
II

Currents and complex structures

In this chapter we introduce two new ideas, one coming from differential geom-
etry (currents) and the other coming from analysis (complex analytic manifolds
and their associated complex structures), which we will use frequently through-
out the rest of this book. We start by defining currents, which for differential
forms play the role that distributions play for functions, and then consider the
regularisation problem for currents defined on a C∞ differential manifold. Solv-
ing this problem, which is easy in Rn by means of convolution, obliges us to
introduce kernels with similar properties to the convolution kernel. We will also
study the Kronecker index of two currents, which generalises the pairing of a
current and a differential form. This index enables us to prove a fairly general
Stokes’ formula which will be used in Chapters III and IV. We then introduce
the notion of a complex analytic manifold and describe the natural complex
structures which appear on the tangent space of such manifolds, which leads us
to define (p, q) differential forms, the ∂ operator, the Dolbeault complex and the
associated cohomology groups. The holomorphic extension phenomena studied
in Chapter V are linked to the vanishing of certain of these cohomology groups,
and some vanishing theorems will be proved in Chapter VII. We end this chapter
with the definition of the complex tangent space to the boundary of a domain
in a complex analytic manifold which appears later in the definitions of CR
functions (Chapter IV) and pseudoconvexity (Chapter VII).

1 Currents

By X we will always denote a C∞ n-dimensional oriented differentiable man-
ifold. For any p such that 0 6 p 6 n we denote by Dp(X) the vector space
of C∞ degree p compactly supported differentiable forms on X. We will define
a locally convex topology on Dp(X) and study its dual.

A. The topology on Dp(X)

Assume first that X is an open set in Rn and denote by E(X) the vector space
of C∞ functions on X.
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22 II Currents and complex structures

If K is a compact set in X and α is an element of Nn then for any f ∈ E(X)
we set

pK,α(f) = sup
x∈K
|Dαf(x)|.

The functions pK,α are semi-norms on E(X). Consider the topology on E(X)
defined by these semi-norms. The sets

VK,m,ε = {f ∈ E(X) | ∀α, |α| 6 m, pK,α(f) < ε}

form a fundamental system of neighbourhoods of zero for this topology. As X
is an open set in Rn there is an exhaustion of X by compact sets (Kp)p∈N and
the family (VKp,m,1/n)p,m∈N,n∈N∗ is a fundamental basis of the topology in a
neighbourhood of 0. This topology is therefore metrisable. It is easy to check
that a sequence of elements in E(X) converges to 0 in the above topology if
and only if both the sequence and all its derivatives converge uniformly to 0 on
any compact set in X. The vector space E(X) equipped with this topology is
a Fréchet space (i.e. a locally convex, complete, metrisable topological vector
space).

If ϕ is a C∞ differential form of degree p on X then ϕ can be written in
the following form

ϕ =
∑
|I|=p

i1<i2<···<ip

ϕIdxI ,

where ϕI ∈ E(X) and for any I = (i1, . . . , ip) ∈ {1, . . . , n}p, we set dxI =
dxi1 ∧ · · · ∧ dxip . For any compact set K in X and α ∈ Nn we set

p̃K,α(ϕ) = sup{pK,α(ϕI) | I = (i1, . . . , ip) ∈ {1, . . . , n}p, i1 < i2 < · · · < ip}.

The set of semi-norms p̃K,α, where K is a compact set in X and α is an
element of Nn defines a Fréchet space topology on the vector space Ep(X)
of C∞ degree p differential forms on X.

If Y is another open set in Rn and f is a C∞ diffeomorphism from X to Y
then the map

f∗ : Ep(Y ) −→ Ep(X)
ϕ 7−→ f∗ϕ

is a linear homeomorphism.
We now consider the case where X is a manifold. Let A be an atlas on X.

We define a topology on Ep(X) using the semi-norms p̃U,K,α which are defined
by

p̃U,K,α(ϕ) = p̃K,α
(
(h−1)∗ϕ

∣∣
U

)
for any ϕ ∈ E(X)

for any set U which is the domain of a chart (U, h) ∈ A, any compact set K
in U and any α ∈ Nn. This topology is independent of the choice of A:
it is the coarsest topology such that the maps (k−1)∗ : E(X) → E(k(V ))
are continuous for any chart (V, k) on X. As X is countable at infinity we
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can assume that the atlas A contains a countable number of charts and the
topology defined above is therefore metrisable. It is easy to check that Ep(X)
is a Fréchet space with this topology.

If K is a compact set in X then we denote by DpK(X) the subspace of
Ep(X) consisting of C∞ degree p differential forms supported on K. This is a
closed subset in Ep(X) and it follows that if we equip it with the restriction
of the above topology on Ep(X) we get a Fréchet space. We then equip
Dp(X) =

⋃
K D

p
K(X) with the finest locally convex vector space topology for

which all the inclusions

DpK(X) ↪−→ Dp(X), K a compact set in X

are continuous.

Remarks. A sequence of differential forms (ϕj)j∈N ⊂ Dp(X) converges to
ϕ ∈ Dp(X) in the above topology if and only if

1) the forms ϕj are all supported on some fixed compact set K in X.
2) (ϕj)j∈N converges to ϕ in DpK(X).

B. Currents

Definition 1.1. A p-dimensional current on X is a continuous linear form
on Dp(X). We denote by D′p(X) the set of p-dimensional currents on X. It
is a C-vector space, the topological dual of Dp(X).

Consider T ∈ D′p(X): this is a linear form on Dp(X) and hence, for any
pair of forms ϕ1, ϕ2 ∈ Dp(X),

T (ϕ1 + ϕ2) = T (ϕ1) + T (ϕ2)

and for any λ ∈ C and ϕ ∈ Dp(X)

T (λϕ) = λT (ϕ).

The current T is also continuous on Dp(X). In other words, T
∣∣
(DpK)(X)

is
continuous for any compact set K in X. This is equivalent to the following
statement: For any sequence (ϕj)j∈N of elements in Dp(X) which tends to 0,
the sequence T (ϕj) also tends to 0 in C.

Throughout the following we will write 〈T, ϕ〉 for T (ϕ).

Examples of currents.

i) The Dirac delta function δx, x ∈ X, defined by δx(ϕ) = ϕ(x) for any
ϕ ∈ D0(X) is a 0-dimensional current.
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ii) If ω is a locally integrable differential form of degree q on X then we define
an (n− q)-dimensional current Tω by

〈Tω, ϕ〉 =
∫
X

ω ∧ ϕ for any ϕ ∈ Dn−q(X).

This definition is only possible on an oriented manifold X.
iii) If Y is a C∞ closed and oriented p-dimensional submanifold of X then we

define a p-dimensional current [Y ] on X by

〈[Y ], ϕ〉 =
∫
Y

ϕ =
∫
Y

i∗ϕ for any ϕ ∈ Dp(X),

where i is the inclusion Y ↪→ X. The current [Y ] is called the integration
current on Y .

If K is a compact set in X and k ∈ N is an integer then we denote by
(CkK)p(X) the space of Ck degree p differential forms supported on K. We
equip this space with the topology defined by the semi-norms p̃K,α, |α| 6 k.
We define (Ckc )p(X) to be the union of the spaces (CkK)p(X) for all compact
sets K in X: it is the space of Ck degree p compactly supported differential
forms on X. We equip this space with the finest locally convex vector space
topology for which all the inclusions

(CkK)p(X) ↪−→ (Ckc )p(X)

are continuous. Consider the inclusion Dp(X) ↪→ (Ckc )p(X): it is a continu-
ous map with dense image. We denote the topological dual of (Ckc )p(X) by
(Ckc )′p(X): it is a subspace of D′p(X) and its elements are called currents of
order k and dimension p on X.

Example. If Y is a C1 closed oriented submanifold of X then the integration
current on Y is a current of order 0.

C. Support of a current

In this section we will see that it is possible to obtain global information on
a current by gluing local information.

If Ω is an open set in X and T ∈ D′p(X) then we can define T
∣∣
Ω

(or, more
correctly, T

∣∣
Dp(Ω)

) by 〈T
∣∣
Ω
, ϕ〉 = 〈T, ϕ̃〉 for any ϕ ∈ Dp(Ω), where ϕ̃ ∈ Dp(X)

is defined by ϕ̃ = ϕ on Ω and ϕ̃ = 0 on X rΩ.

Proposition 1.2. Let (Ωi)i∈I be a open cover of X, and for every i ∈ I
let Ti be an element of D′p(Ωi). Assume that Ti

∣∣
Ωi∩Ωj

= Tj
∣∣
Ωi∩Ωj

for any

pair (i, j). There is then a unique current T ∈ D′p(X) such that T
∣∣
Ωi

= Ti
for all i ∈ I.
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Proof. Consider a locally finite partition of unity (αi)i∈I subordinate to the
open cover (Ωi)i∈I . If ϕ ∈ Dp(X) then ϕ =

∑
i∈I αiϕ and the right-hand sum

has only a finite number of non-zero terms. If T exists then it must have the
property that, for any ϕ ∈ Dp(X),

(1.1) 〈T, ϕ〉 =
∑
i∈I
〈T, αiϕ〉 =

∑
i∈I
〈Ti, αiϕ〉

since αi is supported on Ωi.
Conversely, this formula defines a continuous linear form on Dp(X). In-

deed, let (ϕj)j∈N be a sequence of elements in Dp(X) converging to 0. There
is then a compact set K such that suppϕj ⊂ K for all j ∈ N and for any
i ∈ I the sequence (αiϕj)j∈N converges to 0 in (C∞K∩suppαi

)p(X). It follows
that Ti(αiϕj) converges to 0 and as only a finite number of the forms αiϕj
are non-zero on K for any j, T (ϕj) =

∑
Ti(αiϕj) tends to zero as j tends to

infinity. Formula (1.1) therefore defines a p-dimensional current T on X and
we now check that T

∣∣
Ωi

= Ti. Consider ϕ ∈ D(Ωi). Then:

〈Ti, ϕ〉 =
∑
k∈I

〈Ti, αkϕ〉

but suppαkϕ ⊂ Ωk ∩ Ωi and it follows that 〈Ti, αkϕ〉 = 〈Tk, αkϕ〉 which
implies that 〈Ti, ϕ〉 =

∑
k∈I〈Tk, αkϕ〉 = 〈T, ϕ〉. �

Corollary 1.3. If T is a p-dimensional current on X then there is a largest
possible open set Ω in X such that T

∣∣
Ω

= 0.

Definition 1.4. If T ∈ D′p(X) then the support of T is the complement of
the largest open set on which T is identically zero.

Example. If Y is a C∞ closed oriented submanifold of X then the support of
the current [Y ] is Y .

