Chapter 2
Minimization Techniques: Compact Problems

Throughout this chapter we show how techniques based on minimization arguments
can be used to establish existence results for various types of problems.

Our aim is not to describe the most general results, but to give a series of ex-
amples, and to show how simple techniques can be refined to treat more complex
cases.

2.1 Coercive Problems

We begin with the following problem, that will provide our guideline through the
whole chapter. We want to find a (weak) solution to

~Au+qu=f@u) +hx) g, o
u=0 on 9L2. ’
In this section, the general framework is specified by the assumptions
(hy) € cRY is bounded and open, g € L*°(2) and ¢g(x) > 0 a.e. in Q.
(hp) heL*Q).
We equip Hd (£2) with the scalar product
(u|v)=/ Vu~Vvdx+/ q(x)uvdx, (2.2)
Q Q

and we denote by || - || the induced norm, equivalent to the standard one.

Remark 2.1.1 In assumption (hj), the requirement g(x) > 0 a.e. is used only to
obtain A1(—A + ¢g(x)) > 0, which guarantees that (2.2) is indeed a scalar product
and that the induced norm is equivalent to the standard norm of HOI(Q), see Re-
mark 1.7.5 and Exercise 9 in Chap. 1. Therefore in all the results of this chapter, and
similarly in all the subsequent chapters, the assumption ¢ > 0 could be replaced be
the “abstract” condition

AM(=A+gx)) >0, 2.3)
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40 2 Minimization Techniques: Compact Problems

and everything would work perfectly well with no changes in the proofs. The point
is, precisely, that (2.3) is abstract, and nobody knows for which general ¢’s it is sat-
isfied. We prefer, in this book, to assume an explicit sign condition on g, rather than
an indirect one on ;. The reader should however keep in mind this clarification.

We begin by assuming the following hypothesis on the nonlinearity f.
(h3) f:R — Ris continuous and bounded.

Setting F(t) = f(; f(s)ds, the computations carried out in Example 1.3.20 show
that the functional I : HO1 (2) — R defined by

1 1
I(u):—/|Vu|2dx+—/q(x)u2dx—fF(u)dx—fhudx
2Jq 2J)q Q Q

1
=—|lull*> = | Fwdx— | hudx
2
Q Q

is differentiable on Hé (£2). Its critical points are the weak solutions of (2.1).
Note that unless F' is concave, which we do not assume, the functional I needs
not be convex.

Theorem 2.1.2 Under the assumptions (hy)—(h3z), Problem (2.1) admits at least
one solution.

Remark 2.1.3 The leading idea of the proof is that since f is bounded, the term
fQF (u)dx should grow at most linearly with respect to ||u||, as well as the last
term. If this is true, the functional / can be seen as an “at most linear” perturbation
of the quadratic term ||u||>. This suggests the existence of a global minimum. Let us
see how all this really works.

Proof We break it into two steps. We make repeated use of Holder and Sobolev
inequalities.
Step 1. The functional I is coercive. Note first that since f is bounded, then
|F ()| < M|t|

for some M > 0 and all r € R. Hence

/ F(u)dx
Q

where the last inequality comes from the continuity of the embedding of HO1 ()
into L'(€2). This confirms the idea of the linear growth as in the preceding remark.
Thus

< M/ juldx < Cllull,
Q

1 1
1<u>=—||u||2—/ F(u)dx—/ hudx > Sl = Cllull = |hlaul2
2 o o 2

= —1 Il ||2—C|| l
u ul,
2

which shows that [ is coercive.
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Step 2. The infimum of I is attained. Set

m= inf [I(u).
ueH} (Q)
Step 1 shows that m > —o0, although one does not really need this: it will follow
automatically from the fact that it is attained.
Let {ux}x C HO1 (£2) be a minimizing sequence for /; from Step 1 we immediately
see that {uy}; is bounded in H(}(SZ), and therefore we can assume that there is a
subsequence, still denoted uy, such that

up — u in Hy (Q);

up — u in L2(Q);

ur(x) — u(x) a.e.in ;

there exists w € L2(2) such that lur(x)] < w(x) a.e. in © and for all k.

Notice now that since F is continuous we have F(ui(x)) — F(u(x)) a.e. in €,
and due to the growth properties of F, we also have

[F(up ()| <M |up(x)] <M w(x)

a.e. in © and for all k. Since € is bounded, w € L! (f2), and by dominated conver-
gence we obtain F(ux) — F(u) in L'(); in particular,

/F(uk)dx—>/ F(u)dx.
Q Q

We also have, of course,
/ hukdx—>/ hudx and ||u||2 <liminf |Jug]|,
Q Q k

by weak lower semicontinuity of the norm. Thus
1
() = =|lul? —/ F(u)dx —/ hu dx
2 Q Q
1
< lirr}{inf§||uk||2 — lilgnv/Q F(uy)dx —li;n/ghuk dx

1
=liminf<—||uk||2—/ F(uk)dx—/ hukdx>=1iminfl(uk)=m.
k 2 Q Q k

But u € HOI(Q), so that I (u) > m, which shows that I (#) = m. Therefore u is a
global minimum for 7, and hence it is a critical point, namely a solution to (2.1). [J

Remark 2.1.4 Analyzing the preceding proof one sees that what we actually did is
to show that [ is coercive and weakly lower semicontinuous on H(} (2). These are
exactly the assumptions that one needs in the (generalized) Weierstrass Theorem to
deduce the existence of a global minimum, see Remark 1.5.7.

The boundedness of f in the previous result has been used to show that the
nonlinear term |, o F (u) dx does not destroy the growth properties of I inherited by
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the term ||u ||2. This occurred because, as we have seen, the nonlinear term grows at
most linearly. Now this is not really necessary: it is enough that this term grows less
than quadratically. Let us see what kind of assumptions we can use in this sense in
the next two results.

We begin by replacing the boundedness condition (hsz) by the growth assump-
tion

(hg) f:R — Ris continuous and there exist o € (0, 1) and a, b > 0 such that
lf(MO| <a+blt]” VteR.

Thus f is no longer bounded, but is allowed to grow sublinearly (o < 1). It follows
that F' grows at most subquadratically, in the sense that for some ay, b1 > 0,

|F(t)| <ai +bi|t]° ™" VieR, (2.4)
witho +1 < 2.

Theorem 2.1.5 Under the assumptions (hy), (hy) and (hyg), Problem (2.1) admits
at least one solution.

Proof Working as in the preceding proof we first show that  is coercive. Using the
fact that o + 1 <2 we have

'/ F(u)dx
Q

thanks to the continuity of the embedding H(} () = L°H(Q). Then

<119+ by / " dx < €1 + Callull ™+,
Q

1 1
I(u)= —Ilullz—/ F(u)dx —/ hudx > ~|lul|* = Cy — Collu||®™ — [h]2]ul
2 o o 2

1
> E”“”2 — Collull”*t = Cslull - €y,

and coercivity follows.

Let now {ug}x C HO1 (€2) be a minimizing sequence for /. As in the proof of The-
orem 2.1.2 above, {uy}x is bounded and therefore, up to subsequences, it converges
weakly to some u € HO1 (£2) and satisfies the same properties as in the preceding
case. Then, reasoning as we did above, we obtain again

/ F(up)dx — / F(u)dx,
Q Q
so that

1
1(u)5liminf<—||uk||2—/ F(uk)dx—/ hukdx> —liminf/ () = inf 1.
ko\2 Q Q k HL(@)

The function u is a global minimum, hence a critical point of 7, and we have found
a solution of (2.1). O

In our quest for more general assumptions we now try to go one step further: pre-
cisely, can we allow a linear growth for f, and then a quadratic growth for F? The
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answer is in the affirmative, provided we supply a quantitative control of the linear
growth. This control is formulated in terms of the first eigenvalue A1 = A (—A +¢q)
in the following assumption.

(hs) f:R — Ris continuous and there exist a > 0 and b € (0, A1) such that
|f()| <a-+blt|] VieR.
Integrating, it follows immediately that
b
IFUNSMH+§UF Vi €R.

Notice the difference with respect to (1.9): this is because we now want to keep the
coefficient in front of |7|? as small as possible.

Theorem 2.1.6 Under the assumptions (hy), (hy) and (hs), Problem (2.1) admits
at least one solution.

Proof To control the term fQF (u) dx we use the characterization of the first eigen-
value, Theorem 1.7.6. We have

b b
/F(u)dx Sa/ |M|dx+—/ ul?dx < Cllull + =— llul?,
Q Q 2 Ja 201
so that

I (I b
Tw)=Sllul®— | Fw)dx— | hudx = Z|ull” — Cllull — 5 —llull” — |hl2lul2
2 a Q 2 2

1 b
>—(1-— 2 Cyllull.
> 2( M)Ilull el

Since b < A1, the functional is coercive.
The remaining part of the proof works exactly as in the preceding theorems. [J

Remark 2.1.7 In the literature, the growth conditions contained in assumptions (hg)
and (hs) are often written

|f (@]

|£]°

|f (@]

<400 and limsup—— <A
t—>Foo ]

lim sup
t— 400

respectively.

Remark 2.1.8 1t is interesting to inspect what happens if we allow b > A1 in (hs). In
this case the functional [ is no longer coercive and may be unbounded from below.
In some cases, as for example if we take f(t) = Axt (k > 1), Problem (2.1) has
no solution for some h (see Theorem 1.7.8). Later we will see how to deal with
nonlinearities that grow more than quadratically.

We now examine a variant of Problem (2.1), with the aim of showing how the
variational information can be of help in establishing existence results. Consider

{ —Au+qgx)u=fu) inQ,

u=>0 on 0. 2.5)



44 2 Minimization Techniques: Compact Problems

If £(0) =0, a frequent case in the applications, then the problem admits u =0 as a
solution (called the trivial solution).

Without further assumptions, it may very well be that the trivial solution is the
only solution. For example, if f(¢)t <O for all ¢, then any weak solution satisfies

lul* = f fwyudx <0,
Q

and hence u = 0.
In the next result we show a condition that prevents this fact.

Theorem 2.1.9 Let (hy) hold. Assume moreover that f : R — R is continuous and
satisfies
t
fO)=0 and limsup U]J <Al

t—+o00 tl

Then Problem (2.5) admits at least one solution (which may be trivial).
If in addition f also satisfies

lim inf@ > Al, (2.6)

t—0t

then Problem (2.5) admits at least one nontrivial solution.

Proof The first part is a special case of Theorem 2.1.6. We now show that under
condition (2.6) the solution found in the first part is not identically zero. We use a
level argument, as follows.

First notice that by (2.6), there exists 8 > A1 and § > 0 such that

f@)=pt Viel0,6],
which implies that
1
F(t) > Eﬂtz Vvt € [0, 8].

Let ¢1 > 0 be the first eigenfunction of —A 4 g(x), and take & > 0 so small that
ep1(x) < § for almost every x; this is possible because ¢ € L°°(L2), see Theo-
rem 1.7.3.
Then
1 2 2
F(egi(x)) = 5 Be"¢i(x)
a.e. in 2. This implies that

It 1 2 L, 2 1,5 2
(8¢1)—§||8¢1|| - QF(5§01)dx§§5 o1l —Eﬂs Qfﬂldx

1 1 2
:-gz)\l/(plzdx— —,BsZ/gofdx:S—(kl —ﬂ)/<pfdx <0,
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since B > A1. Let u be the solution that minimizes /. Then

I(w)= min () <I(gpy) <O.
veH (Q)

As I1(0) =0, u cannot be the trivial solution. O

Remark 2.1.10 Tt is possible to show that the preceding problem admits a nonnega-
tive solution. Indeed it is enough to proceed as in Example 1.7.10.

