
Chapter 2
Local principles

Before we start our walk through the world of local principles, it is useful to give a
general idea of what a local principle should be. A local principle will allow us to
study invertibility properties of an element of an algebra by studying the invertibility
properties of a (possibly large) family of (hopefully) simpler objects. These simpler
objects will usually occur as homomorphic images of the given element. To make
this more precise, consider a unital algebra A and a family W = (Wt)t∈T of unital
homomorphisms Wt : A →Bt from A into certain unital algebras Bt . We say that
W forms a sufficient family of homomorphisms for A if the following implication
holds for every element a ∈ A :

Wt(a) is invertible in Bt for every t ∈ T =⇒ a is invertible in A

(the reverse implication is satisfied trivially). Equivalently, the family W is sufficient
if and only if

σA (a) ⊆ ∪t∈T σBt for all a ∈ A

(again with the reverse inclusion holding trivially). In case the family W is a sin-
gleton, {W} say, then W is sufficient if and only if W is a symbol mapping in the
sense of Section 1.2.1.

Every sufficient family (Wt)t∈T of homomorphisms for A gives rise to a symbol
mapping W from A into the direct product Πt∈T Bt of the algebras Bt via

W : a �→ (t �→ Wt(a)).

Since symbol mappings preserve spectra, they preserve spectral radii. In the C∗-case
(i.e., if all occurring algebras are C∗ and the homomorphisms are symmetric), this
implies that they also preserve norms of self-adjoint elements (Proposition 1.2.36
(i)), and hence, by the C∗-axiom, the norms of arbitrary elements. Thus, a symmetric
symbol mapping W : A → B between C∗-algebras is nothing but a ∗-isomorphism
between A and a C∗-subalgebra of B. For general (in particular, Banach) algebras
there is a clear distinction between symbol mappings and isomorphisms. Note that
(Wt)t∈T being sufficient only implies that ∩t∈T Ker Wt ⊆ RA .
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64 2 Local principles

So, in case of an algebraic environment, “local principle” will mean a process
to construct sufficient families of homomorphisms. All local principles encountered
in this chapter will use commutativity properties for this construction. It is either
the commutativity of the algebra itself (classical Gelfand theory), the presence of a
(sufficiently large) center (Allan’s local principle and its relatives due to Douglas,
Gohberg-Krupnik, and Simonenko), or the appearance of a completely new identity
which replaces the common ab = ba (Krupnik’s principle for PI-algebras) which
will be employed.

Unless stated otherwise, all algebras and homomorphisms occurring in this chap-
ter are complex.

2.1 Gelfand theory

The Gelfand transform for commutative Banach algebras which we are going to
discuss in this section, will not only provide us with the first and simplest local
principle; it will also serve as a model for other local principles. Gelfand’s theory
associates with every commutative Banach algebra B with identity a subalgebra of
the algebra C(X) of all continuous functions on an appropriately chosen compact
Hausdorff space X depending on the internal structure of the algebra. The Gelfand
transform is then a homomorphism from B into C(X), which is a symbol mapping
for B.

2.1.1 The maximal ideal space

Let B be a commutative unital Banach algebra, and let MB denote the set of all
maximal ideals of B. Let x be a maximal ideal1 of B. Then the quotient algebra
B/x is isomorphic to C by Theorem 1.3.8. Thus, to each x ∈ MB and each b ∈ B,
there is associated a complex number, ̂b(x), which is the image of the coset b + x
under the above mentioned isomorphism.

The mapping b �→ ̂b(x) is a multiplicative linear functional on B the kernel of
which is x. By Theorem 1.3.19, there are no other multiplicative linear functionals
with the same kernel on B, and there is a one-to-one correspondence between the
non-trivial multiplicative linear functionals on B and the maximal ideals of B: the
kernel of every non-trivial multiplicative linear functional is a maximal ideal, and
every maximal ideal is the kernel of a uniquely determined non-trivial multiplicative
linear functional.

1 The notation “x” for a maximal ideal may seem strange at first. But if one remembers Section
1.4.3 and the relation between the maximal ideals and the multiplicative linear functionals of the
algebra C(X), this choice of notation becomes clear.
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Definition 2.1.1. Given an element b ∈ B, the complex-valued function

̂b : MB → C, x �→ ̂b(x)

is called the Gelfand transform of the element b ∈ B, and the resulting mapping

̂ : B →C(MB), b �→ ̂b

is called the Gelfand transform on B.

The set MB can be made into a topological space by the requirement that all
Gelfand transforms of elements of B become continuous functions on it:

Definition 2.1.2. The Gelfand topology on MB is the coarsest topology on MB

that makes all Gelfand transforms ̂b with b ∈ B continuous. The set MB provided
with the Gelfand topology is referred to as the maximal ideal space of the Banach
algebra B.

Equivalently, the sets ̂b−1(U) with b and U running through B and the open
subsets of C, respectively, form a sub-basis of the Gelfand topology.

2.1.2 Classical Gelfand theory

The following two theorems, also known as Gelfand’s representation theorem, are
the central results of classical Gelfand theory. They claim that every complex com-
mutative unital semi-simple Banach algebra is isomorphic to an algebra of complex
functions, defined in a certain compact Hausdorff space.

Theorem 2.1.3. Let B be a commutative unital Banach algebra. Then:

(i) the Gelfand transform is a continuous homomorphism of norm 1;
(ii) the set ̂B is a subalgebra of C(MB) which separates the points of MB and

contains the identity of C(MB);
(iii) the element b ∈ B is invertible if and only if ̂b(x) 
= 0 for all x ∈ MB;
(iv) the kernel of the Gelfand transform is the radical of B. Thus, the Gelfand

transform is an isomorphism between B and ̂B if and only if B is semi-
simple;

(v) the spectrum of b ∈ B coincides with the image of ̂b, and r(b) = ‖̂b‖∞.

Proof. The definition of the Gelfand topology in MB guarantees the continuity of
each function ̂b. As b̂1 +b2 = ̂b1 + ̂b2, ̂λb1 = λ ̂b1 and ̂b1b2 = ̂b1̂b2, for b1,b2 ∈ B
and λ ∈ C, the Gelfand transform is a homomorphism. By the definition of the
quotient norm, one also has

∥

∥̂b
∥

∥

∞ = sup
x∈MB

∣

∣̂b(x)
∣

∣ ≤ ‖b‖, (2.1)
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which implies the continuity of the Gelfand transform and that its norm is less than
or equal to 1. That ̂B is a subalgebra of C(MB) is obvious, because the Gelfand
transform is a homomorphism. To prove the rest of point (ii) let us suppose that we
have two maximal ideals x1 
= x2. Choosing an element b1 ∈ x1 such that b1 
∈ x2 we
obtain ̂b1(x1) = 0 but ̂b1(x2) 
= 0. We have also ê(x) = 1 for all x ∈ MB , and using
point (i) we can now deduce that the norm of ̂ is 1. The third point is a direct
consequence of Theorem 1.3.21. The proof of point (iv) is easy: just remember that
̂b(x) = 0 for all x ∈ MB , if and only if b ∈ x for all x ∈ MB .

Finally, regarding (v), we have that λ ∈ σ(b)⇔ λe−b is not invertible, which is

equivalent to λ̂e−b(x) = 0 for some x ∈ MB by point (iii) above. This is equivalent
to λ −̂b(x) = 0 for some x ∈ MB , that is λ ∈ ̂b(MB). By the definition of spectral
radius we have r(b) = supx∈MB

|̂b(x)| = ‖̂b‖∞.

In general, neither equality holds in the estimate (2.1), nor is the Gelfand trans-
form ̂ : B → C(MB) injective or surjective. Examples are provided in Exercises
2.1.1 and 2.1.2.

Theorem 2.1.4. The maximal ideal space MB of a commutative Banach algebra
with identity is a compact Hausdorff space; thus normal.

Proof. We prepare the proof by recalling some facts from functional analysis. Let
X be a Banach space with Banach dual X∗. For each b ∈ X , define a function

fb : X∗ → C, φ �→ φ(b).

The w∗-topology on X∗ is, by definition, the weakest topology on X∗ for which all
functions fb with b ∈ X are continuous. The restriction of the w∗-topology to the
closed unit ball

E∗ := {φ : φ ∈ X∗ and ‖φ‖ ≤ 1}

of X∗ makes E∗ a compact subset of a Hausdorff space in the w∗-topology (see, for
instance, [184, Theorem 49-A]).

Now let B be a commutative Banach algebra with identity e, B∗ its Banach dual
space, and E∗ the closed unit ball of B∗, provided with its w∗-topology. Every non-
zero multiplicative functional on B has norm 1 and can thus be considered as an
element of E∗, which implies an embedding of the maximal ideal space MB into
E∗. It turns out that the restriction of the w∗-topology on E∗ to MB coincides with
the Gelfand topology. Indeed, the restriction of fb to MB coincides with the Gelfand
transform ̂b, because of fb(x) = fb(φx) = φx(b) = ̂b(x).

Since E∗ is a compact subset of a Hausdorff space with respect to the w∗-
topology, it remains only to prove that MB is a closed subset of E∗. Let I be a
directed set and (φα)α∈I a net in MB which converges to φ ∈ E∗ in the w∗-topology.
Then

φ(e) = lim
α

φα(e) = lim
α

1 = 1

and
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φ(b1b2) = lim
α

φα(b1b2)

= lim
α

φα(b1)φα(b2) = lim
α

φα(b1) lim
α

φα(b2) = φ(b1)φ(b2)

which shows that φ ∈ MB again.

Remark 2.1.5. Using the terminology given at the beginning of the chapter, as-
sertions (i) and (iii) of Theorem 2.1.3 can be rephrased as follows: The Gelfand
transform ̂ : B → C(MB) is a symbol mapping for B, and the family of all ho-
momorphisms Wx : b �→ ̂b(x) of B with x ∈ MB is a sufficient family. �

The following result provides a criterion for the injectivity of the Gelfand trans-
form.

Proposition 2.1.6. Let B be a commutative unital Banach algebra. The following
conditions are equivalent, for any b ∈ B:

(i) ‖b2‖ = ‖b‖2;
(ii) r(b) = ‖b‖;

(iii)
∥

∥̂b
∥

∥ = ‖b‖.

Proof. Condition (i) implies ‖b2k‖ = ‖b‖2k
for any natural k. Then the formula for

the spectral radius (Theorem 1.2.12) gives

r(b) = lim
n→∞

‖bn‖ 1
n = lim

k→∞

∥

∥b2k∥
∥

1
2k = lim

k→∞
‖b‖ = ‖b‖,

which is (ii). Conversely, if λ ∈ σ(b) then λ 2 ∈ σ(b2) by Exercise 1.2.5. Hence,
‖b2‖= r(b2) = r(b)2 = ‖b‖2, showing that (ii) implies (i). The equivalence between
(ii) and (iii) comes from (v) in Theorem 2.1.3.

For normal elements in a C∗-algebra, condition (i) in the above proposition is
always satisfied and we have ‖a2‖= ‖a‖2 and r(a) = ‖a‖, as was seen in Proposition
1.2.36 (i). In a commutative C∗-algebra, all elements are normal. Thus, the Gelfand
transform acts as an isometry on commutative C∗-algebras. One can say even more
in this case.

Theorem 2.1.7 (Gelfand-Naimark). Let B be a commutative unital C∗-algebra.
Then the Gelfand transform is an (isometric) *-isomorphism from B onto the alge-
bra C(MB).

Proof. Let us first verify that the Gelfand transform is a *-homomorphism. If h ∈B
is self-adjoint, then σ(h) ⊂ R by Proposition 1.2.36, implying that Im ̂h ⊂ R by

Theorem 2.1.3 (iii). Consequently, ̂h = ̂h = ̂h∗. Now let b ∈ B be arbitrary. Write b
as b = h+ ik with h, k self-adjoint. Then

̂b∗ = ̂(h− ik) = ̂h− ̂ik = ̂h− îk = ĥ+ ik = ̂b.
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Thus, the Gelfand transform is symmetric, and by Propositions 1.2.36 and 2.1.6, it is
also an isometry. We are left with proving the surjectivity. The image ̂B is a closed
self-adjoint subalgebra of C(MB) by Theorem 1.1.6, and it separates the points of
MB and contains the constant functions. By the Stone-Weierstrass theorem (see for
example [171, Section 5.7]), ̂B coincides with C(MB).

The theorem above justifies thinking of elements of commutative unital C∗-
algebras as continuous functions on a compact Hausdorff space, and we shall use
this henceforth.

2.1.3 The Shilov boundary

Let X be a compact Hausdorff space. For each function a ∈ C(X) and each closed
non-empty subset E of X we set

‖a|E‖∞ := max
x∈E

|a(x)|.

Let C be a subset of C(X). A closed subset F of X is called a maximizing set for C
if

‖a|X ‖∞ = ‖a|F ‖∞ for all a ∈ C .

Lemma 2.1.8. Let C be a subalgebra of C(X) which contains the constant functions
and separates the points of X. Then the intersection of all maximizing sets for C is
a maximizing set for C .

Proof. Let S denote the intersection of all maximizing sets for C . We claim that
every point x0 ∈ X \S has an open neighborhood U such that F \U is a maximizing
set for C whenever F is a maximizing set for C .

Indeed, since x0 
∈ S, there is a maximizing set F0 for C which does not contain
x0. Since C contains the constant functions and separates the points of X , for each
y ∈ F0, there is a function ay ∈ C with ay(x0) = 0 and ay(y) = 2. Each set Uy :=
{x ∈ X : |ay(x)| > 1} is an open neighborhood of y. Thus, the compact set F0 can
be covered by a finite number of sets of the form Uy. We denote the corresponding
functions in C by a1, . . . , ar. Thus, ak(x0) = 0 for k = 1, . . . , r, and for each y ∈ F0

there is a k ∈ {1, . . . , r} such that ak(y) > 1. Let

U := {x : |ak(x)| < 1 for every k = 1, . . . , r}.

Then U is an open neighborhood of x0 and U ∩F0 = /0.
Now let F be a maximizing set for C , and suppose that the set F \U is not

maximizing for C . Then there is a function a ∈ C with

‖a|X ‖∞ = 1 > ‖a|F\U
‖∞.
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Let M := max{‖ak|X ‖∞ : k = 1, . . . , r} and choose n such that ‖a|F\U
‖n

∞ < 1/M.
Then ‖anak|F\U

‖∞ < 1 for every k = 1, . . . , r, and one also has |an(x)ak(x)| < 1 for
all x ∈U and k = 1, . . . , r. Since F is maximizing, this implies

‖anak|X
‖∞ = ‖anak|F‖∞ < 1 for every k = 1, . . . , r.

Since F0 is a maximizing set, there is a point y ∈ F0 with a(y) = 1. For this point,
one gets

|ak(y)| = |an(y)ak(y)| ≤ ‖anak|X ‖∞ < 1,

which implies that y ∈ F0 ∩U . Hence, F0 ∩U is not empty; a contradiction. This
contradiction proves our claim.

Having the claim at our disposal, the proof of the lemma can be completed as
follows. Let a ∈ C , and let K := {x ∈ X : |a(x)| = ‖a|X ‖∞}. We have to show that
S ∩ K is not empty. Contrary to what we want to show, assume that S ∩ K = /0.
Then each point x0 ∈ K has an open neighborhood U given by the claim. Since K
is compact, it is covered by a finite number of these neighborhoods, say U1, . . . , Un.
The set X is maximizing, and so are the sets

X \U1, X \ (U1 ∪U2), . . . , X \ (U1 ∪ . . .∪Un) =: E,

say. Since E∩K = /0 one obtains ‖a|E‖∞ < ‖a|X ‖∞ which contradicts the maximality
of E.

Now let A be a commutative Banach algebra with identity e. Then the algebra
C of all Gelfand transforms of elements of A contains the constant functions and
separates the points of the maximal ideal space MA . By the above lemma, the inter-
section of all maximizing sets for C is a maximizing set for C . This intersection is
called the Shilov boundary of MA . We denote it by ∂SMA .

Equivalently, a point x0 ∈ MA belongs to ∂SMA if and only if, for each open
neighborhood U ⊂ MA of x0, there exists an a ∈ A such that

‖â|MA \U‖∞ < ‖â|U‖∞.

Theorem 2.1.9. Let A and B be commutative unital Banach algebras.

(i) If W : A →B is a unital homomorphism which preserves spectral radii, i.e., if

rB(W(a)) = rA (a) for all a ∈ A ,

then ∂SMA ⊆ W∗(∂SMB) (with W∗ referring to the dual mapping of W).
(ii) Now let A be a unital closed subalgebra of B. Then each maximal ideal in the

Shilov boundary of MA is contained in some maximal ideal of B.

Proof. (i) We think of the elements of the maximal ideal space MB as non-trivial
multiplicative functionals, and thus as elements of the Banach dual B∗. Since W is
a homomorphism, its dual W∗ sends multiplicative functionals on B to multiplica-
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tive functionals on A . Let eA and eB denote the identity elements of A and B,
respectively. From

W∗(ϕ)(eA ) = ϕ(W(eA )) = ϕ(eB) = 1

one deduces that the image of a non-trivial multiplicative functional ϕ on B is non-
trivial again. Thus, W∗ maps MB into MA .

The Shilov boundary ∂SMB is a compact subset of MB , and W∗ : MB → MA

is continuous by the definition of the Gelfand topology. Hence, W∗(∂SMB) is a
compact subset of MA . Since MA is a compact Hausdorff space, the set W∗(∂SMB)
is closed in MA . The assertion will follow once we have shown that this set is
maximizing for the algebra of all Gelfand transforms of elements of A .

Let a ∈ A . Then

‖â|W∗(∂SMB)‖∞ =
∥

∥Ŵ(a)|∂SMB

∥

∥

∞ = rB(W(a)) = rA (a)

with r referring to the spectral radius. Thus, W∗(∂SMB) is maximizing and includes
the Shilov boundary of the maximal ideal space of A .

