Chapter 2
Stabilization of Abstract Parabolic Systems

We discuss here a few stabilization techniques for nonlinear parabolic-like equations
in Hilbert spaces. The abstract theory of stabilization presented below captures most
of the techniques to be developed for the specific problems which are treated in
the next chapters. As a matter of fact, most of the stabilization results for Navier—
Stokes equations can be formulated and proven for control systems in Hilbert spaces
governed by so-called abstract parabolic systems to be defined below.

2.1 Nonlinear Parabolic-like Systems

Consider a real Hilbert space H with the scalar product (-, -) and norm | - |y and
F : D(F) C H— H anonlinear operator on H with domain D(F). In almost all
the situations considered in the following, F is of the form

Fy=Ay+ Fo(y), VyeD(A), 2.1)

where A is a closed and densely defined linear operator on H with domain D(A)
and Fy: D(Fy) C H — H is a nonlinear operator.
We assume that

(i) —A generates a Cp-analytic semigroup on H.
(i) Fy is Gateaux differentiable on D(A), that is,

FoM @ = lim Fo(y" +22) = Fo(y™) (2.2)
exists in H for all y*, z € D(A), Fy(0) =0, and for some « € (0, 1)
|Fo(y")zln <alAz|lg + Clzl, Vze€ D(A). (2.3)
It is easily seen that, for each y € D(A), the operator
o =A+ Fy(y"), D(&/) = D(A) 2.4
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is closed, densely defined and —o7 generates a Cp-semigroup on H. (See Theo-
rem 1.12.) The linear operator ./ can be viewed as the linearization of F in y*.

A nonlinear operator of the form % + F with F satisfying Conditions (i), (ii) is
called abstract parabolic operator.

The standard example is H = L*>(€) and F : L>(0) — L*(0) defined by

F(y)(x) =—=Ay(x) +B(y(x)) +g(Vy(x)), ae.xe0, (2.5)

where & is an open, bounded domain of RY with smooth boundary 00, 1 <d <3,
and B € C1(R), g € C(RY), B’ € L®(R), g’ € L®(RY), B(0) =0, g(0) =0. In
this case, we have for all y € D(A) = H} (0) N H*(0),

Fy0z=p'()z+g (Vy)z, ae xel,VzeL*0),

and Conditions (i), (ii) are obviously satisfied. More general, C !_functions B, g with
polynomial growth satisfy (ii) if the growth of 8 and the dimension d of the space
are correlated via Sobolev imbedding theorem but the details are omitted.

Consider the Cauchy problem

dy

— +F(y)=0, t>0,

2 T = (2.6)
v(0) = yo.

Under appropriate conditions on F, this problem is well-posed, but we do not dis-
cuss this here since Cauchy problems of this type were presented in Sect. 1.4. We
simply assume that (2.6) generates a semigroup (semiflow)

y() =y, y0), Vt=0. 2.7)

An equilibrium (steady-state) solution y, to system (2.6) is a solution to the statio-
nary equation

F(ye) =0. (2.8)

The equilibrium solution Yy, is said to be stable or, more precisely, asymptotically
stable if

lim y(z, yo) = ye,
—>o0

for all yg in a neighborhood ¥ of y,. As is well-known, the stability of y, can be
reduced to the stability of the solution y = 0 to the system

dy

— + G(y)=0, t=>0,

g TEYTE = (2.9
y(0) = yo — ye,

where <7 is defined by (2.4) with y* =y,

G(y) = Fo(y +ve) = Foye) — Fy(ye) (). (2.10)
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If the equilibrium solution y, to system (2.6) is not stable (that is, asymptotically
stable), the standard way to stabilize it is to associate with (2.6) a control system

dy

Y L FG)=Bu, t>0,

ar TEO)=Bu, 1z @2.11)
y(0) = yo,

where the controller function u : [0, 0c0) — U takes values in another space U
(which is assumed Hilbert everywhere in the following) and B is a linear, closed
operator from U to H.

The stabilization problem is to find a controller u € L?(0, 00; U) such that the
corresponding solution y = y(#, yo, u) to system (2.11) has the property that

lim y(t, yo, u) = ye,
11— 00

for yp in a neighborhood of y,. In such a case, system (2.11) is said to be stabilizable.
If the stabilizable controller u is in feedback form, that is,

u(t)=K(y()), Vt=0, (2.12)

where K is a given operator form H to U, then system (2.11) is said to be feedback
stabilizable.

The stabilization problem for such a system is to find a feedback controller of the
form (2.12) which stabilizes the equilibrium solution y,, that is, in a neighborhood
¥ (ve) of y. we have that

lim yg (¢, y0) =Ye, VY0 € ¥V (Ye), (2.13)
11— 00

where y = yg is the solution to the closed-loop system

dy
— 4+ F(y)—BKy=0, Vt>0,
ar T Y = (2.14)

y(0) = yo.

We do not discuss here the existence of solutions y to (2.14) which follows under
specific assumptions on F and K by the general results presented in Sect. 1.4. It
should be emphasized, however, that the true controller in (2.11) is the “acting”
controller v(¢) = Bu(t) which is the realization of the input controller # under the
operator B. Larger is the space R(B), more probably is the stabilization effect but a
large space R(B) means also a large space of controllers «, which implies of course
an expensive stabilization procedure. The true objective of the stabilization theory
is to obtain stabilization via a “minimal” class of input controllers u. Roughly spea-
king, this means that the space {v = Bu} of “acting” controllers should be a proper
subspace of H or, as the case will be in the examples presented below, it has zero ele-
ment intersection with the space H. (This happens, for instance, if B is unbounded.)

Two classes of controllers (or, more precisely, of control systems of the form
(2.11)), are largely used in stabilization theory of parameter distributed systems,
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that is, of infinite-dimensional systems represented by partial differential equations:
internal controllers and boundary controllers.

1° Internal control systems are control systems of the form (2.11), where B is a
linear continuous operator form U to H (thatis, B € L(U, H)). A typical example
is

(Bu)(x) =1g,(0)u(x), Vxe0, (2.15)

where 1, is the characteristic function of a subdomain &y C 0, that is,
lg,(x) =1, Vxe Op; 16,(x)=0, VxeO5=0\ 0. (2.16)

This means that the corresponding control system with F' given by (2.5) is

0 .
2 Ay +B() +8(Vy) =1gu in (0,00) x O,

at
¥(0, x) = yo(x), xeo, (2.17)
y(t,x) =0, Vi >0, x €90,

In this case, the acting controller v = 145u is active on the subset &y of & only.
In terms of automatic control theory, this means that the control actuation is on the
subset 0. So, the objective of the stabilization problem in this case is to construct
a controller u (in feedback form) such that y(¢, yo) — e in L2(&) as t — oo. Of
course, on this line other types of internal stabilizable controllers are relevant, but
that presented above is most important.

2° Boundary control systems. An abstract boundary control problem is that in
which B € L(U, X’) where X is a Hilbert space such that X C H algebraically and
topologically and X’ is the dual of X in the duality induced by H, that is, with H
as pivot space. In other words, X C H C X' algebraically and topologically. The
precise description of this functional setting will be given in Sect. 2.2.

A typical example of such a control system, if one invokes once again the
parabolic operator (2.5) is,

9

=~ Ay+B() +(Vy) =0 in (0.00) x O,

v(0, x) = yo(x), xXeo, (2.18)
a—yzu on (0,00) x 00,

on

where the flux u € leoc (0,00; L2(30)), is a boundary controller. This is a control
system with flux actuation on the boundary d&. Such a system can be written as

(2.11), where H = L?(0), U = L*>(30) and B € L(U, (H'(0))’) given by

(Bu, ) Z/mu(é)lﬂ(é)dé, vy e H'(0). (2.19)
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(Here, (H'(0))' is the dual of H'(€) Cc L?(0) in the pairing (-,-) induced by
scalar product (-, -) of L2(0).)
A more delicate problem arises in the case of Dirichlet boundary control system

3

a_i —Ay+B()+g(Vy)=0 in(0,00) x O,

¥(0,x) = yo(x), xeo, (2.20)
y=u on (0, 00) x 30,

where u € L2 (0, 00; L2(30)).

In order to represent (2.20) into form (2.11), we consider first the so-called
Dirichlet map y = Du which is defined as the solution to the Dirichlet problem

—Ay=0 in0,

y=u ond0. @21y

It turns out (see, e.g., [60]) that D € L(L%(d0), H? (©0)). Then, subtracting (2.20)
and (2.21), we obtain that

0 b
E(y — Du)— A(y — Du)+ B(y) + g(Vy) Z_E Du, t>0, in(0,00) x O,

y—Du=0, on 380,
(y = Du)(0) = yo — Du(0), in 0.
Substituting y — Du = z, we reduce the latter to the differential equation in H =

L*(0),

d d
Ez+Aoz+ﬁ(z+Du)+g(Vz+VDu)=—EDu, t>0,
2(0) = yo — Du(0),
where Ag = —A, D(Ag) = H}(0) N H*(0).
Equivalently,
t
2(t) = e (yo — Du(0)) — / e~ MU (B(2(s) + Du(s)) + g(Vz + VDu))ds
0

t
—/ e_AO(’_S)i Du(s)ds, t>0.
0 ds

Integrating by parts, we obtain that

t t
y(t) = e 0y + / Age™ 4009 Dy (s)ds — / e~ MU= (B(y(s)) + g(Vy(s)))ds,
0 0
vt >0,
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that is,
dy + Aoy + By +g(Vy) =AoDu, t>0,
dt (2.22)
y(0) = yo,

where the operator Bu = AgDu, Yu € L*(d0) is defined from U = L*(30) to
(D(Ap)) by (see (1.9))

Bu(y) = (Du, Aoy), Yy € D(Ao) = H} (0) N H*(0). (2.23)

Clearly, B € L(U, (D(Ap))’). Hence, we are in the general situation presented
above where U = L*(30), H = L*(0) and X = D(A¢) = H,(0) N H*(0),
X'=(D(Ap))".

The general feature of boundary control systems of the form (2.18) and (2.22)
is that the control operator B is unbounded from U to H and so the “acting” con-
troller v = Bu takes values in a larger space X’ O H. In the case of Dirichlet bound-
ary control system (2.20) (equivalently (2.22)) the space X’ is a distribution space,
while in the case of Neumann boundary control system (2.18) it is an abstract space
(H'(0))'. It is useful to notice that in both cases (and this is a general property
of abstract boundary control systems) the space {v = Bu; u € U} of “acting” con-
trollers has zero element intersection with A and so it is a “meager” control set.

The first step to stabilization of steady-state solution y, to system (2.6) is of
course the stabilization of the linearized system

d

td +y=0, t>0,

dt (2.24)
y(0) = yo,

where <7 is given by (2.4) with y* = y,.
We discuss this problem separately for the internal and the boundary stabilization
case.

2.2 Internal Stabilization of Linearized System

Consider the controlled system

dy
— 4+ o/y = Bu, >0,
ar 7Y Y (2.25)

¥(0) = yo,
where, in agreement with Hypotheses (i) and (ii), we assume that

(H1) —a generates a Co-analytic semigroup and the resolvent (Al — o7)~ of o
is compact in H.
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As regards the operator B : U — H, we assume that
(H2) BeL(U,H).

Hypothesis (H1) implies, via Fredholm—Riesz theory (see Theorem 1.1), that the
operator </ has a countable set of eigenvalues A; and corresponding eigenvectors
@;, that is,

eQ{(ﬂj=)\.j§0j, j=l,.... (2.26)

We recall (see Sect. 1. 1) that for each A j, there is a finite number m ; of linear in-
dependent eigenvectors {go } Zyandm;j is called the multiplicity of A ;. It should be
emphasized that some of the eigenvectors ¢’ I8 i=1,...,mj, might be generalized

eigenvectors (that is, (&7 — A )k<pk =0,1<k<m ]) The algebraic multiplicity m ; m;
of A ; is the number of generahzed eigenvectors whlle the geometric multiplicity 7
is the number of proper vectors ¢* ; (that is, 27 ¢k =4 ](pk 1 <k <mj). In general,
we have 1 <m; <mj, for all j An eigenvalue A is called semisimple if all the
eigenvectors are proper (thatis, m; =m).

The spectrum o (27) = {A j}?il is said to be semisimple if all the eigenvalues A ;
are semisimple. An eigenvalue A ; is said to be simple if m ; = 1.

From now on, each eigenvalue A ; will be repeated according to its multiplicity
m j in order to have a correspondence A; — ¢, j=1,....

Taking into account that some of the eigenvalues A; might be complex, it will
be convenient in the sequel to view .o/ as a linear operator (again denoted /) in
the complexified space H = H +iH. We denote by (-, -) the scalar product of H
and by | - |  its norm. We denote again by cr(,;zf ) the spectrum of .27 and notice that
each finite part of the spectrum, let say {A; } _ 1> can be separated from the rest of
spectrum by a rectifiable contour /' in the complex space C. If we denote by 2y

the linear space generated by eigenvectors {¢; W =1 that is,
Iy =lin span{go,}j 1
then the operator Py = H— % ~ defined by
Py = : (u — )"l (2.27)

2mi
is the algebraic projection of H onto Zn (thatis, 2" = Py ﬁ). (See, Theorem 1.3.)
Moreover, the operator
Iy = Pyof (2.28)

maps the space 2y into itself and o (#y) = {A; } .In fact, oy : Ly — Xy is
finite-dimensional and can be represented by an N X N matrix.

If .o7* is the dual operator of <7, then its eigenvalues are precisely A pi=1..,
and the corresponding eigenvectors

ﬂi*(p;fzxjw;‘, ji=1,...
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have the same properties as ¢;. In particular, the multiplicity of <p;.‘ coincides with
the multiplicity m ; of ¢; and the dual operator Py; of Py is given by

1
P =— A — )N,
N= oo FN( )

while 275 =lin span{(ﬂf}?]:l = PITIﬁ

We have also the following proposition.

