K; max {1, Z:(c)} (1 + Lg max {I,Z:(C)D ey, (k. k),
(4.20)
where by(k) = b;(k) — K" max {1, é;(c)} (L1 + bi(k)Lo).

Proof. Let r € I be given and choose ¢ € I;. First of all, we prove that the general
solution ¢ of (S) exists on WV, . Due to the invariance of VV;” we know that the
mapping ¢(k + 1;k,-) : W; (k) — W, (k + 1) is onto. Let us show now that
the inverse of this mapping is given by £ — ¢,11(k, &), with the ¢, 11() from
the proof of Theorem 4.2.9(b). Indeed, for each { € W, (k + 1) there exists a ¢ -

bounded solution of (S), given by ¢ +1(¢) : Z,_,; — X, and Lemma 4.2.7 yields

¢ = Plk+1)E+w; (k+1,P(k+1)E)

20 Pi(k + 1€+ Q1K + Dwyr (5 +1,6) = dryr (5 +1,6).

N

Since the sequence ¢,.+1(€) is a solution of (S), one has p(k + 1; k, px11(k, &) =
Ort1(k+1,£) = £ Tt remains to derive the relation ¢, 11 (k, o(k+1, k,&)) = £ for
all§ € W, (k). For this purpose, we define ¢)(k+1) := ¢(k+1; &, &) and (k) :=
Gry1(k 4+ 1,8) for k < k. Then ) : Z,_,; — X is a ¢~ -bounded solution of (S)
and again Lemma 4.2.7 implies ¥(k) = ¢p+1(k, ¥ (K)) = dp+1(K, o(k; k+1,E)).
Noting that (k) = ¢xt1(k + 1,£) = £ holds we are done. Hence, each mapping
o(k+ 1;k,-) : W, (k) — W, (k + 1) is bijective and therefore ¢ exists on W; .

(a) By multiplying the solution identity for ¢ with P{(k + 1), using (3.3h) and
the invariance of W,  given in (4.20), it is easily seen that the relation between ¢
and ¢ holds and that ¢ is defined on P}, yielding the assertion (a).
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(b) Finally, it remains to prove the Lipschitz estimate (4.2t). We pick two points
&1,& € W, (k) and the invariance of W, implies

ok 5, &) 27 Gks k, Pi(R)E)) + wi (k, (ks 5, Pi(R)E;)) forallk €1

and j = 1, 2, which, in turn, using Theorem 4.2.9(b5) yields the estimate

lp(ks K, 1) — p(k; K, &), | |
< max {1,lip, w; } ||@(k; &, P{(r)&1) — @(k; s, Py (r)&2)||

for all k € I. To obtain an estimate for the difference ¢(k; k, &) — 4(k; K, &) with
&1,& € Pi(k), we remark that @(k, ) is an isomorphism between the fibers of P}
(cf. Lemma 3.3.6(b)). If we abbreviate ¢, (k) := ¢(k; k,&;), then the variation of
constants formula from Theorem 3.1.16(b) and Remark 3.1.17(1) yields

k—1

pi(k) = Dk, k)¢ — > P(k,n+1)P{(n+1)B, 1,
n=~k

fa(@5(n) +w; (n,¢5(n)), 5 (n+1) +w; (n+1,95(n+1)))

forall k € Z; and j = 1, 2. Thus, setting u(k) := ||¢1(k) — @2(k)|, the relations
(3.4g), (4.2a) imply the inequality

Kk—1
u(k)es, (1, k) <K ||& — &|| + K; Ly max {1,lipy w; } Z ep,; (k,n + L)u(n)
n=~k
K—1
+ K; Ly max {1,lip, w; } Z ep, (k,n + 1)u(n)
n=k
<K [1 + Lo max{l lip, w_}] Hél - ézH

+ K; max {1,lip, w; }Z ( Ll) +L2) (K, n)u(n)

for all k € Z,_, so that our assumption allows us to apply Gronwall’s lemma in
backward time (cf. Proposition A.2.1(b)), which leads to

u(k) < K, [1 + Lomax {l,lip2 w;}] egi(k, K) ||§_1 - f_QH
for all & < k. Thanks to Theorem 4.2.9(b5), this finally implies (4.2t). O

Before proceeding, we need a technical result for later purpose in Sect.4.7. It
states that the general forward solution ¢ of (S) satisfies a Lipschitz estimate, if the
linear part of the VW, -reduced equation (4.2s) has bounded forward growth. Note
that the required estimate becomes void for explicit equations.
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Corollary 4.2.14. Let1 =7, K; > 1 anda; : Z — (0,00). If

| @k, 1) Py < Kiea, (k1) foralll <k

Ol zmipimy

and K; Lo max {1, 0 (c)} < 1 for afixed c € I}, then the Lipschitz estimate

K; max{lji_(c)}
1 — K;Ly max {1717;(c)}

lip o(k; K, )y (o) < ea,(k k) forallk € Z}

holds, where a;(k) = a;(k) + <1 + 1_1226‘:]21;1;)3’)}) (L1 + ai(k)Ls).

Proof. The argument follows along the lines to infer (4.2t): The difference is to
apply results in forward time & € Z}, namely the variation of constants for-

mula for (4.2s) from Theorem 3.1.16(a) and the Gronwall’s lemma in Proposition
A.2.1(a). ]

The bundles W, and W;L intersect along exponentially bounded solutions.

Corollary 4.2.15. Let 1 = Z, 1 < i < N and assume c,d : Z — (0, 00) satisfy
c,d € I If beyond (I’ 1-+) and (I';") also the strengthened gap condition

1+2maX{Ki_,Ki+}L2

<G (4.2u)

holds, then (S) has a unique c,d-bounded solution ¢, : 7. — X and beyond
[(K, P« (/-@))]f': = Wii, K € Z, one has W;L NW, = ¢s.

Remark 4.2.16. (1) From Remark 4.2.4(1) one sees that (4.2u) implies (G)).
(2) Under the assumption f5(0,0) = 0 on Z, the fiber bundles W;" and W,
intersect along the trivial solution, i.e., Wf NW, =Z x {0}.

Proof. Given c,d € I'; we proceed in two steps:

(D We first show that Theorem 3.5.10 is applicable to equation (S). For this,
we observe that g := f5(0,0) satisfies the inclusion ¢ € X4, .8 C Xea.B
(cf. Lemma 3.3.26) due to (I'F). Moreover, the constant D;(c,d) defined in

3

Theorem 3.5.4 fulfills the estimate D; (¢, d) < 2 max { K", K } and from

2max{K; K}
Si

(Ll +L2 max { [Ci‘ y |Vd-| })Dz (C, d) S (Ll +L2 |Vb1-| — L2§i)Di (C, d)

we see that (4.2u) implies the condition (3.5j). Thus, our semilinear equation (S)
admits a unique ¢, d-bounded solution ¢, : Z — X.
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(II) Let & € Z be arbitrary. Then the above Theorem 4.2.9 immediately yields
that the ¢, d-bounded complete solution ¢, must satisfy ¢.(x) € W; (k) "W, (k).
Conversely, a point in the intersection £ € W, (k) N W; () is an initial value for a
¢, d-bounded solution to (S). Since such solutions are uniquely determined by step
(I), we have ¢, (k) = £ and thus the assertion follows. O

Our next intention is to have a look at nontrivial intersections and to show that
also the extended hierarchy from Remark 3.4.19 persists under weak perturbations:

Proposition 4.2.17 (intersection of invariant fiber bundles). Let I = Z and as-

sume Hypotheses 4.2.1, 4.2.3 hold. For pairs (i,j) with 1 < ¢ < j < N satisfying

(7)), (I';") and the strengthened spectral gap conditions
(K Ky +max {K KT}) (Ly + [ba] Lo)

<& Gy
1+ (Ko K + max {Kn, K7 }) Lo ° (Gn)

forn € {i — 1,7}, the nonautonomous set

wii={(ne) e

there exists a solution ¢ : Z — X of
(S) with p(k) =& € X, and ¢ € X q

is a forward invariant fiber bundle for (S), which is independent of c € I';_1, d € fj
and possesses the representation as graph

Wi =Wt . n 1473 {(mn +w! (k,n) € X: (k1) € Z/If} (4.2v)

of a uniquely determined mapping wf : X — X with

w; (Ii &) = w (/@ PJ( )§) € Qg(n) forall (k,€) € X.
Furthermore, it holds:

(a) wf : X — X is linearly bounded, i.e., for all (k,§) € X one has

< 12_&3 (0(7 Cf) 5’

£ (d)Ci—1(d) .
+1—€”cd {(Lbzl— 1—0;_1(d) )F'N_”’

K GO0
(Lc—agﬁ =50 )FK (”}'
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(b) wf (K, -) is globally Lipschitzian with lip, wf < %%,

where the constants Ci(c), ££(c), Li(c) € [0,1) are defined in Lemma 4.2.6, I (c)
is given in Theorem 4.2.9 and 0;;(c, d) := max {gitl(c), Z; (d)} €1[0,1).

Remark 4.2.18. (1) Under the conventions Wy = Q) = X, Wy = P{¥ = X
(provided N < 00), the intersection (4.2v) extends to the cases ¢ = 1, 7 = IV and
one obtains WY = W;", WY = W;" | (provided N < c0).

(2) By Remark 4.2.4(1) one sees that (G,,) for n € {i — 1,4} implies both the
spectral gap conditions (G;_1) and (G). Moreover, (G;) is sufficient for (4.2u).

(3) The fiber bundle Wf consists of all ¢, d-bounded complete solutions to (S).
More detailed, given a complete solution ¢. € X4 with ¢ € I;_1, d € I}, as in
Remark 3.4.19 we define the equivalence relation

there exist complete solutions ¢; : Z — X to
(k1,61) ~] (K2,&) & (S) with ¢ (k) = &; and g2 — ¢1 € X q for
alla;_1 < ¢ < b;_1 and a; K d < bj,

whose equivalence classes []f satisfy WY = [(k, qb*(m))]f for all k € Z.
(4) The (forward) invariance of W/ guarantees

Ql(k)p(k; K, &) = wl (k, P/ (k)p(k; k,€))  forall (k,6) € W/, r < k.

(5) Another possibility to construct the desired mapping wf : X — X is using
the Lyapunov—Perron operator Tj[ t Xeya X X — X,

k—1
TE(d,n) = S, /)P) (k) + D B(k,n +1)Q] (n+ 1)B {1 fu((n))

n=—oo

k—1
+ Y B(k,n+ )P (n+1)B, 1, fa(6(n)

n=kK

=Y " O(k,n+ )P (n+1)B, L, fa(d(n).

n=kK

Applying methods as previously in this section, 7= (-, 1) turns out to be a contrac-
tion on X, 4. Having the unique fixed point ¢, (1) € X 4 at hand, W/ is the graph
of the unique mapping w? (x,7) := [@1 " (k) + P{ " (k)] ¢x(n) over P/. However,
our construction of the fiber bundle Wf is more geometrical in nature.
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Proof. We suppose 1 < 4 < j < N and subdivide the proof into several steps:
(I) Our Theorem 4.2.9 guarantees the existence of two fiber bundles Wj'_ ; and

Wj_. Here, thanks to our assumption (G‘n), one sees from Theorem 4.2.9(a2) and

(b) that the corresponding functions w;" , and w; satisfy

lip, wi ; < lzf_l(c) <1, lipy w; < Z;(d) <1

and consequently /;;(c,d) < 1forallc € I;_1,d € I';. Having this at our disposal,
for every x € Z we define the operator T, : X2 x X,, — X2 by

Tu(x, 23y) = (wL(H, z+y),wy (k,z+ y)) : (4.2w)
Considering y € X, as a fixed parameter, thanks to the estimate

T (@, 2 y) — Tu(@, Z5 )| E max{ ||l (5, 2 +y) — wi (5,2 + )]
[[wj (k2 +y) —wy (k.2 +y)| }
< (e, d)|[(z — 7,2 — z)|| forallz,z,z,z € Xy,

)

the operator T}, (-, y) : X2 — X2 is a uniform contraction in y € X,;. Similarly, we
deduce from Theorem 4.2.9(az) and (b2) that lip; T}, < #;;(c, d) and the uniform
contraction principle in Theorem B.1.1 ensures that there exists a unique fixed point
Tij(ky) = (05, 7) (8, y) € X2 of T, y).

(II) Now we infer the representation (4.2v) of Wf as graph of a function wf
over Pl-j . From Theorem 4.2.9(a) we know that a point (x,z¢) € X is contained in
Wi |, if and only if there exists a & € Q' ' (k) such that zy = & + w; ,(k,&)
and accordingly Q4! (k)xo = & + Qi M (k)w;h | (k,z0) = & (cf. (4.2))). This
yields (k,20) € W;" | if and only if 29 = Qi ' (k)zo + w;t | (k, Q1 (k)x0).
Analogously from Theorem 4.2.9(b) we have the inclusion (x,zg) € W, if and
only if zg = P} (k)xo +wj (K, P/ (k)). The unique decomposition zg = &+n+¢
into £ € Q17 (k), n € P (k), ¢ € PI(k) leads to the equivalence

(k,xg) € WZJ & w9 =Q (k)wo +w) | (K, QY (K)xo) and
zo = P! (k)zo + w; (K, P! (k)xo)

& (=w (kE+n) and & =w; (K, 1+ )
C& (£,0) = Tu(&, i),
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i.e., the pair (€,¢) € Qi (k) x P (k) is a fixed point of Ty (-; 7); from the above
step (1) it is uniquely determined by 7; ; (r, 7). As a result, if we define w? (k, 20) :=
Tiij (k, P (K)z0) +7; (K, P/ (k)xo) for (1, o) € X, then the representation (4.2v)
holds. Moreover, by construction one has

w] (k, P} (k)20) = w] (5, 20) = wi_y (s, 20) + wj (K, %0) € Qf (k).

The fiber bundle Wf is forward invariant, because for (x,zo) € Wf we obtain
@(- K, 20) € X}, as well as the existence of a d~-bounded solution ¢ : Z — X of
(S) with ¢(k) = x¢ forall ¢ € I;_1, d € I;. Then the semigroup property (2.3a)
implies that ¢(-; ko, ¢(ko; &, o)), ko € Z;, is also ¢*- and d~-bounded (in the
sense above), and therefore (ko, ¢ (ko; k, zo)) € WY.

(a) Let (s, ) € X. In order to establish the linear bound for w? (, x) we point
out that the inclusions w;" | (k,z) € P}~ ' (k) and w; (K, ) € Q! (k) readily imply
the inclusion Yj_j(li, x) € Pi~Y(k) resp. T, (kx) € QI (k). Therefore, the fixed
point relation for Tfj (k, z) and Theorem 4.2.9(a4) yields the estimate

75 e )| 27 [y (5, 75 () + )|
Kii—lplj(i_ 1) 5;—1(0)
- |_bi_1 — CJ 1-— &_1(0)

(K@ () (1 (mw) + )|

+ i () (i — 1)],
K If(i—-1) £ (c)
- Lbi,1 - CJ 1-— 81‘,1(0)

K (i ] + 1755 ()

+Cia (AN (- 1),
while correspondingly Theorem 4.2.9(b;) leads to

17 (ks )|| Y27 g (5, T (5, 9) + )|
KfToG) 4@
Ld—ajj 1 —gj(d

L5 [ (055 ) )|

+Ci(AI ()]

T 7 (|| + I )

+ Gy ()7 ()]
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forall y € X,.. Using (??), this equips us with the relation

| (s 7is)|

gmax{ SR 2 (K Q7 ] + G - 1],

1—c]

KfrsG) | @)
[a=a;] T 16, [

o + @)

éucdH( ny),T”ny)H forally € X,

and by definition of w{ we can use the elementary inequality
a+b<2max{a,b} foralla,b>0, (4.2x)

in order to deduce the estimate claimed in assertion (a).
(b) From Theorem B.1.1(b) we know that 7; ;(x,-) : X, — X2 fulfills the
Lipschitz estimate lip, 15 ; < % and as a result of (4.2x) the assertion (b)

yields. O

For the sake of completeness we also state that the extended hierarchy of in-
variant vector bundles from Corollary 3.3.18 persists under nonlinear perturbations
yielding the promised w nontrivial invariant fiber bundles of (S). Using
the conventions explained in Remark 4.2.18(1) we consequently have

Corollary 4.2.19 (hierarchy of invariant fiber bundles). Let S(A, B; P) be mini-
mal. If (I'F) and the strengthened spectral gap condition (G,,) hold for 1 < n < N,
then:

(a) One has the inclusions WJ 1D WJ Wg+1f0r alll <i<j<N.
(b) In case N < oo one has the extended hierarchy

Wiew?2c...cwh1tc x
U U U
Wic...cwytc wy

U U
U U
W1 € W,

U
Wi

Proof. Referring to the notation from Remark 4.2.18(1), the cases? = landj = N
have already been shown in Corollary 4.2.12. We thus restrict to indices 1 < 7 <
j < N. Above all, we choose growth rates ¢ € I;_1, d € I; and point out that
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the sets WJ are dynamically characterized using ¢, d-bounded solutions. A growth
rated € I j+1 satisfies d < d and Lemma 3.3.26 yields the inclusion X 4 C DCC a
guaranteeing Wf cw/ s Analogously, for growth rates ¢ € I';_5 one has ¢ < ¢,
Xe¢,a C Xz,q by Lemma 3.3.26 and thus Wf C Wij_l. O

Corollary 4.2.20. Under the assumption fi,(0,0) = 0 on 1 one has for € 1:

(a) If1is unbounded above, then w; (k,0) = 0 on Land [(r,0)]; = W;".

(b) If Lis unbounded below, then w; (k,0) = 0 onland [(x,0)]; =W, .

(¢) If1 =Zand (G,), n € {i—1 j} holds, then w! (k,0) = 0 on Z and one also
has (s, )] = W,

Proof. The assumption f;(0,0) = 0 on I yields I'*(i) = 0 for every x € L
Both the claims (a) and (b) follow from the respective assertions (a1) and (b1) of
Theorem 4.2.9, whereas (c) is a consequence of Proposition 4.2.17(a). a

The following corollary deals with the case where (S) is periodic in time or even
autonomous. In this case the fibers of the bundles VVi and WY repeat periodically;
in the autonomous case they are identical copies of each other.

Corollary 4.2.21. Letp € N.
(a) If (S)is p-periodic, then one has for all (k,£) € X that

wit (k+p, &) = wi(k, £), wl(k+p, &) = wl (K, ),

i.e., the mappings wii, wz are also p-periodic in their first argument.

(b) If (S) is autonomous, then the mappings w+ w; w] do not depend on their
first argument, i.e., the constant fibers Wli( ), Wf (k), kK € Z, are invariant
manifolds of (S).

Proof. Let k € Z. The assertions of (b) readily follow from (a) and we restrict to the
proof for the mapping wj . We choose a growth rate ¢ € I'; and an arbitrary point
o € Pi(k). By Theorem 4.2.9(a) the solution ¢ := ¢(-; K, & + wi (x, 50)) of (S)
is c*-bounded and due to the p-periodicity of (S) we know that also w 7t 4p — X
(k) :== ¢(k — p) is a c*-bounded solution (cf. Proposition 2.5.3). Hence, we have
the inclusion (x + p,%(x)) € W;" and consequently, using our convention that
periodic equations have periodic invariant projectors (cf. Corollary 3.4.25),

wi (k4 p,60) 2w (5 + p, Pi(r)d(k +p — p))

— w (k4 p, Pi(k + p)o(k + ) "2 Pi(k + p)uo(s +p) E wi (, &),

i.e., we have established the p-periodicity of w; (-, &) in case & € Pi(k). With
this the p-periodicity of w;" (-, zo) for general zg € X follows from (4.2j). O
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4.3 Invariant Foliations and Asymptotic Phase

As starting point, consider a linear homogenous equation
B2’ = Agx (Lo)

for which we have an exponential /V-splitting as in Hypothesis 4.2.1. Given a fixed
reference solution ¢, : I — X to (Lg), we are interested in the nonautonomous
set Vy, C A consisting of all initial pairs (k,£) € X such that the difference
&(-, k)€ — ¢y is cT-bounded. This enables us to group points in X according to the
above asymptotic behavior as equivalence classes.

The latter are easily characterized, since we have the equivalence

P(R)E—du(W)] €XS, B € =0u(k)+ Qi(k) forallxel

and 1 < i < N, yielding V,. = ¢ + Q. We expect that this observation persists
when passing over from the linear equation (Lg) to (S). Accordingly, in this section
we investigate attraction properties of the invariant fiber bundles )/VzjE from Theorem
4.2.9 in the generalized framework of c*-boundedness. For this, our main tools will
be certain invariant fibers, which serve as leaves for an invariant foliation of the
extended state space X. Equivalently, given (k,£) € X we aim to characterize the
equivalence classes [(, 5)]1jE defined in Remark 4.2.10(3).

This enables us to construct an asymptotic phase property for each 1/\/1jE by choos-
ing (k,§) € Wli This means that Wli is not only exponentially attracting in
forward resp. backward time, but solutions are also in phase with corresponding
solutions on the invariant set Wli

Our strategy in the first part of this section is parallel to the previous one.
Nonetheless, the present assumptions are stronger than in Sect. 4.2, in a sense that
continuity of the general forward solution p(k; &, ) : X, — X} to

B2’ = Agz + fr(z,2'), S

will play a crucial role. Such issues were addressed in Theorem 2.3.6 for general
implicit equations and in Proposition 4.1.3 for semilinear problems (S).

Hypothesis 4.3.1. Let the general forward solution ¢ of (S) exist as a continuous
mapping. Suppose fi, : X X X1 — Yip1 with fi.(Xg, Xk41) C im Byyq forall
k € I and that we have the global Lipschitz estimates (4.2a).

Next, we introduce an appropriate Lyapunov—Perron operator to construct in-
variant fibers. Choose a fixed 1 < ¢ < N and suppose I is unbounded above. Let
(k,m,€) € QY x Xand ¢ : I — (0, 00). Since the general forward solution ¢ of (S)
exists, for ¢y € X T, we can formally define the mapping

K,c?
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Sk (W, €) = (k) [n— +ZG n+1)Bl,
[ fa(@(n) + (n; mé)) - fn(sﬁ(n; K, €))].

Note that the forward evolution operator ¢ and Green’s function G; for (Lg) exist
by Lemma 3.3.6(a). Due to the particular difference structure of S, the growth
conditions (Fi) will be of minor importance in the following con51derat10ns

Lemma 4.3.2. Assume Hypotheses 4.2.1 and 4.3.1. If ¢,d : 1T — (0,00) satisfy
(4.2¢), then the mapping S;t - Xt . x Qj(k) x X, — X, is well-defined with

IS m Ol < K ln = Qimie .+ tale) 1117 .

) (4.3a)
[P (k) Sk (5,03, ) . < 4 (@)Wl

forall (k,n,€) € QY x X, 9 € ix;;d and we have the Lipschitz estimates
lip; P{(k)S;(k,") <€ (c), lipy S} <li(e), lip, ST <K}, (4.3b)

where the constants £;(c), L (c) are defined in Lemma 4.2.6.

» v

Proof. Letc € (a;,b;), ¥ € Xt . and (k,1,£) € Q) x X be given. First, we show
that the sequence S, (¢; 7, ) is d-bounded for ¢ < d. For this, from (3.5a), (3.4g),
(4.2a) one has using Lemma A.1.5(a) that

[P (k) S, (k5 €,m)] | ealk, k)

(A.1d)
< K;L(e) Y en(kyn+ Dec(n, v) |05 eali, k) < €5 (c) 0L,

n=~k

forall k € Z, where L(c) is defined in Lemma 4.2.6. Accordingly, (3.5a), (3.4g)
and (4.2a) also imply with Lemma A.1.5(b) the dual inequality

Q% (k) S (kb5 m, €| ealr, k) <K+€a (k, k) ||n — Q1 (r)¢]|
k—1
+EL(e) Y ea, (k4 Dec(n, &) ¢ L, eals, k)
(A.le) o

< K |ln—Qiwe| + 4 @ Il
forall k € Z;. Combining these estimates, Lemma 3.3.22 leads to

|t (ks s, €)] ealr, k) < KGF |0 = Q1(R)E|| + €ile) []1L,. forall k € Z].
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This implies S, (¢;n,€) € T)C: 4> as well as the first estimate (4.3a). Moreover, if
we set k = k, then the second relation in (4.3a) is a consequence of the above. Next
we derive the Lipschitz estimates (4.3b). Let 1,¢ € X!, 0,7 € Q}(x) and fix
¢ € X,. We obtain from (3.5a), (3.4g), (4.2a) and Lemma A.1.5(a),

1P} (k) [Si(k,w;m — ST (k, 03, €)][| ealr, k)
< K; L(c) Zeb (k,n+ Dec(n,k Hl/) 1/)” (k, k) <d)£i_(c)||1/) —1/_1”:,0

n=k
(4.3¢)

forall k € Z7, and dually (3.5a), (4.2a) have the consequence

Q5 () [S (k, 455, €) =S¥ (k, 03m, ©)] || eals, k)
k-1
< K*L Zea k,n+ 1)ec(n, Kk Hw wH (k, k) <e)£j(c) H’L/J—’LZJH:C

for all k¥ € Z7T. Again, combining the last two inequalities in order to estimate the
difference St (v; 1, €)= St (¥; n, €), we are using the norm ||, from Lemma 3.3.22.
This implies the middle relation in (4.3b); moreover, setting here k£ = & leads to
the first estimate in (4.3b). Finally, the remaining right Lipschitz estimate in (4.3b)
follows from ||S; (k,v;n, &) — St (k,;7,&)| ea(r, k) < K ||n— 7| for every
k € Z;, which we get from (4. 2b) (3.4g). Thus, we are done.

The next lemma provides a dynamical interpretation of the operator S.

Lemma 4.3.3. Let (k,1,€) € Q% x X and assume Hypotheses 4.2.1 and 4.3.1. If
one chooses ¢ : I — (0, 00) according to (4 2¢) and vp € XTI, then the following
statements are equivalent for S;(-;n,€) : X} . — X} .:

K,C’

I{C

(a) There exists a ¢ € X such that ) = ¢(-;k,C) — @(;5,&) € Xf . and
Qi (k)Y (k) =1 — Q1 (k)E. 43d)
(b) ) is a solution of the fixed point equation
¥ =S5 (¥;n,€). (4.3¢)

Proof. Let (k,&) € X and assume ¢ € X[ . We define the inhomogeneity

which clearly satisfies g, € Yj41, k& € 1. In addition, due to the estimate

1B Lgell S (L + 1€ L) 61 eolo) forall k € ZF
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one obtains the inclusion g € T)C';c’ - From these preparations we get:

(a) = (b) Let p € Qi(k) and assume there exists a ¢ € X, such that the
difference ¢ = ¢(+; K, ) —@(+; K, €) is ct-bounded and Q' (k)1 (k) = n— Q% (k)E.
Then v is a ¢T-bounded solution of the inhomogeneous equation By 12’ = Agx +
gr and Theorem 3.5.3(a) implies that 1) is a fixed point of S} (+; &, 7).

(b) = (a) Conversely, assume that 1) € X, satisfies (4.3¢) for some ) € Qf (),

¢ € X, define ¢ := Qi (k) [€ + ¥(k)] + n and set ¢ := ¢ + ¢(-; K, £). Hence,

(k) = (k) + & =7 Pi(r) (k) + QL(K)S) (s, im, €) (k) + €
— Pi(r)v(k) +1— Qi(R)E+ € = Pi(k) [b(k) + €| + 1=

and ¢ also solves (S). Due to the uniqueness of forward solutions guaranteed by
Hypothesis 4.3.1, this gives us ¢ = ¢(;k,(), i.e., ¥ = ¢(:1£,¢) — @k, 8).
Finally, one has Q1 (x)y (k) = Q1(k) [ — €] = Q1(k) [n — & = n - Q1(x)§. O

Lemma 4.3.4. Let (k,n,£) € Q x X and assume Hypotheses 4.2.1 and 4.3.1. If
(G) holds and ¢ € I, then the mapping St (-;n,€) : Xif . — X has a unique
fixed point ¢, (n,€) € X;I .. Moreover, the fixed point mapping 1y, : Qf (k) x X, —
X, satisfies v (1, €) = 1he(Q' ()0, ) and one has:

(a) Yy : Q4 (k) X Xy — DC+ is linearly bounded, i.e., it is

[ (m, )5, < 1 o lIn= @il 430
[P (R)ew (,m,6)|| . < () Hn— Qi (R)E]| -
(b) One has the Lipschitz estimates
. K} o "
lip; ¥ < 1_—21_(0)7 lipy Py (k)Y (k, ) < € (c) (4.3g)

and ¢, : Qi (k) x X,. — X} is continuous for ¢ € (a; + <, b; — <],
where the constants £;(c) € [0,1), £](c) are defined in Lemma 4.2.6.

Proof. Let (k,n,&) € Q% x X. From the middle estimate (4.3b) in Lemma 4.3.2
and (4.2i) we know that S, (-;7, &) is a contraction on X} . and Banach’s theorem
(see, for instance, [295, p. 361, Lemma 1.1]) implies the existence of a unique fixed
point denoted by (1, ) € X ..

