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1 Introduction

Using the minimal repair concept, it is possible to describe in a simple way the fact
that many repairs in real life bring the system to a condition which is basically the
same as it was just before the failure occurred. Such a repair may be used to model
a system where a component of the system is replaced or repaired. Of course, the
purpose of the repair action is not to bring the system to the exact same condition.
Rather the purpose is to bring the system back to operation as soon as possible. But
by looking at the condition of the system after the repair, it is a reasonable
assumption to say that the system state has not changed.

To formalize this idea, assume that the system is installed at time t ¼ 0 and is
subject to failure at a random time T1. The system has a failure rate (intensity) at
time t given by the function kðtÞ, meaning that the probability that the system fails
during the interval ðt; t þ hÞ is kðtÞh if the system has survived until time t. Here h
is a small number. Suppose the repair is minimal in the sense that its state or
condition is as good as it was immediately before the failure occurred. The
minimal repair means that the age of the system is not disturbed by the failures.
Consequently, the failure rate at time t is kðtÞ independent of the number of
failures occurred up to time t. We ignore the duration of the repairs. If Nt repre-
sents the number of failures in the time period ½0; t�, it follows that Nt is a non-
homogenous Poisson process with intensity function kðtÞ.

This is the basic minimal repair model presented in 1960 by Barlow and Hunter [8].
This model has been extended in many ways since then, see e.g. Aven [1, 2],
Aven and Jensen [6, 7], Phelps [16], Bergman [11], Block et al. [12], Stadje and
Zuckerman [21], Shaked and Shanthikumar [20], Beichelt [11], Zhang and
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Jardine [23], Finkelstein [14] and Zequeira and Bérenguer [22]. A Bayesian approach
is presented and discussed in Mazzuchi and Soyer [15].

Many special cases of the basic minimal repair model have been addressed in
the literature. Two of the most frequently studied special cases are:

kðtÞ ¼kbðktÞb�1 (Power law)

kðtÞ ¼kebt (Log linear model).

In this article we will focus on extensions of the basic model, and we will give
special attention to the general minimal repair models presented and discussed
by Aven [1, 2] and Aven and Jensen [6]. The present paper is partly based on
Aven [4], Aven [3] and Sandve and Aven [18].

The minimal repair models are used to describe and predict the performance of
repairable systems. A number of applications relate to optimal maintenance and
replacement policies, see the above cited references. Two applications are pre-
sented in Sect. 4.

2 A Doubly Stochastic Poisson Process Approach

In this section we study the concept of minimal repair as it was introduced by
Aven [1] in an optimal replacement analysis context.

Let Xt; t� 0, be an observable stochastic process, possibly a vector process,
representing the condition of the system at time t. We define Nt as the number of
failures in ½0; t�. The failure intensity process, which is denoted kt, may depend on
Xs; 0� s� t. Often we can formulate the relation in the following way:

kt ¼ vðXtÞ;

where vðxÞ is a positive deterministic function. The interpretation of kt is that
given the history of the system up to time t, the probability that the system shall
fail in the interval ðt; t þ hÞ is approximately kth. In other words, kt is the expected
number of failures per unit of time, given the information up to time t.

If the failure intensity process depends only on the state process Xt and not on
the failure process Nt, we can interpret the repairs as minimal: a repair which
changes neither the age of the system nor the information about the condition of
the system. In this case, the running information about the condition of the system
can be thought to be related to a system which is always functioning.

A way of formalizing this is to assume that given the state process X, the failure
process follows a non-homogenous Poisson process with intensity vðXtÞ, i.e. N is a
doubly stochastic Poisson process (Cox process) with intensity vðXtÞ. Hence, if the
whole X process is known, the intensity at time t is vðXtÞ, independent of previous
failures. This process models a system which is minimally repaired, as a repair
does not change the information about the condition of the system. If we know that
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the state is x at time t, the failure intensity is vðxÞ, independent of the history of the
failure process.

If Xt ¼ t for all t, we are back to the basic minimal repair model, where Nt is a
non-homogenous Poisson process.

