
Chapter 2
Background Physics

In this chapter I will introduce the theoretical concepts and experimental data that
are relevant to the study of Sr3Ru2O7 presented in this thesis. From a theoretical
point of view the fundamental phenomena of a wide class of correlated electron
systems are surprisingly well described by a non-interacting ‘Fermi gas’ theory.
One of the first assumptions of this theory is not to take into account any electron–
electron interactions besides Pauli’s Exclusion Principle. It is thanks to a theory by
Landau [1–3] that we understand why the results for the Fermi gas also apply
qualitatively to strongly interacting Fermi liquids. Since the properties of the
metallic ground state of Sr3Ru2O7 in zero magnetic field are well described by the
concepts of Landau’s Fermi liquid theory I will review its most important results in
the first part of this chapter. Indeed the predictions of Landau’s Fermi liquid theory
are so robust that it is in particular the systems that go beyond that theory and show
non-Fermi liquid behaviour that have attracted a wealth of experimental and
theoretical, with the high temperature superconductors of the cuprate [4] and
recently iron–pnictide families [5] being but two of the most famous examples.
In particular, the concept of quantum criticality has been used experimentally as a
route to novel quantum states and will be briefly discussed.

The second part of this chapter will review the most relevant experimental data
existing to date on Sr3Ru2O7. Here I will in particular discuss the thermodynamic
evidence for a metamagnetic quantum critical end point as well as the existence of
a novel quantum phase in its vicinity. The chapter will finish with a summary of
the experimental evidence for Fermi liquid quasiparticle excitations across the
phase diagram.

2.1 Itinerant Electron Systems

To give a thorough introduction to the ‘Fermi gas’ or Landau’s Fermi liquid theory
is beyond the scope of this thesis. However, in order to put the experimental results
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and their significance into perspective it is necessary to summarise the most rel-
evant results of the non-interacting theory in the first part of this section. Here
particular emphasis will be put on the properties in magnetic fields. This will be
followed by a basic introduction to Fermi liquid theory in order to show which
concepts form the basis for its successful description of a wide range of itinerant
electron systems. For more detailed discussions and derivations of the results
presented here the books by Ashcroft and Mermin [6] for the properties of solid
state systems in general and by Abrikosov et al. [7] for Landau Fermi liquid theory
in particular give a good treatment of the subject and provide further references to
the literature.

2.1.1 Non-Interacting Electron Theory

Many metals share a range of similar properties such as a linear temperature
dependence of the specific heat at low temperatures. A very important step in
understanding the generality of the physical laws applying to a vast range of
different materials was Sommerfeld’s theory of non-interacting fermionic particles
that are constrained by boundary conditions in space. In combination with the
study of the effect of a spatially varying periodic lattice potential on these non-
interacting fermions, the theory is very successful in explaining many aspects of
the properties of crystalline materials, especially at low temperatures. For the
discussion in the following sections it is important to review the key concepts and
nomenclature used.

The first concepts to mention are those of lattice momentum and the Brillouin
zone. Since the periodic potential of the lattice destroys the continuous transla-
tional symmetry of real space, momentum is no longer a good quantum number.
However, a crystalline system still retains a discrete translational symmetry
leading to the definition of a lattice momentum. For the purposes here, one can—
with one important exception—treat this lattice momentum the same way as the
normal momentum, and the explicit reference to the lattice will be omitted in the
reminder of the thesis. The important exception is that the momentum space is
finite and can be confined to the first Brillouin zone, the primitive unit cell of the
reciprocal lattice related to the real lattice via a Fourier transform. Under these
conditions it is possible to show that the resulting single-electron energy–
momentum dispersion in a crystalline solid is given by a series of energy bands
�N(k) in the Brillouin zone. Here � is the energy, k the momentum vector and
N the band index. If one neglects the Coulomb and magnetic interaction between
the electrons then these energy levels are occupied at zero temperature according
to Pauli’s Exclusion Principle up to a maximum energy, the so called Fermi
energy �F. Each energy level is doubly occupied due to the degeneracy in spin
space. It can be shown that in the thermodynamic limit �F is independent of
sample size. These concepts are illustrated in Fig. 2.1 for the example of copper
[6, p. 289].
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The wave vector in momentum space describing the Fermi surface is called the
Fermi momentum kF. The Fermi surface topology is in general complicated.
In particular, more than one band usually crosses the Fermi energy, giving a
number of disconnected Fermi surfaces.

Most results of the theory take their simplest form for spherical Fermi surfaces.
The magnitude of the Fermi momentum, kF, is for example independent of
direction and equal to the radius. For this reason mathematical results in this thesis
are often presented for isotropic Fermi surfaces only. However, these are generally
extendable to more complicated topologies.

The elementary excitation of such a system is the occupation of an unfilled level
with an electron from a filled level. Whenever an electron crosses the Fermi energy
a ‘hole’ is left behind in the states below the Fermi energy. The resulting symmetry
in the number of particle and hole excitations is a fundamental property of a
fermionic system as considered here. The typical width in energy of the electronic
bands is of several eV. Therefore, any measurement of the system involving
energy scales of not more than a few meV probes the physics of the energy–
momentum dispersion close to the Fermi surface. As a result many properties of
the system can be written in terms of a linearised band structure at �F. In con-
nection to this an important quantity is the density of states g(�), with g(�)d� giving
the number of electronic states in the energy range from � to � ? d� normalised by
the sample volume V.
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Fig. 2.1 a The band structure of Cu close to the Fermi energy �F is shown (graphic based on
[6, p. 289]). The bands are plotted along lines in momentum space connecting points of high
symmetry in the Brillouin zone. The position of these points is indicated in b, where the first
Brillouin zone of Cu is given. The Fermi surface of Cu is shown in c [8, 9]
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An important class of measurements are thermodynamic experiments at low
temperature. Since a temperature of 10 K corresponds to an average thermal
energy of the order of 1 meV the above assumption of linearisation is often ful-
filled experimentally. In this limit the electronic specific heat cel is linear in
temperature T and given by

cel ¼
p2

3
k2

BTgð�FÞ; ð2:1Þ

with kB being Boltzmann’s constant. The factor ðp2=3Þk2
Bgð�FÞ is called Som-

merfeld coefficient c. In the case of an isotropic surface, c can be written as

c ¼ k2
B

3
k2

F

o�
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�
�
�
�
kF

 !�1

: ð2:2Þ

Comparing this result to the Sommerfeld coefficient of the free electron gas,

cgas ¼
mek2

B

3�h2 kF; ð2:3Þ

leads to the definition of the thermodynamic effective mass m* as

m� ¼ �h2kF
o�

ok

�
�
�
�
kF

 !�1

: ð2:4Þ

A second class of experiments such as resistivity measurements or the response
to strong magnetic fields involves dynamic properties of the electronic states.
An appropriate theoretical framework for a discussion of most of the observed
effects is the semiclassical theory. The basic components of this theory are elec-
tronic wavepackets in real space that represent an excitation of spin 1/2 and
charge - e being spread out over several lattice sites. If the analysis does not
require too localised a wave function in real space, then one can represent it as a
superposition of only a small number of momentum eigenstates around an average
Fermi momentum kF. If one assumes furthermore that the applied electric or
magnetic field is varying only slowly over the width of the wave packet, then it is
possible to treat the field effectively as a classical force acting on the centre of the
wave packet. The above described hierarchy of scales is shown schematically in
Fig. 2.2.

An important variable in this theory is the (group) velocity of the wavepacket
with which its centre of mass moves. It is given by

vðkÞ ¼ 1
�h

o�

ok
; ð2:5Þ

10 2 Background Physics



with �h being Planck’s constant. The comparison of the momentum p of a wave-
packet given by

p ¼ �hk; ð2:6Þ

with the definition p = m*v for the classical momentum leading to a definition of
an effective dynamic mass m* as

m� ¼ �h2kF
o�

ok

�
�
�
�

kF

 !�1

: ð2:7Þ

Note here that this is the same definition as has been obtained previously for the
thermodynamic effective mass and no distinction between the two will be made in
the following.

Within the semiclassical model one can derive the equations of motion for the
position r and momentum k of a wavepacket under the influence of an electric
field E and a magnetic field H as

_r ¼ v ¼ 1
�h

o�

ok

�
�
�
�

kF

; ð2:8Þ

�h _k ¼ �e Eþ 1
c
v�H

� �

: ð2:9Þ

Here e is the charge of an electron and c is the velocity of light.
After having introduced the fundamental concepts of the theory of a non-

interacting Fermi gas I will in the following discuss its results regarding the effects
of magnetic and electric fields in more detail.

x coordinate

lattice

varying field

wave function

Fig. 2.2 This figure gives a overview of the hierarchy of scales in real space for which the
semiclassical description is appropriate. The electron wavepacket described (blue) can only be
localised to within several lattice site (black dots). Furthermore, the variations of the applied field
have to be small on the scale of the wavepacket
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2.1.2 Magnetic Field Effects

Magnetic field effects are generally treated in two regimes. In the first, one
assumes that the dynamics of electrons due to the applied field, i.e. electron orbital
effects, are negligible. An example for this limit is Pauli paramagnetism. The
second case takes full account of the orbital motion leading to such effects as
quantum oscillations.

