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Algebraic Structures

The main algebraic structure involved with the subject of this book is that of
a “linear space” (or “vector space”). A linear space is a set endowed with an
extra structure in addition to its set-theoretic structure (i.e., an extra struc-
ture that goes beyond the notions of inclusion, union, complement, function,
and ordering, for instance). Roughly speaking, linear spaces are sets where
two operations, called “addition” and “scalar multiplication”, are properly
defined so that we can refer to the “sum” of two points in a linear space, as
well as to the “product” of a point in it by a “scalar”. Although the reader is
supposed to have already had a contact with linear algebra and, in particular,
with “finite-dimensional vector spaces”, we shall proceed from the very begin-
ning. Our approach avoids the parochially “finite-dimensional” constructions
(whenever this is possible), and focuses either on general results that do not
depend on the “dimensionality” of the linear space, or on abstract “infinite-
dimensional” linear spaces.

2.1 Linear Spaces

A binary operation on a set X is a mapping of X×X into X . If F is a function
from X×X to X , then we generally write z = F (x, y) to indicate that z in X
is the value of F at the point (x, y) in X×X. However, to emphasize the rule
of the binary operation (the outcome of a binary operation on two points of
X is again a point of X), it is convenient (and customary) to adopt a different
notation. Moreover, in order to emphasize the abstract character of a binary
operation, it is also common to use a noncommittal symbol to denote it. Thus,
if � is a binary operation on X (so that � : X×X → X), then we shall write
z = x � y instead of z = �(x, y) to indicate that z in X is the value of � at the
point (x, y) in X×X. If a binary operation � on X has the property that

x � (y � z) = (x � y) � z

for every x, y, and z in X , then it is said to be associative. In this case we
shall drop the parentheses and write x � y � z. If there exists an element e in
X such that
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x � e = e � x = x

for every x ∈ X, then e is said to be the neutral element (or the identity
element) with respect to the binary operation � on X . It is easy to show
that, if a binary operation � has a neutral element e, then e is unique. If an
associative binary operation � on X has a neutral element e in X , and if for
some x ∈ X there exists x−1 ∈ X such that

x � x−1 = x−1 � x = e,

then x−1 is called the inverse of x with respect to �. It is also easy to show
that, if the inverse of x exists with respect to an associative binary operation
�, then it is unique. A group is a nonempty set X on which is defined a binary
operation � such that

(a) � is associative,

(b) � has a neutral element in X , and

(c) every x in X has an inverse in X with respect to �.

If a binary operation � on X has the property that

x � y = y � x

for every x and y in X , then it is said to be commutative. If X is a group with
respect to a binary operation �, and if

(d) � is commutative,

then X is said to be an Abelian (or commutative) group.

Example 2.A. Let X be a set with more than three elements. The collection
of all injective mappings of X onto itself (i.e., the collection of all invertible
mappings on X) is a non-Abelian group with respect to the composition
operation ◦. The neutral element (or the identity element) of such a group is,
of course, the identity map on X .

An additive Abelian group is an Abelian group X for which the underlying
binary operation is interpreted as an addition and denoted by + (instead of
�). In this case the element x+ y (which lies in X for every x and y in X)
is called the sum of x and y. The (unique) neutral element with respect to
addition is denoted by 0 (instead of e) and called zero. The (unique) inverse of
x under addition is denoted by −x (instead of x−1) and is called the negative
of x. Thus x+ 0 = 0 + x = x and x+ (−x) = (−x) + x = 0 for every x ∈ X .
Moreover, the operation of subtraction is defined by x− y = x+ (−y), and
x− y is called the difference between x and y.

If � : X×X → X is another binary operation on X , and if

x � (y � z) = (x � y) � (x � z) and (y � z) � x = (y � x) � (z � x)
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for every x, y, and z in X , then � is said to be distributive with respect to
�. The above properties are called the distributive laws . A ring is an additive
Abelian group X with a second binary operation on X , called multiplication
and denoted by · , such that

(e) the multiplication operation is associative and

(f) distributive with respect to the addition operation.

In this case the element x · y (which lies in X for every x and y in X) is
called the product of x and y (alternative notation: xy instead of x · y). A
commutative ring is a ring for which

(g) the multiplication operation is commutative.

A ring with identity is a ring X such that

(h) the multiplication operation has a neutral element in X .

In this case such a (unique) neutral element in X with respect to the multi-
plication operation is denoted by 1 (so that x · 1 = 1 · x = x for every x ∈ X)
and is called the identity.

Example 2.B. The power set ℘(X) of a nonempty set X is a commu-
tative ring with identity if addition is interpreted as symmetric difference
(or Boolean sum) and multiplication as intersection (i.e., A+B = A�B and
A ·B = A ∩B for all subsets A and B of X). Here the neutral element un-
der addition (i.e., the zero) is the empty set ∅, and the neutral element under
multiplication (i.e., the identity) is X itself.

A ring with identity is nontrivial if it has another element besides the
identity. (The set {0} with the operations 0 + 0 = 0 · 0 = 0 is the trivial ring
whose only element is the identity.) If a ring with identity is nontrivial, then
the neutral element under addition and the neutral element under multipli-
cation never coincide (i.e., 0 �= 1). In fact, x · 0 = 0 · x = 0 for every x in X
whenever X is a ring (with or without identity). Incidentally (or not) this
also shows that, in a nontrivial ring with identity, zero has no inverse with
respect to the multiplication operation (i.e., there is no x in X such that
0 · x = x · 0 = 1). A ring X with identity is called a division ring if

(i) each nonzero x in X has an inverse in X with respect to the multiplication
operation.

That is, if x �= 0 in X , then there exists a (unique) x−1 ∈ X such that
x · x−1 = x−1 · x = 1.

Example 2.C. Let the addition and multiplication operations have their or-
dinary (“numerical”) meanings. The set of all natural numbers N is not a
group under addition; neither is the set of all nonnegative integers N0. How-
ever, the set of all integers Z is a commutative ring with identity, but not a
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division ring. The sets Q, R, and C (of all rational, real, and complex numbers,
respectively), when equipped with their respective operations of addition and
multiplication, are all commutative division rings. These are infinite commu-
tative division rings, but there are finite commutative division rings (e.g., if
we declare that 1 + 1 = 0 + 0 = 0, 0 + 1 = 1 + 0 = 1, 0 · 0 = 0 · 1 = 1 · 0 = 0,
and 1 · 1 = 1, then {0, 1} is a commutative division ring).

Roughly speaking, commutative division rings are the number systems of
mathematics, and so they deserve a name of their own. A field is a nontrivial
commutative division ring. The elements of a field are usually called scalars .
We shall be particularly concerned with the fields R and C (the real field
and the complex field). An arbitrary field will be denoted by F. Summing
up: A field F is a set with more than one element (at least 0 and 1 are
distinct elements of it) equipped with two binary operations, called addition
and multiplication, that satisfy all the properties (a) through (i) — clearly,
with � replaced by + in properties (a) through (d).

Definition 2.1. A linear space (or vector space) over a field F is a nonempty
set X (whose elements are called vectors) satisfying the following axioms.

Vector Addition. X is an additive Abelian group under a binary operation
� called vector addition.

Scalar Multiplication. There is given a mapping of F×X into X that assigns
to each scalar α in F and each vector x in X a vector αx in X . Such a
mapping defines an operation, called scalar multiplication, with the following
properties. For all scalars α and β in F, and all vectors x and y in X ,

1x = x,

α(βx) = (α · β)x,
α(x � y) = αx� αy,

(α+ β)x = αx� βx.

Some remarks on notation and terminology. The underlying set of a linear
space is the nonempty set upon which the linear space is built. We shall use
the same notation X for both the linear space and its underlying set, even
though the underlying set alone has no algebraic structure of its own. A set X
needs a binary operation on it, a field, and another operation involving such a
field with X to acquire the necessary algebraic structure that will grant it the
status of a linear space. The scalar 1 in the above definition stands, of course,
for the identity in the field F with respect to the multiplication · in F, and
+ denotes the addition in F. Observe that + (addition in the field F) and �
(addition in the group X ) are different binary operations. However, once the
difference has been pointed out, we shall use the same symbol + to denote
both addition in the field F and addition in the group X . Moreover, we shall
also drop the dot from the multiplication notation in F, and write αβ instead
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of α · β. The neutral element under the vector addition in X (i.e., the vector
zero) is referred to as the origin of the linear space X . Again, we shall use one
and the same symbol 0 to denote both the origin in X and the scalar zero in
F. A linear space over R is called a real linear space, and a linear space over
C is called a complex linear space.

Example 2.D. R itself is a linear space over R. That is, the plain set R when
equipped with the ordinary binary operations of addition and multiplication
becomes a field, also denoted by R. If vector addition is identified with scalar
addition, then it becomes a real linear space, denoted again by R. More gen-
erally, for each n ∈ N, let Fn denote the Cartesian product of n copies of a
field F (i.e., the set of all ordered n-tuples of scalars in F). Now define vector
addition and scalar multiplication coordinatewise, as usual:

x+ y = (ξ1 + υ1, . . . , ξn + υn) and αx = (αξ1, . . . , αξn)

for every x = (ξ1, . . . , ξn) and y = (υ1, . . . , υn) in Fn and every α in F. This
makes Fn into a linear space over F. In particular, Rn (the Cartesian product
of n copies of R) and Cn (the Cartesian product of n copies of C) become
real and complex linear spaces, respectively, whenever vector addition and
scalar multiplication are defined coordinatewise. However, if we restrict scalar
multiplication to real multiplication only, then Cn can also be made into a
real linear space.

Example 2.E. Let S be a nonempty set, and let F be an arbitrary field.
Consider the set

X = FS

of all functions from S to F (i.e., the set of all scalar-valued functions on S,
where “scalar-valued” stands for “F-valued”). Let vector addition and scalar
multiplication be defined pointwise. That is, if x and y are functions in X and
α is a scalar in F, then x+ y and αx are functions in X defined by

(x+ y)(s) = x(s) + y(s) and (αx)(s) = α(x(s))

for every s ∈ S. Now it is easy to show that X , when equipped with these two
operations, in fact is a linear space over F. Particular cases: FN (the set of all
scalar-valued sequences) and F[0,1] (the set of all scalar-valued functions on the
interval [0, 1]) are linear spaces over F, whenever vector addition and scalar
multiplication are defined pointwise. Note that the linear space Fn in the
previous example also is a particular case of the present example, where the
coordinatewise operations are identified with the pointwise operations (recall:
Fn = FIn where In = {i ∈ N: i ≤ n}).

Example 2.F. What was the role played by the field F in the previous ex-
ample? Answer: Vector addition and scalar multiplication in FS were defined
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pointwise by using addition and multiplication in F. This suggests the follow-
ing generalization of Example 2.E. Let S be a nonempty set, and let Y be an
arbitrary linear space (over a field F). Consider the set

X = Y S

of all functions from S to Y (i.e., the set of all Y-valued functions on S).
Let vector addition and scalar multiplication in X be defined pointwise by
using vector addition and scalar multiplication in Y. That is, if f and g are
functions in X (so that f(s) and g(s) are elements of Y for each s ∈ S) and
α is a scalar in F, then f + g and αf are functions in X defined by

(f + g)(s) = f(s) + g(s) and (αf)(s) = α(f(s))

for every s ∈ S. As before, it is easily verified that X , when equipped with
these operations, becomes a linear space over the same field F. The origin of
X is the null function 0:S → Y (which is defined by 0(s) = 0 for all s ∈ S).
Examples 2.D and 2.E can be thought of as particular cases of this one.

Example 2.G. Let X be a linear space over F, and let x, x′, y, and y′ be
arbitrary vectors in X . An equivalence relation ∼ on X is compatible with
vector addition if

x′∼ x and y′∼ y imply x′ + y′∼ x+ y.

Similarly, it is said to be compatible with scalar multiplication if, for x and x′

in X and α in F,
x′∼ x implies αx′∼ αx.

If an equivalence relation ∼ on a linear space X is compatible with both vec-
tor addition and scalar multiplication, then we shall say that ∼ is a linear
equivalence relation. Now consider X/∼ , the quotient space of X modulo ∼
(i.e., the collection of all equivalence classes [x] with respect to ∼ ), and sup-
pose the equivalence relation ∼ on X is linear. In this case a binary operation
+ on X/∼ can be defined by setting

[x] + [y] = [x+ y]

for every [x] and [y] in X/∼ . Indeed, since ∼ is compatible with vector addi-
tion, it follows that [x+ y] does not depend on which particular members x
and y of the equivalence classes [x] and [y] were taken. Thus the operation +
actually is a function from (X/∼ ×X/∼) to X/∼ . This defines vector addi-
tion in X/∼ . Scalar multiplication in X/∼ can be similarly defined by setting

α[x] = [αx]

for every [x] in X/∼ and α in F. Therefore, if ∼ is a linear equivalence relation
on a linear space X over a field F, then X/∼ becomes a linear space over F
when vector addition and scalar multiplication in X/∼ are defined this way.
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It is clear by the definition of a linear space X that x+ y + z is a well-
defined vector in X whenever x, y, and z are vectors in X . Similarly, if {xi}ni=1

is a finite set of vectors in X , then the sum x1 + · · ·+ xn, denoted by
∑n

i=1xi,
is again a vector in X . (The notion of infinite sums needs topology and we
shall consider these topics in Chapters 4 and 5.)

2.2 Linear Manifolds

A linear manifold of a linear space X over F is a nonempty subset M of X
with the following properties.

x+ y ∈M and αx ∈M

for every pair of vectors x, y inM and every scalar α in F. It is readily verified
that a linear manifold M of a linear space X over a field F is itself a linear
space over the same field F. The origin 0 of X is the origin of every linear
manifold M of X . The zero linear manifold is {0}, consisting of the single
vector 0. If a linear manifold M is a proper subset of X , then it is said to be
a proper linear manifold . A nontrivial linear manifold M of a linear space X
is a nonzero proper linear manifold of it ({0} �=M �= X ).

Example 2.H. Let M be a linear manifold of a linear space X and consider
a relation ∼ on X defined as follows. If x and x′ are vectors in X , then

x′∼ x if x′ − x ∈ M.

That is, x′∼ x if x′ is congruent to x modulo M— notation: x′ ≡ x(modM).
SinceM is a linear manifold of X , the relation ∼ in fact is an equivalence re-
lation on X (reason: 0 ∈M— reflexivity, x′ − x′′ = (x′ − x) + (x− x′′) ∈ M
whenever x′ − x and x− x′′ lie in M — transitivity, and x− x′ ∈ M when-
ever x′ − x ∈ M — symmetry). The equivalence class (with respect to ∼ )

[x] =
{
x′ ∈ X : x′∼ x

}
=
{
x′ ∈ X : x′ = x+ z for some z ∈ M

}
of a vector x in X is called the coset of x modulo M— notation: [x] = x+M.
The set of all cosets [x] modulo M for every x ∈ X (i.e., the collection of
all equivalence classes [x] with respect to the equivalence relation ∼ for ev-
ery x in X ) is precisely the quotient space X/∼ of X modulo ∼ . Following
the terminology introduced in Example 2.G, ∼ is a linear equivalence re-
lation on the linear space X . Indeed, if x′ − x ∈ M and y′ − y ∈ M, then
(x′ + y′)− (x+ y) = (x′ − x) + (y′ − y) ∈M and αx′−αx = α(x′ − x) ∈ M
for every scalar α, so that x′∼ x and y′∼ y imply x′ + y′∼ x+ y and αx′∼ αx.
Therefore, with vector addition and scalar multiplication defined by

[x] + [y] = [x+ y] and α[x] = [αx],
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X/∼ is made into a linear space over the same scalar field. This is usually
denoted by X/M (instead of X/∼ ), and called the quotient space of X modulo
M. The origin of X/M is, of course, [0] =M. Let π:X → X/M be the
natural mapping of X onto the quotient space X/M as defined in Section 1.4:

π(x) = [x] = x+M for every x ∈ X .

