Contents

PartI Traditional Methods for Computing Heat Kernels

1

Introduction ...............ooiiiiii 3
1.1 Physical Significance of the Heat Equation.......................... 3
1.2 The Fundamental Solution ..., 5
1.3 The Heat Equation in Its Setting .............ccooviiiiiiiiiiiinn... 6
1.4 Methodology . ..o.neii 7
1.5 Theta-Functions ... 7
1.6 Some Useful Integrals ... 10
A Brief Introduction to the Calculus of Variations ....................... 13
2.1 Lagrangian Mechanics............oooeeiiiiiiiiiiiiiiiiiiiiiiinnn, 13

2.1.1  The First Variation .............ccoouuuuiiiiiiiiiiiniinnnnn. 14

2.1.2  The Second Variation .................ccoeuuuuuiiiunnnnnnnnn. 15

2.1.3  Geometrical Interpretation..................ooeeeiiiin... 16

2.1.4  The Case of Riemannian Geometry ........................ 18

2.1.5 Examples of Lagrangian Dynamics ........................ 20
2.2 Hamiltonian Mechanics .................ooooiiiiiii . 23
2.3 The Hamilton—Jacobi Equation ........................ooooit. 24
The Geometric Method ...........................oi 27
3.1 Heat Kernel for L = %Z?leal‘j By e 27
32 Interpretation of the Volume Function .....................ot. 30
33 TheOperator L = 337 1hi0% «ooovviieiiiiiiieiie 31
34 The Generalized Transport Equation..........................oo... 33
35 Solving the Generalized Transport Equation ........................ 38
3.6  TheOperatorL = 3y™(82 + 92),m € N ... 40
3.7 Heat Kernels on Curved Spaces ...........c.ceeeeiiiiiieieininnn... 45
3.8 Heat Kernel at the Cut-Locus ...............cooviiiiiiiiiiinn.. 46
39 Heat Kernel at the Conjugate Locus ..ot 47
3.10  Heat Kernel on the Half-Line .............ccoouiiiiiiiinna 47
3.11  HeatKernelon S1 ... ..o 48
3.12  Heat Kernel on the Segment [0, T].........cooiiiiiiiiiiiiian.. 49

Xiii



Xiv

Contents

3.13 HeatKernel on the Cylinder.............ooooeiiiiiiiiiiiiiiiia... 50
3.14  Operators with PotentialS ..., 52
3.15 The Linear Potential ..............c.ccuuuiiiiiiiiiiiiiiaas 54
3.16  The Quadratic Potential..................oooooiiiiiiiiiiii . 58
3.17  The Operator ézaii + %a2|x|2 .................................... 60
3.18 TheOperator L = 102 + & ... 64
Commuting OpPerators ...............uuuuuuuuuuuiuiiiiiieereereeeaanans 71
4.1 Commuting OPerators ...........ueeeeeriuiieieeeenniiieeeeanninnee. 71
4.1.1  The Operator L = (82 4+ 02) .......ccooovviiniiiiiiinn. 71

412 TheOperator L = (32 4 y83) ........ccoooiiiiin, 72

413 The Operator L = 3(x02 + y02).........c.cccccoeiin. 72

4.1.4  Sum of Squares of Linear Potentials ....................... 72

4.1.5  The Operator L = 3(x? + y2)(92 4+ 02) .......ooooennn. 73

The Fourier Transform Method ............................o. 75
5.1 The Algorithm ... ... 75
5.2 Heat Kernel for the Grushin Operator .................coooiiie.. 76
53 Heat Kernel for 8)% F X050y e 77
54 The Formula of Beals, Gaveau and Greiner ......................... 78
5.5 Kolmogorov Operators ...........coooiuiiiieiiiiiiiiiiiiiiiieeenn. 80
56  The Operator 92 4 x02 ..........coooiiiiiiiiiiii, 85
5.7 The Generalized Grushin Operator %Z?:l 8)2” +2[x]20% ... 85
5.8 The Heisenberg Laplacian...........c.oooviiiiiiiiiiiiiiiiinin... 87
The Eigenfunction Expansion Method .................................... 89
6.1 General Results ............uuuuui 89
6.2 Mehler’s Formula and Applications................oooeeeiiiiiiin... 91
6.3 Hille-Hardy’s Formula and Applications............................ 94
6.4 Poisson’s Summation Formula and Applications ................... 98
6.4.1 HeatKernelon S1................ooiiiiiiiiii 99