2.1.2.1 Pauli Paramagnetism and an Extension Thereof

If a magnetic field l0H is applied to an itinerant paramagnetic electron system then
each electron can orient its spin parallel ð"Þ or antiparallel ð#Þ to the magnetic
field.

Since orbital motion of the electrons will be neglected here the only effect of
the field is a shift of the energy levels for the spin-up and spin-down electrons
by ± lBH. Therefore, in the presence of the magnetic field the density of states for
each species of electrons can be given in terms of the zero field density of states
g(�) by

g"=#ð�Þ ¼
1
2

gð�� lBl0HÞ: ð2:10Þ

The requirement of conservation of number of electrons N in the system then
defines implicitly the Fermi energy �F at zero temperature via

N ¼
Z�F

�1

g" þ g#
� �

d�: ð2:11Þ

In the limit where the magnetic field is small, one can assume that the density of
states is effectively constant, resulting in the Fermi energy �F being field inde-
pendent. Furthermore, the magnetization M is given in terms of the number of spin
up electrons, n"; and spin-down electrons, n#; by

M ¼ �lBðn" � n#Þ ¼ �lB �lBl0Hgð�FÞð Þ; ð2:12Þ

resulting in the familiar expression for the susceptibility of Pauli paramagnetism v
of

v ¼ l2
Bgð�FÞ: ð2:13Þ

Two things should be mentioned. First of all the derivation at no point made any
reference to the band structure other than the density of states, nor to the orien-
tation of the magnetic field. Pauli paramagnetism is therefore isotropic. Further-
more, for simplicity, the argument was presented only for zero temperature, but it
can be shown that v is, to first order, temperature independent.
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The reason the effect was presented in some detail here is because in the
following it will be discussed what occurs when the magnetic field is sufficiently
strong such that the assumption of the constant density of states breaks down
(however orbital effects will still be neglected). This, for example, can happen at
experimentally accessible fields if there is a peak in the density of states close to
the zero field Fermi energy. This thought experiment is presented in Fig. 2.3.

In part (a), a possible situation in zero magnetic field (H0 = 0) is shown. Here
the density of states g"=#ð�Þ are shown as a function of energy for the spin-up
(blue) and spin-down (red) electrons. The density of states has a peak below the
Fermi energy �F at the energies �c"=�c# which are identical in zero field. If one
now applies a magnetic field H1 (part b) the energy of the spin-up band is
lowered whereas the energy of the spin-down band is increased. However,
whereas the difference in shift between the two bands is given by lBH, the

(a) (b)

(c) (d)

Fig. 2.3 Schematic representation of the effect of a magnetic field on the shift in the density of
states of the spin up ðg"ð�ÞÞ and spin down ðg#ð�ÞÞ Fermi surfaces neglecting orbital effects.
In zero magnetic field, as shown in a, the density of states of both spin species are the same. In the
particular scenario here both density of states have a peak at �c# and �c" below the Fermi energy �F.
The filled states of the two spin species are shown in blue (spin-up) and red (spin-down). In b and
c it is shown that, when applying successively larger magnetic fields H1 and H2, the bands shift
relative to each other with the density of states peak of one of the spin species being pushed through
the Fermi energy. As discussed in the text the condition of overall number conservation causes the
rate of change of the density of states to be a nonlinear function of applied field. This is shown
schematically in d where the distance in energy of each of the density of states peaks from the
Fermi energy �F, i.e. �c" � �F and �c# � �F ; is given as a function of magnetic field. As shown,
�c" � �F and �c# � �F are not a linear function of H - HC where HC is the critical field at which the
peak in the density of states of one of the spin species crosses the Fermi energy
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individual relative shift with respect to the Fermi energy is determined by
number conservation. The consequence of this is that when the Fermi energy in
one of the spin subspecies gets close to a peak in the density of states then the
rate at which the Fermi energy approaches the peak as a function of applied
magnetic field will slow down.

At a sufficiently high magnetic field the Fermi energy will have crossed the
peak in the density of states as shown in Fig. 2.3c. Some careful remarks are
necessary here. First, the above discussion completely ignores electron–electron
interaction effects. Secondly, here the orbital effects of electronic states, leading
for example to the phenomenon of quantum oscillations [10], were neglected.
Overall one would not expect necessarily to be able to make quantitatively correct
predictions based on this ‘Gedankenexperiment’. However, one main qualitative
conclusion is expected to hold. Close to a density of states peak one cannot expect
that the distance in energy of the Fermi energy to that peak, i.e. (�C - �F), is
directly proportional to (H - HC), which is the difference of the magnetic field
H to the critical magnetic field HC at which the Fermi energy would lie at the
maximum of the density of states peak. This is shown explicitly in Fig. 2.3d,
where the relation between the two is shown for the particular scenario discussed
here.

2.1.2.2 Quantum Oscillations

In the previous section it was assumed that the only coupling to the magnetic field
is via the spin of the electrons. However, according to the semiclassical model
introduced earlier, there exists a coupling between the magnetic field H and the
momentum k of an electron wavepacket:

�h _k ¼ �e
1
c
v�H

� �

: ð2:14Þ

On closer inspection of this equation one finds that the trajectory of the
wavepacket in momentum space is along a path of constant energy in a plane
perpendicular to the applied magnetic field H. In other words, if the wavepacket
originates at the Fermi surface its trajectory is a trace along the Fermi surface in a
plane perpendicular to the magnetic field. In the following it will be assumed for
simplicity that the plane in which the motion takes place in momentum space is the
kx - ky plane. One consequence of this is that kx and ky are not good quantum
numbers any more.1

In suitable Fermi surface topologies the path of the electron will be closed,
resulting in a motion in momentum space and real space that is periodic. Similarly

1 They are replaced for a spherical Fermi surface by (kx ± iky).

14 2 Background Physics



to the situation of electronic orbits in atomic physics it follows that the motion has
to satisfy a quantisation condition which can be expressed in terms of the area
a enclosed in momentum space and an integer n as

a ¼ nþ 1
2

� �
2peH

c�h
: ð2:15Þ

The above relation is known in the literature as Onsager’s relation [11]. A con-
sequence of it is that the eigenstates in momentum space now are lying on tubes
(called Landau tubes) whose principle axis is determined by the direction of the
magnetic field.

Since the radius of these tubes and, as can be shown, their degeneracy, changes
with magnetic field, one expects the properties of the electronic system to vary as a
function of field as well. The energy of each tube associated with a definite
quantum number n has to vary as a function of field, leading to the the Landau
tubes crossing the Fermi energy one by one. This leads to an oscillatory behaviour
in the properties of the material that, as can be derived from the quantisation
condition, is periodic in 1/H. A detailed derivation of that dependence is given for
example in the book by Shoenberg [10]. Here, I will summarise the main results in
the limit of high quantum numbers n.

The first quantity which has to be affected is the density of states. The oscil-
latory component ~gð�FÞ of the total density of states g(�F) at the Fermi energy �F as
a function of magnetic field H is proportional to [10]

~gðEFÞ /
eH

c�h

� �1=2

m�
X1

p¼1

1

p1=2
cos 2pp

Ac�h

2peH
� 1

2

� �

� p
4

� �

: ð2:16Þ

Several important things have to be noted. First of all, A is an extremal
cross sectional area of all possible cuts through the Fermi surface perpendicular
to the applied magnetic field H. The contributions of all other cross sections
interfere destructively. Secondly the total signal is a sum over all harmonics
p of a fundamental oscillation in inverse magnetic field 1/H. The frequencies
F of quantum oscillations are therefore quoted in units of Tesla. Furthermore
there is a direct proportionality between F and the area A that depends only on
universal constants. By measuring the effect of these oscillations in the density
of states on the entropy of the system (magnetothermal oscillations) or the
resistivity (Shubnikov–de Haas effect) one can, therefore, obtain information
about the size of the extremal areas of a Fermi surface. In particular if the
Fermi surface is quasi-two-dimensional (i.e. a tube) the cross section and
thereby the oscillation frequency should be proportional to 1= cosðHÞ with H
being the angle between the applied magnetic field and the principal axis of the
Fermi surface.
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If the effect is observed in the longitudinal magnetisation Mjj or AC magnetic
susceptibility it is usually referred to as the de Haas–van Alphen effect. Mjj can be
shown to be proportional to

~Mjj /
eH

c�h

� �3=2m�

H

X1

p¼1

1

p1=2
sin 2pp

Ac�h

2peH
� 1

2

� �

� p
4

� �

ð2:17Þ

and therefore contains equivalent information on the quantum oscillation fre-
quencies and thereby on extremal Fermi surface orbits.

2.1.2.3 Effect of Temperature on Oscillations

At non-zero temperature the occupation of energy levels does not have a sharp
discontinuity at �F but varies smoothly according to the Fermi-Dirac distribution
f(�, l) with l being the chemical potential. Pippard [12] proposed a simple
argument for the effect of temperature on quantum oscillations. He assumed that
one can view the smooth Fermi–Dirac distribution as a superposition of a range of
systems at zero temperature with slightly different chemical potentials. The overall
measured oscillations can therefore be thought of as the phase coherent sum over
all these systems. Mathematically, this is equivalent to a convolution of the zero
temperature oscillations with the distribution function given by the derivative of
the Fermi–Dirac distribution, i.e. - df(�, l)/d�. It can be shown that this effec-
tively leads in frequency space to a multiplication of the amplitude of the fre-
quency spectrum with a temperature and field dependent prefactor RLK given by

RLK ¼
x

sinhðxÞ;

where

x ¼ 2p2kTm�c=e�hH: ð2:18Þ

This is called the Lifshitz–Kosevich (LK) temperature dependence of quantum
oscillations. Since the functional form depends on the effective mass m* one can
extract this information from the measured temperature dependence of each of the
observed frequencies in the spectrum. Quantum oscillations can therefore be used
as a Fermi surface specific probe of the effective mass.