(a) Thanks to ¢;(c) < 1 (cf. (4.21)), the first estimate (4.3f) follows from

9w (1, €I

2 SE we(m O O,
(4.3a)

< K;'_Hn—Ql f“-‘ré ||¢n(77 f)“nc’
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and similarly we get

(4 3e)

1P ) (s, O] 22 | PER)SE (ks e, €, )| S 6(0) [ I

by the inequality shown before, this implies (4.3f).
(b) Next we derive the Lipschitz estimates in (4.3g). For this, let ,7 € Q! (k),
fix £ € X,, and from (4.3e) we obtain

lon (. &) — u(@ e S KT 1y — 7+ £0) om0, €) — (T I

yielding the left relation in (4.3g). Similarly, using (4.3e), (4.3b) one has

| Pi (k) [ (1, ) — (5, 7, ]| < 67 () 190 (n, €) — ¥ (7. O

leading to the remaining right relation in (4.3g). To complete the proof of (b), one
has to show the continuity of 1., : Qi (k) x X, — X} . forc € (a; +¢,b; —q].
Here, our strategy serves as a prototype for various related continuity proofs in the
following. Due to (4.3e), in order to prove the continuity of v,, it suffices to show
for arbitrary fixed (k,70) € Q¢ the following limit relation:

i 46 (10, €) = (10, €0) . = 0 (4.3h)

(cf. Lemma B.1.3). To arrive at a short notation, we suppress the dependence on
Ny € in(li) from now on and define mappings Hy, : Xy X Xpy1 X X — X1,

Hi(2,y,€) := B} [fr(z + o(ki 5,8,y + ok + 1;5,8)) — frlo(k; £, €))]

and Hy,(¢,€) = By Hy(¥n(k,€), €) for k € Z}. Note that Hy, and Hy (¢, -) are
continuous due to Hypothesis 4.3.1. For any parameter £, € X, we obtain from
(4.3e), similarly to (4.3c), the estimate

Qi (k) [thx (k; &) — vn(k; )| < ||@(k, £)QL(K)|| 1€ = &oll

k—1

K> ea,(kyn+ 1) | Ha(,6) — Ha(&0. %)

n=k~k

H’l/%(k,g) - 'l/)rc(kv&J)H < K; Z ebi(k7n+ 1) ||Hn(€7§) - Hn(va&J)H

n=k

forall k € Z}, using the dichotomy estimates (3.4g). Subtraction and addition of
H, (&), &) in the corresponding norms in connection with Lemma 3.3.22 leads to

|w,§(/€7€> — wm(k7€0)|z < max {So + So + 84,51 + 53} forall k£ € Z:_,
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where (cf. (3.4g) and (4.2a)) Sy := K eq, (k, 5) ||€ — &,

S = Kz_Ll Z ebi(k7n + 1) ”wm(naf) - 1%(”,50)”

n=k
+ K;L2 Z ebi(k7n + 1) Hz/)fi(n + 175) - 1%(” + 1750)” ’
n=k
k—1
Sy 1= Kj_Ll Z eai(k7n + 1) ”wm(naf) - 1%(”,50)”
+ KLy Y ea,(kyn+1) [he(n+1,€) — de(n+1,&),
Sz =K > ey, (k,n+1) || Hu(&,€) — Hn(é0, )]
n=~k
k—1 B B
Sii= K ea,(kyn+1) || Ho(60, €) — Ha(60, &) -

Using well-known arguments we get Sie.(x, k) < ¢;(c) ||x(§) — ¥n (§O)H+ for
every l € {1,2} and k € Z; . Therefore, we obtain the estimate

[ (k3 €) — %(k;fo)liec(ﬂ»k) < max {K;L 1€ = &oll + S366(“7k)73460(’17k)}
+4i(0) 19w (€) — vul&)llL.

and by passing over to the least upper bound for k € Z;, we get

+ x 1K, K;
[4e0) = el < T = 6ol + L()} sup Uk, ¢)
kez
with the mapping
U(k7£) = ec(’iv k) Z ebi(kvn + 1) {|Hn(€07§) - Hn(&)»fO)H
n=~k
k—1 B B
+60("$7 k) Z eai(k7n + 1) HHn(ébf) - Hn(&th)H :

Therefore, it suffices to prove the limit relation

lim sup U(k,&) =0 (4.31)
§=80 pezt
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in order to establish (4.3h). We proceed indirectly. If (4.3i) does not hold, then
there exists an ¢ > 0 and a sequence (&;),en in X, with lim; . §; = & and
SUPLez+ U(k,&;) > e for all j € N. This implies the existence of a sequence
(k;)jen in Z} such that

U(kj &) >e forallj €N. (4.3j)

From now on assume a; + ¢ < ¢, choose a fixed growth rate d € (a; +,¢)
and remark that the inequality d < ¢ will play an important role below. Because
of Hypothesis 4.3.1 and the inclusion ¢ (£) € X7 ; we arrive at || H,,(&,¢)|| <

L(e) ||1s (€0>||:,d eqd(n, k) forall n € ZF (cf. (4.2a)) and Lemma A.1.5 leads to

(k,k) forallk € Z}.

ol

Lo L
U(k,@swn(@)u,d( " 4)6

bi—d] | [d—a;

Because of % < 1, passing over to the limit & — oo yields limg_.o, U(k,&) = 0
uniformly in § € X, and taking into account (4.3)) the sequence (k;)jen in Z; has
to be bounded above, i.e., there exists an integer K > « with k; < K forall j € N.
Hence, we can infer using Proposition A.1.2(d) that

o0

Uk, &) < e (k,k) Y e, (rn+ 1) [[Hul60,€5) — Haléo, )|
n—K:K ) )
+e (b, k) Y eq(kn+ 1) [[Ha(€0,€5) — Hal(&, )|
SN———"n=k
<1
S 6%([{, 'ka) Z ebi(ﬁan + 1) Hﬁn(émé_]) - En(éOaSO)H
K n=kK ) )
+ Z eai(’%?n + 1) ||Hn(§07€J) - Hn(§07€0)|| for all.] € N7

where the finite sum tend to zero for 7 — oo by the continuity of H,,. Continuity
properties of H,, also imply lim;_,o. H, (&0,&;) = Hy(€o,&o) and with the domi-
nated convergence theorem of Lebesgue? the infinite sum tends to zero in the limit
j — oo. Thus, we derived the relation lim;_,o, U(k;,&;) = 0, which obviously
contradicts (4.3j). Consequently, we have shown the continuity of the fixed point
mapping ¢, (0, ) : X — X7, and the proof of (b) is finished. O

Our preparations yield the first basic result in this section. It guarantees the exis-
tence of invariant fiber bundles through given solutions, i.e., invariant fibers:

2 In order to apply this result from integration theory (see, e.g., [295, p. 141, Theorem 5.8]), one
has to write the infinite sum as an integral over piecewise-constant functions and use the Lipschitz
estimate on Hy,, which is implied by (4.2a), to get an integrable majorant.
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Proposition 4.3.5 (existence of invariant fibers). Let (k,&) € X. Assume that
Hypothesi 4.2.1, 4.3.1 are satisfied and that (G;) holds for one 1 < i < N.

(a) If 1is unbounded above, then the forward fiber through (k, £), given by

Vit (k€)= {¢ € Xu: @(55,¢) — @(-55,8) € X[}
is independent of ¢ € T}, forward invariant w.r.. (S), i.e.
o(k; k5, Vi (5, 8) SV (K, (ks 5,8)) forallk € Z}F (4.3k)
and possesses the representation
Vi) = {(kn+vf (k,0,0): (k,n) € Q1 } (4.3D)
as graph of a unique mapping vj' : X X X — X satisfying
vf (k,n,€) € Pi(k) forall (k,n,&) € Q) x X (4.3m)

and the invariance equation

Ufj_("{/—’— 17771761) = B;-}]:lAmvj(Hﬂ??g)
+Q1(k+ 1) fu(n + v (K, n,€),m
o (k4 1,m1,&)), (4.3n)

771 = B;ElAnn + QZI(F'; + 1>f'€(77 + Uj(“a%f)ﬂ?l + Uj(ﬁ + 1777176))7
& =B AL+ B f.(6,&) forall (k,n,€) € Q) x X.

Furthermore, for all c € T it holds:

(a1) U;L : QY x X — X is continuous and linearly bounded, i.e., for all triple
(’%7777§> S Qll X X one has

[of (5, Ol < [PHR)E]| . + 85 () ln = Qi(r)E] - (430)
(az) v (k, -, &) is globally Lipschitzian with lipy v;” < £, (c).

(b) If I is unbounded below and the general solution ¢ of (S) exists on X as con-
tinuous mapping, then the backward fiber through (k, £), given by

Vi (1,6) ={C € Xu: p(5,0) — o5k, 6) € X}
is independent of c € T, invariant w.rt. (S), i.e.

ok k,V; (5,6)) =V, (k, ok 5,€))  forallk € L}
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and possesses the representation
V(&) = {(k.n+v7 (5,0,€)) : (k,m) € Pi}
as graph of a unique mapping v; : X x X — X satisfying
v (k,n,€) € Qi(k) forall (k,n,€) € P} x X
and the invariance equation

v (k4 1m, &) = Bl Agv] (8,1, 6)
+ Pll(’{+ 1)fn(77+vi_(’1777»f)7771 —|—’UZ_(I€+ 17771751)),

m = B A+ Pk + 1) fu(n+v; (k,n,8),m +v; (k4 1,m1,8)),
& =B 1A+ B[ fo(£,6)  forall (k,n,€) € P} x X.

Furthermore, for all c € T it holds:

(b1) v; : P{ x X — X is continuous and linearly bounded, i.e., for all triple

(k,m,&) € Pi x X one has
o7 (mom )| < [|QERIE] .+ (@) [ - Pitwe] -

(b2) vy (k, -, &) is globally Lipschitzian with lip, v; < 07 (c),
where the constants (= (c) are defined in Theorem 4.2.9.

Remark 4.3.6. (1) In case fx(0,0) = 0 on I holds, one has W = V*(0) and in
this setting, Theorem 4.2.9 can be seen as a special case of Proposition 4.3.5 in the
sense that the ¢, d-bounded solution ¢, from Corollary 4.2.15 is the trivial one.

(2) Given a pair (k,£) € X, we have the relation [(k,&)]E = V() with the
equivalence classes from Remark 4.2.10(3).

(3) For the existence of a function v; : X x X — X parametrizing V; (£) and
satisfying both the assertions (b1) and (b2) it is sufficient to assume that the general
backward solution of (S) exists as a continuous mapping.

(4) If the general solution to (S) exists on X, then the fibers Vj' (&) are invariant
w.r.t. (S), i.e., the inclusion (4.3k) can be strengthened to

o(k; K, VE(K, €)) = VE(k, p(k; 5,€)) forall k € L. (4.3p)

For instance, a combination of the assumptions for Propositions 4.1.3 and 4.1.4
yields the existence of the general solution ¢ on X.



4.3 Invariant Foliations and Asymptotic Phase 223

Proof. Letc € I be given.

(a) Let (k,7, &) € Qf x X. First, we show the invariance assertion for the forward
fiber V7 (€). Let g € ¢(k; k, V;" (k,&)) for some k € Z7, and by definition this
is equivalent to the existence of a ( € X, with o = @(k; k, () guaranteeing a
difference ¢ (-; &, ) — ¢(+; %, &) € Xt .. Therefore,

2.30)

- 50(7 Ky C) - 50(7 576)7

ie., xo € Vi (k,o(k;k,€)) forall k € Z;}.

Due to the spectral gap condition (G;) one has (4.2i) and the middle estimate
(4.3b) in Lemma 4.3.2 shows that SF (-;1,£) : X[ . — X} _is a contraction. Hence,
Lemma 4.3.4 implies that S (-;7,£) has a unique fixed point ¢ (n,&) € X7,

which is independent of ¢ € T, because due to Lemma 3.3.26 one has the inclusion

X 4irc © X, and every mapping S;f (37, €) : — Xt possesses the same

fixed point as the restriction S;F(+; 7, &) |x+ Furthermore the fixed point is of

the form ¢, (1,£) = ¢(; &, ) — @(+; Kk, §) w1th ¢ € X, (cf. Lemma 4.3.3). Having
this available, we define

o (1,1, €) := P{(K) [£ 4+ ¥n(s,n,€)] (4.3q)

K?C

and evidently get v;" (r,z0) € Pi (k). Let us verify the representation (4.31).
(C) Let( € Vf(/-@,f), e, v =0k, ) —p(;K, &) € x;c. By Lemma 4.3.3,

¢ = P(r)+ &= Pi(r)y(r) + Qi(r)Y(k) + €
(4.3d)

=" Pi(r)Y(r) + 1 — Q1(8)E + & = Pi(r)y(k) + 1+ Pl(r)E,

hence Q% (k)¢ = n,and ¢ = Q% (k)C+ Pi (k) [€ + ¥w(k, 7, £)]. Thus, € is contained
in the graph of v (, -, ) over Q! (k).
(2) On the other hand, suppose that { € X, is of the form ¢ = 7 + v, (k, 7, €)
with some given € Qf (k). Then (4.3e) implies Q! (k)1 (n,€) = n — Q4 (K)E,
which yields ¢ = n + P{ (k) [€ + ¥x (K, 1, &)] = € + Vi (K, n, £), and consequently
the inclusion ¢(-; k, () — ¢(+; K, &) € X, ie., ¢ € V] (K, €).

To establish our invariance equation (4.3n), we observe that (4.31) and the for-
ward invariance of V;' (€) imply

(ks e, + 0 (1,0, €)) = Q1 (k)@ (k; k1 + 7f (,7,€))
+ v (k, Q1 (k)p(k; k.1 + v (5,1, 6)), (ks K, €))
forall k € Z} and n € Q% (k). Multiplying this relation with the projection P{(k),

setting kK = xk+ 1, and keeping the inclusion (4.3m) in mind, this yields (4.3n) using
the solution identity for (S).
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(a1) We obtain (4.30) from Lemma 4.3.4, since (4.3q), (4.3f) imply
[0 (5., O < |PL(R)EN + 5 (e) [l — Qir)E]| -

(a2) To prove the claimed Lipschitz estimate, consider 7,7 € Q¢ (k), £ € X,
and the corresponding fixed points (1, &), ¥x(77,€) € X, of SF(;;n,€) and
SF(+5 7, &), respectively. One gets from Lemma 4.3.4(b) that

o) (s, €) = viF (5,7, €)|| 22 || P (k) [0 (s m, €) — o (5, 7, €]
Ly, ),
= 160

From Hypothesis 4.3.1 we deduce by Lemma 4.3.4(b) that ¢,. : Qf (k) x X, — X,
is continuous, and by definition in (4.3q) we get the continuity of v (k, -).

(b) The proof of assertion (b) is dual to (a) and we merely present a sketch. Above
all, since the general (backward) solution ¢ to (S) exists on X, we can define the

Lyapunov—Perron operator S (-;1,§) : X7 . — X .,
) k—1

forall (r,n,&) € Pi x X. Using dual versions of Lemmata 4.3.2,4.3.3 and 4.3.4 in

the linear spaces X_ ., one shows that S~ (+; 7, €) is a contraction on T)CK o> uniformly
in the parameters 7, {. With its unique fixed point ¢ (n,£) € »,c at hand, we
define v; (1,1,€) :== Q4 (k) [€ + ¥ (k,n,&)] and proceed as above. O

In a descriptive way, the subsequent asymptotic phase property is also referred as
“exponential tracking” of the fiber bundle W,". It states that convergence to W, is
actually “in phase” with solutions on the invariant fiber bundle JV;”, and for that rea-
son we speak of an asymptotic phase (see Fig. 4.1). The proof relies on a geometric
argument, which demands a stronger spectral gap condition.

XK+1 XH+2 Xh?+3

Fig. 4.1 Asymptotic forward phase of W, and decaying solutions o(-; x,£) — o(+; &, wh (K, )
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Theorem 4.3.7 (existence of an asymptotic phase). Ler I = Z and (k, &)

Assume Hypotheses 4.2.1 and 4.3.1 are satisfied and define
KK, >1,

%

Moreover, suppose the strengthened spectral gap condition
K7} (L + [bi] Le)

Inax{KZ
K; +max {K;", K; } Ly

holds for some 1 < i < N and choose c € T
£:c)

(a) If the growth condition (I;") is satisfied, then the invariant fiber bundle VW
from Theorem 4.2.9(b) possesses an asymptotic forward phase, i.e., there exists
+
+55%9)
1- ( )
(4.3r)

Kle.(k,k)

a mapping 7 : X — X with the property that for all k € 7.
el (1]Q3 (pe |, +

My, <

(ks 5, €) — (ks 5, (s
Geometrically, 7" (k, £) is given as unique intersection
Wi (k) NV (k&) = {m(k,&)}  forall (x,§) (4.3s)
and one has
) : X — W, (k) is a continuous retraction onto the k-fiber W, (k)
Gl
1— gi (C)

(a1) m (")
linearly bounded, i.e
Il < (142260) (foicorl

i
and, thus, maps bounded subsets of X, on bounded subsets of W, (k)
(a2) (s k,) o (15, 2) = mf () 0 plks . ) for all k € Z,]
(b) If the growth condition (I';") is satisfied and the general solution o of (S) ex-
ists on X as a continuous mapping, then the invariant fiber bundle W;" from
Theorem 4.2.9(a) possesses an asymptotic backward phase, i.e., there exists a
mapping 7; : X — X with the property that for all k € Z
_ K ee(kr i Cr (&9
(ks e,y ()|, < S (PHR)E i, + S452)

(ks 5, &)
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Geometrically, m; (k, &) is given as unique intersection
Wi (k) NV (k,€) = {7 (rk,€)} forall (k,€) €
and one has:

(b1) 7 (k,-) : X — Wi (k) is a continuous retraction onto the k-fiber W (i),
linearly bounded, i.e.

|77 (5, )|y, < <1+€ )(Hp1 e+ _(Z(S)

and, thus, maps bounded subsets of X, on bounded subsets of Wj‘ (),
(b2) @(k;k,)om (k,-) =m; (k,-)op(k;k,-)forallk € L},

where the constants {;(c) € [0,1) are defined in Lemma 4.2.6, (£ (c) are given in

Theorem 4.2.9 and [;(c) := {; ()l (c) € [0,1),

G (6 0) = (KEiel + SO 4 7 (e) (1481 (0)) Q4 (e .

O (e.0) = (K[;il‘j*cjl) § OO z>) + (e )(1+g ) |Pi(r)]| -

Remark 4.3.8 (spectral gap condition). Thanks to K; <1 one sees that (G;) implies
(G;). Indeed, our different gap conditions are related as follows:

(G)) = @20 = Gy <« (@G

Moreover, (G;) can be replaced by (Gl) in Theorem 4.3.7. Actually, the conse-
quences of our three different spectral gap conditions are as follows:

e Condition (G;) guarantees £;(¢) < 1 (cf. (4.2i)) and therefore the operators
T:E from the proof of Theorem 4.2.9 and S needed to prove Proposition 4.3.5
satisfy

lip, TF < 1, lip, S < 1.

« Condition (G;) yields /F(c) < 1 and so the mappings w:> from Theorem 4.2.9
and v;" in Proposition 4.3.5 satisfy

lip, w < 1, lipy v < 1.
« Condition (G;) finally ensures lip, w: - lip, v < 1 (see (4.3t) below).

Proof. Let ¢ € I and fix a pair En, e Xx . We begin with a preliminary remark
illustrating the consequences of ((;). From (G;) one easily deduces the inequalities

tF(e) < %’iL(bi —¢) < K;and £ (¢) < %;L(bi — ) < K;, which guarantee

KK (o) < (1= £ (e)?, KK 6 () < (1= 47 (e))?
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and these two relations imply:
o If¢; (c) < £ (c), then
KK ()l (o) < KPR () < (1= 67(0)? = (1= 4i(0))?,
o if £ (c) < ¢; (c), then
KK ()l (o) S KPR () < (1= 67 (0)* = (1= i)™,

‘We can therefore conclude that the functions w : X — X from Theorem 4.2.9, as
well as v : X x X — X from Proposition 4.3. 5 satisfy

+ 5= gt (ot B
lip, wi - lip, vf < KK 4 (0 () =/{;i(c) < 1. (4.31)

(1 —4i))’

(a) We show that there exists one and only one ¢ € W, (k) N V;" (s, £). For this,
note that ¢ € W, (k) N V;" (k, €) holds if and only if ¢ = P} (k)¢ +w; (k, Pj(k)¢)
and ¢ = Q% (k)¢ + v}t (k, Q% (K)¢, €), which is equivalent to

Q1(k)¢ = wy (k, Pi(k)¢) and  Pi(k)¢ = v (5, Q}(k)C,€).

Due to the contraction condition (4.3t) we can apply Corollary B.1.4(a) to the above
equations. Thl_ls, there exist two uniquely determined functions g, : X, — Qi (K),
pr : X, — Pj(k) satisfying the identities

0:(§) = w; (5,px(€)) and  pu(§) = v (5, qx().6) onX.o (43w

Therefore, ;" (k,€) = pw(€) + gx(€) is the unique element in the intersection
W, (k) N V+(m £). We now derive the estimate (4.3r). From (4.3u) we get
o KFTCG) | 6O .
)] <" T2 O (0 o (. 0©). )] + Gl ()
@30 KT (i) (C)Cz(C) (1)
< (3 K _|_
T le—ai —i(c)

- (el + K 120 faw(e) - @i

and the triangle inequality together with (4.3t) yields

CH& o

— 4.3
1-— &(C) ( V)

lax(&) <
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Since by construction one has the inclusion 7} (k,&) € V' (k,€&) for all
& € X, it follows from Lemma 4.3.3 that gp( K, &) — p(i k7 (K,€)) =
Ve (Q4 (k)] (K, ), &) and Lemma 4.3.4 together with (4.3f) implies

+

+
itk €)= otk ot (DT < 7= s (Il + @3-

Thanks to (4.3v) this gives us (4.3r).

(a1) Proposition 4.3.5(ay) yields the continuity of v;" (k,-) : Qi(k) x X, —
Pi (k) and accordingly Corollary B.1.4(b) implies that also 7 (k, ) : X,; — X, is
continuous. It remains to estimate the norm of ﬂ;L (K, &). From (4.3u) we get

a1l < QL)€ + 2 () [lan(€) — Q1 (e
“3v C*(é“, c)
< (14 0) @ i) 259
< ( +50) QL] + o

and together with (4.3v) this yields the claimed inequality.
(a2) The (forward) invariance of W, and V' (k, ) implies for all k € Z;,

(4.3s)

o(k;k,mf (r,€) € @k s, Wi (k) NV} (K, €))

(ks 5, Wi (8)) N (ks K,V (5, €))

_ @.35)
Wi (k) NV (k, (ks 5, €)) "= {7 (k, (ks 5,6)) } -
(b) In order to construct the asymptotic backward phase ;" one proceeds analo-

gously as in (a). For this, one again uses Corollary B.1.4 in order to obtain unique
functions p, : X, — Pi(k), g : X,x — Q% (k) such that

m

N 1N

Pel(€) = wi (k,x(€)) and  gx(€) = vy (K, pe(§).€) on X,

where the mappings w and v; had been constructed in Theorem 4.2.9(a) resp.
in Proposition 4.3. 5(b) Then 7, (k,§) = px(§) + g(§) fulfills the above
assertions. O

As consequence of Proposition 4.3.5 and Theorem 4.3.7 we obtain that for arbi-
trary pairs (k,£) € W the fibers V= (k, €) are mutually disjoint. In conclusion, the
nonautonomous sets Vii (&) form a foliation of the extended state space X'

Corollary 4.3.9 (invariant foliation over Wii). The nonautonomous sets Vl-lL &)
from Proposition 4.3.5 are leaves of a forward invariant foliation over each fiber of
the bundle W™ from Theorem 4.2.9, i.e., for k € Z and &1,& € Wi (k), & # &

we have

X.= U Vo, ViE(r, &) NVE(k, &) = 0. (4.3w)

cewt (k)
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Remark 4.3.10. The fibers V; (k, &), £ € W, (k), constitute the pseudo-stable foli-
ation over the invariant fiber bundle W, of (S). A dual result holds in the sense that
V7 (K, &), £ € Wi (k), is the pseudo-unstable foliation over the fiber bundle W;'.

Proof. Let (k, &) € X be given. The forward invariance of V" (k, £) has been estab-
lished in Proposition 4.3.5. By relation (4.3r) we get ¢ (+; k, &) — (+; &, 7rii (k,8)) €
X:f. and thus Proposition 4.3.5 implies & € VE(k, 1 (8, €)). Since € € X,
was arbitrary, we established the left relation in (4.3w). The pair-wise disjoint-
ness in (4.3w) follows from ) = {&;} N {&} = VE(k, &) N VE(k, &) for all

&1,& € Wi (k) with & # &. 0

In case a; + ¢ < 1, the asymptotic forward phase 7, from Theorem 4.3.7(a)
implies forward convergence of every solution to the nonautonomous set W, , but
it does not instantly imply the convergence to a specific fiber W, (k). In order to
achieve this, one needs to start “progressively earlier” leading to the concept of
attraction discussed in Chap. 1. Under an additional assumption we can prove such
an attraction property of the invariant fiber bundle WV, .

Corollary 4.3.11 (attraction). Assume a; + ¢ < 1. If the sequence (I',; (i))rez
Sfrom (I';") is backward tempered, then the invariant fiber bundle W, from
Theorem 4.2.9(b) is exponentially B-attracting, i.e., for all B C X one has expo-
nential convergence

lim hx, (p(k;k —n,B(k—n)),W; (k) =0 forallk € Z,

3
n—oo

with an attraction universe BB consisting of uniformly bounded subsets of X.

Proof. By assumption there exists a real v € (0,1) with v € I;. Let B C X be
uniformly bounded and w.l.o.g. we can assume B C Bp for some R > 0. For an
arbitrary k € Z we choose a sequence &,, € B(k — n), n € N. The dichotomy esti-
mates (3.4g) imply that the sequences (|| P} (k — n)&n | nens (J|Q%(E — n)&n ) nen
are bounded by Kj R resp. K R. Hence, they are backward tempered. More-

over, the assumption on (I, (i))xez ensures that the sequence (C; (&1,7))n>0s

where C’,j (&, ¢) is given in Theorem 4.3.7, is backward tempered uniformly in
& € Br(0). Thus, if we choose € € (1, 1) there exists an integer K = K (7, ¢, R)
such that

At
M <e " forallk < K, £ € Bg(0). (4.3x)
1—2i(7)

For each &,, € B(k — n) the invariance of W, and (4.3r) imply
dist(p(k; k —n, &), Wi (k) = dist(e(k; k—n, &), o(k;k —n, Wy (k —n)))

(4.30) + Ct (&,
1—4;(v) 1—4;i(y)
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forall n € Z¢, and together with (4.3x) this guarantees

.
dist(g(ki = .60, W, (6) < 1= (K Ry" +-74en)”)

forall §, € B(k —n)and n > k — K. Since the right-hand side of this estimate
does not depend on &,, we get

dist(o(k; k —n, &), W; (k) —— 0 forall k € Z,

n—oo

where the choice of « implies convergence at an exponential rate. a

Corollary 4.3.12. Letp € N.

(a) If (S) is p-periodic, then one has 75 (k + p, €) = 7 (k, &) for all (k, &) € X,
i.e., the mappings wj ,m, are also p-periodic in their first argument.

(b) If (S) is autonomous, then the mappings ﬂj, m, do not depend on their first
argument.

Proof. Let (k,&) € X and choose a growth rate ¢ € I;. By construction, the solu-
tion ¢ : ZT — X, (k) = o(k; K, 7 (k,€)) fulfills ¢ — (- 5,&) € X . Since
our equation (S) is p-periodic, also the shifted sequence v := ¢(- —p) : Z;} 4p — X
solves (S) and the difference v — (- — p; K, £) is ¢t -bounded. The p-periodicity of
(S) implies ¢(k — p; k, &) = p(k; Kk + p, &) forall k € Z',Lrp (cf. Proposition 2.5.3)
and

Wi (5 +p) NV (k+p,&) = {(k +p)} -

This yields ;" (k + p, &) = ¥(k + p) = ¢(k) = 7 (k, &) and thus the sequence

7 (-,€) is p-periodic. The claim for the asymptotic backward phase 7; can be

shown similarly. Finally, assertion (b) is an immediate consequence of (a). a

4.4 Smoothness of Fiber Bundles and Foliations

At first glance it seems to be a straight forward task to derive continuous differ-
entiability of the invariant fiber bundles Wf constructed in the Hadamard—Perron
Theorem 4.2.9, provided the nonlinearities are sufficiently smooth. One is tempted
to apply the uniform C"-contraction principle from Theorem B.1.5 to the fixed
point equation (4.2f) with £ € X,; as parameter. In fact, this approach is successful
for the fiber bundles associated to a hyperbolic splitting of the linear part (L) — and
also for weakly nonhyperbolic situations (cf. [26]).

Yet, for arbitrary splittings the situation is different, since exponentially boun-
ded sequences need not to be bounded in the classical way. As a result, sub-
stitution operators on spaces of such sequences need not to be differentiable
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(see [26, Examples 4.7 and 4.9]) and thus Theorem B.1.5 is unfortunately not ap-
plicable. This necessitates another more flexible proof strategy and various other
techniques have been developed, where we refer to Sect. 4.10 for a survey.

We carefully try to give a clear and accessible “ad hoc” proof for the maximal
smoothness class of invariant fiber bundles. Moreover, we give an example which
shows that our necessary gap conditions are sharp. Instead of applying Theorem
B.1.5 directly, we formally differentiate the fixed point equation (4.2f), obtain a
new fixed point relation and show that its unique solutions are the desired deriva-
tives of wii. This approach needs no technical tools beyond the contraction mapping
principle and Lebesgue’s theorem. The C"™-smoothness of invariant fiber bundles is
proved by induction over m. The induction over the smoothness class m is the key
for understanding the structure of the problem. Our focus is not to hide the core of
the proof by omitting the technical induction argument as it is frequently done in
the literature. To our understanding this is one of the reasons why the “Hadamard—
Perron-Theorem” has been reproven by so many authors for similar situations over
the years. The induction argument of the proof is crucial because it is needed to rig-
orously compute the higher order derivatives of compositions of maps, the so-called
“derivative tree”. It turned out to be advantageous to use two different representa-
tions of the derivative tree: First, a “totally unfolded derivative tree” to show that a
fixed point operator is well-defined and to compute explicit global bounds for the
higher order derivatives of the fiber bundles. Second, a “partially unfolded derivative
tree” to elaborate the induction argument in a recursive way.

After this foretaste for the things to come, we again deal with semilinear
equations

B2’ = Az + fr(z,a’) (S)

and begin our analysis with a technical lemma valid in the setting from Hypothesis
4.2.3 of only Lipschitzian nonlinearities.

Lemma 44.1. Let k € 1, ¢, : Zf — X be solutions to (S) and suppose
Hypothesis 4.2.1 and 4.2.3 hold true. If ¢ € (a;,b;) and ¢;(c) < 1 for one
1 <i < N, then:

(a) For 1 unbounded above and ¢ — ¢ € Xt one has

_ K.+ _
|p(k) — o(k )L < 1_—”> |p(r) — ¢(l-€)|iec(k,f<:) forall k € 7).

(b) For I unbounded below and ¢ — ¢ € X . one has

|¢() o(k )| |¢ )|.ec(k,f$) fJorallk € Z,_,

i~ 1—4;(c)

where the constant £;(c) is given in Lemma 4.2.6.
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Proof. Using Theorem 3.5.3(a) the present assertion (a) can be shown similarly to
the following proof of (b). Above all, we remark that ¢ — ¢ € X . solves the linear
inhomogeneous equation By12' = Apz + gx with g = fk(qb( ) — fk(qb( ))-

By the Lipschitz conditions (4.2a) one gets || B}, g|| < L(c) ||¢ — ¢|| oee(k, k)
for all & € Z, and therefore the inclusion ¢ € X p with [|g[ .5 <

c) Hgb — (;_SH;C Consequently, we can apply Theorem 3.5.3(b) in order to infer
the estimate

16 =9l < Ki" [6(r) = 6(r)], + Cile) (<) [|6 = 8] ..

where we made use of Remark 3.5.9(3). Thus, our assumption C;(c)L(c) = ¢;(c) <
1 (cf. (4.21)) finally implies the claimed inequality. a

From now on we strengthen Hypothesis 4.2.3 by imposing globally bounded
Fréchet-differentiable nonlinearities B, jl fr-

Hypothesis 4.4.2. Let m € N. Suppose that B,:_&lfk XX Xpy1 — Xpa1, k€T,
are of class C™ and for all 1 < n < m one has

6 (n) == sup QL (k)D" Bl fro(a, a')]
(k,x,x")eX x X’

- — % n p—1 /
%) '(;,m,f/;lep/'vxxf HPI(k)D Bk+1fk(x’x )HLn(XkXXk+1§Xk+1) <00

< 00
Lo (X X Xt 15 Xk 41) ’

(4.42)

Remark 4.4.3. Under Hypothesis 4.2.3 it follows using Proposition C.1.1 that

(k,m,ws";lep)(xx/ ||DBk+lfk(x’x ||L(Xk><Xk+1 i Xkt+1) — Li+ Lo (4.4b)

and the constants (Sf (i) exist per se. Furthermore, if we suppose Hypothesis 4.1.1
and Bk_-ilAk € L(Xy,Xkt1), k € T, then Proposition 4.1.3(c) guarantees that
the general forward solution of (S) exists with p(k; x,-) € C™(X,, Xk), & < k.
A similar statement holds for the general backward solution under the assumptions
of Proposition 4.1.4.

Remark 4.4.4 (spectral gap condition). For an integer 1 < ¢ < N we define

n ) b —a) ) @itbi

G;"(m) = mln{—2 , {al —ai—l-a;” ai| ¢,
b; —a; [ a; + b;

Ci_(m) :_min{L 2CLJ7 \‘bi_bi m Z—:_b;nJ}
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and strengthen (G;) to the spectral gap condition

al™ < by, 3 € (0,67 (m)) : (G;) holds, G

3

a; < b, 3¢ € (0,5 (m)) : (G;) holds, (G

choose a fixed real number ¢ € (max {K; , K;"} (L1 + [b; — ] L2),<;) and de-
fine intervals I := [a; + s, b; — ¢]. The condition @ < b; guarantees gj (m) >0,
while a; < b7 ensures that ; (m) > 0. In addition, one has ¢ (1) = @ and

the conditions (G}, ) and (G,,,) coincide for m = 1.
In order not to interrupt our later argument, we insert the elementary

Lemma 4.4.5. Let o, 3,6 > 0 and m € N:

(a) If ™ < Band s < a 7/ 258 —a, then (a+¢)™ < —q.

a+a™

(b) fa < fBmands < [ — 7% beﬁm, then o +¢ < (8 —¢)™.

