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Summary. For a given finite dimensional simple Lie algebra g over an algebraically
closed field of characteristic 0, we establish the existence of a positive integer d(g)
with the property that any multiloop algebra L(g,o1,...,0n) based on g is split by
a finite étale cover of degree d(g) of the base ring k[t?, ..., tE!].
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1 Introduction

Let R, = k[tf',...,t] denote the Laurent polynomial ring in n variables
over an algebraically closed field k£ of characteristic 0. Given a finite dimen-
sional simple Lie algebra g over k, consider the class of Lie algebras £ over
R,, with the property that

LR, S ~s5_Lie § kS (1)

for some faithfully flat and finitely presented extension S of R,,. This interest-
ing class of algebras has deep connections to the centreless cores of Extended
Affine Lie Algebras (see [ABFP], [ABFP2] and [GP2] for details and further
references). For n = 1 for example, the algebras in question turn out to be
the derived affine Kac-Moody Lie algebras modulo their centres (see [P1] and
[P2] for details).

The algebras as in (1) are the forms of g for the fppf-topology on
Spec(R;,). They can be classified by non-abelian cohomology (see §1.1 below
for references). The quintessential example of forms—and the ones that are of
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most interest to infinite dimensional Lie theory—are the multiloop algebras
based on g (see definition below).?

One of the major results of [GP1] is that any algebra £ as in (1) is
isotrivial, i.e., trivialized by a finite étale cover of R,. This result has
important implications for the classification of Extended Affine Lie Algebras
by cohomological methods ([GP2, Theorem 5.13]). Relevant to the present
work is the fact that the Isotriviality Theorem is of an abstract nature: It
does not give any information on the degree of the finite étale cover needed to
trivialize a given form. In this paper we show the existence of a degree which
depends only on g with the property that any multiloop algebra based on g
is trivialized by a finite étale cover of R,, of this degree.

1.1 Notation and conventions

Throughout, k£ denotes an algebraically closed field of characteristic 0. We fix
once and for all a set (¢,)n>1 of compatible primitive n-roots of unity of k,
i.e., ¢f, = (. The category of commutative associative unital k-algebras is
denoted by k—alg.

For a given R in k—alg, by an R-group we will understand a group scheme
over Spec(R). If G is an R-group, the pointed set of non-abelian Cech coho-
mology on the fppf and étale sites of X = Spec(R) with coefficients in G,
wil be denoted by H}, (R, G) and Hj (R, G), respectively. These pointed
sets measure the isomorphisms of sheaf torsors (with respect to the chosen
topologies) over R under G (see [SGA3| Exp. IV.6, [DG] III §4, and Ch. IV
§1 of [M] for basic definitions and references).

If G is affine, flat and (locally) of finite presentation over R, then by
faithfully flat descent all of our sheaf torsors are representable (by affine R-
schemes). They are thus torsors in the usual sense. Furthermore, given that
G is necessarily smooth? all torsors are locally trivial for the étale topology.
In particular, H} (R, G) = H}ppf(R, G). These assumption on G are present
in all of the situations that arise in our work.

Given an R-group G and a morphisms R — S in k-alg, we let Gg denote
the S-group G Xgpec(r) Spec(S) obtained by base change. For convenience,
we will under these circumstances denote HZ (S, Gg) simply by H} (S, G).

To a given finite (abstract) group F corresponds a finite constant R-group
that we denote by Fg, or simply by F if R is understood from the context.

2 In nullity 1 all forms are loop algebras [P2]. An example of B. Margaux shows
that already in nullity 2 there exists forms which are not multiloop algebras. See
[GP2] §3.6.

3 Since R is of characteristic zero, the geometric fibers of G are smooth by Cartier’s
theorem [DG], I1.6.1.1. The smoothness criterion on fibers ([EGA IV] §17.8.1)
shows that G is smooth over R.
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The following notation will be extensively used throughout this work.

1 1 1
Roy=KltF' o 5, Rua=k 5% tn ], Ruee = lim Ry,
d

and
Fo = k((t))(t2)) .- (ta)),  Fua = K((EE9)), (5 9)), .. (5 ).

1.2 R,-torsors under finite constant groups

The extension R, 4/R, is finite Galois. Its Galois group I, ¢ is henceforth
identified with (Z/dZ)™ acting naturally on R,, 4 via our fixed choice of com-
patible roots of unity; namely é(t;/d) = C;it;/d for all e = (e1,...,e,) € Z"™,
where as usual : 2" — (Z/dZ)" is the canonical map.