Remark. Note that if T ∈ D′p(X) is a current with compact support then
the expression 〈T, ψ〉 is meaningful for any C∞ differential form ψ on X of
degree p. Indeed, let χ be a compactly supported C∞ function on X such
that χ is identically 1 on a neighbourhood of the support of T . We then set
〈T, ψ〉 = 〈T, χΨ〉.

Local expressions of currents. Let (U, h) be a chart of X and let (x1, . . . , xn)
be the associated local coordinates. Consider the expression

(1.2) T =
∑
|I|=p

TIdxI ,

where TI is an n-dimensional current on U and dxI = dxi1 ∧ · · · ∧ dxip for
any I = (i1, . . . , ip) ∈ {1, . . . , n}p. This defines an (n−p)-dimensional current
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on U in the following way: if ϕ in Dn−p(U) can be written in the form
ϕ =

∑
|J|=n−p ϕJdxJ then we set

〈T, ϕ〉 =
∑
|I|=p

ε(I, {I)〈TI , ϕ{Idx1 ∧ · · · ∧ dxn〉,

where I = (i1, . . . , ip) and {I = (j1, . . . , jn−p) have the property that
{i1, . . . , ip, j1, . . . , jn−p} = {1, . . . , n} and ε(I, {I) is the sign of the permu-
tation sending (1, . . . , n) to (i1, . . . , ip, j1, . . . , jn−p).

Conversely, if T is any current on X then the current T
∣∣
U

can be written
in the form (1.2). Indeed, if we set

〈TI , ϕdx1 ∧ · · · ∧ dxn〉 = ε(I, {I)〈T, ϕdx{I〉

for any I = (i1, . . . , ip) and any C∞ function with compact support on U ϕ,
then this formula defines a set of n-dimensional currents TI and the current T
can be written in the form (1.2) using these currents TI .

Definition 1.5. If T is a p-dimensional current on a differentiable manifold
of dimension n then the number (n− p) is called the degree of the current T .
We denote the set of degree q currents on X by D′q(X).

We have just proved that a degree q current on X can be locally written
as a degree q differential form whose coefficients are degree 0 currents.

Example. Degree n currents in Rn are simply distributions and can be natu-
rally identified with degree 0 currents.

D. Operations on currents

We now show how to extend the classical operations on differential forms to
currents and define some new operations.

Wedge product with a C∞ differential form. Consider a current T ∈ D′p(X)
and a differential form α ∈ Eq(X) such that 0 6 p + q 6 n. We define the
wedge product T ∧ α by

〈T ∧ α,ϕ〉 = 〈T, α ∧ ϕ〉 for any ϕ ∈ Dn−p−q(X).

This is a degree p+ q current on X. If T = Tω is the current defined by a C∞
differential form of degree p then

Tω ∧ α = Tω∧α = (−1)pqTα∧ω.

For any T ∈ D′p(X) and α ∈ Dq(X) we set

α ∧ T = (−1)pqT ∧ α.

If T is a current of order k then we can define its wedge product with a Ck
differential form in a similar way.
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Boundary and differential of a current. If T ∈ D′p(X), then we define the
boundary bT of the current T by

〈bT, ϕ〉 = 〈T, dϕ〉, for any ϕ ∈ Dn−p−1(X).

This is a p + 1 degree current on X. The differential dT of the current
T ∈ D′p(X) is then defined by the formula

dT = (−1)p−1bT.

Examples.

1) Let D b X be a open set with C1 boundary which is relatively compact
in X. We denote by [D] the degree 0 current defined by

〈[D], ϕ〉 =
∫
D

ϕ for any ϕ ∈ Dn(X).

Stokes’ theorem then says that b[D] = [bD].
2) Let ω be an element of Ep(X) and let us calculate dTω. For any ϕ ∈
Dn−p−1(X),

〈dTω, ϕ〉 = (−1)p−1〈bTω, ϕ〉 = (−1)p−1〈Tω, dϕ〉 = (−1)p−1

∫
X

ω ∧ dϕ;

but now
d(ω ∧ ϕ) = dω ∧ ϕ+ (−1)pω ∧ dϕ,

so that
〈dTω, ϕ〉 =

∫
X

dω ∧ ϕ−
∫
X

d(ω ∧ ϕ).

Since ω∧ϕ is a compactly supported form, Stokes’ formula now says that∫
X
d(ω ∧ ϕ) = 0 and hence dTω = Tdω.

Remark. If T ∈ D′p(X) then d(dT ) = 0.

Direct image of a current under a proper map. Let X and Y be two ori-
ented C∞ differentiable manifolds and let f be a C∞ map from X to Y . We
say that f is proper if and only if for any compact set K in Y f−1(K) is a
compact set in X. If T ∈ D′p(X) then the direct image of T under the proper
map f is the current f∗T defined by

〈f∗T, ϕ〉 = 〈T, f∗ϕ〉, for any ϕ ∈ D′p(Y ).

(This definition is meaningful because supp f∗ϕ ⊂ f−1(suppϕ) is compact for
any proper f). The current f∗T is a p-dimensional current on Y . It follows
from the definition of the operator f∗ and Proposition 5.4 ii) of Appendix A
that if T is contained in D′p(X) then

f∗dT = df∗T.
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Inverse image of a current under projection. Let Y and Z be two oriented C∞
differentiable manifolds and let f be the projection from X = Y ×Z to Z. If
ϕ ∈ D•(Y × Z) then we define the integral

∫
Y
ϕ to be the unique differential

form on Z such that, for any ψ ∈ D•(Z),〈∫
Y

ϕ,ψ
〉
Z

= 〈ϕ, f∗ψ〉Y×Z =
∫
Y×Z

ϕ ∧ f∗ψ.

If T = Tϕ is the current defined by a compactly supported C∞ differential
form ϕ on X then the current f∗Tϕ is the current defined by the C∞ com-
pactly supported differential form ψ(z) =

∫
Y
ϕ on Z. (This follows from the

definition of f∗ and Fubini’s theorem). Consider T ∈ D′p(Z): we define the
inverse image of the current T under the projection f by

〈f∗T, ϕ〉 = 〈T, f∗Tϕ〉, for any ϕ ∈ DdimX−p(X).

This is a degree p current on X. It is clear that if T = Tω is the current
defined by a C∞ differential form on Y then f∗Tω = Tf∗ω, where f∗ω is the
inverse image of the differential form ω.

2 Regularisation

Let X be an n-dimensional oriented C∞ differentiable manifold. We denote by
D′•(X) =

⊕n
p=0D′p(X) the vector space of currents on X – this is the topo-

logical dual of the vector space D•(X) of compactly supported C∞ differential
forms on X. Traditionally, we consider two topologies on D′•(X):

1) The weak topology, or the topology of simple convergence onD•(X). More
precisely, a family (Tε)ε∈R+ ⊂ D′•(X) converges weakly to T ∈ D′•(X)
as ε tends to 0 if for every ϕ ∈ D•(X)

lim
ε→0
〈Tε, ϕ〉 = 〈T, ϕ〉.

2) The strong topology, or the topology of uniform convergence on bounded
sets in D′(X). We recall that a subset B in D•(X) is bounded if the
elements ϕ in B are all supported in some given compact set K and if for
any α ∈ Nn and any chart domain U of an atlas A, supϕ∈B{p̃U,K,α(ϕ)} <
+∞, where the p̃U,K,α are the semi-norms defined in §1.A.

It is easy to see that the strong topology is finer than the weak topology.
The aim of this section is to prove that E•(X) =

⊕n
p=0 Ep(X) is dense

in D′•(X) with respect to either the weak or the strong topology and give
a method for constructing families of C∞ differential forms converging to a
given current in either topology.

A current of degree 0 on X is called a distribution on X.
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A. Regularising distributions on Rn

We consider a positive C∞ function θ which is compactly supported in a
neighbourhood of 0 in Rn and which has the property that

∫
Rn θ(x)dx = 1.

For example, we can take the function defined by

θ(x) =

{
c e−1/(1−‖x‖2) for ‖x‖ 6 1
0 for ‖x‖ > 1,

where the constant c is chosen in such a way that
∫

Rn θ(x)dx = 1. We set
θε(x) = 1

εn θ(x/ε) for any ε > 0 and we set Kε(x, y) = θε(x − y) for any
x, y ∈ Rn. If u is a continuous function on Rn then we define the regularisa-
tions uε of u by

uε(x) =
∫

Rn
Kε(x, y)u(y)dy.

The following classical proposition and corollary will be proved in a more
general form in Section B.

Proposition 2.1. If u ∈ D0(Rn) is a compactly supported C∞ function
on Rn, then the family (uε)ε∈R+ of regularisations of u converges to u in
D0(Rn) as ε tends to 0. Moreover, the convergences of these series to u is
uniform with respect to u over any bounded sets in D0(Rn).

Definition 2.2. Let T ∈ D′0(Rn) be a distribution on Rn. We then define
the family (Tε)ε∈R+ of regularisations of T in the following way: for any
ϕ ∈ D0(Rn) we set

〈Tε, ϕdx1 ∧ · · · ∧ dxn〉 = 〈T, ϕεdx1 ∧ · · · ∧ dxn〉,

where ϕε(x) =
∫

Rn Kε(x, y)ϕ(y)dy.

Corollary 2.3. The family (Tε)ε∈R+ of regularisations of the distribution T
is a family of C∞ functions on Rn which converges both weakly and strongly
to T when ε tends to 0.

The interested reader may consult [Sc, Chap. 6] for more information on
regularisation in Rn.

Let us consider the main properties of the function Kε defined on Rn×Rn:

1) Kε is a C∞ function,
2) Kε is supported in a strip containing the diagonal in Rn×Rn whose width

is of order ε,

3)
∫

Rn
Kε(x, y)dy =

∫
Rn
Kε(x, y)dx = 1,

4)
∫

Rn

( ∂α
∂xα

+ (−1)|α|+1 ∂
α

∂yα

)
Kε(x, y)dy = 0 for any α ∈ Nn.

These properties are central to the proofs of Proposition 2.1 and Corollary 2.3.
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B. Regularising distributions on manifolds

Let X be an n-dimensional oriented C∞ differentiable manifold.
As a manifold does not have a group law in general, we can no longer

use convolution to regularise distributions as in Section A. The idea is to use
kernels (Kε)ε∈R+ which are functions defined on X×X with properties similar
to the four properties mentioned in Section A.

Definition 2.4. Let π1 and π2 be the two projections from X×X to X. We
say that a subset A in X × X is proper if for any compact set K in X the
sets π1(π−1

2 (K) ∩A) and π2(π−1
1 (K) ∩A) are relatively compact in X.

We consider a family of nested neighbourhoods of the diagonal ∆ ⊂ X×X
which we denote by (Uε)ε∈R+ and which we construct in the following way.
Consider a locally finite cover U of ∆ by open sets Ũ = (U × U) such that U
is the domain of a chart (U, h) on X. We then define Uε by

Uε =
⋃

eU∈U
{

(x, y) ∈ Ũ | ‖h(x)− h(y)‖ < ε
}
.