. . . m/ a+pB S .
Proof. The assumption o™ < [ implies 0 < a 7§/ 7o% — @, which in turn is

equivalentto o + ¢ < (6™ — ) (1 — %)m and consequently
atp< (B +P) (1—5>m<ﬁm (1—5>m+6<1—5)
s) - g g
=B-9)"+8-x,
i.e., a4+ ¢ < (B —¢)™. The assertion (b) can be shown along the same lines. O

Theorem 4.4.6 (smoothness of invariant fiber bundles). Assume Hypothe-
ses 4.2.1,4.2.3 and 4.4.2 are satisfied and choose 1 < i < N, c € I;.

(a) If L is unbounded above and (F;'), (G:m) hold, then the map w;" (ky) : Xy —
Pi (k) from Theorem 4.2.9(a) is of class C™ with globally bounded derivatives

<C, foralll <n<m,

:u}:e)X HDQU’;L(“’&){ Ln(Xx)

(r,€)

where in particular Cy := 17;" (¢).

(b) IfLis unbounded below and (I';"), (G, ,,) hold, then the map w;” (ky) : Xy —
Q! (k) from Theorem 4.2.9(b) is of class C™ with globally bounded derivatives
sup HDSw;(mé)HL (X2) <C, forall<n<m,

(k,§)ex e

where in particular Cy := lz_(c)
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(c) The global bounds Cs, . ..,Cy, > 0 can be determined recursively using
- J
-—_ : — J
Cy = max{ 1_( 25 Z max {1, [b; — <]} HC#Nw
J =2 (N1,...,N;)€PS(n) v=1

1—4 Z‘ﬁ Zmax{l’[bi_d}jHC#NV}

J 2 (N1,...Nj)EPS (n) v=1
(4.4¢)

forall2 <n <m,

where the constants {;(c) € [0, 1) are defined in Lemma 4.2.6 and {5 (c) is given in
Theorem 4.2.9.

Remark 4.4.7. Incase a; < 1or1 < b; it makes sense to investigate the behavior of
the conditions (GJr )resp. (G ,,) for arbitrarily large values of m. Having constant
rates a; (k) = oy, b;(k) = 3; on I, the asymptotic behavior of the sequences ¢:*(m)
is as follows:

lim ¢f(m)=0,ifa; <1, lim ¢; (m) =@ —1, if 8; > 1.

m— 00 m— 00

Hence, the spectral gap condition (G ) for W becomes increasingly restrictive
for growing m € N.

Proof. Let (k,&) € X and c € I; forafixed 1 <i < N.

Above all, we remark that the assumptions of Theorem 4.2.9 are fulfilled and we
use the brief notation introduced in (4.2p). So there exist invariant fiber bundles V..
which are graphs of globally Lipschitzian mappings w® : X — X over the vector
bundles P.. These mappings are given by the relation

w® (k, &) = Py (k)7 (k,€), (4.4d)

where ¢ (€) € f)Cf,c is the unique fixed point of the Lyapunov—Perron operators 7,
and T, defined in (4.2q) resp. (4.2b). Here, thanks to Lemma 4.2.6 the operators
TF : X, x X, — X are uniform contractions in their first argument with

(4.2¢) (4.21)
lip, T < () < 1. (4.4e)

(a) Since the arguments for the operator 7)) are analogous, we only sketch the
higher order smoothness case. We formally differentiate the fixed point identity for
the operator T+ defined in (4.2q) w.rt. £ € X,, and obtain another fixed point
equation ¢ (¢) = T+ (gL (€); &) with the right-hand side

TE(¢3) ZG 1 +1) [Dfadu(n. )T + RLE|  @ap
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foralll € {2,...,m}. The remainder Rﬁl allows representations analogous to (4.4p)
and (4.4q) below. We refer to the following for further details.

(b) Our induction argument is involved and subdivided into two main steps. First,
we address the case of continuous differentiability in step (I) and show the general
C™-situation on the foundation of induction over ! € {1,..., m} in step (II).

(I) We conveniently abbreviate fk = B,:_&l fx» k € I'. By formal differentiation
of the fixed point equation (cf. (4.2f) and (4.2b))

k—1
Ou(k,€) = Pp (k,R)P_(K)E+ D Gilk,n+ 1) fu(de(n,9))

n=—oo

forall k € Z,_, w.r.t. the parameter £ € X,; we obtain another fixed point equation

Or(&) =Ty (9n(€);€) forall € € X, (4.42)

for the formal derivative ¢! of the fixed point mapping ¢, : X, — X from
Lemma 4.2.8, where the right-hand side of (4.4g) is given by

\./

TE(¢':8) = (e Z Gi(;n+1)D fu(¢n(n, )d1 (n)

n=—oo

Here, the sequence ¢'(k), k € Z,, has values in L(X,, X}) and in the following
we investigate this operator 7'}~

(I;) Claim: For every ¢ € I the operator Th- f)Cl “x X, — :x; - is well-
defined and satisfies the estimate
ITE= (%9, < K + (o) ||¢]],, forallg" € X7, & € Xy (4.4h)

Choose ¢! € X}ﬁg Using Lemma A.1.5 we argue as in the proof of Theorem 3.5.3
in order to show the two inequalities

K
|_ i

|| Py (k) ol < ||¢1}|‘ forall k € Z,;

I[P (k)T (k, 6% €)| < K;ebi(k,r») ||¢>1||m»

and with the norm from Lemma 3.3.22 this yields
Ty~ (k, "5 6)| ec(r k) < K +4i(e) |0, forallk e Z.

Consequently, we have the inclusion T2~ (¢';€) € X7 and passing over to the

least upper bound over k£ € Z_ implies the linear bound (4 4h).



236 4 Invariant Fiber Bundles

(I2) Claim: For every ¢ € T'; the operator Ty~ (€) : Xko — Xk7 is a uniform
contraction in £ € X,; moreover, the unique fixed point ¢~ (£) € DC};; does not

depend on c € T; and satisfies

_ K
! < —1 ) X 4.4
o (5)”&(3_ =60 forall € € (4.41)
Analogous to the estimate deduced in step (I;) we obtain using Lemma A.1.5,

[T~ (058 = To (059, < lile) [l¢* — ¢, foralld', o' € Xpr.
Taking the estimate (4.4e) into account, Banach’s fixed point theorem (cf. [295,
p.361, Lemma 1.1]) guarantees the unique existence of a fixed point ¢’ (£) € f)C,li’;
for T, (-;€) : Xo — X} . This fixed point ¢}, () is independent of the growth
rate ¢ € I since with Lemmata 3.3.26 and 3.3.27 we have Xigf . C f)C};; and thus
every mapping T~ (;€) : X2 — X has the same fixed point as the restriction
Th=(:5¢)] o Finally, the fixed point property (4.4g) together with (4.4h) imply
the global bound for ¢ (£).

(I3) Claim: For every ¢ € [a; +<,b; — <) the mapping ¢ : X, — X[ is
differentiable with derivative

Do = ¢y : Xpe = Xy (4.4j)

In relation (4.4j), as well as in all subsequent considerations, we use the isomor-
phism between the Banach spaces T)C,b; and L(X,, X .) from Lemma 3.3.27 and

identify them. To show the differentiability assertion, we derive the quotients

Ad(k, h) = ﬁ (n (. €+ 1) — du(ks€) — GL(k, ) forall € € X,
e+ o+ ) = fulon) = Dt (})

Afy(z,y;h,h) == [ (h1, ha))|

forallk € I, h,x € X,, and ﬁ,y € Xx+1, where h, h # 0. Thereby, the inclusion
A¢(-,h) € X . holds due to (Iz) and Lemma 4.2.8. To prove differentiability, we
have to show the limit relation limp, .o A¢(-,h) = 0 in X .. For this, consider
growth rates ¢ < b; — ¢, d € (¢, b; — <) and from Lemma 4.4.1(b) we obtain

i K.

Tl | (n, & + h) — pr(n, &), < 1_—21_(0)&1(7%/%) foralln € Z,. (4.4k)
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Using the fixed point relation (4.2f) for ¢, (€) and (4.4g) for ¢ (&) it results

r—1

A¢K(k,h):ﬁ > Gilkn+1)

T n=—o0

[Fa(@un €+ 1) = ful9n(n:©) = Dfo(6n(n. )L, )R]

forall £ € Z,_, where subtraction and addition of the expression

Dol ) (8 (n €+ 1) = 6 (n,€))
in the above parenthesis implies the estimate

1P (k) Ad(k, )|

(3.4g)

2 kS enlhun 4 1) | Afu(Buln ) 6u(n6 + 1) = 85000
n=k

i [ €7 R = 6.9

k—1
+E;L(d) > ep,(k,n+ 1) |Ag(n, h)|; forall k € Z;
n=~k

and together with (4.4k) we infer

_K; max {1, [d]} §
[P-(k) Ay (k, h)|| < K; 1_—&_(@;66,-(/%” +1)

| Afu (6. 9). dx(n €+ k) — 6 (n. )|
k—1

+E;L(d) Y ey, (k,n+1)[Ad(n, h)|, forallk € Z.
n=k

Analogously, also using (4.4k) we can derive a similar estimate

P06, | < i el S culiont 1)

n=—oo

(A (6.0, dcm 6+ B) — 60, 0))|

k—1
+EL(d) Y eq,(kin+1)|Ap(n,h)|, forall k € Z;

n=—oo

and thanks to the norm from Lemma 3.3.22 we obtain
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| A (k, h)|; < max {Sy + Sp, S5 + 84} forall k € Z

with the abbreviations

O (KD)? max{l [d]} ©
5= 1—4;( Z

Mﬂﬁ@mm8@4m5+m—¢ﬂm8)7
k—1
Sy = K; L(d) Y ep,(k,n + 1) |Ady(n, k)],
n=k

J(k,n+ Deg(n, k)

_ K7 K max {1, [d]}

k—1
1— 6;(d) Z ea; (k,n+ Deg(n, k)

|| Afu(@en,©), utn € + 1) — 0. 9]
k—1
Si=KFL(d) Y eq,(k,n+1)|Adu(n, k).

n=—oo

The elementary estimate max {S7 + Sz, S3 + S4} < 51 + S5 + max {Ss, 54} to-
gether with Lemma A.1.5 yields

|Apy(k, h)|; ec(k, k) < (S1+ S3)ec(k, k)

- +
+L(d)max{LbK_idJ LdK J}|A¢K( . forallkeZ

and passing over to the supremum over k € Z,_ ensures (cf. (4.4e))

K; max{K; ,K;}'} max {1, [d]} sup V (k. h)

146, (B, < A sup

with

Kk—1

V(k,h) = ec(k, k) Z ev, (k,n+ 1eq(n, k)
n=~k

| Afu(6u(n.8). dutnig + ) — om0

k—1
+ee(k, k) Z ep; (k,n+ 1eq(n, k)

n=—oo

- HAfn(m(n,f), (1, €+ 1) — qbk(n,f))H forall k € Z.
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Thus, in order to prove claim (I3), we only have to show the limit relation

lim sup V(k,h) =0, (4.41)
h=0 ez

which will be done indirectly. Supposing (4.41) is not true, there exists an € > 0
and a sequence (h;);en in X,; with limit O such that sup, ., V'(k, h;) > ¢ for all
J € N. This, in turn, implies the existence of a further sequence (k;)jen in Z;, with

V(kj,hj) >e forall j € N. (4.4m)

Using the crude estimate HAfn(x, y, h1, hg)” < 2(L;y + Ls), which results from
(4.2a) and (4.4b), it follows using Lemma A.1.5 that

V(k,h) < (fdl +Lj + fbl +§J2> ea(k, k) forallk € Z;
—a [ ¢

and due to Lemma A.1.3(b) the right-hand side of this estimate converges to 0 for
k — oo, i.e., we have limy_,o V(k,h) = 0 uniformly in h € X,. Because of
(4.4m) the sequence (k;);en has to be bounded in Z,, i.e., there exists an integer
K < rwith k; € [K, k], forall j € N. We consequently obtain from Proposition
A.1.2(a) that

rk—1
V(kj, hy) ee(r k) > en,(k,n+ 1ea(n, k) (4.4n)

S——"n=K
<1

: ”Afn(qbﬁ(n,f)? Pr(n, €+ hj) — ¢k(n,§))’

+ec(k, K) Z ea; (K,n+ 1)eq(n, k)

n=—oo

|| Afa(@u(1.9). Gu(n.§ + hy) — 10, ©))||  foranj € N

)

and due to the continuity of the fixed point mapping ¢, (n, ) : X, — X,, guaran-
teed by both Lemmata 4.3.4(b) and 3.3.28,

lim ¢p(n, &+ hy) = ¢u(n,§) foralln e Z,_,
j—o00

as well as using the differentiability of fn, required in Hypothesis 4.4.2,

,hm HAfn(x17x27h7iL)H =0,
(h,h)—(0,0)



240 4 Invariant Fiber Bundles

which leads to the limit relation

Jim [ Af(@x(1,6). 6x(n,€ +hy) = Gu(n, &) =0 foralin € 27

We can conclude that the finite sum in (4.4n) tends to O in the limit j — oo. As
in the proof of Lemma 4.3.4(b), Lebesgue’s theorem ensures that also the infinite
sum in (4.4n) converge to 0 for j — oo. In conclusion, lim; o, V' (k;, h;) = 0,
which contradicts (4.4m). Hence, the claim (I3) is true, where (4.4j) follows by the
uniqueness of Fréchet derivatives.

(Iy) Claim: For every ¢ € [a; + <, b; — <) the mappings D¢, : X,; — T)C}c’; and
Dow™ (k,-) : X,; — L(X}) are continuous.
With a view to (4.4j) it is sufficient to show the continuity of the fixed point mapping
¢y + Xx — Xp7. In order to do this, fix & € X and choose £ € X,. Using the

fixed point equation (4.4g) for ¢}, we can estimate the norm ||¢}(£) — ¢%(S)||, .

and as in the continuity proof of Lemma 4.3.4(b) it follows lim¢ ¢, ¢L (£) = ¢L (&)
in X}, . By the identity (4.4d) and Lemma 3.3.28 also Daw™ (k, -) is continuous.
Hence, we have shown the assertion (b) for m = 1, where the given bound C is a
consequence of Theorem 4.2.9(b2) interplaying with Proposition C.1.1.

(II) Now let m > 2. By formal differentiation of the fixed point equation (4.2f)
wrt. & € X,, using the higher order chain rule from Theorem C.1.3, we obtain
another fixed point equation

PL(&) =TH (4L(€):€) (4.40)

for the formal derivative ¢, of ¢, : X,, — X\, of order! € {2,...,m}, where the
right-hand side of (4.40) is given by

k—1

T (659) = Y. Gilsn+1) [ Dfuldn(n ) (n,€) + By (©)] -

n=—oo

Here, ¢'(k) € Li(X,, Xi), k € Z,;, and the remainder R!, has the representations:

e As partially unfolded derivative tree

l71 j R .
RL(©) 03 (l - 1) DL (G TG, )
j=1

which is appropriate for the induction in the subsequent step,
¢ and as totally unfolded derivative tree

l
RS Y D fu(6u(n,)eF N (n,€) - 67 (n, ),
j:2(N1>"'>Nj)€Pj<(l)

(4.4q)
which enables us to get explicit global bounds for higher order derivatives.
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For our forthcoming considerations it is crucial that R!, does not depend on ¢, . In
the next steps, we will solve the fixed point equation (4.40) for the operator T~

As preparation, for every [ € {1,...,m} we introduce the growth rates
bi(k) — if bj(k) —¢ > 1, _
k) = 4 iR =< if bi(k) =< forall k € Z;
(bi (k) — <) ifbi(k) —¢ <1

and ¢1,...,¢ € (a; + ¢,b; — <] holds, which in case b;(k) — ¢ > 1 follows
from the relat10n ¢ < M and otherwise results from a; + ¢ < (b; — ¢)™

(cf. Lemma 4.4.5(b)). We formulate form € {1,..., m} the induction hypothesis:

For everyl € {1,...,m} and growth rates ¢ € (a; + <, ¢;] the operator
: XhT X X, — f)Cl - satisfies:

(a) Itis well-defined.

(b) TL=(+;€) is a uniform contraction in & € X..

A(m) : § (c) The unique fixed point ¢l (¢) of TL~(; €) is globally bounded in the
¢ -norm || (n, €)|| < Ciec, (n, k) foralln € Z;;, € € X,; with the
constants C; > 0 given in (4.4c).

(d) If ¢ < ¢ then ¢!+ X,, — XL is continuously differentiable

w.rt. & € X, and derivative D¢t = ¢+ X, — XL

For m = 1 our step (I) establishes the induction hypothesis A(1) with C} = %

(cf. (4.41)). Actually, thanks to Theorem 4.2.9(b3) one can even choose C; = £; (c).
Now we assume A(m — 1) holds true for some 7m € {2,...,m} and we are going
to prove A(m) in the following steps:

(I1y) Claim: For every ¢ € (a;+¢, cm| the operator T~ = X7~ x X, — X7~
is well-defined and satisfies the estimate

1T (™56, < tile) [|™]],... + Coms (4.4r)

with the constant

o = max{ Z(S Z max {1, [b; — <]} H Cyn,,

J=2 (N1,...,N;)€PS~(m) v=1
o J
Z max{l, [bz - d}J H C#NV},
j=2 (Nh ,N;)EPS (1m) v=1

i.e., the assertion A(m)(a) holds true.
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Let! € {2,...,m} and choose ¢ € (a; + <, ¢;]. Using the estimate cxn, -
cyN; > ¢ forany ordered partition (N1, ..., N;) € P;~(I) of length j € {2,...,1},
from (3.4g), (4.4a), (4.4q) and A(m — 1)(c), we obtain the inequalities

qu Icn—i—lRl(f)H
a1 Ke(k, k) ! . J
< WZ@ () > I Cyn. max {1, [cpn,1}
LS (N1,...N)ePF (1) v=1
using Lemma A.1.5(b) and analogously using Lemma A.1.5(a) one has

Pi(k) S @(k,n+1)RL(€)

n=—oo

Aale) Kreu(k,k ]
< —Zé* Z HC#NU max {1, [egn, |}

i —a
L i] (N1,....N))EPS (1) v=1

k—1 H

forall k € Z. Given ¢™ € X]7",~ the above estimates yield
T (k, 0™ €)], el k) < ie) [l . for all k € Z;,

with the constants C;, > 0 defined above. As usual, passing over to the supremum
for k € Z,; implies T/~ (¢™; &) € X% . In particular, the estimate (4.4r) follows
due to the inclusion ¢ € (a; + <, b; — ).

(Ily) Claim: For every ¢ € (a; 4, cm| the operator T~ (- €) : X[~ — X7~
is a uniform contractionin § € X,.; moreover, the unique fixed point ¢ (§) € X'~
does not depend on c € (a; + <, ¢ and satisfies

|67 (O], < Cm forall& € X, (4.45)

i.e., the assertions A(T)(b) and A(m)(c) hold true.

Choose ¢ € (a; + ¢, ¢ and let ¢, ™ € X7~ . Keeping in mind that the remain-
der in (4.4p) and (4.4q) does not depend on ¢, ¢, resp., from (3.4g) and (4.2a)
we obtain the Lipschitz estimates

T (k, @™ 6) = T~ (k, 6™ €)|, ec(r, k)

T“S‘

—

< L(e) max{KZ_ ep; (k,n + 1ec(n, k),
k

n
k—1

Krzea<kn+1>ecm}u¢ . < i) o™ -7

n=—oo
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for all k € Z, using Lemma A.1.5. Passing over to the supremum over k € Z,
with (4.4e) implies the contraction property for 77~ (+; ) and, e.g., [295, p. 361,
Lemma 1.1]) implies the existence of a unique fixed point ¢;7*(£) € X"~ It can be
seen along the same lines as in (I2) that ¢™ (£) does not depend on ¢ € (a; + <, ¢z
The fixed point property (4.40) with (4.4r) implies the bound (4.4s).

(II3) Claim: For every ¢ € (a; + <, ¢m) the mapping ¢7~" © X,o — X7 is
differentiable with derivative

D¢t =gt X, — X (4.41)

Let ¢ € (a; + ¢, ¢;m) be fixed. First we show that ¢! is differentiable and then
we prove that the derivative is given by ¢ : X, — L(X,,X7'77) = X7\
(cf. Lemma 3.3.27). Thereto choose £ € X arbitrarily, but fixed. Using the fixed
point equation (4.40) for ¢™ ! we get for h € X, the identity

P (k&4 h) — ¢l (ks €)
Kk—1

= 3" Gilkn+ 1) [Dfulguln, €+ M)OT (0, €+ )+ BRI (E+ 1)

n=—oo

- Z ik + 1) [ DBl )68 T(m,€) + R (€)]

forall k € Z,;. This leads to

o (ki€ + ) — o7 (K3 €)

— i Gi(k,n+1)Dfp(pn(n, &+ h)pm (0, & + h) — ¢~ (n, €)
k—1 -
+ Z i(kyn 4+ 1) [RPHE+h) — RPH(9)] (4.4u)

for all k € Z,_. With sequences ¢! € X'."~ and h € X, we define the
operators H € L (X771 7), E € L (X, X7';V7), J : X,o — X257 as follows

k—1
He™ = 3" Gi(n+1)Dfnlgu(n,€)6™ 1 (n),
k—1
Eh:= Y Gi(,n+1)R"(n,Hh

n=—oo
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and

K—1

O €+ R) + RETHE+R) = RN — RPN

for all k € Z,_. In the subsequent lines we will show that H, E/ and J are well-
defined. Using (3.4g) and (4.4a) it is easy to see that H : X[';b~ — X7'oh™ is

linear and satisfies ||H<;5m*1 H;c < 4(c) Hgbmfl H;c, which in turn gives us
(4.4¢)
|‘H|‘L(xjf;1v*) < L 4.4w)

Keeping in mind that Eh = T"~1~(0;&)h, our Step (IIy) yields Eh € X' 1,
while F is obviously linear and continuous, hence £ € L(X,, DCT,C’L*). Argu-
ments similar to those in Step (II;) lead to the inclusion J(h) € DCT,C’L* for any

h € X,. Because of (4.4u) we obtain

[P M (E+h) =l O] — H [ (E+h) — g1 (€)] = Bh+ J(h)

for all h € X,. Using the Neumann series (cf., e.g., [295, p. 74, Theorem 2.1] or
Theorem B.3.1) and (4.4w), the linear mapping Iym—1.— — H € L(X'7h7) is
invertible and this implies '

_ _ -1
GPNE+R) — 0P (E) = [Tmon — H} [Eh+ J(h)] forall h € X,.
Thus, it remains to show limy,_.q i}ﬂl =0in Xﬁ;1>_, because then one gets

|

1
Eh

PPHE+ R) — L(E) — {Ixitzl” B H}

1
lim — ‘ =0,
h=0 |[h| e
i.e., the claim of the ;present Step (II3) follows. Nevertheless the proof of the limit
s 7l : :
relation limy,_.q TR = 0 needs a certain technical effort. Thereto we use the

fact that due to the induction hypothesis A(m — 1)(d) the remainder

R 2 S (") 2 D] 00
j=1

is differentiable w.r.t. £ € X,, where the derivative is given by the product rule
(cf. [295, p.336]) as

(4.4p)
) =

RIME) — D* (6 (1, )L (n, )pn " (n, €).

DRM(¢
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Using the abbreviation

AR™ (&, h) = {R’” "€+ h) =R

Tl
- [ - Dot TG .8 1

we obtain limy, .o AR™ (¢, h) = 0 for n € Z_. Now we prove estimates for the
components J_ and Jy of J in P_ resp. P, separately. For k € Z,_ we get

J_(k h)

02 Z &5 (k,n+1 { [ Da(@n(n, € + 1) =Dfu(gn(n, )] 97~ (n. € + )
D (8, ) OO (m )k + ARTN (€, ) 1] }

where subtraction and addition of the expression

D fu(u(n, )60 (n, €+ h) = ¢, €) — L (n, hd ™ (n, & + h)

leads to
r—1 R )

Ik = X @5 (ko + D [Dfuontnng + ) - Do (6000 ©)
n==k

—D? fr(¢(1,)) b (n, € + ) — be(n, &) | ¢  (n, € + h)

+D? f (6 (1, ) br(n, € + h) =G (0, £) =L (1, hd " (n, & + h)
+D? fr (6 (n, )DL (n, )i (n, € + h) — i~ (n, )
+ARTL(E h) A } forallk € Z,_ .

Using the quotient

Dfn(x + h,y + B) - Dfn(xay) - szn(xvy) (%)
[, )]

ADfy(x,y,h,h) =
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foralln € Z,,x € X,y €Y, h € X,.\ {0} and h € X, 41 \ {0}, we obtain

<3 |25 (k. nt1)| [HADfnw,@(n,é),m(n,wh>—¢n<n,s>>H
n=k

¢n(n7€+h)_¢m(n7€)i’
(bn(n?f + h) - (bﬁ(nvg) - ¢,‘1i(n7€)hH

ok (n,€)

+ [|ARY " (n, &, h) || |h|} forallk € Z .

Or (. €+ )| +|| D2 fa(0nn. )|
o+ )|

or (n €+ h) — o7 (n. O

o L ACRCNS)

With Hypotheses 4.2.1 and 4.4.2 (cf. (3.4g), (4.2a)) and A(m — 1)(c), we therefore
get

-k < K7 3 e+ 1) [HADfnm(n,o, Os(n,€ + ) =0x(n, )
n=~k

Cim-1
2]

+Cn107(2) HAm(n, h)

d)li(nvg + h) - (bl@(n?f)

Cemo1 (TL, KJ)

ecm—l (TL, KJ)

¢ (n, €+ h) — R (n,€)

+Cl5i_ (2)

e, (N, K)
+ HAR?l(f,h)M ||

forall £ € Z, . Rewriting this estimate and using Lemma 4.4.1(b) we obtain

1=l _ Cma (K )? max {1, [¢]}

< sup Vi(k, h)
”hH 1- £i<c) keZr
+Cr_1K; 6, (2) sup Va(k,h)
kez;;
+K;C16; (2) sup Va(k,h)+ K; sup Va(k,h)
keZ; keZ;
with
r—1
Vi(k,h) := ec(k, k) Z ep, (k,n+ Dec., _,(n, k)
n==k

)

. HADfn(%(n,g),@(n,gjL h) — dm(n,f)))

k—1
Va(kyh) 1= ecl, k) 3 en,(ken+ ee,, (n, 1) [ 2600 7)
n==k

)
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Kk—1
Va(k,h) == eq(k, k) Z ep, (k,n + e, (n, k) ‘ )
n==k
k—1

Va(k,h) = eo(r k) D ep,(k,n+ 1) [|ARZHE R)|
n=~k

P g 4 h) = on T (n,)

Similarly to Step (I4) we deduce limy,_.o sup;,c,- Vi(k,h) = 0forl € {1,...,4},

proving the limit relation limj,_,¢ % = 0. Completely analogous one shows
the relation limj,_.q % = 0 and therefore we have verified the differentia-

bility of the mapping ¢~ : X, — xz;l*’. Finally we derive that the derivative
D¢T71 : Xk — L(Xm xza,cil,i) = xT,;;

is the fixed point mapping ¢ : X, — X7~ of T7*~~. From the fixed point
equation (4.40) for ™! we obtain by differentiation w.r.t. £ € X, the identity

r—1

Dag? M (k&) = Y Gilk,n+1)Dfo(¢x(n,§)Dagl " (n,€)
k—1
+ > Gi(k,n+ 1)R}ME) forallk € Z, .

Hence, the derivative D¢]' ! (€) € L(X,, X', b7) = X7~ (cf. Lemma 3.3.27)
is a fixed point of 7,™(+; £), which in turn is unique by Step (II2), and so (4.4t) holds.
(Iy) Claim: For every ¢ € (a; + <, ¢m) the mappings D™ ¢, : X, — X7~ and
DI w™(k,) : X,; — Lm(X,) are continuous, i.e., also A(m)(d) holds.
Due to the relation (4.41) it suffices to prove the continuity of ¢7* : X, — X7~
and this is analogous to Step (I4) by adding and subtracting the expressions
D fn(¢n(n, €))7 (n, &) in the corresponding estimates. We established A (7).
(I5) In the preceding four steps we saw that ¢, : X,; — X . is ms-times con-
tinuously differentiable. With the identity w; (k,&) = Pj(k)¢s(k, &) (see (4.4d))
the claim follows from properties of the evaluation map (see Lemma 3.3.28) and the
global bound for the derivatives can be obtained using the fact

|D3wr (s.6)]| = 0" Pi()6u,6)| < |Pi0)62O)] ., < Cn

forall 1 < n < m. The expression for C is a consequence of Theorem 4.2.9(bs).

(c) The given recursion for the global bounds C;, > 0 of the partial derivatives
HD’;wZ—_ (K, §)H forn € {2,...,m} in (4.4c) is a consequence of the estimate (4.41)
from step (Il2) in the present proof of (b). A dual argument shows that the solution
of the fixed point equation for (4.4f) is globally bounded by C,, as well, and an
estimate analogous to (4.4r) gives us the global bounds for the derivatives of wj .
Hence, we have shown assertion (c) and the proof of Theorem 4.4.6 is finished. O
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For our nest result we impose strengthened spectral gap conditions

3

a; < b7, 3 € (0,57 (m)) : (G;) holds. (G

a™ < by, 3¢ € (0,6 (m)) : (Gy) holds, (G

Proposition 4.4.8 (smooth intersection of invariant fiber bundles). Assume I =
Z and that Hypotheses 4.2.1, 4.2.3 and 4.4.2 holds If pairs (i,7) with 1 < i <
j < N satisfy (I;" ) and (I;7), as well as the strengthened spectral gap conditions

(Gj_lym) and (C;';m) then the function w? : P} — X from Proposition 4.2.17 is of

class C™ with globally bounded partial derivatives Dng(/i, ) Xk — Lp(Xy)
forl <n <m.

Proof. Let k € Z be fixed. Referring Theorem 4.4.6, the map T} : X2 x X,, — X2
introduced in (4.2w) is m-times continuously differentiable and fulfills the contrac-
tion condition lip; T}, < /;j(c,d) < 1forall ¢ € I;_1, d € I}. Thus, one can
show as in Proposition 4.2.17 that T}; satisfies the assumptions of the uniform C"-
contraction principle in Theorem B.1.5. We conclude that T,;.(-,y), ¥y € X, has
a unique fixed point 7;;(y) € X2 and the fixed point mapping 7;; : X, — X2
is of class C™ — for the sake of a convenient notation we suppressed the depen-
dence of 1;; on k € Z. By construction, the smoothness of 1;; carries over to
wl (k) s Xy — X

It remains to show that w{ has globally bounded partial derivatives. From
Theorem 4.4.6 we see that T}, : X2 x X, — X2 has globally bounded deriva-
tives up to order m, where

4.2w)
| D" T (21, 22;y)|| < Cn foralln e [1,m],, z1,22,y € X,.

In order to show that this property carries over to 17;, we proceed by induction. For
m = 1 we differentiate the fixed point identity T},(2;;(y),y) = Ti;(y) on X, and
obtain using the chain rule (cf. Theorem C.1.3)

DY (y) = DiTw(Yi5(y), y) DYij(y) + D2T(Yij(y),y) on X,

Since Proposition C.1.1 guarantees || D17, (2i;(y),y)|| < 4ij(c,d) fory € X,

we get the estimate | DY;;(y)|| < %
g \Cy

m > 1 and choose n € [2,m],. Our induction hypothesis is that there exist re-
als K1,...,K,_1 > 0 such that || D'Y;;(y)|| < K; forall y € X, 1 € [1,n),.

With this we can define C™-mappings 7;; : X, — X, 13(y) = (v,735(v)),
whose derivatives

from (4.2w). Now suppose that

e th]i'yyl iorl—l,
Dl 'Lj(y)yl Y = ( . ]( ) )
(OaL lzj(y)yl o yl) for >1
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forall yy,...,y; € X, satisfy (cf. (??) and our induction hypothesis)

lij(c,d) )}’ | DT (y)|| < Ki foralll € [2,n),

Thus, relation (C.1b) in the higher order chain rule from Theorem C.1.3 implies

n !
ID"T5 )| < bs(e,d) [T +2d a0 Y T[IIP*N T

=2 (N1,~~~,Nz)EPl<(n) v=1

and since components N, C {1,...,n} of a partition (N1,...,N;) € P~(n),
l € [2,n],, have a smaller cardinality than n, we conclude from our hypothesis

n 2
DT < =
.icl Z H max{ , Z(C(j)d)} for #N, =1,

=2 (N NDePs(myr=1 ( Ky for #N, > 1.

