
C h a p t e r 2 

Local Theory of Fourier Integrals 

2.1. Symbols 

In this section we generalize the classes of amplitude functions encoun­
tered in the Introduction and in Section 1.2, and we collect some useful 
properties of these "symbol spaces." 

Definition 2.1.1. A conic manifold is a C°° paracompact manifold V 
together with a proper and free C°° action of R + on V. (R+ is regarded as 
a multiplicative group.) It follows that the orbit space V — V/R+ has a 
C°° structure making V into a fiber bundle over V with R+ as fiber, and 
the mapping a assigning to each v € V the orbit through v as projection. 
The orbit a(v) is also called the cone axis through v. 

Piecing together local sections by means of a partition of unity in V 
one can always construct a global section V —► V, making the bundle 
trivial. For this, we observe that if s a , s@ are local sections, then sa/sp is 
a strictly positive function. So, if <pa is the partition of unity, then 

s = YiiSa/sp)*01 * Sp 

is independent of (5 and defines the desired global section s. However, we 
avoid writing V — V x R + because there may be no preferred choice of 
the unit section. 

A function / on V is called homogeneous of degree \i if r * / = t^f for 
all r 6 R+. Here the pullback r*f of / by means of r is defined by 

(2.1.1) (r*f)(v) = f(rv), veV. 

If L is a smooth vector field on V and / is a smooth function on V, then 
r*(Lf) = (T*L)(T*f), where 

(2.1.2) (T"L)(V) = DT~1{L{TV)), V&V. 
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24 2. Local Theory of Fourier Integrals 

Here r is regarded as a diffeomorphism: V —► V, so Drv is a linear mapping: 
TV(V) —» TTV(V). A vector field l o n F will be called homogeneous of 
degree v if r*L = ru • L for all r 6 R+, it follows that Lf is homogeneous 
of degree p + v if / is homogeneous of degree /i and L is homogeneous of 
degree v. Note that homogeneous vector fields of degree 0 induce flows in 
V which commute with the action of R+ on V. 

Definition 2.1.2. Let V be a conic manifold, //, p G R, 0 < p < 1. A 
symbol on V of order p and type p is a function a € C°°(V) such that 

(2.1.3) r* (L f c - . . . -L ia ) = 0 ( r ^ - ^ ) for r -* co, 

locally uniformly in V and for all C°° vector fields L i , . . . , Lk in V that 
are homogeneous of degree —1. The space of these symbols is denoted by 
S$(V). 

Note that a G ^ ( V ) if a is homogeneous of degree p,. In most applica­
tions we will only use symbols of type 1 and we will write S^(V) = S ^ V ) . 
Note also that a G S£(V) if and only if 

(2.1.4) r*{Lk • . . . • Lxa) - 0(T»+k6) for r -> oo, 

locally uniformly in V and for all homogeneous C°° vector fields Lj of 
degree 0, 6 = 1 — p. Prom an a priori point of view vector fields of degree 
0 are more natural, but we have chosen p = 1 — 6 as type number rather 
than 8 because we shall make extensive use of homogeneous vector fields of 
degree - 1 later on. The following assertions follow immediately from the 
definition. 

Proposition 2.1.1. Sg(V) is a linear space. S$(V) C S$(V) if p < p', 
P> p''- / / a G Sp(V) and L is a homogeneous vector field of degree v, then 
La G SS+UH1~P\V). Ifae S£(V), b G S£(V), then a-be S^'(V). 
Finally, if W is another conic manifold and X is a C°° mapping: V —► W 
commuting with the actions ofR+ on V, respectively, W, then x*' a —> a o ^ 
maps Sg(W) into S£(V). 

The following propositions are the analogues of Theorems 2.7 and 2.9 
in Hormander [41]. We denote S - 0 0 (V) = f] S%(V), which does not 
depend on p. M 
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Proposition 2.1.2. Suppose a,j G Spj(V), j = 0 ,1 ,2 , . . . , and fij \ - c o 
for j —» oo. Then there exists a G S£°(V) such that 

(2.1.5) a-^ajtSplV) for all k = 1,2,... . 
j<k 

In this case we say a ~ ̂  a? • 

Proof. We may write V = V7 x R+. Let i£j be an increasing sequence of 
compact subsets of V such that every compact subset of V is contained in 
one of them. Let Cj be a finite set of C°° vector fields on V such that the 
L{x), L G Cj span TX(V) for every x e Kj. Choose ip € C°°(]R+) equal to 
0 when r < 1/2 and equal to 1 when r > 1. We can then select a sequence 
Tj —> oo increasing so rapidly that 

(2.1.6) d\ ( o \K _ i Le---L1^—j (p{Tj r)aj(x,T) < 2 _ J rMj '-1_pfc+^1-p^ 

for x € Ki, L i , . . . ,Lt e £ i , fc + £ + i < j , r > 1. 
In fact, since there is only a finite number of conditions for given j , 

we only need to use the fact that Tk-^(p{r~lr) is uniformly bounded for 
each j . We can now take 

oo 

(2.1.7) a{x,r) = 5 > ( T 7 1 T ) -ajfar) 
j=o 

which is a locally finite sum since (p{rjlr) = 0 for r < \TJ. The esti­
mates (2.1.3) and (2.1.5) follow by remarking that any vector field on a 
neighborhood of Kj can be written as a linear combination on Kj of the 
L e Cj, with smooth coefficients. So the estimates follow by induction on 
the number of applied vector fields from the estimates for the L € Cj. □ 

Proposition 2.1.3. Let c G C°°(V) be such that for every set of homoge­
neous vector fields L i , . . . , Ljt and every compact K c V there are constants 
C, /i such that 

(2.1.8) | ( L f c - . . . . L i c ) ( r u ) | < C - T " , u G K, r > 1. 