Proposition 2.1 Assume that the spectrum o (/) is semisimple. Then there is a

biorthogonal system {90}?021 , {(p’/’.‘}?‘;l of eigenfunctions, that is,
(j i) =68ij, i,j=1,..., (2.29)
Ao =njpjs 9] =hje]. (2:30)

Here and ~everywhere in the following, (-, -) is the scalar product in the complex-
ified space H =H +iH.
The proof of Proposition 2.1 follows immediately if taking into account that for
Aj # A; we have by (2.30) that
Ailwj, of) = (@, Z* o) = Lilpj, ¢f).

If Aj = A;, then (2.29) follows via the Schmidt orthogonalization procedure.
Let y > 0 and let N =inf{j; ReA; > y}. By Assumption (H1) it follows that
N < oo. Let

M=max{m;; j=1,...,N}. (2.31)
First, we study the stabilization of System (2.25) under Hypotheses (H1), (H2) and
(H3) The eigenvalues {\j, j=1,..., N} are semisimple.
Let # be the N x M matrix

% =(Bg}, o111 1L (2.32)

and let Dy, k=1,..., £, be the matrices

my,M

Dy = |{¢f, B*¢]) .

* * % mytma, M
Dy = ||{¢;', B 93| O (2.33)
i=mi+1,j=1
* * ok me—1+me, M
Dy = | (g, B*¢}) | e
i=my_1+1,j=1

Theorem 2.1 Assume that Hypotheses (H1)~(H3) hold. Assume also that

rank Dy =my, Vk=1,2,...,¢. (2.34)
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Then there is a controller u = u(t) of the form

M
u(t)=> v}, vjeL*0,00), (2.35)
j=1

which stabilizes exponentially the complexified system (2.25) with exponent de-
cay —y. Moreover, the controller v = {v j}]}’lz | can be chosen in the feedback form

vj (1) = —(Bg%, Roy* (), j=1,....M, 120, (2.36)

where Rg € L(ﬁ, ﬁ), Ry = R(’)", Ry > 0 is the solution to the algebraic Riccati
equation (2.48).

It should be said that M is the minimal dimension of the stabilizable controller u.
_ As a matter of fact, we can replace M in Theorem 2.1 by any number M <
M < N for which (2.34) holds. In particular, if

det [(Bo, o) II}L, Y- #0,

then one might take M = N. However, depending on the multiplicity of eigenvalues
Aj, this number M might be < N. For instance, we have

Corollary 2.1 Assume that the eigenvalues {A j};V: | are simple and (Bgo;f, @l) #0,
Vj=1,...,N. Then the stabilizable controller u can be chosen of the form

u(t) =v(t)ef, V>0,
where v(t) = —(Bo], Roy*(1)).

In Theorem 2.1, {(p;‘} is the dual system of eigenvectors satisfying (2.29) and
(2.30).

Proof of Theorem 2.1 We represent the solution y to System (2.25) as y =
Yu + ys, where y, = Pyy, ys = (I — Py)y. Recalling Notation (2.28), we may
rewrite System (2.25) with controller (2.35) as

M

dyy
oy, = (t)PyBo%, t>0,

dr + Dy Yu ;v]() NbY; = 2.37)
yu(0) = Py yo,

dy M

S
Ay, = (O — Py)Be*, t>0,
Sy =) 00U = Py)Bej, 1= 23%)

j=1
¥s(0) = (I — Pn)yo,

where @7, = Py, ol = (I — Py)< .
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Recalling that spaces X, = PNﬁ and X, = (I — PN)ﬁ are invariant to o7,
we have that o (<7,) = {Aj}yzl, o(a) = {)‘j}?O:NH' Moreover, (2.37) is finite-
dimensional while (2.38) is an infinite-dimensional system. We note however
that —¢7; generates a Cp-analytic semigroup in X and together with o (<%) C
{X; ReA > y}, this implies that (see Theorem 1.14)

le™ "\l .y < Ce¥', Vr=0. (2.39)
Now, coming back to System (2.37) and representing the solution y,, as
N
Yu )= yiO)p;,
Jj=1

by (2.29) we may rewrite it as

M
YO + (Ay@)i =) _vj()(Bg},¢f), i=1,...,N,

= (2.40)
i (0) = (yo0, ¢]),
where A is the matrix [|(2/¢;, ¢7) ||£/ i1 Equivalently,
/
(1) + Ay(t) = Bv(@), 1=0,
Y Y (2.41)

y(0) = {yi O}V,

where v(t) = {vj(t)};!’lzl, y(t) ={yi (t)}lN=1 and 4 is the matrix (2.32).
We note that, by virtue of Assumption (H3), A is a diagonal matrix of the form

Je

where

Aj
has the dimension m; x mj, m; +mz +---+mg=N.
Lemma 2.1 is the main step of the proof.
Lemma 2.1 System (2.40) is exactly null controllable, that is, there is
v(0) = {v; YL, C L*(0, T; CM)

such that y;(T)=0fori=1,...,N.
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Proof 1t is well-known that the finite-dimensional system (2.40) is exactly control-
lable if and only if

PBre Mx=0, Vt>0, (2.42)

implies x = 0. (This is a variant of the Kalman controllability criterion.)
Taking into account that 8* = || ((p;.‘, B*¢}) ||5Y}ZI and

e—)»]l‘

X1
e Mix t
— At mi .
e Tx=| _, ,ox= |,
e "2 Xmy+1
XN
e—)»eth

(2.42) reduces to

my my my
e_’\1’Zb,'jx,- +e ! Z bijxi+---+ e ! Z bijxi =0,
i=1

i=mi+1 i=mg_1+1

V>0, j=1,2,.... M,

where b;; = (¢}, Bgof).
This yields '

my ny b
Zbijxl‘zo, Z bijxi =0, ..., Z b,’jxizo, j=1,....M
i=1 i=mi+1 i=my_1+1

and by Assumption (2.34) of the theorem the latter implies x = 0, as claimed. [

Hence, there is a system {v,-}l-"i 1 C Lz(O, T:; CM) such that the corresponding
solution y, € C([0, T]; CV) to (2.37) satisfies

yu(0) = Py Yo, yu(T)=0, (2.43)

where T is arbitrary but fixed. Without loss of generality, we may assume that
v;(t) =0, Vr > T. If we plug this controller in (2.38), it follows by (2.39) that

T M
lys (g < Ce™'|(I = Py)yol +C/O e 7Y i)l | ds
j=1

< Cire "yl Vr=0. (2.44)
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(The latter is the consequence of the fact that the controller v = {v j}ﬁ.v: | can be

chosen in such a way that fOT lv(t)2dt < c|Pyyol.)

It is useful to notice for later use that starting from the controller {vi}iﬁi 1=,
which steers Pyy into origin, we may construct via the algebraic Riccati equa-
tion associated with the stabilizable finite-dimensional system (2.37) a feedback
controller v*(tf) = Ry, (), which exponentially stabilizes (2.37) and
v* e C1([0, 00), CM)

a1+ 10O + 1" ()] < Ce™ [Py yol -

(For internal stabilization, this choice of v* is not relevant, but it is however so in
boundary stabilization.) Then, by (2.43) and (2.44) we see that there is a controller
u of the form (2.35) which stabilizes the asymptotically system (2.25) with expo-
nential rate —y.

In order to find a stabilizable feedback controller u = K (y) for (2.25), we pro-
ceed in a standard way (see, e.g., [32, 60]). Namely, we associate with (2.25) the
infinite horizon optimal control problem

Minimize
* 2 2
[0 Iyl + v(®|em)dt (2.45)
subject to
dy Y def
— Bt 2L
E+My—yy_ig_lv13¢j_Dv, t>0. (2.46)

By the first part of the proof, System (2.46) is stabilizable and so (2.45) has a
unique solution {y* = v*}. Moreover, this optimal controller v* = {v;f} is given in
the feedback form ‘

v¥(t) = —D*Roy*(t), V>0, (2.47)

where D* is the dual operator of D, that is, D*p = {(B(pj, P>}§/I=1’ Vp e ﬁ, and

Roe L(H, H) is the self-adjoint positive solution to the algebraic Riccati equation
1 * 2 1 2
(ﬂy—)’y,RoyH-g |D Roylﬁ=§ Iylg,  Vy € D(A). (2.48)
In fact, Ry is given by
* 2 2 7
(RoYo, yo) =/ Iy Ol + W O lew)dt,  ¥yoe H. (2.49)
0

Substituting (2.47) into (2.35), we obtain the desired result. Il
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2.2.1 The Case of Not Semisimple Eigenvalues

It turns out that in the case where some of the eigenvalues A ;, j =1,..., N, are not
semisimple, that is, the corresponding eigenvectors {<p§.}:.n:j | are generalized,

(o —2)'ph=0, i=1,....mj, j=1,...,N,

Theorem 2.1 still remains true but the argument becomes very technical in absence
of a biorthogonal system of the eigenfunctions {¢ j} =1 {(p;‘.‘}i.v:] (see Sect. 3.3 for
the treatment of this case for Navier—Stokes systems).

In order to avoid a tedious argument, we establish here a weaker form (as regards
the dimension of the controller) of Theorem 2.1 in this general case.

Theorem 2.2 Assume that Hypotheses (H1) and (H2) hold and that

det [ (Bg}, Pygi)ll}Y =) #0. (2.50)
Then there is a controller u of the form

N
u(t)=> vj(e}, =0, v; e L*(0.00), (2.51)
j=1

which stabilizes the exponentially system (2.25) with exponent —y. Moreover, the
stabilizing controller v = {v]} _, can be chosen in the feedback form (2.36).

Proof As in the previous case, it suffices to show that the finite-dimensional control

system (2.37) where M = N is exactly controllable on some interval [0, T]. If we
represent y, as

N
Yu = Zyi(l’i,
i=1

we obtain as above that

=

N
PIRAGIN ! Z Wi @5) y,<r)—Z<B¢l,PN<p]>vl(r) j=1,...,N.

i=1 i=1 i=1
If we set

A= Wi oD L=l DY,

and

% =(Bg}, Pyl ;=1
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N

we obtain that y(r) = {y; (£)};_; and v(¢) = {v; (t)}lN:1 satisfy the system

d -
—y—f—L_lAy:L_l%v, t >0,
dt (2.52)

y(0) = Py yo.

(We note that since the systems {¢ j}?’:] and {(p}’.‘}yzl are linearly independent, the
Gram matrix L is not singular.) ~ N

Since by Assumption (2.50) the matrix & and, consequently, L~1% are non-
singular, we conclude that System (2.52) is exactly null controllable on each interval
(0, T'] and from now on the proof is exactly the same as that of Theorem 2.1. d

Remark 2.1 The difference between Theorems 2.1 and 2.2 is that the latter provides
stabilization but with a larger dimension of the controller u.

It should be said that, in specific situations, Condition (2.50) as well as Assump-
tion (2.34) of Theorem 2.1 regarding the non zero minors Dy, m < k < M, of the
matrix (2.33) are checked via unique continuation results for eigenfunctions or so-
lutions to homogeneous partial differential equations of elliptic type. To be more
specific, let us come back to the parabolic system (2.17). Then the corresponding
linearized system is

0 .

8% —Ay+B'(Ye)y+8(Vye) - Vy=ulg,  in(0,00) x O,

y=0 on (0,00) X 00, (2.53)
¥(0, x) = yo(x) in 0.

In this case, as seen earlier, Bu = ulg,, &y = —Ay + B'(ye)y + & (Vye) - Vy,
D(&/) = Hy(0) N H*(0), and the dual eigenfunctions ¢ are solutions to the el-
liptic equation

—Ag; + B (o)} — div(g' (Vyeo)¢)) = 1j¢; in O,

9; =0 ondo.

(2.54)

(Or, eventually, (&/* — Xj)k(p;f =0,k=1,2,...,mj.) We have
N.M
el
)

i,j=1

and Dy, are of the form

)

mp—1+mg, M

i=mp_1+1,j=1
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Then Condition (2.34) reduces to: for each p and p + k < M, the system {<p}’.‘}f;l§
is linearly independent on &y C €. But the latter condition is automatically satis-
fied by the solutions (p* to (2.54) because, by the unique continuation property of
solutions to elliptic equatrons each ¢* which is zero on 0 is zero everywhere By
a simple induction argument, this implies that if the system {¢* } _ 1s linearly de-
pendent on O, then it is linearly dependent on &, which is ofl course absurd. (See
also Sect. 3.8.)

Hence Theorem 2.1 applies in the present case to stabilize (2.53). More about this
subject will be said in the next chapter. If the eigenvalues A ; are not semisimple,
one must invoke Theorem 2.2 with Condition (2.50) which is also automatically
satisfied.

Theorems 2.1 and 2.2 are proven in the complexified space H=H +iH.How-
ever, if we set

w}zRego;‘, w]zzlmgo;f, Jj=1L...,N,

then it follows that there is a controller of the form

M
W)=Y Oy +viOv)),
j=1
which stabilizes the real system (2.25) and which can be written as in the proof of
Theorem 2.1 in the feedback form

vi(t) =—(BY}. Ry* (1)), i=12.

It should be noticed that if M = N, then the dimension of the controller remains the
same because a complex eigenvalue A ; arises always in the system together with its
conjugate A ;. Thus the dimension M* of the real controller « is dependent of the
maximum multiplicity m ; of complex eigenvalues A;, A =1, ..., £. More precisely,
we have

M*=2M if M is equal to max;{m;; A; complex}. (2.55)
Therefore, we have
1° M*=Nif M =N.
2° M* = M if one of the eigenvalues X ; of maximum multiplicity is real.
(In particular, if all the eigenvalues are real.)

3° M* =2 if all the eigenvalues are simple but complex-valued.
4° M* =1 if all the eigenvalues are simple and real.

We have, therefore, the following stabilization result for the real system (2.25).

Corollary 2.2 Assume that U = H and that Hypotheses (H1)~(H3) and (2.34)
hold. Then there is a real-valued controller u of the form

M*

u=Yy vy, v;eL*0,00),

j=1



40 2 Stabilization of Abstract Parabolic Systems

where M* is defined by (2.55) and ; is either Re go;f or Imgo;‘, which stabilizes
exponentially System (2.25) with decaying rate —y .