The concept of “linear transformation” will be defined in Section 2.5. It can
be easily shown that π is a linear transformation between the linear spaces X
and X/M. The null space of π, viz., N (π) = {x ∈ X : π(x) = [0]}, is given by

N (π) = M.

Indeed, if π(x) = [0] =M, then x+M = [x] = [0] =M, and so x ∈M. On
the other hand, if u ∈ M, then π(u) = u+M = 0 +M =M = [0].

If M and N are linear manifolds of a linear space X , then the sum of M
and N , denoted by M+N , is the subset of X made up of all sums x+ y
where x is a vector in M and y is a vector in N :

M+N =
{
z ∈ X : z = x+ y, x ∈ M and y ∈ N

}
.

It is trivially verified that M+N is a linear manifold of X . If {Mi}ni=1 is a
finite family of linear manifolds of a linear space X , then the sum

∑n
i=1Mi

is the linear manifold M1 + · · ·+Mn of X consisting of all sums
∑n

i=1xi
where each vector xi lies in Mi. More generally, if {Mγ}γ∈Γ is an arbitrary
indexed family of linear manifolds of a linear space X , then the sum

∑
γ∈ΓMγ

is defined as the set of all sums
∑
γ∈Γxγ with xγ ∈ Mγ for each index γ

and xγ = 0 except for some finite set of indices (i.e.,
∑

γ∈ΓMγ is the set
made up of all finite sums with each summand being a vector in one of the
linear manifoldsMγ). Clearly,

∑
γ∈ΓMγ is itself a linear manifold of X , and

Mα ⊆
∑
γ∈ΓMγ for everyMα ∈ {Mγ}γ∈Γ .

A linear manifold of a linear space X is never empty: the origin of X is
always there. Note that the intersection M∩N of two linear manifolds M
and N of a linear space X is itself a linear manifold of X . In fact, if {Mγ}γ∈Γ
is an arbitrary collection of linear manifolds of a linear space X , then the inter-
section

⋂
γ∈ΓMγ is again a linear manifold of X . Moreover,

⋂
γ∈ΓMγ ⊆Mα

for everyMα ∈ {Mγ}γ∈Γ .

Consider the collection Lat(X ) of all linear manifolds of a linear space X .
Since Lat(X ) is a subcollection of the power set ℘(X ), it follows that Lat(X )
is partially ordered in the inclusion ordering. If {Mγ}γ∈Γ is a subcollection
of Lat(X ), then

∑
γ∈ΓMγ in Lat(X ) is an upper bound for {Mγ}γ∈Γ and⋂

γ∈ΓMγ in Lat(X ) is a lower bound for {Mγ}γ∈Γ . If U ∈ Lat(X ) is an upper
bound for {Mγ}γ∈Γ (i.e., Mγ ⊆ U for all γ ∈ Γ ), then

∑
γ∈ΓMγ ⊆ U . Thus∑

γ∈Γ
Mγ = sup{Mγ}γ∈Γ .
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Similarly, if V ∈ Lat(X ) is a lower bound for {Mγ}γ∈Γ (i.e., if V ⊆Mγ for
all γ ∈ Γ ), then V ⊆

⋂
γ∈ΓMγ . Thus⋂

γ∈Γ
Mγ = inf{Mγ}γ∈Γ .

Conclusion: Lat(X ) is a complete lattice. The collection of all linear manifolds
of a linear space is a complete lattice in the inclusion ordering . If {M,N} is
a pair of elements of Lat(X ), then M∨N =M+N andM∧N =M∩N .

Let A be an arbitrary subset of a linear space X , and consider the subcol-
lection (a sublattice, actually) LA of the complete lattice Lat(X ),

LA =
{
M ∈ Lat(X ): A ⊆M

}
,

consisting of all linear manifolds of X that include A. Set

spanA = inf LA =
⋂
LA,

which is called the (linear) span of A. Since A ⊆
⋂
LA (for A ⊆M for every

M ∈ LA), it follows that inf LA = minLA so that spanA ∈ LA. Thus spanA
is the smallest linear manifold of X that includes A, which coincides with the
intersection of all linear manifolds of X that include A. It is readily verified
that span∅ = {0}, spanM =M for every M ∈ Lat(X ), and A ⊆ spanA =
span (spanA) for every A∈℘(X ). Moreover, if A and B are subsets of X, then

A ⊆ B implies spanA ⊆ spanB.

IfM and N are linear manifolds of a linear space X , thenM∪N ⊆M+N .
Moreover, if K is a linear manifold of X such thatM∪N ⊆ K, then x+ y ∈ K
for every x ∈ M and every y ∈ N , and hence M+N ⊆ K. Thus M+N is
the smallest linear manifold of X that includes M∪N , which means that

M+N = span (M∪N ).

More generally, let {Mγ}γ∈Γ be an arbitrary subcollection of Lat(X ), and
suppose K ∈ Lat(X ) is such that

⋃
γ∈ΓMγ ⊆ K. Then every (finite) sum∑

γ∈Γxγ with each xγ in Mγ is a vector in K. Thus
∑
γ∈ΓMγ ⊆ K. Since⋃

γ∈ΓMγ ⊆
∑

γ∈ΓMγ , it follows that
∑

γ∈ΓMγ is the smallest element of
Lat(X ) that includes

⋃
γ∈ΓMγ . Equivalently,∑
γ∈Γ

Mγ = span
( ⋃
γ∈Γ

Mγ

)
.

2.3 Linear Independence

Let A be a nonempty subset of a linear space X . A vector x ∈ X is a linear
combination of vectors in A if there exist a finite set {xi}ni=1 of vectors in A
and a finite family of scalars {αi}ni=1 such that
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x =
n∑
i=1

αixi.

Warning: A linear combination is, by definition, finite. That is, a linear com-
bination of vectors in a set A is a weighted sum of a finite subset of vectors
in A, weighted by a finite family of scalars, no matter whether A is a finite or
an infinite set. Since X is a linear space, any linear combination of vectors in
A is a vector in X .

Proposition 2.2. The set of all linear combinations of vectors in a nonempty
subset A of a linear space X coincides with the linear manifold spanA.

Proof. Let A be an arbitrary subset of a linear space X , consider the collection
LA of all linear manifolds of X that include A, and recall that

spanA = minLA.

Suppose A is nonempty and let 〈A〉 denote the set of all linear combinations
of vectors in A. It is plain that A ⊆ 〈A〉 (every vector in A is a trivial linear
combination of vectors in A), and that 〈A〉 is a linear manifold of X (if
x, y ∈ 〈A〉, then x+ y and αx lie in 〈A〉). Therefore,

〈A〉 ∈ LA.

Moreover, if M is an arbitrary linear manifold of X , and if x ∈ X is a linear
combination of vectors inM, then x ∈ M (becauseM is itself a linear space).
Thus 〈M〉 ⊆ M. Since M⊆ 〈M〉, it follows that 〈M〉 =M for every linear
manifold M of X . Furthermore, if M ∈ LA, then A ⊆M and so 〈A〉 ⊆ 〈M〉
(reason: 〈A〉 ⊆ 〈B 〉 whenever A and B are nonempty subsets of X such that
A ⊆ B). Thus

M ∈ LA implies 〈A〉 ⊆ M.

Conclusion: 〈A〉 is the smallest element of LA. That is,

〈A〉 = spanA. ��

Following the notation introduced in the proof of Proposition 2.2, 〈A〉 =
spanA whenever A �= ∅. Set 〈∅〉 = span∅ so that 〈∅〉 = {0}, and hence 〈A〉
is well defined for every subset A of X . We shall use one and the same notation,
viz., spanA, for both of them: the set of all linear combinations of vectors in
A and the (linear) span of A. For this reason spanA is also referred to as
the linear manifold generated (or spanned) by A. If a linear manifold M of
X (which may be X itself) is such that spanA =M for some subset A of X ,
then we say that A spans M.

A subset A of a linear space X is said to be linearly independent if each
vector x in A is not a linear combination of vectors in A\{x}. Equivalently, A
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is linearly independent if x /∈ span (A\{x}) for every x ∈ A. If a set A is not
linearly independent, then it is said to be linearly dependent . Note that the
empty set ∅ of a linear space X is linearly independent (there is no vector in
∅ that is a linear combination of vectors in ∅). Any singleton {x} of X such
that x �= 0 is linearly independent. Indeed, span ({x}\{x}) = span∅ = {0}
so that x /∈ span ({x}\{x}) if x �= 0. However, 0 ∈ span ({0}\{0}) = {0}, and
hence the singleton {0} is not linearly independent. In fact, every subset of X
that contains the origin of X is not linearly independent (indeed, if 0 ∈ A ⊆ X
and A has another vector, say x �= 0, then 0 = 0x). Thus, if a vector x is an
element of a linearly independent subset of a linear space X , then x �= 0.

Proposition 2.3. Let A be a nonempty subset of a linear space X . The
following assertions are pairwise equivalent .

(a) A is linearly independent .

(b) Each nonzero vector in spanA has a unique representation as a linear
combination of vectors in A.

(c) Every finite subset of A is linearly independent .

(d) There is no proper subset of A whose span coincides with spanA.

Proof. The statement (b) can be rewritten as follows.

(b
′
) For every nonzero x ∈ spanA there exist a unique finite family of scalars
{αi}ni=1 and a unique finite subset {ai}ni=1 of A such that x =

∑n
i=1αiai.

Proof of (a)⇒(b). Suppose A �= ∅ is linearly independent. Take an arbitrary
nonzero x ∈ spanA, and consider two representations of it as a linear combi-
nation of vectors in A:

x =
n∑
i=1

βibi =
m∑
i=1

γici,

where each bi and each ci are vectors in A (and hence nonzero because A
is linearly independent). Since x �= 0 we may assume that the scalars βi and
γi are all nonzero. Set B = {bi}ni=1 and C = {ci}mi=1, both finite nonempty
subsets of A. Take an arbitrary b ∈ B and note that b is a linear combination
of vectors in (B\{b}) ∪C. However, since b ∈ A and A is linearly independent,
it follows that b is not a linear combination of any subset of A\{b}. Thus b ∈ C.
Similarly, take an arbitrary c ∈ C and conclude that c ∈ B by using the same
argument. Hence B ⊆ C ⊆ B. That is, B = C. Therefore x =

∑n
i=1βibi =∑n

i=1γibi, which implies that
∑n

i=1(βi − γi)bi = 0. Since each bi is not a linear
combination of vectors in B\{bi}, it follows that βi = γi for every i. Summing
up: The two representations of x coincide.

Proof of (b)⇒(a). If A is nonempty and every nonzero vector x in spanA
has a unique representation as a linear combination of vectors in A, then the
unique representation of an arbitrary a in A as a linear combination of vectors
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in A is a itself (recall: A ⊆ spanA). Therefore, every a ∈ A is not a linear
combination of vectors in A\{a}, which means that A is linearly independent.

Proof of (a)⇔(c). If A is linearly independent, then every subset of it clearly
is linearly independent. If A is not linearly independent, then either A = {0}
or there exists x ∈ A which is a linear combination of vectors, say {xi}ni=1 for
some n ∈ N, in A\{x} �= ∅. In the former case A is itself a finite subset of A
which is not linearly independent. In the latter case {xi}ni=1 ∪ {x} is a finite
subset of A that is not linearly independent. Conclusion: If every finite subset
of A is linearly independent, then A is itself linearly independent.

Proof of (a)⇒(d). Recalling that B ⊆ A implies spanB ⊆ spanA, the state-
ment (d) can be rewritten as follows.

(d
′
) B ⊂ A implies spanB ⊂ spanA.

Suppose A is nonempty and linearly independent. Let B be an arbitrary
proper subset of A. If B = ∅, then (d

′
) holds trivially (∅ �= A �= {0} so that

span∅ ⊂ spanA). Thus suppose B �= ∅ and take any x ∈ A\B. If x ∈ spanB,
then x is a linear combination of vectors in B. This implies that B ∪ {x} is a
subset of A that is not linearly independent, and so A itself is not linearly in-
dependent, which is a contradiction. Therefore, x /∈ spanB for every x ∈ A\B
whenever ∅ �= B ⊂ A. Since x ∈ spanA (for x ∈ A) and spanB ⊆ spanA (for
B ⊂ A), it follows that spanB ⊂ spanA so that (d

′
) holds true.

Proof of (d)⇒(a). If A is not linearly independent, then either A = {0} or
there is an x ∈ A which is a linear combination of vectors in A\{x}. In the for-
mer case B = ∅ is the unique proper subset of A and spanB = {0} = spanA.
In the latter case B = A\{x} is a proper subset of A such that spanB =
spanA. (Indeed, spanB ⊆ spanA as B ⊆ A, and spanA ⊆ spanB as vectors
in A are linear combinations of vectors in A\{x}.) Thus (d′

) implies (a). ��

2.4 Hamel Basis

A linearly independent subset of a linear space X that spans X is called a
Hamel basis (or a linear basis) for X . In other words, a subset B of a linear
space X is a Hamel basis for X if

(i) B is linearly independent, and

(ii) spanB = X .

Let B = {xγ}γ∈Γ be an indexed Hamel basis for a linear space X . If x is a
nonzero vector in X , then Proposition 2.3 ensures the existence of a unique
(similarly indexed) family of scalars {αγ}γ∈Γ (which may depend on x) such
that αγ = 0 for all but a finite set of indices γ and x =

∑
γ∈Γ αγxγ . The

weighted sum
∑

γ∈Γ αγxγ (i.e., the unique representation of x as a linear
combination of vectors in B, or the unique (linear) representation of x in
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terms of B) is called the expansion of x on B, and the coefficients of it (i.e.,
the unique indexed family of scalars {αγ}γ∈Γ ) are called the coordinates of x
with respect to the indexed basis B. If x = 0, then its unique expansion on B
is the trivial one whose coefficients are all null.

Since ∅ is linearly independent, and since span∅ = {0}, it follows that the
empty set ∅ is a Hamel basis for the zero linear space {0}. Now suppose X is
a nonzero linear space. Every singleton {x} in X such that x �= 0 is linearly
independent. Thus every nonzero linear space has many linearly independent
subsets. If a linearly independent subset A of X is not already a Hamel basis
for X , then we can construct a larger linearly independent subset of X .

Proposition 2.4. If A is a linearly independent subset of a linear space X ,
and if there exists a vector x in X\spanA, then A ∪ {x} is another linearly
independent subset of X .

Proof. Suppose there exists x ∈ X\spanA. Note that x �= 0, and so X �= {0}.
If A = ∅, then the result is trivially verified ({x} = ∅ ∪ {x} is linearly inde-
pendent). Thus suppose A is nonempty and set C = A ∪ {x} ⊂ X . Since
x /∈ spanA, it follows that x /∈ span (C\{x}). Take an arbitrary a ∈ A. Sup-
pose it is a linear combination of vectors in C\{a}. Since a �= αx for every
scalar α (for x /∈ spanA and a �= 0 because A is linearly independent), we get

a = α0x+

n∑
i=1

αiai,

where each ai is a vector in A\{a} and each αi is a nonzero scalar (recall:
0 �= a �=

∑n
i=1αiai because A is linearly independent). Thus x is a linear com-

bination of vectors in A, which contradicts the assumption that x /∈ spanA.
Therefore, every a ∈ A is not a linear combination of vectors in C\{a}. Con-
clusion: Every c ∈ C is not a linear combination of vectors in C\{c}, which
means that C is linearly independent. ��

Can we proceed this way, enlarging linearly independent subsets of X in
order to form a chain of linearly independent subsets, so that an “ultimate”
linearly independent subset becomes a Hamel basis for X ? Yes, we can; and
it seems reasonable that the Axiom of Choice (or any statement equivalent
to it as, for instance, Zorn’s Lemma) might be called into play. In fact, every
linearly independent subset of any linear space X is included in some Hamel
basis for X , so that every linear space has a large supply of Hamel bases.