Example 1 Shock model. Assume that shocks occur to the system at random times,
each shock causing a random amount of damage, and these damages accumulate
additively. At a shock, the system fails with a given probability. A system failure
can occur only at the occurrence of a shock.

Let Vt denote the number of shocks in ½0; t�, and let Yi denote the amount of
damage caused by the ith shock. We assume that Vt is a Poisson process with rate m,
and that the Yis are independent and identically distributed random variables with a
distribution HðyÞ. Let Xt denote the accumulated damage in ½0; t�, i.e.

Xt ¼
XVt

i¼1

Yi:

Now, if the system is active before time t, and the accumulated damage equals x,
and a jump of size y occurs at t, then the probability of failure at this point is
pðxþ yÞ, where 0\pðxÞ\1 for all x.

This model is a special case of the general set-up described above. The failure
intensity process of the counting process Nt equals

m
Z1

0

pðXt þ yÞdHðyÞ:

For a formal proof of this result, see [6, 7]. These references also include exten-
sions of this model, by allowing the probability p to depend on the number of
failures occurred. However, the repairs are then not minimal repairs.

Example 2 Monotone system. Consider a binary, monotone system / of n inde-
pendent components. We refer to [7, 9] for the definition of such a system. Let
NtðiÞ denote the number of failures of component i in ½0; t�, and Nt the number of
system failures in the same interval. The counting process NtðiÞ is assumed to have
an intensity process ktðiÞ. Hence the failure process of the system Nt has an
intensity kt given by

kt ¼
Xn

i¼1

ktðiÞXtðiÞð1� /ð0i;XtÞÞ/ðXtÞ; ð1Þ

where /ð�i; xÞ ¼ /ðx1; . . .; xi�1; ; xiþ1; . . .; xnÞ:

Observe that XtðiÞð1� /ð0i;XtÞÞ/ðXtÞ is either 0 or 1, and equals 1 if and only
if the system is functioning, component i is functioning and the system fails if
component i fails.
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Assume now that if the system fails, it is minimally repaired in the following
sense: If a component fails and causes system failure, then this component is
minimally repaired in the traditional sense. A component which fails without
causing system failure is not repaired.

We assume that component i when not being repaired has a lifetime Ri with
distribution function FiðtÞ and failure rate equal to riðtÞ. The n components are
assumed to be independent.

It follows that we have a special case of the general set-up with kt having the
form (1) with ktðiÞ ¼ riðtÞXtðiÞ. The process XtðiÞ; t� 0, is in this case either
identical to one, or one up to Ri and then zero. If component i is in series with the
rest of the system, then XtðiÞ � 1:

3 A General Point Process Approach

In this section we extend the analysis of the previous section to a general point
process, using the setup of Aven and Jensen [6, 7].

Let ðTnÞ; n 2 N, where N ¼ f1; 2; . . .g; be a point process on a basic probability
space ðX;F;PÞ describing the failure times at which instantaneous repairs are
carried out, i.e. ðTnÞ is an increasing sequence of positive random variables which
may also take the value þ1 : 0\T1� T2� . . .: The inequality is strict unless
Tn ¼ 1: We always assume that T1 ¼ limn!1 Tn ¼ 1: The corresponding
counting process N ¼ ðNtÞ; t 2 Rþ;

NtðxÞ ¼
X

n� 1

IðTnðxÞ� tÞ;

where Ið�Þ denotes the indicator function, represents the number of failures up to
time t. Here Rþ ¼ ½0;1Þ:

The information up to time t is represented by the pre-t-history (r-algebra) Ft;
which contains all events of F that can be distinguished up to and including time t:
The filtration F ¼ ðFtÞ; t 2 Rþ, is assumed to follow the usual conditions of
completeness and right continuity. The main assumption now is that the failure
counting process is integrable and admits an F-intensity k ¼ ðktÞ; i.e. a
decomposition

Nt ¼
Z t

0

ksdsþMt; ð2Þ

with a mean zero martingale M ¼ ðMtÞ: The question now is which counting
processes can be classified as minimal repair processes (MRPs) and which cannot.

Different types of repair processes are characterized by different intensities k:
The repairs are minimal if the intensity k is not affected by the occurrence of
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failures or in other words, if one cannot determine the failure time points from the
observation of k: More formally minimal repairs can be characterized as follows.