T/ien c e S-°°(V) if for any v e R: 

(2.1.9) c{rv) = 0(TU) for r -^ oo, 

locally uniformly in v G V. 
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We conclude that b G S%° (V) and b ~ ^ aj if the aj are as in Propo­
sition 2.1.2, b satisfies (2.1.8), and if there exists a sequence /i^ \ —oo for 
k —> oo such that 

(2.1.10) (b-Yjaj){Tv) = 0(T<Mk) for r - * oo 

locally in v G V, /or all k. 

Proof. If K, K' are compact sets, K in the interior of K', then we have 
an a priori estimate of the form 

(2.1.H) | | / | | i , K <c v / | | / ! !o ,^ - | | / | | 2 , / f ' . 

Here || \\jtK denotes some fixed C^-norm taken over K. It suffices to prove 
(2.1.11) locally for C°° functions with compact support and there it follows 
from the following observation of E. Landau [52]: 

If / is C2 :R -* R, \f(x)\ < P, \f"(x)\ < Q for all x G R, then 
\f{x)\ < y/2PQ for all x G R. 

Proof. 

f{x) - f{x -s) = ef'ix) + | e 2 / " K i ) , x - e < & < x 

fix + e)- fix) = ef'ix) + \e2f"(&), x < & < x + £, 

so 

/ ( * + e) - / ( * - e) = 2ef'(x) + i e 2 ( / " f c ) + /"(&))• 
This leads to |/'(a;)| < P/e + \sQ, take the minimum of the right-hand 
side for e > 0. □ 

So because c decreases faster than any power of r and L2L1C is bounded 
by some power of r as r —► 00 for any homogeneous vector fields L\, L2, 
and we see that Lc decreases faster than any power of r as r —► 00 for 
any homogeneous vector field L. By induction it follows that L& . . . L\C de­
creases faster than any power of r as r —* 00 for any homogeneous vector 
fields L i , . . . , Lfc, which means that c G S'~00(\^). 

For the second assertion, note that Proposition 2.1.2 implies that a ~ 
Y^dj for some a G SpiV). Then c = b - a satisfies (2.1.8), (2.1.9) in 
view of (2.1.10), so b - a G S _ 0 0 (y ) . This implies that b G ^ ( V ) and 
6 ~ 2 > j - □ 
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If E is a smooth iV-dimensional vector bundle over a paracompact 
manifold X, then E \ 0 is a conic manifold with respect to the multiplica­
tions with r G R+ in the fibers. Introducing inner products in the fibers Ex 

depending smoothly o n x € X (this can be done locally and then globally 
by piecing together with a partition of unity in X), we see that the bundle 
of unit spheres is a smooth section: (E \ 0)/R+ —->• E\0, for this reason 
(E \ 0)/K+ is called the sphere bundle SE of E. 

S%(E) will be defined as the set of a € C°°{E) such that a\E<Q e 
S£(E \0).IfV = UxRN\ {0}, U open in Rn (the local model for E \ 0), 
then a vector field 

3 — ■*• k—■*-

on V is homogeneous of degree v if and only if the dj and bk are homoge­
neous of degree v and v + 1, respectively. 

It follows that S£(U x RN) is precisely the space of all a € C°°(U x RN) 
such that for any compact subset K of U and any multi-indices a,/3 we 
have an estimate of the form: 

(2.1.12) (i)\leTa{x'e)\ * c"^1 + \e\r~^->™ 
for x e K, 9 6 RN \ {0}. This is the original form in which Hormander 
introduced the symbol spaces S^g, 8 = 1 — p. The inequalities (2.1.12) are 
invariant under changes of the local trivialization of E in view of Proposi­
tion 2.1.1. 

The space S^(E) will be topologized by taking the best possible con­
stants Ca^^K in (2.1.12) as semi-norms. With this topology S£(E) is a 
Prechet space. (A similar topology can be introduced on Sfi(V) for an ar­
bitrary conic manifold V but we will not use this in the sequel.) A subset 
M of S%(E) is bounded if all seminorms are bounded on M. Because of 
the theorem of Ascoli, the topology of pointwise convergence and that of 
S% (E), p!> p are identical on bounded subsets of S%(E). This leads to 

Proposition 2.1.4. Let a e S%{E), x € C°°{E), x(x,0) = 1 for 9 = 0 
and x(x,&) = 0 for \9\ > 1. Define a£{x,9) = x(x,£0) • a{x,9). Then 
a£ e S-°°(E), a£^ain S% (E) for e -» 0, any p! > p. 

Proof. The functions Xe(Xj9) = x(x, £#)> £ £ [0? 1] form a bounded subset 
in S°(E). Because multiplication with a is continuous: S°(E) —> S£(E), 
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then a£, e G [0,1] form a bounded subset of S%(E). The proof is completed 
by remarking that a£ —► a pointwise. □ 

Corollary 2.1.5. Let A be a linear mapping from the space f G C°°(E) 
that vanish for large \9\ to a Frechet space F, which is continuous for the 
S^(E)-topology for every J U G R . Then there is a unique extension of A to 
S™(E) := U Sg(E) that is continuous: Sfj(E) -> F for all p, G R. 

The generalization of this section to symbol densities of order a is left 
to the reader. It should be remarked however that the standard density UJQ 
of order a in RN is homogeneous of degree aN, in the sense that r*u>o = 
raN ■ UJQ for all r G R+. The relation 

(2.1.13) a-u)Q <-► a 

is an identification between S%(Rn x RN,na) and S%-aN(Rn x RN). 

2.2. Distributions denned by oscillatory integrals 

Let X be open in Rn . The integral 

(2.2.1) I^(au) = (Ieitfi{x>e)a(x,6)u(x)dxd8, u G C%°(X) 

is absolutely convergent if cp is real, a G S%(X x R^) , and fi + N < 0. 
In this case u —*■ I^au) is continuous on Co(X) and therefore defines a 
distribution A in X of order 0. ip will be called a phase function if it is 
homogeneous of degree 1 and has no critical points as a function of (x, 9). 
In this case the condition on the order of a can be dropped. 