Similarly, under the hypotheses of Theorem 2.2 we have the following corollary.

Corollary 2.3 Assume that U = H and that Hypotheses (H1)~(H2) and (2.50)
hold. Then there is a real-valued controller u of the form

N
ut)=> vjOy;, v;eL*0,00),

=1

which stabilizes System (2.25). Here i is either Re <p}’.‘ or Im q);‘-‘.

2.2.2 Direct Proportional Stabilization of Unstable Modes

The previous method of stabilization of the linear system (2.25) might be called
spectral controllability-based approach. Its advantage is that it provides a linear sta-
bilizing feedback controller with a minimal dimension M which depends on spectral
properties of unstable eigenvalues. On the other hand, the construction of this feed-
back controller in the form (2.47) involves an infinite-dimensional Riccati equation
(see (2.48)). Below, we describe a simpler design of stabilizing feedback controller
which is conceptually different from the previous one.

We assume that the operator .o/ satisfies Assumptions (H1)-(H3) and let N be
such that ReA; <y, j=1,..., N, where y > 0 is arbitrary but fixed. If {<Pj};y:1

and {<,0;’.‘}A'].V:l are the corresponding eigenvectors of &/ and «/*, respectively, we
consider the feedback controller

N
u(t) =—n Y (y(0), ¢})¢; (2.56)

i=1
where {¢;} is a system of functions such that
(¢i,B*<pj>=8ij, i,j=1,...,N. (2.57)

Such a system can be found of the form

N
¢ = angf. i=1.....N,
k=1

where o; € C are chosen from the system

N
> enilep, B ) =68ij, i.j=1,....N.
k=1
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Assuming that

det [[{gF, B*@)II =1 #0, (2.58)

then clearly there is a system {oy;} such that {¢;} satisfy Condition (2.57).
Assume also that

n>y—Rekr;, j=1,...,N. (2.59)

Theorem 2.3 Under Assumptions (H1), (H2), (H3) and (2.58), (2.59), the solution
y to the closed-loop system

N

YAy +nY (.95 Bp; =0, >0,
i=1

(2.60)
¥(0) = yo,
satisfies |y(t)] < Ce™"'|yol, t > 0.

Proof As in the proof of Theorem 2.1, we rewrite System (2.60) as (see (2.37),
(2.38))

N
dy
S5t Fuyu=—nPy Y (v, 0]) B,
i=1
yu(0) = Py yo,
dys - *
—> ey =—n( = Px) Y (v, ¢]) B,
i=1
ys(0) = P yo.

Setting

N
Yu=Y_¥j®j
j=1
and taking into account (2.29), (2.57), we obtain that
Yi+ryi=—nyi, i=1,...,N,
and, therefore,
|yu(D)] < e ®EHHDyo] < ™77 yg.

Then, substituting y into the right-hand side of the system in y,, and taking into
account that

le= %!yl < Ce™|yol, V>0,

we conclude the proof. O
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It should be said that in the above construction Assumption (H3) can be dis-
pensed with. Indeed, we may replace the system {¢ j}ﬁ'v=1 by an orthonormal sys-

tem {¢ j};\lzl obtained by Schmidt’s algorithm and choose the controller u of the
form

N

u(t)y=—ny (y(t), @), (2.61)

i=1
where {(Z’i}[{\/: | are chosen such that
(i, B*P}3;) =68;; fori,j=1,...,N.
The latter is possible if one assumes
det [[(P} @i, B*$,)1l #0. (2.62)
We obtain, therefore, the following theorem.

Theorem 2.4 Under Assumptions (H1), (H2) and (2.58), (2.59), the closed-loop

N
Y +y+n) (v, @) B =0,
i=1

¥(0) = yo,

is exponentially stable.

Coming back to Example (2.53), we note that Condition (2.62) is obviously sat-
isfied in this case by the unique continuation property of eigenfunctions ¢;.

Remark 2.2 Tt should be noticed that though the structure of the controller (2.56)
is very simple, it is not however robust. More precisely, it might be very sensitive
to structural perturbations of the system which modify the spectrum and, implicitly,
the basic system (2.57) from which the controller (2.61) is derived.

2.3 Boundary Stabilization of Linearized System

We consider System (2.25) under the following assumptions on the operator B.
(H4) B e LU, (D(Z™))").

Here, D(«7™) is the domain of adjoint operator «7* endowed with the graph norm
and (D(«7*))’ is its dual in the pairing (-, -) with the pivot space H.
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More precisely, (D(<7*)) is the completion of the space D(2/*) in the norm
Iyll(pear=y = (A — %)~ Ly, y e H where A € p(&/*) is arbitrary but fixed.
(See (1.7)—(1.9).) Then, for each yg € H uelL?0,T;U)and T > 0, the function

NOErE yo+/ A=) By(s)ds, t>0, (2.63)

belongs to C([0, T1; (D(&/*))') and it is a generalized (mild) solution to Sys-
tem (2.25) under Assumptions (H1) and (H4). In general, y does not belong to
C(0,TI; H ), but this happens, however, under additional assumptions on B (see
[32, 60]).

It should be emphasized that in this formulation the space (D(&/*))" becomes
the basic space of the system. The operator sz{ H — (D(&/*))’ (or, more exactly,
its extension to (D(A*))’, ,@/) defined by (,Q%y vy =y, d*Y), Vi € D(F™*) ge-
nerates a Cp-analytic semigroup on (D(<7*)), again denoted by e~%’. Moreover,
the spectrum of this extension coincides with that of the original operator.

We denote by 2 the matrix

7= (B*¢}, B*pi)ull) ¥, (2.64)
and
_1+mg, M
D =B}, B* o)) u iy i imys k=1,....¢.
Here, {¢* ; }N , are, as in the previous case, the eigenvectors of &7* correspond-

ing to the eigenvalues {A], 1 < j <N}, (-,-)u is the scalar product of U and
B*:D(«/*) — U the dual operator.

Theorem 2.5 Assume that Hypothesis (H1), (H3), and (H4) hold and also that
rank 9y =my, k=1,...,¢. (2.65)

Then there is a controller

M
u(t) = Z v (t)B* ¢} (2.66)

j=1

which stabilizes exponentially System (2.25) in (D(/*))'. Moreover, v;(t) can be
chosen in feedback form

vj(t) =R;(y()), j=1,...,N. (2.67)

Proof We proceed as in Theorem 2.1. Namely, we write System (2.25) as

dyy
dt

M
+ dyyu =Y _vj(t)PN BB g7, (2.68)
j=1
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M
dy
— oy = jZlvjm(l — PN)BB*¢7, (2.69)

where 7, = Py« and <7 is the extension of (I — Py)</ to all of H and with

values in (D (27*))’.
As in the previous case, System (2.68) can be put in the form (see (2.40))

v+ Ay=2v, t€(0,T),

(2.70)
y(0) = Pyyo

and, by Assumption (2.65), Lemma 2.1 remains true in the present case and we may
conclude, as in the proof of Theorem 2.2, that there is a stabilizing controller u of
the form (2.66). (We note that Estimate (2.39) remains valid here in (D(2/*))’ for
the extended semigroup e ~%.) Hence

Iyl (peerey < Ce " yolg, Vt=0. O

Remark 2.3 1t should be said that, under additional assumptions, one has strong
stabilization of (2.25) in the space H. Indeed, we have by (2.63) and (2.69) that

t M
ys(t) = e~ Pyyg +/0 eI N "0 (s)(I — Py)BB*g;ds.
j=1

Since v; can be taken in such a way that |v;.(t)| <Ce ¥ Vt>0,j=1,....M,
then, if &7 ~'B € L(H, H), we see that

lys(]g < Ce ™ yolg-

The construction of the feedback controller is similar to that from the proof of
Theorem 2.1, so it will be omitted.

We must remark that the stabilization effect of Controller (2.66) is in a weaker
topology than that of Controller (2.35) designed in Theorem 2.1. This is due to the
singularity of the operator B and, in particular, of the weaker regularity property of
the function t — ¢~ Bu. However, as we see later in some specific situations and,
in particular, to that of boundary control systems governed by the Stokes—Oseen
operator which will be treated in Sect. 3.4, this stabilization result can be strengthen
to the strong topology of H. We come back to Theorem 2.5 and to the boundary
control problem (2.20) or, more precisely, to its linearization

0 .
a—f — Ay +B'(ve)y + 8/ (Vye) - Vy=0 in (0,00) x &,

y=u on (0,00) x 0, 2.71)

v(0, x) = yo(x), xeo.
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As seen earlier, (2.71) can be written as (2.25) in the space H = L2(ﬁ), where
U = L*0), Bu= AgDu, Ag = —A with D(Ag) = Hj(0) N H*(0) and D :

L2(30) — H? (0) is the Dirichlet map defined by (2.21). Then, we have

0
B*p=—3L. ¥peD(")=D(Ao)

and so the stabilizing controller u in (2.71) with actuation on the boundary is of the
form

u(t, x)=—y vj(t) a—f (x), t>0, xe€d0. (2.72)
n
j=1

As regards Condition (2.65), in this case it reduces to

0% 9o*
[ =% dx
30 On  0On

Condition (2.73) is equivalent to the linear independence of the system { o boj p
in L2(90), a condition which automatically holds for solutions ¢* of (2.54). In fact,
it is a consequence of the fact that if a solution to (2.54) has zero normal derivative
on all of 3 or on some part of it with nonempty interior it is everywhere zero. (The
uniqueness of the Cauchy problem.)

It should be mentioned that, in this case, Remark 2.3 applies and so, Controller
(2.72) stabilizes (2.71) in L?(&) topology.

As in the previous section, one might construct in this case a stabilizing feedback
of the form (2.56) or (2.61) for System (2.25). Namely,

i=myg_1+myg,M

#0. (2.73)

det

i=mg_1, j=1

p+k

u(t) =— Z (y, %)) B*®, (2.74)

where {¢;} and {5 ;) are chosen as in Theorem 2.4.
We have, therefore, as in the previous case, the following theorem.

Theorem 2.6 Under Assumptions (H1), (H3), (H4) and

det[[(B*¢;, PN B*Gi)IIY;_; #0,

if n > 0 is sufficiently large, the feedback controller (2.74) stabilizes exponentially
System (2.25) in (D('*))’.

2.4 Stabilization by Noise of the Linearized Systems

Here, we study the stabilization by noise of the linear system (2.25), where the
operator <7 satisfies Assumptions (H1), (H3).
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Roughly speaking, the noise stabilization of (2.25) means to design a stochastic
controller of the form Z,N= | Vi ,3,-, where B,- are white noises, which stabilizes the
system in probability.

In other words, the solution X to the system

N
X()+dX(@t)=Y ByB;j). t>0,

, (2.75)
j=1

X0)=x
is asymptotically convergent to zero in probability as t — co.
Here, {8} ;=1 is an independent system of complex Brownian motions in a pro-

bability space {2, P, #, F}-0 and {y;} C L*(0, oo; U).
Equation (2.75) should be taken of course in [to’s sense, that is (see Sect. 4.5),

N
dX(t)+ A X(t)dt = ZBx/fj(t)dﬂj(t), t>0,

. (2.76)
j=1

X(0) = x,

or, equivalently,
;N
X()y=e“'x+ / > e I By (s)dB; (). (2.77)
0“4
j=1

Here, Be L(U, H).
We see below that, under quite general assumptions, such a stabilizable feedback
controller exists and has a simple form.
Let {¢;} ?’: 1 {<p;f}§y:1 be the eigenvectors system satisfying (2.29), (2.30) and we
also assume that
det [(Bo;', ¢})11Y;—; #0. (2.78)

Consider the system {¢ j}é\’:l C H defined by

N
¢ = eijol. j=1.....N. (2.79)
i=l

where ¢;; are chosen in such a way that

N
Zaik(3¢;*,<pj)=5jk, jk=1,...,N. (2.80)

i=1

By Condition (2.78) it is clear that (2.80) has solution and, by (2.79) and (2.80), we
see that

(Boj,9¥)=8ij, i,j=1,...,N. 2.81)
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‘We consider the stochastic feedback controller

N
u®)y=nYy (X, 9 )¢iPi

i=1
and we show that it stabilizes in probability the control system (2.25). Namely, one
has the following theorem.

Theorem 2.7 For each x € H and 772 >2(y —Rei;),Vj=1,...,N,the equation

N
j— * . . : _
dX(t)+ A X@)dt =n ;(X(t), ;7 )B¢idp; in (0,00), P-a.s., (2.82)
i=
X(0)=ux,
has a unique solution X € Cw ([0, TT; L2(.Q, 1-1)), VT > 0, such that
; vt ~—0l =
P[tll)r& XD _0] —1. (2.83)

Here, Cyw ([0, T1; L2($2, H )) is the space of all adapted square-mean H-valued
continuous processes on [0, 7] and, as mention earlier, (2.82) is understood in the
following “mild” sense

N
X()=e"'x+n)_ / (X (), pFYe™ (B (5)dBi(s), t>0. (2.84)
i=170

(See Sect. 4.5.)

Proof of Theorem 2.7 The idea, already used before, is to decompose (2.82) in a
finite-dimensional system and an infinite-dimensional exponentially stable system.
To this end, we set X, = Py X, Xy = (I — Py)X and we rewrite (2.82) as

N
dX, (1) + S, X ()t =Py Y _(Xu(1), ) BdidBi(1), P-as., t >0,

— (2.85)
Xy (0) = Pyx,
N
dX,(t) + A Xs()dt =n(I — PN)Z<XM (1), 97 )Bgidpi(t), P-as., t>0,
i=1 (2.86)

Xs(0) = — Pn)x.
Then, we may represent X, as vazl vi (t)¢; and so reduce (2.85) via the biortho-

gonal relations (2.29) and (2.81) to the finite-dimensional stochastic system

dyj+Ajyjdt =ny;dB;j, j=1,...,N, t>0, P-as.,
0 (2.87)
v;(0) =DV

where y? = (Pyx, (p;.‘).
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It is well-known that the solution y; to the stochastic differential equation (2.87)
is given by

yi(t) = e—kﬂ—é B0 Y0 =1, N, (2.88)
and, therefore, there is ¢ > 0 such that
yj (1€ < PO, Pas.
Taking into account that, for each A > 0 and r > 0, we have (see Lemma 4.6 in

Sect. 4.5)

t>0

P (sup PO > r) =r 2k (2.89)
We infer, therefore, by (2.88) that for each r > 0 there is £2, C 2 such that

lyile” <Cr'yY) i 2,
where C is independent of r and P(£2,,) > 1 — r—2¢_ This implies that

lim |y;()|e’" =0, P-as.