(ii) Consider the inclusion map W : A →B. Then W is a homomorphism which
preserves spectral radii (use the formula for the spectral radius to check this). Thus,
by part (i) of this theorem, every maximal ideal in the Shilov boundary of A arises
as the restriction of some maximal ideal (in the Shilov boundary) of B.

2.1.4 Example: SIOs with continuous coefficients

We return now to the SIOs introduced in Section 1.4.4, but will apply Gelfand’s rep-
resentation theorem. Let B be the smallest closed subalgebra of L (Lp(T)) which
contains all singular integral operators of the form

A = cI +dS +K = f P+gQ+K

where c, d ∈C(T), K is compact, and f := c +d and g := c−d. From Proposition
1.4.12 we infer that the Calkin image BK := B/K of B is a commutative and
unital Banach algebra which is, consequently, subject to Gelfand’s representation
theorem. We start with identifying the maximal ideal space of BK .

Proposition 2.1.10. All proper ideals of BK are contained in ideals of the form

IP,X0 := { f P+gQ+K : f (X0) = 0} or IQ,X0 := { f P+gQ+K : g(X0) = 0}

with a certain subset X0 of T.

Proof. Suppose there is an ideal I of BK , which does not have the claimed
property. Then, for every x ∈ T, there are functions fx and gx ∈ C(T) such that
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fx(x) 
= 0, gx(x) 
= 0, and fxP+gxQ+K ∈ I . Consequently,

Ax := ( fxP+gxQ+K )( f xP+gxQ+K ) = | fx|2P+ |gx|2Q+K ∈ I .

The functions | fx|2 and |gx|2 are positive in a certain open neighborhood Ux of x,
and the collection of all of these neighborhoods covers T. By compactness, one can
extract a finite subcovering T = Ux1 ∪ . . .∪Uxn , say. It is easy to see that then the
operator A = ∑n

k=1 Axk ∈ I is invertible in BK , which is a contradiction.

Proposition 2.1.10 implies that the maximal ideals of BK are necessarily of the
form

IP,x0 := { f P+gQ+K : f (x0) = 0} and IQ,x0 := { f P+gQ+K : g(x0) = 0}

with x0 ∈ T. These ideals are closed by Theorem 1.3.5. Thus, there is a bijection
between the maximal ideal space of BK and two copies of the unit circle T or, more
precisely, between the maximal ideal space of BK and the product T×{0,1}. A
closer look shows that this bijection is even a homeomorphism, which allows one
to identify the maximal ideal space of BK with T×{0,1}, provided with the usual
product topology. Under this identification, the Gelfand transform of an element
A+K = f P+gQ+K is given by

Â+K (x,n) =

{

f (x) if n = 0,

g(x) if n = 1.

Thus, the coset A+K is invertible (equivalently, the operator A is Fredholm) if and
only if f (x) 
= 0 and g(x) 
= 0 for all x ∈ T. It is also easy to see that the radical of
BK is {0}.

These results remain valid for curves Γ other than the unit circle, provided that
the singular integral operator SΓ on that curve satisfies S2

Γ = I and that the commu-
tator of SΓ with every operator of multiplication by a continuous function on Γ is
compact. Examples of such curves will be discussed in Chapter 4.

2.1.5 Exercises

Exercise 2.1.1. Let B be the algebra of all matrices

[

a b
0 a

]

with complex entries

a, b. Determine the maximal ideal space of B and the Gelfand transform on B.
Conclude that the Gelfand transform is not injective. (Evidently, the reason for being
not injective is that B has a non-trivial radical.)

Exercise 2.1.2. Let A refer to the disk algebra introduced in Example 1.2.23. Char-
acterize A as the set of all functions f ∈C(T) which possess an analytic continuation
into the open unit disk D := {z ∈C : |z|< 1}. Show that A is a commutative Banach
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algebra with identity and that every character of A is of the form f �→ f (z) with
some fixed point z ∈ D∪T. Conclude that the maximal ideal space of A is homeo-
morphic to the closed unit disk D∪T with its standard (Euclidean) topology. Show
further that the Gelfand transform of f ∈ A coincides with the analytic continuation
of f into the interior of the unit disk. Thus, the image of the Gelfand transform on
A is a proper subset of C(MA) = C(D∪T).

Exercise 2.1.3. A Banach algebra B with identity e is singly generated if there is
an element b ∈ B such that the smallest closed subalgebra of B which contains e
and b coincides with B. In this case, b is called a generator of B. Prove that the
maximal ideal space of a singly generated (by b, say) Banach algebra is homeo-
morphic to the spectrum σB(b). Suggestion: under this homeomorphism, the point
λ ∈ σB(b) corresponds to the smallest closed ideal of B which contains b−λe (see
[37, 15.3.6]).

Exercise 2.1.4. We know from Exercise 1.4.8 that the Toeplitz algebra T (C) con-
tains the ideal K (l2(Z+)) of the compact operators and that the quotient algebra
T (C)/K (l2(Z+)) is commutative. Identify the maximal ideal space of this quo-
tient algebra. Show that the Gelfand transform of T (a)+K (l2(Z+)) can be identi-
fied with a ∈C(T).

Exercise 2.1.5. Let B be a commutative Banach algebra with identity, generated
by the elements {b1, . . . , bn}. Show that MB is homeomorphic to the joint spectrum
σB(b1, . . . ,bn) in B.

Exercise 2.1.6. Review Exercise 1.3.9. Let Ml∞ be the space of multiplicative linear
functionals of l∞, with the w∗ topology. Given u ∈ l∞, define û(φ) as φ(u) for φ ∈
Ml∞ . Note that Ml∞ is a compact Hausdorff space.

a) Show that Ml∞ is extremely disconnected (i.e., the closure of every open set is
open).

b) Let φn(u) := un for n ∈ N and u ∈ l∞. Show that the subset {φn : n ∈ N} of Ml∞
is homeomorphic to N and that, consequently, N can be identified with a subset
of Ml∞ . Show that N is dense in Ml∞ .

c) Show that the one point subset {φn} of Ml∞ is open in Ml∞ .
d) Show that φ(u) = 0 when φ ∈ Ml∞ \N and u ∈ l0

∞.

Exercise 2.1.7. Determine the Shilov boundaries of the maximal ideal spaces of the
disk algebra A and of the C∗-algebra C(X) where X is a compact Hausdorff space.
(Hint: use the Tietze-Uryson extension theorem.)

2.2 Allan’s local principle

As we have seen, Gelfand theory associates with each unital commutative Banach
algebra B a compact Hausdorff space MB , called the maximal ideal space of B,
and with every element b∈B a continuous function ̂b : MB →C, called the Gelfand
transform of b, such that the mapping
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̂ : B →C(MB), b �→ ̂b

becomes a contractive algebra homomorphism which preserves spectra. Allan’s lo-
cal principle is a generalization of classical Gelfand theory to unital Banach alge-
bras which are close to commutative algebras in the sense that their centers are
non-trivial.

2.2.1 Central subalgebras

Let A be a unital Banach algebra. Recall that the center of A is the set Cen A of
all elements a ∈ A such that ab = ba for all b ∈ A . Evidently, Cen A is a closed
commutative subalgebra of A which contains the identity element. A central subal-
gebra of A is a closed subalgebra B of the center of A which contains the identity
element. Thus, B is a commutative Banach algebra with compact maximal ideal
space MB . For each maximal ideal x of B, consider the smallest closed two-sided
ideal Ix of A which contains x, and let Φx refer to the canonical homomorphism
from A onto the quotient algebra A /Ix.

In contrast to the commutative setting where B/x ∼= C for all x ∈ MB , the quo-
tient algebras A /Ix will depend on x∈MB in general. Moreover, it can happen that
Ix = A for certain maximal ideals x. In this case we define that Φx(a) is invertible
in A /Ix and that ‖Φx(a)‖ = 0 for each a ∈ A .

2.2.2 Allan’s local principle

The proof of Allan’s local principle is based on the following observation.

Proposition 2.2.1 (Allan). Let B be a central subalgebra of the unital Banach
algebra A . If M is a maximal left, right, or two-sided ideal of A , then M ∩B is
a (two-sided) maximal ideal of B.

Proof. For definiteness, let M be a maximal left ideal of A . Then M ∩B is a
proper (since e ∈ B \M ) closed two-sided ideal of B. The maximality of M ∩B
will follow once we have shown that

for all z ∈ B \M , there is a λ ∈ C\{0} with z−λe ∈ M . (2.2)

Indeed, let I be a two-sided ideal of B with M ∩B ⊂ I and M ∩B 
= I .
Choose z ∈ I \ (M ∩B) ⊂ B \M . According to (2.2), there is a λ ∈ C and an
l ∈ M ∩B with e = λ−1z + l. Hence, e ∈ I , whence I = B and the maximality
of M ∩B.

We are left with verifying (2.2). In a first step we show that every element z ∈
B \M has a unique inverse modulo M . The set Iz := {l +az : l ∈M , a ∈A } is a
left ideal of A which contains M properly (since z 
∈M ). Since M is maximal, we
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must have Iz = A . Hence, e ∈ Iz, and there is an a ∈ A with az− e, za− e ∈ M
(note that z ∈ Cen A). Thus, a is an inverse of z modulo M .

Further, Kz := {a ∈ A : az ∈ M } is a proper (since e 
∈ Kz) left ideal of A
which contains M . Since M is maximal, we have Kz = M . In particular, if a1 and
a2 are inverses modulo M of z, then a1 − a2 ∈ M . Thus, the inverses modulo M
of z determine a unique element of the quotient space A /M .

Contrary to (2.2), suppose that z− λe 
∈ M for all λ ∈ C. Let yπ(λ ) denote
the (uniquely determined) coset of A /M containing the inverses modulo M of
z−λe. Then yπ : C→A /M is an analytic function. Indeed, let λ0 ∈C, and let y0 ∈
yπ(λ0) be an inverse modulo M of z−λ0e. Then, for |λ −λ0|< 1/‖y0‖, the element
e− (λ −λ0)y0 is invertible in A , and it is readily verified that y0[e− (λ −λ0)y0]−1

is an inverse modulo M of z−λe. Thus, for |λ −λ0| < 1/‖y0‖,

yπ(λ ) = y0[e− (λ −λ0)y0]−1 +M ,

which implies the asserted analyticity. If |λ |> 2‖z‖, then z−λe is actually invertible
in A and

‖yπ(λ )‖ ≤ ‖(z−λe)−1‖ =
1
|λ | ‖(e− z/λ )−1‖ ≤ 1

|λ |
1

1−‖z‖/|λ | <
1
‖z‖ .

Therefore, yπ is bounded, whence yπ(λ ) = 0 for all λ ∈ C by Liouville’s theorem.
In particular, yπ(0) = 0. Thus, there is a y0 ∈M with y0z−e ∈M , whence e ∈M .
This is impossible since M is a proper ideal of A . This contradiction implies that
there is a λ ∈ C with z−λe ∈ M . Since z 
∈ M , one also has λ 
= 0.

Before tackling Allan’s principle, let us recall that a function f : MB → R is said
to be upper semi-continuous at x0 ∈ MB if, for each ε > 0, there exists a neighbor-
hood Uε ⊂ MB of x0 such that f (x) < f (x0)+ ε for any x ∈ Uε . The function f is
said to be upper semi-continuous on MB if it is upper semi-continuous at each point
of MB . Every upper semi-continuous function defined on a compact set attains its
supremum.

Theorem 2.2.2 (Allan’s local principle). Let B be a central subalgebra of the unital
Banach algebra A . Then:

(i) an element a ∈ A is invertible if and only if the cosets Φx(a) are invertible in
A /Ix for each x ∈ MB;

(ii) the mapping MB → R
+, x �→ ‖Φx(a)‖ is upper semi-continuous for every

a ∈ A ;
(iii) ‖a‖ ≥ maxx∈MB

‖Φx(a)‖;
(iv) ∩x∈MB

Ix lies in the radical of A .

Proof. To prove (i) we show that a ∈ A is left invertible if and only if Φx(a) is left
invertible for all x ∈ MB . The proof for the right invertibility is analogous.

Clearly, Φx(a) is left invertible if a is so. To verify the reverse implication as-
sume the contrary, i.e., suppose Φx(a) to be left invertible in A /Ix for all x ∈ MB
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but let a have no left inverse in A . Denote by M a maximal left ideal of A
which contains the set I := {ba : b ∈ A } (note that e 
∈ I ). Put x = M ∩B.
By Proposition 2.2.1, x is a maximal ideal of B. We claim that Ix ⊆ M . In-
deed, if l = ∑n

k=1 akxkbk where xk ∈ x and ak, bk ∈ A , then l = ∑n
k=1 akbkxk (be-

cause B is central), and hence l ∈ M (because M is a left ideal). Thus, Ix ⊆
M . By our assumption, Φx(a) is left invertible in A /Ix, that is, there exists a
b ∈ A with ba− e ∈ Ix, and since Ix ⊆ M we have ba− e ∈ M . On the other
hand, ba ∈ I ⊆ M . This implies that e ∈ M which contradicts the maximality
of M .

(ii) Let x ∈ MB and ε > 0. We have to show that there is a neighborhood U of x
such that

‖Φy(a)‖ < ‖Φx(a)‖+ ε for all y ∈U.

Choose elements a1, . . . , an ∈ A and x1, . . . , xn ∈ x with
∥

∥

∥

∥

∥

a+
n

∑
j=1

a jx j

∥

∥

∥

∥

∥

< ‖Φx(a)‖+ ε/2, (2.3)

set δ := ∑n
i=1 ‖ai‖+1, and define an open neighborhood U ⊂ MB of x by

U := {y ∈ MB : |x̂ j(y)| < ε/(2δ ) for j = 1, . . . , n}.

Let y ∈ U and set y j := x j − x̂ j(y)e. Then ŷ j(y) = x̂ j(y)− x̂ j(y)ê(y) = 0, whence
y j ∈ y and

‖Φy(a)‖ ≤
∥

∥

∥

∥

∥

a+
n

∑
j=1

a jy j

∥

∥

∥

∥

∥

. (2.4)

The estimates (2.3) and (2.4) give

‖Φy(a)‖−‖Φx(a)‖ ≤
∥

∥a+∑a jy j
∥

∥−
∥

∥a+∑a jx j
∥

∥+ ε/2

≤
∥

∥∑a j(y j − x j)
∥

∥+ ε/2

=
∥

∥∑ x̂ j(y)a j
∥

∥+ ε/2 < ε,

whence the upper semi-continuity of y �→ ‖Φy(a)‖ at x.
(iii) By definition, ‖a‖ ≥ ‖Φx(a)‖ for any x ∈ MB , which implies that ‖a‖ ≥

supx∈MB
‖Φx(a)‖. The supremum in this estimate is actually a maximum due to the

compactness of MB .
(iv) Let k ∈∩x∈MB

Ix. Then, for any a ∈A , Φx(e−ak) = Φx(e) and by (i) above
e−ak is invertible. Thus, by Proposition 1.3.3, k belongs to the radical of A .
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2.2.3 Local invertibility and local spectra

As consequences of the upper semi-continuity, we mention the following properties
of local invertibility and local spectra.

Let X be a locally compact Hausdorff space with one-point compactification X ∪
{x∞}, and let M be a mapping from X into the set of all compact subsets of the
complex plane. For each net y := (yt)t∈T in X with limit x∞, consider the set L(y)
of all limits of convergent nets (λt)t∈T with λt ∈ M(yt). The limes superior (also
called the partial limiting set) limsupx→x∞ M(x) is defined as the union of all sets
L(y), where the union is taken over all nets y in X tending to x∞. For X = Z

+, this
definition coincides with that one given before Proposition 1.2.16. Below we apply
this definition when Y is a compact Hausdorff space, x∞ ∈ Y and X := Y \{x∞}.

Proposition 2.2.3. Let the hypothesis be as in Theorem 2.2.2.

(i) If Φx(a) is invertible in A /Ix, then there is a neighborhood U of x ∈ MB as
well as a neighborhood V of a ∈A such that Φy(c) is invertible in A /Iy and

‖Φy(c)−1‖ ≤ 4‖Φx(a)−1‖ for all y ∈U and c ∈V.

(ii) For all a ∈ A and x ∈ MB ,

limsup
y→x

σ(Φy(a)) ⊆ σ(Φx(a)).

The number 4 in the estimate in assertion (i) can be replaced by any constant
greater than 1.
Proof. (i) Let Φx(a) be invertible and choose b ∈ A such that

Φx(ab− e) = Φx(ba− e) = 0.

By Theorem 2.2.2 (ii), the mappings

y �→ ‖Φy(ab− e)‖ and y �→ ‖Φy(ba− e)‖

are upper semi-continuous on the maximal ideal space of B. Hence,

‖Φy(ab− e)‖ < 1/4 and ‖Φy(ba− e)‖ < 1/4

for all maximal ideals y in a certain neighborhood U ′ of x. Further, let V stand for
the set of all elements c ∈ A with ‖c−a‖ < (4‖b‖)−1. Then

Φy(c)Φy(b) = Φy(e)+Φy(cb− e) and Φy(b)Φy(c) = Φy(e)+Φy(bc− e)

with

‖Φy(cb− e)‖ ≤ ‖Φy(ab− e)‖+‖Φy((c−a)b)‖ ≤ 1/4+‖c−a‖‖b‖ < 1/2
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and, analogously, ‖Φy(bc−e)‖ ≤ 1/2. Since Φ(e) is the identity element in A /Iy,
a Neumann series argument implies that Φy(c) is invertible in A /Iy and that

‖Φy(c)−1‖ ≤ 2‖Φy(b)‖ for all y ∈U ′ and c ∈V.

Employing the upper semi-continuity once more, one finally gets

‖Φy(b)‖ ≤ 2‖Φx(b)‖ = 2‖Φx(a)−1‖

for all y in a neighborhood U ⊆U ′ of x.
(ii) Let λ ∈ limsupy→x σ(Φy(a)). By definition of the limes superior, there is a

net (yt)t∈T ∈ MB with yt → x and numbers λt ∈ σ(Φyt (a)) with λt → λ . Consider
the elements a − λt e, which converge to a − λe in the norm of A . If the coset
Φx(a−λe) was invertible, then the local cosets Φyt (a−λt e) would be invertible for
all sufficiently large t by part (i) of this proposition. This is impossible due to the
choice of the points λt . Consequently, λ ∈ σ(Φx(a)).