Theorem 2.2.1. Suppose (p G C°°{X x R^ \ {0}) is real-valued, homoge­
neous in 6 of degree 1 and d(x$)<p{x, 0)^0 for all (x, 6) G X x RN \ {0}. 
Suppose p > 0. Then the mapping a —► I^au), defined for symbols a that 
vanish for large \9\, can for every u G CQ°(X) be extended to S™(X x RN) 
such that it is continuous on Sfi(X x RN) for every \i. Moreover, for every 
a G S%(X x R^) the linear form A:u —► I^au) is a distribution of order 
k if ii- hp + N < 0. 

Proof. Let L be a homogeneous C°° vector field of degree — 1 on X x 
R^ \ {0} such that L(p = 1. This exists locally on the sphere bundle 
|0| = l. With a partition of unity the local L can be glued together to a 
C°° vector field on |0| = 1 such that L<p = 1. L extends in a unique way to 



2.2. Distributions defined by oscillatory integrals 29 

a homogeneous C°° vector field of degree —1 on X x RN \ {0}, and because 
Lip is homogeneous of degree 0 we conclude that Lip = 1 on X x RN \ {0}. 

Now let X e C°°(X x RN), X = 0 for |0| < 1/2 and x = 1 for |0| > 1. 
Then M = | x ^ + (1 ~~ x) is a first order differential operator with smooth 
coefficients on X x RN and MeZip = etip. Moreover its transposed operator 
*M maps S£(X x RN) into S ^ p f x RN) for all /i. We obtain 

(2.2.2) I^au) = U ei*(tM)k{au)dxd9, any fc, 

for any a that vanishes for large |0|, using repeated partial integrations. 
So in view of Corollary 2.1.5 the mapping a —> I^iau) has a continuous 
extension to S^(X x R^) , which is equal to the absolutely convergent 
integral (2.2.2) if m — kp 4- N < 0. Because at most k derivatives of u 
appear in (2.2.2) this defines a distribution u —> Iy(au) of order k in X. □ 

If </?, a depend continuously on a parameter £ in C°°(X x RN \ {0}) 
and in S£(X x R^) , respectively, then the corresponding distribution A 
depends continuously on t in view of (2.2.2). This can also be used to justify 
differentiations with respect to t under the integral sign. Note that we have 
continuous dependence of at in S% (X x RN) for all / i ' > / i a s soon as the 
at depend continuously on t pointwise and are bounded in S£(X x RN). 
See the remark before Proposition 2.1.4. 

T h e o r e m 2.2.2. Let a G S™, p > 0 and ip be as in Theorem 2.2.1. Then 
WF(A) is contained in the closed conic subset 

{(x, dx<p(x, 9)) GT*(X) \ 0; (x, 9) € ess supp a, de<p(x,9) = 0} 

of T*(X) \ 0. Here ess supp a is defined as the smallest conic subset of 
X x RN \ {0} outside of which a is of class S~°°. 

Proof. We have to prove that the integral 

(e-^u 
(2.2.3) 

,A) = 11 ei&ix>d)-T^x^a(x,9)u{x)dxd9 

= TN II eiT^x^-^x^a{x, T9)U(X) dx d9. 

is rapidly decreasing as r —> co, uniformly for a in a neighborhood of <7o, 
if supp u is contained in a sufficiently small neighborhood U of XQ and 

dxip(xojCro) ^ dxip(x0,9) for any 9 such that 
(x0,9) € ess supp a, de(p(x0,9) = 0. 



30 2. Local Theory of Fourier Integrals 

But this means that d(xf)x(xo,9,ao) ^ 0 for aH 9 with (x0,9) e 
ess supp a, if we write 

(2.2.4) X(x, 0, a) = tp(Xl 9) - ^{x, a). 

So the proof follows from an application of Proposition 2.1.1, or rather its 
proof, to (2.2.3). Write (2.2.3) in the form (2.2.2) to be sure of having 
absolutely convergent integrals and to justify the partial integrations. □ 

2.3. Oscillatory integrals with nondegenerate phase functions 

Theorem 2.3.1. Let a,(p be as in Theorem 2.2.1, p > 1/2. Let 
V> G C°°(X x £) , £o = dxip{x0,o-0) ^ 0, 

(2.3.1) d(x>0)[<p - ip]{x0,0O, *o) = 0 

and finally 

(2.3.2) dfx^y ~ II>](XO,9O,<TO) 

is nondegenerate. 
Then there exists a neighborhood XQ of XQ, SO of CFQ, and a conic 

neighborhood T0 of (x0,90) in X x RN \ {0} such that if u e C$°(X), 
supp u C XQ, and ess supp a C To, we have the following asymptotic 
development: 

. (27r)*^+») • | det Q(<7)|-4 • e ^ n «<") 
{ oo 

/or r —> oo, uniformly in a G So-
i/ere (x(o"),0(<7)) is £/&e unique solution in TQ of 

(2.3.4) diXi0)[ip - *P](X(CT), 9(a), a) = 0, 

(2.3.5) Q W = i , ( i ) b - ^ ( i W , W ^ ) , 

(2.3.6) g{y(x,9,a),o-,T)- \detd(Xjd)y{x,9,o-)\ = a{x,r9) - u(x), 

where (x, 0) —► 2/(x, 0, a) is a diffeomorphism such that 

(2.3.7) j/(x(<7), 0(a), a) = 0, d(X)6,)2,(:r(o-), 9{a),a) = / , 
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and 

(2.3.8) [ip - 1>] (x, 0, a) = -*l>(x(*), a) + \ (Q(a)y, y). 

Finally we have used the second-order partial differential operator 

(2.3.9) ^ ) = ii(Q(ff)-i|,|.). 