Let ω be a C∞ degree n nowhere vanishing differential form on X defining
the orientation of X.

Definition 2.5. A family of regularising kernels on X × X is a family
(Kε(x, y))ε∈R+ of positive C∞ functions on X×X which has the following two
properties. Firstly, for any ε > 0 the support of Kε must be proper, contained
in Uε and contain the diagonal ∆ ⊂ X ×X. Secondly, as ε tends to 0 in R+

the family of functions (x 7→
∫
X
Kε(x, y)ω(y))ε∈R+ must converge uniformly

on any compact set in X to the constant function 1.

Definition 2.6. Let f be a continuous function on X. The family of regu-
larisations of f is the family of functions (fε)ε∈R+ defined by

fε(x) =
∫
X

Kε(x, y)f(y)ω(y) for any x ∈ X.

Definition 2.7. Let T ∈ D′0(X) be a distribution on the manifold X. We
define the family (Tε)ε∈R+ of regularisations of T in the following way: for
any ϕ in D0(V ) we set

〈Tε, ϕω〉 = 〈T, ϕεω〉, where ϕε(x) =
∫
X

Kε(x, y)ϕ(y)ω(y).

Definition 2.7 is meaningful because Kε is C∞ on X×X so ϕε is C∞ on X
and the support of ϕε is contained in the set π1(π−1

2 (suppϕ)∩suppKε) which
is compact because Kε is assumed to have proper support.
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Proposition 2.8. Let T ∈ D′0(X) be a distribution on X. The regularisa-
tions Tε of T are then C∞ functions on X and for every y ∈ X

Tε(y) = 〈T,Kε(x, y)ω(x)〉.

Proof. Consider ϕ ∈ D0(X). By definition of regularisations,

〈Tε, ϕω〉 = 〈T, ϕεω〉 =
〈
T,
(∫

X

Kε(x, y)ϕ(y)ω(y)
)
ω(x)

〉
.

The function x 7→ Kε(x, y) is a C∞ compactly supported function on X for
any given y and its dependence on y is also C∞. Moreover, as ω is a C∞
differential form on X, 〈T,Kε(x, y)ω(x)〉 is a well-defined C∞ function on X.
Using the density of the vector space generated by functions of the form
u(x)v(y), u, v ∈ C∞(X) in D0(X ×X) we get〈

T,
(∫

X

Kε(x, y)ϕ(y)ω(y)
)
ω(x)

〉
=
〈
〈T,Kε(x, y)ω(x)〉, ϕ(y)ω(y)

〉
and hence it follows by definition of Tε that Tε(y) = 〈T,Kε(x, y)ω(x)〉. �

Let us now study the convergence of the family (Tε)ε∈R+ in the weak and
strong topologies on D′(X). Let ψ ∈ Dn(X) be a C∞ compactly supported
differential form of degree n on X. Since we have assumed that ω does not
vanish on X, there is a ϕ ∈ D0(X) such that ψ = ϕω. Then,

〈T − Tε, ψ〉 = 〈T − Tε, ϕω〉 = 〈T, (ϕ− ϕε)ω〉.

To prove that the family (Tε)ε∈R+ converges weakly to T as ε tends to 0
it will be enough to show that (ϕε)ε∈R+ tends to ϕ in D0(X). To prove that
the family (Tε)ε∈R+ converges strongly to T as ε tends to 0, it will be enough
to prove that the convergence of the family (ϕε)ε∈R+ to ϕ is uniform with
respect to ϕ over any bounded subset of D0(X).

Definition 2.9. A (linear) finite order differential operator with C∞ coeffi-
cients is a linear map P : C∞(X) → C∞(X) such that for any local chart
(U, h) on X there is a differential operator P(U,h) with C∞ coefficients on the
open set h(U) in Rn such that, for any function f ∈ C∞(X),

(Pf) ◦ h−1 = P(U,h)(f ◦ h−1) in h(U).

We denote by P ∗ the formal adjoint of P with respect to the scalar product
on D0(X) defined by (f/g) =

∫
X
f(y)g(y)ω(y).

Throughout the following the term “differential operator” will always de-
note a finite order differential operator with C∞ coefficients.
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Remark 2.10. Let (fε)ε∈R+ and f be functions in D0(X) which are all sup-
ported on some fixed compact subset of X. The family (fε)ε∈R+ converges
to f in D0(X) as ε tends to 0 if and only if for any differential operator
P = P (x,D),

lim
ε→0

sup
x∈X

∣∣P (x,Dx)f(x)− P (x,Dx)fε(x)
∣∣ = 0.

Proposition 2.11. Consider f ∈ D0(X) and set

fε(x) =
∫
X

Kε(x, y)f(y)ω(y).

The following then hold.

1) The family (fε)ε∈R+ converges to f in D0(X) as ε tends to 0 if and only
if for any differential operator P on X

(∗) lim
ε→0

sup
x∈X

∣∣∣ ∫
X

(
(P (x,Dx)− P ∗(y,Dy))Kε(x, y)

)
f(y)ω(y)

∣∣∣ = 0.

2) The sequence (fε)ε∈R+ converges to f and this convergence is uniform with
respect to f on any bounded subset of D0(X) if and only if the following
holds:

(∗∗)


For any differential operator P on X

supx∈X
∣∣∣ ∫X ((P (x,Dx)− P ∗(y,Dy))Kε(x, y)

)
f(y)ω(y)

∣∣∣→ 0

as ε tends to 0. This convergence is uniform with respect to
f in any bounded set in D0(X).

Proof.
a) Necessity. Assume either that (fε)ε∈R+ converges to f in D0(V ) as ε

tends to 0 or that (fε)ε∈R+ converges to f as ε tends to 0 and this convergence
is uniform with respect to f on any bounded subset of D0(X). Then,∫

X

(
(P (x,Dx)− P ∗(y,Dy))Kε(x, y)

)
f(y)ω(y)

=
∫
X

(P (x,Dx)Kε(x, y))f(y)ω(y)−
∫
X

Kε(x, y)(P (y,Dy)f(y))ω(y)

= P (x,Dx)fε(x)− (P (y,Dy)f(y))ε(x)
(differentiating the first term under the integral sign in each chart)
= P (x,Dx)(fε(x)− f(x)) + P (x,Dx)f(x)− (P (y,Dy)f(y))ε(x).

Since (fε)ε∈R+ converges to f in D0(X) and P is continuous on D0(X),

lim
ε→0

sup
x∈X
|P (x,Dx)(fε(x)− f(x))| = 0.
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If the convergence of the sequence (fε)ε∈R+ to f is uniform with respect
to f on any bounded subset of D0(X), then the above limit is also uniform
with respect to f on any bounded subset of D0(X).

To complete the proof it will be enough to prove the following lemma
which we will then apply to the function P (x,Dx)f .

Lemma 2.12. Let f be a compactly supported continuous function on X.
We set fε(x) =

∫
X
Kε(x, y)f(y)ω(y). The functions (fε)ε∈R+ then converge

uniformly to f on X as ε tends to 0. If moreover B is an equicontinuous
subset of C(X) consisting of functions which are all supported on some fixed
compact set and B has the property that sup{‖f‖∞ | f ∈ B} is finite then the
families (fε)ε∈R+ converge to f and this convergence is uniform with respect
to f on B.

Proof. By definition of fε,

fε(x)− f(x) =
∫
X

Kε(x, y)f(y)ω(y)− f(x)

=
∫
X

Kε(x, y)(f(y)− f(x))ω(y) + f(x)
(∫

X

Kε(x, y)ω(y)− 1
)
.

‖fε − f‖∞ 6
∥∥∥∫

X

Kε(x, y)(f(y)− f(x))ω(y)
∥∥∥
∞

+‖f‖∞
∥∥∥[ ∫

X

Kε(x, y)ω(y)− 1
]∣∣

supp f

∥∥∥
∞
.

As the function f is continuous and compactly supported it is uniformly con-
tinuous and hence

(∀α > 0)(∃ ε0 > 0)(∀ ε < ε0)((x, y) ∈ Uε =⇒ |f(x)− f(y)| < α).

Note that ε0 is independent of f for f ∈ B since the elements of B are uniformly
equicontinuous. It follows that if ε < ε0 then∥∥∥∫

X

Kε(x, y)(f(x)− f(y))ω(y)
∥∥∥
∞
6 mL,εα,

where mL,ε = supx∈L
( ∫

X
Kε(x, y)ω(y)

)
whenever L is a compact set con-

taining supp f ∪ π1(π−1
2 (supp f)). By our assumptions on Kε, mL,ε can be

bounded independently of ε and if L′ is a compact set in X containing the
support of f then there is a ε′0 > 0 such that, for any ε < ε′0,∥∥∥∫

X

Kε(x, y)ω(y)− 1
∥∥∥
∞,L′

< α.

We note that if f ∈ B then the compact sets L and L′ can be chosen inde-
pendently of f . It follows that if ε < min(ε0, ε′0) then

‖f − fε‖∞ 6Mα+ ‖f‖∞α.

This proves that (fε)ε∈R+ tends to f as ε tends to 0 and this convergence is
uniform with respect to f on B since sup{‖f‖∞ | f ∈ B} is finite. �
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End of the proof of Proposition 2.11.
b) Sufficiency. To prove that the family (fε)ε∈R+ tends to f in D0(X)

as ε tends to 0 it will be enough to prove that, for any differential operator P
on X,

lim
ε→0

sup
x∈X
|P (x,Dx)fε(x)− P (x,Dx)f(x)| = 0

and

P (x,Dx)f(x)− P (x,Dx)fε(x) = P (x,Dx)f(x)− (P (y,Dy)f(y)ε(x)

+ (P (y,Dy)f(y))ε(x)− P (x,Dx)fε(x)

but now by Lemma 2.12 supx∈X |P (x,Dx)f(x) − (P (y,Dy)f(y))ε(x)| tends
to 0 as ε tends to 0 and

sup
x∈X
|(P (y,Dy)f(y))ε(x)− P (x,Dx)fε(x)|

= sup
x∈X

∣∣∣ ∫
X

((P (x,Dx)− P ∗(y,Dy))Kε(x, y))f(y)ω(y)
∣∣∣

tends to 0 as ε tends to 0 by assumption. The theorem follows. If (∗∗) holds
then it is easy to prove that the convergence is uniform with respect to f on
any closed set by repeating the proof given above mutatis mutandis. �

Consider a local chart (U, h) onX and let ξ = (ξ1, . . . , ξn) be the associated
local coordinates. Let P be a differential operator on X. There is then an
operator P(U,h) on h(U) such that, for any f ∈ D0(V ),

P (f) ◦ h−1 = P(U,h)(f ◦ h−1) =
∑
α

aα(ξ)Dα
ξ (f ◦ h−1),

where α ∈ Nn, the functions aα are C∞ on h(U) all except a finite number of
which are zero, and Dα

ξ = ∂|α|/∂ξα1
1 · · · ∂ξ

αn
1 .