11— o0
and also

o

/ lyj(O)?e*'dt <00, P-as.
0
‘We have therefore that

lim e*”'|X,(1)|% =0, P-as., (2.90)
11— o0
o0

/0 e |Xu(t)|Fdt < 0o, P-as. (2.91)

Next, we come back to the infinite-dimensional system (2.86). Since, as
seen earlier, the operator —gf; generates a y-exponentially stable Co-semigroup
on H, by the Lyapunov theorem there is Q € L(H,H), Q = Q* > 0 such
that

1
Re(Qx, dx —yx) =[xy, Vx € D().
(We note that, though Q is not positively definite in the sense that

inf{{Qx, x); [x| =1} > 0,

we have, nevertheless, that (Qx, x) > 0 for all x #0.)
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Applying Ito’s formula in (2.86) (see Theorem 4.8) to the function

p(x) =5 (Qx, x),

| =

we obtain that

1 1
3 d(QX; (1), Xs(1) + 2 X (D) 5dt + y{QX, (1), X, (1)dr

| N N
=3 UZE(QYI'(I), Yi(@))udt + n;((Re(QXs(t)), ReYi(1)n
+ (Im(Q X (1)), ImY; (1)) m)dp; (1),
where Y; are stochastic processes defined by

Yi(t) = (Xu(1), ¢/ )(I — Py)Bg;, i=1,...,N.

This yields
t
EOX 0. X0) + [ PN ds
0
— (O — Py)x, (I — Py)x)

N t
+n’ Z/o erS(QY(s), Y (5))ds
i=1

N t
+ ZUZ‘/(; ez]/s((Re(QXs (S)), Re Y'l(s))H
i=1

+ (Im(QX(s)), ImYi(s)))m)dBi(s), >0, P-as. (2.92)

Now, we apply Lemma 4.5 in Sect. 4.5 to the stochastic processes Z, I, Iy, M
defined below

Z(t) = (0 X, (1), X5(1)),

t N o
I(t)= fo X () [Fds, L) =n"Y /O e?*(QY;, Yi)ds,
i=1

N o
M) = 2772/0 e*5 (Re(QX4(5)), Re, Yi(s)
i=1

x (Im(Q X (s)), ImY; (s))) 1)dp; (5),

P-as., t > 0.
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Because, by the first step of the proof (see (2.91)), I1(c0) < oo, we conclude that
Jlim EVOX (D), Xs(1)) =0, P-as.,
—00
and, since Q is positive definite in the sense that (Qx, x) = (Qx, x)y > 0 for all
x € H, we have that
lim e’ |Xs(1)|7 =0, P-as.
11— 00

Recalling that X = X, + X, and again invoking (2.91), the latter implies (2.83),
thereby completing the proof of Theorem 2.7. O

Now, we illustrate Theorem 2.7 on Example (2.53). (Other more sophisticated
examples will be discussed in Sect. 4.1.) In this case, Bu = 14,u where 14, is the
characteristic func tion on some open subdomain &y C &. Then, Condition (2.78)

reduces to
| v
O

which clearly holds because as noticed earlier the eigenvalue system {¢;};", is li-
nearly independent on &y. Then the stochastic feedback controller is, in this case,
of the form

N

det #0,

i,j=1

N
> ( fﬁxa, ¢} ()dE16,(E)i @)) 10 (2.93)
i=1

and by Theorem 2.7 it stabilizes exponentially in probability equation (2.53), that is,
dX — AXdt + B (yo)Xdt + g (Vy.)VXdt

N
=13 [ X006 ©dc10 @0 ©dp 0. 120,60,
i=1

X=0 on(0,00) x00,
X(0,8)=x(), &€0.

Moreover, the feedback controller (2.93) has the support in &.

2.4.1 The Boundary Stabilization by Noise

We consider here System (2.25), where <7 satisfies Assumptions (H1), (H3), and B
satisfies (H4). We consider the stochastic differential equation

N
dX + o/ Xdt=n) BB*¢;(X.¢})dpi(t). >0,

i=1

(2.94)
X(0)=ux.
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Here, ¢; are defined by (2.79) where «;; are chosen as in (2.80), that is,

N
Zolij(B*(p;k,B*(pZ) =8k, Jok=1,...,N. (2.95)

i=1
We assume that
det [|(B*¢;, B*w;ﬁllfk:] #0 (2.96)

and so a;; are well-defined. By (2.95) we have, therefore, that
(BB ¢i, ¢)=08ij, i,j=1,....,N. (2.97)

(As in the previous case, we refer to Sect. 4.5 for the existence of a solution X €
Cw([0,T]; L>(0, H)) to (2.94).)
We have the following theorem.

Theorem 2.8 For |n| large enough, we have
1 yt *Y)) = =
P lim e” [ X(O)llpeerny =0] =1.

Proof We argue as into the proof of Theorem 2.7. Namely, we decompose System
(2.94) in two parts

N
dX, + X, dt =nPyy BB*¢;(X,. ¢} )dp; (2.98)
i=1

and
N
dX, + S Xedt =n(I — Py)Y_BB*¢i(Xy, ¢ )dB;
i=1
and treat the finite-dimensional stochastic system (2.98) exact as in the previous

case. After that, the proof continues exactly as in the proof of Theorem 2.7. The
details are omitted. O

In the case of the boundary control system (2.71), (2.94) has the form

N
- i _
dX + A/ Xdt=—n) B<—)/ Xgjdgdp;,
2 \on ) Jo (2.99)

X(0) = x,

where <7 : L2(0) — (D(&/*))’ is the extension of <7 on all of H = L2(&) and
B =AyD.
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In terms of boundary control system, this equation can be, equivalently, written as

dX — AXdt + B (ye)Xdt + g (Vy.)-VXdt =0 in (0,00) x O,
X(0,8) =x(8), E£e0,

N

09;

X(t,§)=—n§ qi
i=l1

( / Xa;“ds) Bi(t) on (0, 00) x 80.
0 o

Then, by Theorem 2.8, for |n| large enough, the stochastic boundary controller

N o .
M(t)=—772 aq:l (/ﬁx(l,f) —ye($)§0§kd§> Bi(t) on (0,00) x 3O
i=l1

stabilizes exponentially in probability the equilibrium state X = y,(#) of System
(2.20). (As a matter of fact, the above stochastic feedback controller stabilizes the
linearization of (2.20).)

Remark 2.4 We notice that the noise controller arising in Theorem 2.7 has a similar
structure as the deterministic feedback controller (2.56) and, apparently, the latter

is simpler. However, as remarked earlier, the noise controller is robust, which is not
the case with (2.56). We come back later on to this discussion.

2.5 Internal Stabilization of Nonlinear Parabolic-like Systems

We come back to the nonlinear system (2.11) or, more precisely, to

dy

— 4+ y+G(Hy)=0, >0,

dt Y o2 (2.100)
y(0) = yo,

where o7 : D(«/) C H — H is of the form (2.4), that is
A=A+ Fy(ye), (2.101)

and G is given by (2.10). We assume everywhere in this section that

() A is a self-adjoint positive definite linear operator with domain D(A), that is,

(Ay,y) > 5|y|2, Vy € H for some § > 0.
Moreover, assume that the space V = D(A %) with the norm ||y|ly = |A%y|2 is
compactly imbedded in H.
(i) Fy(ye) : H— H is linear, closed, densely defined and

1 1
|Fo(ye)yl < ClAZy|, Vye D(A2).
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As regards the operator G : D(G) C H — H, it is made precise later on. Here, H
is a real Hilbert space with the scalar product denoted by (-, -) and the norm | - |.

Under Assumptions (j) and (jj), it is easily seen that <7 defined by (2.101) satis-
fies Assumption (H1) and also Assumptions (i), (ii) from Sect. 2.1.

We keep the notation of Sect. 2.2 for the spectrum and eigenvectors {¢;} of 7.
Also, N is the number of eigenvalues A ; with ReA; < y.

Our goal here is to construct a stabilizable feedback controller u for System
(2.11), that is, a map

u=—K(©u—ye), (2.102)
such that the solution y = y(#) to the system
dy

— +F(y)=—BK(y—y.), 1=0,
dt ‘ (2.103)
¥(0) = Yo,
has the property that
[y(t) = ye| < Cl30 = yele™"",  Vt =0, (2.104)

for all yp in a neighborhood of y,. (Here, B € L(H, H).) This means that the feed-
back controller (2.102) stabilizes exponentially the equilibrium solution y, and the
corresponding system (2.103) is the closed-loop system associated with feedback
law (2.102).
If we translate y into y — y,, this reduces to the stabilization of null solution to
(2.100), where G is given by (2.10) and the corresponding closed-loop system is
dy

— +&y+Gy=—BKy, t>0,
dt Y Y Y (2.105)

y(0) = yo = Yo — Ye.

Here, we prove that, under the above assumptions, there is a feedback controller
u = — Ky which stabilizes System (2.105) or, more precisely, its zero solution.

In fact, the feedback controller © = —Ky will be a stabilizable feedback con-
troller for the linearized equation (2.25) associated with (2.105). We have shown in
Sect. 2.2 that such a feedback controller can be obtained from an infinite horizon
linear quadratic problem associated with the control system

M*

dy

E+%y—yy—2v,3¢j, >0, (2.106)
]:

y(0) = yo.

Here and everywhere in the following, M* is determined by (2.55) under the as-
sumptions of Theorem 2.1 and M* = N under that of Theorem 2.2 (see Corollar-
ies 2.2 and 2.3). The system {y j}ﬁ” *1 is that made precise in Corollary 3.1, respec-

tively Corollary 3.2. We need, however, a sharper feedback controller and this can be
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obtained in a similar way analyzing more closely under present assumptions on <7
the solution R to the corresponding Riccati equation (2.48). It is clear that the pro-
perties of R will depend also of the structure of the linear quadratic cost functional
we associate to the control system (2.106). Here, it is of the form

l o0
Ja(y,v) = 5/0 (A YO + [v(@)[3-)d, (2.107)

where |v|12\,1* = Z;W:*] v |2 and A%, 0 <« <1, is the fractional power of order o

of the operator A. In examples to partial differential equations A is an operator of

elliptic type and |y|, = |A%y]| is the Sobolev norm of order 2« of y. In particular,

|A%y| = |y| is the L?>-norm. We may view J, as a cost functional with D(A%)-gain.
We consider here two situations.

1° o= % (high-gain Riccati-based feedback)
2° a =0 (low-gain Riccati-based feedback)

In both cases, we construct a Riccati-based linear feedback operator u = —Ky
which inserted into the nonlinear system

d
—y+,5a7y+Gy=Bu, t >0,
dt (2.108)

¥(0) = yo,

stabilizes exponentially the zero solution in a neighborhood of origin.

2.5.1 High-gain Riccati-based Stabilizable Feedback

Let
@y (yo) =inf{J, (v, v); (v, v) subject to (2.106)}. (2.109)

We have the following proposition.

Proposition 2.2 Let o = 431' Then there is a linear self-adjoint operator R : D(R) C
H — H such that

1 1
3 (Ry0, y0) = Po(y0), Vyo€ D(A%), (2.110)
1 1 1
ailA3 yol? < (Ryo, y0) <az|A%yol>,  Vyo € D(A3), (2.111)

Re L(D(AT), D(AT) NL(D(A?), H)NL(D(AT), (D(A%))), (2.112)

Iy 213 0
(ﬂyo—yyo,Ryo)+EZ(Bwj,Ryo) =5 [A%yl% Vyo € D(4), 2.113)

i=1
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where a; > 0, i =1, 2. Moreover, the corresponding feedback controller

M*
u=— (BY;, Ry)V;

i=1

stabilizes exponentially the linearized system (2.25), that is,

o
2yt 42 2 2

e Asy@)|7dt < Cllyolly, YyoeW,

/0 Y Yollw 7Y (2.114)
ly®llw < Ce™" || yollw, Vyo e W,

where W = D(A%).
Proof By Corollaries 2.2 and 2.3, we know that @, (yg) < oo for each yp € H and,
therefore, there is a pair (y*, v*) € L2(0, oo; D(A%)) N L%(0, oo; RM") satisfying

System (2.106) and such that J, (y*, v*) = @, (yp).
By (2.106), that is,

d k

—y*+ Ay* + F/ *—yy*=Dv*@#), t>0,

77 y 0y — vy () 2.115)
y*(0) = yo,

where Dv = Z?ﬁl viBYyj, v={v; }?’1:*1, we obtain by multiplication with A%y*
that

1d 1 3 1 1
EEIA‘W*(I)I2 AT (OF + (Fy(pe)y* (), A2y (1)) — y (0% (1), A2y* (1))
— (Dv (1), A2y* (1)), ae.,t>0.
Taking into account (j) and (jj), we obtain that

alA%30l? = @3 (y0) = @lA% yo* for yo € D(AT), where ay,az > 0.
If we denote by R the Gateaux derivative of the function @3 on D(A i ), we have
4

ReL(D(AY), (DAYY) and 3 (Ryo, ) =@300), Vaoe D(AD).

Then, (2.110) and (2.111) follows.
By the dynamic programming principle, we have that, for all 0 < T < oo,
(y*, v*) is also optimal in the problem

|
Min{E/ (AT YP + () [3)ds + D3 (2(T)
t
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subject to (2.115), y(t) = y*(t)} =®3(y(1).

Then, by the maximum principle we have (D* is the adjoint of D)
v'()=D*pr(t), ae,re(0,T), (2.116)

where pr is the solution to the dual system

3
Py — Apr — (Fy(ye)*pr + ypr = A2y* on (0,7),

2.117)
pr(T)=—Ry*(T).