Proof. Let a E C^(X xRN \ {0}) be equal to 1 on a neighborhood of 
(xo, #o) and vanish outside such a small neighborhood of (xo, #o) such that 
(p — if; has no critical points as a function of (x, 6) E supp(l - a) if a E S 0 . 
Then 

(e-«TVA>=/1(r)+/2(r), 
where 

t(r) = r ^ ff eiT{*-^aaudxde 

2(r) = rN ffeiT^-^{l-a)audxde. 

Using the proof of Theorem 2.2.2 we see that hir) is rapidly decreasing 
as r —► oo, uniformly in o E So- The integral i"i(r) has its amplitude sup­
ported in a fixed compact subset of (x, 0)-space so (2.3.3) now immediately 
follows from Lemma 1.2.2 and Proposition 1.2.4. Note that d^x^(ip—i(j) = 0 
implies decp(x,6) = 0 so ty{x,9) = (9,do(p(x,9)) = 0 in view of the homo­
geneity of (p. □ 

The asymptotic development (2.3.3) characterizes the distribution A 
modulo C°°(X) in the following sense: If A E W(X) also satisfies (2.3.3) 
then XQ £ sing supp (A — A). We now analyze the conditions (2.3.1) and 
(2.3.2). Let r be a cone i n ! x R i V \ {0}. The phase function ip is called 
nondegenerate in T if 

(2.3.10) W M ) = o , M e r =► d ^ ^ 1 

are linearly independent for j = 1 , . . . , N. 

The condition (2.3.10) implies that for some open cone f D T the manifold 

(2.3.11) C„ = {(x, 0) E f; deip(x, 6) = 0} 

is a conic C°° submanifold of X x RN \ 0 of dimension (n + N) - N = n. 
This is a direct application of the implicit function theorem. 
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Lemma 2.3.2. If if is a nondegenerate phase function, then 

(2.3.12) T<*> : (x, 9) ^ (x, dx<p(x, 9)) 

is an immersion: C^ —> T*(X) \ 0, commuting with the multiplication 
with positive real numbers in the fibers. So its image A^ is an immersed 
n-dimensional conic submanifold ofT*(X) \ 0. 

Proof. We have to prove that 

(6x,69) e r W ) ( C v ) , DT^e){6x:69) = 0 => (6x,60) = 0. 

Now 

(6x, 69) e T(xj) (Cv) <̂> dxdg(p Sx + dede(p 69 = 0 

and 
DT[xl) (6X> 6°) = (6x> dxd*<P 6X + d»rf*¥> <$#) 

so we have to prove that dodx<p69 = 0, dgde(p69 — 0 implies that 69 — 0. 
But this is exactly the condition that ip is nondegenerate. D 

Lemma 2.3.3. The following assertions are equivalent. 

(i) (p — if; has a nondegenerate stationary point as a function of (a;, 9) in 
x = x0, 9 = 90, a = o-0-

(ii) a) (p is a nondegenerate phase function in a conic neighborhood of 
(XO,9Q) and 

b) The graph of dxi\) intersects A^ transversally in the point 
(x0,Z0)eT*(X)\0, where 

£o = dx(p(x0,d0) = dxip(x0,a0). 

Proof. First note that d(XyQ)((p - i/))(x0,9o,o-o) = 0 <=> {xo,dxip(xo,ao)) = 
(x0,dxtp(x0,9o)) € Av. 

Second, the stationary point is nondegenerate if and only if: 

dx{dx(p - dxij>) ■ 6x + dedx<p • 69 = 0 

(2.3.13) and 

dxdQip • 6x + dedgip • 69 = 0 

imply that 6x = 0, 69 = 0. In particular (2.3.13), taking 6x = 0, implies 

dedxcp ■ 69 = 0, cfocfô  • 69 = 0 => (5(9 = 0, 

that is, (p is a nondegenerate phase function. 
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If conversely (p is a nondegenerate phase function, then Av has tangent 
space in (xo,dxip(xo,6o)) equal to 

{(6x,dxdx<p • 6x + dedxip • 69); dxde(f • 6x + dedeip • 69 = 0}. 

The tangent space to the graph of dxip is equal to {(6x, dxdxip • 6x); 6x G 
TXo(X)}. The condition (2.3.13) means precisely that these spaces have 
zero intersection, that is, are transversal. (Note that dif> and A^ have 
dimension equal to n and dim T*(X) = 2n.) D 

Lemma 2.3.3 implies that if tp is a nondegenerate phase function on 
ess supp a, then the condition (2.3.2) is satisfied for the general function ip 
satisfying (2.3.1). Indeed for any 0ro,£o) G T*(X) and any symmetric nxn 
matrix B there is a C°° function ip on X such that dip(xo) = £o, d2ip(xo) = 
B. Here we use that the set of symmetric B such that {(6x,B6x); 6x G 
TXo(X)} is transversal to T(rC0)^0)(Av,) is open and dense in the space of all 
symmetric B. (See Theorem 3.3.7.) 

From (2.3.3) we see therefore that if (p(x, 9) and <p(x, 9) are nondegen­
erate phase functions at (x0,90) eXxRN\{0} and (x0,90) € l x R J V \ { 0 } ) 

respectively, then any distribution A, defined by the phase function ip and 
some amplitude a such that ess supp a is contained in a conic neighborhood 
of (a;o>0o)j is modulo C°°(X) equal to a distribution defined by the phase 
function <p and some other amplitude a, only if the corresponding mani­
folds A^, A^ coincide. The following theorem shows that also the converse 
is true. 

T h e o r e m 2.3.4. Suppose (p(x,9) and (p(x,9) are nondegenerate phase 
functions at (x,90) eXxRN\{0} and at (x0i90)eXxRN\{0}, respec­
tively. Let T and T be open conic neighborhoods of(xo, #o) o-nd (XQ, #o) such 
that Tv:C<p —> A^ and T^-.Cp —> F$ are injective, respectively. If A^ = A^ 
then any Fourier integral A, defined by the phase function ip and an ampli­
tude a € S%(X x RN), p > 1/2, with ess supp a contained in a sufficiently 
small conic neighborhood of (xo,9o), is equal to a Fourier integral defined 

by the phase function dp and an amplitude a G Sp
 2 (X x RN). 