Definition 1 Let ðTnÞ; n 2 N; be a point process with an integrable counting
process N and corresponding F-intensity k: Suppose that Fk ¼ ðFk

t Þ; t 2 Rþ, is the
filtration generated by k : Fk

t ¼ rðks; 0� s� tÞ: Then the point process ðTnÞ is
called a minimal repair process (MRP) if none of the variables Tn; n 2 N; for which
PðTn\1Þ[ 0; is an F

k-stopping time, i.e. for all n 2 N with PðTn\1Þ[ 0 there
exists t 2 Rþ such that fTn� tg 62Fk

t :

This is a rather general definition which comprises a lot of special cases.
It is easily verified that the non-homogeneous Poisson process with a time-

dependent deterministic function kt ¼ kðtÞ is an MRP, because here Fk
t ¼ fX; ;g

for all t 2 Rþ, so clearly the failure times Tn are not Fk-stopping times.
If the intensity is not deterministic but a random variable kðxÞ which is known

at the time origin (k is F0-measurable) or more general k ¼ ðktÞ is a stochastic
process such that kt is F0-measurable for all t 2 Rþ, i.e. F0 ¼ rðks; s 2 RþÞ and
Ft ¼F0 _ rðNs; 0� s� tÞ; then the process is called a doubly stochastic
Poisson process or a Cox process. The failure (minimal repair) times are not
F

k-stopping times, since Fk
t ¼ rðkÞ �F0 and Tn is not F0-measurable.

In the following we give another characterization of an MRP.

Proposition 1 Assume that PðTn\1Þ ¼ 1 for all n 2 N and that there exist

versions of conditional probabilities FtðnÞ ¼ E IðTn� tÞjFk
t

� �
such that for each

n 2 N; ðFtðnÞÞ; t 2 Rþ; is a ðFk � progressiveÞstochastic process.

1. Then the point process ðTnÞ is a MRP if and only if for each n 2 N there exists
some t 2 Rþ such that

Pð0\FtðnÞ\1Þ[ 0:

2. If furthermore ðFtÞ ¼ ðFtð1ÞÞ has P-a.s. continuous paths of bounded variation
on finite intervals, then

1� Ft ¼ exp �
Z t

0

ks ds

8
<

:

9
=

;:

See Aven and Jensen [6] for the proof.

4 Applications to Optimal Replacement

In this section we consider two applications, the first with minimal repairs at
system failures and the second with minimal repairs at component failures.
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4.1 Minimal Repairs at System Failures

Consider the setup of Sects. 2 and 3. Suppose now a planned replacement of the
system is scheduled at time T , which may depend on the condition of the system,
i.e. on the process Xt. The replacement time T is a stopping time in the sense that
the event fT � sg depends on the process Xt up to time s. There is no planned
replacement if T ¼ 1:

The following simple cost structure is assumed: A planned replacement of the
system costs Kð[0Þ and a repair/replacement at system failure costs cð[0Þ.

It is assumed that the systems generated by replacements are stochastically
independent and identical, the same replacement policy is used for each system
and the replacement and repairs take negligible time.

The problem is to determine a replacement time minimizing the long run
(expected) cost per unit time.

Let MT and ST denote the expected cost associated with a replacement cycle
and the expected length of a replacement cycle, respectively. We restrict our
attention to T’s having MT\1 and ST\1. Then using [17], Theorem 3.16, the
long run (expected) cost per unit time can be written:

BT ¼ MT

ST
¼ cENT þ K

ET
: ð3Þ

Using (2) (ref. also [7, 13]), it follows from (3) that

BT ¼
cE
R T

0 kt dt þ K

E
R T

0 dt
: ð4Þ

We note that the optimality criterion is in the same form as analyzed by Aven and
Bergman [5]. Below the main results obtained in [5] are summarized.