Therefore, the mapping DT+ X, — Ln(X,; X?2) is globally bounded and by
definition of wf-, this implies our assertion. O

An even more delicate question is the smooth dependence of the invariant fibers
Vii (§) € X on the initial point £ € X,. Here, the C"-smoothness of the
2-parameter semigroup generated by (S) carries over to the mappings vii from
Proposition 4.3.5 only for m = 0. For higher order differentiability also the growth
behavior of DFp(-; &, §), (k,§) € X and 1 < n < m plays an important rule and
due to the resulting technical complexity we waive a corresponding statement and
proof. Yet, corresponding references can be found in Sect. 4.10:

Proposition 4.4.9 (smoothness of invariant fibers). Let (k,&) € & and for given
1 <% < N choose c € I';. Assume that Hypotheses 4.2.1, 4.3.1 and 4.4.2 hold.

(a) IfLis unbounded above and (G;tm) holds, then the mapping v;L(/i, &) X, —

Pi(k) from Proposition 4.3.5(a) is m-times differentiable with continuous par-
tial derivatives Dy v} (k,-) : X2 — L, (X,) and the global bounds

sup HDSU?(mn,f)HLn(XN) <C, foralll<n<m.
(kyn,E)EX XX

(b) If 1 is unbounded below, the general solution ¢ of (S) exists on X as a contin-
uous mapping and (G ,,,) holds, then the mapping v; (K, &)+ X — Qi (k)
from Proposition 4.3.5(b) is m-times differentiable with continuous partial
derivatives D3v; (k,-) : X2 — L, (X,) and the global bounds

sup Hngi_(n?n,f)HLn(Xm) <C, foralll<n<m.
(kyn,E)EX XX

The constants Cy, > 0 are recursively given by (4.4c) in Theorem 4.4.6(c).
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Proof. Let the pair (k, &) € X be fixed.
(a) In order to show the continuous differentiability of vj (K, &) : X — X,

we proceed as follows: Again abbreviate fk = 31;31 frs k € I, and formally
differentiate the fixed point equation (cf. (4.3e))

'l/)rc(kv 7, f) = ¢(k7 IQ)[T] - Qzl (H)g]
+ 3 Gilk,n 4+ 1) [fa(e(n,n, &) + 0(n:5,€)) — fulp(n;5,8))]

n=~k

for all k € Z;} w.r.t. the variable n € X,;. Suppressing the dependence on £ € X,
from now on, this leads to a further fixed point equation

Yr(n) = Sy (g(n)im) foralln € Qj(x), (4.4%)
yielding the formal derivative 1} w.r.t. ) € X, for the mapping ¢,. : Qj(x) — X},

from Lemma 4.3.4. Precisely, the operator S1'* is given by

SYTWYn,€) = 0(, k) + Y Gilk,n+1)| D fu(thn(n,n) + o(n; k)

n=~k

' 1/’1(7% T]) =+ D3Sﬁ(n7 H?f) )

where the variable ¢! (k), k € I, is a sequence with values in L(X,, X}). The

analysis of this operator S} strongly resembles the one for 7'~ given in the above

proof of Theorem 4.4.6. We consequently omit the corresponding further details.
(b) Since the argument is analogous to (a), we skip the details. O

4.5 Normal Hyperbolicity

To motivate our further considerations, we return to the linear equation (Lg). As we
have seen, the invariant fiber bundle W, for (S), as formulated in Theorem 4.2.9(b),
is a perturbation of the pseudo-unstable bundle P?, and the linear spectral gap condi-
tion a; < b; implies that ¢ is normally hyperbolic in the sense that (Lg) possesses
an exponential dichotomy. Now we tackle the problem whether this normal hyper-
bolicity persists under nonlinear perturbations.

As important result from the previous section, we know that the invariant fiber
bundle W, and its invariant foliation V;* (€) are of class C', if (S) has this property.
Hence, for each (k, z,y) € W, x X we can define the fangent bundles
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T, W; = {(k, €+ Daw; (rk,2)§) € X : £ € Pi(k)},
T, V+ { K T]+D2’U K Qi(/{)y,x)n) cX:ne Qll(/-c)}

to W, resp. V;L . For simplicity reasons, we assume for the remaining section that
(S) is semi-implicit, i.e., instead of (S) we consider

Bk+1x' = Apx + fk(.’L') (S/)

As a consequence, under (3.1a) the general forward solution to (S’) exists, for in-
stance the strengthened gap condition (Gl) simplifies to

e (0,58} (KPR +max (K7 K7} Ly < (4.50)

and, in particular, both the invariance equations (4.2m), (4.3n) become easier to
handle. The sets I are defined as in the previous sections.

The subsequent lemma roughly states that the two tangential bundles defined
above provide a splitting of each fiber X, of the extended state space X. Before
delving into preparations, let us point out that we focus on the invariant fiber bundles
W.” in this section and that we suppose I = Z from now on.

Lemma 4.5.1. Assume Hypotheses 4.2.1, 4.3.1, 4.4.2 with m = 1 and (I'|") and
(4.5a) hold for one 1 < i < N. Then for each k € 7Z we have the decomposition

X, =TV, (k) @ T,V (k,z) forallz € W; (k), y € X, (4.5b)

and the splitting is continuous in (x,y) € W, (k) X X.

Proof. Fix a triple (k,z,y) € W, x X.In order to prove that the tangent spaces
T, W; (k) and T, V;" (k, x) satisfy (4.5b) we show that each ¢ € X, possesses the
representation ¢ = & + 7 with unique £ € T, W; (k) and 7 € T,V;" (k, ). This
is equivalent to the unique existence of points ¢ € Pi(k), n € QZ (/-@) such that
¢ = &+ Dowj (K, )€ + 1+ Davf (k, Q% (k)y, x)n, which holds if and only if

PIZ(KJ)C = é- + DQU;’_(ﬁa Qzl (Kz)ya J"),’% Qzl (KJ)C =n + Dle_ (K/? x)f

and this, in turn, is equivalent to

£= Pll(/i)g - D2vi+ (57 Qll (5)% x)Qzl(/€>C + D2vi+ (57 Qll (5)% x)DQw; (57 x)f?
1= Qi(k)¢ — Daw; (k,2) P (k)¢ + Dow; (r,2) Dav;f (k, Q1 (K)y, ).

By Theorem 4.2.9(b2) and Proposition 4.3.5(az) the Lipschitz constants lip, w;,
lipy vj respectively, exist and their product is less than 1 (cf. (4.3t)), so that the op-
erators I — Dov;t (k, Q4 (k)y, ) Dow; (k, ) and I — Dow; (k, x)v] (k, Q% (k)y, 7)

are invertible in the Banach algebra L(X,;) (cf. [295, p.74, Theorem 2.1] or
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Theorem B.3.1). Therefore, one can represent ¢ € X, uniquely as ¢ =
Pj(k,z,y)¢ + Qi (k,z,y)¢, where P{(k,x,y) € L(X,) is the projection of X,
onto T, W; (k) along T,,)V;" (k, z),

Qi (r,x,y) == [I — Dav (r, Qi ()y, &) Daw; (k)] " -
- [Pi(k) = Dav;f (k, Qi (r)y, )] ,

and accordingly Q} (k,z,y) € L(X,) is the projection of X, onto T,V (, x)
along T, W, (k) given by

Pf(/ﬁ,:ﬂ,y) = [I - D2w;(ﬂvI)DQUEL(Kin(K)yvx)]il [Qll(’{) - D2wi7(’iv'r)j|'

Due to both our Theorem 4.4.6(b), Proposition 4.4.9(a) and the fact that the inver-
sion operator L L(X,i) — L(X,) is of class C° (cf. [1, p. 117, Lemma 2.5.5]),

we see that P} (k, z,y), Q% (k, z,y) depend continuously on (z,y) € W; (k) X X,.
Thus, the splitting (4.5b) is continuous. O

Consider the difference equation in X x X given by (S) and the corresponding
variational equation

{ B2’ = Agx + fr(x) (4.5¢)

B =[Ax+ Dfi(x)] 2’

its general solution will be denoted by (¢, ¢) and exists due to (3.1a). In the follow-
ing it is our aim to show that the invariant fiber bundle ;™ is normally hyperbolic;
that is to say that the tangential and normal bundle for W,  are invariant under
(4.5¢), and that we have an exponential dichotomy w.r.t. these bundles. To be more
precise, we have

Lemma 4.5.2 (tangent bundle). Assume Hypotheses4.2.1,4.3.1,4.4.2 withm =1
and (I';") and (4.5a) hold for one 1 < ¢ < N. If

K L (1 + Z;(c)) <bi(k) forallk€Z (4.5d)
is satisfied for one c € I, then the tangent bundle
T™W, = {(/{,{,C) EXXX: (K& eW, (€ TgW;(Ii)}

is invariant w.r.t. (4.5¢), the general solution (p, ) of (4.5¢) exists on TW; and
one has the backward estimate

lo(k; 5, & Ollx, < K ey, (kyw) | PR forallk € Zy; (4.5¢)

and (k,€,¢) € TW,, where bi(k) := bi(k) — K;Ly (1 + 07 (c))
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Proof. First, we abbreviate fk = B, +11 f- Choose any triple (k,£,¢) € TW; and
consequently we have representations { = &y +w; (k, o), ¢ = (o+Daw; (K, &0)Co
for some points &y, (o € Pj (k). Then Corollary 4.2.13(a) implies that the general
solution ¢ of the W, -reduced equation (4.2s) is defined on P; . The further proof
is subdivided into four steps:

(D) Claim: The general solution ¢ of the variational equation for (4.2s),

Biaa’ = Az + Pi(k + 1) D fiu(§(k; &, o) + w; (k, §(k; 5, &o)))
[z + Dowy (k, ¢(k; 1, &0))x] (4.5)

is defined on P;.

We differentiate the solution identity for ¢ w.r.t. &. Then D3 (+; k, &p) is an op-
erator solution of (4.5f) satisfying the initial condition z(x) = I, and @(k; k, &) =
D3p(k; K, &)&o defines the general solution of (4.5f) for k € Z, (k, &) € PL.

(D) Claim: The tangent bundle TW," is forward invariant w.r.t. (4.5c).

Define the sequence ¥ : Z;F — X, 11 (k) := ¢(k; k,&0) + w; (k, ¢(k; k,&)) and
due to the inclusion ¢(k; K, &) € Pi(k) one obviously has 11 (k) € W, (k) for
all k € Zﬁ. In addition, from the invariance equation (4.2m) we see that ¢ is a
solution of the first equation in (4.5¢) with 11 (k) = & and this yields p(k; k, &) =
Y1 (k) € W, (k) for all k € Z]. Next we define the sequence ¢, : Z} — X,
Pa(k) = @(k;k,C) + Daw; (k, p(k; k,&))@(k; K, (o). Observing the inclusion
@(k; 1, ¢o) € Pi(k) one has Ya(k) € Ty(eyW; (k) for all k € Z}. Using an
identity obtained by differentiating the invariance equation (4.2m) w.r.t. the variable
in P} (k), one verifies that 12 solves the second equation in (4.5c) and satisfies
1/)2(’{) = CO + DQU}; (kv §)<0 Hence, ¢(ka R, §7 C) = 1/’2(/4) € Ttp(k;m,f)W; (k) and
the tangent bundle 7'W;" is forward invariant.

(IIT) The fact that ¢ is defined on W, is given in Corollary 4.2.13(a) and we
will show that the second component ¢ is defined on T'W,". For this, let k € Z.
From Step (II) we have ¢(k + 15k, -) : Ty(rsn,e)W; (K) = Toes1sme)Ws (k4 1)
is well-defined and it suffices to show that this mapping is bijective. Let n €
Tot1e,)W, (B4 1), ie, n = m + Dow; (k+ 1,0(k 4 1;k,&))m for some
m € Pi(k + 1); note that lip, w; < 1 (cf. Remark 4.3.8) and consequently 7
uniquely determines the point 7. We show that the endomorphism

is actually an isomorphism between the linear spaces Pi(k) and Pi(k + 1).
We abbreviate @, := Pi(k + 1)D fi(¢(k; &,€)) [I + Daw; (k,¢(k; k,€))] and

from Theorem 4.2.9(by) with (4.2a) one derives ||Pr| < L (1 +€~;(c)) for

all k£ € Z. On the other hand, from Hypothesis 4.2.1 we know that the inverse
Bk_+11Ak|7_>i1(k) exists (see Lemma 3.3.6(b)) and (3.4g) implies HBk_leH;}(k) | <
1 1

ﬁ:—l) for all ¥ € Z. Then our assumption (4.5d) and Theorem B.3.1
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shows the invertibility of B, Ay + &, € L(Pj(k),Pi(k + 1)), and 1y :=
[Bi ! Ak + &1 ~ 1 is the unique point in P (k) satisfying the relation ¢(k + 1;
k.& mo + Dow; (k,¢(k;k,€))n0) = . In particular, (4.5d) ensures that the
Gronwall estimate Proposition A.2.1(b) can be applied.

(IV) Referring to Step (I) we know that the general solution @(k;k,-) of the
variational equation (4.5f) exists for k € Z,_. So, the variation of constants formula
in backward time from Theorem 3.1.16(b) (see also Remark 3.1.17(1)) implies the
relation

k—1

ks #,Go) = Py (ky K)Go — Y P (kyn+ DPi(n + 1)

n=~k

D fu(@(n: 5, &) + wy (n, §(n; £, &0)))
. [I + Dow; (n,@(n;n,&)))] P(n;k,¢o) forallk € Z,

and analogous to the proof of (4.2t) in Corollary 4.2.13 one gets the estimate
(4.5e). O

Lemma 4.5.3 (normal bundle). Assume Hypotheses4.2.1,4.3.1, 4.4.2withm =1
and (I';") and (4.5a) hold for one 1 < i < N. Then the normal bundle

NW; o= {(5,6,0) € X x X : (5,€) € W, ¢ € TV (,6)}

is forward invariant w.r.t. (4.5¢), and one has the forward estimate
(ki &, Qllx, < K (1+(0)) ea, (b, 0) |QURIC ., forall ke Z

and (1,€,¢) € NW:, where a;(k) == a;(k) + K;" Ly (1 + Ej(c)).

Proof. Let (k,§,¢) € NW,; and fk = B,;Elfk. We proceed in two steps:

(I) To show the forward invariance of NW,” we choose an arbitrary n € W, (k)
and let o € Q! (k) be such that n = ng +v;" (k, N, £). From the forward invariance
of Vf (&) guaranteed by Proposition 4.3.5(a) we know that there exists a sequence
of points ¢ (k) € Q} (k) satisfying

o(k; kym) = V1(k) + vt (k,1(k), p(k)) forall k € ZF, (4.5g)
where we abbreviate p(k) = o(k; k, ) from now on, since { € W, (k) remains
fixed. If we multiply the solution identity for ¢ with Q% (k + 1), we see that the

sequence ¥ = Q% (-)p(+; k,n) : Z — X solves the equation

o' = B} Avr + Q4 (k + 1) fi( + v (k, 2, 0(k))). (4.5h)
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Let v denote the general solution of (4.5h). Then the partial derivative D3 exists
and D39(+; k,10)Q% (k) is a solution of the variational equation (cf. (4.5g))

o' = B} Ava + Qi (k + 1)D fir (¢ (ks ,m0) + v (k, (ks 1,m0), 0 (ks 1, 1m)))
<[z 4 Daov} (k, Qi (k) (ks 5, ), (k)] (4.51)

satisfying the initial condition (k) = Q% (x)(. On the other hand, the invariance
equation (4.3n) yields the identity

vt (k+ 1,0k + 155,m0), ¢ (k) = By} Ak (ks ¢ (ks 5, m0), o (k)
+ Qi(k + 1) fr (w(ks 5,10) + v;F (k, (ks 5,10, 9(k)))  onZ}

and if we differentiate this identity w.r.t. 79 and apply Q% (k)¢ one gets

Do (k+1,9(k + 1;5,m0), ¢' (k) D3t (k + 15 #,70) Q1 (k)¢
= By} Ax Do)t (ks (ks k,m0), (k) Dt (k; £, m0) Q4 (K)C
+Qi(k + 1)D fi (¢ (ks 5,m0) + v (k, (ks 1,m0), 0(k)))
- [Dsp(k; k,m0) + Davf (k, (ks k,m0), 0 (k) Datp (ks 1,m0)] Q1 (k)¢

on Z. From this, and the solution identity for D3t)(+; &, 170) Q% (k)¢ (cf. (4.51)) we
see that the sum

(k) : = Dap(k; 1,10) Q1 (£)C + Dav (ks (ks r,10), (k) Datp (ks 2, 10) Q5 (+)C
= D3to(k; k,10) Q4 (k)¢
+Dav;f (k; Q1 (k) (ks k,m0), (k) Datp (ks k,10) Q5 (k)¢
€ Tk Vi (k,o(k)) forallk € Z}

is a solution of the linear difference equation B2’ = Agx + D fr(p(k; k,n))x
satisfying o(x) = Q4 (8)C + Davi (5, Q4 (5)1. Q4 (C. Since € VY (1. ) was
arbitrary, we can choose = 7" (k, £) now, and £ € W, (k) yields n = 7 (k,£) =
& (cf. Theorem 4.3.7(a)). Hence o(k) € Tpm)V; (k,o(k)) for all k € Z; and
o(x) = (. The uniqueness of forward solutions implies ¢(k; x, £, () = o(k), i.e.

o(k; K, &, C) = Dab(k; 5, 10) Q1 (K)C (4.5))
+Dyvf (k; Q1 (k) (k; K, €), 0(k)) D3ty (k; k,m0) Q4 (k)¢

and due to the invariance of W, we have (¢, ¢)(k; x,£,() € NW, (k), k € Z;}.
(II) Tt remains to deduce the claimed forward estimate for ¢. The variation of
constants formula from Theorem 3.1.16(a), applied to (4.51), gives us
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D3t (k; k,m0) Q1 (k)¢ = D(k, K)Q1 (k)¢

k—1
+ Y Bk, n+ 1)Qi(n + 1)D fr (¥(n; £, m0) + 05 (n, (ks K, m0), 9 (ns 5, m)))

n=Kk

- [Dst(ks w,m0) + D2t (k, Q1 (k)p(k; 5, m), 0 (k) Datb(k; #,1m0) ] Q1 (K)¢
forall k € Z, and from (3.4g), (3.5a) and Proposition 4.3.5(az) we get

HD3¢(/€, Ky 770)@3 (’%)CH €a; (’%7 k)
k—1

< KF||lQi)cl| +K (145 (9) L1 Y % D59 (n; 15,10) Q3 (R)C |

forall k € ZT. The Gronwall lemma from Theorem A.2.1(a) implies
| D3t (ks 5,m0)Q1(K)C|| < Kjea, (k, k) ||Q1(k)¢|| forallk € Z}

and (4.5)) together with Proposition 4.3.5(az) leads to our assertion. ad

Theorem 4.5.4 (normal hyperbolicity). Assume Hypotheses 4.2.1, 4.3.1, 4.4.2
with m = 1 and (I';") and (4.5a) hold for one 1 < i < N.If (4.5d) is satisfied
for one c € I}, then the invariant fiber bundle VV;” is normally hyperbolic:

(a) One has the Whitney sum X x X = TW, & NW,",
continuous in each fiber.

(b) The nonautonomous sets TW, and NW, possess the properties stated in
Lemma 4.5.2 and Lemma 4.5.3, resp.

(c) In particular, the pseudo-contraction in the normal direction of W,  is stronger
than in the tangential direction.

where the splitting is

Proof. The claim follows readily from the above Lemmgta 4.5.1,4.5.2 and 4.5.3.
Here, thanks to the strengthened spectral gap condition (G;) we have

(B + K7Ly < (KK +max (K7 K Y) L2 g < %

and from this one easily derives a; < 131-, i.e., the normal pseudo-contraction rate a;
is stronger than the corresponding tangential rate b;. O

4.6 Pseudo-stable and Pseudo-unstable Fiber Bundles

In this section, we make the first attempt to weaken the global assumptions in form
of Hypotheses 4.2.3, 4.3.1 or 4.4.2. Indeed, we return to general equations

Hyi1(2') = Fy(x, ') (D)
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as in Definition 2.1.1, where X consists of Banach spaces. We are interested in the
local behavior of (D) near a fixed reference solution ¢, : I — X, which, for instance,
might be a constant, a periodic or a general bounded solution. In particular, we want
to provide a local description of the stable set corresponding to ¢,

WJ* = {(/{,{) ex

there exists a solution ¢ : Z;7 — X of (D) with }
¢(k) = £ € Xy and limy—.oc [|(k) — ¢s(K)[|x, =0 ]~

when I is unbounded above, as well as of the unstable set corresponding to ¢.,

W, = {(/i,f) ex

there exists a solution ¢ : Z_ — X of (D) with }
¢(r) =& € X and limy—. oo [|9(k) — (k)| , =0

provided I is unbounded below.

Let us suppose the difference equation (D) is defined on a nonautonomous set S
containing a convex neighborhood of the reference solution ¢., i.e., there exists a
po > 0 such that B,,(¢.) C S. It is advantageous to subtract the solution identity
Hi 11 (¢, (k) = Fr(¢«(k), 9.(k)) on T for ¢, from the equation of ¢.-perturbed
motion (D), yielding the equation

Hyp1 (2" + ¢ (k) = Hea (61 (F)) = Fr(z+¢4 (k) 2"+ ¢ (k) — Fi (64 (k), 4. (k))

with the nonautonomous set S — ¢, as state space. This equation has the trivial
solution and under appropriate assumptions on the mappings Hy 1, Fi, k € ', we
can write it in the form (S). Indeed, this is possible in each of the settings:

o Provided Hy,, F}, are continuously differentiable, one introduces

Biy1 = DHyi1(¢L (k) — DaFy (64 (k), 4. (K)),
A := D1 Fy(¢.(k), ¢ (k)),
fr(x,2") i= —Hypa (2" + ¢,(k)) + Hyp1 (¢4 (K)) + DHypr (
+ Fi(z + du(k), 2" + ¢L(k)) — Fr(¢«(k), ¢ (k)
— D1 Fio(¢+(k), ¢ (k))x — D2Fyo(¢s (k), ¢/, (k))2’

¢ (k))a’
)

and the linear part (L) is the linearization of (D) along ¢,.
o Provided Hy satisfies the invertibility condition (2.2c) and the composition

gk == Hk_+11 o Fy, is of class C', one defines

Biy1 = Ix, ., — Dagr(¢«(k), ¢L(K)),
A = Digr(d«(k), ¢, (k)),
fe(@,2') = gr(x + ¢u(k), 2" + ¢.(K)) — Drgr(d«(k), 9. (K))x
— gr(0«(k), . (K))

and the linear part (L) is the variational equation as in Corollary 2.3.11.
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In conclusion, in order to describe the above sets W; and W(; locally, it is possible
to formulate (D) in the familiar form

Bii12z' = Agx + fr(z,2'). (S)

Yet, differing from our previous analysis, the nonlinearities fj are not assumed to
be globally Lipschitzian or to possess globally bounded derivatives as required for
instance in Theorem 4.2.9 resp. Theorem 4.4.6.

Hypothesis 4.6.1. Let pg > 0 and let the general forward solution ¢ of (S) exist
on By,. Suppose that fi, : Xi x X1 — Y with fio(Xk, Xp1) C im Biy,
kel, and:

(i) f(0,0)=00nl
(ii) The following limit relations hold

lim suplip; By felB,.(0,x0)x B0, X, 0) =0 forj=1,2. (4.6a)
N0 kel’

When interested in differentiability results, it is reasonable to demand a smooth
right-hand side of (S). However, the use of cut-off functions in order to derive local
results from global ones additionally requires smooth norms and the concept of a
C™-Banach space. For a survey on such results we refer to Sect. C.2.

Hypothesis 4.6.2. Let m € N. Suppose that X consists of C"*-Banach spaces, the
mappings Bk;llf;C : Xg X Xpa1 — Xpa1 are of class C™ for all k € 1 and that
the derivatives D”Bk_ilfk : X X Xg+1 — L (X X Xgy1; Xgy1) are uniformly
bounded, i.e., for each uniformly bounded B C X one has

D"B; !
21615 x:LBIE)k) H k+1fk(x’y)||Ln(Xk><Xk+1§Xk+1) <0
yeB'(k)

Remark 4.6.3. From Proposition C.1.1 and (4.6a) we obtain the limit relation

( %im(o 0 DBl fe(z,y) =0 uniformlyink € I. (4.6b)
x,y)—U,

Before we formulate our first result, a weaker version of the invariance notion
established Definition 1.2.1 is due, which is tailor-made for fiber bundles. Given a
vector bundle Xy C X and an open neighborhood U/ C X of 0, we say the graph

W= {(r,{ +w(k, &) e X: € X(k)NU(K)}

of a given mapping w : Xp NU — X is a locally forward invariant fiber bundle of
(S), if the implication

(k‘o,xo) ew = (k‘,(p(k, k‘o,xo)) eWw
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holds for all k > kg as long as ¢(k; ko, xg) € U(k). Accordingly, one speaks of
a locally invariant fiber bundle WV, if it is locally forward invariant and for each
initial pair (ko,xo) € W the solution ¢(-; ko, o) has a backward continuation in
W as long as (k, ¢(k; ko, x0)) € U. In this context, in case U = X we say Wis a
global (forward) invariant fiber bundle of (S), if the above conditions holds for all
k > ko resp. all k € I. One speaks of a C"-fiber bundle of (S), provided the partial
derivatives DJ w exist and are continuous for n € {1,...,m}.

Theorem 4.6.4 (pseudo-stable and -unstable fiber bundles). Ler m € N. If both
Hypotheses 4.2.1 and 4.6.1 are satisfied for some 1 < i < N, then there exist reals
0 € (0,00), Y05 - - -y Ym > 0 such that the following holds:

(a) For I unbounded above there exists a locally forward invariant bundle
Wi = {(rn + wf (5,m)) € X & (k) € B,
of (S), where w;L : B, — X is a Lipschitzian mapping with
w; (K, €) = w (5, Qi(k)€) € Pi(k) forall (x.8) € B,

which satisfies the invariance equation (4.2K) for all (r,n) € B, C Q} and
alsom € B,(0, X,.41) C Qi(k + 1). Moreover, one has

(a1) wi (,0) = 0onland ||wf (x,€)||, < pforall (k.)€ B,
(az) lips w; < 1 andlim,~ o lips w; |5, = 0,
(as) if additionally Hypothesis 4.6.2 holds and

al < b, (4.6¢)

then the nonautonomous set Wj‘ is a C™-fiber bundle, i.e., wj :B, — Xisof
class C™ in the second variable, Dow;' (k,0) = 0 on 1 and

| Dswit (k,2)|| < o forall (k,z) € By, 0 <n<m. (4.6d)

One denotes W;' as pseudo-stable fiber bundle of (S).
(b) For I unbounded below there exists a locally invariant bundle

W, = {(/{,77—1—101-_(&777)) eX: (k,n) € Bp}
of (S), where w; : B, — X is a Lipschitzian mapping with
w; (k,&) = w; (k, P{(k)€) € Qi (k) forall (k&) € B, (4.6¢)

which satisfies the invariance equation (4.2m) for all (r,n) € B, C P} and
alson; € B,(0, X.11) C Pi(k + 1). Moreover, one has:

(1) w; (k,0) =0o0nland Hwi_(mé)HXN < pforall (x,§) € B,.
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Fig. 4.2 Pseudo-stable and -unstable fiber bundles Wj and W;~

(b2) lipy w;” < 1 and lim,~ o lip, w; |5, = 0.
(bs) If additionally Hypothesis 4.6.2 holds and

a; Kb, (4.6f)

then the nonautonomous set W, is a C™-fiber bundle, i.e., w; : B, — X is of
class C™ in the second variable, Dow; (k,0) = 0 on I and

||D;sz_(k,x)|| <7, forall(k,xz) € B,, 0<n<m.

One denotes VW, as pseudo-unstable fiber bundle of (S).
(c) Forl = Z onehas W;" "W, =7 x {0}.

The pseudo-stable and -unstable fiber bundles Wj and WV, intersecting along
the trivial solution are illustrated in Fig.4.2. In the C*-case, by Dzwii (k,0) =0
on I, they are tangential to the invariant vector bundles Q¢ resp. P;.

Remark 4.6.5. (1) If the condition a;, < 1 holds for a minimal 1 < 7, < N, then
Ws = W;L is called stable fiber bundle of (S) and every fiber bundle W, , i, < 1,
in the stable hierarchy

Ix{0}c...cwW, , cw!=w,

is denoted as a strongly stable fiber bundle. One speaks of a center-stable fiber bun-
dle Wes := Wzt , provided 1 < q;, and thus 1 < b;,. Under our Hypothesis 4.6.2
with a” < b;,, all members W;“ , 14 < 1, fulfill (4.6¢) and are C™-fiber bundles.

(2) The dual situation occurs, if there exists a maximal index j, with 1 < b;,.
Then W, := W, _ is the unstable fiber bundle of (S) and every fiber bundle of the
unstable hierarchy

Ix{0}C...CcW;, _, CW, =W,

is a strongly unstable fiber bundle. A center-unstable fiber bundle We, = W;_
occurs for a spectral gap with b;, < 1 and hence a;, < 1. Under Hypothesis 4. 6 2
with a;, < b7, all members W™, j < j,, fulfill (4.6f) and are C""-fiber bundles.
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(3) The above fiber bundles Wzi are associated to the trivial solution of (S).
Consequently, the nonautonomous sets ¢, + Wﬁ' , $« + W, are denoted as pseudo-
stable resp. -unstable fiber bundle of the solution ¢.,.

(4) For a p-periodic equation (S) the fiber bundles VVZjE are also p-periodic. In
particular, for autonomous equations (S) the fibers are constant and one calls W (k)
a pseudo-stable manifold and every W, (k) a pseudo-unstable manifold.

(5) In a differentiable setting of Hypothesis 4.6.2 one has explicit constants vy =
pand v; = 1. In general, the radius p > 0 depends on m € N as well. This is due
to the fact that gj (m) might decay to 0 as m increases (cf. Remark 4.4.7), which
makes the spectral gap condition (Gj’m) increasingly restrictive.

Proof. (1) Above all, let rx, : X; — B1(0) denote the radial retraction on Xy,
k € I (cf. Lemma C.2.1). In order to obtain Lipschitzian extensions we define the
constant 7% := sup,¢y lip 7x, and remark that Lemma C.2.1 guarantees the relation
r% € [1,2]. For p € (0, pg) we define the Lipschitz constants

. _ (4.6a) X
Li(p) := sl,cuﬁ)hpi Bk+11fk|Bp(07Xk)XBp(07Xk+1) < oo foralli=1,2
€

and observe from Hypothesis 4.6.1(ii) that the limit relations lim,~ o L;(r) = 0
hold. We consider the modified difference equation

Bpp1#' = Apz + ff(z,2)), (S)

where the nonlinearities B,:_&l f£ are globally Lipschitzian extensions of B, _&1 fr as
provided in Proposition C.2.5. Due to f{(0,0) = f(0,0) = 0 on I the growth
conditions (Fli) are trivially fulfilled for all 1 < ¢ < N. Furthermore, it is possible
to choose p > 0 so small that Ly(p) < 1 holds and Proposition 4.1.3 guarantees
that the general forward solution ¢ to (S) exists on X. Since (S) and (S) coincide
on the set 55, one has @(k; k, &) = @(k; k, &) as long as ¢(k; k, &) € B,(0), where
(K, &) € B,.