Effect of Impurities

At the end of this section a comment should be made on the impurity dependence
of the oscillation amplitude. A crucial component of the theory is the quantisation
condition due to closed orbits in momentum space. The presence of impurities
means that an orbiting electron will be scattered at a rate s that is related to the
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mean free path l of the sample via the Fermi velocity vF = l/s. This is equivalent
to a finite lifetime of the Landau levels and results in a phase smearing of the
oscillations. It can be shown that the amplitude of oscillations due to this effect
depends exponentially on the mean free path l and the magnetic field H. Quantum
oscillations are therefore usually only seen in very pure single crystals and/or high
magnetic fields. in particular since the dependence on mean free path l is expo-
nential even small improvements in sample quality can significantly improve the
signal.

2.1.3 Electric Transport

Empirically it is found that the low temperature resistivity q as a function of
temperature T for most metals is described by

q ¼ q0 þ AT2; ð2:19Þ

with q0 being a temperature independent constant and A a material specific pre-
factor. From the semiclassical equations it would follow that the momentum k of
an electron wavepacket is related to an applied electric field E via

�h _k ¼ �eE: ð2:20Þ

This would imply that the momentum of the electron would grow in time without
bounds, implying infinite conductivity. Therefore, in the absence of any inelastic
scattering processes, the resistivity would be zero. One obvious source for such
processes is impurity scattering, which cause the temperature independent con-
tribution q0 of the resistivity. Since electron–electron scattering cannot take place
in the non-interacting electron approximation the only other possibilities for
inelastic scattering are electron–phonon processes. These indeed give a tempera-
ture dependent contribution, however it is found to generally be proportional to T5

at low temperatures and not the dominant source of scattering in materials with
strong electron–electron interactions. It is one of the failures of the non-interacting
electron approximation not to be able to explain the T2 dependence of the resis-
tivity, since it is dominated by electron–electron processes that are explicitly
excluded. I will return to this problem briefly in the context of Fermi liquid theory.

Before finishing this section a brief comment on the magnetoresistance in high
magnetic fields should be given.2 It follows from an analysis of the semiclassical
model of a single Fermi surface3 that, if one applies a magnetic field H perpen-
dicular to an electric field E, the induced current j is related to E via

2 The high field limit here is the same as for quantum oscillations.
3 The presented equations only hold for closed Fermi surfaces. Open orbit surfaces require a
separate treatment discussed for example in [6].
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E ¼ qNj; ð2:21Þ

with qN being the resistivity tensor of the Nth Fermi surface. qN has the form

qN ¼
q �RH 0

RH q 0
0 0 0

0

@

1

A ð2:22Þ

if the magnetic field is applied the z-axis and the electric field along the x-axis.
Here R is the Hall coefficient and q is the high field limit of the longitudinal
resistivity. It can be shown that q saturates in this limit and becomes independent
of magnetic field [6]. In a material with N Fermi surfaces each of them can be
thought of as a separate conductance channel. Therefore, their resistance tensors qn

are added in parallel resulting in an overall resistance of the form

q ¼
XN

n¼1

q�1
n

 !�1

: ð2:23Þ

2.1.4 The Fermi Liquid

All results presented in the previous sections were based on the gross simplifi-
cation of neglecting electron–electron interactions. Nevertheless, they are found to
agree with most of the experimentally observed behaviour of a wide range of
metals. In this section a theory of the interacting Fermi liquid will be introduced
that was originally developed by Landau in a series of papers [1, 2, 3]. It not only
shows how the previous results are stable even with strong electron–electron
interactions but also gives insight into some of the previously unresolved issues
such as the temperature dependence of resistivity. As the name suggests, Landau’s
Fermi liquid theory describes the properties of a system of Fermions that are
strongly interacting not dissimilar to the strong interactions of atoms in a liquid.4

The first important component of Landau’s theory is what is now known as the
adiabatic continuity principle. Here one assumes that the interactions are ‘switched
on’ from zero and increased continuously to their final magnitude. In this way the
eigenstates of the non-interacting problem will evolve in a continuous way to the
eigenstates of the fully interacting problem. Therefore, there exists a one-to-one
correspondence between the low-lying excitations of the non-interacting and the
interacting system. Due to this correspondence it is possible to still label the
interacting quantum states with the quantum numbers of the non-interacting
eigenstates, keeping in particular the distinction between occupied and unoccupied

4 Though I will discuss here the theory primarily in terms of electrons it should be pointed out
that it applies to all interacting Fermion systems, such as, for example, liquid 3He.
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levels. This preserves the concept of the Fermi energy �F and the Fermi surface.
However, even though the elementary excitations which empty an occupied level
and fill an unoccupied one obey Fermi statistics, they are no longer single electron
excitations but excitation of the whole Fermi liquid. These excitations are
therefore often called quasiparticles. An important difference to single particle
excitations is that quasiparticle excitations are not independent of each other.
An elementary excitation of the Fermi liquid involves a redistribution of the
charge density which is the source of a residual interaction between the quasi-
particles. This causes the life time of quasiparticles to be finite. It is therefore not
a priori clear that they constitute a good description of the system on the timescale
of an experiment.

The second important component of Landau’s Fermi liquid theory addresses
this issue by analysing the lifetime of quasiparticles due to interactions. The main
effect limiting the lifetime of a high-energy quasiparticle excitation of energy � is
the decay into excitations of lower energy under conservation of the symmetry in
the number of particles and holes. It can be shown that the decay rate for a
single excitation in the presence of an otherwise filled Fermi sea is proportional to
(� - �F)2. Based on this it can be argued that there can always be found a tem-
perature T below which the excitations are sufficiently long lived such that on the
time scale of the experiment the quasiparticle picture is an appropriate description
of the system. This phase space protection of the scattering rate between quasi-
particles is also the origin for the T2-term in the temperature dependence of the
resistivity.

In summary, these two fundamental concepts of the theory show that at suffi-
ciently low temperature the excitations of a Fermi liquid take the form of quasi-
particles that obey Pauli’s exclusion principle. Furthermore, the concepts of filled
and empty states, and therefore of a Fermi surface are preserved. An important
consequence is that any property whose derivation in the non-interacting picture
only takes into account properties close to the Fermi surface should still hold in the
framework of Fermi liquid theory.

What does change contrary to the non-interacting case is therefore not the
functional form of most of the physical properties of the system but the absolute
values and the range of external parameters, such as temperature, over which it is
applicable. This explains why the theory of a Fermi gas is so successful in qual-
itatively describing properties of a wide range of crystalline solid state systems at
low temperatures without taking full account of electron–electron interactions.

The enhancement of the properties of the system with respect to the non-
interacting band structure values is phenomenologically described by so-called
Landau Fermi liquid parameters. These encapsulate the effect of interactions on
the observable quantities in a phenomenological way. They represent, in principle,
the prefactors of an expansion of the momentum and spin dependent interaction
energy in harmonics of the Fermi surface. For the case of a spherical Fermi surface
this can be done explicitly as an expansion in spherical harmonics. Here one finds
for the measured effective mass m* an enhancement over the non-interacting band
mass mband given by
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m� ¼ 1þ Fs
1

3

� �

mband: ð2:24Þ

Furthermore the magnetic susceptibility is enhanced as

v ¼ m�

mband

1
1þ Fa

0

vband; ð2:25Þ

with F1
s and F0

a being two Landau parameters for an isotropic Fermi surface such
as, for example, in the case of liquid 3He at low temperatures. The factor
1/(1 ? F0

a) is also often referred to as the Sommerfeld–Wilson ratio of a Fermi
liquid. It describes the ratio between the spin susceptibility and the effective mass
enhancement and can therefore be thought as a guide to the importance of mag-
netic quasiparticle interactions.

An interesting observation relating to the prefactor A of the temperature
dependent part of the resistivity was made by Kadowaki and Woods [13]. When
plotting for a range of materials A versus the square of the Sommerfeld coefficient
c2 it was found that there is a positive linear correlation between them. The ratio
A/c2 of a material is referred to as the Kadowaki–Woods ratio. It can indeed be
theoretically justified that A is proportional to the square of the effective mass
(m*)2 and therefore c2 for a single spherical Fermi surface (see [14] and references
therein). However, when considering multiband materials where the different
Fermi surfaces act as parallel conductance channels but contribute ‘in series’ to the
specific heat, it becomes apparent that the Kadowaki–Woods ratio cannot hold as a
general law when considering the overall material properties but at most for the
specific contribution of a single part of the Fermi surface to the overall measurable
quantities.