Theorem 2.5. If A is a linearly independent subset of a linear space X , then
there exists a Hamel basis B for X such that A ⊆ B.

Proof. Suppose A is a linearly independent subset of a linear space X . Set

IA =
{
B ∈ ℘(X ): B is linearly independent and A ⊆ B

}
,
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the collection of all linearly independent subsets of X that include A. Recall
that, as a nonempty subcollection (since A ∈ IA) of the power set ℘(X ), IA
is partially ordered in the inclusion ordering.

Claim 1. IA has a maximal element.

Proof. If X = {0}, then A = ∅ and IA = {A} = {∅} �= ∅, so that the claimed
result is trivially verified. Thus suppose X �= {0}. In this case, the nonempty
collection IA contains a nonempty set (e.g., if A = ∅, then every nonzero
singleton in X belongs to IA; if A �= ∅, then A ∈ IA). Now consider an ar-
bitrary chain C in IA containing a nonempty set. Recall that

⋃
C denotes

the union of all sets in C. Take an arbitrary finite nonempty subset of
⋃
C,

say, a set D ⊆
⋃
C such that #D = n for some n ∈ N. Each element of D

belongs to a set in C (for D ⊆
⋃
C). Since C is a chain, we can arrange the

elements of D as follows. D = {xi}ni=1 such that xi ∈ Ci ∈ C for each index
i, where C1 ⊆ · · · ⊆ Cn. Thus D ⊆ Cn. Since Cn is linearly independent (be-
cause Cn ∈ C ⊆ IA), it follows that D is linearly independent. Conclusion:
Every finite subset of

⋃
C is linearly independent. Therefore

⋃
C is linearly

independent by Proposition 2.3. Moreover, since A ⊆ C for all C ∈ C (for
C ⊆ IA), it also follows that A ⊆

⋃
C. Hence

⋃
C ∈ IA. Since

⋃
C clearly is an

upper bound for C, we may conclude: Every chain in IA has an upper bound
in IA. Thus IA has a maximal element by Zorn’s Lemma. ��

Claim 2. B ∈ IA is maximal in IA if and only if B is a Hamel basis for X .

Proof. Again, if X = {0}, then B = A = ∅ is the only (and so a maximal)
element in IA and spanB = X , so that the claimed result holds trivially.
Thus suppose X �= {0}, which implies that IA contains nonempty sets, and
take an arbitrary B in IA. If spanB �= X (i.e., if spanB ⊂ X ), then take
x ∈ X\spanB so that B ∪ {x} ∈ IA (i.e., B ∪ {x} is linearly independent by
Proposition 2.4, and A ⊂ B ∪ {x} because A ⊆ B). Hence B is not maximal
in IA. Therefore, if B is maximal in IA, then spanB = X . On the other hand,
if spanB = X , then B �= ∅ (for X �= {0}) and every vector in X is a linear
combination of vectors in B. Thus B ∪ {x} is not linearly independent for
every x ∈ X\B. This implies that there is no B′ ∈ IA such that B ⊂ B′, which
means that B is maximal in IA. Conclusion: If B ∈ IA, then B is maximal in
IA if and only if spanB = X . According to the definition of Hamel basis, B
in IA is such that spanB = X if and only if B is a Hamel basis for X . ��

Claims 1 and 2 ensure that, for each linearly independent subset A of X , there
exists a Hamel basis B for X such that A ⊆ B. ��

Since the empty set is a linearly independent subset of any X, Theorem 2.5
ensures (by setting A = ∅) that every linear space has a Hamel basis . In this
case I∅ is the collection of all linearly independent subsets of X, and so Claim
2 says that a Hamel basis for a linear space is precisely a maximal linearly
independent subset of it (i.e., a Hamel basis is a maximal element of I∅).
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The idea behind the previous theorem was that of enlarging a linearly
independent subset of X to get a Hamel basis for X . Another way of facing
the same problem (i.e., another way to obtain a Hamel basis for linear space
X ) is to begin with a set that spans X and then to weed out from it a linearly
independent subset that also spans X .

Theorem 2.6. If a subset A of a linear space X spans X , then there exists
a Hamel basis B for X such that B ⊆ A.

Proof. Let A be a subset of a linear space X such that spanA = X , and
consider the collection I ′A of all linearly independent subsets of A:

I ′A =
{
B ∈ ℘(X ): B is linearly independent and B ⊆ A

}
.

If X = {0}, then either A = ∅ orA = {0}. In any case I ′A = {∅} trivially has a
maximal element. If X �= {0}, then A has a nonzero vector (for spanA = X )
and every nonzero singleton {x} ⊆ A is a element of I′A. Thus, proceeding
exactly as in the proof of Theorem 2.5 (Claim 1), we can show that I ′A
has a maximal element. Let A0 be a maximal element of I ′A. If A is lin-
early independent, then we are done (i.e., A is itself a Hamel basis for X
since spanA = X ). Thus suppose A is not linearly independent so that A0

is a proper subset of A. Take an arbitrary a ∈ A\A0 and consider the set
A0 ∪ {a} ⊆ A, which is not linearly independent because A0 is maximal in I ′A.
Since A0 is linearly independent, it follows that a is a linear combination of
vectors in A0. Thus A\A0 ⊆ spanA0, and hence A = A0 ∪ (A\A0) ⊆ spanA0.
Therefore spanA ⊆ span (spanA0) = spanA0 ⊆ spanA, which implies that
spanA0 = spanA = X . Conclusion: A0 is a Hamel basis for X . ��

Since X trivially spans X , Theorem 2.6 holds for A = X . In this case I ′X
is the collection of all linearly independent subsets of X (i.e., I ′X = I∅), and
the theorem statement again says that every linear space has a Hamel basis.

An ever-present purpose in mathematics is a quest for hidden invariants.
The concept of Hamel basis supplies a fundamental invariant for a given linear
space X , namely, the cardinality of all Hamel bases for X .

Theorem 2.7. Every Hamel basis for a linear space has the same cardinality .

Proof. If X = {0}, then the result holds trivially. Suppose X �= {0} and let B
and C be arbitrary Hamel bases for X (so that they are nonempty and do not
contain the origin). Proposition 2.3 ensures that for every nonzero vector x in
X there is a unique finite subset of the Hamel basis C, say Cx, such that x
is a linear combination of all vectors in Cx ⊆ C. Now take an arbitrary c ∈ C
and consider the unique representation of it as a linear combination of vectors
in the Hamel basis B. Thus c is a linear combination of all vectors in {b} ∪B′

for some (nonzero) b ∈ B and some finite subset B′ of B. Hence c = βb+ d,
where β is a nonzero scalar and d is a vector in X different from c (for βb �= 0).
If d = 0, then c = βb so that Cb = {c}, and hence c ∈ Cb trivially. Suppose
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d �= 0. Recalling again that C also is a Hamel basis for X , consider the unique
representation of the nonzero vector d as a linear combination of vectors in C
so that βb = c− d �= 0 is a linear combination of vectors in C. Thus b is itself
a linear combination of all vectors in {c} ∪ C′ for some subset C′ of C. Since
such a representation is unique, {c} ∪ C′ = Cb. Therefore c ∈ Cb. Summing
up: For every c ∈ C there exists b ∈ B such that c ∈ Cb. Hence

C ⊆
⋃
b∈B

Cb.

Now we shall split the proof into two parts, one dealing with the case of finite
Hamel bases, and the other with infinite Hamel bases.

Claim 0. If a subset E of a linear space X has exactly n elements and spans X ,
then every subset of X with more than n elements is not linearly independent.

Proof. Assume the linear space X is nonzero (i.e., X �= {0}) to avoid trivi-
alities. Take an integer n ∈ N and let E = {ei}ni=1 be a subset of X with n
elements such that spanE = X . Take any subset of X with n+ 1 elements,
say D = {di}n+1

i=1 . Suppose D is linearly independent. Now consider the set

S1 = {d1} ∪ E

which clearly spans X (because E already does). Since spanE = X , it follows
that d1 is a linear combination of vectors in E. Moreover, d1 �= 0 because D is
linearly independent. Thus d1 =

∑n
i=1αiei where at least one, say αk, of the

scalars {αi}ni=1 is nonzero. Therefore, if we delete ek from S1, then the set

S′
1 = S1\{ek} = {d1} ∪ E\{ek}

still spans X . That is, in forming this new set S′
1 that spans X we have traded

off one vector in D for one vector in E. Next rename the elements of S′
1 by

setting si = ei for each i �= k and sk = d1, so that S′
1 = {si}ni=1. Since D has

at least two elements, set

S2 = {d2} ∪ S′
1 = {d1, d2} ∪ E\{ek}

which again spans X (for S′
1 spans X ). Since spanS′

1 = X , it follows that d2
is a linear combination of vectors in S′

1, say d2 =
∑n

i=1βisi for some family
of scalars {βi}ni=1. Moreover, 0 �= d2 �= βksk = βkd1 because D is linearly in-
dependent. Thus there is at least one nonzero scalar in {βi}ni=1 different from
βk, say βj . Hence, if we delete sj from S2 (recall: sj = ej �= ek), then the set

S′
2 = S2\{ej} = {d1, d2} ∪ E\{ek, ej}

still spans X . Continuing this way, we eventually get down to the set

S′
n = {di}ni=1 ∪E\{ei}ni=1 = D\{dn+1}
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which once again spans X . Thus dn+1 is a linear combination of vectors in
D\{dn+1}, which contradicts the assumption that D is linearly independent.
Conclusion: Every subset of X with n+ 1 elements is not linearly independent.
Recalling that every subset of a linearly independent set is again linearly
independent, it follows that every subset of X with more than n elements is
not linearly independent. ��

Claim 1. If B is finite, then #C = #B.

Proof. Recall that Cb is finite for every b in B. If B is finite, then
⋃
b∈BCb is

a finite union of finite sets. Hence any subset of it is finite. In particular, C is
finite. Since C is linearly independent, it follows by Claim 0 that #C ≤ #B.
Dually (swap the Hamel bases B and C), #B ≤ #C. Hence #C = #B. ��

Claim 2. If B is infinite, then #C = #B.

Proof. If B is infinite, and since Cb is finite for every b in B, it follows that
#Cb ≤ #B for all b in B. Thus, according to Theorems 1.9 and 1.10,

#

( ⋃
b∈B

Cb

)
≤ #

(
B×B

)
= #B

because B is infinite. Hence #C ≤ #B (recall: C ⊆
⋃
b∈BCb and use Problems

1.21(a) and 1.22). Moreover, Claim 1 ensures that B and C are finite together.
Thus C must be infinite as B is infinite. Since C is infinite we may reverse
the argument (swapping again the Hamel bases B and C) and get #B ≤ #C.
Hence #C = #B by the Cantor–Bernstein Theorem (Theorem 1.6). ��

Claims 1 and 2 ensure that, if B and C are Hamel bases for a linear space X ,
then B and C have the same cardinal number. ��

Such an invariant (i.e., the cardinality of any Hamel basis) is called the
dimension (or the linear dimension) of the linear space X , denoted by dimX .
Thus dimX = #B for any Hamel basis B for X . If the dimension of X is
finite (equivalently, if any Hamel basis for X is a finite set), then we say that
X is a finite-dimensional linear space. Otherwise (i.e., if any Hamel basis for
X is an infinite set) we say that X is an infinite-dimensional linear space.

Example 2.I. The Kronecker delta (or Kronecker function) is the mapping
in 2Z×Z (i.e., the function from Z×Z to {0, 1}) defined by

δij =

{
1, i = j,

0, i �= j,

for all integers i, j. Now consider the linear space Fn (for an arbitrary positive
integer n, over an arbitrary field F — see Example 2.D). The subset B =
{ei}ni=1 of Fn consisting of the n-tuples ei = (δi1, . . . , δin), with 1 at the ith
position and zeros elsewhere, constitute a Hamel basis for Fn. This is called
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the canonical basis (or the natural basis) for Fn. Thus dim Fn = n. As we shall
see later, Fn in fact is a prototype for every finite-dimensional linear space (of
dimension n) over a field F.

Example 2.J. Let FN be the linear space (over a field F) of all scalar-valued
sequences (see Example 2.E), and let X be the subset of FN defined as follows.
x = {ξk}k∈N belongs to X if and only if ξk = 0 except for some finite set of
indices k in N. That is, X is the set consisting of all F-valued sequences with a
finite number of nonzero entries , which clearly is a linear manifold of FN, and
hence a linear space itself over F. For each integer j ∈ N let ej be an F-valued
sequence with just one nonzero entry (equal to 1) at the jth position; that is,
ej = {δjk}k∈N ∈ X for every j ∈ N. Now set B = {ej}j∈N ⊂ X . It is readily
verified that B is linearly independent and that spanB = X (every vector in
X is a linear combination of vectors in B). Thus B is a Hamel basis for X .
Since B is countably infinite, X is an infinite-dimensional linear space with
dimX = ℵ0. Therefore (see Problem 2.6(b)), FN is an infinite-dimensional
linear space. Note that B is not a Hamel basis for FN (reason: spanB = X
and X is properly included in FN). The next example shows that ℵ0 < dimFN

whenever F = Q, F = R, or F = C.

Example 2.K. Let CN be the complex linear space of all complex-valued
sequences. For each real number t ∈ (0, 1) consider the real sequence xt =
{tk−1}k∈N = {tk}k∈N0 = (1, t, t2, . . .) ∈ CN whose entries are the nonnegative
powers of t. Set A = {xt}t∈(0,1) ⊆ CN. We claim that A is linearly independent.
A bit of elementary real analysis (rather than pure algebra) supplies a very
simple proof as follows. Suppose A is not linearly independent. Then there ex-
ists s ∈ (0, 1) such that xs is a linear combination of vectors in A\{xs}. That
is, xs =

∑n
i=1αixti for some n ∈ N, where {αi}ni=1 is a family of nonzero com-

plex numbers and {xti}ni=1 is a (finite) subset of A such that xti �= xs for every
i = 1 , . . . , n. Hence n > 1 (reason: if n = 1, then xs = α1xt1 so that sk = α1t

k
1

for every k ∈ N0, which implies that xs = xt1). As the set {ti}ni=1 consists
of distinct points from (0, 1), suppose it is decreasingly ordered (reorder it if
necessary) so that ti < t1 for each i = 2 , . . . , n. Since sk =

∑n
i=1αit

k
i , we get

(s/t1)
k = α1+

∑n
i=2αi(ti/t1)

k for every k ∈ N0. But limk

∑n
i=2αi(ti/t1)

k = 0,
because each ti/t1 lies in (0, 1), and hence limk(s/t1)

k = α1. Thus α1 = 0 (re-
call: xs �= xt1 so that s �= t1) which is a contradiction. Conclusion: A is linearly
independent. Therefore, by Theorem 2.5 there is a Hamel basis B for CN in-
cluding A. Since A ⊆ B and #A = #(0, 1) = 2ℵ0, it follows that 2ℵ0 ≤ #B.
However, #C = #R = 2ℵ0 ≤ #B = dimCN, and so #CN = dimCN (Problem
2.8). Conclusion: CN is an infinite-dimensional linear space such that

2ℵ0 ≤ dimCN = #CN .

Note that the whole argument does apply for C replaced by R, so that

2ℵ0 ≤ dimRN = #RN ;
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but it does not apply to the rational field Q (the interval (0, 1) is not a subset
of Q, and hence the set A is not included in QN). However, the final conclusion
does hold for the linear space QN. Indeed, if F is an arbitrary infinite field,
then 2ℵ0 = #2N ≤ #FN = max{#F, dimFN} according to Problems 1.24 and
2.8. Therefore, since #Q = ℵ0 < 2ℵ0 (Problem 1.25(c)), it follows that

2ℵ0 ≤ dimQN = #QN .