(II) Let 1 < ¢ < N and choose ¢; € (0, JL;“), ¢ € T as defined in
Hypothesis 4.2.3. Via a further downsizing of p > 0 we can enforce

. 2max {K;, K"} (L1(p) + [bi] L2(p))

< G, gi < 1;
T 2r, max {K; , K;"} La(p) © o

note here that in the definition of ¢ (c), ¢;(c) in Lemma 4.2.6 one has to replace the
constants L1, Ly by L1(p), La(p), respectively. Firstly, this ensures that (.S) satisfies
the spectral gap condition (G)); actually it fulfills even the strengthened spectral gap
condition (4.2u). In conclusion, all the assumptions of Theorem 4.2.9 are satisfied
for (S’) and there exist (forward) invariant fiber bundles Wli given as graph of a
mapping wjt over the vector bundles P resp. Q%. We now show that the mapping

wi = W 5, fulfills the assertions claimed in Theorem 4.6.4:
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Indeed, since the two equations (S) and (5’) coincide on B,, the nonautonomous sets
VVZlL are locally (forward) invariant and the invariance equations (4.2k) resp. (4.2m)
hold near the trivial solution. From Corollary 4.2.20 one deduces wii(/i, 0)=0
on I. In case I = Z, the assertion (c) follows directly using Corollary 4.2.15.
Since both the mappings wl-jE and u?jt share the same Lipschitz constant gi(c) <1
(cf. Theorem 4.2.9 (az) and (b2)), we infer from lim,~ o L;(r) = O that the limit
relations in assertion (ag) and (bz) hold true. In addition, the estimate

|w (5,8)|| < () [|€l < p forall (,€) € B,

implies that w:" (x,0) has values in B,(0).

(IIT) Instead of using Proposition C.2.5 in order to modify the nonlinear-
ity B,;:l fr, under Hypothesis 4.6.1 we obtain a C™-smooth extension via
Proposition C.2.17. Then (S) satisfies the assumptions of Theorem 4.4.6, provided
p > 0 is sufficiently small. More precisely, we have to choose ¢; € (0, gii(m)),
c € I, and p > 0 so small that

3max{Ki_,Ki+} (L1(p) + [bi] L2(p))
1+ 3maX{K;,Ki+} Ly(p)

and this relation also holds with p replaced by sp with s > 1 close to 1. a

The following example shows that the gap condition (4.6¢c) is sharp, i.e., the
invariant fiber bundle Wj from Theorem 4.6.4(a) is not of class C"™ in general,
even if the nonlinearity f; is a C*°-function.

Example 4.6.6. Let X = Z x R2and e = exp(1). Given an integer m > 2, let us
consider the planar autonomous difference equation

' =ex
{ y =eMy + eMma™ ’ (4.6¢)

satisfying the assumptions of Theorem 4.6.4(a) in form of an exponential 2-splitting
witha; = e, b1 =™ and K 1i = 1. Thus, there exists a pseudo-stable fiber bundle
Wi C Z x R? given as graph of a function w; : Z x B,(0) — R? for some p > 0.
On the other hand, for every v € R the sets

Wy = {(€n) € B0\ {0} n =5 e +¢"} U {0}

contain the origin and are (locally) forward invariant w.r.t. (4.6g), i.e., Z x W, is
a forward invariant fiber bundle. Additionally, each point (§,7) € B,(0), £ # 0,
is contained in exactly one of the sets ., namely for v = 5—’]; — %ﬁ Thus, the
pseudo-stable fiber bundle W, from Theorem 4.6.4(a) has the form Z x W.,« for
some v* € R (see Fig. 4.3). Every fiber W, is graph of a C™~!-function w., (§) = 7,
but w,, fails to be m-times continuously differentiable. Note that in the present ex-
ample the gap condition a; < b7 is only fulfilled for 1 < m, < m.
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w,,(§)

N w’y* (5)

Fig. 4.3 Graphs of the functions w~ from Example 4.6.7

Next we illustrate that center-unstable fiber bundles as postulated above in
Theorem 4.6.4 need not to be uniquely determined.

Example 4.6.7. For X = 7 x R? consider the two-dimensional autonomous
equation
' =e la,
, 2 (4.6h)
vy=yt+i=

satisfying the assumptions of Theorem 4.6.4(b) with an exponential 2-splitting,
where K;F = K{ =1,a; = e ! and b; = 1. Itis easy to verify that

W, = {(n,f,n) €Z xR x (—00,1):£ = yel/" forn<0and§:0f0rn20}

is a center-unstable fiber bundle of (S) for any parameter v € R in the sense that
W, is a locally invariant graph containing the zero solution and being tangential to
the center-unstable vector bundle.

Our following result shows that compact 2-parameter semigroups induce unsta-
ble fiber bundles of finite-dimension. More precisely, one has

Corollary 4.6.8. Suppose that Hypothesis 4.6.2 holds and let B be the family of all
uniformly bounded subsets of X. Provided o is B-contracting with

q(k) := dar ¢y, lim eq(k,k—n)=0 forallkel,

n—oo

then the pseudo-unstable fiber bundles VW, are finite-dimensional, if b; > 1.
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Proof. Thanks to Hypothesis 4.6.1(i) and (4.6b) the general forward solution ¢
to (S) and the evolution operator of (Lg) are related by Dsp(k; k,0) = &(k, k),
k < k; for the corresponding generators this means D¢ = €f>k, k e T.
Hence, our assumptions and Proposition C.1.2 imply dard, < q(k), k € T
and consequently Corollary 1.2.29(a) guarantees that (L) is B-contracting. Thus,

Proposition 3.4.24(b) implies dim P} < oo. ad

We continue with an asymptotic description of the stable and center-stable fiber
bundles, as well as of their unstable counterparts. This requires

Hypothesis 4.6.9. Let I be a discrete interval, p > 0 as in Theorem 4.6.4 and
suppose that ¢, : 1 — X is a reference solution of (D) such that the correspond-
ing equation (Dy,) can be brought into the form (S) satisfying Hypotheses 4.2.1
and 4.6.1.

Corollary 4.6.10. If Hypothesis 4.6.9 holds and ¢ : I — X is a solution of (D),
then:

(a) For 1 unbounded above:

(a1) If ¢ — ¢ decays exponentially in forward time, then there exists a kg € 1
such that (k, ¢(k)) € ¢ + W forall k > k.

(a2) There exists a p1 € (0, p) such that every forward solution of (D) starting
in ¢ + (Ws N By, ) decays exponentially in forward time.

(b) For 1 unbounded below:

(b1) If ¢ — ¢« decays exponentially in backward time, then there exists a ko € 1
so that (k, p(k)) € ¢ + W, forall k < ky.

(ba) There exists a p1 € (0, p) such that every backward solution of (D) starting
in ¢ + (Wy N By, ) decays exponentially in backward time.

Proof. W.l.o.g. we can assume that ¢, is the trivial solution of (S).
(a) We choose 1 < ¢ < N minimal with a; < 1 < b; and growth rates a, b with

a+b
2

Thus, (Lo) admits an exponential 2-splitting X'(A, B; P) = (0,a) U (b, 00) and as
in the proof of Theorem 4.6.4(a) there exists a forward invariant fiber bundle wt
of (S), consisting of forward solutions to (S) in X, with ¢ < “TH)

(a1) Since the solution ¢ is exponentially decaying, there exists a positive se-
quence d < 1 such that ¢ € DC: 4> K € I; by an appropriate choice of a, b one has
d < c. Consequently, there exists an entry time ko € I such that (k) € B,(0) for
k > ko. Because the stable fiber bundle W; of (S) and W coincide on B,, one has
(k,p(k)) € W, forall k > k.

(a2) Every initial pair (s, £) € W, N B, is contained in a fiber bundle W of the
modified equation (S) and moreover yields a ¢™-bounded solution @(+; &, £) of (9).
Due to ¢ < 1 this solution decays exponentially in forward time. Accordingly, for

a; < a<<b<b;, < 1.
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sufficiently small p; € (0, p) one has (k, p(k;k,§)) € Ws N B, and ¢(+; K, &)
coincides with a solution of (S) starting in (&, &).
(b) For 1 < i < N minimal with a; < 1 < b; this can be shown analogously. O

Corollary 4.6.11. If Hypothesis 4.6.9 holds and ¢ : I — X is a solution of (D),
then:

(a) If Lis unbounded above and there exists a ko € Lwith (k, ¢(k)) € B,(¢+) for
all ko < k, then (k, (k) € ¢ + Wes forall ko < k.

(b) If 1 is unbounded below and there exists a ko € 1 with (k, ¢(k)) € B,(¢x) for
all k < ko, then (k, (k) € ¢ps + Wey forall k < k.

Proof. W.l.0.g. we again suppose that ¢, is the trivial solution of (S).

(a) First, choose 1 < 4 < N minimal with 1 < a; and growth rates a, b such that
a; € a < b < b;. Then the exponential 2-splitting X'(A, B; P) := (0,a) U (b, )
and the proof of Theorem 4.6.4(a) guarantees an invariant fiber bundle W of the
modified system (S ). We know that W consists of ¢ -bounded solutions for some
1 < c. If asolution ¢ : Z} — X of (S) stays in B, for all £ > ko, then it also

sglves (S ) and cT-bounded (cf. Lemma 3.§.26). Hence, the solution is contained in
W for k > kg and therefore on W, = W N B,
(b) One proceeds analogously with a minimal 1 < ¢ < N with b; < 1. O

Proposition 4.6.12 (pseudo-center fiber bundles). Let m € N and 1 = 7Z. Assume
that Hypotheses 4.2.1 and 4.6.1 are satisfied. If (i, j) is a pair satisfying 1 < i <
J < N, then there exists a p € (0, po) such that the intersection

Wi .= wit

2 11—

1MW,
is a locally forward invariant fiber bundle of (S), representable as graph
Wf = {(/ﬁ,n—l—wf(m?n)) eX: (k,n) € Bp}
of a Lipschitzian mapping wz : B, — X with
wl (k,€) = w! (k, P/ (K)€) € Q) (k) forall (k,€) € B,.
Furthermore, it holds:

(a) w!(k,0) = 0onland sz(/ﬁ,f)Hx < pforall (k,§) € B,.

(b) lipyw! < 1 andlim,~ o lip, w! |5, = 0.

(¢) If additionally Hypothesis 4.6.2 and the conditions a;" |, < b1, aj < b
hold, then wf : B, — X is a C™-mapping in the second argument,
Dow! (k,0) = 0 on T and the derivatives Djw] (,-) : B,(0,X,) — Lyn(X,)
are globally bounded for n € {2,...,m} (uniformly in k € Z).

One denotes Wf as pseudo-center fiber bundle of (S).
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Remark 4.6.13 (classical hierarchy). For (S) possessing a linear part admitting an
exponential splitting with b;, < 1 < a;,_; and growth rates a,, < ¢, < b,, we
get the following classical invariant fiber bundles. As long as solutions stay in B,
one can describe them asymptotically as follows:

o Stable fiber bundle W, VVZ*Jrl Because of ¢;, < b;, and the dynamical
characterization all solutions on W converge to 0 exponentially for £ — oo.
Due to ai" < b;, itis of class C™.

o Center-stable fiber bundle W.s = Wii:"’l: All solutions which are not growing
too fast as k — oo (in the sense that they are c;: _y-bounded with ¢;, —1 < b, —1)
are contained in W,,, like e.g., solutions bounded in forward time.

o Center-unstable fiber bundle WW.,, = Wl All solutions which exist and are not
growing too strong as k — —oo (in the sense of ¢;_-boundedness with a;, < ¢;,)
lie on W,,,, like e.g., solutions bounded in backward time.

e Unstable fiber bundle W, = Wi*~': All solutions on the unstable fiber bundle
exist in backward time and converge exponentially to 0 as k — —oo. It is of class
C™, since a;, 1 < b]"_; holds.

o Center fiber bundle VW, := WZ The center fiber bundle consists of those solu-
tions which are contained both in the center-stable and the center-unstable fiber
bundle. Particularly, bounded complete solutions in B, lie on W...

These invariant fiber bundles form the classical hierarchy depicted in Fig.4.4. If
a;, —1 can be chosen close to 1, then the center-stable bundle W, is of class C™.
The same holds for the center-unstable bundle W,,, if b;, is near 1. In this sense, the
classical hierarchy inherits its smoothness from (S).

Remark 4.6.14. For a p-periodic equation (S) the fiber bundles Wf are also
p-periodic. In particular, for autonomous equations (S) one speaks of invariant man-
ifolds and the above classical special cases are denoted as stable, center-stable,
center-unstable, unstable resp. center manifold.

Wy C Weuw C X

@] @]
We C Wes
@]
Ws

Fig. 4.4 Classical hierarchy of invariant fiber bundles (leff) and classical invariant manifolds Wes
(dotted), Wy (dashed) and W, Ws, W, (right)
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Proof. The argument is parallel to the proof of Theorem 4.6.4. The conditions
(I';Z,) and (Fj'") are trivially fulfilled and instead of Theorem 4.2.9 one applies

the global result Theorem 4.2.17 to the modified equation (S). Here, p € (0, po)
has to be chosen so small that in particular (G},) holds for n € {i — 1, j}. We omit
further details. ]

In the remaining section, we discuss an application of locally invariant fiber bun-
dles to stability theory. The simplest situation is given for solutions ¢, admitting a
hyperbolic variational equation. In absence of an unstable vector bundle, the princi-
ple of linearized stability indicated in Remark 3.5.9(2) yields (exponential) stability
of ¢.. Conversely, if there is an unstable vector bundle, Theorem 4.6.4(b) guar-
antees an unstable fiber bundle and consequently the instability of ¢.. Between
these two cases is the situation of a nonhyperbolic variational equation, where a
center-unstable vector bundle exists. Then stability properties are determined by
the behavior on the center-unstable fiber bundle W, and therefore by the lower-

dimensional W;_-reduced equation (4.2s).

Theorem 4.6.15 (reduction principle). Let [ = Z. Suppose that Hypotheses 4.2.1
and 4.6.1 are satisfied for some 1 < 1, < N with a;, < 1. The zero solution of
(S) is stable (uniformly stable, asymptotically stable, uniformly asymptotically sta-
ble, exponentially stable, pullback stable, uniformly pullback stable, asymptotically
pullback stable, uniformly asymptotically pullback stable, or unstable), if and only
if the zero solution of the W, -reduced equation (4.2s) has the respective stability
property.

Remark 4.6.16. For difference equations (D) generating a compact general for-
ward solution and 1 < b;,, we know from Corollary 4.6.8 that the Wl-:-reduced
equation (4.2s) is finite-dimensional.

Proof. Our assumptions guarantee that one can choose a growth rate ¢ € fi: with
¢ < 1. In addition, there exists a pseudo-unstable fiber bundle W, associated to
the trivial solution of (S); it is graph of a function w;_ defined on a neighborhood
B, in PIZ By construction (cf. the proof of Theorem 4.6.4(b)), W, is the restric-
tion of global fiber bundle VN\/[ for the modified equation (S) as in the proof of
Theorem 4.6.4, which is graph of a mapping w;_ and w; = 0 |s,. Thanks to
Theorem 4.3.7(a) the invariant fiber bundle W;_ has an asymptotic forward phase
satisfying (4.3r), where our assumptions yield that C“,j (&, c) simplifies to

CHE0) =K @@ (e, Ki(e) =1i(e) (147 ()

which, due to HQll (n)” < Kit, does not depend on k € Z.

(=) By virtue of Corollary 4.2.13, the reduced equation (4.2s) describes the
dynamics of (S) on the locally invariant pseudo-unstable fiber bundle W; . This
local invariance yields that stability properties of the zero solution for (S) carry over
to (4.2s).
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(<) Conversely, if the zero solution of the reduced equation (4.2s) is un-
stable, then by invariance of W, , also the zero solution of (S) is unstable
(cf. Corollary 4.2.13).

Now, let e > 0, k € Z be given. We suppose the zero solution of (4.2s) is stable,
i.e., by Definition 2.4.11 there exists a § € (0, p) so that

ldo(k)|| <& forall k € ZF (4.6i)

and any solution ¢ : ZT — X of (4.2s) with ¢o(k) € Bs(0,Pi*(k)). In the
following, let ¢ : Z;7 — X be an arbitrary solution of (S) with

. e 4
ool <min { 25, 2.

where C] := 1(5{(); (1 + 15252)) and Cy := (()) Due to the asymptotic

forward phase from Theorem 4.3.7(a), we establish h there exists a corresponding
solution ¢y : Z;F — X of the global equation

Bii1#' = Apx + By Pl (k + l)Bk__&lf,f(x +w;_(k,z), 2" +; (k+1,2"))
(cf. (4.29)) in the pseudo-unstable vector bundle Pf* with

(4.3r)

|Bt0k: 5. 0(0)) = 3 (ks . Bol) + 07 (1, Go k)| < Cu )] el )

for all k € ZF

K

Theorem 4.3.7(a),

where ¢ is the general solution of (S). We have from

o) = @2 oy (s, 00| <" o Nt} < 6

and thus (4.61) gives us Hqﬁo H T())
ec(k, k) < 1for k € Z}) with the triangle inequality and Theorem 4.2.9(bz),

for all k£ € Z;. But this yields (note

B (k; 5, d(#))
< ||@(k; 5, ¢(k)) — @ (ks 5, 7F (1, (k) || + (@ (ks 5, 7t (5, 0(k))) |

< Co 6] eclhs 1) + || Go k) + 7 (, Go k)|

< Gl + (1+7(0)) | dok)

forall k € Z;

and 0 is a stable solution of (5’). However, since the systems (S) and (5’) coincide on
the ball B,,, and due to p(k; s, ¢(k)) € B,(0) forallk € Z},itis ¢ = ¢(+; &, p(k)).
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Thus, the zero solution is also stable w.r.t. (S). Keeping in mind that W;_ is uni-
formly exponentially attracting (cf. (4.3r)) with constants independent of k € Z, a
similar reasoning gives us the assertion on the remaining stability properties. O

Taylor Approximation of Invariant Fiber Bundles

The striking advantage of Theorem 4.6.15 is that stability investigations can be
performed using the lower-dimensional W, -reduced equation (4.2s), which for
compact semigroups is even finite-dimensional (cf. Corollary 4.6.8). Yet, since its
linear part is critical, stability depends on the nonlinearity, which in turn involves the
center-unstable fiber bundle W; . In fact, it suffices to know the Taylor coefficients
of the corresponding mapping w;_ up to a certain order.

For the remaining, we tackle this problem and describe a procedure to compute
Taylor approximations of locally invariant C"™-fiber bundles and in particular of
center-unstable bundles. Here, a convenient and compact notation is advisable and
as in Sect. 4.6 we restrict to the case where (S) is semi-implicit

Bk+1II = Apzr + fk(x) (S/)

Since Taylor approximations only make sense for smooth functions, we suppose that
beyond Hypotheses 4.2.1, 4.6.1 also Hypothesis 4.6.2 is satisfied for (S’). In partic-
ular, its linear part admits an exponential splitting and thus the strong regularity
condition (3.3)) holds. Hence, (S’) is equivalent to the explicit problem

2’ = Crx + fr(x) (S7)

with Cy, := B, Ay € L(Xp, Xpy1) and fi, := Byl fu: Xip — Xpp1 k€1

In the subsequent considerations we choose a fixed 1 < i, < N and use the brief
notation introduced in (4.2p). The existence of the locally forward invariant fiber
bundles Wy for (S') or (S f’ ) is guaranteed by Theorem 4.6.4. It furthermore yields

that the mappings w® : & — X are defined on an open convex neighborhood ¢/
of 0, are continuously differentiable in the second argument and satisfy

wr(k,0)=0 onl,
1imo Dow®(k,z) =0 uniformlyin k € I, (4.6))
wE (k,x) = w*(k, Py (k)x) € P+(k) forall (k,z) € U.

In our present semi-implicit setting the invariance equations (4.2k) and (4.2m) for
w* postulated in Theorem 4.6.4 simplify to

Crw* (k, &) + P (k) fr (€ +w™ (£, k)
= w* (k+ 1, Ch + PL(R) fi(€ +wF (£, F)))
for all (k, &) € P+ NU so that C& + Py (k) fr(€ + w* (k, €)) € U(k).

(4.6k)
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As demonstrated in Example 4.6.7, locally invariant fiber bundles are not unique
in general. However, they can be obtained as restrictions of uniquely determined
global fiber bundles of appropriately modified difference equations, and calculated
using Taylor expansions. We will show this under the mild assumption

sup || By Akll o, .y < 00 (4.61)

Proposition 4.6.17. Suppose that Hypotheses 4.2.1,4.6.1 and 4.6.2 with (4.61) hold.
If Wy denotes a locally forward invariant C™-fiber bundle of (S'), where the cor-
responding mapping w* : U — X possesses uniformly bounded derivatives Dgwi
and (4.6¢) (when W, is considered) resp. (4.6f) (when W_ is considered) holds,
then there exists a p > 0 and mappings g° : X — X, wpi : X — X such that:

(a) A global forward invariant C™ -fiber bundle is given by the graph
WE = {(Ii,§+w;t(ﬂ,f)) EX: €€ imPi(/-@)} .

(b) §°(k,x) = fi(x) forall (k,z) € B,,.
(c) wE(k,z) = w*(k,z) for (k,x) € B, and WY N B, = W1 N B,,.

Proof. See [383, Proposition 3.3]. O

Our next theorem states that all locally forward invariant C""*-fiber bundles W,
of (S’) have the same Taylor series up to order m. Moreover, it enables us to calculate
them using solutions of the invariance equation (4.6k).

Theorem 4.6.18 (Taylor expansion). Suppose that Hypotheses 4.2.1, 4.6.1, 4.6.2
and (4.61) hold. Assume that Wy denotes a locally forward invariant C™-fiber bun-
dle of (S), where the corresponding mapping w* : U — X possesses uniformly
bounded derivatives Dgwi and one has (4.6c) (when W, is considered) resp. (4.6f)
(when W_ is considered). If a mapping w : X — X is m-times continuously differ-
entiable in the second variable and satisfies:

(i) w(k,0) = 0o0nl limy_0 Dow(k,x) = 0 uniformly in k € I, DYw are uni-
formly bounded and w(k, ) = w(k, Py(k)x) € Px(k) for (k,z) € X.

(ii) With r > 0 so small that x + w(k,x) € B,,(k) holds for all (k,x) € B,, the
mapping vgw : B, (0) — X411,

(vkw) () == Crw(k, @) + Pk (k) fi(a + w(k, 7))
—w(k+1,CpPe(k)x + Py (k) fr(x + w(k,x)))
satisfies
D" (vpw)(0) =0 foralln e {1,...,m}, kel (4.6m)
then we have Dyw(k,0) = D3w*(k,0) forallk € L, n € {1,...,m}.
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Remark 4.6.19. The assumption (i) of Theorem 4.6.18 holds for polynomials
w(k, x) = Z wn(k)Pi(k)xn
n=2

with bounded coefficient sequences w,, : I — L, (X,) satisfying the inclusion
wn (k) € Ly (Xk;im Py (k)) foralln € {2,...,m}, k € L.
Proof. Define a C™-diffeomorphism ¥, : X, — X, k € I, by Ui (z) := = —
w(k, x) and the change of variables = — ¥y (x) transforms (S') into (S%) with
Fr(z) := Crw(k, ) + fr(z + w(k, z))
—w(k+1,CpPe(k)x + Py(k + 1) fr(z + w(k,z))).
From our assumption (i) we have F},(0) = 0 on [, and a consequence of (4.6b) with

(4.61) is lim,_,g DFy(x) = 0 uniformly in k& € 1. Moreover, it follows from (3.5a)
that P2 (k) Fi.(z) py (k) = (vkw)(x) and (4.6m) yields

P_(k)D"F;(0)=0 onlandforalln e {1,...,m}.

Also the graph {(k,& + (wF —w)(k,€)) € X : € €im Pi(k)} is a locally in-
variant fiber bundle for (S%). An application of Proposition 4.6.17 to (S%) then

guarantees the existence of a p > 0 and a mapping wzc : X — X with
wE(k,xz) = (w* — o)(k,z) on the ball B,. The construction of the mapping

wpi in Theorems 4.2.9 and 4.4.6 in connection with the above identity implies
w* — o)(k,0) = w3 (k,0) = 0on I forn € {2,...,m}. This proves

Dy (w* k,0 DywE(k,0 0on I f 2 This p

the assertion. O

We are interested in local approximations of a mapping w* : i — X defining
a forward invariant C™-fiber bundle for (S’). For this purpose, Taylor’s Theorem
(cf. [295, p. 350]) together with (4.6j) implies the representation

m

wh (k) =) %wg(k)x" + RE(k, x) (4.6n)

n=2

with coefficient functions w:* (k) € L, (Xy) given by w (k) := D5w* (k,0) and

+
a remainder R satisfying lim,_o R"I’;(‘f,f) = (. Theorem 4.6.18 guarantees that

w (k) is uniquely determined by the mapping from Theorem 4.6.4. In addition, the

latter result yields that the sequences w;E are bounded, i.e., one has ||wi (k)| < v,
forallk € I, n € {2,...,m} with reals ¥2, ..., > 0. The following notation is
helpful:

e Weintroduce W* : U — X, W*(k, ) := Py(k)x + w*(k,z), satisfying

DoWE(k, 0) Y Py (), DIW*(k,0) = Diw*(k,0) (4.60)
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forall k € Tand n € {2,...,m}. Hence, for the corresponding derivatives
WE(k) := DRW=(k,0) we have the estimates

N (3.4g) L (4.6d)

Wi (k)| < Kx, [[W5 (k)| < yn forallne{2,...,m}. (4.6p)
We abbreviate I'*(k,z) := Pl (k) {Ckx + fu(Pe(k)z + wi(lax))} and the
chain rule from Theorem C.1.3 yields that the corresponding partial derivatives
I'*(k) := DyI'*(k,0) are given by (cf. (4.6b) and (4.6]))

It (k)z 20 CPe (k)

TE(k)ay -,

= Z PL(k )D fk(> #Nl(k)Pi(k)le W#Nl(k) = (k)TN
=2 (Ny,..,N;)EPS (n)

for all z1,...,2z, € X; and n € {2,...,m}. Moreover, the uniform bound-

edness assumption for D' fk (cf. Hypothesis 4.6.2) and the estimates (??),
(3.4g), (4.6p) imply that I (k) € L, (Xx; Xk+1) are bounded sequences for

ne{2,...,m}
Note that both the mappings W= and I't satisfy (cf. (4.6)))
WE(k,z) = WH(k, Pr(k)z), I'*(k,z) =%k, Pe(k)x) forall (k,z) € B,,

where 7 > 0 is chosen so small that W*(k,z) € B,(0), I'*(k,z) € U(k) for
every (k,x) € B,. From the invariance equation (4.6k) and (4.6),
Crow™ (k,x) + P4 (k) fu(Pe (k)e + w* (k, 2))
— w(k+ 1, ChPe(k)z + PL(k) fu(P(k)z + w*(k,2)))
and using the notation introduced above, this reads as
Crw* (k,x) + PL(k) fu(W*(k,2)) = wE(k + 1, 7% (k,2)) onB,.
If we differentiate this identity using Theorem C.1.3 and set x = 0, one gets

wy (k+ 1)CkPi(k)55l e

+ Z Z wl k; + 1 #N (k’) L (k )LL’Nl . F;Nl(k)Pi(k)l'Nl
=2 (Ny,..,N;)EPS (n)

(C.1b) n i
Ck’w (k) py (@1 T + Pr(k + 1) [D" f1(0) p, (iy@1 -+ -

+Z > DAOWEy, () pewen - Wi, (k) pean]

=2 (N1,...,N;)eP~(n)
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foreveryn € {2,...,m} and 21, ...,2, € Xj. Therefore, we see that the Taylor
coefficient w : T — L, (X,) is a solution of the linear difference equation

Xpatn) = OnXpe ) + Hy (B)py vy, (4.69)

denoted as homological equation for Wy with HF : T — L,,(X,;) defined by

H;‘L(k')ah sy =P (k+ 1) [ank(o)pi(k)ﬂcl .

+ Z Z (D' fe(OWiy, (k) pe iy, - Wik, (B) py 1) v,
=2 (N1> >NZ)EP<(TL)
—wt(k+ )Ey, (k) pyyan, - Tiy, (k)pi(k)le)} . (4.61)

Obviously, one has H (k) = Pj’F(k)Dka(O)pi(k) and for n € {3,...,m} the
values H (k) only depend on w3 , ..., w . This leads to the following

Theorem 4.6.20. Suppose that Hypotheses 4.2.1, 4.6.1 and 4.6.2 with (4.61) are
satisfied. If w* : U — X is a mapping as in Theorem 4.6.4, then one has:

(a) Forlunbounded above, the coefficients w;} : T — L, (X,) in the Taylor expan-
sion (4.6n) of the mapping w* : U — X can be determined recursively from the
Lyapunov—Perron sums

Zgb (k,j + VBN H (agwp, ) forall2<n <m.

(b) For I unbounded below, the coefficients w,, : 1 — L, (X,) in the Taylor expan-
sion (4.6n) of the mapping w~— : U — X can be determined recursively from the
Lyapunov—Perron sums

k-1
w,, (k) = Z bk, 5+ l)BJHH (j )‘1’;, Grp (k) Jorall2 <n <m.

j=—oco

Remark 4.6.21. If (S’) is autonomous, the above Lyapunov—Perron sums are con-
stant and the stationary solutions of the homological equation (4.6q).

Proof. In the explanations preceding Theorem 4.6.20 we have seen that the se-
quence w : T — L, (X,) is abounded solution of the homological equation (4.6q).
It follows recursively from Hypothesis 4.6.2, (4.6p), (3.4g) and (4.6r) that each
inhomogeneity H:* is bounded, i.e., 1-bounded. Consequently, due to the gap con-
ditions (4.6¢) and (4.6f), it yields from Lemma 3.5.12 that wf has the claimed
appearance. O



274 4 Invariant Fiber Bundles

4.7 Inertial Fiber Bundles

In the first instance, the goal of this section is to provide a discrete counterpart for
the concept of an inertial manifold, which is applicable to equations

B2’ = Agz + fr(z,2)) S

as studied above. Regarding this, our approach so far lacks certain features. Thus,
let us reconsider the theory developed in this chapter from an applied point of view.
In this context, two aspects need to be addressed:

e At least in the autonomous or periodic situation, classical spectral or Flo-
quet theory provides sufficient criteria that the linear part of (S) meets the
exponential splitting assumption Hypothesis 4.2.1. The global Lipschitz condi-
tion Hypothesis 4.2.3 on the nonlinearity fj, however, will hardly be satisfied in
relevant applications. More often the nonlinear term fj, is only Lipschitzian on
bounded sets.

o The existence of inertial manifolds relies on a certain kind of dissipativity. Hence,
we need appropriate counterparts of notions like absorbing sets or attractors in
our nonautonomous framework. Here, the concept of pullback convergence as
discussed throughout Chap. 1, will serve as the right tool.

To incorporate these two points into our theory, we weaken Hypothesis 4.2.3
or 4.3.1 by imposing the following

Hypothesis 4.7.1. Let Li,Ls : [0,00) — [0,00) denote nondecreasing upper-
semicontinuous functions, suppose the general forward solution ¢ of (S) exists as a
continuous mapping, fr : Xg X Xg41 — Yeq1 fulfills fr.(Xgk, Xk+1) C im B41
forall k € Z and that the following local Lipschitz estimates are satisfied: For each
r > 0 one has

Li(r) = zug lip; Bk_+11fk|Br(0,Xk)xBr(0,Xk+1) <oo forj=1,2. (4.7a)
€

Next we suppose (S) is uniformly bounded dissipative as follows:
Hypothesis 4.7.2. Let p > 0 and B be the family of uniformly bounded subsets
of X. Suppose that (S) has a B-uniformly absorbing set A C X, i.e., for every
B € B there exists an M = M (B) € Zg with
o(k;k —n,B(k—n)) C A(k) forallk € Z, n> M.