Last but not least, it should be remarked that the electron–electron interaction
and therefore the renormalisation of the electronic properties in a real multi band
material are often significantly different from band to band and can even vary
within a band. This again only affects the quantitative aspect of the renormali-
sation but does not change the qualitative functional form of those properties, as
long as the basic assumptions of Fermi liquid theory such as the adiabatic conti-
nuity are not violated.

2.1.5 Beyond the Fermi Liquid

In the previous section Landau’s Fermi liquid theory was introduced. Its main
implication was that the functional form of the theoretical predictions of the Fermi
gas also hold for strongly interacting systems at low temperatures and small
excitation energies. Just how robust Landau’s Fermi liquid theory is can for
example be seen in heavy Fermion systems, where the charge carriers have
effective masses of the order of 100 electron masses. The seemingly wide range of

20 2 Background Physics



applicability the success of Landau’s Fermi liquid theory makes the materials in
which it fails to describe particularly interesting, not in the least, to say it in
Landau’s own words (used in a different context), since ‘especially [as] the brevity
of life does not allow us the luxury of spending time on problems which will lead to
no new results’ [15].

There are of course ample examples of non-Fermi liquid behaviour such as
BCS superconductivity. Here, the fundamental excitations are not quasiparticles
but Cooper pairs. In particular, the Kohn–Luttinger theorem [16] shows that any
Fermi liquid at low enough temperatures will become superconducting. However,
the theorem does not give a lower bound for that transition temperature and indeed
for a number of metals no superconductivity has been observed to date.

From the scientific point of view the materials which attract particular interest
are those that exhibit novel properties that do not readily agree with Landau’s Fermi
liquid theory or BCS superconductivity. Most notably falling into both these
categories are the high temperature cuprate superconductors discovered in 1986 [4].
First these materials have an unusual superconducting state at low temperatures.
Secondly the ‘normal’ metallic state above the superconducting transition has many
characteristics that are not in agreement with a normal Fermi liquid description.
However it should be noted here that this does not exclude the existence of
quasiparticles in these materials. In particular, for special representatives of these
compounds in which the normally present disorder due to carrier doping is
suppressed, it was possible to observe the above described phenomenon of quantum
oscillations [17, 18, 19]. There is an exciting range of other materials and concepts
that show non-Fermi liquid physics such as the fractional quantum Hall effect
systems [20] and Kondo lattice systems [21].

Particular interest in recent years has been caused by systems that can be tuned
by an external parameter from Fermi liquid behaviour to non-Fermi liquid
behaviour due to their closeness to a so-called quantum critical point. In the
following I will introduce both from an experimental and theoretical point of view
the concept of quantum criticality and its implications. This can be by no means
exhaustive due to the large amount of research existing in the field and the
mathematical complexity involved in the theory. More detailed accounts are given
in several extensive reviews covering both experimental and theoretical aspects
[21, 22, 23].

2.1.5.1 Quantum Criticality

Second order phase transitions at finite temperature usually occur between a high
temperature disordered and a low temperature ordered phase. The order is char-
acterised by an order parameter that starts to grow continuously in the ordered
phase from zero at the transition temperature. A typical example is the transition
from a paramagnetic to ferromagnetic phase with the order parameter being the
magnetisation M. An important aspect of second order transitions is that coherent
fluctuations in the order parameter diverge both in length and timescales on
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approaching the transition temperature from either side. In particular, the diverging
time scale implies that the associated characteristic frequency x and thereby the
energy scale �hx of these fluctuations goes towards zero. However, as soon as this
energy scale is much smaller than that given by the temperature T, i.e. �hx� kBT
they are effectively classical in nature. For classical fluctuations only the spatial
dimensions have to be taken into account. Therefore, the critical fluctuations of
any finite temperature second order phase transition fall into the universality
classes of classical second order phase transitions.

However, if one can suppress the finite temperature transition towards T = 0 by
using a tuning parameter such as pressure or magnetic field, then the region over
which the critical fluctuations are classical in nature also shrinks to zero. This
situation is shown schematically in Fig. 2.4. Here the second order transition line
between the disordered and ordered state is shown in black with the region of
classical fluctuations around the transition being indicated in red. When sup-
pressing the second order phase transition towards zero temperature then the
region over which the classical critical fluctuations dominate is reducing. If one
crosses the transition at T = 0 as a function of the control parameter r then the
critical fluctuations associated with the phase transition at rC have a purely
quantum mechanical nature, hence the name quantum critical point. It is here
where the description of Fermi liquid theory generally breaks down.

Above rC one generally observes a finite temperature cross-over towards a
Fermi liquid like behaviour at low temperatures. The quantum critical behaviour is
expected to become non-universal above sufficiently high temperatures.

This kind of physics has been especially well studied in heavy Fermion com-
pounds, where often occurring ferromagnetically or antiferromagnetically ordered
ground states can potentially be suppressed in temperature by the application of
magnetic field or pressure.

Two examples are shown in Fig. 2.5. On the left hand side the phase diagram of
YbRh2Si2 is shown in the H - T plane ([25], graphic reproduced from [23]). Here
the colour scheme shows the power law of the temperature dependence of
the resistivity, with blue being 2 (Fermi liquid like behaviour) and the other end of
the colour scale (orange) corresponding to 1. On applying a magnetic field one
observes a suppression of the antiferromagnetic phase to below the experimentally
accessible range. At the critical field the temperature dependence of the resistivity

Fig. 2.4 The figure shows a
generic scenario of quantum
criticality. For details see text
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is non-Fermi liquid like over the whole range. At higher fields Fermi liquid
behaviour in the resistivity is recovered.

In Fig. 2.5b the phase diagram of CePd2Si2 under pressure is shown [26]
(Graphic reproduced from [23]). Here again the second order phase transition is
suppressed towards zero temperature, this time by applying pressure.

In the second example a particularly significant aspect of quantum criticality is
realised. What is often observed in the vicinity of quantum critical points is the
stabilisation of novel phases with physical properties not usually observed. In
CePd2Si2 for example the superconducting ground state is believed not to be due to
electron–phonon interactions but to electron–magnon interactions [26]. This is
particularly surprising since conventional superconducting states are destroyed by
magnetic interactions.

The currently most successful approach in describing the quantum critical
phenomenon was pioneered by Hertz [27] and Millis [28]. This theory is based on
a renormalisation group approach similar to the theory of classical critical phe-
nomena and leads to a classification of quantum phase transitions into certain
universality classes. The fundamental difference is that for quantum phase tran-
sitions it is not only spatial but also temporal fluctuations that are included in the
quantum mechanical action describing the system. Discussing Hertz–Millis theory
in detail is beyond the scope of this brief introduction to the subject. However
good introductions can be found in the aforementioned review articles [21, 22, 23].
Some of the results thought to apply to Sr3Ru2O7, the system studied in this
project, will be summarised in Sect. 2.2.2.

Fig. 2.5 Two examples of materials believed to be close to a quantum critical point (graphics
reproduced from [23]). a The exponent of the temperature dependent part of resistivity for
YbRh2Si2 as a function of temperature T and magnetic field H as derived from the logarithmic
derivative of the resistivity with respect to temperature [25]. The colour scheme runs from 1 (red)
to 2 (blue). The low field/low temperature phase is antiferromagnetic whereas the high field/low
temperature phase is consistent with Fermi liquid like behaviour. In between the two states a
quantum phase transition is expected to occur at the field where the measured resistivity is linear
down to lowest temperatures. b The phase diagram of CePd2Si2 as a function of pressure. Again
an antiferromagnetic phase transition is suppressed towards T = 0. However, at low temperatures
a superconducting phase intervenes. The superconductivity is believed to be unconventional in
that it is mediated by magnons rather than phonons
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2.2 The Physics of the Ruthenate Family

Having discussed the general aspects of the physics of metals, this section will
concentrate on the relevant experimental data and theoretical models specific to
Sr3Ru2O7, the material studied in this project, and Sr2RuO4, whose physical
properties are of importance for the characterisation of the experimental setup
developed for the measurements.

Both materials have generated significant scientific interest. Sr2RuO4 was the
first layered perovskite material isostructural to the high-TC cuprates that was
found to be superconducting [29]. The transition temperature of 1.5 K is rather low
compared to the high-TC’s, but it was proposed early on [30] to be one of a few
superconducting materials whose order parameter has p-wave symmetry.
A detailed presentation of the physics of Sr2RuO4 can be found for example in the
review article by Mackenzie and Maeno [31].

Sr3Ru2O7 is on the other hand in its zero-field ground state a highly enhanced
paramagnet with a Wilson ration of �10 [32]. For comparison, the Wilson ratio of
3He is 4 (see for example [33]). The interest in the material grew dramatically
when the magnetic field phase diagram was studied in detail in a series of papers
[34, 35, 36], reporting not only signatures consistent with a quantum critical point
but also the existence of a novel phase in its vicinity that shows evidence of
‘electron-nematic’ properties in transport measurements.

2.2.1 Crystal Structure and Synthesis

The materials discussed in this thesis belong to the Ruddlesden–Popper strontium
ruthenate series with the chemical formula Srn+1RunO3n+1, of which Sr2RuO4 and
Sr3Ru2O7 are the n = 1 and n = 2 members respectively. Their ideal crystal
structures are shown in Fig. 2.6.