6.4.2  Heat Kernel on the Segment [0, 7] .........ccvvvvennn.n.. 100

6.5 Legendre’s Polynomials and Applications........................... 102
6.6 Legendre Functions and Applications ...............ccceviiinn... 104
The Path Integral Approach ...ttt 105
7.1 Introducing Path Integrals ..., 105
7.2 Paths Integrals via Trotter’s Formula ............................. 107
7.3 Formal Algorithm for Obtaining Heat Kernels ...................... 112
7.4 The Operator 202 .............oooiiiiiii 118
7.5 The Operator 2(02 -+ 0x) ....vvvvvvviiiiiiiiiiiiiiiiiiiiiie 123
7.6 Heat Kernel for L = 2(8% — 0x) ...oeoveviviiiiiiiiiieeaeeeeeee, 125
7.7 HeatKernel for L = 2x202 + X0x..cccooviiiiiiiiiiieeaaaeeeea, 126
7.8 The Hermite Operator £(02 — a2x?) ........cccccoouiiiiiiiinnnnne, 126



Contents XV
7.9 Evaluating Path Integrals ... 132
7.9.1 Van Vleck’s Formula..............ooooiiiiiiiiiiiiiiii. 132
7.9.2  Applications of van Vleck’s Formula ...................... 133
7.9.3  The Feynman—Kac Formula .......................ooe. 138
7.10  Non-Commutativity of Sums of Squares ..................ccoeonnnn 140
7.11  Path Integrals and Sub-Elliptic Operators ................ccceevnnnn. 143
8  The Stochastic Analysis Method .............................ooi. 145
8.1 Elements of Stochastic Processes ..............oooouuuiiiiiiiiininnn.. 145
8.2 Tto DIffusion.........ooooiiiiiii 152
8.3 The Generator of an Ito Diffusion.......................oo. 154
8.4 Kolmogorov’s Backward Equation and Heat Kernel................ 156
8.5 Algorithm for Finding the Heat Kernel ........................... .. 157
8.6 Finding the Transition Density ................ccoiiiiiiiiii. .. 159
8.7 Kolmogorov’s Forward Equation ..o, 166
8.8 The Operator 102 — Xy «..vvvvuunneeiiiiiiiiiiie e, 167
8.9 Generalized Brownian Motion ...............coooiiiiiiii e, 168
8.10  Linear NOISE. ...ttt 170
8.11  Geometric Brownian MOtiOn .............uuuuuiiiiiiiiiiiiiiiiiinnan. 171
8.12  Mean Reverting Ornstein—Uhlenbeck Process ...................... 174
8.13  Bessel Operator and Bessel Process ...............oooeeiiiiii... 176
8.14  Brownian Motionon a Circle ...............ooiiiiiiiiiiiiii . 181
8.15 AnExampleofaHeatKernel ........................oooo 183
8.16 A Two-Dimensional Case .............uuuuuuuiiiniiiiiiiiiiiinnnnnnns 185
8.17  Kolmogorov’s Operator...........ceeevviuiiiiiieeiiiieieeinnnne.. 188
8.18  The Operator 3X702, ... ....oooviiiiiiiieiiiieei 189
8.19  Grushin’s OpPerator.......covvuuuuieeettiie et 191
8.20  Squared Bessel Process...........cccovviiiiiiiiiiiiiiiii 192
8.21  CIR PrOCESSES ... vvvutettttetttt e 193
8.22  Limitations of the Method ... 193
8.23  Operators with Potential and the Feynman—Kac Formula .......... 195
Part II Heat Kernel on Nilpotent Lie Groups and Nilmanifolds
9 Laplacians and Sub-Laplacians............................ 201
9.1 Sub-Riemannian Structure and Heat Kernels........................ 201
9.1.1  Sub-Riemannian StrucCture ................c.oeeeeuuuuuenunnnn. 201
9.1.2  Heat Kernel of the Sub-Laplacian and Laplacian.......... 203
9.1.3  The Volume Form ............coouuiiiiiiiiiiiaa 206
9.2 Laplacian and Sub-Laplacian on Nilpotent Lie Groups............. 207
9.2.1  Nilpotent Lie Groups.........ooouvuieieiiiiiiieeeennnnnn... 207
9.2.2  The Heisenberg Group ...........cceeeeiiiiiiieieennnnnn... 209
9.2.3  Higher-Dimensional Heisenberg Groups .................. 211
9.2.4  Quaternionic Heisenberg Group............................ 213