In order to obtain Lipschitzian extensions we define the constants

ry :=supliprx,
kEZ

and remark that Lemma C.2.1 guarantees 7% € [1,2].
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Theorem 4.7.3 (inertial fiber bundles). Let [ = Z. Assume that Hypotheses 4.2.1,
4.7.1 and4.7.2 are satisfied for some 1 < ¢ < N and that the boundedness condition

SUPLez HB/Z—i}lAka(k)||L(Xk,Xk+1) < 00 holds. Beyond that suppose

rxLa(p) <1, (4.7b)
1K (Ly(p) + bi(k)La(p)) < bi(k) forallk € Z, (4.7¢)

and the following strengthened spectral gap condition

(I s (K K (L) + [04] La(p)
Y 14y (KK +max (K K} La(p)

< G. (4.7d)

If (I';") holds, then there exists a nonautonomous set W; C X, which is forward
invariant w.r.t. (S), and possesses the following properties:

(a) W; is graph of a mapping w; : O — X over a nonempty open set O C Pj,
ie, Wy = {(k,n+w;i(k,n)) : (k,n) € O}, wi(k,-) : O(k) — Qi (k) is well-
defined, globally Lipschitzian with lip,w; < 1 and the invariance equation
(4.2m) holds for all (k,n) € O such that m € O'(k).

(b) The nonautonomous set V; is asymptotically complete, i.e., for every initial
value pair (k,§) € X there exists a point (ko,n) € W; with k < ko such that

lp(k; 1,8) — (ks ko), < Ci(r,8)ec(k, k) forall k € Z,

where the constant C;(k, &) > 0 depends boundedly on k, & and c € T;.
Under the assumption dim Pi < oo we call VW inertial fiber bundle of (S).

Remark 4.7.4. (1) Note that the condition (4.7b) becomes void for semi-implicit
equations (S’) and (4.7¢), (4.7d) degenerate in this case to

K Li(p) < bi(k), iy (KK +max {K;, K;"}) Li(p) < i,

respectively. If X' consists of Hilbert spaces, one has 3 = 1 (cf. Lemma C.2.1).

(2) A typical situation, where the pseudo-unstable vector bundle P% is finite-
dimensional, arises when the linear part (Lo) is B-contracting, b; > 1 and the family
Bis as in Hypothesis 4.7.2. This is a consequence of Proposition 3.4.24(b).

(3) The inertial fiber bundle W, can be seen as a nonautonomous discrete coun-
terpart of an inertial manifold (cf. [432, p. 569ff]). If dim P} (k) < oo forone x € Z,
then Lemma 3.3.6(b) guarantees that all fibers W;(k), k € Z, possess the same fi-
nite dimension, they are Lipschitzian, W; is forward invariant w.r.t. (S) and in case
a; +¢ < 1 also exponentially attractive. In conclusion, the forward dynamics of (S)
is equivalent to the finite-dimensional W;-reduced equation (4.2s), which is called
inertial form in this context.
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The usual procedure to prove Theorem 4.7.3 is to replace (S) by an appropriately
modified difference equation and to apply our previous global results from both
Sects. 4.2 and 4.3 to the modified equation. It then remains to show that this modifi-
cation does not affect the long term dynamics.

Proof. Let BB be the family of uniformly bounded subsets of X and p > 0 be the ra-
dius of the ball B,, containing the absorbing set required in Hypothesis 4.7.2. Above
all, we use Proposition C.2.5 in order to obtain a globally Lipschitzian extension
Bk__il fL of Bk__&l fx» where both functions coincide on B, x B,,. By Hypothesis 4.7.1
this yields

suplipy By}, ff < rLa(p), suplip, By}, ff < riLa(p).
kez kez
Having this at hand, we can focus on the modified equation
Bz’ = Agz + f£(z,2"), (S)

which fulfills Hypothesis 4.2.1 and the Lipschitz conditions required in Hypothe-
sis 4.2.3. In addition, by Proposition 4.1.3 the general forward solution ¢ to (S)
exists as a continuous mapping, since (4.7b) holds. This ensures Hypothesis 4.3.1
as well.

Our next goal is to apply Theorem 4.2.9(b) to (S). Indeed, by the gap condition
(4.7d), Theorem 4.2.9(b) and Theorem 4.3.7(a) apply and there exists an invariant
fiber bundle Wf of the modified equation (S), which is graph of a mapping w; over
P§ with an asymptotic forward phase ;. In particular, (4.7d) yields lip, @; < 1.

We now demonstrate how to derive from V~Vl— a forward invariant nonautonomous
set W; for the initial equation (S). Since A is l%-uniformly absorbing, there exists
an M = M(B,) € N such that

o(k;k —n,B,(k—n)) C A(k) forallk € Z,n>M (4.7e)
and we define the nonautonomous set B, C X by its fibers

B.(k) == | @(k;k —n,B,(k—n)) forallk € Z.
n>M

Then (4.7¢) implies B, C A, cl B, C B, and the inclusion

o, B.() = (il | (il —n,B,(1—n)))

n>M
(2.3a)
C | ekl —n,B,(1—n))
n>M
= |J  elksk—nB,(k—n)) CB.(k) foralll <k,
n>M+k—I

(4.7f)
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which yields p(k; 1, -)|s, 1) = @(k;1,-)|g, ) forall I < k, and B, is also attracting
for the initial equation (S). Now define W) := VNVi_ N B, and we obtain

p(k; 5, Wi () = (k; 5, Wi (1)) C @k 5, Wy (1)) N @K 8, Bu(w))
C W, (k)N B.(k) = W;(k) forallk e Z},

so that W} is forward invariant w.r.t. the initial equation (S), as well as (S’ ).

Choose € > 0 so small that the open e-neighborhood B. (B.) of B, is contained
in B, and set W; := W;” N B.(B.). Then W is an open neighborhood of W in
W{ and due to the uniform continuity of ¢(k; k, -) in k — k < M (see the Lipschitz
estimate (4.2t) in Corollary 4.2.13, which can be applied due to (4.7c)), we obtain a
& > 0 such that the open d-neighborhood W¢ of Wi in W~ satisfies

@(k; 5, W (K)) CWE(K) forallk — r < M.

Thus, using the above inclusion (4.7¢) we obtain ¢(k; k, W?(x)) € W:(k) and
o(k; 5, W0 (k) = p(k; 5, WP (k)) for all k € Z;}. Let us show that W;, defined by

Wik) == | ) @(k;k —n, W (k —n)) forallk € Z
n>0

is the desired forward invariant nonautonomous set for (S). By definition, we readily
see the inclusion p(k;k, W;(k)) C W;(k) for all k € Z, ie., W; is forward
invariant w.r.t. (S).

(a) Thanks to Corollary 4.2.13 and Corollary 4.2.14, which apply due to (4.7¢),
we are able to deduce that the restriction ¢(k; K, )]y ) W (k) — Wi (k)
is a homeomorphism (indeed a Lipeomorphism), so that it sends open subsets of
W, (k) into open sets of W;™ (k). Thus, o (k; &, W0 (r)) = @(k; 5, WP (k)) is open
in WP (k) for k € Z;, and therefore W; (k) and W; are open in W, (k) and W,~,
respectively. Due to the fact that T + @; (k,-) : Pi(k) — W; (k) is a homeomor-
phism (see Theorem B.3.1 and note lip, w; < 1), also the set O C X, fiber-wise
given by

—1

O(k) := [T +w; (k,-)] ~ (Wi(k)) forallk € Z

is open in P}. Now, if we define w; := 0] |o, then w;(x, -) : O(k) — Q} (k) satis-
fies lipy w; < 1 and also the further claims instantly follows from the corresponding
properties for w; guaranteed by Theorem 4.2.9(b).

(b) Let (k,€) € X and ¢ € T;. Choose B € B such that (k,¢) € B and we see
that there exists a Ny = Nq(B) € Z§ with p(k; k —n, B(k —n)) C B.(k) for all
k € Z, n > Nj. In particular, this yields & := ¢(k + N1;5,&) € Bi(k + Nyp),
thanks to (4.7f) one has ¢(k; k + N1,&) = @(k; k + N1,&),

ok i, &) 0 ok ki + N1, &) = @k s+ N1, &) forallk >k + Ni. (4.7¢)
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Due to the asymptotic forward phase of VNVi_ (cf. Theorem 4.3.7(a)) there exists a
point 779 € W, (k + N1) such that

||(,5(/€7 K+ Nl,fo) - @(k;ﬁ + N1,770)||Xk < Cec(k,fi) (4.7h)

for all k > k + Ni, where the real constant C' > 0 depends boundedly on &, &, as
well as ¢. Now we choose another set C € B such that (k + Ni,m0) € C. Again,
there exists No = No(B) € Z§ with o(k; k —n,C(k —n)) C B.(k) forall k € Z,
n > Na, and in particular 7 := @(k + N1 + Na,10) € Bi(k+ N1+ N2). Then, the
forward invariance of B, from (4.7f) implies o(k; x + N1,m0) = @(k; k + N1,1m0)
and therefore

2.3a ~ .
o(k; 5+ Ny + Noymo) Y o(k; 5 + N1ymo) = @(k; & + N1,mo) (4.71)

forall k > k + Ny + Na. Setting kg := k + Ny + Na, inserting (4.7g) and (4.71)
into the estimate (4.7h) gives us the claim (b). This finishes the proof. a

Another important feature of inertial fiber bundles is that they contain the at-
tractor of a dissipative equation. As we know from Chap. 1, under compactness
assumptions on ¢, the existence of an attractor is implied by a more easily deter-
minable absorbing set. As we will see next, this feature fits well into our theory.

Corollary 4.7.5 (attractors). Assume a; + ¢ < 1. If the sequence (I'; (1)) ez
Sfrom (I'7") is backward tempered, then every w.r.t. (S) invariant nonautonomous
set B € B with B(k) C Upnsar ki k — n, By(k — n)) for all k € Z satisfies
B C W;. In particular, the fiber bundle W; contains the global attractor A* of (S),
i.e., .A* Q Wl

Proof. Let k € Z be arbitrary. Then B C B, and the invariance of 1 leads to

(p(k; k= n, Bk = n)), W, (k)
(ki k=, Blk =), Wy (k) ——— 0

n—oo

h
h

due to Corollary 4.3.11. Consequently, B(k) C cl W, (k), but B C B, and the in-
clusion W; D W, NB;s(B,) implies the desired relation B(k) C W; (k). Obviously,
this holds for the special case B = A*. O

Corollary 4.7.6 (smoothness of inertial fiber bundles). Suppose that Hypothe-
sis 4.6.2 holds. Under the strengthened spectral gap condition (4.7d) replaced by
a; < b,

(K K +max {K;", K }) (L1(p) + [b;] L2(p))
1+ 3 (K} K; +max {K;", K. }) La(p)

<g; (m) 4.7))

the mapping w;(k, ) : O(k) — Q4 (k) is of class C™ with globally bounded deriva-
tives (uniformly in k € Z).
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Proof. Let s > 1 and p > 0 as in the proof of Theorem 4.7.3. Instead of
Proposition C.2.5 we use it differentiable version Proposition C.2.17 in order to
obtain a C"*-smooth modification B,:_&l If of B _&1 fr- It satisfies the global Lip-
schitz conditions

sup lipy By ff < (1+2s)La(sp), sup lipy By f < (1 + 2s5)La(sp)
€ €

and the modified equation (S) fulfills Hypotheses 4.2.1, 4.2.3, and the global
smoothness assumption Hypothesis 4.4.2. Thanks to (4.7j) there exists a s > 1
close to 1 such that

KK +max {K;", K; }) (Li(sp) + [bi] La(sp))
1+ (1+2s) (K;"K; +max {K;", K] }) La(sp)

(1+2s) ( < (m)

holds and we can apply Theorem 4.4.6(b). It yields a mapping w; : O — X as in
the proof of Theorem 4.7.3, but now @; («, -) is m-times continuously differentiable
with globally bounded derivatives (uniformly in k € Z). As above, we see that the
restriction w; := W; |o is the desired C"™-mapping. a

4.8 Approximation of Invariant Fiber Bundles

The reduction principle from Theorem 4.6.15 is local in nature and a Taylor approx-
imation of the center-unstable bundle is sufficient in order to apply it. The inertial
fiber bundles constructed in the previous Sect. 4.7, however, are global objects hav-
ing a dynamical meaning on the whole absorbing set of a semilinear equation

Bii12' = Agz + fr(z,2'). (S)

Therefore, and for various other reasons mentioned in the introduction to this chap-
ter, it is important to provide more global approximation techniques for invariant
fiber bundles, which also work for merely Lipschitzian nonlinearities f%. In order to
meet the requirements of our nonautonomous framework, we provide an approach
based on the Lyapunov—Perron method.

For given x € [ and K € Z§ U {oo} define discrete intervals

K

H+(K)::{[I£,I£+K]Z for K < oo, H;(K)::{[H_K’H]Z for K < oo,

[k, 00)y, for K = oo, (—o0,k],  for K =00

and impose our standing assumptions for this section:

Hypothesis 4.8.1. Suppose that the linear part (Lo) satisfies Hypothesis 4.2.1, for
the nonlinearity f, : X X Xg41 — Yiy1 we require Hypothesis 4.7.1 and we
assume the growth condition (I ii) holds for one 1 <1i < N.
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For a convenient notation, we keep 1 < ¢ < N fixed as required in
Hypothesis 4.8.1 and use the abbreviations established in (4.2p). Having this at
hand, we can establish our necessary functional analytical framework. Given a se-
quence ¢ : I — (0,00), K € ITand K € (0,00], such that Kk — K € I or
Kk + K € [, respectively, it is not difficult to see that the following spaces of ex-
ponentially bounded sequences

X ) = {010 =] s enb) oy, <oof @80

kel (k)

in X become Banach spaces w.r.t. the respective norms

IS, == sup ec(r, k) max {| P_(k)p (k)| y, . || Pr(k)o(k)] x, } -
kelE (K)

Indeed, for K = oo we can briefly write X, = f)Ci .(00) in correspondence
with Definition 3.3.19. Clearly, the condition supkeﬂi(K) €C(I€ k) llo(k)llx, < oo
is always fulfilled for finite K < oo.

Our idea is to find fixed points of the Lyapunov—Perron operators (4.2q) and
(4.2b) in the product space f)Cfc(K) = Xke]l% (K) X, after we passed over to finite
sums. This yields a problem in X, €I (50) X, instead of in the sequence space T)Cic
As we will see in Proposition 4.8.3, a spectral gap condition still guarantees that the
Lyapunov—Perron operators are contractions when passing over to finite sums.

Of central importance for our approximation purposes are the following trun-
cated Lyapunov—Perron operators T= . : X (K) x X, — X (K), which, for a
given pair (k,£) € X, read as 7

k+K-—1

T,7c(6,€) = (-, k) Py (K)E + Z Gi( 1+ 1)B filg(l)),

T (6.6 =Pp (5 Z Gi(-,1+ 1)BL fi(g(1)),

l=k—K

respectively. Note that the case K = oo is explicitly allowed here and T,;f oo 18 the
operator T,j defined in (4.2q), whereas T,; o has been denoted as T in (4.2b). The
corresponding respective fixed point problems

k+K—1

¢ =P(-, k)P (K)E + Z Gi(-,1+ 1)B fuls(l)), (LP;)
r—1

¢ =Dp (KP-(R)E— > Gil- 1+ 1)BSY fils(1)) (LPy)

l=k—K
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in X (K) resp. X, .(K), are denoted as truncated Lyapunov—Perron equations.
Their relation to the dynamical behavior of (S) is described in the following coun-
terpart to Lemma 4.2.7:

Lemma 4.8.2. Let (k,£) € X and suppose Hypothesis 4.8.1. If ¢ € f)Cic, a; K
c K by, is a sequence satisfying

Ly (suppers 9(K) 1, ) <00, La(supert 6001y, ) < oo,

then the following assertions are equivalent:
(a) & solves the difference equation (S) with Py (k)¢(k) = &.
(b) ¢ is a fixed point of the Lyapunov—Perron equation (LPO% ).

Proof. Referring to (4.7a), we assumed that B,:_&l fi fulfills a Lipschitz condi-
tion in a ball containing ¢. Hence, the proof is essentially identical to the one of
Lemma 4.2.7, since the sequence g defined there satisfies g € T)Cf’c’ B O

Under stronger global conditions, we can establish the existence of unique solu-
tions for the Lyapunov—Perron equations:

Proposition 4.8.3. Let (k,&) € X, K € N and assume Hypothesis 4.8.1 holds with

lj:=supLj(r) <oco forj=1,2. (4.8b)
r>0

If the spectral gap condition

[b: —ai] | max{K_ Ky} (h+[bi]l) __
2 T It max{K_, K4}l ©

Ie (o, (4.8¢)

is fulfilled and we have chosen a real ¢ € (max{K_, K.} (1 + [b; — < 12),9),
then for all ¢ € I'; one has:
(a) The truncated Lyapunov—Perron equations (LPI%) have a uniquely determined
solution qbi k(&) € X .(K), which moreover satisfy

‘ o K4
ke ¢—max{K_,K;}L(b;—¢)
max {K_, K.} (i)
¢—max{K_ K} L(b;—c¢)’

) 1P (r)E]| x,

(b) For every initial sequence 1/)3[ € DC?;C(K) and n > 1 the recursively defined
sequence V= T:K( RIS DC:K(K) satisfies

|

where q := MK{—’KQL(I% —5)€(0,1),

0] WL e R e 0] e

and the sequences gbe(f) do not depend on ¢, where L(c) := 1 + [c] la.
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Proof. Let (k,§) € X and K € N.

(a) We only sketch the proof, since it resembles the one of Lemmata 4.2.6
and 4.2.8. For this, the spectral gap condition (G;) holds due to (4.8c). Consider
the truncated Lyapunov—Perron operator Ty« XE(K) x X, — XE(K). It
can be verified as (4.2h) that T K is well- deﬁned and satisfies the two L1psch1tz
estimates

lip, T, < ¢,
Pl < lile) <g<l, 11p2T < K. (4.8¢)

By the first inequality in (4.8¢) we get that T,f x (+,€) is a contraction on X (K),
uniformly in £ € X, and Banach’s theorem (see, e.g., [295, p.361, Lemma 1.1])
implies that there exists a unique fixed point qﬁ, x(&) € DC,%C(K ). Moreover, the
second inequality in (4.8e) yields the bound on ¢ . (€).

(b) The stated inequality (4.8d) is just the standard a priori error estimate
(cf.,, e.g., [465, p. 17, Theorem 1.A]) for the successive iterates in Banach’s fixed
point theorem applied to the contraction T2 (-, ) : X;f (K) — X (K). O

The relations (cf. (4.2r))

wt(k,§) = P_(k)¢} (r,€), w™(k,&) = Py(k)oy (r,€) forall (k&) € X
(4.8)

are central in our approach to compute the invariant fiber bundles W, C X.
Actually, in order to compute the functions w* defining Wy, we solve the
Lyapunov—Perron equations (LP;) for K < oco. The corresponding error estimate
for the distance between the fixed points ¢f, x(€) and ¢ (€) is deduced in

Proposition 4.8.4. Let (k,&) € X, K € N, suppose Hypothesis 4.8.1 holds with
(4.8¢) and choose s as in Proposition 4.8.3. Then the mapping w* : X — X defining
the fiber bundle W4 satisfies

|0t (5,6) = Pe(rot ()| | < ClrOepuss(mon—K), @8)

where the constant C(r, €) is linearly bounded in || P+ (k)€|| and T ().

Remark 4.8.5 (spectral ratio condition). Since the Lipschitz constant £;(c) from
(4.8e) is supposed to be small, one can choose ¢ close to 0 and the decay rate M
in (4.8g) basically depends on the ratio $*. Thus, we get a good appr0x1mat10n for
small values of K > 0 in (4.8g), if 7+ 1s near 0. In the autonomous situation, this
means that consecutive spectral p01nts ‘have moduli with small quotients.

Proof. To avoid redundancy, we only prove the assertion in the pseudo-unstable
situation of w™ and ¢, ;. We choose (k,§) € X fixed, a finite integer X > 0
and ¢ € (a; + ¢,b; — ¢]. Thanks to ¢ < %, we can selecta d € [a; + <, ¢).
Suppressing the dependence on &, let ¢ ;- € X5 o(K), ¢, € X . be the unique
solutions of the respective Lyapunov—Perron equations (L Py ) and (LP.). Then,
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on the finite interval [ — K, ];, one evidently has ¢,_ ;. ¢ |- ;) € X, 4(K),
and we derive two preparatory estimates. First, using the triangle inequality it is

Z D(k,n+ 1) P (n) By {1 fa(ey (n))|| eals, k)
i
< | 32 @len+ DPLBLL | falgr () = £(0,0)] || ear, k)
etk
+ Z ds(k?n""l)Pw/L(n)B;—il-lfn(O?O) ed('%?k)
(3.4g) r—1—-K
Ke 7 calkon+1) | Bty [Fa( () = £a(0,0)]|| atrc, )
;—l—K
+EKy Y ea,(k,n+ 1) ||By L £a(0,0)]] ea(s, k)
r—1-K
LR Y ealbin+1) |65 m)] eals, k)
n_rchlfK
+E T () Y e (kn+ ey, (n,k)ea(r, k)
ik
< K+L(C)H¢;H;c Z ea; (k,n+ 1ec(n, k)eq(k, k)
11717;7 -
+K,. I (7) Z ea; (k,n+ Dec(n, k)eq(rs, k)
. K _
(A<ld> |_C_+aiJ ( c)Hgb;Hmc-FF;(i)) e%(/{,n—K) forall k € [k — K, K],

and second, also using (4.8b) one has

k—1

> @kn+ DPLOBL [faldn (1) = fuldn i ()] [leatss k)
n=k—K

04 -

Z

A1 K, L(d )
= \
- |_d - aij

- (1) = 65 ()| ealr, B)

d)':’KH;:d forall k € [ — K, k],
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where the sums have been evaluated using Lemma A.1.5(a). Having these two
estimates at hand, we can conclude

HP+ k) | [ n (k) = (b;:,K(k)] H ed(k, k) <

k—1—-K
< D(k,n + 1) P} (n) B L fu(@ ()| ealr, k)
e
| X @k DPLOBLL - [faldn (1) = Fal@ric ()] el b)
n=k—K
K —i- py K L(d)
<oy PO ot T @) extorn = )+ = o — 0],
forall k € [k — K, k], and similarly by (3.4g) and (4.8b) we get
|- [ ) = 6] atisy < 23 o = o],

forall k € [k — K, k];. By definition of the ||-||,. ;-norm and due to the inclusion
¢,d € I, we arrive at

s,

= (L) |65 [0 + T (@) e = K)
L(d)
S

¢;’K Hn,d
and consequently (note the inequality L(d) max{K_, K} <),

| P0) [0 (8) = 67 (8]

K — || — .
=L@ ma;{K_7K+} (L@ 6zl + I () eals,n — K)

ed(r, k)

forall k € [k — K, kl,. Therefore, the claim follows from Lemma 4.2.8, if we use
(4.2g), (4.8f)and set k = k,d = a; + ¢, ¢ = b; — ¢ in the above estimate. O

Having these error estimates at hand, we are in a position to solve the truncated
fixed point equations (L P;5) instead of (LP%) for some fixed length K > 0 and
an initial pair (x,£) € X. So we reduce the infinite-dimensional problem (L P%) to
a nonlinear algebraic equation 77, K(l/) §) =in X, I (K) Xj. For Lipschitzian

nonlinearities this can be done using successive iterations v,, = TKi 1 (hn—1,&) for
n € N and an arbitrary starting sequence 1y € X .(K). Hence, a combination of
the error estimates in Propositions 4.8.3(b) and 4.8.4 yields the following
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Algorithm 4.8.6 (approximation of w™ (k, £)). Choose a desired accuracye > 0,
(k,€) € Py, avalue s as in Proposition 4.8.3 and 9 € (0,1).

(1) Setn :=0, 1o =0 € X (K) with an integer K > 0 so large that

C(k,8)ea+s (kyk — K) < de.

(2) Setq:= ML(@ —¢) € (0,1) and choose n. € N so large that

Kiq™
1—¢q

+
< (1—=")e.

TiK(%?ﬁ)H

,C

(3) Forn=1,...,n, compute 1, := iK(wn,l,f).

Remark 4.8.7. (1) By construction of this algorithm, the distance between the ap-
proximate invariant fiber bundle Pz (k). (k) and w™® (K, €) satisfies

[|w* (%,€) = Pr(k)pn. (5)]| < e. (4.8h)

For small values of the accuracy € > 0, the constant K becomes large and therefore
one has to iterate the truncated Lyapunov—Perron operator in a high-dimensional
product space X ;& (50 X};. This might make our approach numerically difficult.

Hence, we have introduced the parameter ¢ € (0, 1) in order to balance between the
iteration depth n, and the dimension of the problem.

(2) A further possible strategy to pick the initial sequence ¥y € XfC(K ) is
as follows: One considers the nonlinear problem (S) as perturbation of the linear
equation (Lg) and starts the iteration with the exact solution of the unperturbed
equation. This offers one of the respective choices:

Yo(k) = D(k, k)¢ forallk € [T (K), to(k) =5 (k, k)¢ forallk € I (K).

When it comes to concrete implementations on a computer, further simplifica-
tions are advisable. First, in order to tackle (S) numerically, X has to consist of
finite-dimensional spaces and an initial spatial discretization is indispensable. Sec-
ond, multiplying the Lyapunov—Perron equation (L P, ) with projections P, (k) and
P_(k) implies

k—1
Yi(k)= > ®(k,n+1)PL(n)B, L folthy(n) + ¥_(n)),
n=k—K
V- (k) = &(k, k) P—(K)E
k—1

=Y B(k,n+1)P.(n)B, L fu (s (n) + ¢ (n)),

n=~k
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resp., where we abbreviated 4 (k)=P1(k)d, x(k,§). In particular, we have

the relation ¢¥_(x) = P_(k){. The variation of constants formula from
Theorem 3.1.16(b) guarantees that 1)_ is a backward solution of the equation

B2’ = Ay P_(k)x + P (k) fu(x + ¢4 (k), 2" + ¢/ (k)),

and we simplified (L Py ) to the following system of nonlinear equations

k—1
Uip(k)= > ®(k,n+1)PL(n)B, {4 fu(ty(n) +¢_(n)) =0
n=k—K
forallk € [k — K, k], (4.8i)

Bi1l (k) = Apyp— (k) + PL(K) fe (g (k) + 4 (k) = 0
forallk € [k — K,k —1],,
V() = P (R

The first equation in (4.8i) degenerates into 14 (k — K) = 0 for k = k — K, which

causes no confusion, since (4.8i) is used to obtain Py (k)¢,; (k, &) only for k = &.
For the corresponding dual approximation method of the fiber bundle W, , we

set 1 (k) = Py(k) ;K(k, €), and using Theorem 3.1.16(a) the Lyapunov—Perron

equation (L P;t) reduces to

1/4(“) = P_;,_(Ii)f,
Bi19!y (k) = Aptpy (k) + PL(E) fe (v (k) + ¥ (k)

forall k € [k, 5+ K — 1], , (4.8j)
r+K—1
(k) == Y ®k,n+1)PL(n)B, L, fa(tbs(n) + ¥ (n))
n=k

forallk € [,k + K] .

Both the (4.8i) resp. (4.8j) are nonlinear systems of algebraic equations depending
on the parameter (k,£) € P+. Hence, they can be solved using various methods
from numerical analysis:

o For merely Lipschitzian nonlinearities B,;:l fx, successive iteration is practica-
ble and yields linear convergence (cf., e.g., [465, p. 17, Theorem 1.A]).

o Newton methods lead to quadratic convergence, provided the mappings B, +11 fx
are of class C2. However, since the algebraic equations (4.8i) and (4.8]) are
typically high-dimensional, we made better experiences using Quasi-Newton
methods (cf. [384]) without an update of the Jacobian in every step.
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4.9 Applications

As before, our starting point is a discretization mesh (¢ ) e satisfying
hy :=tpo1 —ty € [@T,T] forallk el

and a given stepsize bound 7" > 0 and the balancing factor @ € (0, 1].

4.9.1 Discretized Functional Differential Equations

Let r > 0 and d € N. This subsection deals with semilinear FDEs
a(t) = L(t)u + f(t, ), (4.9a)

whose linear part L(t) : C, — RY ¢t € R, fulfills the assumptions made in
Sect. 3.7.1. For the nonlinearity we suppose

Hypothesis 4.9.1. Let b,c > 0 be reals and suppose that f : R x C, — R% is
continuous and linearly bounded || f(t,¢)|| < b+ c ||, forallt € R, ¥ € C,.

Next we apply the full discretization scheme established in both Sects.2.6.1
and 3.7.1to (4.9a). Given § € [0, 1] and h = 4, this immediately yields a semilinear
difference equation

' = Ag(0,h)x + fr(x,2) (4.9b)

with the operators Ay (0, h) € L(C, ) given in Sect.3.7.1 and inducing an evo-
lution operator @(k, ) on C,. . Moreover, the nonlinearity f, : C’f) N — Cr N is
defined as in (2.6d). Since (4.9b) is an equation in S = I x C,. y this leads us to

Proposition 4.9.2. Let g € [0, 1) and suppose that 1 is unbounded below. If beyond
Hypothesis 4.9.1 the following holds for all k € T':

(i) The general forward solution of (4.9b) exists as a continuous mapping.
(ii) There exist o € (0,1), K > 1 such that |®(k,1)| < Ko*~! forall | < k.
(iii) Khbc < % and one has the estimate % € [0,q),
then the semilinear equation (4.9b) possesses a uniformly bounded global attractor
A* C 1 x Cy n, which also satisfies A*(k) C B (0,CrN), kel

Kb
(1—q)(1—2h6Kc)

Remark 4.9.3. (1) Proposition 2.6.1 yields conditions for assumption (i) to hold.

(2) Since (4.9b) is uniformly bounded dissipative (see the proof below), we can
prove the existence of an inertial fiber bundle along the lines of Theorem 4.7.3,
provided there exists a gap in the dichotomy spectrum of (LAE) and the function
f : R x C,. — R%is Lipschitzian in the second argument with sufficiently small
constant. Caused by similar investigations in the following Sects.4.9.4 and 4.9.5,
we neglect the technical details.
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Proof. Let the family B consists of all uniformly bounded nonautonomous sets
in S. Since S consists of finite-dimensional spaces, (4.9b) is B-contracting. From
Hypothesis 4.9.1 we see for all z, 2’ € C, y that

[ f(z, &) | < h(1 = 0)b+ hob + he(l = 0) [|z]| + heb [|2/]]
< hb+ 2hmax {(1 — O)c|z|,c ||2"||} forallk el

and thus the condition (4.1¢) holds. We conclude our assertion from Theorem 4.1.8,
since the estimate (4.1a) in Hypothesis 4.1.1 was only required to obtain a continu-
ous general forward solution. O

We conclude the subsection with an example illustrating that the assumptions of
Theorem 4.1.8 do not enforce a trivial attractor for (S).

Example 4.9.4 (discrete Krisztin-Walther equation). Leta € (0,1),h >0, N € Zg
and suppose g : R — R is a strictly increasing odd C!-function fulfilling the limit
relation lim,_, - ¢'(2) = 0. We consider a scalar delay difference equation

Tpy1 = axg + hg(zr_N), (4.9¢)

which can be interpreted as an explicit Euler discretization of the Krisztin—Walther
equation £(t) = —ax(t) + g(z(t — r)) (choose a = 1 — ha and h, N according
to hN = r for positive delays r > 0 and ha € (0,1)). Above all, we suppose
¢'(0) > 152, which ensures that (4.9¢) admits three equilibria —z* < 0 < z*.
Moreover, there exists a £ > 0 such that hg'(§) = a™ 152 and we infer

hlg(z)] < hg(€) — aV152¢ + a™V 152 2] < hg(§) + aV 5% |z forallz € R

(cf. Fig. 4.5). Following the procedure from Example 2.1.10, we write (4.9¢) as an
explicit autonomous difference equation

¥ = Az + f(z) (4.9d)

b hg(x) (1 —a)x

Fig. 4.5 Graph of the function g in Example 4.9.4
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in the space RV ! with

a0
10 g(zn+1)
0
A= 1o , flx):=h .
10 0

and verify the assumptions of Theorem 4.1.8, where RV*! is equipped with the
max-norm. It is not difficult to show that ||A"|| < a=Na" for all n € ZJ and
consequently the evolution operator for 2’ = Az satisfies ||®(k,1)|| < a=Na*~! for
all I < k. For the nonlinearity one deduces

|£(2)]l < hlg(x)] < hg(€) +a" 152 enpa| forall z € RN+

and we apply Theorem 4.1.8 with K = o™V, 3 = hg(£) and v = o’V 15%. Due
toa+ Ky = 1% < 1 we infer that (4.9d) is uniformly bounded dissipative with
an absorbing set of radius o~V % g(&). Hence, there exists a global attractor for

(4.9d) and (4.9¢), which is nontrivial, since it contains the three equilibria of (4.9¢).