The fundamental building blocks are layers of corner-sharing ruthenium oxide
octahedra. The number of adjacent RuO2 layers is the reason for calling the
materials the single-layer and bi-layer members of the series respectively.
In between layers, Sr cations are arranged as shown.

The crystal structure of Sr2RuO4 with the tetragonal space group I4/mmm is
faithful to the above ideal representation. The lattice parameters are
a = b = 3.862 Å and c = 12.722 Å [38]. Contrary to that, the octahedra in
Sr3Ru2O7 show a small counter rotation of the octahedra by 7� [39]. The rotation
direction alternates between the planes within a bi-layer. This structural difference
causes a
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reconstruction of the unit cell in the ab-plane and changes the
space group of the material to the orthorhombic Bbcb with a � b ¼ 5:5Å [39, 40].
This has significant implications for the electronic structure as will be shown
further on.

The first single crystal samples of Sr3Ru2O7 were grown by Cao et al. [41]
with the flux-growth method. These samples were found to be ferromagnetic
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below 100 K. The material was subsequently synthesized in single crystal form
by Ikeda et al. [42] by employing infra-red image furnace growth and found to
be paramagnetic at low temperatures. The previously observed ferromagnetism
was most probably due to inclusions of Sr4Ru3O10 impurities. Since the image
furnace grown crystal have a significantly improved quality they are referred to
as second generation samples in the following. The thermodynamic properties,
especially in magnetic field, were found to depend significantly on the sample
quality and after a detailed growth study by Perry et al. [43] it was possible
to reduce the residual resistivity of the materials by an order of magnitude (third
generation samples). As will be seen in the following sections one cannot
underestimate the importance of working with the highest purity samples
available.

2.2.2 Thermodynamic Properties and Magnetic Phase Diagram

In the following I will introduce the phase diagram and the associated prop-
erties of the materials as established by previous measurements. I will in par-
ticular concentrate on thermodynamic measurements as well as resistivity before
discussing the microscopic electronic structure in more detail in the next
section.

Fig. 2.6 Here the crystal structure is summarised for Sr2RuO4 and Sr3Ru2O7 (graphics partially
reproduced from [37]). Please see text for details
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2.2.2.1 Sr3Ru2O7

Zero Field Low Temperature Properties

The crystal structure of Sr3Ru2O7 is highly anisotropic, and this anisotropy is
reflected in a number of properties such as its resistivity. In Fig. 2.7 the in-plane
resistivity qab as well as the resistivity along the c-axis, qc, are shown as a
function of temperature T for second generation samples [32]. A pronounced
asymmetry not only exists in the residual resistivity at zero temperature (observe
the different scales for qab and qc), but also in the A coefficient of the T2 behaviour,
as can be deduced from the gradient of the curves in the inset where the low
temperature resistance is plotted against T2.

The electronic specific heat cel divided by temperature T is reproduced in
Fig. 2.8a from [44] (data points not relating to the zero field properties have been

Fig. 2.7 In-plane and c-axis
resistivity qab and qc of
Sr3Ru2O7 as a function of
temperature [32] (note the
different scales for qab and
qc). The inset shows the same
data in the low temperature
range as a function of T2

Fig. 2.8 a The electronic specific heat cel of Sr3Ru2O7 divided by temperature T as a function of
T [44]. b The low field DC magnetic susceptibility of Sr3Ru2O7 as a function of temperature T for
the magnetic field applied along the crystallographic c-axis (full circles) and in the ab-plane
(open circles) [32]. The inset shows a magnification of the low temperature range of the data
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removed for clarity). cel/T has a finite zero-temperature value corresponding to a
Sommerfeld coefficient c of 110 mJ/Ru-mol K2, which is relatively large in the
context of the ruthenates. Furthermore, there is a significant hump in the specific
heat at a temperature of the order of 8 K that is in general associated with the
metamagnetic feature discussed later on.

As mentioned before, Sr3Ru2O7 is found in zero field to be a highly enhanced
paramagnet. Figure 2.8b shows the DC magnetic susceptibility as determined by
measuring the magnetisation M resulting from a small applied magnetic field H as
a function of temperature T for two different orientations of H [32]. Here one can
see a remarkably isotropic susceptibility at low temperatures even though the
material itself is strongly anisotropic, suggesting that the Pauli term dominates the
paramagnetism (see Sect. 2.1.2). From the above measurements a Wilson ration of
�10 can be deduced.

Metamagnetism and Quantum Criticality

The unusually high Wilson ratio can be interpreted as Sr3Ru2O7 being a para-
magnet close to a magnetically ordered state. Indeed when applying a magnetic
field one can observe a rapid superlinear rise in magnetisation at a well defined
field. This phenomenological effect is called metamagnetism and is commonly
encountered in local moment systems [45] undergoing spin-flip or spin-flop
transitions. Figure 2.9a shows the magnetisation of Sr3Ru2O7 as a function of
applied magnetic field for several temperatures [44]. Here the field is applied in the
crystallographic ab-plane. The metamagnetic feature at approximately 5T is
clearly identifiable and is more defined towards lower temperatures.

Grigera et al. [46] studied the AC magnetic susceptibility systematically as a
function of temperature as well as magnitude and direction of the applied magnetic
field. They found that with the field applied in the ab-plane the metamagnetic
cross-over turns into a first order phase transition as indicated by a dissipative out
of phase component of the AC susceptibility. This first order transition line ter-
minates in a critical end point at approximately 1.2 K. What caused particular
interest was that the temperature of the critical end point could be suppressed as a
function of angle of the applied magnetic field, leading to the possibility of a new
class of quantum critical point—a so-called quantum critical end point [34]. The
state of the phase diagram in second generation samples is summarised in
Fig. 2.9b. Here, the position of the resulting sheet of first order transitions as a
function of magnetic field, field direction and temperature is shown in green. The
black line indicates the experimentally determined position of critical end points.
The critical field moves towards higher values as the field is rotated towards the
c-axis. At Bjjc the critical endpoint is suppressed to below experimentally mea-
surable temperatures. This particular orientation of magnetic field is the main
focus of the project reported in this thesis.

The most precise early evidence for quantum criticality in this system was
obtained by a detailed study of magnetotransport. The resistivity data were
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analysed at several magnetic fields H under the assumption that q is a combination
of a temperature independent impurity scattering term, the residual resistivity qres,
and a temperature dependent power law contribution ATa, i.e.

qðT;HÞ ¼ qresðHÞ þ AðHÞTa: ð2:26Þ

In a Fermi liquid scenario a would be 2. Quantum critical theories however predict
different power laws for the temperature dependence according to the universality
class of the particular transition observed. A study by Millis et al. [47] analysed
Sr3Ru2O7 in particular and found that the temperature exponent should be 1 at the
critical field HC.

The main results of the experimental study are shown in Fig. 2.10 [34]. In panel
(a) the extracted temperature exponent as a function of magnetic field5 is shown.
On approaching the critical field, the range in temperature over which the exponent
of 2 consistent with Fermi liquid behaviour is observable, shrinks to below the
lowest measured temperature. At the critical field a close to linear temperature
behaviour is observed whereas at higher magnetic fields Fermi liquid like
behaviour is recovered.

In panel (b) both the extracted residual resistivity qres as well as the A coeffi-
cients extracted at lowest temperatures are plotted as a function of field in the
vicinity of the critical field at HC � 8 T: The increased A coefficient in the vicinity

Fig. 2.9 a The magnetisation of Sr3Ru2O7 as a function of applied magnetic field for a range of
temperatures between 2.8 and 20 K [44]. The field is applied in the crystallographic ab-plane.
The superlinear rise at low temperatures is the metamagnetic feature discussed in the text. b The
green surface denotes the position of the metamagnetic first order transitions observed in second
generation samples of Sr3Ru2O7 as a function of field magnitude, field orientation (as angle
between the magnetic field and the ab-plane) and temperature T [46]. The sheet of first order
transitions terminates in a line of critical end points shown in black. For the field applied along
the c-axis (90� on the angular scale) the data are consistent with the critical end point being
suppressed to zero temperature

5 To be more precise it is the logarithmic derivative of the temperature dependent part of the
resistivity q with respect to temperature T, o lnðq� q0Þ=o ln T , that is shown. Here q0 is the
residual resistivity. For more details see [34].
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of HC indicates, in conjunction with the Kadowaki–Woods ratio (see Sect. 2.1.4),
an increase in the effective quasiparticle mass of at least a fraction of the Fermi
liquid excitations. However, a detailed theoretical understanding of this ratio in a
realistic multiband system in a magnetic field is not developed completely.
Therefore, a thermodynamic study of the specific heat is necessary to address
the issue, in particular since the quantum critical scenario makes specific predic-
tions about the temperature and field dependence of the specific heat [47, 48].
Furthermore the peak of residual resistivity at the critical field seems to suggest
that the increase of the quasiparticle mass is accompanied by an increase of the
impurity scattering. In hindsight this feature is most probably associated with the
phase formation observed in the high purity third generation samples as discussed
below.

Experimental evidence consistent with a quantum critical scenario was
observed in the measurement of the electronic specific heat cel close to the critical
field at temperatures above 1.5 K by Perry et al. [44]. The results are shown in
Fig. 2.11. Here cel divided by temperature T is shown as a function of T for a range
of magnetic fields. The field direction is parallel to the crystallographic c-axis.
In particular, the functional form of the data at 7.7 T was found to be consistent
with cel/T having a singular component that diverges logarithmically at T = 0
consistent with a quantum critical scenario [47].