2.2.4 Localization over central C∗-algebras

We will now have a closer look at Allan’s local principle in the case that the central
subalgebra B of A is a C∗-algebra. Thus, we let A ,B,MB,Ix and Φx be as in
the previous subsection, but in addition we assume that there is an involution on the
central subalgebra B of A which makes B to a C∗-algebra with respect to the norm
inherited from A . In this context, we will obtain a nice expression for the local norm
and a canonical representation for the elements in the local ideals. Further we will
briefly discuss some issues related to inverse-closedness.

Proposition 2.2.4. Let A be a unital Banach algebra and let B be a central C∗-
subalgebra of A which contains the identity. Then, for each a ∈ A and x ∈ MB ,

‖Φx(a)‖ = inf
b
‖ab‖

where the infimum is taken over all b ∈ B with 0 ≤ b ≤ 1 which are identically 1 in
a certain neighborhood of x.

Proof. Denote the infimum on the right-hand side by q. If b ∈ B is identically 1 in
some neighborhood of x, then a(b−1) belongs to the local ideal Ix, whence

‖Φx(a)‖ ≤ ‖a+a(b−1)‖ = ‖ab‖.

Taking the infimum over all b with the properties mentioned above gives the estimate
‖Φx(a)‖ ≤ q.

For the reverse estimate, let ε > 0. Choose functions b1, . . . , bn ∈B which vanish
at x and non-zero elements a1, . . . , an ∈ A such that
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‖a+a1b1 + . . .+anbn‖ ≤ ‖Φx(a)‖+ ε.

If b is any function in B with 0 ≤ b ≤ 1 which is identically 1 in a certain neighbor-
hood of x, then

‖ab‖ ≤
∥

∥(a+∑aibi)b
∥

∥+
∥

∥∑aibib
∥

∥

≤
∥

∥a+∑aibi
∥

∥+∑‖ai‖‖bib‖
≤ ‖Φx(a)‖+ ε +∑‖ai‖‖bib‖.

The quantity on the right-hand side becomes smaller than ‖Φx(a)‖+2ε if b is cho-
sen such that ‖bib‖ < ε/(n‖ai‖) for all i. Since ε > 0 is arbitrary, ‖ab‖ ≤ ‖Φx(a)‖,
whence the estimate q ≤ ‖Φx(a)‖.

Here is the aforementioned result on the structure of elements in the local ideals.

Proposition 2.2.5. Let A be a Banach algebra with identity e, B be a central
C∗-subalgebra of A which contains e, and x ∈ MB . Then

Ix = {ca : a ∈ A and c ∈ x} . (2.5)

Proof. By definition, the ideal Ix is the closure in A of the set of all finite sums

n

∑
j=1

c ja j with c j ∈ x and a j ∈ A .

We claim that each sum of this form can be written as a single product ca with
c j ∈ x and a j ∈ A . Clearly, it is sufficient to prove this fact for n = 2. Let c1,c2 ∈ x
and a1,a2 ∈ A . We identify the elements of B with the corresponding Gelfand
transforms. Define c :=

√

|c1|+ |c2|. Then c ∈ x, and the point x belongs to the set
Nc := {y ∈ MB : c(y) = 0}. For j = 1,2, put

g j(y) :=

{

c j(y)/c(y) if y 
∈ Nc,

0 if y ∈ Nc.

For y 
∈ Nc, one has

|g j(y)| =
|c j(y)|
|c(y)| =

|c j(y)|
|c1(y)|+ |c2(y)|

|c(y)| ≤ |c(y)|.

Since the estimate |g j(y)| ≤ |c(y)| holds for y ∈ Nc as well, the functions g j are
continuous. Thus, they can be identified with elements of B. Since c j = cg j, it
follows that c1a1 + c2a2 = c(g1a1 + g2a2) as desired. Hence, the set on the right-
hand side of (2.5) forms an ideal of A . We abbreviate this ideal by I ′

x for a mo-
ment.

Next we are going to prove that I ′
x is a closed ideal. Let d be in the closure of

I ′
x . Given any convergent series ∑∞

k=1 εk of positive numbers, there are elements
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ak ∈ A and ck ∈ x such that ‖d − ckak‖ < εk/2 for every k. For each k, there is
an open neighborhood Uk ⊂ MB of x such that ‖ak‖|ck(y)| < εk/2 for all y ∈ Uk.
Without loss of generality, one can assume that Uk+1 ⊂ Uk for every k. Further, let
fk be elements of B with 0 ≤ fk ≤ 1 and such that fk|Uk+1

= 1 and fk|MB\Uk
= 0 for

all k. Then
‖ck fk‖ = ‖ck fk‖∞ ≤ sup

y∈Uk

|ck(y)|,

whence
‖ fkd‖ ≤ ‖d − ckak‖‖ fk‖+‖ak‖‖ck fk‖ < εk.

Consequently, the series d +∑∞
k=1 fkd is absolutely convergent. Let d∞ ∈ A denote

the limit of that series. The estimate

0 ≤
(

1+
n

∑
k=1

fk(y)

)−1

−
(

1+
n+m

∑
k=1

fk(y)

)−1

≤
{

(1+∑n
k=1 fk(y))

−1 for y ∈Un+1

0 for y ∈ MB \Un+1
≤ 1

n+1

shows that (1 + ∑n
k=1 fk)−1 converges in B as n → ∞ to some element c. Clearly,

c(x) = 0, whence c ∈ x. Since d = cd∞ by construction, I ′
x is closed. Thus, I ′

x is a
closed ideal of A which contains the ideal x of B. Since Ix is the smallest ideal of
A with these properties, the assertion follows.

Finally we will show that every central C∗-subalgebra of a Banach algebra is
inverse-closed. Recall that the algebra B is inverse-closed in A if every element
b ∈B which is invertible in A possesses an inverse in B. The following definitions
make sense in the context of the general local principle (i.e., without assuming the
C∗-property of B). Also Lemma 2.2.6 holds in the general context.

Write the maximal ideal space MB as M0
B ∪M+

B where M0
B collects those max-

imal ideals x of B for which Ix ≡ A and where M+
B is the complement of M0

B
in MB . The set M0

B is open in MB . Indeed, if x ∈ M0
B , then Φx(0) is invertible

by definition. By Proposition 2.2.3, Φy(0) is invertible for all y in a certain open
neighborhood U of x. This is only possible if y ∈ M0

B .

Lemma 2.2.6. If M0
B = /0, then B is inverse-closed in A .

Proof. Assume B is not inverse-closed. Then there is an element b ∈ B which is
invertible in A but not in B. Hence, b is contained in some maximal ideal x of B.
Then b ∈ Ix, and b+Ix is 0 in A /Ix. But on the other hand, b+Ix is invertible
in A /Ix. This is possible only if x ∈ M0

B . Hence, the component M0
B of MB is not

empty.
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Corollary 2.2.7. Let A be a Banach algebra with identity e and let B be a central
C∗-subalgebra of A which contains e. Then:

(i) M0
B is empty;

(ii) B is inverse-closed in A .

Proof. Let x ∈ M0
B . Then Φx(e) = 0. Proposition 2.2.4 implies that inf‖eb‖ =

inf‖b‖ = 0, with the infimum taken over all b ∈ B with 0 ≤ b ≤ 1 which are
identically 1 in a certain neighborhood of x. This is impossible since the Gelfand
transform acts as an isometry on B by the Gelfand-Naimark theorem, whence
‖b‖ ≥ |̂b(x)| = 1. The second assertion follows via Lemma 2.2.6.

The most general result regarding inverse-closedness of C∗-algebras in Banach
algebras was obtained by Goldstein [78]. By a C∗-subalgebra B of a Banach algebra
A we mean a (not necessarily closed) subalgebra of A which carries the structure
of a C∗-algebra, i.e., there is an involution and a norm on B which make B into a
C∗-algebra with respect to the operations inherited from A .

Theorem 2.2.8 (Goldstein). Let A be a unital Banach algebra, and let B be a
(not necessarily closed) C∗-subalgebra of A which contains the identity. Then B is
inverse-closed in A .

We wish to add a related result. It is well known that the maximal ideal space
of a singly generated unital Banach algebra is homeomorphic to the spectrum of its
generating element (see Exercise 2.1.3).

Proposition 2.2.9. Let A be a unital Banach algebra and let B be a central closed
subalgebra of A which contains the identity and which is singly generated by an
element b and the identity. Identify the maximal ideal space of B with σB(b). Then
M+

B = σA (b).

Proof. If x ∈ M+
B , then

Φx(b− xe) = ̂b(x)Φx(e)− xΦx(e) = 0Φx(e) = Φx(0)

is not invertible in Ax. (Note that if MB is identified with σB(b) then the Gelfand
transform of b is the identity mapping on σB(b).) By Allan’s local principle, b−xe
is not invertible in A , whence x ∈ σA (b).

Conversely, let x ∈ σA (b). Then b− xe is not invertible in A , and Allan’s local
principle implies the existence of a point y ∈ σB(b) = MB such that Φy(b− xe) is
not invertible. On the other hand, the element

Φz(b− xe) = ̂b(z)Φz(e)− xΦz(e) = (z− x)Φz(e)

is invertible for every z 
= x. Thus, y = x, i.e., Φx(b− xe) is not invertible. This
implies that x ∈ M+

B .
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2.2.5 Douglas’ local principle and sufficient families

We are now going to specialize Allan’s local principle to the context of C∗-algebras.
Allan’s local principle provides us with a sufficient family of homomorphisms. We
will first discuss sufficient families in the context of C∗-algebras.

Let A be a unital C∗-algebra, (Bt)t∈T a family of unital C∗-algebras, and W :=
(Wt)t∈T a family of unital ∗-homomorphisms Wt : A → Bt . Further, let F stand
for the direct product of the C∗-algebras Bt with t ∈ T , and let W denote the ∗-
homomorphism

W : A → F , a �→ (t �→ Wt(a)). (2.6)

Besides sufficient families of homomorphisms it will be convenient to introduce
families of homomorphisms which are sufficient in a weaker sense. The family W
is called weakly sufficient if the implication

Wt(a) is invertible in Bt for every t ∈ T and supt∈T ‖Wt(a)−1‖ < ∞
⇒ a is invertible in A

holds for every a ∈ A .

Theorem 2.2.10. Let A be a unital C∗-algebra. The following conditions are equiv-
alent for a family W = (Wt)t∈T of unital ∗-homomorphisms Wt : A → Bt :

(i) the family W is weakly sufficient;
(ii) if Wt(a) = 0 for every t ∈ T , then a = 0;

(iii) for every a ∈ A , ‖a‖ = supt∈T ‖Wt(a)‖;
(iv) the homomorphism (2.6) is a symbol mapping for A .

Proof. For the implication (i) ⇒ (ii), let a ∈ A be an element such that Wt(a) =
0 for all t ∈ T , and let b be an arbitrary invertible element of A . Then Wt(b) is
invertible for all t ∈ T , and the norms ‖Wt(b)−1‖ are uniformly bounded by ‖b−1‖.
Consequently, the elements Wt(a+b) are invertible for all t ∈ T , and the norms of
their inverses are uniformly bounded, too. By (i), the element a + b is invertible.
Hence, a belongs to the radical of A which consists of the zero element only.

If hypothesis (ii) is satisfied, then the gluing mapping (2.6) is a ∗-homomorphism
with kernel {0}. Hence, W is an isometry, which is equivalent to (iii). The implica-
tion (iii) ⇒ (iv) follows since every isometry is a symbol mapping.

Finally, for the implication (iv) ⇒ (i), let a ∈ A be an element for which the
operators Wt(a) are invertible for all t ∈ T and the norms ‖Wt(a)−1‖ are uniformly
bounded. Then W(a) is invertible in the direct product F . Due to the inverse-
closedness of C∗-algebras, W(a) is also invertible in W(A ). Since W is a symbol
mapping, a is invertible in A .

In the proof of the next result, the concept of the square root of a positive element
will be used. The square root of a positive element in a C∗-algebra is defined via the
continuous functional calculus, which is an immediate corollary of the Gelfand-
Naimark theorem (Theorem 2.1.7).
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Theorem 2.2.11. Let A be a unital C∗-algebra. The following conditions are equiv-
alent for a family W = (Wt)t∈T of unital ∗-homomorphisms Wt : A → Bt :

(i) the family W is sufficient;
(ii) for every a ∈ A , there is a t ∈ T such that ‖Wt(a)‖ = ‖a‖.

Thus, a weakly sufficient family W is sufficient if and only if the supremum in
Theorem 2.2.10 (iii) is attained.

Proof. (i) ⇒ (ii): Suppose there is an a ∈ A such that

‖Wt(a)‖ < sup
s∈T

‖Ws(a)‖ for all t ∈ T. (2.7)

Since

‖Wt(a)‖2 = ‖Wt(a)∗Wt(a)‖
= ‖(Wt(a)∗Wt(a))1/2(Wt(a)∗Wt(a))1/2‖
= ‖(Wt(a)∗Wt(a))1/2‖2 = ‖Wt((a∗a)1/2)‖2,

one can assume without loss of generality that the element a in (2.7) is self-adjoint
and positive. Since the norm of a self-adjoint element b coincides with its spectral
radius r(b), (2.7) can be rewritten as

r(Wt(a)) < sup
s∈T

r(Ws(a)) for all t ∈ T. (2.8)

Denote the supremum on the right-hand side of (2.8) by M and set c := a−Me.
The elements Wt(c) = Wt(a)−Met are invertible for all t ∈ T since r(Wt(a)) <
M. Thus, c = a−Me is invertible by hypothesis (i). Since the set of the invertible
elements is open, we get the invertibility of a−me for all m ∈ R belonging to some
neighborhood U of M. On the other hand, by the definition of the supremum, there is
an sU ∈ T such that mU := r(WsU (a)) belongs to U . The element WsU (a)−mU esU

is not invertible, because the spectral radius of a positive element belongs to the
spectrum of that element. Hence, a−mU e is not invertible. This contradiction proves
the assertion.

(ii) ⇒ (i): Let a ∈A be not invertible. We claim that there is a t ∈ T such that Wt(a)
is not invertible.

If a is not invertible, then at least one of the elements aa∗ or a∗a is not invert-
ible, say a∗a for definiteness. Since a∗a is non-negative, a clear application of the
Gelfand-Naimark theorem yields

∥

∥‖a∗a‖e−a∗a
∥

∥ = ‖a∗a‖. (2.9)

Set b := ‖a∗a‖e−a∗a, and choose t ∈ T such that ‖Wt(b)‖ = ‖b‖. Then (2.9) im-
plies

∥

∥‖a∗a‖et −Wt(a∗a)
∥

∥ = ‖Wt(b)‖ = ‖b‖ = ‖a∗a‖.
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Since ‖Wt(a∗a)‖ ≤ ‖a∗a‖, one can apply the Gelfand-Naimark theorem once more
to get the non-invertibility of Wt(a∗a) and, thus, of Wt(a).

Theorem 2.2.12 (Douglas’ local principle). Let A be a unital C∗-algebra and B a
symmetric closed subalgebra of the center of A which contains the identity element.
Then the assertions of Allan’s local principle can be completed as follows:

(i) M0
B = /0;

(ii) ‖a‖ = maxx∈MB
‖Φx(a)‖ for each a ∈ A ;

(iii) ∩x∈MB
Ix = {0}.

Proof. Assertion (i) is Corollary 2.2.7 (i). Assertion (ii) follows from Theorem
2.2.11, and (iii) is a consequence of the semi-simplicity of C∗-algebras.

2.2.6 Example: SIOs with piecewise continuous coefficients

Consider the algebra PC(T) of all piecewise continuous functions on T, that is, the
algebra of all functions a : T → C which possess finite one-sided limits a(x±) at
each point of T. For definiteness, let a(x+) refer to the limit of a at x, taken in
the clockwise direction. The algebra PC(T) is naturally embedded in L∞(T) and
contains C(T). Further, let A := alg(S,PC(T)) stand for the smallest closed subal-
gebra of L (Lp(T)) which contains the singular integral operator S, all operators of
multiplication by a piecewise continuous function, and the ideal K of the compact
operators.

We are interested in the subalgebra A K := A /K of the Calkin algebra. Propo-
sition 1.4.12 implies that the set C(T)+K = { f I +K : f ∈C(T)} is a central sub-
algebra of A K , and this algebra is isometrically isomorphic to the algebra C(T) by
Proposition 1.4.11. The maximal ideal space of C(T)+K is homeomorphic to T,
and the maximal ideal corresponding to x ∈ T is {( f I)+J : f ∈C(T), f (x) = 0},
as was seen in Section 1.4.3.

Let Ix denote the smallest closed two-sided ideal in A K which contains the
maximal ideal x of C(T) + K . Allan’s local principle transfers the invertibility
problem in A K to a family of invertibility problems, one in each local algebra
A K

x := A K /Ix. Let ΦK
x stand for the canonical homomorphism from A to A K

x .
The next results will give some clues about the nature of the local algebras A K

x .

Lemma 2.2.13. If c ∈ PC(T) is continuous at x and c(x) = 0, then ΦK
x (cI) = 0.

Proof. Given ε > 0, choose fε ∈ C(T) such that 0 ≤ fε < 1 except at x, where
fε(x) = 1, and that the support of fε is contained in the interval [xe−iε , xe+iε ] of T.
It is easy to see that ΦK

x ( fε I) is the identity in the local algebra. Consequently,

‖ΦK
x (cI)‖ = ‖ΦK

x (cI)ΦK
x ( fε I)‖ = ‖ΦK

x (c fε I)‖ ≤ ‖c fε‖L∞ ,
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and the last norm can be as small as desired by choosing ε small enough.