4.9.2 Time-Discretized Abstract Evolution Equations

Assume here that X, Y are Banach spaces with X C Y. We consider a temporal
discretization for abstract nonautonomous evolutionary equations

ug + B(t)u = f(t,u) (AE)

in the space Y as discussed at the end of Sect. 2.6.2. Being based on mild solutions,
we suppose that Hypothesis 1.5.4 is satisfied throughout. As explained in Sect. 1.5.2,
for each pair (to,up) € R x X there exists a unique mild solution u(+; tg, up) :
[to,o0) — X of (AE) and u : {(¢,s,2) € R? x X : s <t} — X is continuous.
The linear part of (AE) yields an evolution family (U (¢, s))s<¢ on X.

Motivated by Sect. 2.6.2 let us investigate the explicit equation

x' = Az + fr(z) (AAE)

in X =1 x X with mappings Ay, := U(tx+1,tx) € L(X) and a nonlinearity

tre41
fe: X=X, filx):= / Ultrs1,s)f(s,u(s;tg,x))ds forallk e I'.

tr

Working with semilinear equations, we first apply results from Sect. 4.1 to (AAE).
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Lemma 4.9.5. If Hypothesis 1.5.4 holds, then the function fi, : X — X is continu-
ous and fulfills the linear growth bound (4.1¢) with § = 0,

r K?c r
B (D) | B, = LB (D

1—r 1—1r —r

Kb KcTt—r
B = 1+

Sforallk € T, where p > 0 is the constant from Lemma 1.5.5(a).

Proof. The proofis based on Lemma 1.5.5(a) and a direct estimate for f : X — X
using the linear growth of f : R x X — Y. Details are left to the reader. O

Proposition 4.9.6. Ler g € [0, 1) and suppose that 1 is unbounded below. If beyond
Hypothesis 1.5.4 with w < 0 also

(i) for every bounded S C X one has lim,_.o x(u(t;t —s,5)) =0,t € R,
(ii) the real ¢ > 0 is so small that e + K~y € (0,q] forallk € T

hold, then the semilinear difference equation (AAE) has a uniformly bounded
global attractor A* C 1 x X, which additionally satisfies

A*(k) € Brsuoy 5, (0, X)  forallk €1,

(1—q)

where the sequences (i, v, > 0 are defined in Lemma 4.9.5.

Proof. We will successively verify the assumptions of Theorem 4.1.8. Above all,
our Corollary 3.7.6 implies that (4.1b) holds with a(k) = e“"* and Lemma 4.9.5
guarantees the linear growth bound (4.1c), where the sequence (8 )xer is clearly
bounded. Thanks to (1.5¢) and Lemma 1.5.5(a) we also see that ¢ is B-contracting,
where 1 is the family of all uniformly bounded nonautonomous sets in X'. O

Corollary 4.9.7 (parabolic case). The assumption (i) in Proposition 4.9.6 can be
replaced by U (t, s) € L(X) is compact for all s < t.

Proof. We show that the assumptions of Corollary 4.1.7 are fulfilled and Proposi-
tion 4.9.6 can be applied. First, Ay, = U (tx41,tx) € L(X), k € I, is compact and
thus dar Ay, = 0. Next we show that also f : X — X is compact. For this pur-
pose, if B C X is bounded, then Lemma 1.5.5(a) yields that u(¢; s, -) is a bounded
mapping; more precisely, there exists a C(B) > 0 (we suppress the dependence on
T) with |[u(t; s, 2)|| y < C(T) forall z € B and reals s < t witht — s < T'. From
the decomposition

thtr1—¢€
fe(x) =U(tgpg1, te —€) / Ultkt1 —¢,8)f(s,u(s; ty,x))ds

ty

tht1
4 / Ultisr, 5)f (s, u(s; tr, ) ds
t

k+1—€
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one has f;(B) C U(tg+1,tr — €)B1 + Be, where By, Ba C X are defined by

tk+l_€
o= { [ Ul -t ds e X we B

tr

tet1
By = {/ Utis1,s)f(s,u(s;tg,z))ds € X : xEB}
t

k+1—¢€

and € > 0 is arbitrary satisfying € < hy. Similarly to the argument below, one can
show that B; C X is bounded. For the set By we deduce from

/ N Ut )£ (s, uls: b ) ds

k+1—¢€

X

tht1
< K(b+cC(B)) / e =) (4 g —s) " ds < Kb+ cClB) (b1+_CCT(3>>51

tk+1—8

for all x € B that diam By < 2%51”. We equip the Banach space X
with a measure of noncompactness  satisfying x(B2) < diam Bs (cf. (B.0b)) and

K(b+cC’(B))El
1—r

-Tr

X(fx(B)) < x(U(trg1,tx —€)B1) + x(B2) = x(B2) <2

In the one-sided limit & \, 0 this implies x(fx(B)) = 0 and thus dar f;, = 0.
Consequently, Corollary 4.1.7 yields that ¢ is B-contracting. ad

Example 4.9.8 (sectorial evolutionary equation). A typical example where the
above Corollary 4.9.7 can be applied, are sectorial evolutionary equation (SE), when
B has a compact resolvent. Here, X is a fractional power space X =Y.

In the remaining subsection, we illustrate how a discrete equation (AAE) can
be used to construct integral manifolds of the nonautonomous differential equa-
tion (AE). To shorten our explanations, we restrict to the pseudo-stable situation.

Theorem 4.9.9. Let [ be unbounded above, suppose that Hypotheses 1.5.4 and 3.7.4
are satisfied with

et < 00 (4.9e)
X

L :=sup{(p), sup
p>0 kel

tht1
/ Utit1,s)f(s,u(s;tx, 0))ds

ty

and that max {e“T7 Ey_.(pT), %} < V2. If the spectral gap condition

max {K+, K~} K? Ey_,(iT) max {e=T e“T} Tl’TL - B—a
1—7r min {wTe*@T TeaT} 2
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holds and we choose a fixed

4 o 9 _ T W\ T'" . Phi —e2hk
s (maX{K , K }K LE,_,.(aT) max{e‘*’w ,e Ty I ’225 S ),

then the nonautonomous set W+ := {(r,€) € X : ¢(;5,€) € X[} is a forward
invariant fiber bundle of (AAE), which is independent of ¢ € [a1 + ,b1 — | and
has the representation W+ = {(rk,n+ w*(k,n)) € X : n € ker P(t,.)} as graph
of a unique mapping wt : X — X, globally Lipschitzian in the second argument
with wt (k, &) = wt (k, [I — P(t,)|€) € im P(t,) forall (k,&) € X.

Here, one has i := (KLI'(1— T))l/(l_r), w is from Lemma 1.5.5 and the
growth rates a1, by are defined in Lemma 3.7.5.

Proof. We aim to verify the assumptions of the Hadamard—Perron Theo-
rem 4.2.9(a). Above all, due to Lemma 3.7.5 the linear part of (AAE) admits
a strongly regular 2-splitting with a;(k) = e®, b(k) := ef" and con-
stants K+, K. Therefore, Hypothesis 4.2.1 is satisfied. In order to show that
also Hypothesis 4.2.3 holds, we choose k € I’ and 2, T € X. Then Lemma 1.5.5(b)
guarantees

| fi(z) — fu (@)

tht1
= KL/ (trps — 8) e 179 |lu(s; b, ) — uls; b, 7)]| ds
tr

tht1
< K?LE;_,(aT)e*"* / (tke1 — s) "ds ||z — Z||
tr

for all k € I’ and consequently f, : X — X satisfies a global Lipschitz condition
(4.2a) with constant L1 = K2LE;_,.(iT) max {e“’WT, ewT %

ad (I'}"): Due to (4.9¢) we have the growth condition.

ad (G1): Since (AAE) is an explicit equation, the gap condition simplifies to

e (olb%l> s max {KT, K~} Ly <,

which we establish as follows: Using the elementary mean value theorem for scalar
functions one has

by (k) — a1 (k) = M — e > e hy (B—a) > min {@wTe*™ ", Te*"} (B—a)

for all k& € I’ and consequently [by —a;| > min {@Te** " Te*T} (8 — a).
Thus, our assumptions imply that (G;) holds and Theorem 4.2.9(a) yields the
assertion. O

For simplicity we suppose next that (AE) has the trivial solution:

Hypothesis 4.9.10. Suppose that f(t,0) = 0 holds on R.
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Corollary 4.9.11. Let v := # If Hypothesis 4.9.10 holds, then
W= {(ne) € ¥ suplattim )l 0 <o
T<t

Proof. We define c(k) := ¢?"** and obtain ¢ € I';. Abbreviating the right-hand side
of the claimed set equality by Wy, we need to show two inclusions:
(C) Let (1,2) € Wy with 7 = ¢,, for some « € L. Then the relation

(1.5¢)
(ks w, @) ec(r k) < ultys 7, 2)|| €= < sup Ju(t; 7, 2)]| T < o0
T<t

for all k € Z;} implies that ¢(-; %, x) is ¢*-bounded and the dynamical characteri-
zation of W yields the inclusion (7, z) € W.

(D) Conversely, let (k,2) € W and so ¢(+; k, ) must be ¢ -bounded. Thanks
to Lemma 1.5.5(a) and the identity f(¢,0) = O there exists a constant C(T") > 0
with |[u(t; s,u0)|| < C(T) |Jugl|| for all ug € X and s < t witht — s < T. We
define 7 = ¢,; and thus, given ¢t > 7 for k € [ maximal with ¢;, < ¢, we obtain

[ult; 7, 2)] Y
= |lu(t; ty, u(ty, 7,2))|| 7T < C(T)e? @0 ||u(ty, 7, 2)| V77
< C(T) max {e'VWT, e'YT} lp(k; K, 2)|| ec(k, k)
< C(T) max {e'VWT,e'YT} I (s m,x)”lc forall 7 < ¢.

Therefore, we arrive at the inclusion (7, z) € Wy 0

4.9.3 Time-Discretized Parabolic Evolution Equations

Our set-up is as follows: Let 2 C R be a bounded domain with Lipschitzian
boundary. We consider a sectorial evolution equation

where the sectorial operator B on the Banach space Y = L?(2) is a symmetric
uniformly elliptic differential operator B as in Sect. 3.7.3; under Dirichlet boundary
conditions we obtain the domain D(B) = H?(£2)NH{ (£2) and the fractional power
space X = Y'/2 = H}(§2). Concerning the nonlinearity, we suppose Hypothe-
sis 4.9.10 and that the mapping f : R x X — Y is m-times, m € N, continuously
Frechét differentiable in the second argument such that the derivatives map bounded
subsets of X into bounded sets — uniformly in ¢ € R.
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If B has compact resolvent, then Example 4.9.8 and Corollary 4.9.7 apply.
However, our focus is different and using two examples, we briefly illustrate how
Theorem 4.6.4 can be employed in order to construct a pseudo-stable and -unstable
hierarchy of invariant fiber bundles for temporal discretizations of (SE).

Our first simplifying assumption is that A := Dy f(¢,0) € L(X,Y) is inde-
pendent of ¢ € R. We need this in order to obtain information on an exponential
splitting for u; + (B — A)u = 0 on the basis of the spectrum o(B — A) alone,
instead of using roughness arguments (cf. [201, pp.237-238, Theorem 7.6.10] or
[432, p. 216ff]).

As a second simplification we restrict to a constant stepsize 7', linearly implicit
Euler method applied to (SE), which yields a semi-implicit difference equation

ka/ = AkI + fk(iE) (S/)

with Agz := x, By := Iy + T(B — A) and f(2) := T [f(tx,z) — D2 f (t, 0)x].
Instead of deriving a general corollary from Theorem 4.6.4, we rather focus on two
examples where the above setting is applicable:

Example 4.9.12 (Chafee—Infante equation). Given {2 = (—a,a), a,a7 > 0 and
0 > 0, as before in Example 1.5.8 we consider a nonautonomous Chafee—Infante
equation

Uy — Ogy = ulag — ag(t)u?)

subject to the boundary conditions u(—a) = u(a) = 0, with a continuous bounded
reaction function as : R — (0, 0o) which is uniformly bounded away from 0. Using
the above notation we obtain (B — A)u := —a1u — duy, and f(t,u) := —aa(t)u’.

On the one hand, Example 3.7.7 implies the discrete spectrum

4a?
4a20q + 6m%n?)

o(By ! Ar) = {0} U {4a2 I } CR forallkeTl,
neN

whose only accumulation point is 0 and outside every neighborhood of 0 are only
finitely many eigenvalues. Every interval (a;, 3;) with reals 0 < a; < f3; and
disjoint from cr(Bk__&lAk) yields an exponential dichotomy; thus, one employs
Theorem 3.4.30 in order to deduce an exponential N-splitting for the linear part
Bpi1x' = Az, whose pseudo-unstable vector bundles are finite-dimensional and
independent of k; hence, Hypothesis 4.2.1 holds.

On the other hand, H}(—a, a) is a Hilbert space and thus a C'°°-Banach space
(cf. Proposition C.2.10). Following the reasoning of [432, p. 270ff] one shows that
Byl fie s HY(—a,a) — Hi(=a,a), Byl fu(u) = T [Iy + T (B — A)] " u® does
define a C2-mapping satisfying Hypotheses 4.6.1 and 4.6.2 with m = 2. Thus,
the linearly implicit Euler discretization (S’) of the above Chafee-Infante equation
has C'-smooth pseudo-stable and unstable-hierarchies of invariant fiber bundles
associated to the trivial solution. Provided the respective conditions (4.6¢) or (4.6f)
hold for m = 2 also, one obtains fiber bundles of class C2.
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Example 4.9.13 (scalar Ginzburg—Landau equation). Let 2 C R%, d € {1,2},
be a bounded domain as above. We consider a nonautonomous complex Ginzburg—
Landau equation with cubic nonlinearity

wy — paw— (14 iv) Au+ (1 +ipe(t)) |u>w=0 in(ty,00) x 2 (GL)

under Dirichlet or periodic boundary conditions (cf. [86, p. 118]), and we assume
v, ;41 € R and that 45 : R — R is bounded and continuous. In the present setting it
is (B— A)u=—pu— (1+iv)Auand f(t,u) = —(1 +iua(t))|ul?u.

If A,, > 0 denote the eigenvalues of the Laplacian A arranged in decreasing order
of magnitude, we obtain the spectrum

1
1—T[(1+iv)\, + 1]

a(Bih Ar) = {0} U { } forallk € T,
neN

which induces an exponential splitting for Byxy12' = Agx by virtue of Theo-
rem 3.4.30, since every annulus in C centered in 0 and disjoint from o (B,_ _&lAk)
yields an exponential dichotomy. As in Example 4.9.12 one deduces both pseudo-
stable and pseudo-unstable hierarchies of invariant C'*-fiber bundles for the linearly
implicit Euler discretization of (GL).

4.9.4 Fully Discretized Reaction-Diffusion Equations

Let I be a discrete interval unbounded below. In this subsection, we continue
our investigations begun in Sect.2.6.3 on scalar nonautonomous parabolic initial-
boundary value problems

up —0(t)Au = f(t,x,u) fort >tg, z € (2,
u(t,x) =0 fort > tg, x € bd {2, (RDE)
u(to, ) =uo(x) forx € 2

equipped with homogeneous Dirichlet boundary conditions. The corresponding spa-
tial discretization (2.6g) is supposed to fulfill Hypothesis 2.6.6 and for the sake of a
full discretization we use the #-method

v =

M
hi

+6(tDA[(1 =0+ 6] = MFE(t), (1 —0)v + ) (4.9f)

with t = (1 — 0)t), + Oty41, k € I, as in (2.6j). Under appropriate stepsize
restrictions, we know from Proposition 2.6.11(b) that the general forward solution
 to (4.9f) exists as a C"™-function. Moreover, by Proposition 2.6.12 it is uniformly



296 4 Invariant Fiber Bundles

bounded dissipative (if § € (%7 1]) and Proposition 2.6.14 yields a global attractor,
which is uniformly bounded in the discrete Lebesgue space L3.. Additionally to
Hypothesis 2.6.6 we impose

Hypothesis 4.9.14. Suppose that we have:

(i) o(A, M) = {\,..., AN} with0 < X\, < A1 foralll < n < N, where
én € RN are the eigenvectors corresponding to \, forming an orthonormal
basis of L3;.

(ii) supcp [|F(t,0)| < oo and for every r > 0 there exists a real L(r) > 0 with

sup D2 F(t, u)ll 2y < L(r).
(t,u)eRX B(0,L%)

Remark 4.9.15. Explicit eigenvalues \,, 1 < n < N, and eigenvectors ¢,, for
various spatial discretizations schemes have been given in Sect. 3.7.4.

For the purpose of this section it is offered to write (4.9f) as semilinear equation
B2’ = Agz + fr(z, 7)) S
in L%, with the mappings
A i=Ips — (1= O)hb(t)M A, Biyr = Iz +0hid(t) M A

and the nonlinearity fx(z, ') := hi F(t%, (1 — 0)x + 02') forall k € T'.

Lemma 4.9.16. If Hypothesis 4.9.14 holds, then By1, Bk__&lAk ERVN kel
are invertible and with complementary orthogonal projections Pi*, Q7 € RN*N

N
111'r = Z <x7¢j>¢J7 Pln'r ::I’_anv
j=n+1
one has the following properties for all integers k €', n=1,... N — 1.

(a) Byly AyPl = PP'Bi} Ay,

1 n 1—(1=0)hd () Ant1
(b) ||Bk+1f4le||L(L§V)S 1+0hk6(tz)§\n+1 ’

1 1—(1—0)hp8(t2) A
() ||Bk+1AkP1nHL(L§V) Z TR,
where ¢1, ..., ¢N € L3 are the orthonormal eigenvectors from Hypothesis 4.9.14.

Proof. Let k € T’ be fixed, choose n € [1,N), and define the strictly decreasing

function ¢ : [0,00) — (0,1], ¥(x) := kl(_}_—gg)m. Using the spectral mapping

theorem (cf., e.g., [96, p. 204]) one derives the explicit relations

0(Bry1) = {1+ 0hed(t)N; >0: j=1,...,N},
U(Bklek) ={vj(k)eR:j=1,...,N}
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with eigenvalues v;(k) = (hd(t])A;), which are strictly decreasing in j. In
particular, both By 1, B _&lAk are invertible. For an arbitrary x € RV with repre-

sentation x = Zj\;l z;j¢; and z; = (x, ¢;) we get claim (a) from

n n N
B ApPla = x;Bi ! Avdy =Y vi(k)aid; = Py xv;(k)d;
j=1 j=1

j=1
N
= PI'Bi Ak Y _zi¢; = P'Bily g forall ke
j=1
As in the proof of Theorem 3.4.30 one shows the estimates in (b) and (c). ]

Lemma 4.9.17. If Hypothesis 4.9.14 holds, then for every r > 0 and u,v € B,(0)
the nonlinearity f, : RN x RN — RN satisfies for allk € T and 6 € [0, 1],

lipy frlB,(0,02)x B, (0.02) < (1 = O)hrL(r),
lipy flB,(0,.02)x B, (0,02) < OhiL(r).

Proof. Let r > 0 and zy,x2,%1,%2 € B,(0). Referring to the convexity of the
L3-ball B,.(0) also the convex combinations z¢ := (1 — )x; + 0, are contained
in B,.(0), as well as z§ + h(z§ — ) € B,.(0) for §, h € [0, 1]. With this, the mean
value theorem (see [295, p. 341, Theorem 4.2]) implies

iz, @1) = fu(wz, )| = he || F (8, 21) — F(tg, 21)]|

1
< hp(1 —6) ‘/ DyF(t8, 29 + h(«h —x‘l’))dh‘ |21 — 2|
0

for all k € I’ and thus the first Lipschitz estimate follows. Analogously we show the
second claimed inequality. O

Theorem 4.9.18 (fully discretized RDEs). Let I = Z. Suppose that Hypothe-
ses 2.6.6 and 4.9.14 hold true, choose w € (0,1), 0 € (%, 1] and p > po, where pgy
is the radius of the absorbing ball from Remark 2.6.13. If there existsann € [1,N),
with

2L(p)

T .~ /N n - \n 4
ww infer 6(t) <Anpr =X (4.9¢)

and if the stepsizes hy, satisfy the conditions (2.6K),
OL(p)T < 1, 0 < inf g (b + SN,
€

[(1=0) 4 0b, (k)] L(p) < bu(k), Ohkd(t)Angr < 1_7“’ forallk € Z,
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then the following holds:

(a) The full discre{izatlbn (4.91) of (RDE) has an n-dimensional inertial fiber bun-
dle W C 1 x B,(0,L%) as in Theorem 4.7.3.
(b) There exists a unique global attractor A* for (4.9f) with A* C W.

Proof. Let 6 € (3,1], choose p > py as required above and let /3 be the family
of all uniformly bounded subsets of Z x L%;. We have to verify successively the
assumptions of Theorem 4.7.3.

ad Hypothesis 4.2.1: We deduce from Lemma 4.9.16 that the linear part of (4.9f)
resp. (S) admits a strongly regular N-splitting. More precisely, foreachn € [1, N),
we deduce an exponential dichotomy on Z with constant projectors Pj*, constants
K =1 and growth rates

an(k) = ¥ (hi, §(tz>/\n+l)a bn (k) = (hi, §(tz))‘n>

with the strictly decreasing function ¢ : [0, 0c0) — (0, 1] already defined in the proof
of Lemma 4.9.16. We get a,, < b,, and Lemma 4.9.16 yields the estimates

k—1
0k, 115, < TTIBA Az ) < anllel) forall i<k

J=l

and also ||€I>(k,l)P1"HL(L§V) <ey, (k1) forall k <.

ad Hypothesis 4.7.1: We have established in Proposition 2.6.11(b) that the
general forward solution of (4.9f) exists as a C™-function. Moreover, from
Lemma 4.9.17 we deduce the local Lipschitz constants

Li(r) == (1—0)TL(r), Lo(r) .= 6T L(r).

ad Hypothesis 4.7.2: From Proposition 2.6.12 and Remark 2.6.13 we know
that Z x B,(0,L3) is a B-uniformly absorbing set. Since L3 is a Hilbert
space, the Lipschitz constant of the associated radial retraction is lim 7’2?\[ =1
(cf. Lemma C.2.1). Thus, our stepsize assumptions guarantee that (4.7b) and (4.7¢c)
are fulfilled. It remains to verify both the growth and the spectral gap condition.

ad (I'; (n)): Thanks to Hypothesis 4.9.14(ii) and b,, (k) < 1 we obtain that the
growth condition holds.

ad (Gy,): In the present setting the spectral gap condition simplifies to the relation
(cf. Lemma 4.9.17)

bu—an] . 2l = 6) + [bn] 0]T'L(p)
e (0, gl L+ TTOLG) < (4.9h)

In order to verify (4.9h), we abbreviate o := hk5(tZ)\n+1), 8 = hk5(tZ)\n) and
observe that our stepsize restrictions imply (1 + 6a) ™1, (1 + 63)~! > w. Hence,

a—p

(4031 +0a) = WP hed () Ant1 — An)

b (k) — an(k) = ¢(B) — (a) =
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for all k € Z, and on the other hand, due to [b,,] < 1 we have

2[(1—0) + [b] O]T'L(p)
1+ 2T6L(p)

< 2[(1 - 6) + [b,16]TL(p) < 2L(p)T.

Consequently, our assumption (4.9g) ensures that (4.9h) holds true.

(a) Since we have verified all assumptions of Theorem 4.7.3 we know that the
implicit difference equation (S) in Z x L% admits an inertial fiber bundle W. Every
fiber W(k), k € Z, is a graph over P{*L3; and by definition of the projector P}* in
Lemma 4.9.16 can conclude dim W = dim P L% = n.

(b) By Proposition 2.6.14 there exists a of unique global attractor A* C Z x
B,(0, L%) and due to b,, < 1 we can apply Corollary 4.7.5 yielding A* CW. O

Our final comprehensive example in this subsection illustrates how to approxi-
mate an inertial manifold of a scalar nonautonomous RDE. For this, we apply the
algorithm from Sect. 4.8 to a finite-dimensional difference equation, which has been
obtained from the original evolutionary PDE by a spectral Galerkin method for spa-
tial, and a linearly implicit Euler scheme for temporal discretization. Error estimates
for such full discretizations have been obtained in [121,236].

As special case of (RDE) we now study the following nonautonomous problem

Ut — Uz = f(t,0), (4.91)

subject to homogeneous Dirichlet boundary conditions u(¢,0) = u(t,7) = 0 and
an initial condition u(7,x) = wug(x) for given data 7 € R, ug € L?(0, 7). This
problem fits into the framework of Sect.1.5.3 with N = d = 1, 2 = (0, n), if
f: R x R — R is continuous, the partial derivative D3 f : R x R — R exists as a

continuous mapping and that there exist reals C, Cy, C3,v > 0, p > 2 such that
P _ .
flto)o < Cr—v o’ [f(t0)[77 < Ca(L+ o), Daf(tv) < Cs (4.9))

for all t,v € R (cf. Hypothesis 1.5.6). Moreover, choose K1, K5 : [0,00) — R
such that

Ki(r) >sup sup |Dif(t,v)| foralli=1,2,r>0.
teR |v|<\/7r

In Sect. 1.5.3 we have seen that (4.91) generates a dissipative 2-parameter semiflow
on the space L2 (0, 7). On the other hand, following [432, Sect. 5.1], we can formu-
late (4.91) as abstract nonautonomous evolutionary equation

U+ Bu = g(t,u) (4.9%)

with linear part B := —D,, and substitution operator g(t,u)(x) = f(t, u(x)).
Referring to [432, p.272, Theorem 51.1], the mild solutions of (4.9k) generate a
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dissipative 2-parameter semiflow on H} (0, ), and in [86, p. 290, Proposition 3.5]
it is shown that the radius of the associate absorbing set in H{ (0, 7) is bounded by

To ‘= 2\/ 20103.

Thanks to Example 3.7.7 the eigenvalues of B equipped with zero boundary con-
ditions u(0) = wu(m) = 0 are A, = n? n € N, with pair-wise L?-orthonormal
eigenfunctions ¢, (z) = \/gsin(nx) forn € N. Let P, : L?(0,7) — L*(0, )
be the orthogonal projection onto the i-dimensional space span{¢1,...,¢;} and

Q; := I — P; be the complementary projector. Under our above assumptions and
provided 7 € N satisfies

i > V2L(ry) —1/2, L(r) := /2K, (r)2 + 12K ()2, (4.91)
the RDE (4.91) has an i-dimensional inertial manifold
Wy ={(r, 6+ wp (1,€) ERx Hy(0,7) : £ €im P}
with a smooth function wy : R X im P; — im Q; (cf. [384, Proposition 4]).

Now we describe our discretization strategy for (4.91). First, the spatial approxi-
mation with N Fourier modes, N > 1, is obtained by inserting the ansatz

u(t,x) = Zvi(t)¢i($)
i=1
into (4.91) and taking the L?-inner product with ¢;, j € [1, N]z, leads to an initial

value problem in im Py. We canonically identify this linear space with R" and
arrive at the N-dimensional ODE

v; = —jv; + f;(t,v) forallj € [1,N]z (4.9m)

with the nonlinearities f; : R x RY — R,

fito = [ ﬂf(t,ivi(t)@(w))@(w) da (4.9n)

and initial condition v(7) = n, 1; = [, uo(x)¢;(x)dx. Respecting the stiffness
of the matrix — diag(j2) é-vzl, we apply a linearly implicit Euler discretization (with
stepsize T' > 0) to (4.9m) and arrive at the nonautonomous difference equation

v' = Arv + Fr(k,v) (4.90)
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with linear part A7 := diag (1777

whose components are given by

)j.vzl and a nonlinearity Fy : Z x RN — RN,

T
FT(k,'U)j = WJ%(T‘FTI{,’U) for all] S [1,N]Z

Henceforth, we deduce the existence of an attractive invariant fiber bundle for the
difference equation (4.90). Choosing an integer ¢ according to (4.91), the linear part
of (4.90) satisfies Hypothesis 4.2.1 with constants K. Zi = 1, growth rates

as(k) : 1 1

S1A T2 bilk) =7 onZ

and projectors P} = diag(1,...,1,0,...,0). Moreover, one can verify Hypothe-
sis 4.7.1 and we employ the methods from Sect. 4.8 to approximate the invariant
fiber bundle

Wiy = {(k,ﬁ—l—w;’N(tk,g)) €ZxRV:keZ ¢e nnpf}

of the discretization (4.90). An error estimate relating the inertial manifold Wy of
the full reaction-diffusion equation (4.91) to the finite-dimensional invariant fiber
bundles W, ;, can be found in [236, Theorem 5.3] and is of the form

)\i+1

Hw;yN(k, €) — wy (tk, €) H < KyANT + K> (4.9p)

ANT1

with constants K, Ky > 0, sufficiently large N and small 7" (cf. also [121]).

Example 4.9.19 (Chafee—Infante equation). We intent to compute fibers of the non-
autonomous set Wr. . As in Example 1.5.8, we retreat to a Chafee—Infante equation
with time-dependent coefficients

Up — Uge = u(ay (t) — az(t)u?), (4.9q)
under the above initial-boundary conditions. For continuous bounded functions

aj,as : R — (0,00) we know from Example 1.5.8 that (4.9q) fulfills Hypothe-
sis 1.5.6 with

1 O[l(t)2
Ci := —sup , Cs :=supa;(t) < oco.
' 2 er o(t) ’ teR 1)

Furthermore, we can choose the functions K1, K3 : [0,00) — R as

Ki(r) := max {03,3771“2 sup a(t) — inf al(t)} , Ka(r) := 6y/mrsup az(t).
teR teR teR
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In the next step we compute a Galerkin approximation for (4.9q). Unfortu-
nately, the constants f(l,f(z > 0 in the mentioned error estimate (4.9p)
from [236, Theorem 5.3] are not immediately accessible. For this reason, we heuris-
tically choose a spatial approximation of order N = 6. With help of some computer

algebra to evaluate the integrals (4.9n), the resulting nonlinearities fi, ..., fg read
as follows:
as(t
fi(t,v) = ;fr) ( — 6vav3vys + 31}%1}5 — 6v1v§ — 61}11)(25 — 6vav4v5 — 6v1v§
- 3v§v5 + 6v1v3v5 — 31}%1}3 + 6vav3vg + 6V1V4V6 — 6U2VE VG
— GUlvi — 6vlv§ + 6vivovg — 3vf — 6v3v4v6 + 31}%1}3)
“+aq (t)’l}l7
as(t
fg(t, v) = ;( ) ( — 6v3zvavs — 6V VU3 + 31)%1)4 + 6v1v3vg — 6ULV4V5 — 31)3
I
— 61}%1}2 — 6v1U5vg — 31}21}6 — 6v1v3V4 — 3v§v4 — 61}21}3
+ 31}%1}6 — 61}21)(25 — 6vsvsvg — 61}21)% + 6v1v2v5 — 6v2v§)
“+aq (t)’l}g7
as(t
f3(t,v) = ;( ) (vf — 305 — 6uyUsUg — 3U1v3 — 6V1V3Vs — 6UIVL,
T
+ 61)1’[)2’[)(5 — 6U1U4U6 — 6U2U4U5 — 61)4’[)5’[)(5 — 6U2U3U4
- 6’031}% + 31}%1}5 - 6’031}% — 61}31}% - 6’0%1}3 — 31}51}5 - 61}%1}3)
—|—O[1 (t)vg,
as(t
fa(t,v) = ;fr) ( — 6v3v4v5 — 31}21)% — 61}41}? — 31}2 — 61}%1}4 — 6V2v4vg
+ 3’0%1}6 — 6v§v4 — 6vrv3vg + 31}%1}2 — 6v1v9v3 — BU3V5Vg
— 6v1v2v5 — BUoU3VUs — 6v%v4 — 31}%1}6 — 6v4vg) + aq (t)vy,
as(t
f5(t,v) = ;(r) ( — 6v1v2vg — BU4V5VE — 3v31)z — 61}21}5 — 3vlv§ + 31}%1}3
— 6v1v2v4 — 6V3V4VE + 3vlv§ — 61}%1}5 — 6vovU3vg — 61}51}2
— 6vauzvy — VTV — 303 — 6’0?2)'05) + a1 (t)vs,
as(t
fe(t,v) = ;fr) ( — 6v1v3v4 — 31}2 — 31}41}% + 6v1v9v3 — 31}2'02 — 61}%1}6 + vg’

+ 3'0%'04 — 61}%1}6 — 6v1vv5 — 61}%1}6 - 6’0?2)1)6 — 61}21}6

- 6’031)41)5 - 61)2’03’05) + o (t)UG.
To perform actual computations, we choose o constant and define o : R — R by

a1(t) := ag (% + Sint) .
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Hence, the radius of the absorbing set for the RDE (4.9q) is bounded above by
ro = 2m°/2ay. Consequently, (4.9q) admits a nonautonomous inertial manifold
Wy » whose dimension is the minimal integer ¢ > 0 satisfying

i> 2ﬂa2\/max{127r3a§, 1} 4 2887%ad — 1/2.