Proof. We start by reducing the number of ^-variables as far as possible. 
Let (xo, #o) £ T. Applying an orthogonal transformation in the 0-variables 
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we can assume that 

0 = (6,9 ), 9 = (0 i , . . . ,0k), 9" = (0fc+i,... ,0AT), 

(2.3.14) d2
e,(p(x0,90) = °> de'd*"V>(a;o,0o) = 0, 

and finally d^//(/?(xo,0o) is nondegenerate. 

Without loss of generality we may also assume that 9Q = 0. (2.3.14) implies 
that we can solve 9" = 9"(x,9') from the equation d0»<p(x,9\9") = 0, 
e"(xo,0'o) = °- W r i t e <p(x,0',0") = </?i(x,0') +V(^ ,6> / , ( ^ ,0 / , 0 , , ) )0 / / ) 
where (p\(x,9') = (p(x, 9',9"(x,9')). With these notations, we now write 

{u,A) = [Ifei'p^e'^a(x,9',9")u{x)dxd9'd9" 

= (I ei^x^b(x,9')u{x)dxd9', 
(2.3.15) 

where 

(2.3.16) b(x, 9') = I et^x'°,'0'\(x19\ 9") d9"'. 

Here dg„ip(xo,0o) is nondegenerate, so if a € S£(X x RN), p > 1/2, and 
ess supp a contained in a sufficiently small conic neighborhood of (xo,0o) 
we see from Section 1.2 that b e S^+^{N~k)(X x Rk). 

Now de>d0t>(p(xo,9o) = 0 implies that ipi is a nondegenerate phase 
function on a conic neighborhood of (XQ,9'0) and A^x = A^ (locally). 

d<Q,(p(xo, 9o) — 0 implies that {XQ} xRN~k is contained in T^^'^C^), 
so the differential of the projection C^ 3 (x,9f) —* x has in (xo,9'0) rank 
equal to n — k. This rank is equal to the rank of the projection AVl 3 
(x,£) —► x £ X in (xo,£o)- So the kernel of the latter projection has rank 
equal to k and we have proved 

Lemma 2.3.5. The number of 9-variables is > the dimension k of the in­
tersection of the tangent spaces of Av, and the fiber ofT*{X), at (xo,£o)-
Moreover, every Fourier integral defined by the phase function ip and ampli­
tude a € S£(X x RN), ess supp a in a sufficiently small conic neighborhood 
of (xo,9o), can also be defined by a phase function in k variables and am­
plitude b € S^{N~k)(X x Rk) given by (2.3.16). 

Conversely we can always raise the number of frequency variables from 
k to an arbitrary N > k, because any b e Sp 2 (X x Rk) arises by 
(2.3.16) from some a € S ^ + i ^ - ^ A * x R^) , if we replace <p by <p in the 
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definition preceding (2.3.16). So we now may assume that N = N {— k). 
In view of the formula 

ei^x'§)a(x,9)u(x)dxd9 = 
[Z.6.LI) 

/ / ei(p{x>e)a(x,9{x,9)) ■ |det de9{x,9)\ - u{x)dxd9, 

the proof of Theorem 2.3.4 is therefore completed by 

L e m m a 2.3.6. / / A ,̂ = Aq = A, N = N = minimal, then there exists a 
C°° mapping (x,0) —> 9(x,9): T —► RN \ {0}, homogeneous in 9 of degree 
1, such that 

(2.3.18) 9(x0,90) = So, (p(x,9{x,9)) = ip(x,9) onY. 

Proof of L e m m a 2.3.6. The diffeomorphisms Tv: Cv —> A, T$: Cq, —* A 
induce a diffeomorphism T := T^1 o T^: C^ —> Cq,. If n denotes the 
projection (x,9) t—► x, then we have TT(T(X,9)) = x on C^, so T(x,9) = 
(x,9{x,9)) for some C°° function 9(x,9) on C v . 0 is homogeneous in 0 of 
degree 1 because T^ and T^ are, and we have 

<p(xj(x,e)) = <p(x10)=01 

(2.3.19) ^ ( x , §(x, 9)) = de{x, 9) = 0, 

dx(p(x, 9{x, 9)) = dxip(x, 9), on Cv. 

Now extend 9 to a homogeneous C°° function of degree 1 on a conic 
neighborhood in X x (R^ \ {0}) of C v , define ip(x, 9) = <p(x, 9(x, 9)) there. 
Then ip is a nondegenerate phase function, A^ = A and ip — ip vanishes 
of order 2 on C v — C^,. We are ready if we can find a homogeneous C°° 
function 9'(x, 9) of degree 1 such that ip{x, 9f(x, 9)) = ip(x, 9). 

Because C$ is equal to the manifold detp = 0 and we can choose 
0$- > • • • * -Q0 a s the first N coordinates in a coordinization, Taylor devel­
opment at dp gives 

(2.3.20) (V> - (p)(x, 9) = B(x, 9)(deip(x, 9),deip(x, 9)) 

for some symmetric bilinear form B(x,9), depending C°° on (x, 9) and 
being homogeneous of degree 1 in 9. Analogously 

/ / 

(2.3.21) ijj{x, 9 + v) = ^(x, 9) + (deil>(x, 0), /*) + C(x, 0)(jx, fj) 
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for some other symmetric bilinear form C(x, 0), homogeneous in 6 of degree 
- 1 . 