Moreover, we have also
pr(@t)=—Ry*(t), Vtel0,T]. (2.118)

Now, if yg € D(A%), then as easily follows by (2.115) we have Ay* € L2(0, oo; H)
and s0 A3 y* € L2(0, 00: (D(A?))).
Next, one multiplies (2.117) by A™D pr and integrate on (¢, 7). We obtain that

[ 2 ro 2
EIA iprMOI°+ | [Adpr(s)|ds

t

1 1 T
55|A7pT<T>|2+C/ (AY*)I* + Ipr()1Dds, ¥t e€(0,T),
t

1
because | ((Fy(y.)*p, A"2p)| < Clpl.

Now, invoking the interpolating inequality |p| < |A_% pl 5 |A i pl 5 , we obtain via
Gronwall’s lemma that

T
A3 | pr () +/ |AT pr(s)?ds <C, Vrel0,T].
t

If we multiply (2.117) by (T —t) pr (¢) and integrate on (¢, T'), we get
T T
T =0lprOP + [ (T =9lpro)Pas = [ 1profds+c <.
t t

Hence, pr(t) € H forall t € [0, T') and so pr(0) = —Ryg € H. Hence, R(D(A%))
C Hand R € L(D(A?), H).

Now, if yo € D(A1), it follows (by (2.115)) that AT y* € L2(0, T; H) and so, by
(2.117), we get as above that |A%pT(t)| € C[0, T — §; H) and, therefore, pr(0) =
—Ryo € D(A%). Hence, R € L(D(A%), D(A%)), as claimed.

Now, to find the Riccati equation (2.113), we start with the equation

* 1 * 3 4 2 * 2
3y (t))=§ ‘IA“y N7+ ()| ds, V=0, (2.119)
1
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and recall that (see (2.116) and (2.118)),
v*(t) = —-D*Ry*(t), Vt>0, (2.120)
where D* is the adjoint of D, that is,
D*p={(Byj, p}}L,, VpeH.

Taking into account that

d sion oo AV
Efpg(y ®) = (Ry ®, o (t)>
= —(Ry* (1), &/ y*(t) — yy*(t) + DD*Ry*(t)), Vt=0,

we obtain by (2.119) that

1 k
5<|A%Ry*(r>|2 + [D*Ry* (1)) = (& y* (1) — yy*(1), Ry* (1)) + | D*Ry* (1) |,

vVt >0,

and for r =0 we get (2.113), as claimed.
As regards (2.114), it follows immediately by (2.115). g

2.5.2 Low-gain Riccati-based Stabilizable Feedback

Proposition 2.3 Let o = 0. Then there is a linear self-adjoint positively semidefinite
operator Ry € L(H, H) such that Ry € L(H, D(A)) and

1

> (Ryo, y0) = Po(y0), Vyo€H, (2.121)

M*
1 1
(7y0 — ¥ 0, Royo) + 5} (BYi, Royo)* = 3 Iyol?,  ¥yo € D(A). (2.122)

i=1
Moreover, the feedback law

M*
u=—>"(BYi, Roy)Vi

j=1
stabilizes exponentially with decaying rate —y System (2.25), that is,

ly(1)] < Ce™"|yol, Vyo € H.
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The proof is standard and similar to that of Proposition 2.2.
‘We notice that also in this case we have (see (2.118))

pr(t)=—Roy*(t), Vtel0,T],

where pr is the solution to (2.117) with the right-hand side y*. This implies an
additional regularity for Rg, namely that Ryyyp = —p(0) € D(A) and, therefore,
Ro € L(H, D(A)).

2.5.3 Internal Stabilization of Nonlinear System via High-gain
Riccati-based Feedback

We assume here, besides (j) and (jj), that the following hypothesis holds.
(i) G is locally Lipschitz from V = D(A%) toV' = (D(A%))/ and
Gy =Gz y =2l < lly—zl* + Cely — 2 (2.123)

1
Jorall ||yl + ||zl < ¢ and & > 0. Moreover,

3 3 3
|Gyl <n(lylw)|A%y|2, Vye D(A%), (2.124)
where n: R — R7 is continuous, increasing and n(0) = 0.

Here, ||| = |A2y|> and W = D(A7) with the norm || - ||y = | - sk

Theorem 2.9 Under Assumptions (j), (jj) and (jjj) there is a neighborhood %, =
{y € Wi llyllw < p} of the origin such that for all yo € %, the Cauchy problem

M*
dy
T HIY+GO) Zl( Vi RY)BYj. Vi=0, @.125)
Jj=
y(0) = yo,
has a unique solution
y € C([0, 00); H) N L?(0, 00; D(A%)). (2.126)
Moreover,
2 2 2 2
f eV ATy (@) 17dt < Cllyolliy,
0 (2.127)

ly®llw <Ce " lyollw, V=0, yo€X%.
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Here R € L(W, W) is provided by Proposition 2.2.
Theorem 2.9 amounts to saying that

M*
Ky=> (BYj, Ry)Y; (2.128)

i=1

is an exponentially stabilizable feedback for System (2.100) (see (2.105)).
We get therefore the following stabilization result for the equilibrium solution y,
to System (2.6), that is,

d
2L Ay +R()=0, 120,

dt (2.129)
v(0) = yo.

Corollary 2.4 Assume that A, Fy and G(y) = Fo(y) — Fo(ye) satisfy Assumptions
(G)—Gij)- Then the feedback controller u = —K (y — y.) stabilizes exponentially Sys-
tem (2.129) in a neighborhood of y.. More precisely, there is p > 0 such that the
closed-loop system

d

2 Ay+ Foy=—BK(y—y.). 120,

dt (2.130)
¥(0) = yo

has a unique solution y € C([0,00; H) N LIZOC(O, 00; D(A%)) which satisfies

o0
3
/0 VAT (y(1) — ye)Pdt < Cllyo — vell}y, (2.131)

I¥(®) = Yellw < Ce™"llyo = yellw, (2.132)

Jorallt >0 and |yo — yellw < p.

Proof of Theorem 2.9 First, we prove that the Cauchy problem (2.125) is well-posed
for yo € %,, where p is sufficiently small. To this end, we consider the truncation
G of the operator G, that is,

G(y)  for|yll <4,
G.(y) = 2.133
e(y) Gty for [y] > L ( )
elyT Y=z

Clearly, G, is Lipschitz from V to V' and by (2.123) we see also that
(Gey —Gez.y —2) <lly —zl> + Cely — 2>, Vy.zeV.

Then, recalling (2.112), by Theorem 1.15 we conclude that for each yy € H there is
a unique solution y, € C([0, 00; H)) N L? (0,00; D(A)), % € WILC(O, oo; H) to

loc
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the equation

d

D + Ay +Ge(ye) + BKy, =0, ae.t>0,

di (2.134)
Ye(0) = yo.

If we multiply (2.134) by Ry, (scalarly in H) and recall that by (2.113)
(Zy—vy Ry)+ 3 (BKy, Ry) = 3 |[A4]7, VyeD(A),
we obtain by (2.112), (2.124) and (2.134) that

1 13
(Rys (1), Yo (1)) 4y (Rye (1), ye (1)) + 5 (BKye (1), Ry (1)) + 5 AT ye ()]

N =

d
dt
<1G:(ye()) |Rys (1)] < CIATYO) 2 lye O In(llye ) Iw),  ae..t>0.

Taking into account the interpolation inequality

3 o1 L 3
Iyl <1A%y|2|lyllyy,, Yy e D(A%),

we have, for [lyollw < p,

d 1
i (Rye (1), ye (1)) + 2y (Rye (1), ye (1)) + (BK Yy, (1), Ry. (1)) + 5 |A‘3_‘ys(l)|2 <0

a.e.,on (0, T*(yp)), where T*(yp) = sup{t > 0; ||y:(t)|lw < p} and p > 0is chosen
by the condition

1
Cc <.
n(p) < 5
This yields T*(yp) = co and
(Ry: (1), y: (1)) < e """ (Ryo, yo) < Ce " |Iyoll},, Vr>0, (2.135)

o0
3
/0 eV ATy (1)]2dt < Cliyolly. (2.136)

Taking into account that G.(y) = G(y) for ||y| < %, it follows by (2.133),
(2.135) that for each yg € V N #),, there is a solution (obviously unique by virtue of
Assumption (2.123)) y = y, to (2.125) satisfying Estimate (2.127).

The stabilizable feedback law (2.128) has the unpleasant feature that the operator
R is computed from a high D(A%)-gain Riccati equation (2.113) which involves
some computational problem. An alternative is to use the feedback law given in
Proposition 2.3. U
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2.5.4 Internal Stabilization of Nonlinear System via Low-gain
Riccati-based Feedback

We study here the effect of the linear feedback

M*
u(t) ==Y (BY;, Roy)¥j = —Ly() (2.137)
i=1
in the system

d

—y+,ny+Gy=Bu, t>0,

dt (2.138)

y(0) = yo,

where Ry is the solution to Riccati equation (2.122) given by Proposition 2.3.
Denote by I" : D(I") C H — H the operator

I'y=</y+ BLy, D(I') =D(A). (2.139)

By (j) it is easily seen that —I" generates a Co-analytic semigroup e~/ on H and,
by Proposition 2.3, e =1 is exponentially stable, that is,

le™"yol <Ce ™' |yol, Vi=0, yoeH.
Further estimates on z(¢) = e~ !y, are given below. If we multiply the equation

dz

+a7+BLz=0, >0,
dt

byA%z,weget
d 2 3 2 2
EIIZ(I)IIWHA“Z(I)I <Cilz(®)I*, ae,t>0
and, therefore,

d 3
o Uzl e®") + e AT z(0)
< G Iz + Iz 13)
1 k
<G 2P + 5 AV A Z(0)

Finally,

t
. 3
lz()l13e*" + / VS| At z(s)2ds < Callyoll3y, Vi =0. (2.140)
0
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Now, we rewrite (2.138) with the controller u given by (2.137) as
t
yit)=e Ty —/ e T=9Gy(s)ds, 1>0. (2.141)
0

We assume here the following hypothesis on G.

. 3
(V) 1Gy = Gzllw = Cly —zl3(Iyl3 +[213), ¥y, z € D(aY).

Theorem 2.10 Under Assumptions (j), (jj) and (jv) for each yo € %, and p suffi-
ciently small there is a unique solution to (2.141)

y € C([0, 00); W)ﬂLZ(O,OO;D(A%)). (2.142)
Moreover, one has

ly®llw < Ce ™ lIyollw, ¥t =0, yo € %, (2.143)

Proof The proof will be sketched only. We are going to apply the contraction prin-
ciple to the operator defined by the right-hand side A(y) of (2.141),

y = A(y): L2(0, 00; D(A$)) — L*(0, 00; D(A?))

defined on the set
2 3 ® 2 2
Hr =1y € L7(0,00; D(A%)); [Asy(O)|°dt <r
0

where r will be suitable chosen. By (2.140) we have, for y € J¢; and yo € %,, via
Young inequality and Hypothesis (jv) that

A2

2 2
oy = CU0l +IGONE g i)

< Cliyoll + Ciliyl* s )< CpP+Cirt (2.144)
L2(0,00; D(A%))

Here, we have used the obvious estimates
ATe™ ol < |AZe 7 ASyol, Vi >0, yoe W,
and the fact that, as easily follows by Hypothesis (j) and (jj), we have
IAZe™ 2]l 120,005 < Clz0l. V2o € H.
By (2.144) we see that, for 0 < r < u(p) sufficiently small, we have
Cp*+Cirt <r?

and so, the operator A leaves invariant the set J%;.
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On the other hand, we see in a similar way by (jv) that

A1) — A
L2(0,00; D(A4)

= Cl”G(Yl) - G(Y2)||L1(O,OO;W))
2

3 3 3
<Ci [A3(y1 — yD)|(JA%y1| + |Adya])dr
0

o 3 2 * 3 2 3 2
<G [A4(y1 — y2)|7dt (IA%y1]” + [A%y2|7)dt
0 0

< Cor?llyr =yl . VYL e
L2(0,00; D(A4))
Hence, choosing r sufficiently small (r < J%)’ we have that A is a contraction on

. and, therefore, (2.141) has a unique solu tion y satisfying (2.142).
In order to prove (2.143), we write (2.141) as

d
4 dy+BLy+Gy=0.  y0) =
and repeat the previous estimates (2.140).

We get as above that, for yy € %,

le”’y@)llw < Cllyollw, Vt>0. O

Theorems 2.9 and 2.10 can be applied to Example (2.17) if one assumes that 8
and g are C-functions with polynomial growth and y, € L*®(&).

One might prove also that the linear feedback controller provided by Theo-
rem 2.4, that is,

N
u(ty=-ny (y.9))¢
j=1
inserted into (2.138) stabilizes exponentially the system in a neighborhood %, of

the origin. The proof is identical with that of Theorem 2.9 or 2.10, but once again
the details are omitted.

2.5.5 High-gain Feedback Controller Versus Low-gain Controller
and Robustness

Roughly speaking, Theorems 2.9 and 2.10 provide the same type of stability for the
control system associated with (2.100). One might suspect, however, that the radius
of stability of %, established via Lyapunov function (Ry, y) is more exact and big-
ger in the first case, but this does not seem to be the principal advantage of the first
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approach. As a matter of fact, in both situations the stabilizing feedback controller
is obtained from a linear quadratic control problem (so-called L QG design method
from automatic control theory) but with different quadratic cost criteria and here
arises the major difference between them because, as we show in Chap. 5, the high-
gain feedback controller used in Theorem 2.1 is more robust than (2.137). The ro-
bustness of a control feedback is a central problem in automatic control and roughly
speaking it is the property of the system to remain insensitive to disturbances or
model imperfections. If we consider System (2.100), where <7 and G are imper-
fectly known but remain in a certain “neighborhood” ¥ («7*, G*) of a given state-
system % + 9"y + G*(y) =0, we say that the stabilizing feedback controller is ro-
bust in this class if u = — Ky is a stabilizing feedback for all (<7, G) € ¥ (/*, G*).
It is well-known that a feedback controller obtained from L QG is always robust in
a certain sense if all the output variables are measurable but it is also clear that the
robustness performance is dependent (at least in infinite-dimensional setting) of the
cost functional. One principal tool to evaluate and improve the robustness in this
case is the H°°-theory we shall speak about in Chap. 5. For the nonlinear system it
is more difficult to evaluate or compare the robustness performances but one can see
that the given feedback controller is more robust than another if its invariant stability
class 7' (&7*, G*) is larger (measured in the same topology) than another. From this
point of view, we show below that the high-gain feedback controller designed here
is more robust than the low-gain feedback controller designed in Theorem 2.10.