Proposition 2.13. Let (Kε(x, y))ε∈R+ be a family of regularising kernels on
X ×X. The following are then equivalent.

(∗)

For any differential operator P on X and any function f ∈ D0(X)

lim
ε→0

sup
x∈X

∣∣∣ ∫
X

(
(P (x,Dx)− P ∗(y,Dy))Kε(x, y)

)
f(y)ω(y)

∣∣∣ = 0.

(∗′)


For any function f ∈ D0(X) which is supported in the domain
of some chart and any multi-index α ∈ Nn

lim
ε→0

sup
x∈X

∣∣∣ ∫
X

(
(Dα

x + (−1)|α|+1Dα
y )Kε(x, y)

)
f(y)ω(y)

∣∣∣ = 0.
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Proof. It is obvious that (∗) implies (∗′). Conversely, let (Ui)i∈I be a locally
finite cover of X by chart domains and let (χi)i∈I be a partition of unity
subordinate to this cover. Consider an element f ∈ D0(X) and let P be a
differential operator on V ; as the support of f meets only a finite number of
the open sets Ui, (Uik)k=1,...,`,∫

X

(
(P (x,Dx)− P ∗(y,Dy))Kε(x, y)

)
f(y)ω(y)

=
∑̀
k=1

∫
X

(
(P (x,Dx)− P ∗(y,Dy))Kε(x, y)

)
χik(y)f(y)ω(y).

Since χikf is supported on the domain of the chart Uik it will therefore be
enough to prove (∗) for any function g ∈ D0(X) which is supported in the
domain of a chart of X. Moreover, by linearity, it will be enough to show
that (∗) holds for any chart (U, h), function g ∈ D0(X) supported on U and
differential operator P on X such that P(U,h) = a(ξ)Dα

ξ . In the following
calculations we identify U and the open set h(U) in Rn in order to simplify
the notation. The differential operator P can then be written in the form
P (x,Dx) = a(x)Dα

x and∫
X

(
(P (x,Dx)− P ∗(y,Dy)

)
Kε(x, y))g(y)dy

is the sum of the three following terms

(I) = a(x)
∫
X

[(Dα
x + (−1)|α|+1Dα

y )Kε(x, y)]g(y)dy

(II) = (−1)|α|a(x)
∫
X

(Dα
yKε(x, y))g(y)dy

(III) = −
∫
X

Kε(x, y)(P (y,Dy)g(y))dy (by definition of P ∗).

By (∗′), (I) converges uniformly to 0 when ε converges to 0 since the
continuous function a is bounded on the support of the integral in (I). (The
support of this integral is compact because the support of Kε is proper.)

Integrating by parts we see that (II) = a(x)(Dα
y g(y))ε(x) and by Lemma

2.12 this quantity converges uniformly to a(x)Dα
x g(x) on X.

And finally, (III) = −(a(y)Dα
y g(y))ε(x) which converges uniformly to

−a(x)Dα
x g(x) by Lemma 9.2.9. This completes the proof of the proposition.

�
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Proposition 2.14. Let (Kε(x, y))ε∈R+ be a family of regularising kernels on
X ×X. The following are then equivalent.

(∗∗)



For any differential operator P on X

sup
x∈X

∣∣∣ ∫
X

(
(P (x,Dx)− P ∗(y,Dy))Kε(x, y)

)
f(y)ω(y)

∣∣∣ −→ 0

as ε tends to 0. This convergence is uniform with respect to f
on any bounded set in D0(X).

(∗∗′)



For any chart domain and any multi-index α

sup
x∈X

∣∣∣ ∫
X

(
(Dα

x + (−1)|α|+1Dα
y )Kε(x, y)

)
f(y)ω(y)

∣∣∣ −→ 0

as ε tends to 0. This convergence is uniform with respect to f
on any bounded set in D0(X) whose functions are supported
on the domain of a local chart.

Proof. Repeat the proof of Proposition 2.13, noting that it is still possible
to use a partition of unity because the functions in a bounded set are all
supported on some fixed compact set, and use the results of Lemma 2.12 on
the uniformity of the convergence. �

We have therefore proved the following result.

Theorem 2.15. Let (Kε(x, y))ε∈R+ be a family of regularising kernels on
X ×X.

• If the equivalent conditions (∗) and (∗′) hold then the family (Tε)ε∈R+ of
regularisations of T converges weakly to T in D′0(X).

• If the equivalent conditions (∗∗) and (∗∗′) hold then the family (Tε)ε∈R+

of regularisations of T converges strongly to T in D′0(X).

We will finish this section by constructing regularising operators whose
kernels are regularising kernels as in Definition 2.5 which satisfy conditions
(∗) and (∗∗). This construction is due to de Rham ([Rh], §15).

Consider a locally finite countable cover of X by chart domains (Ui)i∈N
which are homeomorphic to Rn. Let hi be a homeomorphism from Ui to Rn.
We can then find an open cover of X by open sets Vi b Ui and C∞ functions fi
with compact support contained in Ui such that fi ≡ 1 on V i (cf. Appendix A,
Lemmas 2.1 and 2.2). If T is a distribution on X then set Ri,εT = Ri,εfiT +
(1 − fi)T , where Ri,ε = h∗i rεhi∗ and rε is the convolution on Rn by the
function θε of Section 2.A. In a neighbourhood of any compact set of X
the sequence of operators Ri(ε) = Ri,ε ◦ · · · ◦ R1,ε is stationary. We set
Rε = limi→∞Ri(ε).

The regularising operators constructed by this method are called the
de Rham regularising operators.
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As an example, consider a manifold with an atlas consisting of two charts.
Then,

RεT = R1,εR2,εT = R1,εf1R2,εf2T +R1,εf1(1− f2)T

+ (1− f1)R2,εf2T + (1− f1)(1− f2)T,

where the last term in the sum vanishes. The kernel associated to the opera-
tor Rε can be written as

Kε(x, z) =
∫
X

K1,ε(x, y)f1(y)K2,ε(y, z)f2(z)dy

+K1,ε(x, z)f1(z)(1− f2(z)) + (1− f1(x))K2,ε(x, z)f2(z),

where Ki,εi is the kernel associated to the image under hi of convolution
with θεi .

The following theorem was proved by de Rham (Theorem 12, [Rh], §15).

Theorem 2.16. Let (Rε)ε>0 be a family of de Rham regularising operators
and let T ∈ D′0(X) be a distribution on X. Then:

1) RεT is a C∞ function on X,
2) The support of RεT is contained in any given neighbourhood of the support

of T for small enough ε,
3) RεT converges both weakly and strongly to T as ε tends to 0.

We leave it to the reader to check that the kernelsKε, ε ∈ R+, associated to
the operators Rε form a regularising family of operators satisfying conditions
(∗) and (∗∗).

C. Regularising currents

To regularise currents on X we simply replace the kernels in Section B by C∞
differential forms on X×X supported on a fundamental system of neighbour-
hoods (Uε)ε>0 of the diagonal ∆ ⊂ X × X. Let (ψε)ε∈R+ be such a family.
If ϕ ∈ Dp(X) is a compactly supported C∞ differential form on X and π1

and π2 are the two projections X ×X → X then we set

ϕε = (−1)np(π1)∗(ψε ∧ π∗2ϕ).

If, moreover, the support of ϕ is contained in a chart domain U and ε is chosen
small enough that π−1

2 (U)∩Uε is contained in a chart domain of X ×X then

ϕ(x) =
∑
|I|=p

ϕI(x)dxI for any x ∈ U

ψε(x, y) =
∑
I,J

Kε,I,J(x, y)dxI ∧ dyJ on π−1
2 (U) ∩ Uε,
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and hence

ϕε(x) =
∑

|I|=p,I∩J=∅
I∪J={1,...,n}

σ(τ)
(∫

U

Kε,I,J(x, y)ϕI(y)dy
)
dxI ,

where σ(τ) is the signature of the permutation (I, J) 7→ (1, . . . , n) and dy is
the differential form dy1 ∧ · · · ∧ dyn.

Reasoning as in Section B we get the following theorem.

Theorem 2.17. Let (ψε)ε>0 be a family of C∞ differential forms on X ×X
with proper support in a fundamental system of neighbourhoods of the diagonal
∆ ⊂ X ×X such that, for every chart on X ×X,

ψε(x, y) =
∑

I∪J={1,...,n}
I∩J=∅

Kε,I,J(x, y)dxI ∧ dyJ ,

where the functions Kε,I,J have the two following properties: firstly, con-
dition (∗∗′) of Proposition 2.13 holds and secondly, the functions (x 7→∫
X
Kε,I,J(x, y)dy) converge uniformly on any compact subset of the chart of

definition to the constant function 1 as ε tends to 0 in R+. If T ∈ D′p(X)
is a degree p current on the manifold X then consider the family (Tε)ε∈R+ of
regularisations of T defined by 〈Tε, ϕ〉 = 〈T, ϕε〉 for any ϕ ∈ Dn−p(X), where
ϕε is the regularisation of ϕ by ψε. This family then converges to T in both
the weak and strong topologies on D′p(X) as ε tends to 0 in R+.

Proof. By definition of the strong topology on D′p(X) it will be enough to
prove that the family (ϕε)ε∈R+ of regularisations of ϕ converges to ϕ and this
convergence is uniform with respect to ϕ over any bounded set in Dn−p(X).
Let (Ui)i∈I be a cover of X by chart domains in X and let (χi)i∈I be a
partition of unity subordinate to this cover. If B is a bounded set in Dn−p(X)
and ϕ ∈ B then we set ϕi = χiϕ. As the functions ϕ are all supported on
the same compact subset of X we can write ϕ =

∑
i∈I′ ϕi, where I ′ is a finite

subset of I which is independent of ϕ ∈ B. We obtain the desired result by
linearity on applying Proposition 2.11 to each of the functions ϕi. �

Definition 2.18. If (ψε)ε∈R+ is a family of double differential forms satisfying
the hypotheses of Theorem 2.17 then the operators Rε mapping D′•(X) to
itself defined by 〈RεT, ϕ〉 = 〈T, ϕε〉 for any T ∈ D′•(X) and ϕ ∈ D•(X) are
called regularising operators. Here, the functions ϕε are the regularisations
of ϕ obtained using the kernels ψε.