Novel Quantum Phase and Nematic-Like Transport

The possibility of studying quantum criticality in a clean system motivated a
detailed study into the optimisation of the crystal growth parameters by Perry et al.
[43]. In the resulting third generation samples, mean free paths of the order of

Fig. 2.10 a The logarithmic derivative of the temperature dependent part of the resistivity with
respect to temperature as a colour scale in the magnetic field and temperature plane [34]. In the
case of a pure power law ATa this is equal to a. b The residual resistivity q0 as well as the
coefficient A of the temperature dependent part of the resistivity as a function of magnetic field
and temperature (note the different scales of q0 and A). For details of the parameter extraction
from the original data please refer to [34]

2.2 The Physics of the Ruthenate Family 29



3,000 Å were observed. In these samples it was found by Grigera et al. [35] that in
the vicinity of the proposed quantum critical end point a novel phase is stabilised
which consequently is strongly disorder sensitive.

Figure 2.12 presents the experimental evidence for this phase as seen in electric
transport and several thermodynamic measurements [35]. Part (a) shows the
resistivity as a function of field for several temperatures. The resistance curves
describe a distinct region as a function of magnetic field between 7.8 T and 8.1 T
in which the resistivity is significantly increased and a much weaker temperature
dependence observed compared to the surrounding states.

Experimental evidence that these features indeed mark first order phase tran-
sitions is shown in part (b). Here both the in-phase and out of phase components of
the AC magnetic susceptibility6 v0 and v00 as well as the linear magnetostriction k
are shown as a function of magnetic field H for a sample temperature of 100 mK.
The features (1) and (2) coincide with the boundaries of the anomalous resistive
region in the previous graph. Furthermore the clear signatures in the loss term v00

indicate that these are first order transitions. The width of the transitions as seen
here is 50 mT. Feature (3) is a metamagnetic cross-over that is much wider in
magnetic field and does not show up in v00. In the inset of Fig. 2.12b a trace of
magnetisation M as a function of temperature T is shown at the critical field HC.
Here a clear change in temperature dependence at 1.2 K is an indication for a
thermodynamic transition into the new phase. However, further definite thermo-
dynamic proof is needed to establish its exact nature.

Finally in Fig. 2.13 the magnetisation of ultra clean Sr3Ru2O7 as a function of
applied magnetic field is shown (data provided by R.S. Perry). The field orienta-
tion is parallel to the crystallographic c-axis and the sample temperature is 70 mK.
The magnetisation is raising very fast at the transitions (1) and (2) and the
crossover (3). The labels here correspond to the same used in Fig. 2.12.

Fig. 2.11 Electronic specific
heat cel divided by tempera-
ture T as a function of T.
Measurements have been
done in zero field, 7.7 T and
9 T with the field oriented
parallel to the crystallo-
graphic c-axis [44]

6 Strictly speaking AC magnetic susceptibility is not a thermodynamic probe but frequency
dependent.
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That the novel phase between the boundaries (1) and (2) has indeed highly
unusual resistive properties has been established by Borzi et al. [36] in a careful
study of the resistivity as a function of not only applied field H and temperature
T but also of the angle between the current I and H. In particular Fig. 2.9a shows
the resistivity as a function of magnetic field H with the field applied at 77� from
the crystallographic ab-plane. This field can be thought of as a linear combination
of a field Hc parallel to the c-axis and a small added component Ha along the
a-axis. Here, the label a has been chosen instead of b arbitrarily since a and b are
interchangeable. The current I can now be applied either along (Ik—shown in
black) or perpendicular (I?—shown in red) to the in plane field component Hab as
shown in the inset in Fig. 2.14a. While the resulting curves outside the new phase
are indistinguishable, their behaviour inside the phase is dramatically different.

Fig. 2.12 a The in-plane resistivity of a third generation Sr3Ru2O7 sample as a function of
magnetic field H for several temperatures between 0.1 and 1.2 K [35]. The field is applied along
the crystallographic c-axis. b Measurements of the components v0 and v0 0 of the complex AC
magnetic susceptibility as well as the linear magnetostriction k as a function of magnetic field.
Here the sample temperature is 100 mK and the field is applied along the c-axis. The inset shows
the magnetisation of Sr3Ru2O7 as a function of temperature at �8T, a field in between the two
first order phase transitions that are observed in the other thermodynamic quantities [35]. Fur-
thermore the two features coinciding with the resistive boundaries in a are labelled (1) and (2)
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0.4Fig. 2.13 Magnetisation of
third generation Sr3Ru2O7

samples as a function of
applied magnetic field. The
field orientation is parallel to
the crystallographic c-axis
and the sample temperature is
70 mK. The labels (1)–(3) are
explained in the text (data
provided by R.S. Perry)
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Anisotropic transport in itself is not unusual. Here, however, first of all it has
been found in an accompanying neutron study that while the transport is aniso-
tropic one cannot distinguish between the values of a and b within experimental
resolution even under an applied in-plane magnetic field. Instead the data indicate
that the symmetry breaking revealed by transport is intrinsic and the small applied
in-plane magnetic field is merely ‘aligning’ different regions of domains of an
intrinsically symmetry broken phase. In combination the results by Borzi et al. are
consistent with the electronic liquid breaking the (discrete) rotational symmetry of
the lattice—a behaviour called, in analogy to nematic phases in liquid crystals,
‘electronic nematicity’.

The full angular dependence for Ik and I? as a function of magnitude of applied
field and orientation of the field relative to the ab-plane is shown in Fig. 2.14b.
Please note that the field magnitude axis is divided by the critical field HC which is
angle dependent as has been discussed in the previous section. In addition to the
anomalous phase close to the c-axis (at an angle of 90�) a further anomalous region
can be identified in the ab-plane.

Finally, before ending this section, the most relevant information on the posi-
tion of phase transition lines and the observance of ‘electron-nematic’-like
behaviour is summarised in Fig. 2.15. Panel (a) is reproduced from [49] and shows
as a function of temperature, magnetic field and orientation of the field the position
of the established first order transition lines in green whereas the regions under the
blue domes are those in which the anomalous ‘nematic’ transport characteristics
have been observed. In Fig. 2.15b the phase diagram in the c-axis as established by
magnetisation M, AC magnetic susceptibility v, linear magnetostriction k and
thermal expansion coefficient a is shown [35, 50]. The position of the first order

Fig. 2.14 a The resistivity q as a function of field H with the field applied at 77� from the ab-
plane (i.e. close to the c-axis) [36]. The two traces correspond to the current being parallel to the
in-plane component of the field (black) and perpendicular to it (red) as shown in the inset. b The
in plane resistivity as a function of orientation and magnitude H of magnetic field. The two graphs
correspond to the two different orientations of the current I with respect to the in-plane com-
ponent of the magnetic field H as indicated. Please note that the field scale is given in H/HC. Here
HC is the angle dependent position of the main first order metamagnetic transition. Furthermore,
on the angular scale 90� corresponds to the magnetic field being applied parallel to the c-axis and
0� to the magnetic field being in the ab-plane. The white arrow indicates the point at which the
two first order transitions enclosing the novel quantum phase merge, within experimental
resolution
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transitions is marked in green as in the previous graph. The true thermodynamic
nature of the ‘roof’ connecting the two first order transitions cannot be determined
on the basis of the evidence that existed before the current project began. The other
features indicated in this phase diagram are crossovers.

2.2.2.2 Sr2RuO4

In this section the thermodynamic properties of Sr2RuO4 will only be discussed
insofar as they are relevant to the characterisation of the experimental setup
developed in this thesis.

In zero field, Sr2RuO4 has a superconducting transition at TC = 1.5 K. In
Fig. 2.16a the electronic specific heat cel divided by temperature T is shown as a
function of temperature [51]. The sharp transition at TC is clearly identifiable.
Furthermore c/T above TC is consistent with Fermi liquid theory. The magnitude of
the Sommerfeld coefficient c of the normal state is 38 mJ/Ru-mol K2, approxi-
mately a third of the Sommerfeld coefficient observed in Sr3Ru2O7. The results for
electronic specific heat are usually quoted ‘per mole ruthenium’ (Ru-mol) since
the valence electrons in these systems originate from the Ru 4d-shell as will be
discussed in the next section.

Fig. 2.15 Here the most relevant phase diagram information of high purity single crystal
Sr3Ru2O7 based on the current experimental data is shown. a The observed first order meta-
magnetic transition sheets as a function of temperature, magnetic field magnitude and orientation
are shown in green. The black lines represent the lines of critical end points of these sheets.
Furthermore the regions inside the blue domes have been found to show ‘nematic-like’ transport
features as discussed in the text. On the angular scale 90� corresponds to the magnetic field being
applied parallel to the c-axis and 0� to the magnetic field being in the ab-plane (figure reproduced
from [49]). In b the phase diagram with the field applied parallel to the c-axis is shown. The green
lines show the position of first order transitions whereas the blue line indicates the position of the
putative second order phase transition. The other features are thermodynamic crossovers. The
data points shown are extracted from DC magnetisation M, the components of the complex AC
magnetic susceptibility v, linear magnetostriction k and thermal expansion coefficient a [35, 50]
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The second important feature for this project is that the specific heat of the
normal state of this material is virtually independent of magnetic field. In order to
illustrate this, Fig. 2.16b shows the specific heat divided by temperature as a
function of T2, for no magnetic field applied (circles) and with a magnetic field of
14 T applied (squares) [52]. The linear dependence on T2 is caused by the pho-
nonic contribution to the specific heat.