Theorem 2.11 Under the assumptions of Theorem 2.9, the feedback controller u =
—Ky given by (2.128) is still stabilizable with the rate y for all the systems of the
form
dy
dt

where (&Z 5) satisfy Assumptions (j), (jj) and (jjj) and

+dy+Gy=—BKy, 1>0, (2.145)

|y — /'y < Ce|Ayl, |Gy —Gy| <e|Gyl. Vye, (2.140)
and ¢ > 0 is sufficiently small.
Proof 1f we multiply (2.145) by Ry and use (2.113), we obtain by (2.146) that
1d 1, 3 ) 1
5 27 BYD. y(0) + 5 [ATy O +y (Ry(0), y(1) + 5 (BKy (@), Ry (1))
< Ce|(Ay, Ry)| + (1 +&)|Gy| [Ry], ae.,te(0,T7),

where T* = sup{t; y(t) € #,}.
On the other hand, as seen in Proposition 2.2, we have

3
I(Ay, Ry)| < C|A3y* lyllw, Yye D(A)
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and this yields, for all ¢ sufficiently small,
EE(Ry(t),y(t))+ 7 & )1ATYOF +y(Ry@®), y(1)

+ % (BKy(1), Ry(1)) < Cn(p)| AT y(»)?
and this implies, as seen earlier,
arlly®ly < (Ry(®), y(1)) <e™"(Ryo. y0), V¥t >0.
Then, arguing as above, we find that
ly®Ollw < Ce " lIyollw, Vr=0,

for all yg, with || yo||lw < p suitable chosen. This completes the proof. O

Theorem 2.11 amounts to saying that the feedback controller found by the high-
gain Riccati equation keeps unaltered its stabilizing property for small but sharp
deviations of the system. For instance, in case of the parabolic system (2.17), it
turns out that it still operates with the same stabilizing rate y on perturbed parabolic
systems of the form

N
ad ad d .
L (460 53 ) + 8.0+ 0eOn = 8Ku im0, <0

y=0 onad, y(0,x) =yo(x) in O,

where |afj —a;j| <Ce, fori,j=1,...,n and

|Be — ,3||CZ(R) +11ge — g||c2(R) <Ces.

In other words, it remains stabilizable to small structural perturbation of the system.
In particular, it follows by Theorem 2.11 that, if

dy
dt

is a finite element approximation of (2.100), then, if |(2%, — <7)y|, (G, —G)y| — 0
as h — 0 uniformly on D(A) respectively, on D(A%) (and this usually happens),
then the stabilizing high-gain feedback law u = —Kjy for (2.147) is, for 4 small,
still stabilizable for System (2.100). This fact allows to stabilize the state-system
(2.100) using approximating feedback laws provided by the finite-dimensional Ric-
cati equation (2.113), that is,

+hy+Gpy=Bu, 120 (2.147)

3
|A; Y12

N =

M*
1
(hy = vy, Ruy) + 53 (BYi, Ryy)* =

i=1
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(We notice that by the stability of the spectrum o (<) (see [59]), the spectral index
M* is invariant to small perturbations of <7.)

Now, analyzing the stability performances of low-gain Riccati-based feedback
(2.137), it is easily seen that, in general, it is not robust to structural sharp perturba-
tions of the form mentioned above or, more precisely, its robustness region is smaller
than that of high-gain Riccati-based feedback discussed above.

For instance, it is not stabilizable for the linear system

dy

I +oy=Bu, t>0,

where @7, = o/ — ¢ A. Indeed, in this case we have by (2.122) (we take y = 0),

| =~

1 1
(Roy, y) + 3 Iyl? + 3 (BKy, Roy) = e(Ay, Roy)

N =
QU

t

and, obviously, this does not imply lim;—,o(Roy(?), y(¢)) = 0, as desired.

2.6 Stabilization of Time-periodic Flows

2.6.1 The Functional Setting
We consider here the controlled evolution system

d
0+ Ay(0) + B y(1) = Du(). 1€R, (2.148)
in a Hilbert space H with the norm | - | and scalar product denoted (-, -).
The following assumptions will be in effect throughout this section.

(k) A is a linear, self adjoint positive definite operator in H with domain D(A).
A~ is completely continuous.

For 0 < @ < 1 we denote, as usually, by A the fractional power of order o of A
and by |x|, = |A%x| the norm of D(A%).

(kk) B:R x D(A*) — H, where % <a < 1, satisfies the conditions

B(t+T,y)=B(t,y), VY y)eRx DA%); (2.149)

|B(t,0) — B(s,0)| < Cy|t —s|, Vs.teR; (2.150)

|By(t,y) — By(s, 2)|L(Da?),H) < Cz(l)’li + |Z|%)(|l = s+ 1y —zla),
Vy,z € D(A%); t,s €R; (2.151)

By <C(+]A Vy € D(A). 2.152
1Byt padypy S CUAHIAYD, ¥y € D(A) (2.152)



2.6 Stabilization of Time-periodic Flows 67

Here, By(t,-) € L(D(A%), H) is the (Fréchet) derivative of B(t, -). We note that by
(2.151) it follows that

IB(t,y)—B(t,z)|§C3(|y|%+|zl%)|y—z|a, y,z€ D(A%), teR. (2.153)

(kkk) DeL(U, H) where U is a Hilbert space with the norm | - |y and the scalar
product (-, -)y.

Now, let y; € C! (R, D(A)) be a T-periodic solution to (2.148), that is,

d

V(@) =yt +T), vVt € R.

Let o/(t) = A 4 B,y (t, yz (t)). By Assumptions (k) and (kk), and the fact that
vz € C1H(R; D(A)), we see that the resolvent R(A; <7 (1)) = (M +.<7/(t))~',t € RT,
exists for all complex A € X', where X' = {X; |arg(A — a)| < ¢} for some a > 0 and

c

¢ > % Moreover, there is a positive constant C such that || R(A; &7 (1))] < T=a] for

all L € X, t € RT, and there exists a constant C; > 0 such that
(o (t) — A (s))(al — /) (1) <Cilt —s|, foralls,z,veR".

Then (see, e.g., [54, 66]), there is a unique evolution operator S(z, s), 0 <s < t<oo,
such that

d
ES(t,s)x +.Z(@)S(t,s)x =0, 0<s<t<o00,
S(s,s)x =xe€ H.

Moreover, S(t, s) is strongly continuous in (¢, s) with values in L(D(A®), D(AP))
for any 0 < 8 < 1 and (see [54], p. 191)

ISt s)xlpg <Ct—9s)"Plx|,, 0<y<B<l, t>s,

(2.155)

d
‘E S(t,s)x| <C@t—s) P xl,.

B

If we set y(t) = S(t, 0)yp, then y(t) € C(R™; H) is the solution to the system

Y@+ @)y@)=0, y(0)=yo.

Now, we let U(t) = S(T +t,t), t € R, be the periodic map (Poincaré map) and
recall that (see, e.g., [54], p. 198), U(T +t) = U(t) and the spectrum o (U (¢))
is independent of 7. Since A~! is completely continuous, U (¢) is completely con-
tinuous as well. Moreover, o (U (¢)) \ {0} consists entirely of eigenvalues {A j}?il’
|A;] — Oas j — oo. Each eigenvalue A ; is repeated accor ding to its algebraic mul-
tiplicity m;. Let U*(t) and D* be the adjoint of U(z) and D, respectively. Then
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o(U*()\ {0} = {Xj};?ozl. We denote by X, the space spanned by {y*} |, where
¥,i=1,...,m,are eigenvectors of U*(T) corresponding to eigenvalues {x j }’}1: |-
We assume that the following hypothesis holds.

(A1) ker{D*|x:} = {0}, ¥m.

In particular, Assumption (A1) implies the following unique continuation pro-
perty: If U*(T)p™ = A¢*, where .. € o (U*(T)) \ {0}, and D*¢* =0, then ¢* =0.
Assumption (A1) is a consequence of the following one.

(A1) If z satisfies for ¢ € X}, the equation

7 —*t)z=0 in (0,T),
z(0) = Az(T) + ¥,

and D*z(T) =0, then z =0.

Indeed, if |, ¥ are linearly independent eigenvectors, U*(T) ¢ = A9/, i =1,2
and D*yf = uD*y}, then z(t) = S*(T, t)y{ — uS*(T, 1)y} satisfies (2.156) for
Y =y —uyy € Xy, and D*z(T) = 0. Hence z = 0 (that is, ) = C}"). The case
of m eigenfunctions {y}?" | follows by induction from the previous one. A more
delicate situation is that when system {1}/’ contains generalized eigenvectors
Y*, thatis, (U*(T) — A;1)9y* =0 for some 1 < g < m , but we omit the proof.

In the classical Floquet theory, the eigenvalues A of U(t) are the characteristic
multipliers of the linear system and y = —(%) log A are the Floquet exponents. One
knows that, if there is a characteristic multiplier with modulus greater than one, then
the periodic solution y; is unstable.

The main result of Sect. 2.6, Theorem 2.12 below, amounts to saying that un-
der Assumptions (k)—(kkk), and (A1), (A1) there is a feedback controller u which
stabilizes exponentially the solution y,. Moreover, the controller # has a finite-
dimensional structure u(t) = vazl u; (t)w;, where {w;} is a given system in U and
N is the number of characteristic multipliers (repeated according to their algebraic
multiplicity) with modulus greater than or equal to one.

(2.156)

2.6.2 Stabilization of the Linearized Time-periodic System

Let &7 (t) = A+ By(t, y (¢)) with the domain D (= (¢)) = D(A). We consider the
linear system
"(t) + A (t)y(t) = Du(t), t€RT,
Y1) D)y Q) 2.157)
y(0)=x,
where x € H. System (2.157) is just the linearization of (2.148) in y = y, (¢).
Unless stated explicitly, by solutiony to (2.157) we mean “mild” solution, that is,

t
y()=S(,0)x +/ S(t,s)Du(s)ds, t=>0, (2.158)
0
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where S(t, s) is the evolution generated by .o/ (t). We notice, however, that such
a solution is a strong solution. More precisely, y is absolutely continuous on ev-
ery compact interval (6, T) and satisfies, a.e., (2.157). It suffices to check this for
x = |4 82, 0)x| < Ct~!, forall > 0. By (2.155) and
(2.158), we have

I¥[200.7: DAYy = ClDulr20 7. 1)-

Then, by Assumption (2.151) we have that

|By(t, yr ) ¥Ir200,7: 1) < Cilutl 20,7 1)

and since —A generates an analytic Cg-semigroup, we see that (see Sect. 1.3)

d
TRL Ay e L*(,T; H), V§=>0.

Lemma 2.2 There is a controller u of the form
N
u(t)y=Y ui(tywi, t>0, (2.159)
i=1

where {wi}fvzl C U is a linearly independent system and u; € L*(RY), i =
1,..., N, are such that

wi(t)=0 fort>T,i=1,...,N, (2.160)
T N
/ > lui(0)Pde < Clx|?, (2.161)
0 =1
ly(t)| < Ce™%|x|, Vt=>0, wheres > 0. (2.162)

Here, y € C(R™; H) is the solution to (2.157).

Proof As in the previous cases, we can replace H by its complexified space, again
denoted by H. Similarly, we replace U by U =U +iU. As noticed earlier, the
periodic map U (t) = S(T + ¢, t) has the property that

a(U@)\ {0} = {A}?‘;l, Aj—0,VteR.
Let n > 0 be arbitrarily small but fixed. Then, outside the disk
X={NeC; Al <1—n},

there remains a finite number of eigenvalues {A;} ;V:l only. (Recall the eigenvalues
A are repeated according to their algebraic multiplicity m ; and so N =m | +m3 +
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ceetmy, wllere k is the number of distinct eigenvalues in X'.) Then, foreach t € R,
the space H can be decomposed as

H=H\(t)® Hy(1), Vt>0,
where Hi(t) = P1(t)H, Hy(t) = (I — P1(t))H, and P;(¢) is defined by
1 -1 +
Pit)y=—1{ W =U@)) dr, teRT,
2mi r
where I is a contour surrounding {2 ; }9/:1 but not other eigenvalues.
It is clear that Py (t) = Pi(t + T), forall t € R, and
cUNlmm) =0V, oWUOlIme) =)y
It follows that (see, e.g., [54], p. 198)

dmH;(t)=N and H|(t+T)=H (), Vt=>0;
S(t,s):Hi(s) > Hi(t), i=1,2,0<s<t<o0,
thatis, S(,s)P;(s)= P;(t)S(t,s), i=1,2;

(2.163)

IS(r, $)x| < Ce™ x|, Vx € Ha(s), t > s, (2.164)

where C and § are positive constants independent of ¢, s and x.
Let U*(¢), S*(¢, s) be the adjoints of U (¢) and S(z, s) respectively, and let

Hi(t)=P{(OH, Hy(t)=— P t)H, =0,
where Py is the adjoint of Py, that is,
* 1 * -1
Pity==— | W =U"(@1))" dx.
2mi Jai
Here, I'* is a contour surrounding {A j}?/=1 (the eigenvalues of U*(r)). We have

dimH{(t)=N, VteR",

and
St+T,s+T)=S(@,s), O0<s<t<oo,
S*(t+T,s+T)=S8*@,s),
S*(t,s): H(t) > H*(s), 0<s<t<oo,i=12.
Now, let

N
u= E uiw;,
i=l1
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where w; € U is specified later and let u; € LZ(R+), i=1,..., N. Werepresent the
mild solution y = y* to (2.25), where u = ZlNzl u; w;, that is,

y() =S, 0)x +/ S(t,s) (Zu (s)Dw,) ds, (2.165)

i=1

as y(t) = y1(t) + y2(t), and y; (t) € H;(t), i = 1,2, are given by

yi(t) = S(t,O)x] +/ S(t,s)Pi(s) (Zu (s)Dw,) ds, (2.166)

i=1

y(t) = S(I,O)x2+/ S, s)(I — P(s)) (Zu (s)Dw,) . (2.167)

i=1

Here, x! = P;(0)x and x2 = (I — P;(0))x.
By (2.164), it follows that

N
Zui(s)Dw,-

i=1

t
[y <C (e_5t|x2| +/ G
0

ds), t>0. (2.168)
U

Next, we are going to show that there are u;(s), i =1, ..., N, such that y{(T) =
(that is, (2.166) is exactly null controllable). To this end, we note first that for each
& e H(T), S*(T,s)§ =q(s) € H(s),0 <s < T, is the so lution to the backward
adjoint equation

—*(t)g=0, te(,T), q(T)=&, (2.169)

where .o7*(¢) is the adjoint of 7 (). To this purpose, we recall that the exact null
controllability of (2.166) is equivalent to the following observability inequality

|S*(T, 0)€ |2 <c/ Z| (w;, D*S*(T, $)&)y|*ds, VE e HT). (2.170)

As the space H{(T) is finite-dimensional, Inequality (2.170) is equivalent to the
following one:

if (w;, D*S*(T, $)&)y =0,¥i=1,..., N, forall s € [0, T], then £ = 0.