9.2.5 Heisenberg-Type Lie Algebra ...............coovviinia... 216



XVi

Contents

9.2.6  Free Two-Step Nilpotent Lie Algebra......................
9.277 TheEngel Group .........cccovviiiiiiiiiiiiiiiiiiiiiinn..

10 Heat Kernels for Laplacians and Step-2 Sub-Laplacians ................

10.1
10.2

10.3

Spectral Decomposition and Heat Kernel............................
Complex Hamilton—Jacobi Theory.................ooooeiiiit.
10.2.1 Path Integrals and Integral Expression
ofaHeatKernel..................
10.2.2 A Solution of a Hamilton—Jacobi Equation ................
10.2.3 The Generalized Transport Equation.......................
10.2.4 Heat Kernel for the Sub-Laplacian .........................
10.2.5 Heat Kernel for LaplacianI...............................
10.2.6 Heat Kernel for LaplacianIT...............................
10.2.7 EXamples ......oooviiiiiiiiiii
Grushin-Type Operators and the Heat Kernel .......................
10.3.1 Grushin-Type Operators ...........ccceevviiiiieeeennnnnnne..
10.3.2 Heisenberg Group Case ...........veeeeviiiiiieeeennnnnnne..
10.3.3 Heat Kernel of the Grushin Operator.......................

11 Heat Kernel for the Sub-Laplacian on the Sphere S3....................

11.1

Sub-Riemannian Structure and Sub-Laplacian on the Sphere S3 ..
11.1.1 S3 in the Quaternion Number Field ........................
11.1.2 Heat Kernel of the Sub-Laplacianon S ...................
11.1.3  Spherical Grushin Operator and the Heat Kernel ..........

PartIIT Laguerre Calculus and the Fourier Method

12 Finding Heat Kernels Using the Laguerre Calculus ......................

12.1
12.2

12.3
12.4
12.5
12.6

12.7
12.8

Introduction ............ooiiiiiiii i
Laguerre Calculus. .......oovviiiiiiiiiiiiiiiiii e
12.2.1 Twisted Convolution .............coevviiiiiiiiiiiiinneannn..
12.2.2 P.V. Convolution Operators ..............oooeeeeeeennnnnn...
12.2.3 Laguerre Functions................ocoeiiiiiiiiiiiiinn...
12.2.4 Laguerre Calculuson Hy ...
12.2.5 Laguerre Calculuson Hy .........ccooiiiiiiiiii..
12.2.6 Left Invariant Differential Operators .......................
The Heisenberg Sub-Laplacian.......................ooooooi..
Powers of the Sub-Laplacian .......................o
Heat Kernel for the Operator L] ..............ooooiiiiinn,
Fundamental Solution of the Paneitz Operator ......................
12.6.1 Laguerre Tensor of the Paneitz Operator...................
12.6.2 Fundamental Solution: The Casen > 2............cooeo...
12.6.3 Fundamental Solution: The Casen =1 ...................
Heat Kernel of the Paneitz Operator .....................ooiii.t.
Projection and Relative Fundamental Solution......................