2.5 Linear Transformations

A mapping L:X → Y of a linear space X over a field F into a linear space Y
over the same field F is homogeneous if

L(αx) = αLx

for every vector x ∈ X and every scalar α ∈ F. The scalar multiplication on
the left-hand side is an operation on X and that on the right-hand side is an
operation on Y (so that the linear spaces X and Y must indeed be defined
over the same field F). L is additive if

L(x1 + x2) = L(x1) + L(x2)

for all vectors x1, x2 in X . Again, the vector addition on the left-hand side is
an operation on X while the one on the right-hand side is an operation on Y.
If X and Y are linear spaces over the same scalar field, and if L is a homoge-
neous and additive mapping of X into Y, then L is a linear transformation: a
linear transformation is a homogeneous and additive mapping between linear
spaces over the same scalar field. When we say that L:X → Y is a linear trans-
formation, it is implicitly assumed that X and Y are linear spaces over the
same field F. If X = Y and L:X → X is a linear transformation, then we refer
to L as a linear transformation on X . Trivial example: The identity I:X → X
(such that I(x) = x for every x ∈ X ) is a linear transformation on X . Recall
that a field F can be made into a linear space over F itself (see Example 2.D).
If X is a linear space over F, then a linear transformation f :X → F is called a
linear functional : a linear functional is a scalar-valued linear transformation
(i.e., a linear transformation of a linear space X into its scalar field).

If y ∈ Y is the value of a linear transformation L:X → Y at x ∈ X , then
we shall often write y = Lx (instead of y = L(x)). Since Y is a linear space, it
has an origin. The null space (or kernel) of a linear transformation L:X → Y
is the subset

N (L) =
{
x ∈ X : Lx = 0

}
= L−1({0})

of X consisting of all vectors in X mapped into the origin of Y by L. Since X
also is a linear space, it has an origin too. The origin of X is always in N (L)



56 2. Algebraic Structures

(i.e., L0 = 0 for every linear transformation L). The null transformation (de-
noted by O) is the mapping O:X → Y such that Ox = 0 for every x ∈ X ,
which certainly is a linear transformation. In fact, if L:X → Y is a linear
transformation, then L = O if and only if N (L) = X . Equivalently, L = O if
and only if R(L) = {0}. The null space N (L) = L−1({0}) of any linear trans-
formation L:X → Y is a linear manifold of X , and the range R(L) = L(X )
of L is a linear manifold of Y (Problem 2.10(a)). These are indeed particular
cases of Problem 2.11: The linear image of a linear manifold is a linear mani-
fold , and the inverse image of a linear manifold under a linear transformation
is again a linear manifold .

The theorem below supplies an elegant and useful, although very simple,
necessary and sufficient condition that a linear transformation be injective.

Theorem 2.8.A linear transformation L is injective if and only if N (L)={0}.

Proof. Let X and Y be linear spaces over the same scalar field and consider a
linear transformation L:X → Y . If L is injective, then L−1(L({0})) = {0} (see
Problem 1.3(d)). But L({0}) = {0} (since L0 = 0) so that L−1({0}) = {0},
which means N (L) = {0}. On the other hand, suppose N (L) = {0}. Take x1

and x2 arbitrary in X , and note that Lx1 − Lx2 = L(x1 − x2) since L is linear.
Thus, if Lx1 = Lx2, then L(x1 − x2) = 0 and hence x1 = x2 (i.e., x1 − x2 = 0
because N (L) = {0}). Therefore L is injective. ��

The collection Y S of all mappings of a set S into a linear space Y over a
field F is itself a linear space over F (see Example 2.F). Now suppose X is a
linear space (over the same field F) and let L[X ,Y ] denote the collection of all
linear transformations of X into Y. Since L[X ,Y ] is a linear manifold of YX,
it follows that L[X ,Y ] is a linear space over the same field F (see Problem
2.13). Set L[X ] = L[X ,X ] for short so that L[X ]⊂XX is the linear space of all
linear transformations on X . The linear space L[X ,F] of all linear functionals
defined on a linear space X , which is a linear manifold of the linear space FX

(see Example 2.E), is called the algebraic dual (or algebraic conjugate) of X
and is denoted by X ′. (Dual spaces will be considered in Chapter 4.)

Let X and Y be linear spaces over the same scalar field. Let L|M:M→Y
be the restriction of a linear transformation L:X → Y to a linear manifold
M of X . Since M is a linear space, it is easy to show that L|M is a linear
transformation: The restriction of a linear transformation to a linear manifold
is again a linear transformation (Problem 2.14). The next result ensures the
converse: If M is a linear manifold of X and L ∈ L[M,Y ], then there exists
T ∈ L[X ,Y ] such that L = T |M. T is called a linear extension of L over X .

Theorem 2.9. Let X and Y be linear spaces over the same field F, and let
M be a linear manifold of X . If L:M→ Y is a linear transformation, then
there exists a linear extension T :X → Y of L defined on the whole space X .



2.5 Linear Transformations 57

Proof. Set

K =
{
K ∈ L[N ,Y ] : N ∈ Lat(X ), M⊆N and L = K|M

}
,

the collection of all linear transformations from linear manifolds of X to Y
which are extensions of L. Note that K is nonempty (at least L is there).

Moreover, as a subcollection of F =
⋃
A∈℘(X )YA, K is partially ordered in

the extension ordering (see Problem 1.17). Problem 1.17 also tells us that

every chain {Kγ} in K has a supremum
∨
γKγ in F with domain D

(∨
γKγ

)
=⋃

γD(Kγ) and range R
(∨

γKγ

)
=
⋃
γR(Kγ). Since D(Kγ) ∈ Lat(X ) (each

Kγ is a linear transformation defined on a linear manifold of X ), and since

Lat(X ) is a complete lattice, it follows that D
(∨

γKγ

)
is a linear manifold of

X (i.e.,
⋃
γD(Kγ) ∈ Lat(X )). Similarly, R

(∨
γKγ

)
is a linear manifold of Y.

Claim . The supremum
∨
γKγ lies in K.

Proof. Take u and v arbitrary in D
(∨

γKγ

)
, so that u ∈ D(Kλ) for some

Kλ ∈ {Kγ} and v ∈ D(Kμ) for some Kμ ∈ {Kγ}. Since {Kγ} is a chain,

it follows that Kλ ≤ Kμ (or vice versa), so that D(Kλ) ⊆ D(Kμ). Thus

αu + βv ∈ D(Kμ) and henceKμ(αu + βv) = αKμu+ βKμv for every α, β ∈ F
(recall: each Kγ is linear). However

(∨
γKγ

)
|D(Kμ) = Kμ, which implies that(∨

γKγ

)
(αu + βv) = α

(∨
γKγ

)
u+ β

(∨
γKγ

)
v. That is,

∨
γKγ :D

(∨
γKγ

)
→Y

is linear. Moreover, since each Kγ is such that Kγ |M = L, and since {Kγ} is

a chain, it follows that
(∨

γKγ

)
|M = L. Conclusion:

∨
γKγ ∈ K. ��

Therefore, every chain in K has a supremum (and so an upper bound) in
K. Thus, according to Zorn’s Lemma, K contains a maximal element, say
K0:N0 →Y . We shall show that N0 = X , and henceK0 is a linear extension of
L over X . The proof goes by contradiction. SupposeN0 �= X . Take x1 ∈ X\N0

(so that x1 �= 0 because N0 is a linear manifold of X ) and consider the sum
of N0 and the one-dimensional linear manifold of X spanned by {x1},

N1 = N0 + span {x1},

which is a linear manifold ofX properly includingM (becauseM⊆N0 ⊂ N1).
Since N0 ∩ span {x1} = {0}, it follows that every x in N1 has a unique repre-
sentation as a sum of a vector in N0 and a vector in span {x1}. That is, for
each x ∈ N1 there is a unique pair (x0, α) in N0×F such that x = x0 + αx1.
(Indeed, if x = x0 + αx1 = x′

0 + α′x1, then x0 − x′
0 = (α′ − α)x1 lies in

N0 ∩ span {x1} = {0} so that x′
0 = x0 and α′ = α — recall: x1 �= 0.) Take

any y in Y (e.g., y = 0) and consider the mapping K1:N1 →Y defined by

K1x = K0x0 + αy

for every x ∈ N1. Observe that K1 is linear (it inherits the linearity of K0)
and K0 = K1|N0 (so that K0 ≤ K1). Since M⊆ N0 ⊂ N1, it follows that
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L = K0|M = K1|M. Thus K1 ∈ K, which contradicts the fact that K0 is
maximal in K (for K0 �= K1). Therefore, N0 = X . ��

Let X and Y be nonzero linear spaces over the same field. Take x �= 0
in X and y �= 0 in Y, set M = span {x} in Lat(X ), and let L:M→Y be
defined by Lu = αy for every u = αx ∈M. Clearly, L is linear and L �= O.
Thus Theorem 2.9 ensures that, if X and Y are nonzero linear spaces over
the same field, then there exist many T �= O in L[X ,Y ] (at least as many as
one-dimensional linear manifolds in Lat(X )).

2.6 Isomorphisms

Two exemplars of a mathematical structure are indistinguishable, in the con-
text of the theory in which that structure is embedded, if there exists a one-
to-one correspondence between them that preserves such a structure. This is
a central concept in mathematics. From the point of view of the linear space
theory, two linear spaces are essentially the same if there exists a one-to-one
correspondence between them that preserves all the linear relations — they
may differ in the set-theoretic nature of their elements but, as far as the linear
space (algebraic) structure is concerned, they are indistinguishable. In other
words, two linear spaces X and Y over the same scalar field are regarded as
essentially the same linear space if there exists a one-to-one correspondence
between them that preserves vector addition and scalar multiplication; that
is, if there exists at least one invertible linear transformation from X to Y
whose inverse from Y to X also is linear. The theorem below shows that the
inverse of an invertible linear transformation is always linear.

Theorem 2.10. Let X and Y be linear spaces over the same field F. If
L:X → Y is an invertible linear transformation, then its inverse L−1:Y → X
is a linear transformation.

Proof. Suppose L:X → Y is an invertible linear transformation. Recall that a
function is invertible if it is injective and surjective. Take y1 and y2 arbitrary
in Y so that there exist x1 and x2 in X such that y1 = Lx1 and y2 = Lx2

(because Y = R(L) — i.e., L is surjective). Since L is injective (i.e., L−1L is
the identity on X — see Problems 1.5 and 1.7) and additive, it follows that

L−1(y1 + y2) = L−1(Lx1 + Lx2) = L−1L(x1 + x2) = x1 + x2

= L−1Lx1 + L−1Lx2 = L−1y1 + L−1y2,

and hence L−1 is additive. Similarly, since L is injective and homogeneous,

L−1(αy) = L−1(αLx) = L−1L(αx) = αx = αL−1Lx = αL−1y

for every y ∈ Y = R(L) and every α ∈ F, which implies that L−1 is homoge-
neous. Thus L−1 is a linear transformation. ��
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An isomorphism between linear spaces (over the same scalar field) is an
injective and surjective linear transformation. Equivalently, an isomorphism
between linear spaces is an invertible linear transformation. Two linear spaces
X and Y over the same field F are isomorphic if there exists an isomorphism
(i.e., a linear one-to-one correspondence) of X onto Y. Thus, according to
Theorem 2.8, a linear transformation L:X → Y of a linear space X into a
linear space Y is an isomorphism if and only if N (L) = {0} and R(L) = Y .
In particular, if N (L) = {0}, then X and the range of L (R(L) = L(X )) are
isomorphic linear spaces.

We noticed in Example 2.I that Fn is a “prototype” for every n-dimensional
linear space over F. What this really means is that every n-dimensional linear
space over a field F is isomorphic to Fn, and hence two n-dimensional linear
spaces over the same scalar field are isomorphic. In fact, such an isomorphism
between linear spaces with the same dimension holds in general, either for
finite-dimensional or for infinite-dimensional linear spaces. We shall prove this
below (Theorem 2.12), but first we need the following auxiliary result.

Proposition 2.11. Let X and Y be linear spaces over the same field, and let
B be a Hamel basis for X . For each mapping F :B → Y there exists a unique
linear transformation T :X → Y such that T |B = F .

Proof. If B = {xγ}γ∈Γ is a Hamel basis for X , indexed by an index set Γ
(recall: any set can be thought of as an indexed set), then every vector x in
X has a unique expansion on B, viz.,

x =
∑
γ∈Γ

αγxγ ,

where {αγ}γ∈Γ is a similarly indexed family of scalars with αγ = 0 for all but
a finite set of indices γ (the coordinates of x with respect to the basis B). Set

Tx =
∑
γ∈Γ

αγF (xγ)

for every x ∈ X . This defines a mapping T :X → Y of X into Y which is homo-
geneous, additive, and equals F when restricted to B. That is, T is a linear
transformation such that T |B = F . Moreover, if L:X → Y is a linear transfor-
mation of X into Y such that L|B = F , then L = T . Indeed, for every x ∈ X ,

Lx = L
(∑
γ∈Γ

αγxγ

)
=
∑
γ∈Γ

αγF (xγ) = T
(∑
γ∈Γ

αγxγ

)
= Tx. ��

Theorem 2.12. Two linear spaces X and Y over the same scalar field are
isomorphic if and only if dimX = dimY .

Proof. (a) Let L:X → Y be an isomorphism of X onto Y, and let BX be a
Hamel basis for X . Set BY = L(BX), a subset of Y.
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Claim 1. BY is linearly independent.

Proof. Recall that L is an injective and surjective linear transformation. If BY

is not linearly independent, then there exists y ∈ BY, which is a linear com-
bination of vectors in BY\{y}, say y =

∑n
i=1αiyi where each yi is a vector

in BY\{y}. Thus x = L−1y in BX = L−1(BY) is a linear combination of vec-
tors in BX\{x}. (Indeed, x =

∑n
i=1αixi where each xi = L−1yi is a vector in

BX = L−1(BY) different from x = L−1y — recall: each yi is a vector in BY

different from y, and L is injective.) But this contradicts the fact that BX is
linearly independent. Conclusion: BY is linearly independent. ��

Claim 2. BY spans Y.

Proof. Take y ∈ Y arbitrary so that y = Lx for some x ∈ X (because L is
surjective). Since spanBX = X , it follows that x is a linear combination of
vectors in BX. Hence y = Lx is a linear combination of vectors in BY = L(BX)
(since L is linear) so that spanBY = Y. ��

Therefore, BY is a Hamel basis for Y. Moreover, #BY = #BX because L
sets a one-to-one correspondence between BX and BY. (In fact, the restriction
L|BX

:BX → BY is injective and surjective, since L is injective and BY = L(BX)
by definition.) Thus dimX = dimY .

(b) Let BX and BY be Hamel bases for X and Y, respectively. If dimX =
dimY, then #BY = #BX, which means that there exists a one-to-one mapping
F :BX → BY ofBX onto BY. Let T :X → Y be the unique linear transformation
such that T |BX

= F (see Proposition 2.11), and hence T (BX) = F (BX) = BY.

Claim 3. T is injective.

Proof. If X = {0}, then the result holds trivially. Thus suppose X �= {0}. Take
any nonzero vector x in X and consider its (unique) representation as a linear
combination of vectors in BX. Therefore, Tx has a representation as a linear
combination of vectors in BY = T (BX) because T is linear. Since BY is linearly
independent, it follows that Tx �= 0. That is, N (T ) = {0} which means, by
Theorem 2.8, that T is injective. ��

Claim 4. T is surjective.