Inasmuch as & € H{(T'), we may write it as

N
§=) Ci¥j,
j=1

where {w;‘, Jj=1,...,N}is abasis of H(T) formed by eigenvectors of U*(T)
corresponding to A;, j = 1,..., N. By Assumption (A1), {D*y* }N | is a linearly
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independent system in U. Thus, we may find a system {w; }lN: | C U such that

det || (wi, D*y})ull #0.

N

For instance, one might choose {w;};_ ;| as the solution to the algebraic system

(wi,D*I/f;ﬁ)U=8ij, i,j=1,...,N. (2.171)

Thus, if (w;, D*S*(T,s)é) =0,i=1,...,N,s €[0, T], then & = 0. Hence, (2.166)
is exactly null controllable. Thus, there exist {wi}f\/:1 CcUand u; € L*(R"), i =
1,..., N, such that y(r), u;(t) =0 for t > T, and fOT lu; (1)|2dt < C|x'|%. Then,
by (2.168) we have

V1] = Cype ™ [x], V120,

for any yp > 0. This implies that, for some § > 0,
ly()| < Ce x| fort >0,

as claimed. O

Now, if we represent w;‘ = (¢})* + i(wf)*, where (wjl.)*, (W?)* € H, we may
assume that w; € U,i =1, ..., N, and that the controller u is real-valued.

It is clear that Lemma 2.2 remains true on any interval [s, T + s]. However, the
dependence of s of constants C arising in the above estimates is crucial for latter
development and must be analyzed. Thus, we are lead to consider the system

Y1)+ (t)y(t) = Du(t), t=>s,

V) = x (2.172)

Lemma 2.3 Foreach s € [0, 00), there is a controller us(t) = ZZN=1 us ()w;, where

{w,'}lN=1 C H, was given by Lemma 2.2, such that ug(t) =0 for t > s + T and the

solution yg to (2.172) satisfies

T
ys ()] < Ce™ 9 x|, / lug (1) |*dt < C|x|?, (2.173)
0
or some positive constants C and § independent of s and x.
p P )

Proof We show first that there exists a controller u,(¢) of the form Z,NZI uf Hw;,
where {w; }lN: | are as in Lemma 2.2, such that (2.173) holds. (As before, we work in
the complexified space H.) After that, we prove that C(s) and §(s) are independent
of s.

As seen in the proof of Lemma 2.2, the existence of such a u;(¢) is equivalent to
the following observability inequality

N 2
D (wi, D*S*(T —s,0)&)y| do,

i=1

T+S
IS*(T +5, 9)EP < c/
s




2.6 Stabilization of Time-periodic Flows 73

for all & € H(T + s), which is equivalent to the following unique continuation

property:
if (w;, D*S*(T +s,0)&)y,i=1,...,N,0 €[s,T +s], then £ =0.
Assume that

(w;, D*S*(T +s,T)é)y =0 foralli=1,..., N.
Since S*(T +s,T) : H{ (T +s) — H{(T) is one to one (see [54], p. 198), we have
S*(T +s,T)s € H(T) for& e H{ (T +s).

Hence, we may write

N
ST +5.TE=Y 0y,
j=1
where {1//;-‘}?'21 is the basis of H{(T) formed by the eigenvectors of U*(T') cor-

responding to {A j}l/yzl. Then, by the same argument as the used in the proof of
Lemma 2.2, we obtain that £ = 0, as desired.
Now, we turn to prove the independence of C and § in (2.173) as functions of s.
By the substitution t — t 4 s, we rewrite (2.172) as

Y5 (1) + (1) ys (1) = Dus(t), 1>0, y;(0) =x, (2.174)

where 7 () = </ (t + s). We denote by S;(t, o) the evolution generated by .7 (¢).
It is clear that S;(f,0) = S(t + s,0). We have, of course, /7 (t) = <7 (¢t) and
St(t,0) = S(t,0). By the previous discussion, the solution ys to (2.174) may be
written as ys(t) = ys1 1)+ ysz(t), where

t

Y (t) = Ss(t,0) Py(s)x +/o Ss(t, m) P1(n +5) Dus(n + s)dn.

By periodicity, it suffices to assume that s € [0, T']. Let u} € LZ(O, T) be such that
(y¥)N(T) =0, where y is given as above with u; = u. It turns out that u* can be
determined by

ur(t) = lin%) ut(r) strongly in L%(0,T), (2.175)
E—>
where

T
1
ué = arg min {/ |u(t)|%]dt + - IyS(T)|2; uel*0,T;U),
0

t

Y5 (1) = 8,(t, 0) Py (5)x +/O Ss(t,n)P1(77+S)Du(77)dn}~ (2.176)
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Let (y7, u7) be such that

Or@®) + @)y (t) = P1(t)Dur (1), t€[0,T],

~ - (2.177)
yr(0) = Pi(T)x, yr(T)=0.
By (2.176), we have that
T 1 T
/ OB+ 1 1, (TP = / b () dt, 2.178)
0 0
and by (2.175), we conclude that
T T
/ |uk(0)|3,dt < / |uk(1)|3,dt. (2.179)
0 0

On the other hand, by (2.161) it follows that zf} can be chosen in such a way that

T
/ luh (0)|3dt < Clx|?, (2.180)
0
where C is a positive constant independent of x. Thus, by (2.179), we infer that
T
/ lu*(t)|3,dt < Clx|>, Vxel0,T], se€[0,T], (2.181)
0
where C is independent of s.

Then, arguing as in the proof of Lemma 2.2, we obtain Estimate (2.173) inde-
pendent of s, as claimed. O
Remark 2.5 As seen in the proof of Lemma 2.2, the dimension N of basis {w;}

arising in construction of stabilizing controller is equal to the number of Floquet
exponents for <7 (t) with nonnegative real parts.

N
Jj=l1

2.6.3 The Stabilizing Riccati Equation

Throughout this sequel, we assume that Assumptions (k), (kk) hold with % <a < % .
Consider the infinite horizon optimal control problem

00 N
(s, x) = Min { %/ (|Aiy(z)|2 +y |u,-(t)|2> d;} (2.182)

i=1
subject to u; € Lz(s, o0), i=1,...,N,and

N
Y (O + Ay(0) + Ao()y(t) = Y ui() Dwi, 1 >0,

i=1

(2.183)
y(s) =x,
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where {wi}lN:1 C U are as in Lemma 2.2 and Ao(t) = By(t, yz(t)). We set
W = D(A?) with the norm | - |w = | - |1 and D e L(RY, H) given by Du =
7

Z,N=1 u;Dw;, u = {u; }INZ] . By |u| we denote here the Euclidean norm of u. We also
denote D* the dual of D (that is, 5*)} = {(Dw;, y)}fvzl). We note that, since A is
self-adjoint, the mild solution y to (2.183) is strong solution and y € Wl2(s,T: H)
forall0 <5 <T.

Lemma 2.4 For each s > 0 there is a symmetric and positive operator R(s) €
LW, W’) such that

1
o(s,x) = 3 (R(s)x,x), VxeW, s=>0.

There exist positive constants y1, y2, ¥3 independent of s, such that
niixly < (R(s)x,x) < plxly, YxeW, s>0, (2.184)
and
IR(s)x| < y3|A2x|, Vxe D(AZ), s> 0. (2.185)
Moreover, R(s) satisfies the Riccati equation
(R'(5)x,x) — 2(R(5)x, (A + Ao()x) — 11, (R(s)x, Dw;)? + |Aix]> =0,
Vx € D(A), s >0, (2.186)
R(t+T)=R(t), Vte(0,00).

Here, R'(s) € L(D(A), (D(A))) is the weak derivative of R(s), that is,

d
(R'(H)x,y) = 7; (R0x.y), Vx,y€D(A).

We denote by the same symbol (-, ) the scalar product of H and the pairing between
W and its dual space W/, W Cc H C W'.

Proof For any s > 0, it follows from Lemma 2.3 that there exist u; € L2(0, 00) with
u;j(t)=0fort>s+T,i=1,..., N, such that

ly(t)] < Ce % x| fort>s, (2.187)

and

T+s N
/ D lui0)Pdt < Clx*, Vs >0, (2.188)
§ i=1
for some positive constants C and § independent of s. Here, y is the solution to
(2.183). Moreover, it is readily seen that for each x the function ¢(s,x) is T-
periodic.
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Now, we fix x € W. Multiplying (2.183) by A%y, we get
d 1 3
AT OP 4214y

<2|Ap()y ()] |A%y(t)| + |5u| IA%y(t)I, ae.,t>s. (2.189)

Since y; € C Y(R; D(A)), by Assumption (kk) we obtain, via the interpolation in-
equality, that

4
|A0(t)y ()| AZy(1)] < Clywl} < C|y<r)|§|y<r)|%

<-IyOR +Cly®% ae.t>0.  (2.190)
by

B—

(Here and throughout the proof of this lemma, we denote by C several positive
constants independent of s, t and x.)

Integrating (2.189) over (s, 0o) and using (2.187), (2.188) and (2.190), we obtain
that

® 3 2 2
/ [A3y(@®)|"dt < Clix|ly,
N

which implies that ¢ (s, x) < C||x ||%V for some C > 0 independent of s and x.
On the other hand, it is readily seen that, for each x € W, Problem (2.182) has
a unique pair (u*, y*), u* = {uf}Y | € (L?(s, 00))N. Multiplying (2.183), where

(y,u)=(y*,u*), by A%y* and integrating on (s, 00), we obtain that
1 2 * 3« 2 * Lo« N, * L
Sl = [ (145 0P + Aoy @), Ay )| + [(Bur), Ady* )| ) d
N
> 3 %2 *12
=C (A2 Y™|" + |u”[)dt = Co(s, x).
S

Hence, there is a constant C > 0 independent of s such that
2
Clxlly <e¢(s, x).

In other words, D(¢(s,-)) = W, for all s > 0, where D(¢(s, -)) is the domain of
(s, -). This implies that, for each s > 0, there is a linear positive and symmetric
operator R(s) : H — H with the domain D(R(s)) C W such that

o(s,x) = % (R(s)x,x), VxeD(R(s)).

Moreover, R(s) extends to all of W and R(s) € L(W, W').

We now turn to prove (2.184) and (2.185). To this end, we consider the optimiza-
tion problem

0n(s, x) = Min { % /n (|A?Ty(r)|2 T |u(t)|2) dt} , (2.191)
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subject to
Y (t) + Ay(t) + Ao(1)y(1) = Du(r), 1€ (s,n), y(s) =x, (2.192)

where u = {u;} | € L*(s,n)".
By the previous discussion, for each n there is a linear symmetric operator
R,(s) € LW, W), R,(s): D(R,(s)) C H— H, such that

1
3 (Rn(s)x,x) =@u(s,x), VxeW,s>0.

It is readily seen that, for n — oo,
(Ry(s)x,x) > (R(s)x,x), VxeW,s>0,
and, therefore,
R,(s)x — R(s)x weaklyin W/ ,Vx e W, 5 > 0.

Hence, it suffices to prove Estimates (2.185) and the right-hand side part of (2.184)
for R, only.

Let x € D(A%) and let (y",u") be optimal for Problem (2.191). Then, by the
maximum principle, we see that

u" (1) = D*q" (1) = {(Dwy, q"ONL, (2.193)
for all ¢ € [x, n], where g" is the solution to the Hamiltonian system
YO + Ay (1) + Ao()y" (1) = DD*q" (1), s <t<n,

gl (1) — Ag"(t) — Alg"(t) = ATy (1), s<t<n, (2.194)
y'(s) =x, q"(n)=0.
Moreover, one has
Ry(s)x =—q"(s), s€[0,n]. (2.195)
On the other hand, if (yy, u}) is an optimal pair for Problem (2.182), then we have

n

n
[ (b or s or)ar = [ (1ador + o) ar
S )
<20(s, x) < Clx[jy. (2.196)
Now, we multiply the first equation of (2.194) by Ay” to get
1 d n 2 n 2 n n
T (t)l% +[AY"(O7 < [(Ao()y" (1), Ay" (1))

+[(DD*q" (1), AY" ()] . (2.197)
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We have
|(A00)y" (1), Ay" (1)] = C|[y" ()] 14y" ()]

|AY" (1) + C|y"(r>|2%, (2.198)

B =

=<

and
((DD*q"(1), Ay"(t))| < |Du"(1)] |AY" (1)
<|AY"(0)> + C|Du(1)|. (2.199)

Combining (2.197)—(2.199), we obtain that

d ~
o |y"<r>@ +]Ay"(1))* < C <|Du"(r>|2 + |y"(z>@)

< = |AY"(1)]* + C|Du" (1)|?