Now try 8'(x, 6) = 6 + W(x, 6)d6i})(x, 0) for some W. This leads to the 
equation 

(2.3.22) W + W'CW = B 

on C^. This equation has the solution W = 0 if B = 0, so the implicit 
function theorem gives a unique C°° solution W(x,6) on a conic neigh­
borhood of C^, homogeneous in 9 of degree 1. Note that B(xo,0o) = 0 
because at (£o,#o) we have dficp = d^ifr — 0, which also implies that 
dxde<p = dxdoip. □ 

The above theorems show that one should rather speak of distributions 
A defined by a conic manifold A in T*(X) \ 0, which locally is equal to 
A<̂ , (p a nondegenerate phase function, instead of distributions defined by 
some phase function (p. A differential geometric characterization of such 
manifolds A will be given in Chapter 3, after we have studied the differential 
geometric structure of the cotangent bundle T*(X) in more detail. After 
Chapter 3 we will also be able to give an invariant (that is, independent of 
the choice of the phase function) characterization of the principal symbol of 
A. In a primitive way the principal symbol of A at (rro,^o) can be defined 
as the mapping assigning to each I/J G C°°(X), with £o = dxip(xo) ^ 0 the 
top order term in the asymptotic development of e lT^x°) • (e~""^u, A) for 
r —> oo, that is, the quantity 

Tl(N-n),27T^(N+n) . i detQ\-$ . e ^ sgn Q 
(2 3 23) 

■a(xo,T0o)'u{xo) + O(TfJ'+^N-n)+(1-'2p)) f o r r - + o o . 

Since the dependence on ip only involves d^{xo) we see that the principal 
symbol s is a function on the space of symmetric matrices B such that 
{(6x, B • 6x)} is transversal to T(:ro^0)(A¥)). We see that 

(2.3.24) s(B') = t{B',B)-s(B) 

where the factor t(B',B) does not depend on the amplitude a. The col­
lection of all functions s satisfying (2.3.24) therefore is a complex one-
dimensional space L ^ ^ o , ^ ) , which only depends on A^. The Lip(xo,^o), 
(£o?£o) G A^ form a complex line bundle L over A ,̂ of which the principal 
symbol of A becomes a section. Also this complex line bundle L can only be 
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understood better after we have obtained more insight into the differential 
geometric structure of T*(X). 

2.4. Fourier integral operators (local theory) 

A Fourier integral operator is defined as an operator A:CQ°(Y) —■> 
V(X) such that the distribution kernel KA € V(X x Y) is a Fourier 
integral defined by a nondegenerate phase function in an open cone T in 
T*(X x Y) \ 0 and some amplitude a E S%{X x Y x RN), ess supp aCT. 
We have WF'(A) C A^ if we write 

(2.4.1) A' = {((*,£), fo,r?)) e T*(X) x T*(F); (x,y,£, -r?) € A}. 

for any subset A of T*(X x V). Conversely each (x, £) e A ,̂ can be made 
to be an element of WF'(A) by a suitable choice of the amplitude, using 
Theorem 2.3.1. 

According to Theorem 1.4.1 the operator A can be extended to Vy(Y) 
D £'(Y) (and to VV(Y) if suitable assumptions are made on supp KA) if 
there are no ((#,£)> (l/iV)) e ^ s u c n t n a * £ — 0 a n d (?/,??) £ V. In 
particular A can be extended to Sf(Y) (and to V'(Y), respectively) if dx<p ^ 
0 when d$(p — 0, that is, if (p has no stationary points as a function of (x, 6). 
On the other hand A maps C^{Y) into C°°(X) if <p has no stationary 
points as a function of (y, 6). Note that it was included in the definition of 
a phase function that <p has no stationary points as a function of (x,y, 9). 

Examples (more will follow in Chapters 4 and 5). 

(1) Fourier integrals in X can be regarded as Fourier integral operators 
by taking Y = {point}. 

(2) Let n be a smooth map from XtoY. Then 

{K*U)(X) = U(K(X)) = (2n)-n ffei{Kix)-y^u(y)dydr], 

and it follows that K*:C°°(Y) —► C°°(X) is a Fourier integral operator 
defined by a nondegenerate phase function (p such that 

(2.4.2) A; = {((a;,0,(j/^));i/ = «(a:),e= *!>«*■ 77}. 

If «: is a diffeomorphism, then A^ is the graph of the induced transformation 
k:T*(X) \0^T*(Y)\0 defined by 

(2.4.3) k(x,0 = «x),(tDKx)-1(0)' 
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If X is a submanifold of Y, dimX < dimY and K is the identity: 
X -> Y then K* is the restriction operator p:C°°{Y) -»- C°°(X). In this 
case 

(2.4.4) A ; = { ( (x ,0 , (y,»/));y = *,£ = ^ | T - W } 

which is far from the graph of a map. p can be extended continuously to 
V'T(Y), for any closed cone T in T*(Y) \ 0 that does not meet the set 

(2.4.5) {(ylV) G T*(Y)\0;ye X,r}\Tx(x) = 0}, 

that is, the normal bundle in T*(Y) \ 0 of the submanifold X. 

(3) Pseudodifferential operators in X are defined as Fourier integral 
operators with Y = X and 

AJ, C diagonal in T(X) \ 0 x T*(X) \ 0 

(2.4.6) = graph of the identity: T*(X) \ 0 -> T*(X) \ 0. 

These operators will be considered in more detail in Section 2.5. 
In view of Theorem 1.3.7 the following product theorem seems the 

natural one. We denote 

(2.4.7) diag V = {(v, v) G V x V; v G V} 

for any set V. 

T h e o r e m 2.4.1. LetX,Y,Z be open inRnx, RnY, Rnz respectively. Let 
A\ be a Fourier integral operator: C^iY) —* Vf(X) defined by a nonde-
generate phase function <p\ in an open cone Ti in X x Y x RNl \ {0} and 
an amplitude a\ G Sjf1(X xYx RNl), ess supp a\ C IY Similarly A2 is 
a Fourier integral operator: CQ°(Z) —> V(Y) defined by a nondegenerate 
phase function ip2 in an open cone T2 inYxZx RN2 \ {0} and an am­
plitude a2 G S%2(Y x Z x RN2), ess supp a2 C T2. Assume that p > 1/2 
and: 

The projection from 7rxxy(supp ai) x 7ryx^(supp a2) 
(2.4.8) 

D X x (diag Y) x Z into X x Z is a proper mapping, 

(2.4.9) n^O if ( x . ^ . j j j e A ; or (y,ry,z,£) G A ^ , 

(2.4.10) ^ 0 or C ^ 0 if (x, £, y, 77) G A ^ and (y, 77, z, 0 G A'v 
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(2.4.11) A ^ x A^2 intersects T*(X)x (diag T*(Y))xT*(Z) transversally. 