2.2.3 Electronic Structure Properties

In the previous section the macroscopic properties of Sr3Ru2O7 and Sr2RuO4

were presented. In particular it was shown that in certain regions of the phase
diagram their properties are consistent with Fermi liquid theory. In this section
the current experimental knowledge of the microscopic electronic structure, that
is, the Fermi surface and band structure of these materials will be briefly
reviewed. The section will begin with Sr2RuO4 since the more complicated band
structure of Sr3Ru2O7 can be understood more easily by starting from the band
structure of Sr2RuO4.

2.2.3.1 Fermi Surface of Sr2RuO4

Sr2RuO4 is a material whose Fermi surface has been studied in great detail using
quantum oscillations [54, 55]. The upper part of Fig. 2.17 shows as an example
typical de Haas–van Alphen oscillations as a function of the magnetic field [53].
Due to the unusually high signal to noise ratio it is possible to observe the fun-
damental frequencies as well as higher harmonics as is shown in the frequency

Fig. 2.16 a The electronic specific heat cel of Sr2RuO4 divided by temperature T as a function of
T [51]. The dotted line represents the normal state specific heat that would be observed if the
transition to superconductivity at TC would not take place. b The total specific heat c of Sr2RuO4

divided by temperature T as a function of T2 with the sample being in zero magnetic field and in a
field of 14T [52]
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spectrum in Fig. 2.17. In a detailed angular dependence study, Bergemann et al.
[55] were able to reconstruct the Fermi surface of Sr2RuO4 as shown in Fig. 2.17c.
It consists of three quasi-two-dimensional parts, the a, b and c surfaces, that are
relatively weakly warped in the kz direction. The quasi-two-dimensionality can be
readily understood by taking the crystal structure into account. The electronic
states at the Fermi surface are derived from Ru 4d orbitals. Since these are
arranged in layers of RuO octahedra, the hopping integral in a tight binding
approach for electronic states close to the Fermi energy is significantly larger
within a plane than in between planes. This leads to a very weak dispersion of the
energy bands in the kz direction of momentum space resulting in the observed
quasi-two-dimensionality of the Fermi surface.

The quantum oscillation findings have been largely confirmed by ARPES
measurements [56] and LDA band structure calculations [57], as shown in
Fig. 2.18a and b, respectively.

ARPES and quantum oscillation measurements in Sr2-xLaxRuO4 samples, which
are effectively electron-doped, made a definite identification of the a sheet as being of
‘hole’-like character and the b and c sheets as being ‘electron’-like [58, 59].

Since the surfaces are quasi-two-dimensional the contribution of a single Fermi
surface sheet of effective mass m* to the Sommerfeld coefficient c can be shown in
the case of Sr2RuO4 to be [54]

Fig. 2.17 a A typical trace of Sr2RuO4 quantum oscillations as a function of magnetic field
observed in the de Haas–van Alphen effect [53]. b The frequency spectrum of quantum oscil-
lation in inverse magnetic field for Sr2RuO4 [52]. The magnetic field is applied along the crys-
tallographic c-axis. The fundamentals a, b and c are labelled together with their harmonics and
sum frequencies. c The Fermi surface of Sr2RuO4 as reconstructed from quantum oscillations in
combination with LDA calculations [31]. The central surface is the b sheet surrounded by the c
surface. The a surface is centred on the corner of the Brillouin zone and shown four times here.
The Fermi surface dispersions along kz have been amplified by a factor 15 for reasons of
presentation
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c ¼ pNAk2
Ba2

3�h2 m�: ð2:27Þ

Here, NA is Avogadro’s constant, kB Boltzmann’s constant, �h Planck’s constant
and a the lattice parameter of Sr2RuO4. By applying this equation to the measured
masses from the de Haas–van Alphen experiments one deduces a total Sommerfeld
coefficient of 38.5 mJ/Ru-mol K2, in good agreement with the value obtained from
bulk specific heat measurements.

A further test for the Fermi liquid description of the material is, if the Fermi
surface volume can successfully account for all the valence electrons in accor-
dance with Luttinger’s theorem [60]. Using the experimental results one obtains a
total of 4.05 electrons in the three observed valence bands, in agreement with the
four remaining electrons in the Ru4+ state of the material.

Overall, one can conclude that the band structure of the normal state of
Sr2RuO4 can be very well understood in terms of Fermi liquid theory.

2.2.3.2 Fermi Surface of Sr3Ru2O7

The Fermi surface structure of Sr2RuO4 was discussed in some detail in the
previous section because it is a good starting point for understanding the rather
more complex Fermi surface structure in Sr3Ru2O7.

The first basic assumption for the following line of argument is that in both
materials it is the energy bands largely originating from the Ru 4d orbitals which
cross the Fermi energy. The second assumption is that the change from single layer
to double layer material causes a so-called bilayer splitting, i.e. doubling of the
number of bands, but does not affect the quasi-two-dimensionality of the Fermi
surface. The third assumption is that the rotation of the octahedra in the ab plane
causes a
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reconstruction of the unit cell but is otherwise, due to its
smallness, only a weak perturbation.

Fig. 2.18 a The Sr2RuO4 Fermi surface cross section in the kx–ky plane of the Brillouin zone as
measured by ARPES (graphic reproduced from [31] based on [56]). b The same cross section as
obtained by LDA calculations [57]. Here the thickness of the lines is indicating the warping of the
surfaces in the kz-direction. C labels the zone boundary whereas X labels the zone corner
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The effect of these assumptions on the Fermi surface are sketched in Fig. 2.19a
and b which are reproduced from [37]. Part (a) shows the kx–ky plane of the
Sr2RuO4 Brillouin zone. Here the previously presented Fermi surfaces are shown
doubled due to the bilayer splitting. In part (b) the new Brillouin zone due to the

Fig. 2.19 This figure shows schematically how the complex zero field Fermi surface of
Sr3Ru2O7 can be understood by considering the effects of the differences in structure between the
two materials being treatable as perturbations to the band structure. a The expected effect of a
bi-layer splitting on the Fermi surface. The quasi-two-dimensionality of the Fermi surface is
assumed to be retained. If one takes into account the
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reconstruction of the unit cell due
to the rotation of the RuO-octahedra one expects the Brillouin zone to halve and rotate by 45�.
This new Brillouin zone is shown in blue in b. The bands have to be folded into this new zone as
indicated. This results in a high degeneracy in the band structure along certain paths in
momentum space. These are lifted, leading to a reconstruction of the Fermi surface. c The band
structure in the kx–ky plane as extracted from an ARPES measurement [61]. For details regarding
the labelling please see text. d The density of states as function of energy relative to the Fermi
energy as measured by ARPES for the two c pockets and their total sum. The error bar in energy
represents the experimental uncertainty in the position of the Fermi energy. The plot is repro-
duced from [61] (labelling changed for consistency)
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reconstruction of the unit cell is shown in blue. The bands are ‘back-
folded’ resulting in the shown complex Fermi surface topology.

If one would stop the ‘Gedanken experiment’ here, then the eigenenergies of
the resulting bands would be degenerate along several paths in momentum space.
Perturbation theory predicts that in a material these degeneracies are lifted. This in
turn would lead to a reconnection of the Fermi surface which in its details is
sensitive to the exact prevailing energetics in the material. Figure 2.19c shows the
Fermi surface in the kx–ky plane as extracted from an ARPES measurements by
Tamai et al. [61]. Though different in detail, the overall geometrical similarities
between the measurement and the prediction based on a very simple model is
remarkable. One can therefore assume as an hypothesis that the above assumptions
are a good starting point for an understanding of the band structure of Sr3Ru2O7 in
zero field. The Fermi surfaces in Fig. 2.19c are therefore labelled in accordance to
their relation to the Fermi surface and band structure in Sr2RuO4. For example the
a1 and a2 sheets are mainly derived from the a Fermi surface sheet in Sr2RuO4.
One obvious difference to the Fermi surface as expected from the simple model
presented earlier is the additional d-surface centred at the C point of the Brillouin
zone. LDA calculations by Singh [61] indicate that this pocket is derived from a
band that did not cross the Fermi energy in Sr2RuO4 but also has primarily a Ru
4d orbital character (in this case dx2�y2 ). Overall, the ARPES measurement observed
five sheets that certainly cross the Fermi energy, namely a1, a2, b, c1 and d.
LDA calculations indicate that d is indeed bilayer split but that the splitting could
not be resolved. The sixth Fermi surface shown, c2 is particular in that the energy
resolution of the ARPES measurement is not sufficient in its own in order to decide
if this pocket is indeed crossing the Fermi energy or is situated just below it.
However, the c2 surface proves to be critical to the properties of the material. First
of all if one excludes it then the observed Fermi surface can only account for
�40% of the total measured specific heat, as will be discussed in more detail
below. Secondly ARPES measurements of the band structure below the Fermi
energy revealed two peaks in the density of states g(�) of the c2 pocket. This is
shown in Fig. 2.19d (the graph is reproduced from [61] with alterations to the
labelling for consistency). Here the density of states (DOS) of the two c pockets
and the total sum is shown as a function of energy relative to the Fermi energy.
A small peak is situated at � �1 meV and a stronger one related to a saddle point
in the band structure at � �4 meV. The error bar shows the uncertainty in the
determination of the position of the Fermi energy in the experiment.