Since (h3) implies (hg) that implies (hs), it is clear Theorem 2.1.6 implies Theo-
rem 2.1.5 that in turn implies Theorem 2.1.2. As a further example we examine now
another case in which we can apply the scheme of the previous results and that leads
to a theorem that is independent of the preceding ones. Consider the assumption

(hg) f:R — Ris continuous and there exist a, b > 0 such that
If(O] <a+blt]*~" VieR.
Moreover
f®r<0 VteR.
By integration one easily sees that there exist aj, b1 > 0 such that
|F()| <ai +bi|t]* VieR
and that
F(i)<0 VireR

Notice that — F is allowed to have critical growth, but F' is not. Moreover the sign
condition f(¢)t < 0 prevents, as we have seen, the existence of nontrivial solutions
when 4 = 0. In spite of this, Problem (2.1) is solvable.

Theorem 2.1.11 Under the assumptions (hy), (hy) and (hg), Problem (2.1) admits
at least one solution.

Proof By Example 1.3.20, the usual functional 7 is differentiable on HO1 (£2). Coer-
civity is simple consequence of the sign of F:

1 1 1
l(u>=—||u||2—/ F(u)dx—/ hudx > ~|lull® = |hl2lulz > = ull* = Cllul.
2 o o 2 2

The proof then proceeds exactly as in the previous theorems. U

Remark 2.1.12 This last existence result is similar to the one obtained in Theo-
rem 1.6.6. However here we do not assume the monotonicity of f, so that the func-
tional needs not be convex. This implies that we have to prove the weakly lower
semicontinuity, as in the other theorems of this section, and we do not have a unique-
ness result.

Remark 2.1.13 If | F| grows more than critically, the functional / is no longer well
defined on H(} (€2), because a function in H(} (2) need not be in LP(R2) if p > 2*.
This means that the integral of F (1) may be divergent for some u.
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2.2 A min-max Theorem

In this section we deal with a much more complex result than those treated so far;
the proof of the main theorem is quite long and can be omitted upon a first reading.

First, a heuristic motivation. The results in the previous section show, very
roughly speaking, that if the nonlinearity f “does not interact” with the spectrum of
the differential operator, then the procedure used for the linear problem (minimiza-
tion) still works in the nonlinear case: the functional is coercive, bounded below,
and has a global minimum.

Let us see what we mean by “does not interact”, at least in a simplified setting.
Suppose that f is differentiable on R and that

sup | f'(1)| < 1.

teR
This assumption implies (hs) and in particular implies that the closure of the range
of f’is contained in (—A, A1). This is the property that makes the functional coer-
cive (actually, as we have seen, it is enough that the property holds for large ¢; one
can also check that sup, g f'(f) < A1 works as well).

The situation changes dramatically, even in the linear case, if we allow that f”(¢)
lies (for ¢ large) between some eigenvalues of the differential operator. For exam-
ple, if we take f(¢r) = At with A > X1, then the associated functional is no longer
coercive, and it is unbounded below. Thus no minimization is possible.

In some cases however, certain ideas used in the previous section can be modified
to obtain again an existence result. We now describe one of these cases, returning
to an assumption that does not require f to be differentiable. We assume that f is
defined on R and

(h7) There exist an integer v > 1 and «, 8 € R such that

aff(S)—f(t)

s —1

Ay < <B <t Vs,teR

Remark 2.2.1 Clearly (h7) implies that f is globally Lipschitz continuous. Of
course if f is differentiable, then (hy) is equivalent to

My <a < fI() < B <t 2.7
for all ¢t € R: the closure of the range of f’ lies between two eigenvalues.
Remark 2.2.2 We notice for further use that by direct integration we obtain the

following growth properties for f and for its primitive F': there exist constants ¢ € R
such that

e at+c<f(t)<Bt+cVt>0,
e Bt+c<f(@)<at+cVt=<O0,
o Jar’ +ct <F(t) < 3t +ct Vi eR.

We are going to prove the following result.
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Theorem 2.2.3 Under the assumptions (hy), (hy) and (h7), Problem (2.1), namely

—Au+qxu= f)+h(x) in<Q,
u=0 on 082,

admits exactly one solution.

We will prove this result through a series of lemmas, where we always assume
(h1), (h2) and (h7). The point is to study the properties of the functional

I(u)=%||u||2—/QF(u)dx—/Qhudx,

which is defined and differentiable on HO1 (£2) in view of the growth conditions on f
(Example 1.3.20).
The space HO1 (€2) is endowed with the scalar product (2.2) and the corresponding
norm. We denote
X1 =span{ei,...,¢y}, and Xp= Xf‘ =cl{span{gy | k > v+ 1}}, (2.8)

where ¢y, is the eigenfunction associated to Ax and “cl” denotes closure in HO1 ().
By definition the subspaces X and X, are orthogonal and H(% (2) =X ® X».

Remark 2.2.4 In the following, with a slight abuse of notation, we will write any
w e HO1 (€2) indifferently as w = u + v or w = (u, v), with u € X7 and v € X5. This
simplifies the notation at various stages.

Lemma 2.2.5 We have
2 1 2
u-dx > —|ul||~ VYuelXi, 2.9)
Q A

v

and

1
/ vdx < ——|v|®> Vv e X. (2.10)
Q Avtl

Proof With the notation of Remark 1.7.5, if u € X then

/u dx—Zotk—Z—_)L Zﬂk—_” 1%,

while if v € X5, then
2 v

o0
/vdx—Zak Z—<%Zl —v—nvu -

k=v+1 k=v+1

This lemma contains the relevant information to deduce the coercivity properties
of the functional /. Of course we do not expect coercivity on the subspace X, and
indeed on X we have the opposite behavior. The next lemma clarifies this.

We define a functional J : X1 x X5 — R by

J@w,v) =1 +v).
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Lemma 2.2.6 For every v € X3, the functional J(-,v) : X1 — R is anticoercive
(recall that this means that —J (-, v) is coercive). For every u € X1, the functional
J(u, ) : Xo — Ris coercive.

Proof By the growth properties listed in Remark 2.2.2 we have, for every fixed
v E Xo,

J(u,v):[(u+v):1||u+v||2—/ F(u+v)dx—/h(u+v)dx
Q Q

< gl + 5001 =5 [ atues v

2u v > a(u +v)dx

—c/(u+v)dx—/h(u+v)dx
Q Q

< L “/ 2dx + ¢ |lull +
< —|ul|*—= ] u“dx+ci|u c2,
=3 2/, 1 2

where the ¢;’s are constants that depend on v, f, & but not on u. Since u € X1, from
Lemma 2.2.5 we obtain

J( )<1|| & 1Olll 12+ crllull + ! 1 llull® 4 c1 llul| +
u,v) < —|lull* —=—/|lu crllu o=—1——]|u ctllu c
> 2% 1 2 > 1 2.

As a > A,, this proves the first part.
With the same argument, for every fixed # € X| we have

1 2 1 ) 1 2
J(@,v) = =|lull”+ =|vl ——/,B(u+v) —c/(u—i—v)dx—/h(u—i—v)dx
2 2 2 Ja Q Q
1 2 é
2

>~ v - v dx + c3l|v] + ca,
2 Q

and applying Lemma 2.2.5 we conclude that

1 B
uuw>—wu—57—wW+quw4
v+1

1 ﬁ) 2
>—(1- IvlI? + e3llvll + ca,
2( )w-i-l

where the constants do not depend on v. Since 8 < A4, also the second part is
proved. d

The next property is crucial.

Lemma 2.2.7 For every u € X1, the functional J(u,-) : Xo — R is strictly convex
and for every v € X», the functional J(-,v) : X1 — R is strictly concave.

Proof We are going to check the convexity properties through Proposition 1.5.10.
Fix u € X and consider the functional v — J(u, v) = I (u + v). This functional is
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differentiable, and, denoting by 3, J (u, v) its differential at v € X, we have for all
weX 2,

82J(u,v)w=1’(u+v)w=(vlw)—/ f(u+v)wdx—/hwdx.
Q Q
Therefore, for every vy, vy € X»,

[02J (u, v1) — 02J (u, v2)] (v — v2)
=(v1|v1—Uz)—/gf(u+v1)(v1—vz)dx—/gh(vl v dx

— (nafvr = v2) +/Qf(u +u2)(v1 — v2)dx +/Qh (01 — v2)dx

=||v1—vznz—/Q(f(u+v1)—f<u+vz)> (01 — v2) dx.

Now the assumption

FO—f6) _

t—s

B
implies that for all 7, s € R there results

(f(t) = fF))( —5) < Bt —5)%,

so that
fQ(f(u +v1) — fu+v2))(v1 —v2)dx

= /Q(f(u +v1) = fu+v2))((u+v) — (+v2)dx

2
lvr — v2ll”,

Sﬂ/((u+v1)—(u+vz))2dx=ﬂ/ (v —vp)?dx <
Q Q

)\v—i-l
by Lemma 2.2.5. Thus we obtain

[02J (u,v1) — 32 J (u, v2)] (V) —v2) > (1 — Aﬂ

)nvl —unl?>0 .11
v+1

for all vy # v7, because B < Ay1.

Proposition 1.5.10 applies to show that for every u € X the functional J (u, -) is
strictly convex.

The argument to prove the concavity of J (-, v) is essentially the same. Fix v € X»
and denote by 91 J (u, v) the differential of the functional u +— J (u, v) at u. As above
we obtain, for all z € X1,

alJ(u,v)z=(u|z)—/ f(u+v)zdx—/ hedx.
Q Q

so that
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[01J (u1,v) — 02J (u2,v)] (U1 —uz)
=(M1|u1—Mz)_/;zf(ul‘i‘v)(ul—uz)dx—/gh(ul—uz)dx

—(uzlm—uz)+/9f(uz+v)(u1—uz)dx+/9h(u1—uz)dx

= Jluy —uz|* — /Q (f (u1 4 v) — f(uz +v)) (ug —uz)dx.

Thus, by Lemma 2.2.5,

/Q(f(ul +v) — f(uz +v)) (ug — uz)dx > /Qa(ul —up)*dx > §||u1 —usl?,

v

and then

[01J (u1,v) —01J (U2, V)] (U1 — uz) < (1 - %)Ilul — | <0

v

for all uy # uy, because o > A,. This shows that the functional u — J(u, v) is
strictly concave. O

The preceding lemmas allow us to minimize J over X».

Lemma 2.2.8 For every u € X there exists a unique w = w(u) € X» such that

J(u, w) = Jlell)}l J(u,v).
2

Proof The function v +— J(u, v) is continuous, coercive and strictly convex. By
Theorems 1.5.6 and 1.5.8, it has a unique global minimum. g

This results makes it possible to define a functional G : X1 — R by
Gw)=min J(u,v) =J(u, wu))
veXsr
that we are now going to study.