For x ∈ T, define

χx(t) :=

{

0 if t ∈ ]xe−iπ ,x[,
1 if t ∈ [x,xe−iπ ].

Proposition 2.2.14. Let x ∈ T. Every local algebra A K
x is unital, and it is gener-

ated by the identity element and by two idempotents, namely ΦK
x (χx I) and ΦK

x (P).

Proof. It is evident that ΦK
x (I) is the identity element of A K

x and that ΦK
x (S) =

ΦK
x (2P − I) is a linear combination of the identity element and the idempotent

ΦK
x (P). Now let a ∈ PC(T). Then, by Lemma 2.2.13,

ΦK
x (aI) = ΦK

x

(

a(x−)(1−χx)I +a(x+)χx I
)

= a(x−)ΦK
x (I)+

(

a(x+)−a(x−)
)

ΦK
x (χx I),

representing ΦK
x (aI) as a linear combination of the identity element and the idem-

potent ΦK
x (χx I). Since ΦK

x (S) together with all cosets ΦK
x (aI) generate the alge-

bra A K
x , the assertion follows.

We would like to emphasize once more that the local algebras A K
x are gener-

ated by two idempotents (and the identity). Algebras generated by (two or more)
idempotents appear frequently as local algebras, and Chapter 3 will be devoted to a
detailed study of them.

2.2.7 Exercises

Exercise 2.2.1. Show that the family {δt}t∈[0,1] of homomorphisms δt : f �→ f (t) is
sufficient for C[0, 1], whereas {δt}t∈[0,1 [ is weakly sufficient but not sufficient.

Exercise 2.2.2. Describe the center of the algebra C
2×2. More generally, describe

the center of the algebra L (E) when E is a Banach space.

Exercise 2.2.3. Describe the center of the algebra M2([0,1],C) of the functions
f : [0,1] → C

2×2. What is the result of localization of M2([0,1],C) over its center
via Allan’s local principle?

Exercise 2.2.4. Localize C(T) with respect to the disk algebra A.

Exercise 2.2.5. Let T (PC) stand for the smallest closed subalgebra of L (l2(Z+))
which contains all Toeplitz operators with piecewise continuous functions.

(i) Show that T (C)/K (l2(Z+)) is a central subalgebra of T (PC)/K (l2(Z+)).
(ii) Using Allan’s local principle, localize the algebra T (PC)/K (l2(Z+)) over

the maximal ideal space T of T (C)/K (l2(Z+)) (recall Exercise 2.1.4 in



2.3 Norm-preserving localization 85

this connection). For x ∈ T, write Φx for the canonical homomorphism from
T (PC) onto the associated local algebra at x. Show that

Φx(T (a)) = Φx(a(x−)T (1−χx)+a(x+)T (χx))

with the notation as in Section 2.2.6. Thus, the local algebra at x is singly
generated by Φx(T (χx)) (and the identity element).

(iii) Show that the spectrum of Φx(T (χx)) is the interval [0, 1].
(iv) Conclude that the Toeplitz operator T (a) with a ∈ PC(T) is Fredholm on

l2(Z+) if and only if the function

â : T× [0, 1] → C, (x, t) �→ a(x−)(1− t)+a(x+)t (2.10)

has no zeros.
(v) Conclude from Douglas’ local principle that the algebra T (PC)/K (l2(Z+))

is commutative.
(vi) Show that there is a bijection between the maximal ideal space of the quotient

algebra T (PC)/K (l2(Z+)) and T× [0, 1] and that, under the identification
of these two sets, the Gelfand transform of the coset T (a) + K (l2(Z+)) is
given by (2.10).

Warning: the maximal ideal space of T (PC)/K (l2(Z+)) and the product T×
[0, 1] coincide as sets, but the Gelfand topology on T × [0, 1] is quite differ-
ent from the common (Euclidean) product topology. For details see [21, Sec-
tion 4.88].

Exercise 2.2.6. Let A be a unital Banach algebra and p ∈ A a non-trivial idempo-
tent in the center of A . Then alg{p} and alg{e− p} are maximal ideals of alg{e, p}
which we denote by 0 and 1. Show that the local algebras A0 and A1 can be iden-
tified with (e− p)A (e− p) and pA p, respectively. (Note that e− p and p are con-
sidered as the identity elements of these algebras.)

2.3 Norm-preserving localization

2.3.1 Faithful localizing pairs

Allan’s local principle replaces the question of whether an element a in a unital
Banach algebra A is invertible by a whole variety of “simpler” invertibility prob-
lems in local algebras A /Ix. The transition from A to its local algebras perfectly
respects spectral properties: An element in A is invertible if and only if all local
representatives of that element are invertible. But if one is interested in the struc-
ture of the algebra rather than in the spectra of its elements then this localization
can fail. The point is that the intersection of the local ideals Ix can contain non-
zero elements, in which case some structural information gets lost in the process of
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localization. This cannot happen in the case that A is a C∗-algebra which is local-
ized over one of its central C∗-subalgebras (compare Douglas’ local principle). In
this section we are going to establish an effective mixture between Allan and Dou-
glas (likewise, between Banach and C∗-algebras) which combines the advantages of
Allan’s principle (broad applicability) with those of Douglas’ principle (no loss of
structural information).

Let ̂b again refer to the Gelfand transforms of the element b of a commutative
C∗-algebra.

Definition 2.3.1. Let A be a unital Banach algebra and B a subalgebra of A . We
say that (A , B) is a faithful localizing pair2 if:

a) B is contained in the center of A and includes the identity element of A ;
b) there is an involution b �→ b∗ in B that turns B into a C∗-algebra;
c) ‖a(b1 +b2)‖ ≤ max{‖ab1‖, ‖ab2‖} for all elements a ∈A and b1, b2 ∈B with

supp̂b1 ∩ supp̂b2 = /0.

Of course, c) is the striking condition in Definition 2.3.1. If, also, the “outer”
algebra A is C∗, then this condition is satisfied automatically.

Proposition 2.3.2. Let A be a unital C∗-algebra and B be a central and unital
C∗-subalgebra of A . Then (A , B) is a faithful localizing pair.

Proof. Let a ∈ A , and let b1, b2 be elements of B such that supp̂b1 ∩ supp̂b2 = /0.
Further, let r : A →R

+ denote the spectral radius function. Taking into account that
b1b2 = 0 one gets

‖a(b1 +b2)‖2 = r ((b1 +b2)(b∗1 +b∗2)a
∗a)

= lim
n→∞

‖(b1 +b2)n(b∗1 +b∗2)
n(a∗a)n‖1/n

= lim
n→∞

‖(b∗1)nbn
1(a

∗a)n +(b∗2)
nbn

2(a
∗a)n‖1/n

≤ lim
n→∞

(‖b∗1a∗ab1‖n +‖b∗2a∗ab2‖n)1/n

= max{‖ab1‖2, ‖ab2‖2 },

which is the assertion.

2 Formerly we used the notation “A is KMS with respect to B” instead of “(A , B) is a faithful lo-
calizing pair”, and we called c) the “KMS-property” of A . We changed this notation to avoid con-
fusion with a standard abbreviation in C∗-theory where KMS stands for “Kubo/Martin/Schwinger”
(and not for political reasons as one might guess: our “KMS” was named after the town “Karl-
Marx-Stadt” where the material presented in this section was developed in the eighties; since 1990
this town has again borne its historic name “Chemnitz”).
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2.3.2 Local norm estimates

Let (A , B) be a faithful localizing pair. In accordance with Allan’s local principle,
we localize A over B and get local ideals Ix and local homomorphisms Φx(a) for
every x in the maximal ideal space MB of B. In the present setting it seems to be
more convenient to write â(x) instead of Φx(a).

Here is the main result on faithful (norm-preserving) localization.

Theorem 2.3.3. Let A be a unital Banach algebra and B be a central and unital
C∗-subalgebra of A . Then (A , B) is a faithful localizing pair if and only if

‖a‖ = max
x∈MB

‖â(x)‖. (2.11)

Proof. Let (A , B) be a faithful localizing pair. By assertion (iii) of Theorem 2.2.2,
maxx∈MB

‖â(x)‖ ≤ ‖a‖. It remains to verify the reverse inequality. Let a be in A .
As a consequence of Proposition 2.2.4, given x ∈ MB and ε > 0, there is a b in
C(MB) such that 0≤̂b≤ 1, the support of ̂b is contained in some open neighborhood
U(x) of x, and ‖ba‖ < ‖â(x)‖+ ε . Consequently, each x in MB possesses an open
neighborhood U(x) such that ‖ba‖ < maxx∈MB

‖â(x)‖+ ε whenever b ∈ C(MB),
0 ≤̂b ≤ 1, and supp ̂b ⊆U(x). Choose a finite number U1, . . . , Un of these neighbor-
hoods which cover MB , fix any (large) positive integer m, and let k ∈ {1, . . . , m}.
Further, let e = f1 + · · ·+ fn be a partition of unity subordinate to the covering
MB = ∪n

i=1Ui (i.e., every ̂fi is a continuous function with values in [0, 1] and sup-
port in Ui), and put

V m
ki :=

{

x ∈ MB : ̂fi(x) ≥
k +1

n(m+1)
, ̂fi+1(x) ≤

k
n(m+1)

, . . . , ̂fn(x) ≤
k

n(m+1)

}

for i = 1, . . . , n−1, and

V m
kn :=

{

x ∈ MB : ̂fn(x) ≥ k +1
n(m+1)

}

.

A straightforward check shows that the sets V m
k1, . . . ,V

m
kn are closed and pairwise

disjoint, that V m
ki ⊂Ui for i = 1, . . . ,n, and that each x in MB belongs to at most n of

the sets Gm
k := MB \∪n

i=1V m
ki . Now let ĝm

k1, . . . , ĝ
m
kn be any functions in C(MB) such

that ĝm
ki |V m

ki
= 1 , supp ĝm

ki∩ supp ĝm
k j = /0 whenever i 
= j , supp ĝm

ki ⊂Ui, and 0 ≤ ĝm
ki ≤

1. Finally, put ĝm
k = ĝm

k1 + · · ·+ ĝm
kn. Since (A , B) is a faithful localizing pair, we

have
‖gm

k a‖ = ‖(gm
k1 + · · ·+gm

kn)a‖ ≤ max
i

‖gm
kia‖ < max

x∈MB

‖â(x)‖+ ε

(for the last ’<’ recall that supp ĝm
ki ⊂Ui). Hence,

‖(gm
1 + · · ·+gm

m)a‖ ≤ m

(

max
x∈MB

‖â(x)‖+ ε
)

. (2.12)
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Put ̂hm
k := 1− ĝm

k . Then 0 ≤ ̂hm
k ≤ 1 and supp̂hm

k ⊆ Gm
k , and one has

‖(gm
1 + · · ·+gm

m)a‖ = ‖ma− (hm
1 + · · ·+hm

m)a‖ ≥ m‖a‖−‖hm
1 + · · ·+hm

m‖‖a‖.

Because supp(̂hm
1 + · · ·+̂hm

m) ⊂∪m
k=1Gm

k , and since each x ∈ MB belongs to at most

n of the sets Gm
k , it follows that ̂hm

1 (x)+ · · ·+̂hm
m(x)≤ n for all x in MB . This implies

‖(gm
1 + · · ·+gm

m)a‖ ≥ (m−n)‖a‖. (2.13)

Combining (2.12) and (2.13) we arrive at the inequality

‖a‖ ≤ m
m−n

(

max
x∈MB

‖â(x)‖+ ε
)

.

Letting m go to infinity and ε go to zero we obtain the desired inequality.
To prove the reverse implication, let a ∈A and let b1, b2 ∈B such that supp̂b1∩

supp̂b2 = /0. Then

‖a(b1 +b2)‖2 = max
x∈MB

∥

∥

∥â(x)
(

̂b1(x)+̂b2(x)
)∥

∥

∥ .

For each x ∈ MB , only one of the values ̂b1(x) and ̂b2(x) can be different from 0.
Consequently,

∥

∥

∥â(x)
(

̂b1(x)+̂b2(x)
)∥

∥

∥ = max
{∥

∥

∥â(x)̂b1(x)
∥

∥

∥ ,
∥

∥

∥â(x)̂b2(x)
∥

∥

∥

}

,

and the result follows.

Besides the norm computation aspect, faithful localizing pairs are advantageous
to investigate local enclosement properties.

Theorem 2.3.4. Let A be a unital Banach algebra and B be a subalgebra of A
such that (A , B) forms a faithful localizing pair. Further, let C be a closed linear
subset of A such that bc∈C whenever b∈B and c∈C (i.e., C is a B-module). Let
a ∈A and assume that, for each x ∈ MB , there is an ax ∈C such that (â−ax)(x) =
(â− âx)(x) = 0. Then a ∈ C .

Proof. Let x ∈ MB and ε > 0. By Theorem 2.2.2 (b), there is a neighborhood U(x)
of x such that

∥

∥(â−ax)(y)
∥

∥ < ε

for all y ∈ U(x). Choose a finite number U(x1), . . . , U(xn) of these neighborhoods
which cover MB , and let e = f1 + · · ·+ fn with fk ∈B be a partition of unity subor-
dinate to this covering. Put bε := ∑n

k=1 fkaxk . Then
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‖a−bε‖ =

∥

∥

∥

∥

∥

n

∑
k=1

fk(a−axk)

∥

∥

∥

∥

∥

= sup
y∈MB

∥

∥

∥

∥

∥

n

∑
k=1

̂fk(y)(â− âxk)(y)

∥

∥

∥

∥

∥

(Theorem 2.3.3)

= sup
y∈MB

∥

∥

∥

∥

∥

∑
k:y∈U(xk)

̂fk(y)(â−axk)(y)

∥

∥

∥

∥

∥

≤ sup
y∈MB

∑
k:y∈U(xk)

̂fk(y)ε = ε.

The algebraic properties of C ensure that bε ∈ C for every ε . Since C is closed and
‖a−bε‖ < ε for every ε > 0, we have a ∈ C .

As an application of the above result we will get a complete description of the
image ˜A of A in the direct product F of the local algebras A /Ix under the map-
ping

A → F , a �→ (x �→ Φx(a)), (2.14)

provided (A , B) is a faithful localizing pair. To that end, we will have to intro-
duce the concept of semi-continuity with respect to a given set. Let X be a compact
Hausdorff space. To each point x ∈ X , we associate a Banach algebra Ax with unit
element ex. Denote the direct product of the algebras Ax by F . Evidently, this prod-
uct can be identified with the set of all bounded functions f on X which take at x∈ X
a value f (x) ∈ Ax. In particular, if g is a continuous complex-valued function on X ,
then the function

x �→ g(x)ex (2.15)

belongs to F . The set D of all functions of the form (2.15) is a closed subalgebra
of the center of F , and it is easy to check that (F , D) forms a faithful localizing
pair. Let E be a subset of F which is subject to the following conditions:

(i) D ⊆ E ;
(ii) given x ∈ X and a ∈ Ax, there is an f ∈ E such that f (x) = a;

(iii) the function x �→ ‖ f (x)‖Ax is upper semi-continuous on X for each f ∈ E ;
(iv) E is a (not necessarily closed) algebra.

We call a function g ∈ F semi-continuous with respect to E if, for each x0 ∈ X ,
each f ∈ E with f (x0) = g(x0), and each ε > 0, there is a neighborhood U =
U(x0, f , g, ε) of x0 such that ‖g(x)− f (x)‖Ax < ε for all x ∈ U . Thus, a func-
tion g is semi-continuous with respect to E if it behaves locally as a function
in E .

It is easy to show that the set of all functions which are semi-continuous with
respect to E forms a closed subalgebra of F which we will denote by F (E ). The
following result can be considered as a generalization of the classical Weierstrass
theorem (see Exercise 2.3.2).
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Theorem 2.3.5. The smallest closed subalgebra of F which contains E coincides
with F (E ).

Proof. The inclusion closE ⊆ F (E ) is an immediate consequence of the fact that,
by property (iii) of E , each function in E is semi-continuous with respect to E .
For the reverse inclusion, let b ∈ F (E ). By property (ii), there is an f ∈ E such

that f (x) = b(x) or, equivalently, ( f̂ −b)(x) = 0. Thus, the algebras F (E ) and D
and the D-module closE satisfy the assumptions imposed in Theorem 2.3.4 on the
algebras A and B and the B-module C . Thus, the conclusion follows immediately
from that theorem.

Let (A , B) be a faithful localizing pair. As a consequence of the preceding the-
orem, we get a description of the image ˜A of A in the direct product F of the local
algebras A /Ix under the mapping (2.14).

Corollary 2.3.6. ˜A coincides with the closed subalgebra of F which consists of
all functions f ∈ F which are semi-continuous with respect to ˜A .

Indeed, by Theorem 2.2.2 (b), ˜A satisfies the assumptions made for the set E in
Theorem 2.3.5 (with X being the maximal ideal space of B).

Remark 2.3.7. There are more general concepts of faithful localization: in [81],

the C∗-compatible norm in Definition 2.3.1 (a) is allowed to be different from the
original norm and also (b) is substituted by a more general condition. The price one
has to pay is that (2.11) is no longer an equality. Rather, one has

C1‖a‖ ≤ max
x∈MB

‖â(x)‖ ≤C2‖a‖ for all a ∈ A

with certain constants C1, C2 independent of a. Thus, the exact norm computation
aspect of Theorem 2.3.3 gets lost, but the local enclosement Theorem 2.3.4 remains
valid without changes. �

2.3.3 Exercises

Exercise 2.3.1. Show that (with the notation of the previous subsection) the set of
all functions which are semi-continuous with respect to E forms a closed subalgebra
of F .

Exercise 2.3.2. Let F := C[0, 1] and E := C (considered as constant functions).
Describe the functions in F which are semi-continuous with respect to E . Use
Theorem 2.3.5 to derive the classical Weierstrass theorem.
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2.4 Gohberg-Krupnik’s local principle

The local principle by Gohberg and Krupnik has several advantages: its formulation
as well as the proofs of its main results are quite elementary, and it works equally
well in the case of complex and real algebras.