3 Kronecker index of two currents

Throughout the following, X is an n-dimensional C∞ differentiable manifold.
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Definition 3.1. If T and S are two currents on X such that d◦T + d◦S = n,
we will say that the Kronecker index of T and S, K(T, S), is defined in de
Rham’s sense if for any choice of families of regularising operators (Rε)ε>0

and (R′ε′)ε′>0 commuting with the operator d the quantity 〈RεT ∧ R′ε′S, 1〉
has a limit as ε and ε′ tend to 0 which is independent of the choice of (Rε)ε>0

and (R′ε′)ε′>0. If this is the case then we denote this limit by K(T, S).

If X = Cn then we can choose our regularising operators to be the oper-
ators associated to the convolution kernels defined in Section 2.A. If X is a
manifold then the de Rham regularising operators commute with the opera-
tor d (cf. [Rh], §15, Prop. 1).

Remarks.

1) The map (T, S) 7→ K(T, S) is bilinear.
2) If one of the two currents T or S is a C∞ differential form and either the

support of T or the support of S is compact then the Kronecker index
K(T, S) of T and S exists and is equal to 〈T ∧ S, 1〉. (This follows from
the convergence properties of regularisations in D•(X) and D′•(X) for the
strong topology.)

3) If the supports of T and S do not meet and T or S has compact support
then K(T, S) is well defined and is equal to 0. Indeed, if ε and ε′ are small
enough then RεT and R′ε′S will have disjoint support and it follows that
RεT ∧R′ε′S = 0.

We will now give some sufficient conditions for the Kronecker index of two
currents to exist.

Definition 3.2. The singular support of a current is the complement of the
set of points which have a neighbourhood in which the current is defined by
a C∞ differential form. We denote by SS(T ) the singular support of the
current T .

If T ∈ D′•(X) is a current on X and U is a neighbourhood of the singular
support of T then we can write T = T ′+T ′′, where T ′ is a current supported
on U and T ′′ is a C∞ differential form on X – simply set T ′ = ρT and
T ′′ = (1− ρ)T , where ρ is a positive C∞ function supported on U and equal
to 1 in a neighbourhood of the singular support of T .

Proposition 3.3. If T and S are two currents on X such that d◦T+d◦S = n,
at least one of which is of compact support and whose singular supports do
not meet, then the Kronecker index K(T, S) of T and S is well defined.

Proof. Under the hypotheses of the proposition there are decompositions T =
T ′ + T ′′ and S = S′ + S′′ such that T ′′ and S′′ are C∞ differential forms and
the supports of T ′ and S′ do not meet. We can then apply 1), 2) and 3) of
the above remark to get K(T, S) = K(T ′, S′′) +K(T ′′, S′) +K(T ′′, S′′). �
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Proposition 3.4. Let T and S be two currents on X such that d◦T + d◦S =
n − 1, at least one of which has compact support. If K(bT, S) or K(T, dS)
exists then then other also exists and they are equal, i.e.

K(bT, S) = K(T, dS).

Proof. Since the regularising operators Rε and R′ε′ commute with d and there-
fore with b,

〈RεbT,R′ε′S〉 = 〈bRεT,R′ε′S〉 = 〈RεT, dR′ε′S〉 = 〈RεT,R′εdS〉

and the result follows. �

Application. Proposition 3.4 enables us to extend Stokes’ theorem to a domain
D b X with C1 boundary and a differential form ω ∈ Cn−1(D) such that dω,
calculated as a current, is continuous on D. Indeed, setting T = [D] and
S = ω we see that K(bT, S) exists and is equal to

∫
bD
ω and it follows that∫

bD
ω =

∫
D
dω.

Theorem 3.5. Let T and S be two currents on X such that d◦T + d◦S = n,
at least one of which has compact support. The Kronecker index K(T, S) of
the currents T and S exists if

SS(T ) ∩ SS(bS) = ∅ and SS(bT ) ∩ SS(S) = ∅.

Remark. We deduce from Theorem 3.5 that the Kronecker index of T and S
exists whenever T is closed with compact support and S is closed.

To prove Theorem 3.5, we need a parametrix of the operator d which does
not increase the singular support. The parametrix presented below is due to
J.B. Poly.

Proposition 3.6. If T is a current on X then there are operators A and R
such that

1) T −RT = dAT +AdT
2) A does not increase the singular support and R is regularising.

Proof. We start with the case X = Rn. Denote by δ the operator on D′(Rn)
defined as follows: if the current T ∈ D′(Rn), considered as a differential form
with distribution coefficients can be written as T =

∑′
I TIdxI , where

∑′
I

denotes
∑
I=(i1,...,ik)
i1<···<ik

then we set

δT = −
∑
J

′∑
i

∂

∂xi
TiJdxJ .
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Note that dδ + δd = −∆, where ∆ is the usual Laplacian ∆ =
∑n
i=1 ∂

2/∂x2
i .

Let E be the elementary solution to the Laplacian ∆:

E =


1

(n− 2)snrn−2
if n > 3,

1
2π log r if n = 2,
r/2 if n = 1,

where r = (x2
1 + · · ·+ x2

n)1/2 and sn is the area of the unit sphere in Rn.
For any compactly supported current S on Rn we set GS = −E ∗ S

and KS = δGS. If S (considered as a differential form with distribution
coefficients) can be written as S =

∑′
I SIdxI then the convolution product

GS = E ∗ S can be written as GS = −
∑′
I E ∗ SIdxI whence we get the

following expression for KS

KS =
∑
J

′∑
i

∂E

∂xi
∗ SiJdxJ .

The operator K : E ′(Rn)→ D′(Rn) thus defined has the following properties.

a) S = dKS +KdS since S = −∆GS = dδGS + δdGS = dδGS + δGdS.
b) K does not increase the singular support. Indeed, ∆ is elliptic and it

follows that GS is C∞ outside of the singular support of S.

Let us return to the case where X is a manifold. Since X is a countable
union of compact sets, there is a countable locally finite cover of X by chart
domains Wi b X. By Lemmas 2.3 and 2.1 of Appendix A, we can therefore
find a cover of X by open sets Vi such that Vi bWi and C∞ functions ηi with
compact support in Wi such that ηi = 1 in a neighbourhood of Vi. For any
current T on X, we set

AiT = ηiK(ηiT )

(where by abuse of notation we consider Wi as an open set in Rn), and

RiT = T − dAiT −AidT
= T − (ηi)2T + ηiK(dηi ∧ T )− dηi ∧K(ηiT ).

(To be completely rigorous we should consider the chart (Wi, hi) in X and
define the operator Ai by AiT = ηi(h−1

i )∗
(
K(hi)∗(ηiT )

)
. The reader can

easily check that the identification of Wi and its image under hi in Rn does
not change any of the properties of Ai but greatly simplifies the notation.)

The operators Ai and Ri have the following properties

a) T = dAiT + AidT + RiT by construction, from which it follows that
dRiT = RidT .

b) Ai and Ri do not increase the singular support. Moreover, RiT is C∞ on
Vi – indeed RiT and K(dηi ∧ T ) are equal on Vi, and since K does not
increase the singular support, K(dηi ∧ T ) is C∞ on Vi because dηi ∧ T
vanishes on Vi.



42 II Currents and complex structures

We set Ak = AkRk−1 · · ·R1 and Rk = RkRk−1 · · ·R1. Since the cover
(Wi) is locally finite, it is easy to show that

RT = lim
k→∞

RkT and AT = lim
k→∞

AkT

exist since RkT is stationary on any open set U b X and AkT vanishes as
soon as k is large enough. The operators A and R have the desired properties:

a) We have
Rk−1T −RkT = (1−Rk)Rk−1T

= (dAk +Akd)Rk−1T

= dAkT +AkdT

since Ri and d commute, and summing it follows that

T −RT = dAT +AdT.

b) A does not increase the singular support since Ak does not increase the
singular support. The operator R is regularising since RkT is C∞ on Vi
whenever k > i.

Proof of Theorem 3.5. By Proposition 3.6, T and S have the following de-
compositions:

T = RT + dAT +AdT

S = RS + dAS +AdS.

We set
T1 = RT, T2 = dAT, T3 = AdT

S1 = RS, S2 = dAS, S3 = AdS.

By linearity, K(T, S) exists if each of the K(Ti, Sk) for i, k = 1, 2, 3 exists. We
note that Ti is a compactly supported current for i = 1, 2, 3. The current T1

is a C∞ form because R is regularising. It follows that K(T1, Sk) is defined
for k = 1, 2, 3. As the current S1 is a C∞ form, K(Ti, S1) exists for i = 1, 2, 3.
For i = k = 2, we apply Proposition 3.4 and we get K(T2, S2) = 0. The cases
i = 2 and k = 3, i = 3 and k = 2 and i = k = 3 follow from Proposition 3.3
because the operators d and A do not increase the singular support. �

Corollary 3.7 (Stokes’ formula for the Kronecker index). Let T and S
be two currents on X such that d0T + d0S = n− 1, at least one of which has
compact support. If

SS(bT ) ∩ SS(bS) = ∅

then the Kronecker indices K(bT, S) and K(T, bS) exist and

K(bT, S) = (−1)d
0S−1K(T, bS).

Proof. This follows immediately from Theorem 3.5 and Proposition 3.4. �
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Example of an application: the Cauchy–Green formula in C. Let D be a
bounded open set in C with C1 boundary containing the origin. Let ψ be
a C∞ function on C. Identifying C with R2 we define degree 1 differential
forms dz and dz by dz = dx+ idy and dz = dx− idy.

For any C∞ function ψ on C we set T = ψ[D] where [D] is the integration
current on D. Then SS(T ) = bD.

If S = 1
2iπdz/z then dS = [0], where [0] is the integration current on the

point manifold 0. Indeed, if ϕ ∈ D0(C) then, by definition of d,

〈dS, ϕ〉 = 〈S, dϕ〉 =
1

2iπ

∫
C

∂ϕ

∂z
(z)

dz ∧ dz
z

since S is defined by the locally integrable differential form 1
2iπdz/z. For any

ε > 0, we set Bε = {z ∈ C | |z| < ε} and then

〈dS, ϕ〉 = lim
ε→0

1
2iπ

∫
CrBε

∂ϕ

∂z
(z)

dz ∧ dz
z

= − lim
ε→0

1
2iπ

∫
CrBε

d
(ϕ(z)
z

dz
)
.

Applying Stokes’ theorem, we get∫
CrBε

d
(ϕ(z)
z

dz
)

= −
∫
∂Bε

ϕ(z)
z

dz

since ϕ has compact support. Moreover,∫
∂Bε

ϕ(z)
z

dz =
∫
∂Bε

ϕ(z)− ϕ(0)
z

dz + ϕ(0)
∫
∂Bε

dz

z
.

As the function ϕ is C∞ and in particular C1 the first integral on the right-
hand side tends to 0 as ε tends to 0. Moreover, we know by Cauchy’s formula
that 1

2iπ

∫
∂Bε

dz/z = 1 for any ε > 0. It follows that

〈dS, ϕ〉 = ϕ(0) = 〈[0], ϕ〉.