Lemma 2.2.9 The functional G is bounded above, namely

sup G(u) < 4o00.

ueXi

Proof If sup,cyx, G(u) = +00, there exists a sequence {ug}reny C X1 such that
G (ux) — +00 as k — +o00. By the growth properties of F, for every u € X1, we
have

G = I, 0 < |J(u, 0)] < %uuu%/ |F<u>|dx+/ lhul dx
Q Q

2
< csllull” 4 csllull,
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for some positive constants cs, cg. Since G (ux) — 00, this shows that ||uy || — oo.
But J is anticoercive on X, and then

G (ug) < J(ug,0) > —o0,

contradicting the choice of the sequence {u}. g

Lemma 2.2.10 The number

s = sup G(u)

ueXi

is attained in X1, namely there exists uy € X1 such that G(uy) =s.

Proof Let {uilreny C X1 be a maximizing sequence for G on Xj, so that
G (ux) — s. The argument in the preceding proof shows that {uy} is bounded in X;.
Since X has finite dimension, there exists u, € X such that, up to subsequences,
ur — Uy in X1, and then also in H(; (£2) (all norms are equivalent on X1).

Thus, for every fixed v € X», we obtain, as k — oo,

o Juk +vl* = flus +vll?,
o [o Flup+v)dx — [o F(uy+v),
o [oh(ui+v)dx — [oh(u,+v)dx,

and therefore
J (g, v) = J(uyg, v).
On the other hand, J (u, v) > G(ur) — s, so that
J(uy,v) >s.
Since this holds for every v € X», we see that

G(uy) = min J(uy, v) > s = sup G(u),
UEXZ MEX]

that is,

G(uy) =s =max G(u). O

ueXi

Let v, = w(u,) be the unique element in X, given by Lemma 2.2.8. Notice that
G (uy) = J (uy, vy). The following property is determinant to conclude the proof of
Theorem 2.2.3.

Lemma 2.2.11 The element (uy, vy) € X1 X X3 is a “saddle point” for J, in the
sense that

J(u,ve) < J(us, v4) < J(uy,v) Yue Xy, YveXo.

Proof Since J (s, v4) = G(uy) = minyex, J (U4, v), the inequality

J (s, ve) < J(uy,v) YveXo
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is trivial, and the proof amounts to establish the other inequality, namely
J(u,vy) < J(uyg,vye) VYue Xy. (2.12)

Once more, convexity plays a fundamental role.
For every t € (0, 1) and for every u € X1, set

wy = w((l — Huy +1u),

where as usual w(-) is given by Lemma 2.2.8. Since J is concave in u € X1, and u,
maximizes G, we have

G(uy) > G((1 = Duy +tu) = J (1 — uy + tu, wy)
> —=0)J s, wp) +J (u, wy)
= =G ) +tJ (u, w),
from which we see that forall € (0, 1) and all u € X,
G(uy) > J(u, wy). (2.13)

For u fixed, the preceding inequality, together with the fact that J is coercive in
v € X», shows that the set {w; | # € (0, 1)} is bounded in X;. Therefore we can take
a sequence {fx}xen C (0, 1) such that

tr—>0 and w, —w inX>.

Since the functional v +— J (u, v) is weakly lower semicontinuous (Theorem 1.5.3),
we obtain

J (e, ) < liminf J (u, w) < Gu) (2.14)

by (2.13).
We now show that w = v, in this case the proof is complete since (2.14) reads

J(u,v5) < Guy) = J (s, v4), (2.15)

and u is arbitrary in X;.
By the concavity in u € X1 and the definition of w, for the same sequence as
above we have
(I =11 J (s, w) + 1 J (u, wy )
= J((I = n)us + feu, wy)
=G((1 —tr)us + tru) = inf J((1 — tp)us + txu, v).
veXsr
This means that for every v € X»,
(1= 100 (e wy) + 1T, wy) < T (1= 0)us + g, v). (2.16)
When k — +00 we have 1, — 0, so that

(I =t )us + teu —> Uy, Wy — W,
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and from (2.16) we obtain, by continuity in u and weak lower semicontinuity in v,
J (g, W) < J(Uy, v).
This holds for every v € X5, and therefore
J(uy, ) = l)ien)g(u*, v) = G(uy).

By Lemma 2.2.8, there exists a unique w € X3 such that J(u,, w) = G(uy), and
this element is exactly the one that we called v,.. Summing up, we obtain

W = Uy,
so that (2.15) is true. [l
End of the proof of Theorem 2.2.3 We first show that u, + v, is a critical point for /.
For every u € X1 and every t € R, let
y()=J(Ws +tu,ve) =1 (uy +tu + vy).

The function y is differentiable and has a maximum point at ¢ = 0, by the preceding
lemma. Then

0=y"(0) =I'(us + vi)u.
In the same way, if for v € X, we define
n(t) = J (s, Ve +1v) = I (g + vy +10),
then we see that 7 is differentiable and has a minimum point at # = 0. So,
0=7"(0) =1I'(us + vi)v.
Adding the two equations we obtain
I'(uy +v)(u+v)=0

for every u € X and every v € X»; since HO1 (2) = X1 & X»,, we conclude that
I’ (uy + v4) = 0. The existence of a solution to Problem (2.1) is proved.

We now turn to the uniqueness question.

Assume that u1, u, are two solutions of (2.1), that is,

(uiIW)—/f(ui)wdx—/h%ﬁ:O
Q Q
fori =1, 2 and for all ¥ € H(} (£2). We define a function a € L*°(2) by

fane)—fune)
oy =] T im0 #ua),
o if ug (x) = us (x).

From (h7) we see that « < a(x) < 8 for a.e. x € Q2. Subtracting the equation for u;
from the equation for | and setting w = 1| — u», we see that w satisfies

(wly) — /Q(f(”l) — fw2)¥dx=0
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for all ¥ € Hé (£2), that we can also write

(w|1p)—/a(x)w1//dx=0. 2.17)
Q

‘We now write w = w| + w», with w; € X; and we recall from Lemma 2.2.5 that

1 1
/wfdxz—llwlllz, /wﬁdxi
Q A Q A

v v+1

llwa .

Choosing ¢ = w1 and then ¢ = w; in (2.17) we obtain

||w1||2=/ awlzdx—i-/ awiwydx and ||w2||2=/ aw%dx—i—/ awiwadx,
Q Q Q

Q
so that

||u)1||2=/9aw12dx—/Qaw%dx—l-||u)2||2zoz/Qw]zdx—,B/Qw%dx—l-||u)2||2

o
2 2 2
=z —lwill” — wa "+ w2~
™ lwil| Y lwall” + [[wal

v+1

that can be written

o B
(1 — —)nwln2 > (1 -~ —)||wz||2.
Ay )Lu+1
Since o > A, and B < A, 1, this inequality implies that ||w;]|| = ||wz|| = 0, namely
w = 0 and thus u; = uy. Uniqueness is verified, and the proof of the theorem is
complete. d

Remark 2.2.12 The proof of uniqueness uses the equation satisfied by critical points
and various inequalities. A more “abstract” proof involves just convexity properties
and works as follows. Assume for simplicity that / has a critical point at zero (trans-
lating if necessary) and a critical point at u + v € X1 & X»7. Define ¢ : R?2 - R as

o(s,t) =1(su+tv) =J(su,tv).

It follows immediately from the properties of J (Lemma 2.2.7) that ¢ is strictly
concave in s and strictly convex in ¢. Just as easily, ¢ has a critical point at (0, 0)
and another one at (1, 1). This is impossible. Indeed O is necessarily a strict global
maximum for s — ¢(s, 0) and a strict global minimum for 7 — ¢(0, ¢), while 1 is a
strict global maximum for s — ¢ (s, 1), and a strict global minimum for ¢ — ¢(1, 7).
Then

9(0,0) <90, 1) <1, 1) <¢(l,0) < ¢(0,0),

a contradiction. Thus I cannot have more than one critical point.

Remark 2.2.13 One of the interesting aspects of the previous theorem is the proce-
dure by which we have found a critical point. Indeed, we have first split the space
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orthogonally as HOl (2) = X1 @ X», according to convexity and concavity proper-
ties of the functional 7; then, writing the generic element of HO1 (2) as u + v, with
u € X1 and v € X, we have found a critical level s for I as

s = max min I (u + v).
ueX| veXp

This is a first example of a procedure that we will generalize in Chap. 4.

Remark 2.2.14 Tt is important to notice that many steps of the proof of the theo-
rem work because of convexity (or concavity) properties of the functional /. These
properties hold because of the rather strong assumption (hy), that rules the behavior
of the nonlinearity f on the entire real line. For example, if f is differentiable and
we require that it satisfies (2.7) for |¢| large only, then the convexity properties of 1
fail, and we cannot prove Theorem 2.2.3. This does not mean that we cannot find a
solution to the problem, but certainly we cannot repeat the above proof. These cases
will be dealt with in later chapters with stronger methods.

Remark 2.2.15 In assumption (hy) one cannot allow & = A,, or 8 = A, 4. For exam-
ple, as we have already pointed out, the linear equation —Au = A,u + h in HO1 (2)
does not admit a solution for every h € Lz(Q).

Remark 2.2.16 As a final remark we point out that if 4 = 0 in Theorem 2.2.3, then
the problem admits only the trivial solution when f(0) = 0. Indeed in this case
u = 0 is a critical point of /, and, by uniqueness, it is its only critical point.

2.3 Superlinear Problems and Constrained Minimization

Up to now we have only treated problems where the nonlinear term f has an at
most linear growth. In case the nonlinearity grows faster than linearly, one speaks
of superlinear problems. For these types of problems the techniques used so far
do not work anymore; for example the functionals associated to these problems are
generally unbounded from below and they present a lack of convexity or concavity
properties that makes the arguments of the previous sections useless.

Actually for rather general f and & only partial results are known, though a quite
rich theory has been developed. We begin to present here some of the simplest cases,
in which # is identically zero and f is a power. Further results will be presented in
later sections.

We take throughout this section a real number p such that

2N
N-=2
and we search a function u that satisfies the superlinear and subcritical problem

—Au+qg@)u=ulPu inQ,
u=0 on 0L2.

2<p<2t=

(2.18)
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Of course this problem admits the zero solution, which poses an extra difficulty. We
will prove the existence of a nontrivial solution by two different methods, which can
be extended to cover more general problems. The main result is the following.

Theorem 2.3.1 Let p € (2,2%) and assume that (hy) holds. Then Problem (2.18)
admits at least one nonnegative and nontrivial solution.

From now on we tacitly assume that the hypotheses of Theorem 2.3.1 hold. For
the role of (hy), see Remark 2.1.1.

The functional whose critical points are the (weak) solutions of (2.18) is
I: H} () — R defined by

1 1 1 1 1
1(u>=—/|w|2dx+—fq<x>u2dx——/|u|de=—||u||2——|u|£,
2J)a 2Jq pJa 2 D

which is differentiable by the results of Example 1.3.20. We notice immediately that
I is not bounded below, since for every u # 0 we have

2ot
I(tu) = > llull” = —Julp > —00
p

if t — 400, because p > 2. Notice also that [ is the difference of two strictly convex
functionals.

2.3.1 Minimization on Spheres

In the first method that we present the key property is the homogeneity of the two
terms in /; indeed the first term is positively homogeneous of degree 2, while the
second is positively homogeneous of degree p. This difference of degrees of homo-
geneity will play a central role at various steps of the proof.

Since the functional I is unbounded below, no minimization is possible on the
whole space HO1 (£2). The first step consists in getting rid of this unboundedness by
constraining the functional on a suitable set where it becomes bounded below. The
first choice (a second one will be presented in the next section) is a sphere of L? (2).