2.4.1 Localizing classes

Let A be a (real or complex) Banach algebra with identity e. A subset M ⊂ A
is called a localizing class if it does not contain the element 0 and if for arbitrary
elements f1, f2 ∈ M, there exists a third element f ∈ M such that f j f = f f j = f for
j = 1, 2.

Let M be a localizing class. Two elements a, b ∈ A are said to be M-equivalent
from the left (resp. from the right) if

inf
f∈M

‖(a−b) f‖ = 0 (resp. inf
f∈M

‖ f (a−b)‖ = 0).

Finally, an element a ∈ A is called M-invertible from the left (resp. from the right)
if there exist elements b ∈ A and f ∈ M such that ba f = f (resp. f ab = f ).

Proposition 2.4.1. Let M be a localizing class, and let a1 and a2 be elements of A
which are M-equivalent from the left (resp. from the right). Then a1 is M-invertible
from the left (resp. from the right) if and only if a2 is so.

Proof. Let a1 be M-invertible from the left. Choose elements b1 ∈ A and f ∈ M
such that b1a1 f = f . Since a1 and a2 are M-equivalent from the left, there is a g ∈ M
such that ‖(a1 −a2)g‖ < ‖b1‖−1. Let h ∈ M be such that f h = gh = h. Then

b1a2h = b1a1h−b1(a1 −a2)h
= b1a1 f h−b1(a1 −a2)gh

= f h−b1(a1 −a2)gh

= h−b1(a1 −a2)gh.

Set u := b1(a1 −a2)g. Then the above identity can be rewritten as

b1a2h = (e−u)h.

Since ‖u‖ < 1, the element e−u is invertible in A . Setting b2 := (e−u)−1b1, one
obtains b2a2h = h. Thus, a2 is M-invertible from the left. The proof for right M-
invertibility is similar.
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Definition 2.4.2. Let T be a topological space. A system {Mτ}τ∈T of localizing
classes is said to be:

• covering if from each choice { fτ}τ∈T of elements fτ ∈ Mτ one can select a finite
number of elements { fτ1 , . . . , fτm} the sum of which is invertible in A ;

• overlapping if each Mτ is a bounded set in A , if f ∈ Mτ0 for some τ0 ∈ T implies
f ∈ Mτ for all τ in some open neighborhood of τ0, and if the elements of F :=
∪τ∈T Mτ commute pairwise.

Let {Mτ}τ∈T be an overlapping system of localizing classes. The commutant of
F is the set ComF := {a ∈ A : a f = f a ∀ f ∈ F}. It is easy to verify that ComF is
a closed subalgebra of A . For τ ∈ T , let Zτ denote the set of all elements in ComF
which are Mτ -equivalent to zero both from the left and from the right.

Lemma 2.4.3. The set Zτ is a proper closed two-sided ideal of ComF.

Proof. The closedness of Zτ follows easily from the boundedness of Mτ , and the
ideal property of Zτ can be also straightforwardly checked. The properness of Zτ

can be seen as follows. Suppose the identity element e of A belongs to Zτ . Then
there exists a sequence of fn ∈ Mτ such that ‖ fn‖ → 0 as n → ∞. Since there exist
non-zero elements gn ∈ Mτ such that fngn = gn, it follows that ‖ fn‖ ≥ 1, and we
obtained a contradiction.

For a ∈ ComF , let aτ denote the coset a + Zτ of a in the quotient algebra
ComF/Zτ .

Proposition 2.4.4. Let {Mτ}τ∈T be a system of localizing classes, with each Mτ
a bounded set in A . Let τ ∈ T and a ∈ ComF. Then a is Mτ -invertible in ComF
from the left (resp. from the right) if and only if aτ is left (resp. right) invertible in
ComF/Zτ .

Proof. Let aτ be left invertible in ComF/Zτ . Then there is a b ∈ ComF such that
ba− e ∈ Zτ . This implies that ba is Mτ -equivalent from the left to e. Proposition
2.4.1 yields the Mτ -invertibility of ba, and thus of a, from the left. Conversely, if
there is b∈ComF and f ∈Mτ such that ba f = f , then (ba−e) f = 0. Hence ba−e∈
Zτ , and thus bτ aτ = e. The proof for right invertibility is similar.

2.4.2 Gohberg-Krupnik’s local principle

The following theorem is a very similar result to Theorem 2.2.2, with the ideals Ix

and the maximal ideal space of the central subalgebra substituted respectively by
the ideals Zτ and the index set T of the system of localizing classes {Mτ}τ∈T . But
contrary to Allan’s local principle (where complex function theoretic arguments are
used in the proof of Proposition 2.2.1), the local principle by Gohberg-Krupnik is
valid for real Banach algebras, too.



2.4 Gohberg-Krupnik’s local principle 93

Theorem 2.4.5 (Gohberg-Krupnik). Let A be a Banach algebra with identity and
{Mτ}τ∈T a covering system of localizing classes, the elements of which belong to
the center of A . Further, let a ∈ A and, for every τ ∈ T , let aτ be an element of A
which is Mτ -equivalent from the left to a.

(i) The element a is left invertible in A if and only if aτ is Mτ -invertible in A
from the left for every τ ∈ T .

(ii) Suppose that each Mτ is a bounded set in A . Then a is left invertible in A if
and only if aτ is left invertible in A /Zτ for all τ ∈ T .

(iii) If the system {Mτ}τ∈T is overlapping, then the function T → R+, τ �→ ‖aτ‖ is
upper semi-continuous.

(iv) If A is a C∗-algebra, then the system {Mτ}τ∈T is overlapping. If moreover
M∗

τ = Mτ for all τ ∈ T , then

‖a‖ = sup
τ∈T

‖aτ‖.

The result remains valid if left is replaced by right everywhere.

Proof. We will give the proof in case of left equivalence and left invertibility. The
proof for right equivalence and right invertibility is, of course, similar.

(i) If a is left invertible, then a is Mτ -invertible in A (= ComF) from the left
for all τ ∈ T . By Proposition 2.4.1, aτ is Mτ -invertible from the left for all τ ∈
T . Conversely, suppose aτ is Mτ -invertible from the left for all τ ∈ T . Again by
Proposition 2.4.1, it follows that a is Mτ -invertible from the left for all τ ∈ T . Thus
there are bτ ∈A and fτ ∈ Mτ such that bτ a fτ = fτ . Since {Mτ}τ∈T is covering, one
can choose a finite number of elements fτ1 , . . . , fτm so that ∑m

j=1 fτ j is invertible. Put

s :=
m

∑
j=1

bτ j fτ j

to obtain

sa =
m

∑
j=1

bτ j fτ j a =
m

∑
j=1

bτ j a fτ j =
m

∑
j=1

fτ j .

Thus, (∑m
j=1 fτ j)

−1s is a left inverse of a.

(ii) If aτ is left invertible in A /Zτ for all τ ∈ T , then a is left invertible in A by
Proposition 2.4.4. and part (i) above. The converse is trivial.

(iii) Let τ0 ∈ T and ε > 0. Choose z ∈ Zτ so that ‖a + z‖ < ‖aτ0‖+ ε/2. Since z
is Mτ0 -equivalent to zero from the left, there is an f ∈ Mτ0 such that ‖z f‖ < ε/2.
Because f ∈ Mτ0 implies that f ∈ Mτ for all τ in some open neighborhood of τ0

due to the overlapping property, we deduce that f ∈ Mτ for all τ in some open
neighborhood Uτ0 of τ0. Put y := z − z f . If τ ∈ Uτ0 , then there exists a g ∈ Mτ
such that f g = g. Consequently, we have that yg = zg− z f g = zg− zg = 0. Since
y ∈ ComF (by the definition of Zτ and due to the overlapping property), it follows
that y ∈ Zτ for all τ ∈Uτ0 . Hence, ‖aτ‖ ≤ ‖a+y‖ for τ ∈Uτ0 . Thus, if τ ∈Uτ0 , then
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‖aτ‖−‖aτ0‖ < ‖a+ y‖−‖a+ z‖+
ε
2
≤ ‖y− z‖+

ε
2

= ‖z f‖+
ε
2

< ε,

which proves the upper semi-continuity of the mapping τ �→ ‖aτ‖ at τ0.

(iv) If ComF and ComF/Zτ are C∗-algebras then, indeed,

‖a‖2 = r(aa∗) = sup
τ∈T

r ((aa∗)τ) by (ii)

= sup
τ∈T

r (aτ(aτ)∗)) = sup
τ∈T

‖aτ‖2.

2.4.3 Exercises

Exercise 2.4.1. Study the algebra A K considered in the example of Section 2.2.6,
now using Gohberg-Krupnik’s local principle, instead of Allan’s.

Exercise 2.4.2. Prove Allan’s local principle in the special case of localization with
respect to a unital central C∗-subalgebra (provided it exists) by means of Gohberg-
Krupnik’s local principle. Make sure that your proof does not employ properties
of complex analytic functions. Derive a version of Allan’s local principle for real
Banach algebras. (Hint: see the proof of Theorem 1.21 in [151].)

2.5 Simonenko’s local principle

Simonenko’s local principle can be viewed as a particular realization of the two
previously considered local principles by Allan-Douglas and Gohberg-Krupnik. It
is well adapted to the study of Fredholm properties, and its formulation is quite
intuitive. In particular, no Banach algebra “infrastructure” is involved.

2.5.1 Spaces and operators of local type

Let X be a locally compact Hausdorff topological space, and let μ be a non-negative
(possibly infinite) measure which is defined on a σ -algebra over X which contains
all Borel subsets of X . The characteristic function of a measurable subset U of X
will be denoted by χU in what follows.

Definition 2.5.1. A Banach space E, the elements of which are (equivalence classes
of) measurable functions f : X → C, is called an ideal Banach space over X if the
characteristic function of every compact subset of X belongs to E and if, for every
measurable function f : X → C and every function g ∈ E, the inequality
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| f (x)| ≤ |g(x)| a.e. on X (2.16)

implies that f ∈ E and ‖ f‖E ≤ ‖g‖E .

The archetypal examples of ideal Banach spaces are the Lebesgue spaces Lp(X)
with 1≤ p≤∞. Note also that an ideal Banach space over X contains every bounded
measurable function on X with compact support, which follows immediately from
the definition.

Lemma 2.5.2. Let E be an ideal Banach space over X, and let a be a bounded
measurable function on X. Then the product a f belongs to E for every function
f ∈ E. In particular, the operator aI : E → E, f �→ a f of multiplication by a is well
defined. This operator is bounded, and ‖aI‖ = ‖a‖∞.

Proof. For every f ∈ E, one has |a(x) f (x)| ≤ |‖a‖∞ f (x)| almost everywhere on X ,
whence

‖a f‖E ≤ ‖‖a‖∞ f‖E = ‖a‖∞‖ f‖E . (2.17)

The left inequality in (2.17) shows that a f ∈E (since ‖a‖∞ f ∈E), and the inequality
‖a f‖E ≤ ‖a‖∞‖ f‖E implies the boundedness of aI and the estimate ‖aI‖ ≤ ‖a‖∞.
For the reverse estimate, let ε > 0 and choose a compact subset U of X with μ(U) >
0 such that

(‖a‖∞ − ε)χU (x) ≤ |a(x)χU (x)| a.e. on X .

Then the second condition in Definition 2.5.1 implies that

(‖a‖∞ − ε)‖χU ‖E ≤ ‖aχU ‖E ≤ ‖aI‖‖χU ‖E

which gives the estimate ‖a‖∞ −ε ≤ ‖aI‖. Letting ε go to zero we obtain the asser-
tion.

Definition 2.5.3. Let E be an ideal Banach space over X . An operator A ∈ L (E)
is said to be of local type if the operator χF1

AχF2
I is compact for every choice of

disjoint closed subsets F1, F2 of X . We denote the set of all operators of local type
by Λ(E).

Let A ∈L (E). The norm of the coset A+K (E) considered as an element of the
Calkin algebra L (E)/K (E) is called the essential norm of A. We denote it by |A|.
Thus,

|A| := inf
K∈K (E)

‖A+K‖.

Two operators A, B ∈ L (E) are said to be essentially equivalent if |A−B| = 0, in
which case we write A ∼ B.

Definition 2.5.4. An ideal Banach space E over X is called a Banach space of local
type over X if, for each pair A, B ∈ L (E) of operators of local type and for each
pair F1, F2 of disjoint closed subsets of X ,

|χF1
AχF1

I + χF2
BχF2

I| ≤ max{|A|, |B|}. (2.18)
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Example 2.5.5. The Lebesgue spaces Lp(X) =: E are Banach spaces of local type
for every 1 ≤ p ≤ ∞. To see this, notice that

‖χF1
AχF1

I + χF2
BχF2

I‖ ≤ max{‖A‖, ‖B‖} (2.19)

for each pair of operators A, B ∈ L (E) (not necessarily of local type) and for each
pair F1, F2 of disjoint closed subsets of X . Thus,

|χF1
AχF1

I + χF2
BχF2

I| = inf
M∈K (E)

‖χF1
AχF1

I + χF2
BχF2

I +M‖

≤ inf
K,L∈K (E)

‖χF1
AχF1

I + χF2
BχF2

I + χF1
KχF1

I + χF2
LχF2

I‖

= inf
K,L∈K (E)

‖χF1
(A+K)χF1

I + χF2
(B+L)χF2

I‖

≤ inf
K,L∈K (E)

max{‖A+K‖, ‖B+L‖} by (2.19)

= max{|A|, |B|}.

�

We proceed with equivalent characterizations of operators of local type which
will prove useful in what follows.

Theorem 2.5.6. Let E be a Banach space of local type over X. The following con-
ditions are equivalent for an operator A ∈ L (E):

(i) A is of local type;
(ii) for each function f ∈C(X), the commutator A f I − f A is compact;

(iii) for all measurable sets F1, F2 of X with closF1 ⊂ intF2, one has χF1
AχF2

I ∼
χF1

A and χF2
AχF1

I ∼ AχF1
I.

Proof. (i) ⇒ (ii): Let f ∈ C(X) be a real-valued function with 0 ≤ f ≤ 1. For
j, n ∈ N with 1 ≤ j ≤ 4n, define the sets

Fn
j :=

{
{

x ∈ X : 0 ≤ f (x) ≤ 1
4n

}

if j = 1,
{

x ∈ X : j−1
4n < f (x) ≤ j

4n

}

if j ≥ 2

and
Gn

j :=
{

x ∈ X : j−2
4n ≤ f (x) ≤ j+1

4n

}

,

and set χ j := χ
Fn

j
as well as χ̂ j := χ

Gn
j
. Finally, let χ0 = χ4n+1 := 0. Being preimages

of closed intervals under a continuous function, the sets Gn
j are closed. For each

operator A ∈ Λ(E), one has

|A f I− f A| =
∣

∣

∣

∣

∣

4n

∑
j=1

4n

∑
k=1

(χ jAχk f I − f χ jAχkI)

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

4n

∑
j=1

j+1

∑
k= j−1

(χ jAχk f I − f χ jAχkI)

∣

∣

∣

∣

∣
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since closFn
j ∩ closFn

k = /0 for | j− k| > 1 and since A is of local type. A shift of the
summation index yields

|A f I− f A| =
∣

∣

∣

∣

∣

4n

∑
j=1

1

∑
k=−1

(χ jAχ j+k f I − f χ jAχ j+kI)

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

4n

∑
j=1

1

∑
k=−1

(

χ jAχ j+k

(

f − j−1
4n

)

l −
(

f − j−1
4n

)

χ jAχ j+kI
)

∣

∣

∣

∣

∣

≤
1

∑
k=−1

(∣

∣

∣

∣

∣

4n

∑
j=1

χ jAχ j+k

(

f − j−1
4n

)

I

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

4n

∑
j=1

(

f − j−1
4n

)

χ jAχ j+kI

∣

∣

∣

∣

∣

)

.

(2.20)

Consider the first of the two inner sums on the right-hand side of (2.20). Taking into
account that Gn

j ∩Gn
k = /0 for | j− k| ≥ 4 and χ j+k χ̂ j = χ j+k for k ∈ {−1, 0, 1} and

employing the local property of E, we get for k ∈ {−1, 0, 1},

∣

∣

∣

∣

∣

4n

∑
j=1

χ jAχ j+k

(

f − j−1
4n

)

I

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

4n

∑
j=1

χ̂ jχ jAχ j+k

(

f − j−1
4n

)

χ̂ jI

∣

∣

∣

∣

∣

≤
4

∑
r=1

∣

∣

∣

∣

∣

n−1

∑
j=0

χ̂4 j+rχ4 j+rAχ4 j+r+k

(

f − 4 j+r−1
4n

)

χ̂4 j+rI

∣

∣

∣

∣

∣

≤
4

∑
r=1

max
0≤ j≤n−1

∣

∣

∣χ4 j+rAχ4 j+r+k

(

f − 4 j+r−1
4n

)

I
∣

∣

∣ .

For x ∈ Fn
4 j+r+k one has

4 j + r + k−1
4n

< f (x) ≤ 4 j + r + k
4n

which implies
k

4n
< f (x)− 4 j + r−1

4n
≤ k +1

4n

and, consequently,
∣

∣

∣

∣

χ4 j+r+k

(

f − 4 j + r−1
4n

)∣

∣

∣

∣

≤ 1
2n

.

Thus, the first of the inner sums in (2.20) can be estimated by

1
2n

4

∑
r=1

max
0≤ j≤n−1

|χ4 j+rA| ≤
2
n
|A|,

and a similar estimate for the second sum finally yields

|A f I − f A| ≤ 3(2/n+2/n) = 12/n.
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Letting n go to infinity, we conclude that the operator A f I− f A is compact for every
continuous function f : X → [0, 1]. The generalization to arbitrary f ∈C(X) is made
by scaling and by writing f as the sum of its real, imaginary, positive and negative
parts.