Proof. Take an arbitrary vector y ∈ Y and consider its expansion on BY, say
y =

∑n
i=1αiyi with each yi in BY. Thus y =

∑n
i=1αiT (xi) with each xi in

BX because BY = T (BX). But T is linear so that y= T
(∑n

i=1αixi
)
, where∑n

i=1αixi is a vector in X (since X is a linear space). Hence y ∈ R(T ). ��

Therefore, T :X → Y is an isomorphism of X onto Y. ��

Example 2.L. Let X and Y be finite-dimensional linear spaces over the same
field F, with dimX = n and dimY = m. Let BX = {xj}nj=1 and BY = {yi}mi=1

be Hamel bases for X and Y, respectively. Take an arbitrary vector x in X
and consider its unique expansion on BX,
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x =
n∑
j=1

ξjxj ,

where the family of scalars {ξj}nj=1 consists of the coordinates of x with respect
to BX. Now let A:X → Y be any linear transformation so that

Ax =
n∑
j=1

ξjAxj ,

where Axj is a vector in Y for each j. Consider its unique expansion on BY,

Axj =

m∑
i=1

αijyi,

where {αij}mi=1 is a family of scalars (the coordinates of each Axj with respect
to BY). Set y = Ax in Y and consider the unique expansion of y on BY,

y =

m∑
i=1

υiyi.

Again, {υi}mi=1 is a family of scalars consisting of the coordinates of y with
respect to BY. Thus the identity y = Ax can be written as

m∑
i=1

υiyi =

m∑
i=1

( n∑
j=1

ξjαij

)
yi.

Since the expansion of y on BY is unique, it follows that

υi =

n∑
j=1

αij ξj

for every i = 1 , . . . ,m. This gives an expression for each coordinate of Ax as
a function of the coordinates of x. In terms of standard matrix notation, and
according to the ordinary matrix operations, the matrix equation⎛⎝ υ1

...
υm

⎞⎠ =

⎛⎝ α11 . . . α1n
...

...
αm1 . . . αmn

⎞⎠
⎛⎜⎝ ξ1

...
ξn

⎞⎟⎠
represents the identity y = Ax (the vector y is the value of the linear trans-
formation A at the point x), and the m×n array of scalars

[A] =

⎛⎝ α11 . . . α1n
...

...
αm1 . . . αmn

⎞⎠
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is the matrix that represents the linear transformation A:X → Y with respect
to the bases BX and BY. The matrix [A] of a linear transformation A depends
on the bases BX and BY. If the bases are changed, then the matrix that repre-
sents the linear transformation may change as well. Different matrices repre-
senting the same linear transformation are simply different representations of
it with respect to different bases. However, for fixed bases BX and BY the
representation [A] of A is unique. Uniqueness is not all. It is easy to show that

(a) the set Fm×n of all m×n matrices with entries in F is a linear space
over F when equipped with the ordinary (entrywise) operations of matrix
addition and scalar multiplication.

Moreover, for fixed bases BX and BY,

(b) Fm×n is isomorphic to L[X ,Y ].
Indeed, if we fix the bases BX and BY, then the relation between L[X ,Y ] and
Fm×n defined by “[A] represents A with respect to BX and BY” in fact is
a function from L[X ,Y ] to Fm×n. It is readily verified that such a function,
say Φ:L[X ,Y ]→ Fm×n, is homogeneous, additive, injective, and surjective. In
other words, Φ is an isomorphism. For this reason we may and shall identify
a linear transformation A ∈ L[Fn,Fm] with its matrix [A] ∈ Fm×n relative to
the canonical bases for Fn and Fm (which were introduced in Example 2.I).

Example 2.M. Let F denote either the real field or the complex field. For
every nonnegative integer n let Pn[0, 1] be the collection of all polynomials in
the variable t ∈ [0, 1] with coefficients in F of degree not greater than n:

Pn[0, 1] =
{
p ∈ F[0,1] : p(t) =

∑n
i=0αit

i, t ∈ [0, 1], with each αi in F
}
.

Recall that the degree of a nonzero polynomial p is m if p(t) =
∑m
i=0αit

i with
αm �= 0 (e.g., the degree of a constant polynomial is zero), and the degree
of the zero polynomial is undefined (thus not greater than any n ∈ N0). It is
readily verified that Pn[0, 1] is a linear manifold of the linear space F[0,1] (see
Example 2.E), and hence a linear space over F. Now consider the mapping
L:Fn+1 → Pn[0, 1] defined as follows. For each x = (ξ0, . . . , ξn) ∈ Fn+1 let
p = Lx in Pn[0, 1] be given by

p(t) =

n∑
i=0

ξit
i

for every t ∈ [0, 1]. It is easy to show that L is a linear transformation. More-
over, N (L) = {0} (i.e., if p(t) =

∑n
i=0ξit

i = 0 for every t ∈ [0, 1], then x =
(ξ0, . . . , ξn) = 0 — a nonzero polynomial has only a finite number of zeros)
so that L is injective (see Theorem 2.8). Furthermore, every polynomial p in
Pn[0, 1] is of the form p(t) =

∑n
i=0ξit

i for some x = (ξ0, . . . , ξn) in Fn+1, which
means that Pn[0, 1] ⊆ R(L). Hence Pn[0, 1] = R(L); that is, L is also surjec-
tive. Therefore, the linear transformation L is an isomorphism between the
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linear spaces Fn+1 and Pn[0, 1]. Thus, since dimFn+1 = n+ 1 (see Example
2.I), it follows by Theorem 2.12 that

dimPn[0, 1] = n+ 1.

Next consider the collection P [0, 1] of all polynomials in the variable t ∈ [0, 1]
with coefficients in F of any degree:

P [0, 1] =
⋃
n∈N0

Pn[0, 1].

Note that P [0, 1] contains the zero polynomial together with every polynomial
of finite degree. It is again readily verified that, as a linear manifold of F[0,1],
P [0, 1] is itself a linear space over F. The functions pj : [0, 1]→ F, defined by
pj(t) = tj for every t ∈ [0, 1], clearly belong to P [0, 1] for each j ∈ N0. Consider
the set B = {pj}j∈N0 ⊂ P [0, 1]. Since any polynomial in P [0, 1] is, by defini-
tion, a (finite) linear combination of vectors in B, we get P [0, 1] ⊆ spanB.
Hence B spans P [0, 1] (i.e., spanB = P [0, 1]). We claim that B is also linearly
independent. Indeed, suppose B is not linearly independent. Then there exists
in B a linear combination pk of vectors in B\{pk}. That is, pk =

∑m
i=1αipji

for some m ∈ N, where {αi}mi=1 is a family of nonzero scalars and {pji}mi=1 is
a finite subset of B such that pji �= pk (i.e., ji �= k) for every i = 1 , . . . ,m.
Thus p = pk −

∑m
i=1αipji is the origin of P [0, 1], which means that

p(t) = tk −
m∑
i=1

αit
ji = 0

for all t ∈ [0, 1]. But this is a contradiction because p is a polynomial of de-
gree equal to max

{
{k} ∪ {ji}mi=1

}
≥ 1. Conclusion: B is linearly independent.

Therefore the set B = {pj}j∈N0 is a Hamel basis for P [0, 1], and hence

dimP [0, 1] = ℵ0

(since #B = #N0 = ℵ0). Thus P [0, 1] is isomorphic to the linear space X of
all F-valued sequences with a finite number of nonzero entries (which was
introduced in Example 2.J).

2.7 Isomorphic Equivalence

Two linear spaces over the same scalar field are regarded as essentially the
same linear space if they are isomorphic. Let X , Y, and Z be linear spaces over
the same field F. It is clear that X is isomorphic to itself (reflexivity), and Y is
isomorphic to X whenever X is isomorphic to Y (symmetry). Moreover, since
the composition of two isomorphisms is again an isomorphism (see Problems
1.9(c) and 2.15), it follows that, if X is isomorphic to Y and Y is isomorphic to
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Z, then X is isomorphic to Z (transitivity). Thus, if the notion of isomorphic
linear spaces is restricted to a given set (for instance, to the collection of all
linear manifolds Lat(X ) of a linear space X ), then it is an equivalence relation
on that set. We shall now define an equivalence between linear transforma-
tions. As usual, let GF :X → Z denote the composition G ◦ F of a mapping
G:Y → Z and a mapping F :X → Y .

Definition 2.13. Let X , X̃ , Y, and Ỹ be linear spaces over the same scalar
field, where X is isomorphic to X̃ and Y is isomorphic to Ỹ . Two linear trans-
formations T :X → Y and L: X̃ → Ỹ are isomorphically equivalent if there
exist isomorphisms X :X → X̃ and Y :Y → Ỹ such that

Y T = LX.

That is, L and T are isomorphically equivalent if there are isomorphismsX
and Y such that T = Y −1LX (or L = Y TX−1), which means that the diagram

X T−−−→ Y

X

⏐⏐� �⏐⏐Y −1

X̃ L−−−→ Ỹ

commutes. Warning: If X is isomorphic to X̃ and Y is isomorphic to Ỹ ,
then there exists an uncountable supply of isomorphisms between X and X̃
and between Y and Ỹ. If we take arbitrary linear transformations T :X → Y
and L: X̃ → Ỹ , it may happen that the above diagram does not commute
(i.e., it may happen that Y T �= LX) for all isomorphisms of X onto X̃ and

all isomorphisms of Y onto Ỹ. In this case T and L are not isomorphically
equivalent. However, if there exists at least one pair of isomorphisms X and
Y for which Y T = LX, then T and L are isomorphically equivalent.

Isomorphic equivalence deserves its name. In fact, every T in L[X ,Y ] is
isomorphically equivalent to itself (reflexivity), and L in L[X̃ , Ỹ] is isomor-
phically equivalent to T in L[X ,Y ] whenever T is isomorphically equivalent
to L (symmetry). Moreover, if T in L[X ,Y ] is isomorphically equivalent to

L in L[X̃ , Ỹ ] and L is isomorphically equivalent to K in L[X̂ , Ŷ] (so that X ,

X̃ , and X̂ are isomorphic linear spaces, as well as Y, Ỹ, and Ŷ), then it is
easy to show that T is isomorphically equivalent to K (transitivity). Indeed,

if X = X̃ and Y = Ỹ, and if we restrict the concept of isomorphic equivalence
to the set L[X ,Y ] of all linear transformations of X into Y, then isomorphic
equivalence actually is an equivalence relation on L[X ,Y ].

An important particular case is obtained when X = Y and X̃ = Ỹ so that
T lies in L[X ] and L lies in L[X̃ ]. Let X and X̃ be isomorphic linear spaces.

Two linear transformations T :X → X and L: X̃ → X̃ are similar if there ex-
ists an isomorphism W :X → X̃ such that
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WT = LW.

To put it another way, if there is an isomorphism W such that the diagram

X T−−−→ X

W

⏐⏐� ⏐⏐�W
X̃ L−−−→ X̃

commutes. It should be noticed now that the concept of similarity will be
redefined later in Chapter 4 where the linear spaces are endowed with an
additional (topological) structure. Such a redefinition will assume that all
linear transformations involved in the definition of similarity are “continuous”
(including the inverse of W ).

Example 2.N. Consider the setup of Example 2.L, where X and Y are
finite-dimensional linear spaces over the same field F. Let X :X → Fn and
Y :Y → Fm be two mappings defined by

Xx = (ξ1, . . . , ξn) and Y y = (υ1, . . . , υm)

for every x ∈ X and every y ∈ Y, where {ξj}nj=1 and {υi}mi=1 consist of the
coordinates of x and y with respect to the bases BX and BY, respectively. It is
readily verified that X and Y are both isomorphisms (for fixed bases BX and
BY). Let Fn×1 denote the linear space (over the field F) of all n×1 matrices
(or, if you like, the linear space of all “column n-vectors” with entries in F
— Example 2.L). Now consider the map Wn:F

n → Fn×1 that assigns to each
n-tuple (ξ1, . . . , ξn) in Fn the n×1 matrix⎛⎜⎝ ξ1

...
ξn

⎞⎟⎠ = Wn(ξ1, . . . , ξn)

in Fn×1 whose entries are the (similarly ordered) coordinates of the ordered
n-tuple with respect to the canonical basis for Fn. It is easy to show that Wn is
an isomorphism between Fn and Fn×1. This is called the natural isomorphism
of Fn onto Fn×1. Note that any m×n matrix (with entries in F) can be viewed
as a linear transformation from Fn×1 to Fm×1: the action of an m×n matrix
[αij ] ∈ Fm×n on an n×1 matrix [ξj ] ∈ Fn×1 is simply the matrix product

[αij ][ξj ] =

⎛⎝ α11 . . . α1n
...

...
αm1 . . . αmn

⎞⎠
⎛⎜⎝ ξ1

...
ξn

⎞⎟⎠ ,

which is an m×1 matrix in Fm×1. According to Example 2.L let [A] ∈ Fm×n
be the unique matrix representing the linear transformation A ∈ L[X ,Y ] with
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respect to the bases BX and BY. Now, if this matrix is viewed as a linear
transformation of Fn×1 into Fm×1, then the diagram

X A−−−→ Y

X

⏐⏐� �⏐⏐Y −1

Fn Fm

Wn

⏐⏐� �⏐⏐W−1
m

Fn×1
[A]−−−→ Fm×1

commutes. This shows that the linear transformation A:X → Y is isomorphi-
cally equivalent to its matrix [A] with respect to the bases BX and BY when
this matrix is viewed as a linear transformation [A]:Fn×1 → Fm×1. That is,

(WmY )A = [A](WnX).

2.8 Direct Sum

Let {Xi}ni=1 be a finite family of linear spaces over the same field F (not nec-
essarily linear manifolds of the same linear space). The direct sum of {Xi}ni=1,
denoted by

⊕n
i=1Xi, is the set of all ordered n-tuples (x1, . . . , xn), with each

xi in Xi, where vector addition and scalar multiplication are defined as follows.

(x1, . . . , xn)⊕ (y1, . . . , yn) = (x1 + y1, . . . , xn + yn),

α(x1, . . . , xn) = (αx1, . . . , αxn)

for every (x1, . . . , xn) and (y1, . . . , yn) in
⊕n

i=1Xi and every α in F. It is easy
to verify that the direct sum

⊕n
i=1Xi of the linear spaces {Xi}ni=1 is a linear

space over F when vector addition (denoted by ⊕) and scalar multiplication
are defined as above. The underlying set of the linear space

⊕n
i=1Xi is the

Cartesian product
∏n
i=1Xi of the underlying sets of each linear space Xi. The

origin of
⊕n

i=1Xi is the ordered n-tuple (01, . . . , 0n) of the origins of each Xi.

IfM and N are linear manifolds of a linear space X , then we may consider
both their ordinary sum M+N (defined as in Section 2.2) and their direct
sum M⊕N . These are different linear spaces over the same field. There is
however a natural mapping Φ:M⊕N →M+N , defined by

Φ((x1, x2)) = x1 + x2,

which assigns to each pair (x1, x2) inM⊕N their sum inM+N ⊆ X . It is
readily verified that Φ is a surjective linear transformation of the linear space
M⊕N onto the linear spaceM+N , but Φ is not always injective. We shall
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establish below a necessary and sufficient condition that Φ be injective, viz.,
M∩N = {0}. In such a case the mapping Φ is an isomorphism (called the
natural isomorphism) ofM⊕N ontoM+N , so that the direct sumM⊕N
and the ordinary sum M+N become isomorphic linear spaces.

Theorem 2.14. Let M and N be linear manifolds of a linear space X . The
following assertions are pairwise equivalent .

(a) M∩N = {0}.

(b) For each x in M+N there exists a unique u in M and a unique v in
N such that x = u+ v.

(c) The natural mapping Φ:M⊕N →M+N is an isomorphism.