Introduce at ¼ ckt and assume that a is non-decreasing in t: Define the
replacement time Td by the first point in time the process at exceeds d; i.e. at� d:
We assume ETd\1: It can be seen that Td minimizes

MT � dST ¼ E

ZT

0

½ckt � d�dt þ K:

The results of [7] follow. Let BðdÞ ¼ BTd .
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Examples of applications can be derived from the models presented in
Examples 1 and 2 above, ref. Aven [3]. We briefly look at the shock model. In this
case the vðxÞ function is given by

vðxÞ ¼ m
Z1

0

pðxþ yÞdHðyÞ:

Suppose the parameters of the model are

m ¼ 1; K ¼ 1; c ¼ 2; Yi � 1; pðxÞ ¼ 1� e�x=4:

Hence
kt ¼ 1� e�ðXtþ1Þ=4:

Using formula (5), it is not difficult to find the optimal policy: Replace the system
when the number of shocks, Vt, equals 3. The average cost function then equals
1:1; see Aven [3].

4.2 Minimal Repairs at Component Failures

Consider a monotone system / comprising n independent components, which are
minimally repaired at failures. Let XtðiÞ be a binary random variable representing
the state of component i at time t; t� 0; i ¼ 1; 2; . . .; n. The random variable

The stopping time Td	 , where d	 ¼ infTBT , minimizes BT . The value d	 is
given as the unique solution of the equation d ¼ BðdÞ. Moreover, if d[ d	,
then d[BðdÞ, if d\d	, then d\BðdÞ; BðdÞ is non-increasing for d� d	,
non-decreasing for d� d	, and BðdÞ is left-continuous. It follows from (4) and
Fubini’s theorem that

BðdÞ ¼
c
R1

0 E½Iðat\dÞ�ktdt þ KR1
0 EIðat\dÞdt

:

Hence if

at ¼ cvðXtÞ;

where vðxÞ is a deterministic function in x, and Qtð�Þ is the distribution of Xt,
we may write

BðdÞ ¼
c
R1

0

R
½IðcvðxÞ\dÞÞvðxÞQtðdxÞdt þ KR1
0

R
IðcvðxÞ\dÞQtðdxÞdt

: ð5Þ

Note that if Xt is a vector process, then one of the components of Xt may be
the time t.
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XtðiÞ equals 1 if the component is functioning at t and 0 otherwise. Assume
X0ðiÞ ¼ 1.

Let NtðiÞ denote the number of failures of component i in ½0; t�, and let N 0sðiÞ
denote the associated process representing the number of failures of component i in
½0; s� when time is measured in operating time. We assume that N 0sðiÞ is a non-
homogeneous Poisson process with intensity function kiðsÞ. Let KiðsÞ ¼

R s
0 kiðuÞdu

denote the mean value function of the process N 0sðiÞ: Hence the minimal repairs at
the component levels are traditional minimal repairs as defined in Sect. 1.

The setup and analysis can easily be extended to doubly stochastic Poisson
processes. We then have to replace kiðtÞ by viðUtÞ where U is the underlying state
process representing the condition of the system and vi is a positive deterministic
function, see Sect. 2.

Let ZtðiÞ denote the operating time at time t. Then it is not difficult to see that
NtðiÞ is a counting process with intensity process kiðZtðiÞXtðiÞÞ.

Let piðtÞ ¼ 1� qiðtÞ ¼ PðXtðiÞ ¼ 1Þ. Furthermore let Sin denote the nth failure
time of component i.

We assume that the repair/restoration times are independent with distribution
function GiðtÞ. Let GiðtÞ ¼ 1� GiðtÞ:

Each component is minimally repaired at failures, which corresponds to the
assumption of a non-homogeneous Poisson process of N 0sðiÞ:

The following cost structure is assumed:

• A system replacement cost K;K [ 0:
• The cost of a minimal repair of component i is ci; ci� 0:
• The cost of a system failure of duration t is k þ bt:

The system is assumed to be replaced at the stopping time T . After a
replacement the system is assumed to be as good as new, i.e. the process restarts
itself.

4.2.1 Optimization Function

Let MT and ST denote the expected cost associated with a replacement cycle and
the expected length of a replacement cycle, respectively. Then again using [17],
Theorem 3.16, the long run (expected) cost per time unit can be written:

BT ¼ MT

ST
¼ Ecostin½0;T�

ET
:

It is tacitly understood that the expectations are finite. In a replacement cycle the
cost of the replacement and the minimal repairs equals K þ

Pn
i¼1 ciNTðiÞ.