(ii) ⇒ (iii): Let F1, F2 be measurable subsets of X with closF1 ⊂ intF2. Then closF1

and clos(X \F2) are disjoint. Since X is a locally compact Hausdorff space, there is
a continuous function f on X such that

f (x) =

{

0 if x ∈ closF1,

1 if x ∈ clos(X \F2).

Then

χF1
A−χF1

AχF2
I = χF1

Aχ
X\F2

I = χF1
A f χ

X\F2
I ∼ χF1

f Aχ
X\F2

I = 0.

The second relation follows in the same way.

(iii) ⇒ (i): Let F1, F2 be disjoint closed subsets of X . Then F1 ⊂ X \F2 which is
open. Thus, by (iii),

χF1
AχF2

I = χF1
A−χF1

Aχ
X\F2

I ∼ 0

which finishes the proof of the theorem.

As the first consequence of the above result, we mention the following.

Theorem 2.5.7. Let E be a Banach space of local type over X. Then Λ(E) is a
closed and inverse-closed subalgebra of L (E). The ideal K (E) of the compact
operators is contained in Λ(E), and the quotient algebra Λ(E)/K (E) is inverse-
closed in the Calkin algebra L (E)/K (E). In particular, if A is a Fredholm opera-
tor of local type, then each of its regularizers is of local type again.

Proof. The proof of this theorem becomes straightforward if the equivalence be-
tween conditions (i) and (ii) in Theorem 2.5.6 is employed. For example, the identi-
ties

f (AB)− (AB) f I = ( f A−A f )B+A( f B−B f I)

and
f A−1 −A−1 f I = A−1(A f − f A)A−1

show that AB ∈Λ(E) whenever A and B are in Λ(E) and that A−1 ∈Λ(E) whenever
A ∈ Λ(E) is invertible in L (E). If (An) is a sequence of operators of local type
which converges to A ∈ L (E) in the norm of L (E), then f A−A f I is the norm
limit of the sequence of compact operators ( f An −An f I), and hence compact. It
is also evident that K (E) ⊂ Λ(E). Finally, let A ∈ Λ(E) be a Fredholm operator.
Then, there are compact operators K, L, as well as an operator R ∈ L (E) such that
AR = I +K and RA = I +L. For each f ∈C(X) one obtains
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f R−R f I = (RA−L) f R−R f (AR−K)
= R(A f − f A)R−L f R+R f K ∈ K (E)

which shows that R ∈ Λ(E), too.

2.5.2 Local equivalence and local norms

The following definitions of local equivalence and of local norms go back to Simo-
nenko.

Definition 2.5.8. Let E be an ideal Banach space over X and let x ∈ X . Then the
local essential norm of an operator A ∈ Λ(E) at the point x is the quantity

|A|x := inf
U
|χU A|

where the infimum is taken over all open neighborhoods U of x. The operators A and
B are called locally equivalent at x if |A−B|x = 0. Local equivalence at the point x
will be denoted by A

x∼ B.

Lemma 2.5.9. Let X, E, A and x be as in the previous definition. Then the local
essential norm |A|x coincides with each of the following quantities:

(i) inf | f A|, where the infimum is taken over all continuous functions f : X → [0,1]
which are identically 1 in a neighborhood of x;

(ii) inf | f A|, where the infimum is taken over all continuous functions f on X with
f (x) = 1.

Proof. Let m1 and m2 denote the quantities defined in (i) and (ii), respectively.
Evidently, m2 ≤ m1. Further, given a neighborhood U of x, choose a neighborhood
W of x with W ⊂ U . Then there is a continuous function f : X → [0,1] which is
identically 1 on W and vanishes outside U . Thus,

| f A| = | f χU A| ≤ |χU A|,

whence the estimate m1 ≤ |A|x. For the estimate |A|x ≤ m2, let ε > 0 and choose
a continuous function f with f (x) = 1 and | f A| < m2 + ε . Since f is continuous,
there is a neighborhood U of x such that | f (y)− 1| < ε for all y ∈ U . With this
neighborhood, one gets

|χU A| ≤ |χU f A|+ |χU (1− f )A| ≤ | f A|+ |χU (1− f )||A| ≤ m2 + ε + ε|A|.

Consequently, |A|x ≤ m2 + ε(1+ |A|). Letting ε go to zero yields the assertion.
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Remark 2.5.10. In combination with Theorem 2.5.6, the preceding lemma shows
that

|A|x = inf
U
|AχU I|

with the infimum taken over all open neighborhoods of x. �

Note that Theorem 2.5.6 offers another way to deal with local properties of op-
erators of local type. The second characterization of Λ(E) given in that theorem
implies that B := C(X) + K (E) is a central subalgebra of Λ(E)/K (E) which
contains the identity element. The central subalgebra B is isometrically isomorphic
to the algebra C(X). Indeed, as in Proposition 1.4.11 (where the case E = Lp(X) is
considered) one gets that ‖ f I +K (E)‖= ‖ f I‖ for each function f ∈C(X), and the
equality ‖ f I‖= ‖ f‖∞ has been established in Lemma 2.5.2. Thus, the maximal ideal
space of the commutative C∗-algebra B is homeomorphic to X , and one can apply
Allan’s local principle to localize the algebra A := Λ(E)/K (E) over X . We let Jx

denote the local ideal of A which is induced by x ∈ X and write Φx for the canon-
ical homomorphism A → A /Jx. Further we let Ψx stand for the homomorphism
Φx ◦ π , where π refers to the canonical homomorphism Λ(E) → Λ(E)/K (E).
Thus,

Ψx : Λ(E) → A /Jx, A �→ Φx(A+K (E)).

Proposition 2.5.11. Let E be a Banach space of local type over X. Then, for each
A ∈ Λ(E) and each x ∈ X,

‖Ψx(A)‖ = |A|x.

Proof. Let A ∈ Λ(E) and x ∈ X . By Lemma 2.5.9, we have to show that

‖Ψx(A)‖ = inf | f A|, (2.21)

where the infimum is taken over all continuous functions f : X → [0,1] which are
identically 1 in a neighborhood of x. We denote this infimum by q. If f ∈ C(X) is
identically 1 in some neighborhood of x, then the coset ( f − 1)A +K (E) belongs
to Jx. Thus,

‖Ψx(A)‖ ≤ |A+( f −1)A| = | f A|.

Taking the infimum over all f with these properties we get ‖Ψx(A)‖ ≤ q.
For the reverse inequality, given ε > 0, choose functions f1, . . . , fn ∈C(X) which

vanish at x and operators B1, . . . ,Bn ∈ Λ(E) such that

|A+ f1B1 + . . .+ fnBn| < ‖Ψx(A)‖+ ε.

If f is any function in C(X) with 0 ≤ f ≤ 1 and f ≡ 1 in some neighborhood of x,
then
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| f A| ≤
∣

∣ f
(

A+∑ fiBi
)∣

∣+
∣

∣∑ f fiBi
∣

∣

≤
∣

∣A+∑ fiBi
∣

∣+∑‖ f fi‖∞|Bi|
≤ ‖Ψx(A)‖+ ε +∑‖ f fi‖∞|Bi|.

The right-hand side of this estimate becomes smaller than ‖Ψx(A)‖+ 2ε if f is
chosen such that ‖ f fi‖∞ < ε/(n|Bi|) for every i. Hence, q ≤ ‖Ψx(A)‖.

Theorem 2.5.12. Let E be a Banach space of local type over X and let A ∈ L (E)
be an operator of local type. Then the essential norm of A can be expressed in terms
of local norms by

|A| = max
x∈X

|A|x.

This theorem will be an immediate consequence of Theorem 2.3.3 and Proposi-
tion 2.5.11 once we have shown the following.

Theorem 2.5.13. (Λ(E)/K (E), C(X)+K (E)) is a faithful localizing pair.

Proof. We have to show that

|( f +g)A| ≤ max{| f A|, |gA|}

whenever A∈Λ(E) and f and g are functions in C(X) with disjoint supports M, N ⊆
X , respectively. Since A is of local type, we conclude from (2.18) that

max{| f A|, |gA|} ≥ |χM f AχM I + χN gAχN I|
= | f AχM I +gAχN I|
= | f A+gA− f Aχ

X\M
I −gAχ

X\N
I|

= | f A+gA|.

Here we used that

f Aχ
X\M

I = ( f A−A f )χ
X\M

I +A f χ
X\M

I = ( f A−A f )χ
X\M

I

and gAχ
X\N

I are compact operators.

2.5.3 Local Fredholmness and Fredholmness

Definition 2.5.14. Let E be an ideal Banach space over X and A ∈ L (E). An op-
erator Rl ∈ L (E) (resp. Rr) is called a local left (resp. right) regularizer of the
operator A at the point x ∈ X if there is a neighborhood U of the point x such that
RlAχU I ∼ χU I (resp. χU ARr ∼ χU I). An operator A is said to be locally Fredholm at
x ∈ X if it possesses both a local left and a local right regularizer at that point.
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Proposition 2.5.15. Let E be a Banach space of local type over X and let A∈L (E)
be an operator of local type which is locally Fredholm at x ∈ X. Then A possesses
local left and right regularizers at x which are of local type.

Proof. Let U be an open neighborhood of x and let Rl , Rr ∈ L (E) be operators
such that

RlAχU I ∼ χU I and χU ARr ∼ χU I.

Let g be a continuous function on X which is identically 1 in a neighborhood V of x
and which has its support inside U . Since

gRlgAχV I ∼ gRlAgχV I = gRlAχU gχV I ∼ gχU gχV I = χV I,

the operator gRlgI is a local left regularizer of A at x, too. We claim that gRlgI is of
local type. Let f ∈C(X). Then

f gRlgI −gRlg f I = ( f gRl −gRl f )gχU I

∼ ( f gRl −gRl f )gχU ARr

∼ ( f gRl −gRl f )AgRr

∼ ( f gRlA−gRlA f )gRr

= ( f gRlAχU −gRlAχU f )gRr

∼ ( f g−g f )χU gRr = 0,

which proves the claim. Similarly one gets that gRrgI is a local right regularizer of
A at x which is of local type.

The main result on local Fredholmness reads as follows.

Theorem 2.5.16. Let E be a Banach space of local type over X. An operator A ∈
L (E) of local type is Fredholm if and only if it is locally Fredholm at every point
x ∈ X.

The proof will follow immediately from Allan’s local principle (Theorem 2.2.2)
and from Theorem 2.5.7 once we have checked the following assertion. The notation
is as in Section 2.5.2.

Proposition 2.5.17. Let E be a Banach space of local type over X. The operator
A∈Λ(E) is locally Fredholm at x∈X if and only if its local coset Ψx(A) is invertible
in A /Jx.

Proof. If A is locally Fredholm at x, then there are operators Rl and Rr of local type
as well as an open neighborhood U of x such that

RlAχU I ∼ χU I and χU ARr ∼ χU I.

Let f be a continuous function on X with f (x) = 1 and supp f ⊂U . Then

RlA f I ∼ f I and f ARr ∼ f I.
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Applying the local homomorphism Ψx to these identities and taking into account
that Ψx( f ) is the identity element of A /Jx, one gets the invertibility of Ψx(A). Con-
versely, let Ψx(A) be invertible in A /Jx. Let R ∈Λ(E) be such that Ψx(R) is the in-
verse of Ψx(A). Then Ψx(RA− I) =Ψx(AR− I) = 0, whence |RA− I|x = 0 by Propo-
sition 2.5.11. By the definition of the local norm, there is an open neighborhood U of
x such that |RAχU I−χU I| < 1/2. Equivalently, there is an operator C ∈ L (E) with
‖C‖ < 1/2 and a compact operator K such that RAχU I − χU I = C +K. Multiplying
this equality from both sides by χU I we find

χU RAχU I = χU I + χU CχU I + χU KχU I. (2.22)

Since ‖χU CχU I‖ < 1/2, the operator χU I + χU CχU I (considered as an operator on
the range of the projection χU I) is invertible by Neumann series. Let D denote its
inverse. Then (2.22) implies

DχU RAχU I = χU I +K′

with a certain compact operator K′. Consequently, DχU RAχU I ∼ χU I, i.e., DχU R is
a local left regularizer of A at x. The existence of a local right regularizer follows
analogously.

2.5.4 The envelope of an operator function

Let E be an ideal Banach space over X .

Definition 2.5.18. An operator function X → Λ(E), x �→ Ax is said to possess an
envelope if there is an operator A ∈ Λ(E) such that A

x∼ Ax for all x ∈ X . Each
operator A with this property is called an envelope of the function (Ax)x∈X .

Definition 2.5.19. The operator function X → Λ(E), x �→ Ax is said to be locally
semi-continuous if for every point x0 ∈X and every ε > 0 there exists an open neigh-
borhood U of the point x0 such that every point x ∈ U has an open neighborhood
V ⊂U with

|(Ax0 −Ax)χV I| < ε (2.23)

Theorem 2.5.20. Let E be a Banach space of local type over X. Then a bounded
operator function X →Λ(E), x �→Ax possesses an envelope if and only if it is locally
semi-continuous. The envelope is uniquely determined up to a compact operator,
and

|A| ≤ sup
x∈X

|Ax|

for each envelope A of the given operator function.

Proof. It easy to check that the existence of an envelope implies the local semi-
continuity of the operator function. The reverse implication will be shown by having
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recourse to Theorem 2.3.5 and its application to faithful localizing pairs. Thus, we
let F refer to the set of all bounded functions on X which take, at x ∈ X , a value in
A /Jx (the notation is as in Subsection 2.5.2). The set F becomes a Banach algebra
by defining elementwise operations and the supremum norm. The Banach algebra
F together with its subalgebra D , consisting of all functions x �→ f (x)Ψx(I) where
f ∈C(X), forms a faithful localizing pair. Let E stand for the set of all functions in
F of the form

x �→Ψx(A) with A ∈ Λ(E).

Then E is a subalgebra of F which satisfies conditions (i) - (iv) on page 89 in
Subsection 2.3.2. Moreover, E is closed. Indeed, let ( fn) with fn : x �→Ψx(An) be a
Cauchy sequence in F . From

‖ fn − fm‖F = sup
x∈X

‖Ψx(An −Am)‖ = |An −Am|

(by Theorem 2.3.3 and Proposition 2.5.11) we conclude that (An + K (E)) is a
Cauchy sequence in A . Let A ∈ Λ(E) be such that A +K (E) is the limit of that
sequence. Then f : x �→Ψx(A) is a function in F , and ‖ fn − f‖F → 0.

Now let X → Λ(E), x �→ Ax be a bounded and locally semi-continuous function
on X , and let x0 ∈ X . Let A ∈ Λ(E) be an operator with Ψx0(A) = Ψx0(Ax0). Due to
Allan’s local principle (Theorem 2.2.2), the function

X → R, x �→ ‖Ψx(A−Ax0)‖

is upper semi-continuous at x0, i.e., given ε > 0 there is a neighborhood U1 of x0

such that ‖Ψx(A−Ax0)‖ < ε for all x ∈ U1. Further we conclude from (2.23) that
there is a neighborhood U2 of x0 such that, for x ∈U2,

‖Ψx(Ax)−Ψx(Ax0)‖ = |Ax −Ax0 |x ≤ |(Ax −Ax0)χV I| < ε.

Hence, for all x ∈U := U1 ∩U2,

‖Ψx(Ax)−Ψx(A)‖ ≤ ‖Ψx(Ax)−Ψx(Ax0)‖+‖Ψx(Ax0)−Ψx(A)‖ ≤ 2ε.

Hence, the function x �→Ψx(Ax) is semi-continuous with respect to E in the sense
of Section 2.3.2. By Theorem 2.3.5, this function belongs to the closure of E in F ,
which actually coincides with E as we have already seen. Thus, this function is of
the form x �→Ψx(B) with a certain operator B of local type; in other words, B is an
envelope for (Ax)x∈X .

For the proof of the norm estimate, we take into account that |A|x = |Ax|x by the
definition of the local norm | · |x. Then

|A| = max
x∈X

|A|x = max
x∈X

|Ax|x ≤ sup
x∈X

|Ax|

where the first equality comes from Theorem 2.5.12.
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2.5.5 Exercises

Exercise 2.5.1. Prove that local equivalence is a reflexive, symmetric and transitive
relation. Moreover,

(i) if A, B, Ax and Bx are local type operators with A
x∼ Ax and B

x∼ Bx, then
AB

x∼ AxBx;
(ii) if A and B are local type operators and x ∈ X , then A

x∼ B if and only if for
every ε > 0 there exists a neighborhood U of x such that

|(A−B)χU I| < ε and |χU (A−B)| < ε;

(iii) if A and B are local type operators and Ui, i = 1, . . . ,8 are neighborhoods of
x ∈ X such that χU1

AχU2
I

x∼ χU3
BχU4

I, then χU5
AχU6

I
x∼ χU7

BχU8
I;

(iv) if (Ai) and (Bi) are sequences such that |Ai−A| → 0, |Bi−B| → 0, and Ai
x∼ Bi

for every i, then A
x∼ B.

Exercise 2.5.2. Let E be a Banach space of local type over X and A ∈L (E) a local
type operator. Prove that

|A| = sup
x∈X

|A|x.

Exercise 2.5.3. Show that the equality |A| = supx∈X |Ax| does not hold in general.

Exercise 2.5.4. Let A be an operator of local type, x ∈ X , W a neighborhood of
x, and Rl (resp. Rr) a local left (resp. right) regularizer of A at x. Prove also that
Rl χW I and χW Rl (resp. RrχW I and χW Rr) are local left (resp. right) regularizers of A
at x.

Exercise 2.5.5. Let A be an operator of local type, x ∈ X , W a neighborhood of x,
and Rl (resp. Rr) a local left (resp. right) regularizer of A at x, and let f ∈C(X) be a
function which is identically 1 on W . Prove then that Rl f I and f Rl (resp. Rr f I and
f Rr) are local left (resp. right) regularizers of A at x.

Exercise 2.5.6. Show that if A is a local type operator which is locally Fredholm at
a point x ∈ X , then A possesses a local type regularizer at that point.