Proof. Take an arbitrary x in M+N . If x = u1 + v1 = u2 + v2, with u1, u2

in M and v1, v2 in N , then u1 − u2 = v1 − v2 is in M∩N (for u1 − u2 ∈ M
and v1 − v2 ∈ N ). ThusM∩N = {0} implies that u1 = u2 and v1 = v2, and
hence (a)⇒(b). On the other hand, if M∩N �= {0}, then there exists a
nonzero vector w in M∩N . Take any nonzero vector x in M+N so that
x = u+ v with u inM and v in N . Thus x = (u+ w) + (v − w), where u+ w
is inM and v − w is in N . Since w �= 0, it follows that u+ w �= u, and hence
the representation of x as a sum u+ v with u inM and v in N is not unique.
Thus, if (a) does not hold, then (b) does not hold. Equivalently, (b)⇒(a). Fi-
nally, recall that the natural mapping Φ is linear and surjective. Since Φ is
injective if and only if (b) holds (by definition), it follows that (b)⇔(c). ��

Two linear manifoldsM and N of a linear space X are said to be disjoint
(or algebraically disjoint) if M∩N = {0}. (Note that, as linear manifolds of
a linear space X ,M and N can never be “disjoint” in the set-theoretical sense
— the origin of X always belongs to both of them.) Therefore, ifM and N are
disjoint linear manifolds of a linear space X , then we may and shall identify
their ordinary sumM+N with their direct sumM⊕N . Such an identifica-
tion is carried out by the natural isomorphism Φ:M⊕N →M+N (Theo-
rem 2.14). When we identifyM⊕N withM+N , which is a linear manifold
of X , we are automatically identifying the pairs (u, 0) and (0, v) in M⊕N
with u in M and with v in N , respectively. More generally, we shall be iden-
tifying the direct sums M⊕{0} and {0} ⊕ N with M and N , respectively.
For instance, if x ∈ M⊕N and M∩N = {0}, then Theorem 2.14 ensures
that there exists a unique u in M and a unique v in N such that x = (u, v).
Hence x = (u, 0)⊕ (0, v) where (u, 0) ∈M⊕ {0} and (0, v) ∈ {0} ⊕ N (recall:
M⊕{0} and {0} ⊕ N are both linear manifolds of M⊕N ). Now identify
(u, 0) with Φ((u, 0)) = u and (0, v) with Φ((0, v)) = v, and write x = u⊕ v
where u ∈ M and v ∈ N (instead of x = (u, 0)⊕ (0, v) = Φ−1(u)⊕ Φ−1(v)).
Outcome: If M and N are disjoint linear manifolds of a linear space X , then
every x inM⊕N has a unique decomposition with respect to M and N , de-
noted by x = u⊕ v, which is referred to as the direct sum of u inM and v in
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N . It should be noticed that u⊕ v is just another notation for (u, v) that re-
minds us of the algebraic structure of the linear space M⊕N . What really
is being added in M⊕N is (u, 0)⊕ (0, v).

If M and N are disjoint linear manifolds of a linear space X , and if their
(ordinary) sum is X , then we say that M and N are algebraic complements
of each other. In other words, two linear manifoldsM and N of a linear space
X form a pair of algebraic complements in X if

X =M+N and M∩N = {0}.

Accordingly, this can be written as

X =M⊕N and M∩N = {0}

once we have identified the direct sum M⊕N with its isomorphic image
Φ(M⊕N ) =M+N = X through the natural isomorphism Φ.

Proposition 2.15. Let M and N be linear manifolds of a linear space X ,
and let BM and BN be Hamel bases for M and N , respectively.

(a) M∩N = {0} if and only if BM ∩BN = ∅ and BM ∪BN is linearly inde-
pendent .

(b) M+N = X and BM ∪BN is linearly independent if and only if BM ∪BN

is a Hamel basis for X .

In particular, if BM ∪BN ⊆ B, where B is a Hamel basis for X , then

(a
′
) M∩N = {0} if and only if BM ∩BN = ∅,

(b
′
) M+N = X if and only if BM ∪BN = B.

Proof. (a) Recall that

{0} ⊆ span (BM ∩BN) ⊆ span (M∩N ) = M∩N .

Thus M∩N = {0} implies span (BM ∩BN) = {0}, which in turn implies
BM ∩BN = ∅ (for 0 /∈ BM ∪BN). Moreover, if M∩N = {0}, then the union
of the linearly independent sets BM and BN is again linearly independent (see
Problem 2.3). On the other hand, recall that

{0} ⊆ M∩N = spanBM ∩ spanBN = span (BM ∩BN)

if BM ∪BN is linearly independent (see Problem 2.4). Thus BM ∩BN = ∅
implies span (BM ∩BN) = {0}, and hence M∩N = {0}.

(b) Next recall that

span (BM ∪BN) = span (M∪N ) = M+N ⊆ X
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whenever BM and BN are Hamel bases for M and N , respectively. More-
over, if BM ∪BN is a Hamel basis for X , then BM ∪BN is linearly indepen-
dent and X = span (BM ∪BN) so that M+N = X . On the other hand, if
M+N = X , then span (BM ∪BN) = X . Thus, according to Theorem 2.6,
there exists a Hamel basis B′ for X such that B′ ⊆ BM ∪BN. If BM ∪BN is
linearly independent, then Theorem 2.5 ensures that there exists a Hamel ba-
sis B for X such that BM ∪BN ⊆ B. Therefore B′ ⊆ B. But a Hamel basis is
maximal (see Claim 2 in the proof of Theorem 2.5) so that B′ = B. Hence
BM ∪BN = B. ��

Theorem 2.16. Every linear manifold has an algebraic complement .

Proof. LetM be a linear manifold of a linear space X , let BM be a Hamel basis
for M, and let B be a Hamel basis for X such that BM ⊆ B (see Theorem
2.5). Set BN = B\BM (which, as a subset of a linearly independent set B, is
linearly independent itself), and set N = spanBN (a linear manifold of X ).
Thus BM and BN are Hamel basis for M and N , respectively, both included
in the Hamel basis B for X . Since BM ∩BN = ∅ and BM ∪BN = B, it follows
by Proposition 2.15 that N is an algebraic complement of M. ��

Lemma 2.17. Let M be a linear manifold of a linear space X . Every algebraic
complement of M is isomorphic to the quotient space X/M.

Proof. Let M be a linear manifold of a linear space X over a field F, and let
X/M be the quotient space of X modulo M, which is again a linear space
over F (see Example 2.H). The natural mapping π:X → X/M, which assigns
each vector x in X the equivalence class

π(x) = [x] = x+M

in X/M, is a linear transformation (cf. Example 2.H). It is plain that π is
surjective. Let K be a linear manifold of X and consider the restriction of π
to K, π|K:K → X/M, which is again a linear transformation (Problem 2.14).

Claim 1. If M∩K = {0}, then π|K is injective.

Proof. Problem 2.14 also says that N (π|K) = K ∩N (π). Since N (π) = M
(see Example 2.H), it follows that, if M∩K = {0}, then N (π|K) = {0}, and
so the linear transformation π|K is injective (Theorem 2.8). ��
Claim 2. If X =M+K, then π|K is surjective.

Proof. Take an arbitrary [x] in X/M so that [x] = x+M for some x in X .
If X =M+K, then x = u+ v with u in M and v in K. Thus, as π is linear,
[x] = π(x) = π(u) + π(v). But u ∈ M = N (π) so that π(u) = [0], and hence
π(u)+π(v) = [0] + [v] = [0 + v] = [v] = π(v). Therefore, [x] = π(v) = π|K(v),
which lies in R(π|K). Then X/M⊆ R(π|K), and so π|K is surjective. ��
Thus, if K is an algebraic complement ofM, then π|K is invertible by Claims
1 and 2 and, since π|K is linear, it is an isomorphism of K onto X/M. ��
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Theorem 2.18. Let M be a linear manifold of a linear space X . Every
algebraic complement of M has the same dimension.

Proof. According to Theorem 2.12 the above statement can be rewritten as
follows. If N and K are algebraic complements of M, then K and N are iso-
morphic. But this is a straightforward consequence of the previous lemma: N
and K are both isomorphic to X/M, and hence isomorphic to each other. ��

The dimension of an algebraic complement ofM is therefore a property of
M (i.e., it is an invariant forM). We refer to this invariant as the codimension
of M: the codimension of a linear manifold M, denoted by codimM, is the
(constant) dimension of any algebraic complement of M.

2.9 Projections

A projection is an idempotent linear transformation of a linear space into
itself. Thus, if X is a linear space, then P ∈ L[X ] is a projection if and only if
P = P 2. Briefly, projections are the idempotent elements of L[X ]. It is plain
that the null transformation O and the identity I in L[X ] are projections. A
nontrivial projection in L[X ] is a projection P such that O �= P �= I. It is easy
to verify that, if P is a projection, then so is I − P . Moreover, the null spaces
and ranges of P and I − P are related as follows (cf. Problem 1.4).

R(P ) = N (I − P ) and N (P ) = R(I − P ).

Projections are singularly useful linear transformations. One of their main
properties is that the range and the null space of a projection form a pair of
algebraic complements.

Theorem 2.19. If P ∈ L[X ] is a projection, then R(P ) and N (P ) are alge-
braic complements of each other .

Proof. Let X be a linear space and let P :X → X be a projection. Recall
that both the range R(P ) and the null space N (P ) are linear manifolds of X
(because P is linear). Since P is idempotent, it follows that

R(P ) =
{
x ∈ X : Px = x

}
(the range of an idempotent mapping is the set of all its fixed points —
Problem 1.4). If x ∈ R(P ) ∩ N (P ), then x = Px = 0, and hence

R(P ) ∩ N (P ) = {0}.

Moreover, write any vector x in X as x = Px + (x − Px). Since P is linear
and idempotent, P (x− Px) = Px− P 2x = 0, and so (x− Px) lies in N (P ).
Hence x = u+ v with u = Px in R(P ) and v = (x − Px) in N (P ). Therefore,

X = R(P ) +N (P ). ��
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On the other hand, for any pair of algebraic complements there exists a
unique projection whose range and null space coincide with them.

Theorem 2.20. Let M and N be linear manifolds of a linear space X . If
M and N are algebraic complements of each other, then there exists a unique
projection P :X → X such that R(P ) =M and N (P ) = N .

Proof. Let M and N be algebraic complements in a linear space X so that

M+N = X and M∩N = {0}.

According to Theorem 2.14, for each x ∈ X there exists a unique u ∈M and
a unique v ∈ N such that x = u+ v. Let P :X → X be the function that
assigns to each x in X its unique summand u in M (i.e., Px = u). It is easy
to verify that P is linear. Moreover, for each vector x in X , P 2x = P (Px) =
Pu = u = Px (reason: u is itself its unique summand in M), so that P is
idempotent. By the very definition of P we get R(P ) =M and N (P ) = N .
Conclusion: P :X → X is a projection with R(P ) =M and N (P ) = N . Now
let P ′:X → X be any projection with R(P ′) =M and N (P ′) = N . Take an
arbitrary x ∈ X and consider again its unique representation as x = u+ v
with u ∈ M = R(P ′) and v ∈ N = N (P ′). Since P ′ is linear and idempotent,
it follows that P ′x = P ′u+ P ′v = u = Px. Therefore, P ′ = P . ��

Remark : An immediate corollary of Theorems 2.16 and 2.20 says that any
linear manifold of a linear space is the range of some projection. That is, if
M is a linear manifold of a linear space X , then there exists a projection
P :X → X such that R(P ) =M.

IfM andN are algebraic complements in a linear space X , then the unique
projection P in L[X ] with range R(P ) =M and null space N (P ) = N is
called the projection onM along N . If P is the projection onM alongN , then
the projection on N along M is precisely the projection E = I − P in L[X ],
referred to as the complementary projection of P . Note that EP = PE = O.

Proposition 2.21. Let M and N be linear manifolds of a linear space X . If
M and N are algebraic complements of each other, then the unique decom-
position of each x in X =M⊕N as a direct sum

x = u⊕ v

of u in M and v in N is such that

u = Px and v = (I − P )x,

where P :X → X is the unique projection on M along N .

Proof. Take an arbitrary x in X and consider its unique decomposition
x = u⊕ v in X =M⊕N . Note that the identification of M⊕N with
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M+N = X is implicitly assumed in the proposition statement. Now write
x = (u, v) and set Px = (u, 0). The very same argument used in the proof
of Theorem 2.20 can be applied here to verify that this actually defines
a unique projection P :M⊕N →M⊕N such that R(P ) =M⊕{0} and
N (P ) = {0} ⊕ N . Finally, identify M⊕{0} and {0} ⊕ N with M and N
(and hence (u, 0) and (0, v) with u and v), respectively. ��

According to Theorem 2.16 every linear space X can be represented as the
sum X =M+N of a pair {M,N} of algebraic complements in X . IfM⊕N
is identified with M+N , then this means that every linear space X has a
decomposition X =M⊕N as a direct sum of disjoint linear manifolds of X .

Proposition 2.22. Let X be a linear space and consider its decomposition

X = M⊕N

as a direct sum of disjoint linear manifolds M and N of X . Let P :X → X
be the projection on M along N , and let E = I − P be the projection on N
along M. Every linear transformation L:X → X can be written as a 2×2
matrix with linear transformation entries

L =

(
A B
C D

)
,

where A = PL|M:M→M, B = PL|N :N→M, C = EL|M:M→N , and
D = EL|N :N→N .

Proof. LetM and N be linear manifolds of a linear space X . SupposeM and
N are algebraic complements of each other, identifyM⊕N withM+N , and
consider the decomposition X =M⊕N . Let L be a linear transformation on
M⊕N so that L ∈ L[X ]. Take an arbitrary x ∈ X and consider its unique
decomposition x = u⊕ v in X =M⊕N with u inM and v in N . Now write
x = (u, v) so that Lx = L(u, v) = L((u, 0)⊕ (0, v)) = L(u, 0)⊕ L(0, v) =
L|M⊕{0}(u, 0)⊕ L|{0}⊕N (0, v). Identifying M⊕{0} and {0} ⊕ N with M
and N (and so (u, 0) and (0, v) with u and v), respectively, it follows that

Lx = L|Mu⊕ L|N v,

where L|Mu and L|N v lie in X =M⊕N . By Proposition 2.21 we may write

L|Mu = PL|Mu⊕ EL|Mu,

L|N v = PL|N v ⊕ EL|N v,

where P is the unique projection on M along N and E = I − P . Therefore,

Lx = (PL|Mu+ PL|N v)⊕ (EL|Mu+ EL|N v),

where PL|Mu+ PL|N v is in M and EL|Mu+ EL|N v is in N . Since the
ranges of PL|M and PL|N are included in R(P ) =M, we may think of them
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as linear transformations intoM. Similarly, EL|M and EL|N can be thought
of as linear transformations into N . Thus set A = PL|M in L[M], B = PL|N
in L[N ,M], C = EL|M in L[M,N ], and D = EL|N in L[N ] so that

Lx = (Au+Bv, Cu+Dv) ∈ M⊕N

for every x = (u, v) ∈ M⊕N . In terms of standard matrix notation, the
vector Lx inM⊕N can be viewed as a 2×1 matrix with the first entry inM
and the other in N , namely,

( Au+Bv
Cu+Dv

)
. This is precisely the action of the 2×2

matrix with linear transformation entries,
( A B
C D

)
, on the 2×1 matrix with

entries inM and N representing x, namely,
( u
v

)
. Thus Lx =

(A B
C D

)( u
v

)
, and

hence we write L =
(A B
C D

)
. ��

Example 2.O. Consider the setup of Proposition 2.22. Note that the projec-
tion on M along N can be written as

P =

(
I O
O O

)
with respect to the decomposition X =M⊕N , where I denotes the identity
on M. Thus LP =

( A O
C O

)
and PLP =

( A O
O O

)
, so that LP = PLP if and

only if C = O. Note that M is L-invariant (i.e., L(M) ⊆M) if and only if
PL|M = L|M (equivalently, if and only if EL|M = O with E = I −P ). Thus

L(M) ⊆M ⇐⇒ A = L|M ⇐⇒ C = O ⇐⇒ LP = PLP.