We are fixing the parameter value ay = % and the evolutionary equation (4.91)
admits a two-dimensional inertial manifold, i.e., we can choose d = 2 and also

obtain a two-dimensional invariant fiber bundle Wy ; for the spectral Galerkin Euler
discretization (4.90). In particular, this nonautonomous set Wy, ¢ is given as graph
of a function wy ¢ : Z x R* — R™.

We used Algorithm 4.8.6 to approximate wy. 5 over the square [—1,1] x [~1,1]
with a uniform grid of 21 x 21 points, for an Euler stepsize T' = 0.1, a truncation
length K = 15 and accuracy ¢ = 10~°. Yet, the nonlinear equations (4.8i) have
been solved numerically by the inexact Newton method K NSolil (see [384] for
details). The results of this computation are visualized: Fig.4.6 depicts how the
second component wiG(k, &)2 changes under varying fibers, while Fig. 4.7 shows
all four components of wr ¢(k, §) at the fixed instant k = 20.

(=105

W6

(0.8)

W6

6> o 05,

Fig. 4.6 Graphs of wy, ¢(k, )2 for k € {—31,-10,0,7}
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Fig. 4.7 Graphs of w. 5(20,); fori € {1,2,3,4}

4.9.5 Fully Discretized Finite Difference Ginzburg—Landau
Equation

Let I be a discrete interval unbounded below. We now return to the Ginzburg—
Landau equation (GL) previously considered in Example 1.5.9 and Sect. 2.6.4, and
rely on the notation introduced there. As full discretization of (GL) we investigated
the implicit difference equation

T —x

+ Ahxl = F(tgt1, $l)
hi

in I x CV, but differing from Sect. 2.6.4 where it was advantageous to consider it as
one-step method, we now write it in the form

= Apz + fr(2) (AGL)

known from (S) with abbreviations

-1

R ,
Ap = [I«:N + hkAh:| ;o fe(@) =y [ICN * hkAh} Pt o)

for all k € I'. On basis and terminology of Lemma 3.7.11 we obtain
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Lemma 4.9.20. The matrices A, € CN*N k€ U, are invertible and with comple-
mentary orthogonal projections P, Q7 € CN*N,

N—(n+1)
Qtz:= Y (x,0;)¢; Pl'z =z — Py,
j=n+1
one has the following properties for all integers k €', n=1,. .., LT_QJ :
(Cl) Akpln = PlnAk, )
) [AQT | Leayy < 1+ L+ i)he(l+vna)
() NARPP |y = 11+ (1 i) (1 +w)|
where ¢1, ..., ¢n € CV are the orthonormal eigenvectors from Lemma 3.7.11.

Proof. Let k € T and n be an integer with 1 < n < L#J Referring to the

spectral mapping theorem (cf., e.g., [96, p.204]) one derives the explicit relation
o(Ag) ={vj(k) e C: j=1,..., N} with eigenvalues

vj(k) =1+ he(1+iv)(1 + Vj)rl

and consequently 0 ¢ o(Ay). In conclusion, A;, € CN*¥ is an invertible matrix.
For later use we introduce the discrete intervals I} := {n+1,...,N — (n+ 1)},
I, :={1,...,N}\I} and choose z € C¥ withz = Y | x;¢; and z; = (z, ¢;).
We get claim (a) from

N
ApPle =Y 2jAkd; = > vj(k)a;d; = PPy ajv;(k)é;
jel, jel, J=1
N
= P'Ar > x5 = Pl'Aga.

Jj=1

In addition, due to |v; (k)| < |vn+1(k)| forall j € I} one has the forward estimate

1AQelZy, = 37 (14 ) [y (WP [l < lomn ()P 2l

JEn

which implies (b), and claim (c) follows by the corresponding backward estimate

1Ak Pl = D (U vy) [0y (B) 25 = Joa (k) |2y,

jel,

since we have |v; (k)| > |v,, (k)| forall j € I, O
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Lemma 4.9.21. Forr > 0 and u,v € B,.(0, HY,) the nonlinearity fi, : CN — CV
satisfies || fx(u) — fk('”)”H}v < L(M)T ||lu— vHH}V forall k € T with

L(r) = \/2(1 + B3 + v) + 360(1 + R3)rt

Proof. Letr > 0,u,v € B.(0,HY)andn € {1,...,|¥2]}.
(I) We derive a Lipschitz condition for the functlon Fy : CN — CN. Here, our
approach is based on relation (3.7j). The mean value inequality (see [295, p. 342,

Corollary 4.3]) leads to

‘|uj|2uj — Ju; [P ;]| <2 sup |uj + t(v; —u)*|u; —v;| forallj=1,... N.
te[0,1]

From Lemma 3.7.13(b) we borrow the relation |u;| < v/3 Hu||H;], j=1,...,N,
(cf. (3.7n)) and arrive at

<6r?|uj —v;| forallj=1,...,N (4.9r)

2 2
R T
and u,v € B,.(0, H},), which, in turn, equips us with the first L3 -estimate

N
1 2
[P (u) = P (v)ll72, = NZ ‘|Uj|2uj — |v;* o5 < 36r" u—v|Ls (499)
j=1

for all u,v € BT(O, H le) Moreover, for notational convenience we identify w41
with vy (and v 41 With v7) to obtain

+ 2 + 2 2
03 (s w5) = & (s v5)

2 2 2 2 2
<‘|Uj+1| Uji1 = [Vj41] ’Uj+1’ + ‘|Uj| u; — [vg] ij
(4.9r) 2
< (60 [ujr — vy | + 677 |uy —vy])” < 720" <|Uj+1 — v |* + Juy — ’Uj|2)
forall j = 1,..., N from the elementary inequality

(x+y)? <22°+2y% forallz,y€R. (4.9t)

Therefore, with relation (3.7k) for the seminorm || A, We get

N
E) ~ Ex (), = 3 328 () — B (0),5] () — Fx ()

N
1 2
=5 D164 (Pa(u) = Fx(0);]” < 144r* lu = |72
—
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and combining this with (4.9s) we obtain from (3.7j) for all u, v € BT(O, H}V) that

) . , G . )
||FN(u)—FN(v)HH;] < 180r HU_U”Li, < 180r ||u—v||H;] (4.9u)

(IT) Now we aim at a Lipschitz estimate for the full nonlinearity F resp. fi. By
definition, adopting the notation from Lemma 4.9.20 and its proof one has

N
() = S5, < T2 (1 +vy) [y (R [(F (b1, w) = Fltrg,v), 65)]

j=1

and referring again to the basic inequality (4.9t) we proceed to

If(u) = (@), < 27° (1+ R + %) le —v,6;)[
j=1
N
+272 (14 R3) > (1 +v) [(F(u) — Fn (v), 65)
7j=1
(4.9u)

< 277 [(1+ R} +0°) +180(1 + R3)r"] [lu — v|[31 -
Taking the square root of this estimate yields the assertion. O

After all these preparations we eventually arrive at

Theorem 4.9.22 (fully discretized Ginzburg-Landau equation). Let I = Z.
Choose reals w € (0,1) and p > p1, where p; is the radius of the absorbing
ball from (2.6p). If N > 5 fulfills

L
N?sin (%) > ﬁ (4.9v)

and if the stepsize bound T € (0, 1] is so small that
L(p)T < 1, [(B+12) 1+ vns1)) ] T <w ' =1 (4.9w)

withn := [%1 then the following holds:

(a) The full finite difference discretization (AGL) of (GL) has a (2n + 1)-dimen-
sional inertial fiber bundle W C 1 x B, (0, HY) as in Theorem 4.7.3.

(b) Under the stepsize restrictions (2.6m), (2.6q) and (2.6s) there exists a unique
global attractor A* for (AGL) with A* C W,

where the constant L(p) > 0 is defined in Lemma 4.9.21.

Remark 4.9.23. The formulation of Theorem 4.9.22 (as well as of Theorem 4.9.18)
is quantitative in the sense that the dimension of the inertial fiber bundle W can ac-
tually be computed for given values of v and bounds R;, Re > 0 (Fig. 4.8). Related
estimates for the continuous problem (GL) (and constant p1, p2) are given in [122].
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Fig. 4.8 Dimension of the inertial fiber bundle W from Theorem 4.9.22. Left: dim W over
(R1, R2)-plane for v = 1, Ry € [0.035,0.07], Rz € [0, 0.5]. Right: dim W over (R, v)-plane for
parameters v € [0, 0.5], Ry = 0.07 and R> = [0, 50]

Proof. Unfortunately, we cannot apply Theorem 4.7.3 directly, since the forward
solutions of (AGL) need not to be unique (cf. Lemma 2.6.18). However, this prob-
lem can be circumvented as follows:

Choose p > p; as required above. We modify the nonlinearity of (AGL) as in the
proof of Theorem 4.7.3 and directly employ Theorems 4.2.9 and 4.3.7 to equation

' = Agz + fL(2). (4.9x)

For this, we verify the corresponding assumptions with Y3, = H3, and the extended
state space X = Z x H}, for an appropriate spatial discretization with N > 5. Since
H3, is a Hilbert space, we are in the scope of Remark 4.7.4(1) and radial retractions
on H3 have Lipschitz constant 1.
ad Hypothesis 4.2.1: Thanks to Lemma 4.9.20 the linear part of (4.9x) possesses
a strongly regular exponential L%J -splitting. More precisely, for each positive
N+1

integer n < =2 we obtain an exponential dichotomy with constant projectors Py,

constants K= = 1 and the growth rates a,, (k) := |1 + (1 + iv)hg(1 4+ Any1)| s
bu(k) = |14 (1 +iv)hi(1+ A,)|~"; from an elementary calculation we obtain
an < by,. Indeed, Lemma 4.9.20 implies the desired dichotomy estimates

k—1

”@(kvl)Q?HL(H}V) < H ||AJQ111||L(H11\,) < €a, (k1) foralll <k
=l

and analogously || @ (k, l)P1"||L(H11V) < ey, (k1) forall k <.
ad Hypothesis 4.3.1: Referring to Lemma 4.9.21 and Proposition C.2.5 one has

the Lipschitz condition lip f{ < L(p)T. Hence, Proposition 4.1.3 ensures that the
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general forward solution of (4.9x) exists as a continuous mapping. Moreover, also
the global Lipschitz conditions (4.2a) hold with L; = 0 and Ly = L(p)T.

ad (I'; (n)): This growth condition trivially holds due to fx(0) = 0 on Z.

ad (G‘n) In the present setting the spectral gap condition reads as

[bn—an] . 2 |Vb'”«-| TL(IO)
F€ (0’ 2 ) 1+ 2TL(p)

and it is slightly more involved to verify it. For this, we abbreviate

a:=2hg(14+vpy1) + hi(l + Upi1)? + hﬁlﬂ(l + Uni1)?,
B = 2hp(1+vy) +hi(1+v,)? + 22 (1 + vy)?

and observe a, (k) = (1 + a)~'/2, b,(k) = (1 + B)~/2. Our conditions (4.9w)
ensure

B<a<[20+vng1) + (L4 vnp1)? + 21+ vn1)?| T
<@+ 4 vm)’T<w ' -1,

onehas I+ 3 <Vi+a<w 2 thusVI+a(vVI+a+VI+5) < 2 and

1
W (n— a—f3 _ 1
wits (@ ~0) S TVt e Vi T e

Since we also have 3 < w™! — 1, one deduces ——— > /w and we assemble

VitB =
1 1 w w3/2
bn(k)_an(k): m_ \/H—aZ 2m(a_6)2 92 (O‘_ﬁ)'

Directly from the definition one has o« — 5 > 2wT' (A, +1 — Ay,) and forn = [%]

using Lemma 3.7.11(b) it is b, (k) —a, (k) > 2v/3ww??N?sin (% ). Thanks to the

estimate b, (k) < 1 this ensures J-% > 2v/3ww?/2N? sin (%), which implies

2T L(p) @9v) 3/2 772 o [bn — an]
—— < 2TL 2 N T < —
1+ 27L(p) = (p) < 2V3ww sin (§) 7' < [ ]

forn = [2=2]. Note that by Remark 3.7.12 we can satisfy (4.9v).

(a) Having verified all assumptions of Theorem 4.3.7 we know that the implicit
difference equation (4.9x) in CV has a global inertial fiber bundle W,if N > 5
satisfies (4.9v). Each fiber W(k), k € Z, is a graph over P/*C" and by definition
of the projector P} in Lemma 4.9.20 we have dim W(k) = dim P*CN = 2n +1,

k € Z. Since the nonautonomous set Z x B, (0, HY) is uniformly absorbing for
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the original equation (AGL) (see Lemma 2.6.20), all solutions of (AGL) eventually
enter B,(0, HY ). We define W := WN B, C Z x H} and the positive invariance
of Z x B,(0, H},) implies that W is an inertial fiber bundle for (AGL).

(b) By Proposition 2.6.21 there exists a of unique global attractor 4* C Z x
B,(0, Hy,). Clearly, b, < 1 and f;(0) = 0 on Z implies that Corollary 4.7.5 can
be applied, which yields A* C W. Therewith, Theorem 4.9.22 is established. O

4.10 Remarks

Semilinear difference equations: Semilinear (also called quasilinear) difference
equations inherit their dynamical properties from the linear part and consequently,
features like stability might be global in nature. In fact, the dominant linear part
invites to apply various perturbation techniques, and we strongly benefit from this
observation when it comes to the construction of invariant fiber bundles and folia-
tions in Sects. 4.2 resp. 4.3. Nevertheless, as illustrated by Theorem 4.1.8, semilinear
equations can also possess properties typical for nonlinear problems, like nontrivial
attractors.

Boundedness criteria for quasilinear problems are given in [175, p. 174ff]. Con-
cerning stability questions, there is an enormous literature and for example, issues
like asymptotic equivalence of solutions have been studied in [330,331,363,364]. In
discretization theory, approximations to dissipative linear parts like elliptic differ-
ential operators, yield uniformly stable linear difference equations (see Sects. 3.7.3—
3.7.4).

Existence of invariant fiber bundles: As indicated by the quotation in the begin-
ning of Sect. 4.2, the literature on the existence of invariant manifolds for various
kinds of evolutionary equations is vast. Hence, in the following (understandably in-
complete) survey on methods for the construction of invariant manifolds, we skip
important contributions like [91,247] and essentially restrict to discrete systems:

o Graph transform: This historically first method due to [186] is of geometric
nature. It characterizes the graph of an invariant manifold using a functional
equation in an appropriate space of bounded Lipschitz functions, whose graph
is the desired manifold — a contraction mapping argument enables a constructive
proof for the existence of a solution. The references [138,141,210,211,227,230,
236,254,319,343,434,447,462] use this approach. A graph transform technique
for nonautonomous problems can be found in [245,277].

o In this book, we excessively use of the Lyapunov—Perron method (see [316,
361, 362]) with a rather functional analytical flavor. One relies on a dynam-
ical characterization of stable manifolds as set of initial points for solutions
decaying exponentially to zero. Such solutions can be characterized as fixed
points of so-called Lyapunov—Perron operators in sequence or function spaces
(cf. [77,83,90,110, 114, 152,232,233, 456]). This abstract method lifts to non-
autonomous problems (see [20, 26, 82, 205, 355, 374, 385, 458]). In fact, the
occurring Lyapunov—Perron operators are omnipresent throughout the nonauton-
omous theory.
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o In the deformation method from [320] one formulates the problem of finding
an invariant manifold as solution of a family of vector fields. These differential
equations can be integrated and their solutions define the invariant manifold.

e The parametrization method (cf. [71-73]) allows to establish the existence of
smooth invariant manifolds associated to linear subspaces, invariant by lineariza-
tion, which satisfy non-resonance conditions; the basic idea is to construct a
conjugacy between a map and its linearization.

e The scheme of [214] is much more geometrical than the approaches relying on
abstract fixed point theorems. It is based on the convergence of a canonical se-
quence of “finite time local stable manifolds”, which are related to the dynamics
of a finite number of iterations.

For differential equations there are further methods to construct invariant manifolds.
They can be traced back to the work of [411,412] (based on PDE techniques like
elliptic regularization in order to solve the invariance equation), or [270] (see also
[306], where the manifolds are constructed via appropriate boundary value prob-
lems). However, to the authors knowledge, these approaches have not been applied
to difference equations yet.

A fairly flexible approach to construct attractive invariant manifolds of auton-
omous difference equations based on the graph transform method is due to [254,
p- 207ff] and [343], which also has a variety of applications. It is remarkable that
already the early contribution [191] constructed invariant manifolds for nonauton-
omous equations. More contemporary results of this kind have been successively
developed in [110, 355], [458, p.86, Satz 2.3.1], [20, Theorem 4.1], [23, 233]
and finally also in the monograph [245, pp.242-243, Theorem 6.2.8]. Invariant
fiber bundles for difference equations with an almost periodic or recurrent time-
dependence are investigated in [82, Theorems 6.10—6.11]. Invariant manifolds under
the assumption of a nonuniformly exponentially dichotomic linear part have been
investigated in [41] (dealing with ODEs). For the origins of the pseudo-stable and
-unstable hierarchies of invariant fiber bundles we refer to [19,430]; in [12, p. 339,
Corollary 7.3.12] these hierarchies are denoted as flag of (un)stable manifolds. Fur-
ther references will be given below.

Finally, conditions for smooth finite-dimensional mappings precluding the exis-
tence of invariant Lipschitz compact submanifolds, are given in [158].

Our goal in Sect. 4.2 was to provide a flexible existence result for invariant fiber
bundles, which carries the main technical load in global (inertial manifolds) as well
as local situations (pseudo-stable and -unstable manifolds). Due to our nonauton-
omous and implicit setting we followed the Lyapunov—Perron method of [374].
Nonetheless, our Lyapunov—Perron construction differs from the one in [20, 114]
or the continuous counterpart in [432, p. 569ff, Chap. 8]. As a benefit, we require
a weaker spectral gap condition and our smoothness proofs (see Sect. 4.4) are less
involved. Moreover, differing from the previous approaches [20, 458], our invari-
ant fiber bundles are not associated to the trivial solution (the growth condition
(Fii) circumvents this) and our method works for equations without a decoupled
linear part.
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An example that even in the classical situation of an exponentially trichotomic
autonomous equations, not all invariant subspaces persist under nonlinear perturba-
tions as Lipschitzian manifolds, is given in [18, Sect. 8] in the ODE case.

Invariant foliations and asymptotic phase: In the autonomous situation, a con-
struction of invariant foliations has been given in [83, 157, 253] and smoothness
issues have been addressed in [153]. We remark that the construction of invariant
fiber bundles, as well as of invariant foliations, can be put in a common framework
of general “Lyapunov—Perron equations” (cf. [83]). The nonautonomous case is in-
vestigated in [458, p. 99ff, Abschnitt 2.5], as well as in [33]. Invariant foliations near
normally hyperbolic invariant manifolds of diffeomorphisms have been constructed
in [211] and generalizations to maps on Banach spaces are due to [44]. Finally, a
basic application of invariant foliations is the decoupling and linearization theory
studied in Chap. 5.

Using geometrical arguments, invariant foliations yield a crucial asymptotic
phase property of an invariant manifold resp. fiber bundle. Instead of an asymptotic
phase one also speaks of an exponential tracking.

An invariant fiber bundle W is called hyperbolic, if for all pairs (k,&) € W, the
variational equation along the solution ¢(; k, £) admits an appropriate exponential
trichotomy. For discrete dynamical systems, the asymptotic phase property of such
invariant manifolds consisting of equilibria has been investigated in [16, p.59f1f,
Chap. 2] and was extended to infinite-dimensional problems in [197, Theorem 2.8],
[69]. The related nonautonomous situation is addressed in [25, 307, 308].

Smoothness of fiber bundles and foliations: At least the graph transform and
the Lyapunov—Perron method work for equations, whose right-hand side is merely
Lipschitz in the state space variable. The corresponding proofs are based on the
contraction mapping or the Lipschitz inverse function theorem (cf. Theorem B.3.1).
For smooth mappings with hyperbolic linear part, the classical stable and unsta-
ble manifolds inherit their differentiability properties from the equation — including
being C*° or analytic. Here, the implicit function theorem (see [228]) or the uniform
contraction principle is used (see [227, p. 132ff]).

For more general splittings of the linear part, i.e., particularly for pseudo-stable
and -unstable manifolds, C'-smooth right-hand sides yield continuously differen-
tiable invariant manifolds. The question for a higher-order smoothness is more
subtle, since substitution operators on spaces of exponentially bounded sequences
need not to be as smooth as the mappings inducing them (see Example 4.6.6).
Whence, more delicate techniques and tools come into play, which fall into the
following categories (see [21, Remark 8] for another survey):

o Uniform contraction principles on scales of continuously embedded Banach
spaces (see [205,406,409,457]).

o The fiber contraction principle is due to [209] and applications to derive smooth-
ness assertions of invariant manifolds of difference equations can be found in
[138,141,456].

o A lemma of Henry (cf. [87, p.324, Lemma 2.1] or [21, Lemma 1]) yielding a
condition when locally Lipschitzian mappings are of class C*.
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Our argument to prove smoothness assertions for invariant fiber bundles does
not rely on the sophisticated tools mentioned above. Rather, it is based on a formal
differentiation of the Lyapunov—Perron equation and has its origins in [385]. As
advantage we point out that the only nonelementary tools involved in the proof are
the Neumann series and Lebesgue’s convergence theorem.

Smoothness results for invariant foliations can are due to [83, 153], and the non-
autonomous differential equations case is treated in [89,435].

Normal hyperbolicity: The property of normal hyperbolicity is a key issue in
the general theory of invariant and inertial manifolds, since it guarantees their ro-
bustness, which in turn, is essential for discretizations matters. Indeed, a normally
hyperbolic invariant manifold is stable under small perturbations of the right-hand
side in the problem (see [160,370] or [432, p. 494ff] for the differential equations
situation); in case of inertial manifolds this is guaranteed by the spectral gap condi-
tion (see, e.g., [404]).

Pseudo-stable and pseudo-unstable fiber bundles: Stable and unstable invariant
manifolds for maps with hyperbolic linear part are considered in [228], or in the
infinite-dimensional case in [227, p. 132ff] and [462]. Stable and unstable manifolds
for time discretizations of PDEs were constructed in [8].

A generalization to arbitrary spectral splittings of the linear part, i.e., to
pseudo-stable and -unstable manifolds, can be traced back to monographs like,
e.g., [200, pp.234-236, Lemma 5.1 and Example 5.2] for C''-mappings on R",
[211, pp. 53-54, Theorem 5.1], [434] for C"*-diffeomorphisms,m > 1, and to [430]
for the almost periodic ODE case. In a pseudo-hyperbolic context, we also refer to
the research papers [229,293, 460]. Finally, in a globally Lipschitzian setting, the
nonautonomous pseudo-hyperbolic case has been addressed in [20]. On the basis of
these results, [392, p. 116ff, Sect. 5.1] constructed forward resp. backward invari-
ant fiber bundles meeting the requirements of pullback attraction. Applications of
invariant fiber bundles have been given in [218,220].

Rigorous smoothness proofs for invariant manifolds are due to the contributions
[90,138,139,205]. In the nonautonomous situation, we refer to [26,385] for (sharp)
differentiability assertions. Our Example 4.6.6 illustrating sharpness of the gap con-
dition (4.6¢) implying smoothness of the pseudo-stable fiber bundle is taken from
[385, Example 4.1]; a similar example for the pseudo-unstable fiber bundle may be
found in [26, Example 4.13].

Pointing at their relevance in stability and bifurcation theory, dynamical proper-
ties of center manifolds for maps are discussed at various sources like [319, p. 28,
Theorem (2.1)], [227, p. 145ff], [77, p.33ff] or [275]. In particular, see [232] for
center manifolds of mappings with an unbounded linear part.

The celebrated reduction principle of Pliss (see [366]) found its discrete counter-
partin [77, p. 35, Theorem 8]. A reduction principle for nonautonomous difference
equations is due to [458, p. 104, Satz 2.6.1], [34, Theorem 2.1] and [234,399] under
global assumptions on the nonlinearities. Using an ad hoc approach, these restric-
tive conditions have been removed in [373] yielding an applicable form. Note that
our approach to deduce Theorem 4.6.15 differs from [373] and does not require a
finite-dimensional center-unstable bundle.
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Taylor approximations of invariant manifolds are discussed in [59] with a focus
on the homological equation as an algebraic problem in spaces of multilinear map-
pings. A nonautonomous generalization has been given in [382, 383]. Here, the
homological equation (4.6q) is a linear difference equation and finding Taylor coeffi-
cients becomes a dynamical, rather than an algebraic problem. Such nonautonomous
Taylor approximations make the reduction principle from Theorem 4.6.15 applica-
ble. We illustrated this via critical nonautonomous stability problems in [383].

We have tackled the lacking uniqueness of locally invariant manifolds in form
of Proposition 4.6.17. A different approach has been given in [68, Theorem 4.1],
where a single manifold is picked by requiring it to contain the graph of a particular
function defined on a sphere in the range of the pseudo-stable spectral projector.

An interesting topic is the connection between center manifolds of (semi-) flows
and their time-h-map. In general, a center manifold of a time-h-map is not flow-
invariant (see [285, Sect. 3] for an explicit example) and it is demonstrated in [285]
that invariance depends of the correct choice of an appropriate cut-off function. On
the other hand, once a center manifold of a time-h-map is unique, then it is also
flow-invariant (cf. [275]).

The lack of differentiable cut-off functions on C[—r, 0] (see Example C.2.8(4))
makes it difficult to apply our results on locally invariant fiber bundles, e.g., to
temporal discretizations of DDEs or FDEs. Here, one has to employ more subtle
techniques elaborated in [286, p. 173ff] and [152, Theorem 5.1].

Inertial fiber bundles: The theory of inertial manifolds for evolutionary differen-
tial equations is wide and we refer to [453, p. 498{f, Chap. 8], [432, pp. 569, Chap. 8]
for a survey and to [164] for an early contribution.

In general, attractive invariant manifolds are a theoretically useful tool in nu-
merical analysis. For instance, [252,444] show that multistep methods (or general
linear methods) to solve ODE initial value problems are asymptotically equivalent
to one-step methods. An extension to methods involving varying stepsizes, as well
as applications to delay difference equations, is due to [376].

Discrete inertial manifolds in discretization theory have been investigated in
[114, 216,236, 237,272-274, 309, 433] for autonomous equations. In addition, a
linearly implicit temporal Euler discretization of an autonomous RDE was consid-
ered in [464]. The nonautonomous case as well as issues like normal hyperbolicity
is due to [375].

Inertial manifolds and also fiber bundles from Theorem 4.7.3 satisfy a weaker
form of an asymptotic forward phase. In fact, they are asymptotically complete,
which means that forward solutions have to enter the absorbing set first, before they
are grasped by a solution on the inertial bundle via its asymptotic phase.

The main obstacle for the existence of inertial fiber bundles is the spectral gap
condition, which is hardly satisfied in spatial discretizations of partial differential
equations in more than one dimension. To avoid this problem, the concept of an
exponential attractor (cf. Definition 1.6.3) has been introduced in [124, pp.9-24,
Chap. 2]. In a way, exponential attractors are “realistic”’ objects intermediate be-
tween the two “ideal” ones which are global attractors and inertial manifolds.
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Approximation of invariant fiber bundles: As summarized above, most methods
for the construction of invariant manifolds are iterative and consequently in some
sense algorithmic. Hence, there is a tremendous literature on the approximation of
invariant manifolds for autonomous dynamical systems — for a survey we refer to
[283]. As usual, the situation is different in the nonautonomous case. Unstable fiber
bundles have been characterized as pullback attractors and approximated using set-
valued numerics in [27].

The method presented here, generalizes our approach from [384] to implicit
equations; this paper illustrates that both (4.81) and (4.8j) can be solved efficiently
using Newton-methods. Numerical tests showed that the best performance is ob-
tained for inexact Quasi-Newton techniques. Moreover, for 1-dimensional fibers,
pseudo-arc length continuation methods have been applied in order to compute rel-
atively long arcs of global fiber bundles for nonlinear problems.

Applications: First of all, the construction of invariant manifolds for autonomous
evolutionary differential equations by applying discrete results to their time-h-map
has been exemplified in [83, Sects. 5—-6]. Invariant foliations over inertial manifolds
have been investigated in [157].

Concerning flexible C!-perturbation results, which apply to general normally
hyperbolic invariant manifolds, we quote [368] — this forms the basics for a corre-
sponding discretization theory.

For numerical methods to solve DDEs we refer to [47,467] and [172] gives a
survey on the corresponding numerical dynamics. Unstable manifolds of discretized
retarded FDEs are the topic of [155] and see [156] for small delay inertial manifolds
and numerical structural stability.

The behavior of invariant manifolds for ODEs under numerical discretization
has a long history. Pioneering papers are [53] (stable and unstable manifolds), [60]
(center manifolds), [158], and [171] (pseudo-stable and -unstable case). The results
of [53] were generalized to parabolic PDEs in [8]. For periodic ODEs we refer to
[468] and the general nonautonomous situation has been investigated in [246].

When discretizing PDEs one is confronted with the problem of nonsmooth initial
data, which have an effect on the convergence rates under approximation. The cor-
responding error estimates to show convergence results can be found, for instance,
in [55,314,315].

Evolutionary equations having an inertial manifold and corresponding discretiza-
tions are the topic of various papers. Early contributions on temporal discretizations
are [114,272], general perturbation results applicable to a variety of (full) discret-
izations have been considered in [236], and we furthermore refer to [216], [121]
(temporal and full Runge—Kutta schemes), [273], [237,238,274] (C 1-convergence).
Abstract convergence results of inertial manifolds are due to [400]. Moreover,
[464] analyzes the inertial manifold of a linearly-implicit Euler discretization of
a sectorial evolution equation. While many papers restrict to one-step methods,
see [433] for generalizations to multistep schemes. Finally, time-discrete inertial
manifolds for nonautonomous equations have been discussed in [374, 375]. Iner-
tial manifold for the fully discretized Ginzburg—Landau equations are constructed
in [309], which we generalized to the time-variant case. A similar analysis to
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ours from Sect.4.9.5, but for the Kuramoto—Sivashinsky equation, can be found
in [162,163,165,273,274]. A numerical computation scheme for inertial manifolds
based on approximations of the continuous Lyapunov—Perron method has been sug-
gested in [235], while we have preferred an initial time discretization in Sect. 4.9.4.
Two further approximation schemes are due to [401].
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