
Introduction

There are several ways to find the area of the segment of parabola depicted above.
One method consists of covering the area with an infinite number of small triangles,
proving that each of them has a specific area, then adding together all the areas of
the triangles. This is grosso modo the method that Archimedes used to show that this
area is equal to 4/3. Another method, which gives the same result, has been known
since the 17th century: the area can be obtained by computing

∫ 1
−1(1 − x2)dx. To

integrate this polynomial function we do not need to build a proof, we can simply
use an algorithm.

Building a proof and applying an algorithm are two well-known mathematical
techniques; they have co-existed for a long time. With the advent of computers,
which allow us to implement algorithms at a scale that was unimaginable in the
past, there has been a renewed interest in algorithmic methods.

The co-existence of these two problem-solving techniques leads us to question
their relationship. To what extent the construction of a proof can be replaced by the
application of an algorithm? This book describes a set of results, some positive and
some negative, that provide a partial answer to this question. We start by giving a
precise definition of the notion of a proof, in the first part of the book, and of the
notion of an algorithm, in the second part of the book. A precise definition of the
notion of proof will allow us to understand how to prove independence theorems,
which state that there are certain problems for which no proof can provide a solu-
tion. A precise definition of the notion of an algorithm will allow us to understand
how to prove undecidability theorems, which state that certain problems cannot be
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solved in an algorithmic way. It will also lead us to a better understanding of algo-
rithms, which can be written in different ways (for instance, as a set of rewriting
rules, as terms in the lambda-calculus, or as Turing machines), and to the discovery
that behind this apparent diversity there is a deep unifying notion: the idea that a
computation is a sequence of small steps.

The third part of the book focuses on the links between the notions of proof
and algorithm. The main result in this part is Church’s theorem, establishing that
provability is an undecidable problem in predicate logic; Gödel’s famous theorem
is a corollary of this result. This negative result will be counterbalanced by two
positive results. First, although undecidable, this problem is semi-decidable, and
this will lead us to the development of algorithms that search for proofs. Second,
by adding axioms to predicate logic we can, in certain cases, make the problem
decidable. This will lead us to the development of decision algorithms for specific
theories.

The final chapter of the book will describe a different link between proofs and
algorithms: some proofs, those that are said to be constructive, can be used as algo-
rithms.

Over the next chapters we will explore the deep connections that exist between
the concepts of proof and algorithm, and unveil the complexity that hides behind the
apparently obvious notion of truth.
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