Exercise 2.5.7. Let operators A and B be locally equivalent at x ∈X and assume that
A possesses a left (resp. right) local regularizer at x. Show that then B also possesses
a left (resp. right) local regularizer at x. Prove that if A, B and the left (right) local
regularizer of A are local type operators, then the left (right) local regularizer of B
has the same property.

Exercise 2.5.8. Let operators A and B be locally equivalent at x ∈ X , and let A be
locally Fredholm at x. Show that B is also locally Fredholm at x.

Exercise 2.5.9. Let A be a local type operator which possesses a local left (right)
local type regularizer for any x ∈ X . Prove that A possesses a global left (right) local
type regularizer.
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2.6 PI-algebras and QI-algebras

In this section we are going to present another generalization of Gelfand’s transform,
applicable to special classes of Banach algebras, the so called PI- and QI-algebras,
where PI stands for polynomial identity and QI for quasi identity. These algebras are
close to commutative algebras in the sense that the defining condition ab = ba of
a commutative algebra is replaced by another polynomial identity. For PI- and QI-
algebras we will obtain sufficient families of finite-dimensional homomorphisms,
that is, the algebras Bt defined in the introduction of the chapter will prove to be
matrix algebras, Bt = C

l(t)×l(t), with sup l(t) < ∞.

2.6.1 Standard polynomial identities

In this section, A denotes a unital algebra over an arbitrary field F, and P is a
polynomial of positive degree in n non-commuting variables with coefficients in F.
Each time the variables in P are replaced by elements a1, . . . , an of the algebra, the
result is an element of the algebra which we denote by P(a1, . . . , an).

Definition 2.6.1. Let P be a polynomial of positive degree in n non-commuting
variables with coefficients in F. An algebra A is said to satisfy the polynomial
identity P if P(a1, . . . , an) = 0 for every choice of elements a1, . . . , an ∈ A . We
then call A a P-algebra. If A satisfies at least one non-trivial polynomial identity,
it is called a PI-algebra.

Let Σn refer to the permutation group of the set {1, . . . , n}. Polynomials of the
form

P(a1, . . . , an) = ∑
σ∈Σn

λσ aσ(1) . . .aσ(n) (2.24)

with coefficients λσ ∈ F are called multilinear. Considered as a mapping from A n

to A , a multilinear polynomial is indeed linear in each component.
A polynomial P of positive degree in n non-commuting variables is called al-

ternating if any repetition in the choice of elements a1, . . . , an yields 0, that is,
P( . . . , a j, . . . , a j, . . .) = 0. Finally, for 1 ≤ i 
= j ≤ n, we let Pi j stand for the poly-
nomial Pwith the variables at places i and j interchanged.

Lemma 2.6.2. Let Pbe a multilinear polynomial. Then P is alternating if and only
if Pi j = −P for each choice of indices 1 ≤ i 
= j ≤ n.

Proof. Let Pbe alternating and 1 ≤ i 
= j ≤ n. Then

0 = P( . . . , ai +a j, . . . , ai +a j, . . .)
= P( . . . , ai, . . . , ai, . . .)+P( . . . , ai, . . . , a j, . . .)

+P( . . . , a j, . . . , ai, . . .)+P( . . . , a j, . . . , a j, . . .)
= P( . . . , ai, . . . , a j, . . .)+P( . . . , a j, . . . , ai, . . .).
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Conversely, by interchanging the positions where the repeated element a j is present,
we obtain

P( . . . , a j, . . . , a j, . . .) = −P( . . . , a j, . . . , a j, . . .),

which implies P( . . . , a j, . . . , a j, . . .) = 0.

The following definition introduces the process of multilinearization. Applied
to a (non-multilinear) polynomial, this process results in another polynomial, with
one “new” variable and a lesser degree in one of the “old” variables. This process,
taken repeatedly, finally allows a multilinear polynomial to be obtained from any
polynomial.

Definition 2.6.3. Let P : A n → A be a function in n variables. For 1 ≤ i ≤ n, we
define the function ΔiP : A n+1 → A by

ΔiP(a1, . . . , an+1) := P(a1, . . . , ai−1, ai +an+1, ai+1, . . . , an)
−P(a1, . . . , ai−1, ai, ai+1, . . . , an)
−P(a1, . . . , ai−1, an+1, ai+1, . . . , an).

(2.25)

Lemma 2.6.4. If an algebra A satisfies a polynomial identity of degree k, then it
also satisfies a multilinear identity of degree ≤ k.

Proof. Let A satisfy a polynomial identity P of degree k in n variables. If P is not
linear in the first variable (this happens if the degree of the first variable is greater
than 1), then consider

Δ1P(a1, . . . , an, an+1)
= Pn(a1 +an+1, a2, . . . , an)−P(a1, a2, . . . , an)−P(an+1, a2, . . . , an).

Clearly, A also satisfies the polynomial identity Δ1P, and the degree of Δ1P is not
greater than that of P. But the degree of the first variable in Δ1P is strictly lower
than the degree of the first variable in P. Repeated application of this procedure to
every nonlinear variable yields, after a finite number of steps, a multilinear identity
of degree not greater than k which is also satisfied by A .

Lemma 2.6.5. The matrix algebra F
n×n over the field F does not satisfy a polyno-

mial identity of degree less than 2n.

Proof. By the above lemma, we just have to check that F
n×n does not satisfy any

multilinear identity of degree less than 2n. Suppose that Fn×n satisfies a multilinear
identity Pm of degree m < 2n. Let Epq ∈ F

n×n be the matrix with zeros at every entry
except at the entry pq, which is 1. Inserting the matrices

ai :=

{

E i+1
2

i+1
2

if i is odd,

E i
2

i+2
2

if i is even
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into (2.24), we get immediately that the coefficient associated with the identity per-
mutation is zero. Rearranging the matrices above in Pm, we then conclude that all
coefficients must be zero. This contradiction proves the assertion.

We are now going to introduce a class of multilinear polynomials which will play
a dominant role in what follows.

Definition 2.6.6. Let A be an algebra and a1, . . . , an ∈A . The standard polynomial
of degree n is defined by

Sn(a1, . . . , an) := ∑
σ∈Σn

sgnσ aσ(1) . . .aσ(n),

where sgnσ takes the value +1 if the permutation σ ∈ Σn is even and −1 if it is odd.

The standard polynomials can also be defined recursively by S1(a1) := a1 and

Sn(a1, . . . , an) =
n

∑
i=1

(−1)i−1 aiSn−1(a1, . . . , ãi, . . . , an)

or, equivalently,

Sn(a1, . . . , an) =
n

∑
i=1

(−1)n−i Sn−1(a1, . . . , ãi, . . . , an)ai

if n > 1 where the tilde indicates that the corresponding element is omitted.
It easy to see that standard polynomials and their scalar multiples are alternating.

The next result shows the converse is also true.

Proposition 2.6.7. Any multilinear alternating polynomial of degree n is a multiple
of the standard polynomial Sn.

Proof. Let Pbe a multilinear alternating polynomial of the form (2.24). Since every
permutation is a composition of interchanges of variables, one has by Lemma 2.6.2,
P(a1, . . . , an) = sgnσ P(aσ(1), . . . , aσ(n)) for each permutation σ ∈ Σn. The coeffi-
cient of the monomial aσ(1) . . .aσ(n) in the polynomial on the left-hand side of this
equality is λσ ; its counterpart on the right-hand side is sgnσλid , with the identity
permutation id. Hence, λσ = sgnσλid , which implies

P(a1, . . . , an) = λid ∑
σ∈Σn

sgnσaσ(1) . . .aσ(n).

Thus, P= λidSn.

The following fact will be used in the proof of the Amitsur-Levitzki theorem.

Corollary 2.6.8. Let P(a1, . . . , a2n) = ∑σ∈Σ2n
sgnσ [aσ1 ,aσ2 ] . . . [aσ2n−1 ,aσ2n ], where

[a,b] represents the commutator ab−ba. Then P= 2nS2n.
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Proof. It is not difficult to see that P is a multilinear and alternating polynomial
of degree 2n. By the above proposition, P is a multiple of the standard polynomial
S2n. The polynomial P is the sum of 2n(2n)! multilinear monomials, none of which
cancel. Thus, the constant is 2n.

Let tra denote the trace of the matrix a.

Lemma 2.6.9. Let a1, . . . ,a2k ∈ F
n×n. Then tr

[

S2k(a1, . . . ,a2k)
]

= 0.

Proof. For i = 1, . . . , 2k, let ai
2k denote the (2k−1)-tuple (a1, . . . , ãi, . . . , a2k) where

the tilde indicates that the corresponding element is omitted. Then

2tr
[

S2k(a1, . . . , a2k)
]

= tr

[

2k

∑
i=1

(−1)i−1 aiS2k−1(ai
2k)

]

+ tr

[

2k

∑
i=1

(−1)2k−i S2k−1(ai
2k)ai

]

=
2k

∑
i=1

(−1)i−1tr
[

aiS2k−1(ai
2k)−S2k−1(ai

2k)ai
]

= 0,

since the trace of the commutator of two matrices is zero.

Definition 2.6.10. The algebra A is said to satisfy the standard identity of order
n if Sn(a1, . . . ,an) = 0 for any a1, . . . ,an ∈ A . The family of all algebras with that
property will be denoted by SIn. Further, let SIm

2n stand for the family of all alge-
bras A with the property that (S2n(a1, . . . ,a2n))

m = 0 for all choices of elements
a1, . . . ,a2n ∈ A . Finally, if A is a (real or complex) Banach algebra, then we call
A a QI-algebra and write A ∈ SI∞

2n if there is a number n such that, for any choice
of a1, . . . ,a2n ∈ A ,

lim
m→∞

‖(S2n(a1, . . . ,a2n))m‖1/m = 0.

The standard polynomial of order 2 is S2(a1,a2) = a1a2 −a2a1. Thus an algebra
satisfies the standard identity of order 2 if and only if it is commutative.

In Lemma 2.6.5 we have seen that the algebra F
n×n does not satisfy any poly-

nomial identity of order less than 2n. The next theorem states that it satisfies the
standard identity of degree 2n.

Theorem 2.6.11 (Amitsur-Levitzki). The algebra Fn×n satisfies the standard iden-
tity of degree 2n.

Proof. First let F = Q be the field of the rational numbers and consider a matrix
a ∈ Q

n×n. Newton’s formula for the coefficients of the characteristic polynomial Pa

of a,

Pa(λ ) := det(λ I −a) = λ n +
n

∑
k=1

αkλ n−k (2.26)

implies that the coefficients αk are given as follows. Let Ωk denote the set of all
j-tuples m = (m1, . . . ,m j) of integers with 1 ≤ m1 ≤ m2 ≤ ·· · ≤ m j and m1 +m2 +
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· · ·+m j = k. Notice that both the k-tuple (1, . . . , 1) as well as the 1-tuple (k) belong
to Ωk. Then, for k = 1, . . . , n,

αk = ∑
m∈Ωk

qm tr(am1) . . . tr(am j)

with certain rational numbers qm (see also [170, Theorem 1.3.19]).
By the Cayley-Hamilton theorem, Pa(a) = 0. We apply the multilinearization

process to the mapping P : F
n×n → F, a �→ Pa(a) to get the multivariable function

(ΔP)(a1, . . . , an) := (Δ1)n−1P(a1).

Clearly, (ΔP)(a1, . . . , an) = 0. Since the trace is additive, we thereby arrive at the
identity

0 = (ΔP)(a1, . . . , an) = ∑
σ∈Σn

aσ1 . . .aσn +

+
n

∑
k=1

∑
m∈Ωk

∑
σ∈Σn

qmtr(aσ1 . . .aσm1
) . . . tr(aσm1+...+m j−1+1 . . .aσk)aσk+1 . . .aσn .

For instance, for n = 2 one has

0 = ∑
σ∈∑2

aσ1aσ2 − ∑
σ∈∑2

(traσ1)aσ2 +
1
2 ∑

σ∈∑2

(traσ1)(traσ2)−
1
2 ∑

σ∈∑2

tr(aσ1aσ2)

due to

Pa(a) = a2 − (tra)a+
1
2
(tra)2 − 1

2
tr(a2).

Back to general n. Given 2n matrices a1, . . . , a2n ∈F
n×n and a permutation σ ′ ∈∑2n,

we replace each variable ai in the above identity by [aσ ′
2i−1

, aσ ′
2i
] and form the sum

0 = ∑
σ ′∈∑2n

sgnσ ′(ΔP)
(

[aσ ′
1
, aσ ′

2
], . . . , [aσ ′

2n−1
, aσ ′

2n
]
)

.

Using Corollary 2.6.8, we write this identity as

0 = 2nS2n(a1, . . . , a2n)+P′(a1, . . . , a2n)

where P′(a1, . . . ,a2n) is a sum of terms of the form

qm trS2m1(a2σ1−1, . . . , a2σm1
)×·· ·×

×trS2m j(a2σ(m1+···+m j−1+1)−1, . . . , a2σk)S2(n−k)(a2σk+1−1, . . . , a2σn)

for some σ ∈ ∑n. (Again, it is useful to consider the particular case n = 2 to
understand this construction.) By Lemma 2.6.9, each of these terms is 0. Thus,
P′(a1, . . .a2n) = 0 and, consequently, S2n(a1, . . .a2n) = 0.
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Now let F be an arbitrary field, and ai ∈ F
n×n. Each matrix ai can be written

as a linear combination ai = ∑ j,k a(i)
jk E jk where the E jk are the unit matrices (i.e.,

the jkth entry of E jk is equal to 1, and the others are zero). Then, due to the multi-
linearity of S2n, the matrix S2n(a1, . . . ,a2n) is a linear combination of the matrices
S2n(E j1k1 , . . . ,E j2nk2n) which are all zero by the first part of the proof.

It is useful to observe that the argument used in the last part of the above proof
also applies to an arbitrary commutative unital algebra C over F. Thus the Amitsur-
Levitzki theorem remains valid if the field F is replaced by a commutative unital
algebra C .

Having this result at our disposal, we can extend the results on matrix algebras
from Section 1.1.4 as follows.

Theorem 2.6.12. Let A be a unital algebra over a field F, and C its center. Then
A is isomorphic to C n×n if and only if

(i) A ∈ SI2n, and
(ii) A contains a unital subalgebra A0 which is isomorphic to F

n×n.

Proof. If A is isomorphic to C n×n, then A ∈ SI2n by the Amitsur-Levitzki theorem.
Hence, (i) is satisfied, and (ii) is obvious. Conversely, let A satisfy (i) and (ii). Then
Theorem 1.1.17 establishes an isomorphism w =

[

w jk
]n

j,k=1 between the algebras

A and Dn×n, where D = w jk(A ) is a subalgebra of A . Moreover, the centers of
A and D coincide. It remains to prove the inclusion wjk(a)∈C for all 1 ≤ j, k ≤ n,
and a ∈ A . Since b = ∑i ∑m eiibemm for all b ∈ A and w jk(a) = ∑n

i=1 ei jaeki by
definition, the commutator w jk(a)b−bw jk(a) is zero only if

ei jaekibemm − eiibem jaekm = 0

for all a, b∈A and 1≤ i, j, k, m≤ n. But the latter identity is a simple consequence
of

ei jaekibemm − eiibem jaekm

= ei1S2n+1(e1 jaek1, e1ibem1, e12, . . . , en−1,n, enn, en,n−1, . . . , e21)e1m

and of the fact that each SI2n-algebra also satisfies the standard identity of degree
2n+1.

Corollary 2.6.13. Let A ∈ SI2n be a complex Banach algebra with center C , which
contains a unital subalgebra A0 isomorphic to C n×n. Then the maximal ideal spaces
of A and C are homeomorphic.
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2.6.2 Matrix symbols

Let A be a Banach algebra with identity e over the field C and B ⊂ A be a subal-
gebra of A . Let X be an arbitrary set and l a bounded function from X into the set of
the positive integers. Set n := supx∈X l(x). Assume we are given a family {μx}x∈X

of representations of A having the property that μx(a) ∈ C
l(x)×l(x) for each a ∈ A .

If it is true for every element b ∈ B that b is invertible in A if and only if μx(b)
is invertible for all x ∈ X , then we say that {μx}x∈X generates a matrix symbol of
order n for B in A . The collection of all subalgebras B of A which possess a
matrix symbol of order n for B in A is denoted by IS(n,A ). In case A belongs to
IS(n,A ) we just say that A has a matrix symbol of order n.

Let J be a maximal left ideal of a Banach algebra A , and write E for the linear
space A /J and Φ : A → E for the canonical linear mapping. Further, let LJ

denote the left regular representation of A induced by J , which was introduced in
Example 1.3.12.

Lemma 2.6.14. Let E0 be a finite-dimensional linear manifold in E and let x ∈
E \E0. Then there is an a ∈ A such that LJ

a (E0) = {0} and LJ
a (x) 
= 0.

Proof. The proof proceeds by induction with respect to the dimension of E0.
The assertion of the lemma is evidently true if dim E0 = 0. Suppose that it is
true for dim E0 = k. Choose y 
∈ E0 and set E1 := E0 + Cy. Further let L :=
{LJ

a : LJ
a (E0) = {0}}. Consider the set {LJ

a (y) : LJ
a ∈ L }. This set is a non-

trivial linear subspace of E which is invariant under all operators LJ
b with b ∈ A .

Since LJ is an algebraically irreducible representation (by Exercise 1.3.7), one has
{LJ

a (y) : LJ
a ∈ L } = E.

Now suppose the assertion of the lemma is not valid for E1. Then there is a
z ∈ E \ E1 such that LJ

a (z) = 0 for every a satisfying LJ
a (E1) = {0}. Consider

the operator B that acts on E according to Bx := LJ
a (z), with a chosen such that

LJ
a (y) = x. It can easily be checked that B is correctly defined and satisfies the

conditions of Corollary 1.3.13. Consequently, B is a scalar operator, i.e., B = λ I

with a complex λ , and for every LJ
a ∈ L we have

LJ
a (z) = BLJ

a (y) = λLJ
a (y) ⇔ LJ

a (z−λy) = 0.