Contents xvii
129  The Kernel W, (z,t) form > n..oovvviiiiiiiiiiiiiiii e 326
12.10 The Isotropic Heisenberg Group ...............ccceiiiiiiiiiiiinnn 328
12,11 CONCIUSIONS . .vvttttttttte e 330

13 Constructing Heat Kernels for Degenerate Elliptic Operators.......... 333
13.1  INtroduction .........oouiiiiiiiiii i 333
13.2  Finding Heat Kernels for Operators L;, j = 1,...,5.............. 335
13.3  Some Explicit Calculations................ooooiiiiiiiiiiiiiiiian, 340

13.3.1 Laplace Operator..........coovvuiiiiieeiiiiineeeennnnnne.. 341
13.3.2 Kolmogorov Operator..........c.uveeeeeiniiiieeeennnnnnnn.. 342
13.3.3 The Operator L3 .......eeeeiiiiiiiiiiieiiiiiiiieeaieee. 344
13.3.4 The Operator Lg .......oovviiiiiiiiiiiiiiiiiii i, 346
13.3.5 The Operator Ls ........coeviiiiiiiiiiiiiiiiieiiiinnne.. 347

14 Heat Kernel for the Kohn Laplacian on the Heisenberg Group......... 349
14.1  The Kohn Laplacian on the Heisenberg Group...................... 349
14.2  Full Fourier Transform on the Group ..............c.oooooeiiiian, 351
143 Solving the Transformed Heat Equation

Using Hermite Functions ..., 353
14.4  ConClUSIONS ....uutitinitit it 358

Part IV  Pseudo-Differential Operators

15 The Pseudo-Differential Operator Technique ............................. 361
15.1  Basic Results of Pseudo-Differential Operators ..................... 361

15.1.1 Definition of Pseudo-Differential Operators .............. 362

15.1.2 Calculus with Pseudo-Differential Operators............... 363

15.1.3 Proofof Lemma I15.1.3 ... 366
15.2  Fundamental Solution by Symbolic Calculus:

The Nondegenerate Case ..........ccoovviiiiiiiiiiiiiiiieeeennnine.. 372
15.3  Basic Results for Pseudo-Differential Operators of Weyl Symbols 376

15.3.1 Calculus with Pseudo-Differential Operators............... 376
15.4  Fundamental Solution by Symbolic Calculus:

The Degenerate Case ...........c.eeveeiiiiiiiiiiiiiiiiiieiaiiinae.. 382

15.4.1 Construction of the Symbol..................ooooii.. 382

1542 The Symbol pm = 235 _1g2 ... 396

15.4.3 The Special Case of Quadratic Symbols ................... 397

15.4.4 A Key Theorem for Eigenfunction Expansion............. 400
15.5 The Hermite OPerator ..........o.uueeeeeemniiiieeeenniieeeeannnnns 400

15.5.1 Exact Form of the Symbol

of the Fundamental Solution................................ 401

15.5.2 Eigenfunction Expansion .....................coooi 403
15.6  The Grushin Operator...........o.uueeeeeiiiiiiieeeiiiiiiee e, 407
15.7  Exact Form of the Symbol of the Fundamental

Solution for the Sub-Laplacian...................oooooiiiio., 408



XViii Contents

15.8  The Sub-Laplacian on Step-2 Nilpotent Lie Groups ................ 410
159  The Kolmogorov Operator .............cooviuiiiiiiiiiinneeeeennnnns 415
APPENAIX ... s 417
Conclusions ... 419
List of Frequently Used Notations and Symbols................................ 423
References. ..o 425



2 Springer
http://www.springer.com/978-0-8176-4994-4

Heat Kernels for Elliptic and Sub-elliptic Operators
Methods and Techniques

Calin, 0.; Chang, D.-C.; Furutani, K.; lwasaki, C.
2011, XV, 436 p. 25 illus., Hardcower

ISBEN: @78-0-8176-4994-4

A product of Birkhauser Basel



	Contents