Then A\ o A2 is well defined and modulo an operator with C°° ker­
nel equal to a Fourier integral operator: CQ°(Z) —* V(X) defined by a 
nondegenerate phase function ip in an open cone F in X x Z x RN \ {0}, 
N = Ni+N2+nv, and an amplitude a G S£(XxZxRN), \i = /xi+/i2—ny, 
ess supp a C T. Moreover, 

(2.4.12) A ; = A ; I 0 A ; 2 . 

Proof. Ai oA2 is well denned in view of (2.4.8), (2.4.9) and Theorem 1.4.1, 
and we have 

(2 413) K**AA*,*) = HI e^^y-e^^^ai(xiy,e) 
• a2(y,z,a)dyd9da 

in the distribution sense. If we let x, z vary in a compact subset oi X x Z 
then the corresponding (x, 2, 0, a, y) such that |(^, cr)| = flflp + loj2)1/2 = 1, 
(x,y,9) G supp ai , (y,z,a) G supp a2, vary in a compact set in view of 
(2.4.8). What follows will only refer to such (x,z,6,a,y). 

Because d(yj)(pi(x,y,9) ^ 0 if 9 ^ 0 in view of (2.4.9) there exists 
0 < e < 1 such that \a\ < e\9\, 

| (0, a) | = 1 => d(l/)e) [<̂ i + </?2] (a;, 2,0, cr, y) ^ 0. 

Let xi be a homogeneous C°° function of degree 0 in (0, a) such that xi = 1 
for H < ±e|0| and xi = 0 for \a\ > e\9\ if \(0,a)\ = 1. It follows, using 
partial integration in (x, 0) and using the bound |cr| < e\9\ for <r, that 

(2.4.14) Iljei^1+^)x1-al-a2dyd9da 

is a C°° function of (x, z). 
Similarly there is a homogeneous C°° function of degree 0 in (9, a) 

such that X2 = 1 for |0| < ±e|<r|, \i = 0 for |0| > s\a\ if |((9,cr)| = 1 and 

(2.4.15) fffei^1+(p2)X2-a1-a2dyd9da 

is a C°° function of (x, z). So we are left with the integral 

(2.4.16) fffei[tpi+ip2]bdyd9da, where b = (1 - xi - X2)aia2. 
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Notice that 

(2.4.17) \e\a\ < \9\ < 2e~1\a\ on supp b. 

We claim that (2.4.16) is a Fourier integral with phase 

(2.4.18) <p(x,z,(9,a,y))=<p1(x,y/\(9,<j)\,9) + <p2(y/\(9,a)\,z,<j) 

(frequency variables (9,a,y)), and amplitude 

(2.4.19) a(x, z, (0, a, y)) = b(x, z, 9, a, y/\(0, <r)\) ■ |(0, a)\-^. 

Indeed, because of (2.4.17) we stay away from the boundaries 9 = 
0, a ^ 0 and 9 ^ 0, a = 0 of the region where tp is a C°° function. 
Moreover (2.4.10) implies that dx<p\ ̂  0 or dz(p2 ¥" 0 if <Wi = 0, da(p2 = 0, 
dyivi + ^2) = 0, so </? is a phase function as defined in Section 2.2. 

Inequality (2.4.17) also implies that a e S%{X x Z x RN). Indeed, 
derivation with respect to, say, 9 improves by a factor (1 + |#|)~p, which in 
fact is an improvement by a factor (1 + |0| + \&\)~p in view of |0| > \e\<r\. 

We now investigate (2.4.11) and (2.4.12). A ^ x A ^ intersects T*(X) x 
(diag T*(Y))xT*(Z) precisely at the points (x,dxipi, y, -dy(pi, y, dy(p2, z, 
—dz(p2) where —dy<pi = dy<p2, dgipi = 0, de<p2 — 0, which proves (2.4.12). 

The tangent space of A ^ consists of the vectors 

/ , „ ^ (6x,d{dx(pi)u, 8y, -d(dy(pi)u), 
(2.4.20) 

such that d(deipi)u = 0, u — (8x,8y,89), 

and the tangent space of A^2 consists of the vectors 

(8y,d(dycp2)v, 6z, -d(dz(p2)v), 
(2.4.21) 

such that d(da(p2)v = 0, v = (8y,8z,8cr), 

The intersection of T (A^ x A y = T(Af
Vl) x T{K'^) with T(T*(X) X 

(diag T*(Y)) x T*(Z)) therefore has the same dimension as the kernel of d 
d{o,a,y) VP\ +(/?2]- The intersection is transversal if and only if this dimension 
is equal to 

{{nx + nY) + (nY + nz)) + (2nx + 2nY + 2nz) 
- (2nx + 4ny + 2nz) = nx +nz, 

that is, if and only if rank d d^t(7^[(pi + ^2] = N\ + N2 + ny. But this 
means precisely that (p is a nondegenerate phase function. □ 

file:///e/a/
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We conclude this section by a little philosophy on the question: what 
should we call the order of a Fourier integral operator defined by a phase 
(p and an amplitude a € S%(X x Y x R^)? Suppose that the order is a 
function of /x, nx + n y , and N, and suppose that the order of a product 
(when defined) is equal to the sum of the orders. In view of Lemma 2.3.5 
it must be of the form \i + |iV 4- f(nx + n y ) , and the additivity of the 
orders means that 

f(nx + nz) = f(nx + nY) + f(nY + nz) + \nY 

in view of Theorem 2.4.1. So we are led to define the order of a Fourier 
integral operator A: CQ°(Y) —> V(X) defined by an amplitude of order \i 
as 

(2.4.22) order (A) =/x + \N- \(nx +nY). 