Moreover, bT = −dψ ∧ [D] + ψ ∧ [bD] and hence SS(bT ) = SS(T ) = bD:
as we also have SS(bS) = {0} it follows that SS(bT ) ∩ SS(bS) = ∅ since
0 ∈ D.

We can therefore apply Corollary 3.7 and we get

K(bT, S) = K
(
− dψ ∧ [D] + ψ ∧ [bD],

1
2iπ

dz

z

)
= − 1

2iπ

∫
D

dψ ∧ dz
z

+
1

2iπ

∫
bD

ψ(z)
dz

z

=
1

2iπ

(∫
bD

ψ(z)
dz

z
+
∫
D

∂ψ

∂z
(z)

dz ∧ dz
z

)
.

K(T, dS) = K(ψ[D], [0]) = 〈ψ, [0]〉 = ψ(0).

Finally, it follows that

ψ(0) =
1

2iπ

(∫
bD

ψ(z)
z

dz +
∫
D

∂ψ

∂z
(z)

dz ∧ dz
z

)
.
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Geometric interpretation of the Kronecker index. We state the following result
without proof: the interested reader will find more details and better sufficient
conditions for the existence of the Kronecker index of two currents in [Rh, §20]
and [L-T1].

If Y and Z are two p- and (n − p)-dimensional closed oriented subman-
ifolds of X which meet transversally such that either Y or Z is a compact
submanifold of X, then the integration currents [Y ] and [Z] on Y and Z are
closed and therefore satisfy the hypotheses of Theorem 3.5. Then

K([Y ], [Z]) = 〈[Y ∩ Z], 1〉.

Here Y ∩Z contains a finite number of points and 〈[Y ∩Z], 1〉 is equal to the
number of points of Y ∩Z where the orientations of Y and Z coincide minus
the number of points where they differ. More generally, if Y and Z are two
closed oriented submanifolds of X of dimensions p and q respectively which
meet transversally in such a way that Y ∩ Z is a submanifold of X and ϕ is
a C∞ differential form of degree p+ q − n with compact support on X, then

K([Z], [Y ] ∧ ϕ) = 〈[Z ∩ Y ], ϕ〉.

4 Complex analytic manifolds

When studying holomorphic functions, it is natural to try to introduce objects
which play the role in the holomorphic setting which is played by differentiable
manifolds in the differential setting, that is, objects which locally inherit the
analytic properties of open sets in Cn.

Definition 4.1. Let X be a topological space. A complex atlas on X is a
set of charts (U,ϕ) such that the domains U form an open cover of X and
the maps ϕ are homeomorphisms from U to an open set in Cn satisfying the
holomorphic compatibility condition: if U ∩ U ′ 6= ∅ then the map

ϕ′ ◦ ϕ−1 : ϕ(U ∩ U ′) −→ ϕ′(U ∩ U ′)

is a biholomorphic map between two open sets in Cn. We say that two complex
atlases are compatible if their union is also a complex atlas. Compatibility is
an equivalence relation.

Definition 4.2. A complex analytic manifold is a Hausdorff topological space
which is a countable union of compact sets equipped with an equivalence class
of complex atlases.

For any complex analytic manifold X, any point of x ∈ X and any chart
(U,ϕ) in a neighbourhood of x the map ϕ is a homeomorphism from U to
an open set in some Cn and the number n is called the complex dimension
of X at x. (Of course, exactly as for differentiable manifolds, the number n
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is independent of the choice of chart (U,ϕ) in a neighbourhood of x.) We
say that X is a complex analytic manifold of dimension n if for any x ∈ X
the complex dimension of X at x is n. If X and Y are two complex analytic
manifolds then a map f : X → Y is said to be holomorphic if it is continuous
and for any pair of charts (U,ϕ) and (V, Ψ) of X and Y such that f(U) ⊂ V ,
the map ψ ◦ (f

∣∣
U

) ◦ ϕ−1 : ϕ(U) → ψ(V ) is holomorphic. When Y = C such
a map will be called a holomorphic function. Of course, exactly as for Cq
maps, holomorphy can be checked on all the charts of some given atlas only.
We denote the vector space of complex-valued holomorphic functions on X
by O(X).

Definition 4.3. Let (U,ϕ) be a chart of a complex analytic manifold. The
function ϕ is then a holomorphic map from U to Cn and we can write ϕ(x) =
(z1(x), . . . , zn(x)) where the zj : U → C (j = 1, . . . , n) are holomorphic
functions on U . The functions (z1, . . . , zn) are then called the holomorphic
coordinates of X on U defined by the chart (U,ϕ).

Remark. It is clear that any n-dimensional complex analytic manifold X has
a natural 2n-dimensional C∞ differentiable manifold structure. The tan-
gent and cotangent spaces TxX and T ∗xX of X at x are therefore well de-
fined. In particular, we have a space CT ∗xX of complex-valued differen-
tial 1-forms at x ∈ X which is the dual of the complexified space CTxX
of TxX (cf. Appendix A, §4). Let us look at what happens in a chart
(U,ϕ) in a neighbourhood of x whose local coordinates are (z1, . . . , zn) where
zj = xj + iyj , j = 1, . . . , n. The family {(dx1)x, (dy1)x, . . . , (dxn)x(dyn)x}
is then a basis for CT ∗xX and the corresponding dual basis in CTxX is
{(∂/∂x1)x, (∂/∂y1)x, . . . , (∂/∂xn)x, (∂/∂yn)x}. It is often more convenient
to consider the basis

{(dz1)x, (dz1)x, . . . , (dzn)x, (dzn)x}

in CT ∗xX and the associated dual basis in CTxX which we denote by{( ∂

∂z1

)
x
,
( ∂

∂z1

)
x
, . . . ,

( ∂

∂zn

)
x
,
( ∂

∂zn

)
x

}
.

By definition,

(dzj)x
(( ∂

∂zk

)
x

)
= δjk, (dzj)x

(( ∂

∂zk

)
x

)
= 0,

(dzj)x
(( ∂

∂zk

)
x

)
= 0 and (dzj)x

(( ∂

∂zk

)
x

)
= δjk.

If f is a complex-valued C1 function on a neighbourhood of x in X then
its differential dfx defines an element of T ∗xX which by definition of a dual
basis can be written as

(df)x =
n∑
j=1

∂f

∂xj
(x)(dxj)x +

∂f

∂yj
(x)(dyj)x
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or alternatively

(df)x =
n∑
j=1

∂f

∂zj
(x)(dzj)x +

∂f

∂zj
(x)(dzj)x

depending on our choice of basis. An easy calculation shows that( ∂

∂zj

)
x

=
1
2

(( ∂

∂xj

)
x
− i
( ∂

∂yj

)
x

)
and

( ∂

∂zj

)
x

=
1
2

(( ∂

∂xj

)
x

+ i
( ∂

∂yi

)
x

)
which agrees with the definition given in Chapter I.

We further note that the construction of the complexifications of T ∗xX
and TxX – in other words the construction of complex-valued forms – does
not involve the complex structure on X and can be carried out for any dif-
ferentiable manifold. We have only used the complex structure on X when
writing certain expressions in local coordinates.

We end this section by proving that any complex analytic manifold is
orientable. Let X be a complex analytic manifold of dimension n. By Propo-
sition 6.2 of Appendix A, X is orientable if it has a C∞ atlas, (Ui, hi)i∈I , such
that, for any i, j ∈ I,

dij(x) = det
[
J(hi ◦ h−1

j )(hj(x))
]
> 0 for any x ∈ Ui ∩ Uj .

Consider a complex atlas (Uj , ϕj)j∈J on X. If ϕj = hj + ikj then the set
(Uj , (hj , kj))j∈J is a C∞ atlas on X such that, for any x ∈ Ui ∩ Uj ,

dij(x) = det

∣∣∣∣∣J(ϕi ◦ ϕ−1
j )(x) 0

0 J(ϕi ◦ ϕ−1
j )(x)

∣∣∣∣∣ = |J(ϕi ◦ ϕ−1
j )|2(x) > 0.

Any complex analytic manifold X is therefore orientable. Throughout the
rest of this book all complex analytic manifolds will be equipped with the
following orientation: given a complex atlas (Ui, ϕi)i∈I on X, we consider the
holomorphic coordinates (z1, . . . , zn) associated to the chart (Ui, ϕi) and we
choose the orientation associated to the 2n-differential form

dz1 ∧ · · · ∧ dzn ∧ dz1 ∧ · · · ∧ dzn

which is simply the orientation defined by

dx1 ∧ · · · ∧ dxn ∧ dy1 ∧ · · · ∧ dyn,

where zj = xj + iyj .

5 Complex structures

Let X be a complex analytic manifold of dimension n. We will show that
at any point x ∈ X the real vector space T ∗xX has a natural C-vector space
structure.
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We start by considering the case where X = Cn. Cn can be naturally
identified with R2n as a C∞ manifold, so TxCn = TxR2n = R2n = Cn, where
the last equality is just the natural identification of Cn and R2n. Identifying
TxCn with Cn imposes a C vector space structure on TxCn. Let us examine
this identification more carefully. We denote the multiplication by i map by
J : TxCn → TxCn; it is an R-linear map such that J2 = − Id. In the standard
basis {( ∂

∂x1

)
x
,
( ∂

∂y1

)
x
, . . . ,

( ∂

∂xn

)
x
,
( ∂

∂yn

)
x

}
,

for TxCn = TxR2n, we have J(( ∂
∂xj

)x) = ( ∂
∂yj

)x and J(( ∂
∂yj

)x) = −( ∂
∂xj

)x,
1 6 j 6 n. It follows that

(a+ ib)ν = aν + bJ(ν).

for any ν ∈ TxCn and any complex number a+ ib ∈ C
The homogeneous Cauchy–Riemann equations, which encode the C-

linearity at x of (df)x for any holomorphic function germ f , can be written
as

(df)x(Jν) = i(df)x(ν) for any ν ∈ TxCn.
Remark. This relationship between the complex structure on TxCn and holo-
morphic functions implies that J is independent of the choice of coordinates
on Cn. We can therefore define J on the tangent space of a complex analytic
manifold.

Theorem 5.1. Let X be a complex analytic manifold. For any x ∈ X, there
is a unique R-linear map J = Jx : TxX → TxX such that, for any holomorphic
function germ at x,

(df)x(Jν) = i(df)x(ν) for every ν ∈ TxX.

Moreover, J2 = − Id and setting (a + ib)ν = aν + bJ(ν) for any a + ib ∈ C
and ν ∈ TxX yields a complex vector space structure on TxX.