We fix once and for all an algebraic closure F,, of F;, containing all of the
fields F), . This defines a geometric point a of X = Spec(R,,), and we consider
the corresponding algebraic fundamental group m (R, a) (see [SGA1] V.7).
Since X is connected, normal and noetherian, we have an explicit realization,
henceforth denoted by X*¢, for the universal covering of X at a (ibid. V.8.2).
In particular, we have a canonical homomorphism Gal(F,,) — m1(Ry,a). We

recall for convenience the following fundamental fact (see [GP3] corollary .
2.10 for details).

Proposition 1.1. 1. Spec(R,, o) is simply connected (i.e., it does not have
any nontrivial finite étale covers), and it is naturally isomorphic to the
simply connected covering X*¢ of Spec(R,,) at the geometric point a.

2. m1(Ry,a) is the Galois group of the pro-covering Ry, /Ry, namely

m1(Rn,a) = lim Gal(R,a/R,) = lim (Z/dZ)" = Z".
d d

3. The canonical map Gal(F,,) — w1 (Ry,a) is an isomorphism. O

The next basic lemma—especially its proof—gives a complete description
of R,-torsors under a finite constant group.

Lemma 1.2. Let F be a finite group, and let d(F) be the mazimum of all
orders of abelian subgroups of F. If X is an R, -torsor under F, then there
exists a positive integer d(X) with the following properties:

(a) d(X) < d(F)

(b) d(X) divides |F|

(¢) Xis trivialized by the base change R, — Ry, ax)-

In particular, the base change Ry, — R, |r| also trivializes X.
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Proof. The classes of such torsors are parametrized by H ét(PWH F). This same
pointed set classifies the Galois covers of R,, with a given action of the finite
group F. We have natural correspondences (see [SGA1] XI.5)

HY(R,,F) ~ HY(m1(R,a),F) ~ H.(Z",F)

~ Hom(Z",F)/inner automorphisms of F.

Consider a cocycle (i.e., a continuous homomorphism) u : Zr —F repre-
senting an R,,-torsor X under F. Set K = ker (u) and Fy = u(Z"). Then the
induced cocycle ug : Zn — Fo corresponds to a connected Galois extension
Xg of R, with Galois group Fg ~ Z" /K. By definition |Fo| < d(F).

All connected components of X are isomorphic to Xg. There are (F : Fy)
similar connected components and F acts transitively on them according to
the way that F' permutes the right cosets of Fy. We summarize this by writing
X = H(F:FO) Xy. The torsor X is trivialized by the extension Sy = Rff)oo;
more precisely Xg >~ Spec(Sp) and Sp ®@pg,, So =~ Sp X - -+ X Sy under the map
z®@y— (0(2)y)ser,- L

Clearly |Fo|Z" C K. Since the subgroup |[Fy|Z"™ of Z™ corresponds to
the Galois extension R, |p,| we see that X is trivialized by the extension
Ry, 7,/ Ry We summarize this by writing Xo X g, R, 7| = [lg, Bn,r,|-

The isomorphisms

X XR, B r >~ ( H Xo) XR, B ro =~ H (HRn,IFoO :FRn.\Fm
(F:Fo) (F:Fo) Fo

are compatible with the action of F. This shows that the R,-torsor X is
trivialized by R,, |r,|, hence also by R,, |p| (since |Fy| divides |[F| and therefore
R, || is an extension of R, |p,|)-

2 Bounds on the isotriviality of multiloop algebras

Let R € k—alg. Recall that by an R-form of g we understand an algebra £
over R for which there exists a faithfully flat and finitely presented extension
S/R in k-alg such that

LOOrS ~5_Lie § Q1 S

(isomorphism of S-Lie algebras). Thus, by definition, forms are trivialized by
some fppf cover S of R. In the case of Laurent polynomials, we have a very
precise control over the trivializing base change.