If, for every 8 > 0, we set

zﬁz{ueHg(Q)( /Q|u|f’dx=ﬁ},

we see that [ restricted to Xg takes the form I (u) = %||u||2 — %,3, so that it is cer-
tainly bounded from below. Now minimizing I on X4 is equivalent to minimizing
just the square of the norm, so we set

mg = inf |lu|’.
ueXg

We are going to show that mg is attained by some function, and that this function
gives rise to a solution of Problem (2.18).
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Lemma 2.3.2 For every B > 0, the level mg is attained by a nonnegative function,
namely there exists u € Xg, u(x) >0 a.e. in Q, such that

2
ul* =mg.

Proof Let {uy}; C X be a minimizing sequence for ||u 2. Obviously the sequence
{luk |}« is still a minimizing sequence in Xg (see the properties of HO1 in Sect. 1.2.1)
and therefore we can assume from the beginning that uz(x) > 0 a.e. in Q2 and for
all k. This minimizing sequence is of course bounded in HO1 (R2), so that, up to
subsequences,

ug—u in HY(Q),  ux—>u inLP(Q), and
up(x) - u(x) a.e.in Q.
We then obtain immediately, by weak lower semicontinuity of the norm,
lul® < mp,

together with
/ u|Pdx=p8, and u(x)>0 ae.in Q.
Q

Thus u € X g, and this shows that ||u 1?2 = mg. Notice also that u € X g implies that
u does not vanish identically. d

Remark 2.3.3 The preceding proof is very simple. The reader should retain from it
that the key assumption is the subcritical growth condition p < 2*. For such p’s the
embedding of HO1 (R2) into LP?(L2) is compact, and this is what allows one to say that
ur — u in L?, and eventually that u € Xg. This is essential to conclude that u is a
minimum in Xg.

In critical problems, namely when p = 2*, the compactness of the embedding
fails and the above argument breaks down. Even worse, some problems may have
no nontrivial solution. This is the starting point of a line of research, begun with [14],
that is still very active today. For some references see [26, 45].

Lemma 2.3.4 Let u be a minimizer found with the previous lemma. Then u satisfies
fvu-vudx+/q(x)uvdx=@/ P~ 2uv dx (2.19)
Q Q B Ja
forallv e HOI(Q).

Proof Although u minimizes the functional N (1) = llull* on X g, we cannot con-
clude that the differential of N vanishes at u, because Xz is not a vector space.
Concretely, this means that we cannot compare the values of N (#) and of N (1 4 v),
because u + v will not belong to Xg, in general. We have to construct small “varia-
tions” of u that lie on Xg.
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To this aim, fix v € HOl (R2). For s € R small enough, say s € (—¢, ¢), the function
u 4+ sv, is not identically zero. Therefore there exists ¢ : (—e, &) — (0, +00) such
that

f 1£(5) 4+ sv)|P dx = B;
Q

precisely,

B 1/p
t(s) = <—f9 |u+sv|l’dx) .

Notice that the application s > t(s)(u + sv) defines a curve on Xg that passes
through u when s = 0. The function 7 is differentiable on (—¢, ¢), and

|
/@):-ﬂ”ﬂ(fg |u+sv|pdx>_F_I/Q|u+sv|p_2(u+sv)vdx.
Then we have
t(0)=1 and t/(0)=—,8_1/9|u|p_2uvdx.
We define y : (—e,e) > R as

y(s) = N(t(s)(u +sv)) = £ (s)(u + sv) |1

Since #(s) (4 + sv) € Xg for every s € (—¢, ¢), the point s = 0 is a local minimum
for y. The function y is differentiable and

y'(9) =2(t(s)(u +50) [ 1'() (u + 50) +1(5)v),
so that
0=1'(0) =21(0) 'O lull® +2:2(0) (ulv) = —2%/9|u|1’_2uvdx +20ulv).
We have thus shown that
(u|v>:@/ ulP~2uv dx,
B8 Ja

for every v € Hé (£2), namely (2.19). O

Remark 2.3.5 The reader with some knowledge of differential geometry will have
noticed that the preceding proof amounts to a direct check of the fact that the differ-
ential of N at u vanishes on the tangent space to Xg at u, as is always the case for
minimizers of differentiable functionals defined on differentiable manifolds. Indeed
the previous result can be obtained “abstractly” through the Lagrange Theorem on
constrained extrema: setting

G(u)=/ |u|” dx,
Q
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we see that our problem consists in minimizing N constrained on G~ (8) = 2g.
Now G is of class C! and foru € G~! (B), we have that

G'(uyu = pG(u) = pp #0.

Therefore, by the Implicit Function Theorem, G! (B)isaC ! manifold. The La-
grange Theorem then says that if « minimizes N on G~!(8), there exists A € R (the
Lagrange multiplier) such that

N'(u) = AG' (u).

This equation is precisely (2.19), with A =mg/B. We do not carry out a more gen-
eral theory of constrained critical points; the interested reader can consult [2, 17].

End of the proof of Theorem 2.3.1 The last step consists in getting rid of the La-
grange multiplier mg/f8, and this is where homogeneity plays again a fundamental
role.

Let u be the minimum of N over Xg. Set u = cw, with ¢ € R to be determined.
By the previous lemma, w satisfies

c(w|v):@cf”_l lw|?2wv dx
B Q

1
for all v e H&(Q). Choosing ¢ = (B/mg)?-2, we see that w (is nonnegative and)
satisfies

(wlv) =/ lw|” 2wvdx
Q
forallv e H(} (2), namely is a weak (nontrivial) solution of (2.18). O

Remark 2.3.6 We have obtained a solution by minimizing N on Xg. It is tempting
to constrain I or N on ¥, with y # 8 and repeat the argument. However this does
not produce a new solution. Indeed it is very easy to see that

mg ny

B2/p ~ y2p
and that u is a minimum of / on Xg if and only if v = (y/B)YPu is a minimum of /

on X, . These two functions give rise to the same solution of (2.18). For this reason
one normally chooses § = 1.

2.3.2 Minimization on the Nehari Manifold

We present a second approach to the search of solutions to (2.18), still based on
constrained minimization. This approach is slightly more complicated than mini-
mization on spheres, but has the advantage that it does not require the nonlinearity
to be homogeneous, and can thus be applied to a wider class of problems (under
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convenient assumptions). To illustrate it we concentrate again on Problem (2.18),
and we recall that the functional associated to it is

1 1 1 1 1
1(u>=—/|Vu|2dx+—fq<x)u2dx——/|u|"dx=—||u||2——|u|”,
2J)a 2Jq pJa 2 D

defined and differentiable on H& (£2). Recall that [ is unbounded below; once again
we restrict / to a suitable set in order to get rid of this problem. In the previous
section we have constrained / on a sphere, now we use the set

N={ueHN Q) |u#0,1I'wu=0)
:{ueH&(Q)‘u;ﬁO, ||u||2=/ |u|de}. (2.20)
Q

This set is called the Nehari manifold, and indeed it can be proved, under certain
assumptions, that it is a differential manifold diffeomorphic to the unit sphere of
HO1 (R2), see [2] or [48]. We do not prove nor use these properties, but we confine
ourselves to an “elementary” approach.

Remark 2.3.7 By definition, the Nehari manifold contains all the nontrivial critical
points of I.

Notice that on N\ the functional I reads

1 1 1 1
1(u)=(5—;)||u||2=(5—;>fﬂ|u|f”dx.

This shows at once that [ is coercive on N/, in the sense that if {u;}; C N satisfies
||ug|| — oo, then I (uy) — oo.
We define

m = inf I(u),
ue/\/()

and we show, through a series of lemmas, that m is attained by some u € " which is
a critical point of I considered on the whole space H(} (€2), and therefore a solution
to (2.18).

We begin with some basic properties of A/ and /.

Lemma 2.3.8 The Nehari manifold is not empty.

Proof For every not identically zero u € H, one sees immediately that ru € A for
some ¢ > 0. Indeed, tu € N is equivalent to

||m||2=/ |tul|P dx,
Q

B
= —— > 0.
Jo lulP dx O

which is solved by
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Remark 2.3.9 Even under more general assumptions on the nonlinearity (now we
are considering only the model case s — |s|P?~2s) one can prove that for every
u # 0, there exists a unique t =t (u) > 0 such that t (u)u € N. Thus one can define
a map ¥ from the unit sphere of HO1 () to N as ¥ (1) = t (u)u. In many concrete
cases this map is the diffeomorphism between the unit sphere and the Nehari mani-
fold that we mentioned above, see again [2] or [48].

Lemma 2.3.10 We have

m = inf I(u) > 0.
ueN

Proof If u € N, by the Sobolev inequalities we have
Jul? =/ Jul? dx < Clull?,
Q

for some C > 0. Since ||u|| # 0 and p > 2 we obtain

1\ 72
||u||z(5> : 2.21)

for every u € V, so that
1

: 1 1Y\ . 2 1 1 1\7r2
m=inf Iu)={-——) inf |lul|">{z—— || = > 0. O

ueN 2 pJueN 2 p C
Lemma 2.3.11 The level m is attained by a nonnegative function, namely there
existsu € N, u(x) >0 a.e. in Q, such that

I(u)=m.

Proof Let {uz}y C N be a minimizing sequence for I, namely such that
I (uy) — m. Clearly |ux| € N and I (Jug|) = I (ur), so that {|uy |} is another mini-
mizing sequence; for this reason we assume straight away that u; (x) > 0 a.e. in Q
for all k. We have already observed that I is coercive on A; this implies that the

sequence {uy}r is bounded in HOI(Q), and as usual this means that, up to subse-
quences,

ug—u in HY(Q),  ux—>u inLP(R), and
uy(x) - u(x) a.e.in Q.

Then we have u > 0 a.e. and, by weak lower semicontinuity,

1 1 1 1
I(u) = Enun2 - ;|u|§ < nrr;{inf<5||uk||2 —~ ;wﬁ)

= lirr}{infl (ug) =m. (2.22)
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Since uy € N, we have ||uk||2 = fQ lug|? dx. By (2.21) it cannot be |ug| — 0,
and therefore fQ |ug|? dx cannot tend to zero; thus, by strong convergence,
fQ |ul? dx # 0, which shows that u = 0. Passing to the limit we obtain

Jull? < /Q ul? dx. (2.23)

If |lu|?> = fQ |u|? dx, then u € N and (2.22) shows that u is the required mini-
mizer. Since (2.23) holds, we only have to treat the case where

||M||2</Q|u|”dx. (2.24)

We now show that if this happens, we reach a contradiction. Indeed, take ¢ > 0 such

that tu € A/, namely
1
PO 1 G
g lulPdx ’

Since we are assuming (2.24), we deduce that 0 <t < 1. But tu € N, so that

1 1 1 1
O<m<I(uy=|=——)lul*=1*=——)lul?
2 p 2 p

1 1
<1? liminf<— — —) lugll? = 2 liminf I (ug) = t2m < m.
k 2 p k
This is impossible, and the proof is complete. g

Remark 2.3.12 Once again, the key property is the compactness of the embedding
of H(} (2) into LP(£2), that has been used several times in the preceding proofs.

End of the proof of Theorem 2.3.1 Letu € N be a minimizer for / found in the pre-
vious lemma. We show that I’ (u)v =0 for all v € Hol(SZ), so that u is the required
solution.