Proof. We start by proving that if J exists then it is unique.
Let (z1, . . . , zn) be a system of holomorphic coordinates in a neighbour-

hood of x ∈ X and let (x1, y1, x2, y2, . . . ,xn, yn) be the underlying real coor-
dinates. Then, for any j = 1, . . . , n, (dzj)x = (dxj)x+ i(dyj)x or alternatively
(dxj)x = Re(dzj)x and (dyj)x = Im(dzj)x.

We now calculate J( ∂
∂xk

)x for k = 1, . . . , n. We have

J
( ∂

∂xk

)
x

=
n∑
j=1

[
dxj

(
J
( ∂

∂xk

))] ∂

∂xj
+
[
dyj

(
J
( ∂

∂xk

))] ∂

∂yj
.

As zj is holomorphic, dzj( ∂
∂xk

)x = δjk, and

dxj

(
J
( ∂

∂xk

)
x

)
= Re dzj

(
J
( ∂

∂xk

)
x

)
= Re idzj

( ∂

∂xk

)
x

= Re iδjk = 0,

dyj

(
J
( ∂

∂xk

)
x

)
= Im dzj

(
J
( ∂

∂xk

)
x

)
= Im idzj

( ∂

∂xk

)
x

= δjk.
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It follows that J( ∂
∂xk

)x = ( ∂
∂yk

)x and likewise J( ∂
∂yk

)x = −( ∂
∂xk

)x and hence J
is unique.

We now define the map J by the above equations with respect to some
chosen set of holomorphic coordinates (z1, . . . , zn). We saw above for Cn
that J then has the desired properties and the fact that any map having
these properties is unique implies that the map J thus defined is independent
of our choice of holomorphic coordinates. �

We now consider the link between the complex structures on TxX and
CTxX. The map J : TxX → TxX is R-linear and J2 = − Id. This map
therefore has no real eigenvalues and if we want to diagonalise it we have to
consider the natural extension of J to a C-linear map, also denoted J , from
CTxX to itself. This extension then has two eigenvalues, i and −i. We denote
the eigenspace associated to i by T 1,0

x X and the eigenspace associated to −i
by T 0,1

x X: we then have

CTxX = T 1,0
x X ⊕ T 0,1

x X.

If (z1, . . . , zn) is a system of holomorphic coordinates in a neighbourhood of x
then the vectors (( ∂

∂z1
)x, . . . , ( ∂

∂zn
)x) form a basis for T 1,0

x X and the vectors
(( ∂
∂z1

)x, . . . , ( ∂
∂zn

)x) form a basis of T 0,1
x X.

We note that TxX with the C-vector space structure defined by J is nat-
urally isomorphic to T 1,0

x X via the map sending ν to 1
2 (ν − iJ(ν)). This

map sends the family (( ∂
∂x1

)x, . . . , ( ∂
∂xn

)x) – which is a basis for TxX as a
C-vector space – to the basis (( ∂

∂z1
)x, . . . , ( ∂

∂zn
)x) of T 1,0

x X and is therefore
an isomorphism.

We define T 1,0(X) to be the disjoint union of the spaces T 1,0
x (X) for all

x ∈ X and we denote the natural projection from T 1,0(X) to X by p.

Definition 5.2. Let X be a complex analytic manifold and let A be an open
set in X. A field of holomorphic vectors on A is a map V : A→ T 1,0(X) such
that p ◦ V = Id.

6 Differential forms of type (p, q)

Let X be a complex analytic manifold of dimension n and let x be a point
in X. The fact that TxX has a complex vector space structure leads us to
give special consideration to those elements in CTxX which are C-linear with
respect to this structure.

We define the space of differential 1-forms of type (1, 0) at x by

Λ1,0(T ∗xX) = {ω ∈ CT ∗xX | ω(Jν) = iω(ν),∀ ν ∈ CTxX}.

Example. The differentials (df)x of germs of holomorphic functions at x are
of type (1, 0) by definition of J .
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If (z1, . . . , zn) are local holomorphic coordinates defined in a neighbour-
hood of x then the family ((dz1)x, . . . , (dzn)x) forms a basis for Λ1,0(T ∗xX).
The conjugate space Λ0,1T ∗xX = Λ1,0T ∗xX, which has a basis given in these
coordinates by ((dz1)x, . . . , (dzn)x), is the space of forms of type (0, 1) at x.
There is a direct sum decomposition

(6.1) CT ∗xX = Λ1,0T ∗xX ⊕ Λ0,1T ∗xX.

We now consider forms of higher degree. If ω is a complex-valued differ-
ential form of degree r then it is a linear combination of elements of the form
ω1∧· · ·∧ωr where ωj ∈ CT ∗xX. By (3.1), each ωj , 1 6 j 6 r, can be written in
the form ω′j + ω′′j , where ω′j ∈ Λ1,0T ∗xX and ω′′j ∈ Λ0,1T ∗xX. It follows that ω
is a linear combination of elements of the form η1 ∧ · · · ∧ ηr where each ηj is
either of type (0, 1) or of type (1, 0).

We say that ω is a differential form of type (p, q) or bidegree (p, q) at x if ω
is a linear combination of elements of the form ωi1 ∧ · · · ∧ωip ∧ωj1 ∧ · · · ∧ωjq
where all the ων are 1-forms of type (1, 0) at x.

We denote by Ckp,q(X) the subspace of Ckp+q(X) consisting of (p + q)-
differential forms which are of type (p, q) at every point. We then have a
direct sum decomposition

Ckr (X) =
⊕
p+q=r

Ckp,q(X).

Note that Ckp,q(X) = {0} if p or q > n = dimC X.
If (z1, . . . , zn) are holomorphic coordinates on a chart domain U ⊂ X then

dzj ∈ C∞1,0(U) for any j = 1, . . . , n and any (p, q)-form ω ∈ Ckp,q(U) can then
be written uniquely in the form

ω =
∑
|I|=p
|J|=q

aIJdzI ∧ dzJ ,

where the aIJ are Ck functions on U and the sum is taken over strictly in-
creasing multi-indices I = (i1, . . . , ip) and J = (j1, . . . , jq).

7 The ∂ operator and Dolbeault cohomology

The decomposition of differential 1-forms on a complex analytic manifold
into type (0, 1) and type (1, 0) forms induces a natural decomposition of the
exterior differential operator d into a holomorphic differential operator and
an antiholomorphic differential operator.

Let X be a complex analytic manifold of dimension n. If f is a C1 function
on X then, for any x ∈ X,

(df)x =
n∑
j=1

∂f

∂zj
(x)(dzj)x +

n∑
j=1

∂f

∂zj
(x)(dzj)x.
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We can therefore write df = ∂f + ∂f where ∂f is a differential form of
type (1, 0) on X and ∂f is a differential form of type (0, 1) on X. We note
that the condition f ∈ O(X) is then equivalent to ∂f = 0.

The decomposition d = ∂ + ∂ can be extended to forms of any degree in
the following way. Suppose that ω ∈ C1p,q(X) is given in some local system
of holomorphic coordinates (z1, . . . , zn) in a neighbourhood of x ∈ X, by
ω =

∑
|I|=p
|J|=q

aIJdzI ∧ dzJ . By definition of d,

dw =
∑
|I|=p
|J|=q

d(aIJ) ∧ dzI ∧ dzJ =
∑
|I|=p
|J|=q

(∂aIJ + ∂aIJ) ∧ dzI ∧ dzJ .

We then set

∂ω =
∑
|I|=p
|J|=q

∂(aIJ)dzI ∧ dzJ =
∑
|I|=p
|J|=q

n∑
k=1

∂

∂zk
aIJdzk ∧ dzI ∧ dzJ

and

∂ω =
∑
|I|=p
|J|=q

∂(aIJ)dzI ∧ dzJ =
∑
|I|=p
|J|=q

n∑
k=1

∂aIJ
∂zk

dzk ∧ dzI ∧ dzJ .

We have therefore defined operators ∂ and ∂ on C1p,q(X) such that ∂(C1p,q(X))
is contained in Cp+1,q(X) and ∂(C1p,q(X)) is contained in Cp,q+1(X)

Proposition 7.1. The operators ∂ and ∂ have the following properties:

a) d = ∂ + ∂ on C1• (X),
b) ∂ ◦ ∂ = 0, ∂ ◦ ∂ = 0 and ∂ ◦ ∂ + ∂ ◦ ∂ = 0 on C2•,•(X),
c) ∂ and ∂ commute with pullback.

Proof. Property a) follows immediately from the definitions of ∂ and ∂.
Consider an element ω ∈ C2p,q(X). As d ◦ d = 0 and d = ∂ + ∂,

0 = (∂ + ∂) ◦ (∂ + ∂)ω = (∂ ◦ ∂)ω + (∂ ◦ ∂ + ∂ ◦ ∂)ω + (∂ ◦ ∂)ω.

But (∂ ◦ ∂)ω is now of type (p+ 2, q), (∂ ◦ ∂ + ∂ ◦ ∂)ω is of type (p+ 1, q + 1)
and (∂ ◦ ∂)ω is of type (p, q + 2). It follows that each of the terms vanishes
since their sum vanishes.

Let F : X → Y be a holomorphic map: note that if (ζ1, . . . , ζn) are
holomorphic coordinates in a neighbourhood of a point y ∈ Y then F ∗ζj =
ζj ◦ F is a holomorphic function in a neighbourhood of x = F−1(y) and
hence F ∗(dζj) = d(ζj ◦ F ) is a (1, 0) form and F ∗(dζj) = d(ζj ◦ F ) is a (0, 1)
form. Using local coordinates, this implies that F ∗(Ckp,q(X)) ⊂ Ckp,q(X) for all
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p, q > 0 and k > 0. Since Proposition 8.4 of Appendix A says that dF ∗ = F ∗d,
we can write

∂(F ∗ω) + ∂(F ∗ω) = d(F ∗ω) = F ∗(dω) = F ∗(∂ω) + F ∗(∂ω)

for any ω ∈ Cp,q(Y ), where the last equality holds because F ∗ is linear. Com-
paring bidegrees, we see that ∂(F ∗ω) = F ∗(∂ω) and ∂(F ∗ω) = F ∗(∂ω). �

The operator ∂ defined above is called the Cauchy–Riemann operator.
We denote the space of (p, q)-forms of class C∞ on X by Ep,q(X) for any

0 6 p 6 n and 0 6 q 6 n. These spaces are equipped with a Fréchet
space topology which can be characterised as follows: a sequence (ωj)j∈N of
elements in Ep,q(X) converges to 0 if and only if for any chart domain U
in X on which ωj can be written as ωj =

∑
|I|=p
|J|=q

ωjIJdzI ∧ dzJ the sequences

(ωjIJ)j∈N converge to zero uniformly on any compact subset of U and so do
all their derivatives.