In addition we have a cost associated with system failures. It is not difficult to see

that this cost equals kNT þ b
R T

0 ½1� Ut�dt; where Nt represents the number of
system failures in ½0; t�:
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It then follows that the cost/optimization function can be written:

BT ¼
K þ

Pn
i¼1 E

R T
0 cidNtðiÞ þ kENT þ E

R T
0 bð1� UtÞdt

ET
ð6Þ

Thus (6) expresses the expected cost per unit of time, and the problem of finding an
optimal replacement time is reduced to that of minimizing this function with
respect to T .

Using that NtðiÞ is a counting process with intensity process kiðZtðiÞÞXtðiÞÞ it
follows that

Xn

i¼1

E

ZT

0

dNtðiÞ ¼
Xn

i¼1

E

ZT

0

kiðZtðiÞÞXtðiÞÞdt: ð7Þ

Similarly, we obtain the following expression for the expected number of system
failures in a replacement cycle:

ENT ¼
Xn

i¼1

E

ZT

0

½/ð1i;XtÞ � /ð0i;XtÞ�dNtðiÞ

¼
Xn

i¼1

E

ZT

0

½/ð1i;XtÞ � /ð0i;XtÞ�kiðZtðiÞÞXtðiÞÞdt;

ð8Þ

where /ð1i;XtÞ � /ð0i;XtÞ equals 1 if and only if component i is critical, i.e. the
state of component i determines whether the system functions or not.

Combining (6), (7) and (8) we get

BT ¼
E
R T

0 at dt þ K

E
R T

0 dt
; ð9Þ

where

at ¼
Xn

i¼1

½ci þ kð/ð1i;XtÞ � /ð0i;XtÞ�kiðZtðiÞÞXtðiÞÞ þ b½1� Ut�: ð10Þ

Observe that ZiðtÞ 
 t if the downtimes are relatively small compared to the
uptimes.

We see from the above expression for BT that it is basically identical to the one
analyzed in [5]. Unfortunately, at does not have non-decreasing sample paths.
Hence we cannot apply the results of [5].

In theory, Markov decision processes can be used to analyze the optimization
problem. The Markov decision process is characterized by a stochastic process Yt,
t� 0, defined here by

Yt ¼ ðSt;Xt;Vt;WtÞ;
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where
St ¼ time since the last replacement
Xt ¼ ðXtð1Þ;Xtð2Þ; � � � ;XtðnÞÞ
XtðiÞ ¼ state of componenti at time t
Vt ¼ ðVtð1Þ;Vtð2Þ; � � � ;VtðnÞÞ
VtðiÞ ¼ duration of the downtime of componenti at t since the last failure of

the component
Wt ¼ ðWtð1Þ;Wtð2Þ; � � � ;WtðnÞÞ
WtðiÞ ¼ accumulated downtime of componenti at t since last replacement
At each time t, the state Yt is observed, and based on the history of the process

up to time t, an action at is chosen. In this case there are two possible actions: ‘‘not
replace’’ and ‘‘replace’’.

Here we shall, however, not analyze this approach any further. From a practical
point of view the Markov decision approach is not very attractive in this case. The
state space is very large and the cost rate function is not ‘‘monotone’’, cf. [19].

Instead, we shall look at a rather simple class of replacement policies: Replace
the system at S or at the first component failure after T , whichever comes first.
Here T and S are constants with T � S. We refer to this policy as a ðT ; SÞ policy.
Such a policy might be appropriate if for example the system failure cost is
relatively large and a failure of a component often results in other components
being critical (this will be the case if the system has minimal cut sets comprising
two components).