Notice that as in Lemma 2.3.4, we cannot conclude this directly because we have
minimized / with the constraint u € \.

Take any v € Hé (€2). For every s in some small interval (—¢, ¢) certainly the
function u + sv does not vanish identically. Let #(s) > 0 be a function such that
t(s)(u + sv) € N, namely

lu+svl2 \72
u—+sv -
ts) = —— .
Jo lu+sv|P dx
The function 7 (s) is a composition of differentiable functions, so it is differentiable;
the precise expression of ¢’ does not matter here. Notice also that z(0) = 1.

The map s — (s)(u + sv) defines a curve on N along which we evaluate 1.
Thus we define y : (—¢,¢) - R as

y(8) = It (s)(u + sv)).
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By construction, s = 0 is a minimum point for y. Therefore
0=7y"(0)=I'(t(O)w)[t'O)u + tO)v] =" (O w)u + I'(w)v = I'W)v.

For the last equality we have used the fact that I’ (u)u = 0 because u € /. We have
obtained I'(u)v =0 forall v € HOl (£2), proving that u is a solution of (2.18). Il

Remark 2.3.13 The last part of the proof shows that a minimum of I constrained
on the Nehari manifold A is actually a free critical point of I, on the whole space
HO1 (€2). This remarkable fact is expressed by saying that the Nehari manifold is a
natural constraint for I.

2.4 A Perturbed Problem

As we have anticipated the method of minimization on the Nehari manifold can be
extended to cover more general problems than that of the preceding section.

We begin with an existence result for a perturbed problem, in the sense that we
consider a power nonlinearity plus a fixed function # € L?(2). The result contained
in this section is quite delicate, and can be omitted upon first reading.

We are going to prove that under suitable assumptions, and particularly if £ is
small, the problem admits two solutions. Let us make this more precise.
We consider, for 4 € L2(2) and p € (2, 2*), the Dirichlet problem

{—Au+q(x)u=|u|p_2u+h(x) in €2, (2.25)

u=20 on 012.

Or aim is to show that if ||, is sufficiently small, then (2.25) admits at least two non-

trivial solutions. This is not really surprising since the unperturbed problem (4 = 0)

also admits two solutions: the one found with Theorem 2.3.1 and the trivial solution

u = 0. If h does not vanish identically, the trivial solution is replaced by a “true”

nonzero solution. Thus one can think that for # small the two solutions are “pertur-
bations” of the two solutions already present in the autonomous case.

We add that the solution corresponding in this scheme to the trivial solution of
the unperturbed case can be found very easily, while most of the work must be
devoted to the search of the analogue of the solution found in Theorem 2.3.1 by
minimization on the Nehari manifold.

The functional associated to (2.25) is

1 5, 1 1 » Lo,
Jw)=llull® == | [ulPdx— | hudx=Z|lull”— —lulp — [ hudx,
2 rJa Q 2 P Q
which is of course differentiable on H(} (£2). The main result is the following.
Theorem 2.4.1 Let p € (2,2%) and assume that (hy) holds. Then there exists ¢* > 0

such that for every h € L*(Q2), with |h|> < &*, Problem (2.25) admits at least two
solutions.
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We will prove this result going through a series of lemmas, as usual, and we start
with the argument leading to the analogue of the solution found in Theorem 2.3.1,
which is the hard part.

We introduce some notation. We denote by m the same constant as in the previous

section, namely
1 1
m=(5——) inf [lu|?
2 P ueN

where N is the Nehari manifold defined in (2.20). Notice that A is not the Nehari
manifold associated to J, but the “unperturbed” one, relative to the functional 7 of
the previous section.

Next, we denote by ), the best constant for the embedding of H(} (R2) into LP(R2),
that is,

S, =inf{C >0 |ul, < Cllull Yu € H}(Q)}.

Lastly, we define the positive numbers

1 1/p
1 = 1 1 d
dﬁ(ip)p | dz:(’dlz) | d3:_mm{d1’_2}'
(p— DS} 2 2 Sp

Notice, for further reference, that dz < d;.

Lemma 2.4.2 There exists €1 > 0 such that for every h € L*(2) with |h| < 1 and
foreveryu € Hé (Q), if

llue]|? =/ |u|? dx—i—/ hudx = |ul +/ hudx, (2.26)
Q Q Q
then either
lull <ds or |lull >di. (2.27)
If the second case occurs, we have also

lul, > do. (2.28)

Remark 2.4.3 Interpretation. Condition (2.26) expresses the fact that u belongs to
the Nehari manifold relative to J (we will introduce it later). Then the meaning of
the lemma is that, for ||, small, if u is in the Nehari manifold, then either u is small
(llu]l < d3) or u is large (||u]| > dy). The region |u|| € [d3, d1] is forbidden.

Proof We begin by showing that if | k|, is small, one of the two inequalities in (2.27)
must hold. Assuming (2.26), we obtain

lull> < Spllull?” + |hl2lulz < SHull? + clhl2flul,
where ¢ = (;1)!/2. Then, if u 0,

lull = SNl P~ = clh]2 < 0. (2.29)
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Consider now the function y : [0, 400) — R defined by
y@)=1—ShtP~! —clnl,.
Since
YO =1-(p—DSH"2,

the function y has a unique global maximum point located at ¢+ = d;. Moreover
y is strictly increasing on (0, dy), strictly decreasing on (d;, +00) and it satisfies
y(0) < 0 and lim;_, 4 ¥ (t) = —o0. With a simple computation one finds that

1 1 \iZp—2
y(d) =—5 P p_l—clhlzzzoz]—c|h|2.
sp

Since p > 2, there results o1 > 0, and if we take ||, < ‘;—é, then
o
y(d) > = >0,
2
This argument shows that if we assume

hly < 22,
| |2_26

then the function y has exactly two zeros #1, t> such that 1 <dj <, and y(t) > 0
in (11, t2), while y (#) < 01in [0, 1) U (2, +00).
‘We notice that ¢ satisfies
clhla=1 — SheP ™" =1 (1= SBeP72).

Since #; < dj, we deduce from this and the definition of d; that

_ 1 p—2
hla>t(1—82dP ) =n(1- =t ,
clhla = n( bdl ) =n P e
so that
p—1
< hl>.
1_p_26| 2
But then, if we take
—2d3
hly < 2225,
p—1c¢
we get ] < d3.
Summing up, if we choose
.| p—2dy a)
|h|2 < min —, —t,
p—1c 2

we obtain that y(t) <0 implies t < d3 or ¢t > dj.
Therefore, with this choice of |k|,, the inequality (2.29) implies (2.27) and thus
also (2.26) implies (2.27). The first part is proved.
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We still have to check (2.28). If (2.26) holds and |[u| > d;, we can write

luly = llue])* — /Qhudx > di — |hlaluly > df — dlhl2lul,,

where d = |2| %. ‘We obtain
lulb 4 d|hl2lul, — d} > 0. (2.30)
Consider the function 7 : [0, +00) — R defined by
n(t) =1tP +d|h|at — d.

‘We have
[ 2 [
n(dz) = Edl +d|hlady — di =d|h|2dr — Ed ,
so that if
di
h A 7
|hl2 < 2dds

there results n(dy) < 0. Since 1/(¢) > 0 for all r > 0, we deduce that n(z) < O for
t € [0, d2], so that the inequality (2.30) implies |u|, > d>.
The proof is then complete, with the choice

p—2d; o) d? }

p—1c¢’ 2c 2dd, =

£1 =min{

From now on we always assume |h|» < &€1; further restrictions will be imposed
later.
‘We define the set

Ni={u e H} ()| J' (w)u =0, |lu]| > di}

||u||2=f |u|pdx+/hudx,||u||>d1}
Q Q

={ueH01(sz)

and the value

= inf J(u).
mp Jnf. ()

Notice that A/, is not the complete Nehari manifold associated to J, but only a
subset of it, containing “large” functions (||u|| > d;). On N}, the functional J takes

the form
1 1 5 1
Jwy==——)ull"—{1—— hudx.
2 p r/) Ja

First we investigate under which conditions A/, is not empty.

Lemma 2.4.4 There exists e € (0, e1] such that for every h € L*(Q) with |h|» < &,
there results Nj, # 0.
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Proof Letu e HO1 (2) \ {0}. We study the behavior of the function

t > J/(tu)tu=t2||u||2—tp/ |u|de—z/ hu dx
Q Q

=t[;||u||2—tp—l|u|§ —thudx]

for t > 0 by analyzing the function

y @) =tllull* — " ulh — /Qhudx.
Since

Y (@) = lul* = (p — DtP 2 |ul},

the function y has a global maximum at
1

~_< flue]|? )wz
= —— .
(p = Dlul}

With an easy computation we see that

i
~ u -
y()= 5 oz—/hudx,
lp
where
1 -2
(X=7P—>O.

1
(p—n2 Pl

Then we obtain

-1
e 1
vz ————a— | hudx=|ull—a - |hllul
lull7=28)~ @ S;
1 o
> lull—5—a — cllull |hlz = lull | —5 —clhl2 ).
Sy Sy

If

o
lhl2 < g
=
2cS,

we have y (f) > 0. For such values of |k|», the function y has then the following
properties: y(¢) is strictly increasing in (0, 7), strictly decreasing in (f, +00) and it
satisfies y (f) > 0 and lim;_, ;o0 ¥ () = —00.

This shows that y has at least one zero t; € (7, +00), which implies that the
function v = tyu satisfies (2.26). Moreover,

ol =t llull > 2ull < Ll )m” = 1 d
Vil =n0u|| > ull = - u| =z ——— =dadj,
(p = Dluly =
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and this shows that v € A}, The proof is then complete provided we choose

. o
£ =min,éy, 7 .

ZCSF

O

We now prove that for |k|, small, the levels m are uniformly bounded from
above. A uniform bound from below will be obtained in Lemma 2.4.7.

Lemma 2.4.5 Let e3 = min{l, 3}. There exists ¢y > 0 such that for every |h|y < &3
there results my, < c».

Proof We denote by ug and m, respectively, the solution and the level of the solu-
tion of the unperturbed problem (4 = 0) solved in the preceding section, that is,

upe N, I(ug) =minl ) =my.
ueN

From Lemma 2.4.4 we know that if |h|p < e3, there exists f; > 0 such that
thuo € Nj. Since ug € N, it satisfies [[uol|> = |uol}, so that the condition t,ug € N},
is equivalent to

(f;% —ff)ﬂbloll2 =th/9huodx,
namely to

(tn = 0™ lluoll® = /Qhuodx.
This last condition implies

p—1 2
(th — 1] )lluoll® = —clhl2lluoll,

i.e.
_ clhla
t _t;ly ]Z_ | | )
lluoll
If |h]» < &3 <1 we obtain
_ c
=t/ > - 2.31)
lluoll

Since the function 7 > ¢t — t?~! tends to —o0o as t — +o00, the inequality (2.31)
implies the existence of c3 > 0, independent of /4, such that #;, < c3. It is now simple
to conclude. Since #;,uo € N}, we have

11 1
my, < J(thuo) = <— - —>||th0||2 - (1 - —)/ htpuodx
2 p r/)Ja
11 1
< (— - —)c% lluo I + (1 - —)C3C|h|2 lluol
2 p p
11\, 5 1
S| z——=)sllull”+{1——)csclluoll.
2 p P
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The last term of this inequality is a positive number that does not depend on &. We
call it ¢, and the proof is complete. d

We go on with a uniform bound on minimizing sequences.