N =

and, integrating above on (s, n) and using (2.196), we get the estimate
n
/ |AY" (0)Pd1 < ClxI}. (2.200)
s 2

Multiplying the second equation of (2.194) by ¢", integrating over (s, n) and using
(2.200), we see that

lg" ()] < Clxl%, Vi € (s, n),

for some C > 0 independent of n and s, which together with (2.195) implies
|Ru(s)x| < Clxly. Vs >0, x € D(AY),
2

as claimed.
Finally, by a standard argument involving (2.194) and (2.195), we obtain that

(R}, (5)x, ) — 2(Ru(5)x, (A + Ao(s))x) — | D* Ry (s)x]? + IA%)CI2 =0,
Vx e D(A), s >0, neN,
R,(n) =0.

By passing to the limit for n — oo in the latter equality, we obtain (2.186), as de-
sired. d
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2.6.4 Stabilization of Nonlinear System (2.148)

In (2.148) we insert the (feedback) controller u(¢) = ZlN:l u; (t)w;, where
ui(t) = —(w;, D*R(O)(y(t) = y=M)))v, i=1,...,N. (2.201)

Here, {wi}f\]:1 are as in Lemma 2.2 and R(t) € L(W, W’) is given by Lemma 2.4.
Consider the corresponding closed-loop system

Y (1) + Ay(0) + B(t, y(1)) + Y, (wi, D*R()(y(t) — yx (1)))y Dw; =0,
t>0, (2.202)

y(0) = yo.

Lemma 2.5 Let yg € D(A%). Then there is 0 < Ty = To(|yole) such that (2.202)
has a unique mild solution y € C([0, T]; D(Aﬂ)), B = max(«, %) on the interval
[0, To). Moreover, y is absolutely continuous on each compact interval of (0, Tp),
satisfies, a.e., on (0, Tp) (2.202) and

ye W2, Ty H), Ay, B(t,y)eL*@, Ty; H), Y0<3§ <T. (2.203)

Proof Since the proof is standard, we only sketch it. We write (2.202) as the integral
equation

y(t) = ey

‘ N
_ / A=) (B(s; ¥() + Y (wi. D*RE)((s) — ¥ (s>>>Ule-> ds
0 i=1

(2.204)

and apply the Banach fixed-point theorem in the space
X =1{y € C(10. Tol: D(A"); |y()ls < . 1 €10, Tol},

where p =« if @ > 1 and B =1 if @ < - By (2.153) and (2.182), it follows
that the operator I, defined by the right-hand side of (2.204), maps X into itself
if |yolg < % and 0 < Tp < §(w) is sufficiently small. Moreover, I" is a contrac-
tion on X. This means that (2.204) has a unique solution y € C([0, Tp]; D(AP)), as

desired. Since |B(s, y)| < C(1 + |y|a|y|%) and |R(s)y| < C|y|%, we conclude that
y e W2(8, Ty H), that is,

d
d—f, Ay € L8, To; H), V0 <38 < Tp,

and, therefore, y is a strong solution to (2.202). This completes the proof. O
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Theorem 2.12 Assume that Hypotheses (k)—(kkk) and (Al) hold with o = %
Then there is p > 0 such that, for yo € D(A%), |lyo — y=(O)|lw < p, (2.201)

has a unique strong solution y € C([0,00); H), such that % € LIZOC(O, oo; H),
Ay € L} (0,00; H), B(t,y) € L (0, 00; H) and
® 2 2 2
/0 [A3(y() =y (D|7dt < Cllyo — y=llws (2.205)
Iy(t) — vz Ollw < Ce™ lyg — ¥z (O)[lw, V¥t >0, (2.2006)

for some §, C > 0.

Proof Let z(t) = y(t) — y-(¢), then we have
() + Az(t) + B(t, 2(t) + y= (1)) — B(t, yz (1))
+ 3N (w;, D*R()z(1))y Dw; =0, >0, (2.207)
2(0) = z0 = yo — y» (0).

Let F(t,z(t)) = B(t,z(t) + y(t)) — B(t, y.(t)) — Ao(t)z(¢). It follows from
(2.151) that

|F(1,2)] = C(1+ IZIE)IZI,ZX, Vi >0, Vz € D(AY), (2.208)

where C > 0 is independent of ¢. Now, we rewrite (2.207) as

M

7))+ Az(t) + Ao(D)z(t) + F(t,z(1)) + Z(wi, D*R(t)z(t))y Dw; =0,
i=1

2(0) = z0 = yo — y= (0).

(2.209)
Multiplying (2.209) by Rz, we obtain
(@' (1), R()z(1) + (Az(1), R(1)z(1)) + (Ao(1)z(1), R(1)z(1))
N
+ Z(wi, D*R(t)z(t))%] =—(F(t,z(), R(t)z(1))). (2.210)

i=1

Note that
% (R(1)z(1), z(t)) = (R'(1)z(1), 2(1)) + 2(R(1)z(1), Z (1)), ae.t>0.

Then, by (2.186), (2.210), we see that

N
%(R(t)z(n, 20) + ATz + Y {wi, D*R(1z(0)},

i=1

= —2(F(1,2(1)), R(1)z(1)), (2.211)
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for all ¢ in the interval of existence (0, Tp) of z(¢).

81
By (2.150), (2.151), (2.152), (2.184), (2.185) and (2.208), we get via interpola-
tion that, for o = %,

20(F(1,2), RO <2/F(t,2)] IR(D)z] < ClzlZ (1 + Izl Dzl

da—1 T4
<Clzly 2 +lzlnlzl} " =ClzB3lzli (1 +zl1)
7 4 T 7 4 4

_1 1 n 1
<Cy, *(R()z,2)2(1+Cy, Z(R(z)z,z)z)k%,
Vi >0, z€ D(AY).

We set

(2.212)

"
2C

1
1 _1 1 2

U =1z€W; (R()z,2)2(1+Cyy *(R(1)z,2)2) <
Equivalently,

U ={zeW; (R()z,2) <n*(y1))},

_1 1
where 1(y)) is the real positive solution to equa tion 2CA(1 + C 1 20 = y12
We see that, for all + > 0, we have for 61, 6, appropriately chosen,

{z€ Qs lzllw <61} C% C{z € Qs lzllw <62}

(2.213)
Choose ||zg|lw < 81 and consider the maximal interval (0, 77) with the property that
z2(t) € %, ¥t € (0, T1). By (2.212) and (2.184), we see that T] = 400, that is, the
solution z(¢) exists globally and z(¢) € %;, YVt > 0. Moreover, it follows that

-5t
lz®llw < Ce™* llzollw,
and

V>0

42 2 2
/0 |A2z()]7dt < Cllzollyy-
This completes the proof of Theorem 2.12.

O
We shall briefly discuss some semilinear time-periodic parabolic equations which

can be treated as special cases of Theorem 2.12. Throughout in the sequel, & is a
bounded, open domain of R? with smooth boundary 3 &.

Example 2.1 Consider the controlled semilinear parabolic equation:

=mx)u(x,t),

yi(x, 1) = Ay(x, 1) + fi(x,t, y(x, 1)) + falx, 1) - Vy(x,1)
y(x,1) =0,

xXelO, teRT,

(2.214)
Y(x,1) €30 x R*.
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Here m =14, is as above the characteristic function of an open domain &y C
OCR*and fi: Ox RxR— R, f»: 0 x R — R? are given continuous functions
which are T -periodic in t. More precisely, we assume that

@) fi, i =1,2, are analytic in (t,y) and
[(fD)y(x,t,y) = (fD)y(x, 5,2 < Crlly —zl + 1t = sD(yl” + 1z17), (2.215)

5
where 0 < p < 3

Indeed, taking into account that, by the Sobolev imbedding theorem, D(A%) C
L9(0) for g <2d/(d —4a), d > 2, we see that Assumption (kk) holds with o = %,
A=—A, D(A)=H}(0)NH*(0) and

B(t,y)(x) = filx,t,y(x)) + fa(x,1) - Vy(x),
Du=mu, YuelU=L%*0).

Let y; be a T-periodic solution to (2.214), that is,

Vo)t — Ayzr + fi(x, 1, y2) + fa(x, 1) - Vyz =0 in O x R,
y:=0 ondl x R, (2.216)
Ve, t +T)=yz(x,1), V(x,t€ 0 xR.

Assuming that t — y,(¢) is analytic as function with values in H(} (0) N H*(0),
it follows that Assumption (A1)’ is satisfied. Indeed, if z and vy;,i =1,..., N, are
solutions to the equation

7z + Az + (fi)yz +div(f22) =0, in(0,T) x O,

(2.217)
z=0 on (0,T) x 00,

and satisfy, for some A, 17 € C,

N
2(0,x) =2z(T, x) + Y _ i (0, x),
i=1

Vi(0,x) =AY (T,x), i=1,....N,

(2.218)

one must show that z(7', x) =0 on &) implies z =0.

We set ¢ = ZlNz | ¥i and ¢ =z — y. By periodicity, we extend ¢ as solution to
(2.217) on (—T,0) x €. By Assumption (¢), it follows that ¢ is analytic in ¢ on
some interval (—4§, §) and so

o0

1

D A () k _

g“(t,x)—zk! ®0,x)%, Vvxeo, —s <1<
k=0

Since ¢(0, x) =0 on 0, we infer that £(¢,x) =0 on (=6, 8) x Oy and so, by the

unique continuation property of solutions to linear parabolic equations, we have
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that £ = 0. Then, by (2.218), we see that z(7,x) =0, Vx € &, and by (2.217) we
conclude that z = 0, as claimed.
Then we may apply Theorem 2.12 and conclude as follows.

Corollary 2.5 There is a system of functions {w j}?/: 1 C L%(0) such that the feed-
back controller

N
u(x, ) ==y wi(x) /ﬁ RO (y(x, 1) = yx (x,1))dx

i=1

exponentially stabilizes the periodic solution y in a neighborhood
% ={yo e W; llyo—y=Ollw < p}.

Here R(¢) : D(A%) — D((A%)/ ) is the periodic solution to Riccati equation
(2.186).
We recall that (see, e.g., [60], p. 186)

1V=Duﬁ)=ﬂém%=4yeHhﬁxf@xmmLaﬁnﬁeL%ﬁ»

Example 2.2 The reaction-diffusion controlled system (“Belousov—Zhabotinski”
system)

yi—Ay—y(l—y—az) —bz=mx)u+ fi(t) in0 xR,
7t —Az4+cyz+dz=mx)v+ fo(t) on O x R, (2.219)
v _ g—;:O on o0 x R,

on —

where a, b, c and d are positive constants, f1, f>» and T periodic functions, and
m =1, is relevant in the theory of chemical reactions.
If (¥, zx) is a nontrivial T -periodic solution to the ordinary differential system

yy/-[_yﬂ(l_yn_aZn)_bZﬂz.fl(t)a teR,
2+ Cyrzn +dzx = fo(0), (2.220)
V7 (0) =y (T), zx (0) = 2z (T),
then (2.219) has y = y;, z = z,; as a periodic solution with period T.
We consider the matrix C(¢) associated with the linearization of System (2.220)

around {yr, z} and recall that this solution is asymptotically stable if the Floquet
exponents associated with the monodromy matrix

®=Y(T), Yt)=C@®)Y (1), Y(0) =1,

are in the left complex half plane, otherwise it might be asymptotically unstable.
However, by Theorem 2.12 this periodic solution to (2.219) is stabilizable by inter-
nal controllers with support in &y.
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Indeed, we may apply here Theorem 2.12, where H = (L?(£))? and

—A
A(y,z>=(_Ai),

D(A) = {(y,z) e (H*(0)); 9 =0, 9z =0on aﬁ} i
on on

—y(1—y—az) —bz)

B(y,z) =
,2) ( cyz+dz

2(,)=(n)

Since Assumptions (k)~(kkk) are obviously satisfied, we check (A1)’ only.
Let (¥, z) and (¥1, z1) satisfy the system

+AY+ (A —yr —azy)y —(cyr +d)z2=0 in 0 x (0,7),
L+ AZ—czzy+ (b —ay;)z=0,

9 97

L 5=0, L -0 onaex©,1),

on on

yx, 0 =ay(x, )+ y1(x,0), z(x,0)=2z(x,T)+zi1(x), VxeO.

Assuming that (y,, z;) are analytic, then, arguing as above, if y(x,T) =z(x,T) =
0, it follows via the unique continuation property of solutions to linear parabolic
systems that y =0,z =0o0n & x (0, T), as desired.

Then, by Theorem 2.12 there is a feedback controller

N
(e, ) =y wi(x) /ﬁ (R (1) (y(x.1) = yx (1))
0

i=1

+ Rip(0)(z(x, 1) — 2z (x, 1)) wi (x)dx,

N
o0 =Y wio) /ﬁ (Riz(O (G, 1) = ye (1))
0

i=1

+ R () (z(x, 1) — 2z (x, )))wi (x)dx,

which exponentially stabilizes the periodic solution (y,, zx).
Here,

Ri1(t) Rpp(1)

R(1) =
Ri2(t)  Roo(1)

is the T -periodic solution to the corresponding Riccati equation (2.186).
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2.7 Comments to Chap. 2

Most of the results in this chapter are new and appear for the first time in this ge-
neral form. However, in some particular cases these results were established earlier.
For instance, Theorems 2.1 and 2.2 were previously established in the special case
of Navier—Stokes equations in [26]. (See also [12].) The results of Sect. 2.4 and,
in particular, Theorem 2.7 were first established for the linearized Navier—Stokes
equations in [14], but the treatment extended mutatis mutandis to the present gen-
eral case. The results of Sect. 2.5 are new in this general framework, but are straight-
forward extensions to similar results established firstly for Navier—Stokes equations
[26, 27] or for nonlinear parabolic equations [28]. The results of Sect. 2.6 are taken
from [29]. As regards the stabilization by noise, which is new in this context, it is
developed in Chap. 4 for systems governed by Navier—Stokes equations.
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