Theorem 2.1 (Isotriviality, [GP1] and [GP3]). Every R, -form L of g is
isotrivial (i.e., trivialized by a finite étale cover of R, ). More precisely, there
exist a positive integer d = d(L), such that

LR, Rnd =R, , 8Ok Rna. ]
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At first, it does not seem reasonable to expect the existence of a “universal”
d in the Isotriviality Theorem that splits all forms of g. The purpose of this
note is to show that such a d thus indeed exists for multiloop algebras. More
precisely, we have

Proposition 2.2. Let d(g) be the maximum of all orders of abelian subgroups
of the (finite) group of automorphisms of the root system corresponding to g.
Any multiloop algebra L(g,01,...,0y,) is trivialized by the Galois extension
Ry, ag) of Rn. In particular, every multiloop algebra based on g is trivialized
by a finite étale cover of degree d(g)".

We begin by recalling the definition of multiloop algebras. Let ¢ =
(01,...,0p) be a commuting family of finite order automorphisms of the k-
algebra g. Let d be a common period of the o, i.e., o = 1.

For each (iy,...,i,) € Z™, consider the simultaneous eigenspaces

Giy.i, ={r€g: 0j(x) = C;jz forall 1<j<n}

(which of course depend only on the i; modulo d). The multiloop algebra
associated to this data is the k-Lie subalgebra £ of g ®; Ry o defined as
follows:

L= E(g,o’) = ) Biv..in ®tlll/d .

0@ ot/ C @R Rya C 9Ok Ryoo- (2)
U1 yeeeyln )EL™

Observe that £ does not depend on the choice of period d. Observe also that
L is in fact an R,-submodule of g ®; R, . In particular, £ has a natural
R,-Lie algebra structure. One easily verifies ([ABP2.5] Lemma 4.7) that

L ®R, Rnd~r, , 8Ok Rnd (3)

Since Ry, q/ Ry, is free of finite rank (hence fppf), £ is an R,-form of g which is
trivialized by the extension R, 4/R,. Note that the integer d can be arbitrarily
large (there exist automorphisms of any given finite order). Proposition 2.2
implies the existence of a fixed d that splits all multiloop algebras based on a
given g.

From (3) it follows that to a multiloop algebra £ corresponds an R,,-torsor
X under the group Aut(g).? By descent theory, X, is representable by an
affine R,-scheme. The isomorphism class of the R,-torsor X will be denoted
by I:XL:I. Thus,

(Xc] € HY (Rna/Rn, Aut(g)) C H} (R, Aut(g)). (4)

As  mentioned above  the  extension Ry.a/Rn is finite
Galois, and its Galois group I, 4 can be identified with (Z/dZ)" acting nat-
urally on R, 4 via our fixed choice of compatible roots of unity; namely

4 Strictly speaking, the structure group is the affine R,-group Aut(A @y R,). As
already mentioned, this harmless slight abuse of notation is used throughout.
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(1/d) = (Gltl/d for all e = (e1,...,en) € Z". If we now let I, 4 act
on Aut(g)(Rna) = Autr, ,—alg(§ ® Rn,q) by conjugation, ie., 7o = (1 ®
7)o (1 ® (—v)), we have a natural correspondence H' (I}, 4, Aut(g)(Rn.q)) ~
H} (R .a/R,, Aut(g)), where the H' on the left-hand side is the usual non-
abelian cohomology. In terms of H'(I}, 4, Aut(g)(Rnaq)), the loop
torsor X, corresponds to the cocycle ag € Z'(I'.q, Aut(g)(Rn.q)) given
by (ag)e =0, ...0," ® id € Autgr, ,-aig (§ ® Ry q).
Recall that we have an exact sequence of R,,-groups

1— G Aut(g) — Out(g) — 1, (5)

where G comes by base change from the Chevalley Z-group of g of adjoint
type, and Out(g) is the finite constant group corresponding to the (abstract)
finite group Out(g) of automorphisms of the Dynkin diagram of g ([SGA3]
Exp. XXIV Théoreme 1.3 and Proposition 7.3.1). The sequence (5) is split.
The choice of section Out(g) — Aut(g) identifies Out(g) with a subgroup of
Aut(g) so that

Aut(g) = G x Out(g). (6)

Proof of Proposition 2.2: By the main theorem of [BM] there exists a maximal
torus T of G* that is stable under the action of all the o;. Let & = #(G,T)
be the corresponding root system, and W = W(®) its Weyl group.