Lemma 2.4.6 There exists ca > 0 independent of h, such that if |h|y» < €3, then
there exists a minimizing sequence {uy}y for my such that ||uy| < ca for all k, and
hence also |ug|, < Spca for all k.

Proof Let |h|y < €3 <1 and let {v}x be a minimizing sequence for mj,, namely
weN, and J(v) — my.

Since my, < ¢y, there exists k such that for every k > k there results J (vr) < 2c2,

and this implies
1 1 5 1
20> = —— JlwllF—(1—— hvg dx
2. p r)Ja

11 5 1
=\ 5 = )™ = { 1= — Jelhlzlvl
p p

2
> arl|vell” — azlfvill,

where a; = (% —Lyanda,=(1 — %)c. From this inequality one easily sees that

p
a +,/a§ + 8ajcy

2ay

tlz+,/a%+8a1€2

Then it is enough to set ¢4 = — and uy = v, to complete the proof. L]

loell <

The next result completes the estimate of Lemma 2.4.5.
Lemma 2.4.7 There exists e4 < &3 such that if |h|y < &4, then mj, > %mo > 0.

Proof 1In this proof we denote by Jj, the functional J, to stress its dependence on #.
We also recall that 7 is the functional associated to the “unperturbed” problem dealt
with in the previous section and that " is the corresponding Nehari manifold.

For every h with |h|» < 3, we consider the minimizing sequence {uy }; obtained
in Lemma 2.4.6. Let #; be such that t;u; € N (notice that both u; and #;, depend
on h, but we do not denote it explicitly to have lighter notation).

As we know from the preceding section,

1
g ]l*) 72
th = D .
|”k|p
On the other hand uy, € Nj,, so that ||uy||> = |uk|§ + fQ huy dx, and hence

1
huy dx \ 72
f= | 4 Jaludx 7= (2.32)
14
|uk|p
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Then we can write

1 1\, 2
mo < I(tpug) = 3~ ; 1 gl

_(L_1 P lug)® - 1—l z,ffhukdx+ 1—l z,?/hukdx
2 p p Q p Q
1
= 12 (up) + (1 — ;>z,§/ huy dx. (2.33)
Q

We want to obtain a uniform bound from below on J, (uy). First of all we estimate
tr from above. To this aim, by the estimates obtained in Lemmas 2.4.2 and 2.4.6 we
have

| fqhuidx| cllugl ccy
fgipﬁlhlz — <|hl—5.

luklp luklp ds
so that if

p—
4 22
hlp < —=||(=

2= [(3) }

we obtain

| fghurdx| _ ( )"z

|’4k|p

4\ 172
h <\ = s
"‘(3)

which is the desired estimate on #;. Next we analyze the last term in (2.33). We see

immediately that
1 4 1
< (1 - —)t,3|h|zc||uk|| < —|h|2<1 - —)cc4.
p 3 p

1
‘(l — _)tsz huy dx
P Q
mo

We now choose
—_—
41 — ;)CC4

1 2
1—— )4 hupdx| <
p Q

From this and from (2.33), we deduce that

and hence, from (2.32),

|hl2 <

so that we obtain
mo

3

2
12 Jn(ug) > 3mo,

which implies first of all that J; (ux) > 0. Since we also have tk , we finally get
to

2 5 4
30 <tgdn(ug) < gjh(uk),
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namely %mo < Jj(ug). Passing to the limit as k — 0o, we see that

1

—mgy < my,.
2

All this holds with the bounds we described on |k|;. The lemma is thus proved with

p—2
N AT s mo
g4 =min{e3, —= || = -1, —————%. 0
ces L \3 4(1 = J)eey

We have now everything we need to conclude the argument. First of all we show
that the minimum on N}, is attained.

Lemma 2.4.8 There exists €5 < &4 such that for every |h|y < €5 the infimum my, is
attained by some u € Nj,.

Proof To begin with, let |h|» < &4 and let {u;} be a minimizing sequence for my,
constructed as in Lemma 2.4.6. Being bounded, we can assume that, up to subse-
quences, there exists u € HO1 such that

ug —u in HY (), up — u in LP(Q) and in L*(RQ).
It is then immediate to deduce that

J(u) §lirr}{infj(uk) =my, (2.34)
and that
llu* < |u|§~|—/§2hudx. (2.35)
Let us suppose first of all that in (2.35) equality holds, that is,
lul|> = |u|Z+/Qhudx. (2.36)

In Lemma 2.4.2 we have seen that if (2.36) holds, then either ||u|| > d; or ||u| < d5.
In the first case, u € NV}, and then (2.34) implies that u is the minimum we are
looking for. If, on the contrary, ||u|| < d3, then recalling the definition of dz we
obtain

uly < Spllull < Spds < S, 2 = .
Sp
But Lemma 2.4.2 says that |ug|, > d>, and, by the strong convergence in L” (2) we
obtain |u|, > d,. This contradiction shows that if (2.36) holds, it cannot be ||u|| < d3
and hence, as we have seen, u is a minimum.
Let us suppose now that in (2.35) the strict inequality holds, namely

lull? < [ul? + /Q hudx. (2.37)
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We know from Lemma 2.4.4 that there exists ¢* > 0 such that *u € A}, and

1
ol <ﬂ>”‘2
(P = Dlul}

Since (2.35) holds, we have

1

) <|u|§+f9hudx>plz_( 1 o hudx ),,2

<

“\ (p—Dluly p—=1 " (p—Dlul}
But on the other hand,
hudx
Wohudx] e W ppe— L
(p— Dlulp (p— Dlulp (p—Dd,
_ _ 4
Since ﬁ < 1, it is clear that we can choose &5 = min{%, €4}, to obtain

that if |h|» < &5, then 7 < 1.
Let us consider now the function

y(t)=z||u||2—zpfl|u|,':—/ﬂhudx

that we have already studied. We know that y is decreasing in (f, +00). Since
t*u € Ny, we have y (t*) = 0. The inequality (2.37) is equivalent to y (1) < 0. Since
f <1andf < t*, we must necessarily have * < 1. This last estimate allows us to
conclude. Indeed, since t*u € N}, we obtain

1 1 1
mp §J(t*u)=(t*)2(———)||u||2—t*<1——)/ hu dx
2 p r/)Ja
EAV AT 1 1 2 *1: 1
< (@) liminf( = — — ||Jug||* — ¢ lim( 1 — — huy dx
kK \2 p k r)Ja
e (1 1 s 1
<t*liminf| ( = — — Jlluxll"— (1 — — huy dx
k 2 p r/Je

=t* lin}{ian(uk) =t*my, <my,.
The last strict inequality holds because t* € (0, 1) and mj > 0. The contradiction
shows that (2.37) cannot hold, so that (2.36) is true. In this case, as we have seen, u

is the required minimum. O

The last step consists in proving that the minimum is a critical point of J on the
whole space HOl ().

Lemma 2.4.9 There exists e € (0, &5) such that if |h|y < &g, then the minimum u
of J on Ny, satisfies J'(u)v =0 forall v € HOl ().

Proof Fix v e Hol(Q) and consider the function ¢ : R x (0, +00) — R defined by

@(s, 1) =t2|lu + sv||> — tP|u + sv|? —t/ h(u + sv)dx.
Q
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Since u € N}, we have ¢(0, 1) = 0. Clearly ¢ is of class C' and
dg
= O D =2l = pluly — / hudx = 2= p)llul* + (p — 1)/ hudx.
t Q Q
If it were %—‘f (0, 1) =0, then we would have

—1 —1
lull? = ”—/ hudx < 2= L nbelul),
P—2Ja p—2

namely,
p—1
lull < ——Ihlac. (2.38)
p—2
However, we know that ||u|| > d;. If we take
p—2
|hly < ——di,
cp—1

then (2. 38) yields ||u|| < dj, a contradiction. Therefore, for such choices of # it
must be 22 (0 1) # 0. We can then apply the Implicit Function Theorem, obtaining

that there ex1st a number § > 0 and a C! function 7(s) : (—8,8) — R such that
(s, t(s)) =0 for every s € (—48, 8), and #(0) = 1. Since |u|| > d, we can also take
& so small that 7 (s)(u + sv) > d;. We have thus constructed a differentiable curve
s > N passing through u when s = 0. We now evaluate J along this curve, by
considering the function

y(s) =J(1(s)(u + sv)).
The function y is differentiable and has a local minimum at s = 0. Then
0=y"0)=J W[ O)u+tOv]=1t'0)J wu+ J wv=J W,

because u € N}, Since this holds for every v € HO1 (£2), it is enough to take a positive
&6 such that

(p —2d; }
c(p—1

to conclude. O

£6 < Min {85,

We have found a solution to Problem (2.25). We now complete the proof of the
theorem by constructing a second solution.

Lemma 2.4.10 For every ¢ > 0 there exists § > 0 such that if |h|>» < §, then Problem
(2.25) admits a solution uy, satisfying |lup|| < €.

Proof Let as usual I (u) = % [Ju|®> — %|u|ﬁ; we have

1 Ry
I(u) > Enun2 — L yuyr.
p
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The function

1 s
g(t)=-t* — L¢P
2 P

is strictly increasing in a right neighborhood of 0, is continuous and satisfies
g(0) = 0; therefore there certainly exists ¢’ < ¢ such that for all 7 € (0, ¢’) there
results g(¢) > 0.

Then fixing any 7 € (0, &’), we obtain I (u) > g(n) > 0 if ||u| = n. We deduce
that

J ) = 1) —/Qhudx > () — |hlacn.

Choosing
§= M and |h]p <34,
2cn
we conclude that, for ||u|| = n,
J(u) > % > 0.

Let now

By={ueHi(Q)||ul<n} and n,= inf J(u).
u€By

Clearly n, # *oo. Moreover n, < J(0) = 0. It is then straightforward to check,
with arguments already used many times in the first part of this chapter, that the
value n,; is attained by some u;, € By;. Since J (u;,) =n, <0, it cannot be |u, || =7,
and therefore u, lies in the interior of the ball B,. The function uy, is thus a local
minimum for J and solves (2.25). Moreover, |uy| < ¢. O

End of the proof of Theorem 2.4.1 Thanks to Lemma 2.4.9 we know that for ev-
ery |h|z < eg, there exists a solution u; of Problem (2.25) with |u] > d;. By
Lemma 2.4.10, choosing ¢ = dj, we can fix § > 0 such that for every |h|, < § there
exists a solution u;, of Problem (2.25) with |luy| < d;. If

|k, < &* := min{eg, 8},

we obtain two distinct solutions of Problem (2.25). The proof is complete. d

2.5 Nonhomogeneous Nonlinearities

The method of minimization on the Nehari Manifold can also be extended to cases
where the nonlinearity is not homogeneous, under suitable assumptions. In this sec-
tion we provide some examples in this sense.

We begin with the following problem: find # such that

{ —Au+qgx)u=fu) in<,

u=0 on 092, (2.39)
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where the nonlinearity f satisfies the following assumptions. We recall that we de-
note F(t) = fot f(s)ds.

(f1) f:R— Risofclass C! and is odd.

(f2) f’(0) =0 and there exists p € (2,2*) such that limsup,_, , '{;E’Q‘ < +o00.
(f3) There exists u > 2 such that f(¢#)t > uF(¢) forall t € R.