Conclusion 1: The following assertions are pairwise equivalent.

(a) M is L-invariant.

(b) L =
( L|M B

O D

)
.

(c) LP = PLP .

Similarly, if we apply the same argument to N , then

L(N ) ⊆ N ⇐⇒ D = L|N ⇐⇒ B = O ⇐⇒ PL = PLP.

Conclusion 2: The following assertions are pairwise equivalent as well.

(a
′
) M and N are both L-invariant.

(b
′
) L =

( L|M O
O L|N

)
.

(c
′
) L and P commute (i.e., PL = LP ).

Let M and N be algebraic complements in a linear space X . If a linear
transformation L in L[X ] is represented as L =

(A O
O D

)
in terms of the decom-

position X =M⊕N (as in (a
′
) above), where A ∈ L[M] and D ∈ L[N ], then

it is usual to write L = A⊕D. For instance, the projection on M along N ,
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which is represented as P =
( I O
O O

)
with respect to the same decomposition

X =M⊕N , is usually written as P = I ⊕O. These are examples of the
following concept.

Let {Xi}ni=1 be a finite family of linear spaces over the same scalar field
and consider their direct sum

⊕n
i=1Xi. Let {Li}ni=1 be a family of linear trans-

formations such that each Li lies in each L[Xi]. The direct sum of {Li}ni=1,
denoted by

⊕n
i=1Li, is the mapping of

⊕n
i=1Xi into itself defined by

n⊕
i=1

Li(x1, . . . , xn) = (L1x1, . . . , Lnxn)

for every (x1, . . . , xn) in
⊕n

i=1Xi. It is readily verified that
⊕n

i=1Li is linear
(i.e.,

⊕n
i=1Li ∈ L[

⊕n
i=1Xi]) and also that, for every index i,( n⊕

i=1

Li

)∣∣∣Xi
= Li.

The above identity is a short notation for the following assertion. “If 0i is the
origin of each Xi and Oi is the unique (linear) transformation of {0i} onto it-
self, then each linear manifold {01} ⊕ ··· ⊕ {0i−1} ⊕ Xi ⊕ {0i+1} ⊕ ··· ⊕ {0n}
of
⊕n

i=1Xi is invariant for
⊕n

i=1Li and the restriction of
⊕n

i=1Li to that invar-
iant linear manifold is the direct sumO1 ⊕ ··· ⊕Oi−1 ⊕ Li ⊕Oi+1 ⊕ ··· ⊕On”.
Of course, we shall always use the short notation. Conversely, if L ∈ L[

⊕n
i=1Xi]

is such that each restriction L|Xi lies in L[Xi], then L is the direct sum of
{L|Xi}ni=1. That is, if each Xi in

⊕n
i=1Xi is invariant for L ∈ L[

⊕n
i=1Xi], then

L =

n⊕
i=1

L|Xi.

Summing up: Set X =
⊕n

i=1Xi and consider linear transformations Li in L[Xi]
for each i and L in L[X ].

L =

n⊕
i=1

Li if and only if Li = L|Xi

for every index i (so that each Xi, viewed as a linear manifold of the linear
space

⊕n
i=1Xi, is invariant for L). The linear transformations {Li} are referred

to as the direct summands of L.

In particular, consider the decomposition X =M⊕N of a linear space X
into the direct sum of a pair of algebraic complements M and N in X , and
take linear transformations L ∈ L[X ], A ∈ L[M], and D ∈ L[N ]. Then

L =

(
A O
O D

)
= A⊕D if and only if A = L|M and D = L|N

(so that M and N are both L-invariant), where A and D are the direct
summands of L with respect to the decomposition X =M⊕N .
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Roman [1]
Simmons [1]
Taylor and Lay [1]

Problems

Problem 2.1. Let X be a linear space over a field F. Take arbitrary α and β
in F and arbitrary x, y, and z in X . Verify the following propositions.

(a) (−α)x = −(αx).
(b) 0x = 0 = α0.

(c) αx = 0 =⇒ α = 0 or x = 0.

(d) x+ y = x+ z =⇒ y = z.

(e) αx = αy =⇒ x = y if α �= 0.

(f) αx = βx =⇒ α = β if x �= 0.

Problem 2.2. Let X be a real or complex linear space. A subset C of X is
convex if αx+ (1 − α)y is in C for every x, y in C and every α in [0, 1]. A
vector x ∈ X is a convex linear combination of vectors in X if there exist a
finite set {xi}ni=1 of vectors in X and a finite family of nonnegative scalars
{αi}ni=1 such that x =

∑n
i=1αixi and

∑n
i=1αi = 1. If A is a subset of X , then

the intersection of all convex sets containing A is called the convex hull of A,
denoted by co(A).

(a) Show that the intersection of an arbitrary nonempty collection of convex
sets is convex.

(b) Show that co(A) is the smallest (in the inclusion ordering) convex set that
includes A.

(c) Show that C is convex if and only if every convex linear combination of
vectors in C belongs to C.

Hint : To verify that every convex linear combination of vectors in a convex
set C belongs to C, proceed as follows. Note that the italicized result holds
for any convex linear combination of two vectors in C (by definition of con-
vex set). Suppose it holds for every convex linear combination of n vectors
in C, for some n ∈ N. This implies that α

∑n
i=1α

−1αixi + αn+1xn+1 lies

in C whenever {xi}n+1
i=1 ⊂ C and

∑n+1
i=1 αi = 1 with 0 < αn+1, where α =∑n

i=1αi (reason:
∑n

i=1α
−1αixi ∈ C). Conclude the proof by induction.
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(d) Show that co(A) coincides with the set of all convex linear combinations
of vectors in A.

Hint : Let clc(A) denote the set of all convex linear combinations of vectors
in A. Verify that clc(A) is a convex set. Now use (b) and (c) to show that
co(A) ⊆ clc(A) ⊆ clc(co(A)) = co(A).

Problem 2.3. Let M and N be linear manifolds of a linear space X , and
let A and B be linearly independent subsets of M and N , respectively. If
M∩N = {0}, then A ∪B is linearly independent.

Hint : If a ∈ A is a linear combination of vectors in A ∪B, then a = b+ a′ for
some a′ ∈ M and some b ∈ N .

Problem 2.4. Let A be a linearly independent subset of a linear space X . If
B and C are subsets of A, then

span (B ∩ C) = spanB ∩ spanC.

Hint : Show that spanB ∩ spanC ⊆ span (B ∪C) by Proposition 2.3.

Problem 2.5. The cardinality of a linearly independent subset of a linear
space X is less than or equal to the cardinality of a subset of X that spans X .

Hint : That is, if A ⊆ X is such that spanA = X , then #C ≤ #A for ev-
ery linearly independent C ⊆ X . Indeed, if B ⊆ X is a Hamel basis for X ,
then show that #C ≤ #B ≤ #A. (Apply Theorems 2.5, 2.6, and 2.7 — see
Problems 1.21(a) and 1.22.) Note that this generalizes Claim 0 in the proof
of Theorem 2.7 for subsets of arbitrary cardinality.

Problem 2.6. Let X be a linear space, and letM be a linear manifold of X .
Verify the following propositions.

(a) dimM = 0 if and only if M = {0}.

(b) dimM≤ dimX . (Hint : Problem 2.5.)

Problem 2.7. IfM is a proper linear manifold of a finite-dimensional linear
space X , then dimM < dimX . Prove the above statement and show that it
does not hold for infinite-dimensional linear spaces.

Hint : Show that dimX0 = dimX , where X is the linear space of Example 2.J
and X0 = {x = (ξ1, ξ2, ξ3, . . .) ∈ X : ξ1 = 0}.

Problem 2.8. Let X be a nonzero linear space over an infinite field, and let
B be a Hamel basis for X . Recall that every nonzero vector x in X has a
unique representation in terms of B. That is, for each x �= 0 in X there exists
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a unique nonempty finite subset Bx of B and a unique finite family of nonzero
scalars {αb}b∈Bx ⊂ F such that

x =
∑
b∈Bx

αbb.

For each positive integer n ∈ N let Xn be the set of all nonzero vectors in X
whose representations as a (finite) linear combination of vectors in B have
exactly n (nonzero) summands. That is, for each n ∈ N, set

Xn =
{
x ∈ X : #Bx = n

}
.

(a) Prove that #Xn = #(F×B) for all n ∈ N.

Hint : Show that #Xn = #(Fn×B) and recall: if F is an infinite set, then
#Fn = #F (Problems 1.23 and 1.28).

(b) Apply Theorem 1.10 to show that #
(⋃

n∈NXn

)
≤ #(F×B).

(c) Verify that {Xn}n∈N is a partition of X\{0}.
Thus conclude from (b) and (c) (see Problem 1.28(a)) that

#X = #(F×B) = max{#F, dimX}.

Problem 2.9. Prove the following proposition, which is known as the Princi-
ple of Superposition. A mapping L:X → Y, where X and Y are linear spaces
over the same scalar field, is a linear transformation if and only if

L
( n∑
i=1

αixi

)
=

n∑
i=1

αiLxi

for all finite sets {xi}ni=1 of vectors in X and all finite sets of scalars {αi}ni=1.

Problem 2.10. Let L:X → Y be a linear transformation.

(a) Show that the null space N (L) and the range R(L) of L are linear mani-
folds of the linear spaces X and Y, respectively. Moreover, show that they
both are L-invariant. That is, L(N (L)) ⊆ N (L) and L(R(L)) ⊆ R(L).

Now set X = Y and show that the positive integral powers of L are linear
transformations. That is, Ln ∈ L[X ] for every n≥1 whenever L ∈ L[X ].

(b) Show that the linear manifolds N (Ln) and R(Ln) are L-invariant. That
is, L(N (Ln)) ⊆ N (Ln) and L(R(Ln)) ⊆ R(Ln) for every n≥1.

(c) Show that Ln is injective or surjective if L is. That is, N (L) = {0} implies
N (Ln) = {0}, and R(L) = X implies R(Ln) = X , for every n≥1.

Problem 2.11. Let L:X → Y be a linear transformation of a linear space X
into a linear space Y. Prove the following propositions.
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(a) If M is a linear manifold of X , then L(M) is a linear manifold of Y (i.e.,
the linear image of a linear manifold is a linear manifold).

(b) If N is a linear manifold of Y, then L−1(N ) is a linear manifold of X
(i.e., the inverse image of a linear manifold under a linear transformation
is again a linear manifold).

Problem 2.12. Let X and Y be linear spaces, and let L:X → Y be a linear
transformation. Show that the following assertions are equivalent.

(a) A ⊆ X is a linear manifold whenever L(A) ⊆ Y is a linear manifold.

(b) N (L) = {0}.

Hint : Give a direct proof for (b)⇒(a) by using Problems 1.3(d) and 2.11(b).
Give a contrapositive proof for (a)⇒(b) — recall: if x is a nonzero vector in
X , then {x} is not a linear manifold of X .

Problem 2.13. Prove that the set L[X ,Y ] of all linear transformations of
a linear space X into a linear space Y is itself a linear space (over the same
common field of X and Y) when vector addition and scalar multiplication in
L[X ,Y ] are defined pointwise as in Example 2.F.

Problem 2.14. Show that the restriction L|M:M→ Y of a linear transfor-
mation L:X → Y to a linear manifoldM of X is itself a linear transformation.
Moreover, also show that N (L|M) =M∩N (T ).

Problem 2.15. Show that the composition of two linear transformations is
again a linear transformation. That is, if X , Y, and Z are linear spaces over
the same scalar field, and if L ∈ L[X ,Y ] and T ∈ L[Y,Z], then TL ∈ L[X ,Z].
Moreover, also show that R(TL) = T (R(L)).

Problem 2.16. Let L:X → Y be a linear transformation. It is trivially ver-
ified that, if L is surjective, then dimR(L) = dimY . Now verify that, if L is
injective, then dimR(L) = dimX .

Problem 2.17. Let L:X → Y be a linear transformation of a linear space X
into a linear space Y. The dimension of the range of L is the rank of L, and
the dimension of the null space of L is the nullity of L. Show that rank and
nullity are related as follows.

dimN (L) + dimR(L) = dimX .

Hint : Suppose L �= O. Let BN be a Hamel basis for N (L) and let BX be a
Hamel basis for X that properly includes BN. (Theorem 2.5 — why is the
inclusion proper?) Set BM = BX\BN and M = spanBM. Show that BM is a
Hamel basis forM, the restriction of L toM is injective (since N (L) andM
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are algebraic complements by Proposition 2.15), and L|M:M→R(L) is an
isomorphism (Problem 2.14). Thus dimR(L) = dimM (Theorem 2.12), and
dimX = #BX = #BN +#BM = dimN (L) + dimM (Problem 1.30).

Problem 2.18. If dimR(L) is finite, then L is called a finite-dimensional
(or a finite-rank) linear transformation. Clearly, if Y is a finite-dimensional
linear space, then every L ∈ L[X ,Y ] is finite dimensional. Verify that, if X is
a finite-dimensional linear space, then every L ∈ L[X ,Y ] is finite dimensional.
Moreover, if L:X → Y is a finite-dimensional linear transformation (so that
R(L) is a finite-dimensional linear manifold of Y), then show that

(a) L is injective if and only if dimR(L) = dimX ,

(b) L is surjective if and only if dimR(L) = dimY,

(c) L is injective if and only if it is surjective, whenever dimX = dimY.

Problem 2.19. Let X be a linear space over a field F and let X N0 be the
linear space (over the same field F) of all X -valued sequences {xn}n∈N0 . Take
a linear transformation of X into itself, A ∈ L[X ], and an arbitrary sequence
u = {un}n∈N0 in X N0. Consider the (unique) sequence x = {xn}n∈N0 in X N0

which is recursively defined as follows. Set x0 = u0 and, for each n ∈ N0, set

xn+1 = Axn + un+1.

As usual, let An denote the composition of A with itself n times for each
integer n≥ 0, with A0 = I, the identity in L[X ]. Prove by induction that

xn =
n∑
i=0

An−iui

for every n ∈ N0. Now let L:X N0 → X N0 be the map that assigns to each
sequence u in X N0 this unique sequence x in X N0, so that

x = Lu.

Show that L is a linear transformation of X N0 into itself. The recursive equa-
tion (or the difference equation) xn+1 = Axn + un+1 is called a discrete linear
dynamical system because L is linear . Its unique solution is given by x = Lu
(i.e., xn =

∑n
i=0A

n−iui for every n ∈ N0).

Problem 2.20. Let F denote either the real or complex field, and let X and
Y be linear spaces over F. For any polynomial p (in one variable in F with
coefficients αi in F and of finite order n; i.e., p(z) =

∑n
i=0 αiz

i for z ∈ F), set

p(L) =

n∑
i=0

αiL
i,
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where L ∈ L[X ] and {αi}ni=0 is a finite set of coefficients in F (note: L0 = I).
Show that p(L) ∈ L[X ] (in particular, Ln ∈ L[X ] for each n≥ 0) for every
L ∈ L[X ]. Take L ∈ L[X ], K ∈ L[Y ], and M ∈ L[X ,Y ]. Prove the implication.

(a) If ML = KM, then Mp(L) = p(K)M for any polynomial p.

Thus conclude: p(L) is similar to p(K) whenever L is similar to K. A linear
transformation L in L[X ] is called nilpotent if Ln = O for some integer n ∈ N,
and algebraic if p(L) = O for some polynomial p. It is clear that every nilpotent
linear transformation is algebraic. Prove the following propositions.

(b) A linear transformation is similar to an algebraic (nilpotent) linear trans-
formation if and only if it is itself algebraic (nilpotent).

(c) Sum and composition of nilpotent linear transformations are not neces-
sarily nilpotent.

Hint : The matrices T =
( 0 1
0 0

)
and L =

( 0 0
1 0

)
in L[C2] are both nilpotent.