The detailed properties of these six Fermi surfaces will be presented at the end of
this section together with the results from de Haas–van Alphen measurements.
Quantum oscillations in resistivity (Shubnikov–de Haas effect) and magnetic sus-
ceptibility (de Haas–van Alphen measurements) in Sr3Ru2O7 have been reported in
several papers [62, 63]. The most detailed study on the samples with the highest
purity has been performed recently by Mercure et al. [37]. On the low field side, with
magnetic field applied parallel to the crystallographic c-axis, they were able to
observe the same five Fermi surface sheets as the ARPES measurements, namely a1,
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a2, b, c1 and d. The angular dependence of the oscillations is consistent with these
Fermi surface pockets being quasi-two-dimensional.

The amplitude of the extremely small c2 pocket was not identified in the initial
de Haas–van Alphen measurements performed in the study. For the other five
pockets both the cross-sectional area and the effective mass were measured with
relatively high accuracy. Table 2.1 reproduced from [37] gives the detailed results
as obtained from both measurements

The overall agreement between the two measurements is good with the de
Haas–van Alphen results showing the smaller experimental uncertainty. An
important test is if these measurements can explain the experimentally observed
bulk specific heat. If one takes only the five Fermi surfaces excluding c2 into
account than the expected Sommerfeld coefficient from the de Haas–van Alphen
experiment is (56 ± 1) mJ/Ru-mol K2 and from the ARPES measurements
(67 ± 12) mJ/Ru-mol K2, both of which account for only approximately half of
the measured specific heat value of 110 mJ/Ru-mol K2.

The c2 pocket on the other hand occurs four times in the Brillouin zone and
furthermore is probably bilayer split. The contribution to the Sommerfeld coeffi-
cient is therefore eight times the value as calculated based on its effective mass m*
alone. Taking the mass of the c2 pocket as measured by ARPES into account
would therefore result in revised estimates of the Sommerfeld coefficient of
(127 ± 27) mJ/Ru-mol K2 (ARPES) and (116 ± 16) mJ/Ru-mol K2 (de Haas–van
Alphen). These values would be in broad agreement with the specific heat
measurements. Since the size of the c2 is negligible on the scale of the size of the
Brillouin zone it has a very small effect on the Luttinger sum for the total number
of electrons enclosed by the Fermi surfaces.

Contrary to ARPES, the de Haas–van Alphen effect is intrinsically suited to
extend the Fermi surface study to high magnetic fields. Here I will summarize the
main findings by Mercure et al. [37] as relevant to this thesis.

1. One of the most important results is the absence of any significant effective
mass increase in the vicinity of the critical field for any of the five observed
frequencies. Figure 2.20a shows this as an example for three of the observed

Table 2.1 The properties of the Sr3Ru2O7 Fermi surfaces as measured by de Haas–van Alphen
(dHvA) and ARPES experiments

a1 a2 b c1 c2 d

dHvA
F (kT) 1.78 4.13 0.15 0.91 – 0.43
Area (% BZ) 13.0 30.1 1.09 6.64 – 3.14
m* (me) 6.9 ± 0.1 10.1 ± 0.1 5.6 ± 0.3 7.7 ± 0.3 – 8.4 ± 0.7

ARPES
Area (% BZ) 14.1 31.5 2.6 8.0 \1 2.1
m* (me) 8.6 ± 3 18 ± 8 4.3 ± 2 9.6 ± 3 10 ± 4 8.6 ± 3

F is the observed frequency in 1/H of quantum oscillations, BZ stands for Brillouin zone and m*
is the effective mass in units of electron mass me. Reproduced from [37]
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frequencies. Here the effective quasiparticle (QP) mass is plotted as a function
of magnetic field applied parallel to the c-axis of Sr3Ru2O7. Therefore, the
specific heat contribution of the five Fermi surface sheets a1, a2, b, c1 and d
cannot explain the observed peak in the A-coefficient of resistivity as discussed
in the previous section.

2. Mercure et al. succeeded in measuring quantum oscillations in the region of the
new phase as shown in Fig. 2.20b. The left panel shows the second harmonic of
an AC magnetic susceptibility measurement as a function of magnetic field for
several temperatures. Here the traces have been offset in order of temperature for
clarity and the upmost trace corresponds to the lowest temperature. The two
strong features correspond to the phase boundaries of the novel phase and the red
curves are a polynomial background fit to the data. The right panel shows the data
with this background being subtracted. Here the quantum oscillations are clearly
identifiable. The phase of the oscillations has no apparent temperature depen-
dence. Furthermore the amplitude dependence on temperature is well described
by the Lifshitz–Kosevich formula. One can conclude that at least part of the
excitation spectrum in the novel quantum phase is therefore consistent with the
existence of Fermi liquid quasiparticles. That does not mean however that all
electronic degrees of freedom can necessarily be described as itinerant quasi-
particles, with other examples where this is considered to be a possibility being
high-TC superconductors [64] and heavy Fermion Kondo systems [22].

3. The observed frequency structure in the high field Fermi liquid state is highly
fractured and the amplitude significantly suppressed. Possible reasons for this
can be magnetic breakdown and Fermi surface reconstruction.

The ARPES and de Haas–van Alphen measurements presented here therefore
seem to indicate that the physics of Sr3Ru2O7 is driven by a single band of the
complicated band structure which is associated with the c2 pocket. It has to be

(a) (b)

Fig. 2.20 a The quasiparticle mass as a function of magnetic field for some of the frequencies
observed by de Haas–van Alphen measurements. b Data of second harmonic de Haas–van Alphen
measurements. The traces which correspond to different sample temperatures have been offset
for clarity. In the right panel the data inside the novel quantum phase are shown after the back-
ground given in red in the left panel has been subtracted (graphics courtesy of J.-F. Mercure).
For more details see [37]
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emphasized that this conclusion is reached by elimination of the remaining Fermi
surface and the evidence for a peak in the single-particle density of states asso-
ciated with c2. No direct evidence of the field dependence of this peak or the
effective mass of c2 exists.

Within the above assumptions only one of the Fermi surfaces would have a
significantly field dependent effective mass. In this case the resistivity of only one
Fermi surface would show a peak as a function of magnetic field. A commonly
raised concern is that this peak should in a simple model not dominate the overall
resistance since the conductance channels of all Fermi surface sheets add in par-
allel. This is seemingly at odds with the results by Grigera et al. [34], where a
significant increase of at least a factor of 5 was observed in the A coefficient of the
temperature dependent part of the resistivity as a function of magnetic field.
However, one has to keep in mind that Grigera et al. have measured the A coef-
ficient of the magneto-resistance of Sr3Ru2O7. Therefore, one has to take into
account that it is not the scalar longitudinal magnetoresistance of the Fermi sur-
faces but the full resistivity tensor that is added in parallel in order to calculate the
overall resistivity of the material as discussed in Sect. 2.1.3.7 Under these con-
ditions it is possible that the divergence in the resistivity in one of the Fermi
surfaces is dominating the total resistivity over a wide field range.

2.3 Summary

In this chapter I discussed the general framework of Fermi liquid theory as well as
the concepts of quantum criticality and ‘electron-nematic’ transport. I furthermore
reviewed the experimental evidence for a quantum critical end point in the
material as well as thermodynamic measurements of a novel quantum phase in its
vicinity which shows features of electron nematic like properties in transport
measurements. I finally discussed the current knowledge of the zero field Fermi
surface and the extent to which measured quasiparticle observations can account
for the observed thermodynamic behaviour.

In this thesis several open questions arising from the current available experi-
mental data will be addressed by magnetothermal studies and specific heat
measurements.

7 It has to be noted here that the simple addition of the resistivity tensors only holds for closed
Fermi surfaces. If open orbits are present, the longitudinal magnetoresistance does not only
depend on the magnitude of the applied magnetic field but also crucially on the orientation
between the electric field and the open orbit, leading to significant anisotropies in transport.
Intriguingly, if domains of different orbital orientations exist in the anomalous phase region that
are orientable by a small in-plane magnetic field one would naturally expect ‘nematik-like’
transport properties similar to the ones observed by Borzi et al. To the authors best knowledge
though discussed in private communications this path has not been explored in the theoretical
literature so far.
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The first part of the project is to investigate the entropic properties of the
supposed low and high field Fermi liquid states. In particular the question of a peak
in the Sommerfeld coefficient that was indirectly inferred from the measured peak
in the A coefficient will be discussed. Furthermore data will be presented on
magnetothermal oscillations, quantum oscillations in the entropy which can be
studied by a method that is particularly sensitive to low frequencies.

The second part of the project relates to the novel quantum phase. Here the
main data that will be presented will concern the nature of the surrounding phase
transitions as well as the temperature dependence of the specific heat inside the
phase.
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