(f4) Forevery t € (0, +00) there results f' (1)t > f(¢).

Remark 2.5.1 Notice that the power nonlinearity f (u) = |u|?~?u, with p € (2,2%),
treated in Sect. 2.3 satisfies all the above assumptions.
Actually, assumptions (f3) and (f4) imply that the functions

F(1) f@
- r— —
tH t

and

are increasing, as one checks immediately by differentiation. This provides some
bounds at zero and at infinity. For example, comparing with r = 1 one finds that
F(t) < F()t"* fort € [0, 1] and F(t) > F(1)t* for t > 1, and similarly for f.

We will prove the following result.

Theorem 2.5.2 Assume that (hy) and (f1)—(£4) hold. Then Problem (2.39) admits
at least one nontrivial and nonnegative solution.

As usual, the proof will be split in a series of lemmas, in each of which the
assumptions of Theorem 2.5.2 will be taken for granted.

We begin with the description of some properties of f(#) and F(¢) that can be
deduced from the assumptions (f;)—(f4) and that will be used during the proof.

Lemma 2.5.3 We have
(1) lim;_g @ =0.
(2) There exist positive constants M1, M, such that
[f' O < Milt|P™2 for || > M.
(3) There exist positive constants M3, M4 such that
|[FO+ | f Ot < M3t|1P? for |t] > Ms.
(4) For every € > 0 there exists Ce > 0 such that
|F()| + | f(0)t] < et> + Celt|P Vi eR. (2.40)
(5) There exists a positive constant D such that for every t > 1,
f®t>Dt* and F(t) > Dt*. (2.41)

Proof The first statement follows by applying twice the de I’Hopital rule. Point (2)
is a direct consequence of (f2) and the oddness of f. Integrating, one obtains (3).
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Likewise, the fact that f/(0) = 0 and (f;) imply (4), after integration. Lastly, (5)
follows from Remark 2.5.1 and (f3). O

Weak solutions to Problem (2.39) are critical points of the functional

1
1(u>=5||u||2—/QF(u>dx

where the norm is the same as in Sect. 2.3. The Nehari manifold in the present
case is

N={uecHNQ) |I'(wu=0,u0}
= {u & Hy(@) | lul =/Qf(u)udx, u ;AO}.
As usual, we begin by checking that working on the Nehari manifold makes sense.

Lemma 2.5.4 The Nehari manifold N is not empty.

Proof We prove that for every u € H(}(Q), u # 0, there exists ¢+ > 0 such that
tu € N'. We begin by assuming that u(x) > 0 a.e., and we consider the function

v () =1'(tw)tu = 1% |u|? —/ f(tu)tudx.
Q

We want to study the behavior of y for  — 07 and for t — +00. The aim is to find
azero of y.
Let

¢(t)=/;zf(tu(x))tu(x)dx.

By (2.40), for every ¢ > 0 there exists C; > 0 such that
| f (tu()tu(x)| < et’>u(x)? + CotPu(x)?  forall ¢ > 0 and for a.e. x € Q.

Therefore

p(t) = ‘/Qf(lu(X))tu(X)dx

< stzf u(x)>dx + Cgtp/ u(x)? dx.
Q Q
Since u is fixed, ¢ is arbitrary and p > 2, this shows that ¢(¢) = o(t?) ast — 0.
We have thus proved that
y() =t ul®> +o@?) ast— 0.
Next we study y for ¢ large. We begin by choosing 7y so large that the set
A={xeQ|tulx)=>1}

has positive measure; this is possible since u(x) > 0 a.e. and u % 0. Notice that if
t > to, then ru(x) > 1 a.e. on A. Now we apply (2.41) with ¢ > ¢, also recalling that
f is positive on positive arguments:
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/ ftu(x)tu(x)dx =/ fu(x)tu(x)dx +/ fu(x)tu(x)dx
Q A Q\A

th“/ u(x)*dx.
A

Notice that (3) and (5) of Lemma 2.5.3 imply that u < p, so that the last integral is
certainly finite.
The preceding inequality shows that

y(t)§t2||u||2—Dt““/u(x)”dx for every 1 > 1.
A

The two properties of y that we have established tell us that y (¢) is strictly posi-
tive for positive and small values of ¢, while y () - —oo if t — +00.

Then there exists 7 > 0 such that ¥ (f) = 0. Since fu # 0, we conclude that
ftueN.

Finally, if u is not almost everywhere positive, we argue on the function v = |u|:
we find again 7 > 0 such that

IFv]]? — f f(fv)ivdx =0.

Q

Since f(t)t is even, of course
/ f(Fv)ivdx = / fGu)iudx and |fv]> = |ful?,
Q Q
so that also [|7ul|> — [, f(fu)fudx =0, and fu € N. O
We can now define a candidate critical level as
m= inf I(u
ueN (@)

and we try to see if m is attained on .

Lemma 2.5.5 There results
inf_[lu)®> > 0.
ueN
Proof Let A1 be the first eigenvalue of the operator —A + g (x), and choose a num-
ber C1 > 0 such that
LB
[f@O1] < 321"+ Crle]? Vs

this is possible by (2.40).
For every u € A/ we have

A 1
||u||2=/ f(u)udxs—lfuzdwc]/ ul? dx < = |lull® + Callull?,
Q 2 Jg Q 2



78 2 Minimization Techniques: Compact Problems

so that
1

1 \r2
lull > | == .
2C,

which proves the claim. U
Lemma 2.5.6 The functional I is coercive on N" and m > 0.

Proof For every u € N, by (f3), we have

1 1 1 1
1(u>=5||u||2—/QF<u>dx= (5—;)||u||2+;||u||2—/QF(u)dx

11 2 1 11 2
= (5= 2+ [ (S s ra)a= (5= L)
2 u Q\M 2w

which shows that I is coercive on A/ and that

. (11N 5 (1 1\[ 1 \r>
m=inf I(u)> inf | = — — )|ul|*=(=—— || =— >0,
ueN ueN\ 2 22 2 122 2C2

by Lemma 2.5.5. g
Lemma 2.5.7 There exists u € N such that [ (u) =m and u > 0 a.e. in Q.

Proof Let {u}r C N be a minimizing sequence for I. The fact that F(¢) and f (1)t
are even implies that also {|ug|}r is a minimizing sequence, so that we can assume
from the beginning that uy (x) > 0 a.e. in Q. Since [ is coercive on NV, the sequence
{ui}r is bounded and then, up to subsequences,

ug —u in Hy (), up —u in LY(Q) Vg €[2,2%),
urg(x) — u(x) a.e.in Q.

This shows that u(x) > 0 a.e. and, with arguments already used many times,

/F(uk)dx—>/‘ F(u)dx,

Q Q

ff(uk)ukdxﬁf fudx, ull* <liminf [ug]|?.
Q Q k—+00

Clearly the assumption p < 2* is essential in the first two limits.
Thus we deduce that

I(u) < lin}cinfl(uk) =m and ||u||2 < f fwudx.
Q
Now we notice that from [|uy||> = fQ f(ur)ur dx we have

/ fudx =lim ||ug|>.
Q k
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Since
2

lugll? = L)
k= 2C,

/ fwudx >0,
Q

for all kK we obtain

which shows that it cannot be u = 0.
If |u|®> = fQ f@)udx, then u € N, u is the required minimum and the proof is
complete. It remains to show that

||u||2</ fuudx (2.42)
Q

leads to a contradiction.
To this aim, assume that (2.42) holds and consider the function

y(t)=z2||u||2—/ fawtudx.
Q
We already know that y (¢) > 0 in a right neighborhood of 0. The inequality (2.42)
tells us that y (1) < 0. Then there exists t* € (0, 1) such that y (¢*) = 0, which means
that t*u € N. We then obtain

1

m <1(t*u) :/ I:Ef(t*u)t*u — F(t*u)] dx.
Q

From (f4) it is easy to see that the function

1

s — Ef(s)s — F(s)

is strictly increasing in (0, 400), and then, since u > 0 and ¢* € (0, 1), we see that

1 1
m < f S [ wrtu — F(t*u) |dx < f 5 fu — F(u)|dx
al2 ol2
1
= lim/ |:—f(uk)uk — F(uk):| dx =limI(u;) =m.
k Jo 2 k
This contradiction shows that (2.42) cannot hold and concludes the proof. Il
The last step consists in showing that u is a critical point for /.
Lemma 2.5.8 Let u € N be such that I (u) =m. Then I'(u) = 0.
Proof For every v € HO1 (R2) there exists ¢ > 0 such that u + sv = 0 for all s in

(—¢&, €). We know that there exists 7(s) € R such that #(s)(u + sv) € N. We now
deduce some properties of the function 7 (s). To this aim, consider the function

@(s, 1) =t*u +sv|> — f £t (u+ sv)t(u + sv)dx,
Q
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defined for (s, ) € (—¢, €) x R. Since u € N, we have
00D =Nl = [ fudz=o
Q

Moreover, by (f2) and (f4), ¢ is a C! function and
8¢ 2 / 2
— O, ) =2|ull"— | fwudx— | f(wu"dx
dt Q Q

:/[f(u)u — f/(u)uz] dx < 0.
Q

Then, by the Implicit Function Theorem, for ¢ small there exists a C ! function t(s)
such that ¢ (s, #(s)) =0 and #(0) = 1. This also shows that #(s) # 0, at least for ¢
very small. Therefore 7 (s)(u + sv) € N.

Then setting

y(s) =1 (s)(u +sv)),
we have that y is differentiable and has a minimum at s = 0; therefore
0=79"(0) =I'(t(©)u) (' O)u +t(0)v) =t OV (wu + I'w)v = I'(u)v.
Since v is arbitrary in HO1 (), we deduce that I’ (1) =0. [l

Example 2.5.9 We list a couple of examples of nonlinearities that satisfy assump-
tions (f1)—(f4). These are functions that behave “like powers” without being exact
powers. Since we want odd functions, we define them only for ¢ > 0, and we extend
them by oddness.

o f(t)=1tP"' 4197 with p,g € (2,2%) and p #4.

o Slightly more generally, f(¢) = Zlﬂil a;tPi~! with ¢; > 0 and pi € (2,2%).

o f(1)= lft% with p € (2,2%) and ¢ > 2.

Remark 2.5.10 Let2 < g < p < 2*; the function
f@)y=rP~1 — 271 (2.43)

for ¢+ > 0 and extended by oddness to R, does not satisfy the assumptions (f3)
and (f4). However if one repeats the arguments carried out in the previous lem-
mas, one see that they still work, with minor changes. Therefore Problem (2.39)
admits a solution also for this particular f. We now try to generalize this remark to
a wider class of nonlinearities that contains (2.43).

We consider the problem

—Au+qgx)u=f(u)—gu) inQ,
{ u=>0 on 0%2. (2.44)

We set G(t) = fot g(s)ds and we introduce the following assumptions. Here
uw>2,asin (f3).
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(g1) g:R— Risofclass C! and is odd;
(82) ¢'(0) =0 and there exists ¢ € (2, 12) such that limsup, , |, 0! < +o0;
(g3) the inequalities g(z) > 0 and g’ (¢)r < (u — 1)g(¢) hold for every ¢ € (0, +00).

As far as f is concerned, we have to replace (f3) and (f4) with the stronger
assumption

(fs) the inequality (1)t > (u — 1) f(t) > 0 holds for every 7 € (0, +00).