Let B be a Borel subgroup of G containing T. Then Aut(G*¢, B, T)/T ~
Out(g) ([SGA3] Exp. XXIV Prop. 2.1), and therefore

Naut(g)(T) = Ngae(T) x Out(g).
Thus
Naut(g)(T)/T ~ Ng(T)/T x Out(g) W x Out(g) ~ Aut(P),

where Aut(®) is the finite group of automorphisms of the root system &.
The foregoing discussion shows that the torsor X, corresponding to £
belongs to the image of the canonical map

Hy (Rn, Naut(a)(T)) — Hey Ry, Aut(g)).
Consider the exact sequence of pointed sets
H},(Rn, T) — Hiy (Rn, Naug(g)(T)) = Hiy (Rn, Aut(®)).

By the previous Lemma after the base change R,, — R, 4(4) the torsor X is
in the kernel of 7. Since HY, (R, 4(q), T) = Pic(R, ()" ® =1 the R, d(g)
torsor Xz ®g,, Rnd(g) under Nayeg)(T) C Aut(g) is trivial.
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Remark 2.3. If all o; € T, then

X; € im(H'(R,,T) — H'(R,, Aut(g))) = 1.

Thus £(g, o) is isomorphic as an R,-Lie algebra, and a fortiori also as a k-Lie
algebra, to g®y R,,. The “interesting” multiloop algebras are thus to be found
by considering n-tuples of commuting automorphisms of g that do not belong
to a torus.

References

[ABFP)]

[ABFP2]

[ABP2.5]
[(BM]

[DG]
[GP1]

[GP2)

[GP3]

[EGA 1V]

[SGA1]

[SGA3]

B. Allison, S. Berman, J. Faulkner, and A. Pianzola, Realization of
graded-simple algebras as loop algebras, Forum Mathematicum 20:3
(2008), 395-432.

B. Allison, S. Berman, J.Faulkner, and A. Pianzola, Multiloop realization
of extended affine Lie algebras and Lie tori, Transaction of the American
Mathematical Society 361 (2009) 4807—4842.

B.N. Allison, S. Berman and A. Pianzola, [terated loop algebras, Pacific
Jour. Math. 227 (2006), 1-41.

A. Borel and G.D Mostow, On semi-simple automorphisms of Lie
algebras, Ann. Math. 61 (1955), 389-405.

M. Demazure et P. Gabriel, Groupes algébriques, Masson, 1970.

P. Gille and A. Pianzola, Isotriviality of torsors over Laurent polynomials
rings, C. R. Acad. Sci. Paris, Ser. I 340 (2005), 725-729.

P. Gille and A. Pianzola, Galois cohomology and forms of algebras over
Laurent polynomial rings, Math. Annalen 338 (2007), 497-543.

P. Gille and A. Pianzola, Isotriviality and étale cohomology of Laurent
polynomials rings, Journal of Pure and Applied Algebra 212 (2008),
780-800.

A. Grothendieck (avec la collaboration de J. Dieudonné) Eléments de
géométrie algébrique IV, Pub del’ IHES. no 20, 24, 28 and 32 1964-1967.
J.S. Milne, Etale Cohomology, Princeton University Press, 1980.

A. Pianzola, Affine Kac-Moody Lie algebras as torsors over the punctured
line, Indagationes Mathematicae N.S. 13(2) (2002), 249-257.

A. Pianzola, Vanishing of H' for Dedekind rings and applications to loop
algebras, C. R. Acad. Sci. Paris, Ser. I 340 (2005), 633-638.

Séminaire de géométrie algébrique de IHES., Revétements étales et groupe
fondamental, dirigé par A. Grothendieck, Lecture Notes in Math. 224,
Springer, 1971.

Séminaire de géométrie algébrique de THES., 1963-196/, schémas en
groupes, dirigé par M. Demazure et A. Grothendieck, Lecture Notes in
Math. 151-153. Springer, 1970.



2 Springer
http://www.springer.com/978-0-8176-4740-7

Developments and Trends in Infinite-Dimensional Lie
Theory

MNeeb, K.-H.; Pianzola, A, (Eds.)

2011, W, 492 p. 9 illus., Hardcowver

ISBEN: @78-0-8176-4740-7

A product of Birkhauser Basel



	Remarks on the Isotriviality of Multiloop Algebras
	1 Introduction
	1.1 Notation and conventions
	1.2 Rn-torsors under finite constant groups

	2 Bounds on the isotriviality of multiloop algebras
	References