L+ T is an involution. LT and TL are idempotent.

Problem 2.21. Let F denote either the real or complex field, and let X be
a linear space over F. A subset K of X is a cone (with vertex at the origin)
if αx ∈ K whenever x ∈ K and α ≥ 0. Recall the definition of a convex set in
Problem 2.2 and verify the following assertions.

(a) Every linear manifold is a convex cone.

(b) The union of nonzero disjoint linear manifolds is a nonconvex cone.

Let S be a nonempty set and consider the linear space FS. Show that

(c) {x ∈ FS : x(s) ≥ 0 for all s ∈ S} is a convex cone in FS.

Problem 2.22. Show that the implication (a)⇒(b) in Theorem 2.14 does not
generalize to three linear manifolds, say M, N , and R, if we simply assume
that they are pairwise disjoint. (Hint : R3.)

Problem 2.23. Let {Mi}ni=1 be a finite collection of linear manifolds of a
linear space X . Show that the following assertions are equivalent.

(a) Mi ∩
∑n

j=1,j 	=iMj = {0} for every i = 1 , . . . , n.

(b) For each x in
∑n

i=1Mi there exists a unique n-tuple (x1, . . . , xn) in∏n
i=1Mi such that x =

∑n
i=1xi.

Hint : (a)⇒(b) for n = 2 by Theorem 2.14. Take any integer n > 2 and suppose
(a)⇒(b) for every 2 ≤ m < n. Show that, if (a) holds true for m+ 1, then (b)
holds true for m+ 1. Now conclude the proof of (a)⇒(b) by induction in n.
Next show that (b)⇒(a) by Theorem 2.14.
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Problem 2.24. Let {Mi}ni=1 be a finite collection of linear manifolds of a lin-
ear space X , and let Bi be a Hamel basis for eachMi. IfMi ∩

∑n
j=1,j 	=iMj =

{0} for every i = 1 , . . . , n, then
⋃n
i=1Bi is a Hamel basis for

∑n
i=1Mi. Prove.

Hint : Apply Proposition 2.15 for n = 2. Now use the hint to Problem 2.23.

Problem 2.25. Let M and N be linear manifolds of a linear space.

(a) If M and N are disjoint, then

dim(M⊕N ) = dim(M+N ) = dimM+ dimN .

Hint : Problem 1.30, Theorem 2.14, and Proposition 2.15.

(b) If M and N are finite-dimensional, then

dim(M+N ) = dimM+ dimN − dim(M∩N ).

Problem 2.26. LetM be a proper linear manifold of a linear space X so that
M ∈ Lat(X )\{X}. Consider the inclusion ordering of Lat(X ). Show that

M is maximal in Lat(X )\{X} ⇐⇒ codimM = 1.

Problem 2.27. Let ϕ be a nonzero linear functional on a linear space X (i.e.,
a nonzero element of X ′, the algebraic dual of X ). Prove the following results.

(a) N (ϕ) is maximal in Lat(X )\{X}.
That is, the null space of every nonzero linear functional in X ′ is a maximal
proper linear manifold of X . Conversely, if M is a maximal linear manifold
in Lat(X )\{X}, then there exists a nonzero ϕ in X ′ such that M = N (ϕ).

(b) Every maximal element of Lat(X )\{X} is the null space of some nonzero
ϕ in X ′.

Problem 2.28. Let X be a linear space over a field F. The set

Hϕ,α =
{
x ∈ X : ϕ(x) = α

}
,

determined by a nonzero ϕ in X ′ and a scalar α in F, is called a hyperplane in
X . It is clear that Hϕ,0 coincides with N (ϕ) but Hϕ,α is not a linear manifold
of X if α is a nonzero scalar. A linear variety is a translation of a proper linear
manifold. That is, a linear variety V is a subset of X that coincides with the
coset of x modulo M,

V = M+ x =
{
y ∈ X : y = z + x for some z ∈ M

}
,

for some x ∈ X and someM ∈ Lat(X )\{X}. IfM is maximal in Lat(X )\{X},
then M+ x is called a maximal linear variety. Show that a hyperplane is
precisely a maximal linear variety.
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Problem 2.29. Let X be a linear space over a field F, and let P and E be
projections in L[X ]. Suppose E �= O, and let α be an arbitrary nonzero scalar
in F. Prove the following proposition.

(a) P + αE is a projection if and only if PE + EP = (1− α)E.

Moreover, if P + αE is a projection, then show that

(b) P and E commute (i.e., PE = EP ), and so PE is a projection;

(c) PE = O if and only if α = 1 and PE �= O if and only if α = −1.
Therefore,

(d) P + αE is a projection implies α = 1 or α = −1.
Thus conclude:

(e) P + E is a projection if and only if PE = EP = O,

(f) P − E is a projection if and only if PE = EP = E.

Next prove that, for arbitrary projections P and E in L[X ],

(g) R(P ) ∩R(E) ⊆ R(PE) ∩R(EP ).

Furthermore, if P and E commute, then show that

(h) PE is a projection and R(P ) ∩R(E) = R(PE),

and so (still under the assumption that E and P commute),

(i) PE = O if and only if R(P ) ∩R(E) = {0}.

Problem 2.30. An algebra (or a linear algebra) is a linear space A that is
also a ring with respect to a second binary operation on A called product
(notation: xy ∈ A is the product of x ∈ A and y ∈ A). The product is related
to scalar multiplication by the property

α(xy) = (αx)y = x(αy)

for every x, y ∈ A and every scalar α. We shall refer to a real or complex
algebra if A is a real or complex linear space. Recall that this new binary
operation on A (i.e., the product in the ring A) is associative,

x(yz) = (xy)z,

and distributive with respect to vector addition,

x(y + z) = xy + xz and (y + z)x = yx+ zx,

for every x, y, and z in A. If A possesses a neutral element 1 under the product
operation (i.e., if there exists 1 ∈ A such that x1 = 1x = x for every x ∈ A),
then A is said to be an algebra with identity (or a unital algebra). Such a
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neutral element 1 is called the identity (or unit) of A. If A is an algebra with
identity, and if x ∈ A has an inverse (denoted by x−1) with respect to the
product operation (i.e., if there exists x−1 ∈ A such that xx−1 = x−1x = 1),
then x is an invertible element of A. Recall that the identity is unique if
it exists, and so is the inverse of an invertible element of A. If the product
operation is commutative, then A is said to be a commutative algebra.

(a) Let X be a linear space of dimension greater than 1. Show that L[X ]
is a noncommutative algebra with identity when the product in L[X ] is
interpreted as composition (i.e., LT = L ◦ T for every L, T ∈ L[X ]). The
identity I in L[X ] is precisely the neutral element under the product oper-
ation. L is an invertible of L[X ] if and only if L is injective and surjective.

A subalgebra of A is a linear manifold M of A (when A is viewed as a linear
space) which is an algebra in its own right with respect to the product oper-
ation of A (i.e., uv ∈ M whenever u ∈M and v ∈M). A subalgebra M of
A is a left ideal of A if ux ∈M whenever u ∈M and x ∈ A. A right ideal of
A is a subalgebra M of A such that xu ∈M whenever x ∈ A and u ∈ M.
An ideal (or a two-sided ideal or a bilateral ideal) of A is a subalgebra I of A
that is both a left ideal and a right ideal.

(b) Let X be an infinite-dimensional linear space. Show that the set of all
finite-dimensional linear transformations in L[X ] is a proper left ideal of
L[X ] with no identity. (Hint : Problem 2.25(b).)

(c) Show that, if A is an algebra and I is a proper ideal ofA, then the quotient
space A/I of A modulo I is an algebra. This is called the quotient algebra
of A with respect to I. If A has an identity 1, then the coset 1 + I is the
identity of A/I.

Hint : Recall that vector addition and scalar multiplication in the linear
space A/I are defined by

(x+ I) + (y + I) = (x+ y) + I,

α(x+ I) = αx + I,
for every x, y ∈ A and every scalar α (see Example 2.H). Now show that
the product of cosets in A/I can be likewise defined by

(x+ I)(y + I) = xy + I

for every x, y ∈ A (i.e., if x′ = x+ u and y′ = y + v, with x, y ∈ A and
u, v ∈ I, then there exists z ∈ I such that x′y′ + w = xy + z for any
w ∈ I, whenever I is a two-sided ideal of A).

Problem 2.31. Let A and B be algebras over the same scalar field. A linear
transformation Φ:A → B (of the linear spaces A into the linear space B) that
preserves products — i.e., such that Φ(xy) = Φ(x)Φ(y) for every x, y in A
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— is called a homomorphism (or an algebra homomorphism) of A into B. A
unital homomorphism between unital algebras is one that takes the identity of
A to the identity of B. If Φ is an isomorphism (of the linear spaces A onto the
linear space B) and also a homomorphism (of the algebra A onto the algebra
B), then it is an algebra isomorphism of A onto B. In this case A and B are
said to be isomorphic algebras .

(a) Let {eγ} be a Hamel basis for the linear space A. Show that a linear trans-
formation Φ:A → B is an algebra isomorphism if and only if Φ(eαeβ) =
Φ(eα)Φ(eα) for every pair {eα, eβ} of elements of the basis {eγ}.

(b) Let I be an ideal of A and let π:A → A/I be the natural mapping of
A onto the quotient algebra A/I. Show that π is a homomorphism such
that N (π) = I. (Hint : Example 2.H.)

(c) Let X and Y be isomorphic linear spaces and let W :X → Y be an isomor-
phism between them. Consider the mapping Φ:L[X ]→ L[Y ] defined by
Φ(L) = WLW−1 for every L ∈ L[X ]. Show that Φ is an algebra isomor-
phism of the algebra L[X ] onto the algebra L[Y ].

Problem 2.32. Here is a useful result, which holds in any ring with identity
(sometimes referred to as the Matrix Inversion Lemma). Take A,B ∈ L[X ] on
a linear space X . If I −AB is invertible, then so is I −BA, and

(I −BA)−1 = I +B(I −AB)−1A.

Hint : For every A,B,C ∈ L[X ] verify that

(a) (I +BCA)(I −BA) = I −BA+BCA −BCABA,

(b) (I −BA)(I +BCA) = I −BA+BCA−BABCA,

(c) I −BA+BCA−B(C − I)A = I.

Now set C = (I −AB)−1 so that C(I −AB) = I = (I −AB)C, and hence

(d) CAB = C − I = ABC.

Thus conclude that

(e) (I +BCA)(I −BA) = I = (I −BA)(I +BCA).

Problem 2.33. Take a linear transformation L ∈ L[X ] on a linear space X
and consider its nonnegative integral powers Ln. Verify that, for every n≥ 0,

N (Ln) ⊆ N (Ln+1) and R(Ln+1) ⊆ R(Ln).

Let n0 be an arbitrary nonnegative integer. Prove the following propositions.

(a) If N (Ln0+1) = N (Ln0), then N (Ln+1) = N (Ln) for every integer n ≥ n0.

(b) If R(Ln0+1) = R(Ln0), then R(Ln+1) = R(Ln) for every integer n ≥ n0.
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Hint : Rewrite the statements in (a) and (b) as follows.

(a) If N (Ln0+1) = N (Ln0), then N (Ln0+k+1) = N (Ln0+k) for every k≥1.

(b) If Ln0+1(X ) = Ln0(X ), then Ln0+k+1(X ) = Ln0+k(X ) for every k≥1.

Show that (a) holds for k = 1. Now show that the conclusion in (a) holds for
k + 1 whenever it holds for k. Similarly, show that (b) holds for k = 1, then
show that the conclusion in (b) holds for k + 1 whenever it holds for k. Thus
conclude the proof of (a) and (b) by induction.

Problem 2.34. Set N0 = N0 ∪∞, the set of all extended nonnegative inte-
gers with its natural (extended) ordering. The previous problem suggests the
following definitions. The ascent of L ∈ L[X ] (notation: asc (L)) is the least
nonnegative integer such that N (Ln+1) = N (Ln), and the descent of L (no-
tation: dsc (L)) is the least nonnegative integer such that R(Ln+1) = R(Ln):

asc (L) = min
{
n ∈ N0: N (Ln+1) = N (Ln)

}
,

dsc (L) = min
{
n ∈ N0: R(Ln+1) = R(Ln)

}
.

It is plain that
asc (L) = 0 ⇐⇒ N (L) = {0},
dsc (L) = 0 ⇐⇒ R(L) = X .

Now prove the following propositions.

(a) asc (L) <∞ and dsc (L) = 0 implies asc (L) = 0.

Hint : Suppose dsc (L) = 0 (i.e., suppose R(L) = X ). If asc (L) �= 0 (i.e., if
N (L) �= {0}), then take 0 �= x1 ∈ N (L) ∩R(L) and x2, x3 in R(L) = X
such that x1 = Lx2 and x2 = Lx3, and so x1 = L2x3. Proceed by induc-
tion to construct a sequence {xn}n≥1 of vectors in X = R(L) such that
xn = Lxn+1 and 0 �= x1 = Lnxn+1 ∈ N (L), and so Ln+1xn+1 = 0. Then
xn+1 ∈ N (Ln+1)\N(T n) for each n≥1, and asc (L) =∞ by Problem 2.33.

(b) asc (L) <∞ and dsc (L) <∞ implies asc (L) = dsc (L).

Hint : Set m = dsc (L), so that R(Lm) = R(Lm+1), and set T = L|R(Lm).
Since R(Lm) is L-invariant, T ∈ L[R(Lm)] (Problem 2.10(b)). Verify that
R(T ) = T (R(Lm)) = R(TLm) = R(Lm+1) = R(Lm) (see Problem 2.15).
Thus conclude that dsc (T ) = 0. Since asc (T )<∞ (because asc (L)<∞),
it follows by (a) that asc (T ) = 0. That is,N (T ) = {0}. Take x ∈ N (Lm+1)
and set y = Lmx in R(Lm). Show that Ty = Lm+1x = 0, so y = 0, and
hence x ∈ N (Lm). Therefore, N(Lm+1) ⊆ N (Lm). Use Problem 2.33 to
conclude that asc (L) ≤ m. On the other hand, suppose m �= 0 (otherwise
apply (a)) and take z inR(Lm−1)\R(Lm) so that Lz = L(Lm−1u) = Lmu
is in R(Lm) for u ∈ X . Since Lm(R(Lm)) = R(L2m) = R(Lm), infer that
Lz = Lmv for v ∈ R(Lm). Verify that Lm(u− v) = 0 and Lm−1(u− v) =
z − Lm−1v �= 0 (reason: since v ∈ R(Lm), Lm−1v ∈ R(L2m−1) = R(Lm)
and z /∈ R(Lm)). Thus (u− v) ∈ N (Lm)\N (Lm−1), and so asc (L) ≥ m.
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Problem 2.35. Consider the setup of the previous problem. If asc (L) and
dsc (L) are both finite, then they are equal by Problem 2.34(b). Set m =
asc (L) = dsc (L) in N. Show that the linear manifolds R(Lm) and N (Tm) of
the linear space X are algebraic complements of each other. That is,

R(Lm) ∩ N (Tm) = {0} and X = R(Lm)⊕N (Tm).

Hint : If y is in R(Tm) ∩N (Lm), then y = Lmx for some x ∈ X and Lmy = 0.
Verify that x ∈ N (L2m) = N (Lm), and infer that y = 0. Now consider the hint
to Problem 2.34(b) with T = L|R(Lm) ∈ L[R(Lm)]. Since R(T ) = R(Lm), it
follows that R(Tm) = R(Lm) (Problem 2.10(c)). Take any x ∈ X . Verify that
there exists u ∈ R(Lm) such that Tmu = Lmu = Lmx, and so v = x− u is in
N (Lm). Thus x = u+ v ∈ R(Tm) +N (Lm). Finally, use Theorem 2.14.
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