By hypothesis, if LJ
a (ξ ) = 0 for all LJ

a ∈L , then ξ ∈ E0. Thus z−λy ∈ E0, which
contradicts the choice of z ∈ E \E1.

Lemma 2.6.15. Let v1, . . . , vn and e1, . . . , en be elements of E, and suppose that the
elements ek are linearly independent. Then there is an element a ∈ A with LJ

a ek =
vk for all k = 1, . . . , n.

Proof. It follows from Lemma 2.6.14 that, for each k = 1, . . . , n, there is an ak ∈A

such that LJ
ak (ek) 
= 0 and LJ

ak (em) = 0 for m 
= k. Consider the linear manifold Ek :=
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{LJ
x LJ

ak (ek) : x ∈ A }. Since LJ
a (Ek) ⊂ Ek and LJ

e LJ
ak (ek) 
= 0, we have Ek = E

for every k. Hence, there are elements xk ∈A such that LJ
xk LJ

ak (ek) = LJ
xkak(ek) = vk

and LJ
xkak(em) = 0 for m 
= k. The element a := ∑n

k=1 xkak has the desired property.

Theorem 2.6.16 (Kaplansky). Every primitive Banach algebra A ∈ SI∞
2n is isomor-

phic to C
l×l for some l ≤ n.

Proof. If the algebra A is primitive, then it contains a maximal left ideal J for

which the corresponding left regular representation LJ : A → {LJ
a : a ∈ A } is

an isomorphism. We show that if A ∈ SI∞
2n then dim A /J ≤ n. Set E := A /J

and suppose dim E > n. Let e1, . . . , en+1 be linearly independent elements in E. For
i, j, k = 1, . . . , n+1, set

v(i j)
k := δ jkei

where δ jk is the Kronecker symbol. By Lemma 2.6.15, there are elements ai, j ∈ A

such that LJ
ai, j ek = v(i j)

k . Then a simple computation yields

S2n

(

LJ
an+1,n , LJ

an,n−1 , . . . , LJ
a2,1 , LJ

a1,2 , . . . , LJ
an,n+1

)

en+1 = en+1,

whence ∥

∥

∥Sm
2n

(

LJ
an+1,n , LJ

an,n−1 , . . . , LJ
a2,1 , LJ

a1,2 , . . . , LJ
an,n+1

)∥

∥

∥ ≥ 1

for all m. Since LJ is continuous, this contradicts our assumption that A ∈ SI∞
2n.

Hence, dim E ≤ n. But then, clearly, L (E) ≡ C
l×l with some l ≤ n.

The following theorem can be considered as an analog of the Gelfand theory for
algebras satisfying a standard polynomial identity.

Theorem 2.6.17. Let A ∈ SI∞
2n be a unital Banach algebra. Then:

(i) for each maximal ideal x of A , the quotient algebra Ax := A /x is isomorphic
to C

l×l with a certain l = l(x) less than or equal to n;
(ii) an element a ∈ A is invertible if and only if the matrices Φx(a) ∈ C

l(x)×l(x)

are invertible for all maximal ideals x of A (here we set Φx := ϕxπx where πx

denotes the canonical homomorphism from A onto Ax and ϕx is an arbitrarily
chosen isomorphism from Ax onto C

l(x)×l(x), which exists by (i));
(iii) the radical of A coincides with the intersection of all maximal ideals of A .

Proof. (i) If the algebra itself is primitive then A is isomorphic to C
l×l with some

l ≤ n by Theorem 2.6.16. We will exclude this trivial case. For all x in MA , the
quotient algebra Ax is primitive and belongs to SI∞

2n. Then (i) follows from Theorem
2.6.16.

(ii) If a ∈ A is invertible, then Φx(a) is invertible for every x ∈ MA . To prove the
reverse implication, suppose that the Φx(a) are invertible for every x ∈ MA . Then
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a+x is invertible in Ax. Suppose that a is not left invertible. Then a belongs to a left
maximal ideal J by Proposition 1.3.2. Let LJ be the left regular representation
induced by J , and set I := Ker LJ . It is evident that I is an ideal which is con-
tained in J , that the quotient algebra A I is primitive, and A I ∈ SI∞

2n. Theorem
2.6.16 implies that A I is isomorphic to C

l×l , with l ≤ n, whence the maximality
of I . Since x is a subset of J , the image Jx := πx(J ) is a left ideal again, and
πx(a) ∈ Jx. So πx(a) cannot be invertible in Ax. This contradicts the assumption.
Hence, a is left invertible.

Let us prove now that a is also right invertible. Since a is left invertible, there is
a b ∈ A such that ba = e. Thus, Φx(b)Φx(a) = Φx(e). Since Φx(a) is invertible in
Ax, it follows that Φx(a)Φx(b) = Φx(e) or, equivalently, ab− e ∈ x for all x ∈ MA .
Since each maximal left ideal contains a maximal ideal by Lemma 1.3.15, the el-
ement r = ab− e belongs to the radical of A . By Proposition 1.3.3, the element
ab = e+ r is invertible, which implies the right invertibility of a.

(iii) The intersection of all maximal ideals belongs to the radical RA of A . Con-
versely let r ∈ RA . Then rx := r + x belongs to RAx . Since Ax is semi-simple, this
implies that r ∈ x for all maximal ideals x.

Remark 2.6.18. The proof of Theorem 2.6.16 made use only of the multilinear
property of S2n. Thus the proof holds if instead of S2n one has any multilinear poly-
nomial. This in particular implies that a version of Theorem 2.6.17 is true if the
algebra A is a PI-algebra, because of Lemma 2.6.4. �

Theorem 2.6.19. Let A be a unital Banach algebra. The following assertions are
equivalent:

(i) A /RA is a PI-algebra;
(ii) A has a matrix symbol of order n;

(iii) A /RA ∈ SI2n;
(iv) A ∈ SI∞

2n.

Proof. Suppose that A /RA is a PI-algebra. Then, A /RA satisfies a multilinear
polynomial, and thus has a matrix symbol of some order n (see Remark 2.6.18). As-
sertion (ii) follows due to the equivalence of the invertibility of an element a ∈ cA,
and the invertibility of the coset a +RA in A /RA . We continue with the impli-
cation (ii) ⇒ (iii): Assume that there is a family of matrix-valued homomorphisms
hx on A , labeled by the elements of some set X , such that an element a ∈ A is
invertible in A if and only if the matrices hx(a) are invertible for all x ∈ X .

We claim that if a ∈ A is invertible, then a + S2n(a1, . . . , a2n) is invertible for
each choice of elements a1, . . . , a2n of A . Since

hx (S2n(a1, . . . , a2n)) = S2n(hx(a1), . . . , hx(a2n))

and all entries hx(ak) are l × l matrices, Theorem 2.6.11 implies that
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hx (S2n(a1, . . . , a2n)) = 0

for all x ∈ X . Hence,

hx(a) = hx(a+S2n(a1, . . . , a2n))

for every x ∈ X . Since the hx constitute a matrix symbol, the claim follows. Then,
by Proposition 1.3.3, S2n(a1, . . . , a2n) is in the radical of A , whence the assertion.

The implication (iii) ⇒ (iv) is a consequence of the fact that elements of the
radical have spectral radius 0 and of Theorem 1.2.12. (iii) also trivially implies (i).
The final implication (iv) ⇒ (ii) comes directly from Theorem 2.6.17.

Example 2.6.20. Let A0 denote the set of all bounded linear operators A on l2, such
that the coefficients of the matrix representation (ai j)∞

i, j=1 of A with respect to the
standard basis satisfy the following conditions:

• ai j = 0 whenever i > j;
• ai j = 0 whenever i < j with a finite number of exceptions;
• the limit limi→∞ aii exists and is finite.

The set A0, provided with the operations inherited from L (l2), forms an algebra.
Let A be the closure of A0 in L (l2). Then A is a QI-algebra in SI∞

2 , the mappings

φn : A → C, φn(A) :=

{

ann if n ∈ N,

limi→∞ aii if n = ∞.
(2.27)

are continuous homomorphisms, and an element A ∈ A is invertible in A if and
only if φn(A) 
= 0 for all n ∈ N∪{∞}. The proof of these facts is left as an exercise.

�

We conclude this section with two results on the existence of matrix symbols for
algebras with a non-trivial center.

Proposition 2.6.21. Let A be a unital Banach algebra, B be a closed subalgebra
and C a subalgebra of the center of B. If

sup
x∈MC

dim Bx =: m < ∞ (2.28)

then B ∈ IS(n,A ) for some n ≤
√

m.

Proof. By hypothesis, dim Bx ≤m for any x ∈MC . For b1, . . . , bm+1 ∈B, consider
Sm+1(b1 +x, . . . , bm+1 +x). Let e1, . . . , em be a basis of Bx. Since every coset bi +x
can be written as a linear combination of the basis elements e1, . . . , em, the multilin-
earity of the standard polynomial implies that Sm+1(b1 + x, . . . , bm+1 + x) = 0. By
Theorem 2.6.17, there exists a positive integer k ≤ �m+1

2 � such that Bx has a matrix
symbol of order k for all x ∈ MC . Consider the commutator
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D := {a ∈ A : ac = ca for every c ∈ C }

of the algebra C . It is easy to see that D is an inverse-closed Banach subalgebra of
A which contains B and which has C in its center. Thus, the local algebras Dx are
well defined for x ∈ MC . Since dim Bx < ∞, the algebra Bx is inverse-closed in Dx

(see Exercise 1.2.13). Thus, Bx ∈ IS(k,Dx) for all x ∈ MC .
We claim that B ∈ IS(k,A ). Indeed, let {Φx

τ}τ∈T (x) generate a matrix symbol
for Bx in Dx. For b ∈ B, set Φx,τ(b) := Φx

τ (bx), which defines a homomorphism
Φx,τ on B. Since D is inverse-closed in A , the element b ∈ B is invertible in A
if and only if it is invertible in D . By Allan’s local principle, b is invertible in D if
and only if bx is invertible in Dx for all x ∈ MC . Thus, b is invertible in A if and
only if Φx,τ(b) is invertible for all x ∈ MC and τ ∈ T (x), that is, the family {Φx,τ}
generates a matrix symbol for B in A .

The homomorphisms Φx,τ : A �→ C
l(x)×l(x) obviously satisfy dim Im Φx,τ ≤

dim Bx. Consequently, l2(x) ≤ m, and the result follows.

Corollary 2.6.22. Let A be a unital Banach algebra, B a closed subalgebra of A ,
and B0 be a dense subalgebra of B. If B0 is an m-dimensional module over its
center, then B ∈ IS(n,A ) with a certain n ≤

√
m.

2.6.3 Exercises

Exercise 2.6.1. Prove that every finite-dimensional algebra A with dim A < n
satisfies the standard identity of order n.

Exercise 2.6.2. Prove that the mappings φi in Example 2.6.20 are continuous ho-
momorphisms and that an element A ∈A is invertible in A if and only if φi(A) 
= 0
for all i ∈ N∪{∞}.

2.7 Notes and comments

The simplest local principle is the classical Gelfand theory for commutative Banach
algebras. It was created by Gelfand in 1941. The original paper is [62]. The modern
reader can choose between a few textbooks on Banach algebras which present nice
introductions to Gelfand theory; see, for example, [162, 171, 202].

Classical Gelfand theory has found a variety of remarkable applications. For in-
stance, it provides an elegant and relatively simple proof of the famous Wiener the-
orem which states that if f is a non-vanishing function with an absolutely conver-
gent Fourier series expansion, then its inverse f−1 has the same property. It is thus
nothing but natural that several attempts were made to establish non-commutative
versions of Gelfand’s theory.
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Representation theory for C∗-algebras can be thought of as a non-commutative
generalization of the Gelfand theory which carries much of its spirit: the maximal
ideal space is replaced by the spectrum of the algebra (which coincides with the
space of the primitive ideals in many cases), and the multiplicative functionals cor-
respond to the irreducible representations.

The needs of operator theory, asymptotic spectral theory and numerical analysis
show that one has to go beyond C∗-algebras. Already in 1942, Bochner and Phillips
[9] generalized Wiener’s theorem to functions with values in a Banach algebra. In
their paper, they introduced a new tool which can be considered as the first appear-
ance of a (non-commutative) local principle. When speaking about local principles
in this text, we mean a generalization of Gelfand’s theory to non-commutative Ba-
nach algebras which are not too far away from commutative algebras in the sense
that they possess a large center, or that a “higher” commutator property is satisfied.

The idea to consider the cosets of an element a modulo the ideals Ix as a local-
ization of a, as was done in Section 2.2, is quite old. The first reference we know is
Glimm’s paper [64] from 1960 where he introduced these ideals in the case that A
is a C∗-algebra and B is the full center of that algebra, and where he already proved
the upper semi-continuity of the mapping x �→ ‖a+Ix‖ (Theorem 2.2.2 (ii) above).
In this setting, the ideals Ix are also known as Glimm’s ideals in the literature.

The general version of this kind of localization (where A is a unital Banach
algebra and B a closed central subalgebra) is known as Allan’s local principle
(Theorem 2.2.2). It appeared in its original form in [2]. Subsections 2.2.3 and
2.2.4 present some additional features related with local invertibility and inverse-
closedness. Note, in connection with Subsection 2.2.3, that Allan’s local principle
can be used to study the continuity of the spectrum of elements in Banach algebras,
as proposed in [50]. The combination of Allan’s local principle with ideas presented
in [9] leads to a piece of non-commutative Gelfand theory which is crucial in the
study of one-sided invertibility of Banach algebra-valued holomorphic functions.
The interested reader is directed to the monograph [128].

The material presented in Subsection 2.2.4 can be completed by a result which
is of interest in connection with Theorem 2.2.8. The result belongs to Hulanicki
[89] (see also [52] for a corrected proof) and reads as follows: Assume that A is an
involutive Banach algebra with identity IH and contained in L (H) for some Hilbert
space H. If

rA (A) = r(A) = ‖A‖op,

for all self-adjoint elements A ∈ A , then spA A = spA for all A ∈ A . Moreover, the
algebra A is symmetric, that is, spA A∗A ⊂ [0,∞[ for all A ∈ A .

Douglas’ local principle (Theorem 2.2.12) is the specification of Allan’s local
principle to C∗-algebras. It appeared independently in [41]. Originally, Allan’s local
principle was aimed at the study of invertibility properties of holomorphic Banach
algebra-valued functions, whereas Douglas’ local principle was used in the study of
invertibility properties of Toeplitz operators.

Proposition 2.2.5 goes back to Semenyuta and Khevelev ([179]). The proof pre-
sented here is an adaptation of the one presented in [14, Proposition 8.6].
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The subject of Section 2.3 is perhaps the most important supplement to Allan’s
local principle: the concept of norm-preserving localization. It appeared for the first
time in a paper by Krupnik [107] in the special context of Simonenko’s local prin-
ciple. This local principle is rather specific and works in the algebra of all bounded
linear operators of local type acting on spaces Lp(X ,μ), where X is a Hausdorff
space of finite dimension. In [107], Krupnik proposed a sharper version which is
true without any restriction to the dimension of X and which already offers norm-
preserving localization in the Calkin image of the algebra of all operators of local
type. What is called a faithful localizing pair in Subsection 2.3.1 first appeared in
a joint paper of Böttcher, Krupnik and one of the authors in [18] under the name
KMS-algebra. Theorem 2.3.3 is taken from that paper, whereas Theorems 2.3.4 and
2.3.5 are from [169].

Let us mention an independent circle of papers [33, 85, 194, 195] which were
published at about the same time as Simonenko’s and Allan’s local principles ap-
peared. The aim of these papers is to describe C∗-algebras as continuous fields C∗-
algebras.

Gohberg-Krupnik’s local principle was published in 1973 [70]. It is distinguished
by its simplicity and broad applicability. Assertions (i) and (ii) in Theorem 2.4.5 are
due to Gohberg and Krupnik, whereas (iii) appeared in [21]. Assertion (iv) is added
by the authors.

As already mentioned, Simonenko’s local principle, presented in Section 2.5, was
originally formulated for operators of local type acting on Lebesgue spaces Lp(X ,μ)
with X a Hausdorff space of finite dimension. In the original paper [185, 186], Si-
monenko had already introduced the notion of an envelope and presented Theorem
2.5.20 under the assumption that the operator function x �→ Ax is continuous. The
equivalence of (i) and (ii) in Theorem 2.5.6 had already been mentioned by Seeley
in his review of Simonenko’s paper [185] (see Mathematical Reviews MR0179630).
A partial case of Theorem 2.5.20 is contained in [189]. The proofs presented are in
the spirit of [18] and [169].

Allan’s local principle, completed by the concept of norm-preserving localiza-
tion, can be regarded as a far-reaching generalization of Simonenko’s local princi-
ple. For another generalization of Simonenko’s principle we refer to Kozak [102].

Operators of local type on spaces Cn(X) and Hölder spaces Hα(X) with 0 < α ≤
1 were studied in the Ph.D. thesis of Pöltz [146] and in the papers [116, 142, 143,
144, 145]. He constructed an analog of Simonenko’s theory for the above mentioned
spaces, none of which is of “local type” in the sense of Subsection 2.5.1. Unfortu-
nately, the results of Pöltz are almost unknown even among the experts.

In Section 2.6 we mainly follow Krupnik’s book [108] together with the pa-
per [54] by Finck and two of the authors. There are several proofs of the Amitsur-
Levitzki theorem, but unfortunately they are all rather technical. The proof presented
here belongs to Razmyslov [159] (see also [42, 170]). In [108], a different proof can
be found. The equivalence between (ii) and (iii) in Theorem 2.6.19 is a natural con-
clusion of both works [54, 108]. The last two results appeared in [75].

One basic question is left open in our exposition, namely whether it is possible to
provide the set of the maximal ideals of a Banach PI-algebra with a topology which
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has (compactness) properties similar to the Gelfand topology in the commutative
case. This questions seems to be delicate. Some partial results can be found in [108].
Regarding functional calculus for Banach PI-algebras, see [115].
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