The operator ∂ : Ep,q(X)→ Ep,q+1(X) is then a continuous linear operator
and its kernel, denoted by Zp,q(X), is therefore closed.

Definition 7.2. We define the Dolbeault cohomology groups to be the spaces

Hp,q(X) = Zp,q(X)/∂Ep,q−1(X).

These spaces are naturally equipped with the quotient topology which is
not generally Hausdorff because the space ∂Ep,q−1(X) is not always closed. If
∂Ep,q−1(X) is closed then Hp,q(X) is a Fréchet space.

These groups encode the obstruction to solving the Cauchy–Riemann equa-
tions ∂u = f for any f ∈ Zp,q(X).

We end by defining Dolbeault cohomology groups with support conditions.
We denote by c the family of compact subsets of X. For any compact subset K
in a manifold M , Φ denotes the family of closed sets in X = M r K whose
closure is compact in M and Ψ denotes the family of closed sets in M which do
not meet K: for simplicity we let Θ be one of these three families. The space
Ep,qΘ (X) is then the space of C∞ (p, q)-forms on X whose support is contained
in the family Θ. If θ ∈ Θ, we denote by Ep,qθ (X) the subspace of Ep,q(X)
consisting of (p, q)-forms supported on θ. Then Ep,qΘ (X) =

⋃
θ∈Θ E

p,q
θ (X). We

note that if Θ is one of the three families c, Φ or Ψ then X has an exhaustion

(θi)i∈N by elements of Θ (i.e. X =
⋃
i∈N θi, θi ⊂

◦
θi+1). The spaces Ep,qθ (X)

are closed in Ep,q(X); they are therefore Fréchet spaces and the topology on
Ep,qΘ (X) is the finest topology for which the inclusions Ep,qθi (X) ↪→ Ep,qΘ (X)
are all continuous. The operator ∂ is then a continuous linear operator from
Ep,qΘ (X) to Ep,q+1

Θ (X). We set Zp,qΘ (X) = Zp,q(X) ∩ Ep,qΘ (X).

Definition 7.3. The Dolbeault cohomology groups with support in Θ are the
spaces

Hp,q
Θ (X) = Zp,qΘ (X)/∂Ep,q−1

Θ (X).
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We equip these groups with the quotient topology which is not gener-
ally Hausdorff. They encode the obstruction to solving the Cauchy–Riemann
equation in the class of forms with support in the family Θ.

8 Complex tangent space to the boundary of a domain

When we come to define CR functions (Chapter IV) and pseudoconvex do-
mains (Chapter VI) we will need the properties of the tangent space to the
boundary of a domain with smooth boundary in a complex analytic manifold.
The aim of this section is to study the analytic properties of this space: in
particular, we will consider its interaction with the complex structure of the
surrounding manifold.

We initially only assume that X is a C∞ differentiable manifold.

Definition 8.1. Let D be an open set in X. For any 1 6 k 6 ∞ we say
that D has Ck boundary in a neighbourhood of p ∈ ∂D if there is an open
neighbourhood U of p in X and a real-valued Ck function r ∈ Ck(U) such that

(8.1)

{
U ∩D = {x ∈ U | r(x) < 0}
dr(x) 6= 0, x ∈ U.

We say that ∂D is Ck if it is Ck in a neighbourhood of every point. A func-
tion r ∈ Ck(U) such that (8.1) holds is called a defining function for D at p.
If U is a neighbourhood of ∂D then r is called a global defining function.

Lemma 8.2. Let r1 and r2 be two defining functions for D which are Ck
on a neighbourhood U of p ∈ ∂D. There is then a strictly positive function
h ∈ Ck−1(U) such that

(8.2)

{
r1 = hr2 on U

dr1(x) = h(x)dr2(x) for all x ∈ U ∩ ∂D.

Proof. Note that h is unique if it exists because it is continuous on U and
equal to r1/r2 on U r ∂D.

Without loss of generality we can assume that U is contained in a chart
domain of X. Consider a point q ∈ U ∩∂D and choose coordinates on U such
that q = 0 and U ∩∂D = {x ∈ Rn | xn = 0}. We can assume that r2(x) = xn.
For any x′ = (x1, . . . , xn−1) close enough to 0, we have r1(x′, 0) = 0 and hence

r1(x′, xn) = r1(x′, xn)− r1(x′, 0) = xn

∫ 1

0

∂r1
∂xn

(x′, txn)dt.

We set h(x) =
∫ 1

0
∂r1
∂xn

(x′, txn)dt; h(x) is then a Ck−1 function on U such that
r1 = hr2 on U .
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If k > 2 then dr1(x) = r2(x)dh(x) + h(x)dr2(x) = h(x)dr2(x) for any
x ∈ U ∩ ∂D.

If k = 1, r1(x) = h(x)r2(x) =
(
h(x) − h(x′, 0)

)
r2(x) + h(x′, 0)r2(x) and

hence r1(x) = h(x′, 0)dr2(x′, 0) + o(xn) as xn tends to 0 since h is continuous
on U and r2(x′, 0) = 0. It therefore follows that dr1(x) = h(x)dr2(x) for any
x ∈ U ∩ ∂D.

It remains to prove that h is strictly positive on U . As h = r1/r2 on
UrD, h is strictly positive on UrD because r1 and r2 are defining functions.
As dr1(x) 6= 0 on U and dr1(x) = h(x)dr2(x) on U ∩ ∂D, h does not vanish
on U ∩ ∂D. As h is continuous on U it is strictly positive on U . �

If D is a domain with Ck boundary in a neighbourhood of p ∈ ∂D then
∂D is a Ck differentiable manifold in a neighbourhood of p. We can therefore
consider the tangent space Tp(∂D) to ∂D at p.

Proposition 8.3. If r is a defining function for D at p then

(8.3) Tp(∂D) = {ξ ∈ Tp(X) | dr(p)(ξ) = 0}.

If (x1, . . . , xn) are local coordinates on X in a neighbourhood of p then
ξ ∈ Tp(∂D) if and only if

ξ =
n∑
j=1

ξj
( ∂

∂xj

)
p

where
n∑
j=1

∂r

∂xj
(p)ξj = 0.

Proof. Let U be a neighbourhood of p such that

∂D ∩ U = {x ∈ U | r(x) < 0} and dr(x) 6= 0 for any x ∈ U.

We denote the inclusion of ∂D ∩ U in X by i. This inclusion induces an
injective map di : Tp(∂D) ↪→ Tp(X) such that if α is a curve in ∂D passing
through p representing the vector ν ∈ Tp(∂D) then ξ = di(ν) is the class of
i ◦α. Since the image of α is contained in ∂D we have r ◦ i ◦α ≡ 0 and hence

dr(p)(ξ) =
d

dt
(r ◦ i ◦ α)(0) = 0

which proves that on identifying Tp(∂D) and di(Tp(∂D))

(8.4) Tp(∂D) ⊂ {ξ ∈ Tp(X) | dr(p)(ξ) = 0}.

As both sides of (8.4) are vector spaces of dimension (n− 1), the inclusion of
(8.4) is in fact an equality. �

Remark. Equation (8.3) shows that we can identify Tp(∂D) with the set of
directional derivatives at p which vanish on r.
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Assume now that X is a complex analytic manifold of dimension n and D
is an open set in X with Ck boundary in a neighbourhood of p ∈ ∂D. The
complex structure on X induces an extra structure on Tp(∂D).

As we have seen above, we can identify Tp(∂D) with a real subspace of
real dimension (2n− 1) in Tp(X). If J is the complex structure on Tp(X) we
can consider JTp(∂D), which is also a real subspace of real dimension (2n−1)
in Tp(X), and hence

TC
p (∂D) = Tp(∂D) ∩ JTp(∂D)

is a real subspace of real dimension (2n−2) in Tp(X) which is stable under J .
This space is therefore a complex subspace of Tp(X) of complex dimension
(n− 1). We note that TC

p (∂D) 6= {0} if and only if n > 2. The space TC
p (∂D)

is called the complex tangent space to ∂D at p. If we identify Tp(X) with
the complex structure J with T 1,0

p (X) then TC
p (∂D) becomes a subspace of

T 1,0
p (X).

Proposition 8.4. If r is a defining function for D at p ∈ ∂D then

TC
p (∂D) = {t ∈ T 1,0

p (X) | ∂r(p)(t) = 0}.

If (z1, . . . , zn) are holomorphic local coordinates for X in a neighbourhood of p
then t ∈ TC

p (∂D) if and only if

t =
n∑
j=1

tj

( ∂

∂zj

)
p
, where

n∑
j=1

∂r

∂zj
(p)tj = 0.

Proof. As the function r is real-valued

dr(p) = ∂r(p) + ∂r(p) = 2 Re ∂r(p).

By definition of TC
p (∂D) = Tp(∂D) ∩ JTp(∂D) and (8.3),

TC
p (∂D) = {t ∈ T 1,0

p (X) | dr(p)(t) = dr(p)(Jt) = 0}.

But now ∂r(p)(Jt) = i∂r(p)(t) since ∂r(p) is a (1, 0) differential form at p and
hence

Re
(
∂r(p)(Jt)

)
= − Im ∂r(p)(t).

It follows that

TC
p (∂D) = {t ∈ T 1,0

p (X) | Re ∂r(p)(t) = Im ∂r(p)(t) = 0}
= {t ∈ T 1,0

p (X) | ∂r(p)(t) = 0}. �

Let CTp(∂D) be the complexification of Tp(∂D). TC
p (∂D) is then an (n−1)-

dimensional subspace of CTp(∂D).
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Definition 8.5. The vector space T 0,1
p (∂D) = TC

p (∂D), the conjugate of
TC
p (∂D) in CTp(∂D), is called the space of tangential Cauchy–Riemann oper-

ators at p ∈ ∂D.

Note that if r is a defining function for ∂D at p and (z1, . . . , zn) are local
holomorphic coordinates on X in a neighbourhood of p then a vector τ ∈
T 0,1
p (∂D) if and only if

τ =
n∑
j=1

τj
( ∂

∂zj

)
p

where
n∑
j=1

∂r

∂zj
(p)τ j = 0.

Example. If n = 2 then T 0,1
p (∂D) is a 1-dimensional C-vector space generated

by

Lp =
∂r

∂z2
(p)

∂

∂z1
− ∂r

∂z1
(p)

∂

∂z2
.

Comments

The theory of currents is developed in Schwarz’s book [Sc] and de Rham’s
book [Rh]. De Rham’s book [Rh] also contains a discussion of regularisations
on manifolds and the Kronecker index and more information on the Kronecker
index can be found in [L-T1]. Whilst writing Sections 4 to 8 of this chapter
the author relied on the sections dealing with similar material in Section 2
of Chapter III and Section 2 of Chapter II of M. Range’s book [Ra]. The
interested reader may consult R. Narasimhan’s book [Na2] for more details.
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