With this choice Theorem 2.4.1 can be supplemented by: 

(2.4.23) order (A\ o A2) = order A\ + order A2. 

2.5. Pseudodifferential operators in Rn 

A pseudodifferential operator of order m and type p on Rn is defined 
as a Fourier integral operator A with phase 

(2.5.1) <p{x,y,r]) = (x-y,ri), 

and amplitude a(x,y,rj) G S™((Rn x Rn) x Rn). Observe that the order 
m coincides with the order defined at the end of Section 2.4. Writing 
X = Mn, we see that AJ, = diag T*(X)\0 = graph of the identity: T*(X)\ 
0 -> T*(X) \ 0, and in view of Theorem 2.3.4 we could replace (2.5.1) by 
any nondegenerate phase function (p(x, y, 9) on Rn x Rn x RN such that 
deip(x, y, 6) = 0 => x = 2/, dx<p(x, y, 9) = -dycp(x, y, 9). 

Because of A^ = diag T*(X) \ 0 we can write 

(2.5.2) WF'(A) - diag WF(A) 

for a uniquely defined closed conic subset WF(A) of T*(Rn) \ 0, called the 
wave front set of the pseudodifferential operator A (by abuse of language). 
The space of all pseudodifferential operators of order m and type p will be 
denoted by L™{Rn). 
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Definition 2.5.1. Let A € L™(Rn), p > 1/2, be properly supported. The 
complete symbol a A of A is defined by 

(2.5.3) (TAfari) = e-^^A^-^ix). 

We now compare this with the definition of the symbol in the introduction: 

Theorem 2.5.1. Let A be as in Definition 2.5.1. Then 

(2.5.4) (Au)(x) = (27r)-n f f ei<x-y^aA{x,r})u(y)dydn 

for all u G Co°(Rn). If A is given by the amplitude a(x,y,n), then 

00 l / A i d2 \k (2.5.5) ^(^)~ £ _ ( £ _ _ _ ) a{XiyiV) 
AC— U J — I 

y=x 

Proof. Write u(y) = (27r)~n JV<^> .(^u){rj)drj. In view of the continuity 
of A this implies 

(Au)(x) = (27T)-* J Aie'^Xx) • (.Fu)fa)df?, 

that is, (2.5.4). For (2.5.5) we remark that 

(Ae^^)(x) = (27r)-n ff ei{x-^e)a(x,y,0)ei^eUyd6 

= e^x^{27r)-n ff e-^y^a{x,x + y^ + O) dydO. 

Now apply Proposition 1.2.4. □ 

Theorem 2.5.2. Let Ax G L™*(Rn), A e L™*(Rn) be properly supported, 
p > 1/2. Then AioA2 £ L™1+m2(Rn) is properly supported, and its symbol 
is given by 

oo - n 

(2.5.6) aAloA2(x, C) ~ 5 Z fci ( S 7 ^ T ^ r ) a A l ( X ' ^ ' ^ ( 2 / ' C ) ' 
fc=o ' j = i y j / j 

tfie differentiations taken at r\ = £, y = x. 

Proof. Apply the reduction of frequency variables of Lemma 2.3.5 to the 
product formula (2.4.13). D 
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Corollary 2.5.3. If we define the principal symbol a of A by a = aA mod 
§m ( - Pf^n^ i\ien the principal symbol of A\ oA2 is equal to the product 
of the principal symbols a\ and a2 of A\ and A2, respectively. 

Moreover, [AUA2] = Ax o A2 - A2 o Ax e L™1+rn2+1-2<>(mn) and its 
principal symbol of order mi + m2 + 1 — 2p is equal to j {a i , a2}. Here the 
Poisson brackets are defined by 

for any differentiable functions f,g on Rn x Rn = T*(Rn). 

(Such a relation between operators on X and functions on T*(X), 
assigning to the commutator of the operators \ x Poisson brackets of the 
functions, is familiar in quantum mechanics.) 

Theorem 2.5.4. If A e L™(Rn) then A is continuous: #c
s

o m p(Rn) -+ 

#iocm (R n ) f°r aU seR-

Proof. Hfoc(Rn) is the set o f w e V'(Rn) such that (1 + \D\2)s/2(ipu) e 
L2(Rn) for all (p e Cfi°(Rn). We may assume that A is compactly sup­
ported. Let u e H°omp(Rn), then (1 + \D\2)s/2u € L2

oc{Rn), so 

(1 + \D\2fs-m^'2Au = (1 + \D\2)^-m^2A(l + \D\2)~S/2 

■ (1 + \D\2y'2u € L2
oc(Rn)-

RereB = (l + |£>|2)(s-m)/2,4(l + |£>|2)-5/2 is of order 0 and such operators 
map L2

comp(Rn) into L2
oc(Rn). 

A proof of the latter statement can be given as follows. One first 
verifies that if P e L™(Rn), then P* G L™(Rn), if P* denotes the adjoint 
of P with respect to the L2 inner product. This follows from Theorem 2.5.1, 
in combination with the observation that P* is defined by the amplitude 

a(x,y,rj) =aP(y,r)). 

(One can also use Theorem 4.4.1 in combination with the definition of 
L™(X) following Proposition 4.2.4.) 

Next, B e L°p(Rn) implies that B*B <E L°p(Rn), which has a bounded 
principal symbol. This means that there is a positive constant C, a pseudo-
differential operator P G L^(Rn), and an integral operator R with smooth 
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kernel, such that B*B = C-P*P+R. Because (P*Pu, u) = (Pu, Pu) > 0, 
we get that 

\\Bu\\2 = {B*Bu,u) < C\\u\\2 + (itoi,tt) 

and the L2-boundedness of B follows from the L2-boundedness of R. □ 
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