4.2.2 Replacement Policies (T, S)

Let gT denote the first component failure after T . Then, from (9), it follows that

BðT ; SÞ ¼
R T

0 Eat dt þ
R S

T EIðt\gTÞat dt þ K

T þ
R S

T Pðt\gTÞdt
;

where at is defined by (10). To compute BðT ; SÞ we will make use of the approx-
imation ZtðiÞ 
 t. This means that the downtimes are relatively small compared to
the uptimes. Using that the structure function of a monotone system can be written
as a sum of products of component states with each term of the sum multiplied by
a constant, it is seen that

at 

X

l

vtðlÞ
Y

i2Al

XtðiÞ þ constant;

for some deterministic functions vtðlÞ and sets Al � f1; 2; � � � ; ng:
It suffices therefore to calculate expressions of the form

ZT

0

vlðtÞ
Y

i

piðtÞdt; ð11Þ
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and

ZS

T

vlðtÞE
Y

i

XtðiÞIðt\gTÞdt: ð12Þ

To compute (11) we make use of the following formula for qiðtÞ ¼ 1� piðtÞ :

qiðtÞ 

Z t

0

Giðt � yÞkiðyÞe�ðKiðtÞ�KiðyÞÞdy: ð13Þ

To establish (13) we note that

qiðtÞ ¼
Z t

0

PðXtðiÞ ¼ 0jSiNiðtÞ ¼ yÞHiðdy; tÞ;

where

Hiðy; tÞ ¼ PðSiNiðtÞ � yÞ:

It is seen that PðXtðiÞ ¼ 0jSiNiðtÞ ¼ yÞ 
 Giðt � yÞ, and using that

Hiðy; tÞ ¼ PðSiNtðiÞ � yÞ ¼ PðNiðiÞ � NyðiÞ ¼ 0Þ 
 e�ðKiðtÞ�KiðyÞÞ;

formula (13) follows. The accuracy of formula (13) is studied in [19].
It remains to compute (12). Here we shall present a very simple approximation

formula. Observing that Iðt\gTÞ ¼ 1 means that there are no component failures
in the interval ðT; t�, and the components are most likely to be up at time T , we
have

E
Y

i

XtðiÞIðt\gTÞ 
 P(no component failures in (T, t])

¼
Yn

i¼1

PðNtðiÞ � NTðiÞ ¼ 0Þ


 e�
Pn

i¼1
ðKiðtÞ�KiðTÞÞ

An approximate value of BðT ; SÞ can now be calculated and an optimal policy
determined.

In case of doubly stochastic Poisson processes, it suffices to compute

ZT

0

E vlðUtÞE
Y

i

XtðiÞ ¼ 1jF0

" #" #
dt ð14Þ
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and

ZS

T

E vlðUtÞE
Y

i

XtðiÞIðt\gTÞjF0

" #" #
dt; ð15Þ

where vl are deterministic functions. Conditional on F0 we can copy the argu-
ments for the non-homogenous Poisson process case, and then by integrating over
the distribution of U, we can obtain compact expressions for the optimization
criterion. We omit the details.

The ðT; SÞ policy can be improved by taking into account which component
fails. Instead of replacing the system at the first component failure after T
(assuming this occurs before S), we might replace the system at the first compo-
nent failure resulting in a critical component, or, wait until the first system failure
after T .

In Aven and Bergman [5] (refer previous section) it is shown that the problem
of minimizing BT can be solved my minimizing the function

LT
d ¼ MT � dST ¼ E

ZT

0

½aðtÞ � d�dt þ K:

If T	 minimizes LT
d	 ; where d	 ¼ infT BT ; then T	 also minimizes BT : Hence we

can focus on LT
d :

It is clear from the expression of LT
d that an optimal policy will be greater than

or equal to the stopping time

Td ¼ infft : at� dg

Using the optimal average cost BðT ; SÞ as an approximation for d	 we can obtain an
improved replacement policy ðTd	 ; SÞ:

An alternative replacement policy is obtained by considering the time points
where component failures occur as decision points. Let Ti be the point in time of
the ith component failure and let Fi denote the history up to time Ti. Then, based
on Fi we determine a time Rið2 ½0;1�Þ such that the system is replaced at Ti þ Ri

if Ti þ Ri\Tiþ1: The value of Ri is determined by minimizing the conditional
expected cost from Ti until the next decision point or replacement time, whichever
occurs first, i.e. Ri minimizes

gðrÞ ¼
ZTiþr

Ti

E½ðat � dÞIðt\Tiþ1ÞjFi�dt:

The performance of the above policies are studied in [19].
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