We can now prove the following result.

Theorem 2.5.11 Assume that (hy), (f1), (£2), (f5) and (g1)—(g3) hold. Then Prob-
lem (2.44) admits at least one nontrivial and nonnegative solution.

The proof follows exactly the same lines as the previous one. We start by noticing
that since (fs) implies (f3) and (f4), all the properties of the functions F'(¢) and f (¢)¢
obtained earlier are still valid. Concerning g and G, we list the properties that can
be obtained working as in Lemma 2.5.3.

Lemma 2.5.12 We have

(1) lim,o ¥ =0.

(2) There exist positive constants Ms, Mg such that
1§’ < Ms|t|°™2 for |t] > M.
(3) There exist positive constants D1, D> such that

|G ()] + |g(2)t] §D1t2+D2|t|9 Vi e R. (2.45)
Solutions of Problem (2.44) are critical points of the functional
1
I(u) = —||u||2 — / F(u)dx ~|—/ G(u)dx
2 Q Q

and the corresponding Nehari manifold is
N ={uecH Q) |I'(wu=0,u0)
_ {u e HI(®) ‘ 2 :/Qf(u)udx — /Qg(u)udx,u ;éo}.
The first step consist of course in checking that we can work in AV.
Lemma 2.5.13 The Nehari manifold N is not empty.

Proof Repeating the argument of Lemma 2.5.4, we fix u € HO1 (£2) with u #£ 0 and
u > 0, and we consider the function

y(@) = 1" (tu)tu = 1> ||u)? —f f(tu)tudx +f g(tu)tudx.
Q Q
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We already know that

/ f@u)tudx = o(tz)
Q

as t — 0, and the same ideas show that also

/ gtu)tudx = o(tz),
Q

so that
y () =1lul® +o(r?)
ast — 0.
On the other hand, from the properties of g we deduce that for a suitable C > 0,

<Ccr?+Ct? =0,

’ / g(tu)tudx
Q

when t — 4-00. From this and the proof of Lemma 2.5.4 we immediately obtain
VUhﬂﬂmF—Dﬂ/yﬂdx+dﬂ)
Q

as t — +o0. This proves the existence of ¢ > 0 such that tu € A/. We conclude the
proof as in Lemma 2.5.4 when u has arbitrary sign. g

Defining as usual
= inf I(u),
" ueN @)
we proceed to prove that m is attained by a function that solves Problem (2.44).
Lemma 2.5.14 There results

inf_[lu)®> > 0.
ueN

Proof Working as in Lemma 2.5.5 and using the fact that g(u)u > 0, we obtain for
every u € N,

1
||u||2=/ f(u)udx—/.g(u)udxgi)\l/. uzdx—i—Cl/ lu|P dx
Q Q Q Q

1
S?WW+CﬁMW

which allows us to conclude exactly as above. O
Lemma 2.5.15 The functional 1 is coercive on N" and m > 0.

Proof From (g3) we deduce that £G () > g(u)u. Then, if u € N/, we have
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I(u):%||u||2—/QF(u)dx+/QG(u)dx

- (1 _ l) [lue]|? +/ (lf(u)u - F(u)) dx
2w Q\H
+f (G(u) - lg(u)u) dx = (1 - 1)||u||2,
Q u 2 pu

and we conclude as in Lemma 2.5.6. O
We can now prove that the infimum of 7 on /N is attained.
Lemma 2.5.16 There exists u € N such that I (u) =m and u > 0.

Proof Let {uy}; C N be a minimizing sequence for I. As above, we can assume
that u; > 0. By Lemma 2.5.15, [ is coercive on NV, and hence {u} is bounded. Up
to subsequences,

up —u in Hy (Q), up —u in LY(Q) Vg € [2,2%),
ug(x) — u(x) ae.in Q.

Then u(x) > 0, and with the usual arguments, as k — oo,

/F(uk)dx—>/ F(u)dx, /f(uk)ukdx—>/ fwudx,
Q Q Q Q

/G(uk)dx—>/ Gu)dx,

Q Q

/g(uk)ukdx%/g(u)udx, llull* < liminf [lug |2
Q Q k——+00

These yield immediately
I(w) < lin}cinfl(uk) =m and ||u||2 5/ fwyudx —/ gw)udx.
Q Q

Since
2

1 =
/Qf(u)u dx — /Qg(u)u dx = li,ﬁn gl > (2—C2) s 0,

we obtain
/ fwudx — / gwudx >0,
Q Q

which shows that it cannot be u = 0.
Now, if

||u||2=/ f(u)udx—f gwudsx,
Q Q
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then u € N, and u is the required minimum. We must therefore show that it cannot
be

llue]|? </ fudx —/ gwudx. (2.46)
Q Q
To this aim, we consider the function
y (@) =% |ul? —/ f(tu)tudx +/ g(tu)tudx.
Q Q

We have already noticed that y (f) > 0 in a right neighborhood of zero. Assum-
ing (2.46) means that y (1) < 0, hence there exists t* € (0, 1) such that y (+*) =0,
namely t*u € . Then we see that

1
mg[(t*u):iut*u”z—/ F(t*u)dx—i—/ G(t*u)dx
Q Q

- (1 B l)llt*ull2 +/ (lf(t*u)t*” - F(t*”)) a
2 u Q\M

+f (G(t*u) - lg(t"‘u)t*u) dx.
Q M

From assumptions (f5) and (g3) we deduce immediately that the functions
1 1
s> —f(s)s—F(s) and s+ G(s) — —g(s)s
0 w

are nondecreasing in (0, 400), so that being # > 0 and t* € (0, 1), we have

<1 1) * 2 (1 * * * )
m<|=——)|tFul +/ — [ u)t™u — F(t"u) | dx
2w Q\ 1
+/ <1G(t*u) —g(t*u)t*u) dx
Q\ M
<1 1> ) (1 > 1
<(5=L Y +/ L fu - F dx+/<—c<u>—g<u>u)dx
2 u Q\u Q\M
< liminf(l — i) lloax ||? —i—lim/ [lf(uk)uk — F(uk)] dx
ko\2 kJolu

—i—]im/ |:G(uk) — lg(uk)ukj| dx
k Jo iz

= lin}{infl(uk) =m.
This contradiction shows that (2.46) cannot hold, and the proof is complete. g
Lastly we prove that the minimizer « is a critical point of / on Hé ().

Lemma 2.5.17 Let u € N be such that I (u) =m. Then I'(u) =0.
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Proof The technique is the same as in Lemma 2.5.13. Take v € HOl (2) andlete >0
be so small that u + sv # 0 for all s € (—¢, €). We know that there exists #(s) € R
such that ¢ (s)(u + sv) € /. Consider the function

@(s, 1) =t*u + sv|> — f £t (u 4 sv)t(u + sv)dx
Q

+ / g(t(u+sv))t(u+sv)dx,
Q
defined for (s, t) € (—¢, €) x R. Since u € /, we have

0 (0, 1>=||u||2—f f(u)udx+/ gwudx =0.
Q Q

On the other hand, by (f5) and (g3),

a—‘”(0, 1)=2||u||2—/ f(u)udx—/ f’(u)uzdx+/ gu)udx
ot Q Q Q

+/ g (wyu®dx

Q
sz||u||2—/ f(u)udx—(u—l)/ f(u)udx+/g(u)udx
Q Q Q
+(u—1)/ gwudx
Q

—2fu|? - u/g Foudx + Mfgg(u)udx — 2wl <o.

So, by the Implicit Function Theorem, for ¢ small enough we can determine a func-
tion r € C1(—¢, &) such that f(s,2(s)) =0 and ¢(0) = 1. This says that 7(s) # 0, at
least for & very small, and then #(s)(« + sv) € N.

Setting

y(s) =1(t(s)(u +sv)),
we obtain that y is differentiable and has a minimum point at s = 0; thus
0=9"(0)=I'(t()u) (' O)u +t0)v) =" OV I'(wu + I'w)v=I'(u)v.

Since v € H(} (2), is arbitrary, we conclude that I’ («) = 0. Il

Example 2.5.18 Also in this case it is easy to produce examples of nonlinearities
that satisfy the assumption of Theorem 2.5.11. As usual we define the functions for
t > 0 and we extend them by oddness.

o f(t)=1P", g(t) =171, where 2 < g < p < 2*.
Slightly more generally, f (1) = Y. a;t”~" and g(t) = YN | b;jt%~! with
ai,b; >0, p;, q; € (2,2*) and min{p;} > max{qg;}.
o f(t)= lj_qs%, where p € (2,2%), ¢ > 2 and g as in the preceding example, with
max{q;} < min{p, g}.
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2.6 The p-Laplacian

In this section we leave temporarily the semilinear equations studied up to now to
give an example of how the techniques introduced so far can be successfully ap-
plied, and with almost no changes, to more general quasilinear equations. Although
quasilinear equations are in general much more difficult than semilinear ones, a cer-
tain number of results can be proved by the application of variational methods with
surprisingly little effort.

This section should be considered as an example and can be skipped on first
reading.

The particular type of equations we consider are the so-called p-Laplace equa-
tions, that are commonly seen as the simplest generalizations of the Laplacian to the
quasilinear context.

The p-Laplacian is the second order non linear differential operator defined as

Apu =div(|Vu|P~2Vu).

Here p > 1, and of course when p = 2 the p-Laplacian is the usual Laplacian.
Notice that this operator is linear in the second derivatives, but contains terms
which are nonlinear functions of the gradient of the unknown.
When u is regular enough an easy computation shows that

%u  du du

8x,-8xj Bxi 8x]' ’

n
Apu = |Vu|P72Au+ (p —2)|Vu|P~* Z
i,j=1

a rather complicated expression. For this reason, it is much more convenient to use
some weak formulation for this operator. To write down such a weak form we need,
as in the previous chapters, to introduce suitable function spaces. We will list a
number of definitions and results that generalize those we have seen in Chap. 1 for
the Sobolev spaces H'(Q) and H} ().

. WLP(Q), for p € [1, +00), is the Sobolev space defined by
]
Whr(Q) = {u € LP(Q) ’ a—” cLP(Q),i= 1,...,N},
X

where the derivative 5’7” is in the sense of distributions. The spaces W17 () are
. i .
reflexive Banach spaces when endowed with the norm

N
lullp = lulp+
i=1

Recall that | - |, is the L? norm.
o W,”(Q) is the closure of C{°(%2) in W'-7(Q).
o Ifuc WP (Q), then Jul, ut,u™ € Wy” () and

/|V|u||pdx=/|Vu|pdx.
Q Q

ou
ax,- p.
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We also recall, as in the previous chapters, some embedding theorems.

Theorem 2.6.1 Let Q C RN be open, bounded and have smooth boundary. Let

p=>1.

o If p < N, then WhP(Q) < L1(Q) for every q € [1, % p ] the embedding is
compact for every q € [1, m).

o If p=N, then WhP(QQ) — L9(Q) for every q € [1,4+00); the embedding is

compact.
e If p> N, then WHP(Q) — L®(Q); the embedding is compact.

The following particular case is the most used in our context, and we state it
separately.

Theorem 2.6.2 Let Q be an open and bounded subset or RN, with N > 3. Let
1<p<N.Then

Wl p(Q) — L9(Q) foreveryq € |:1 NN_p:|
p

The embedding is compact for every q € [1, 5= p)

The number N_ is denoted by p* and is called the critical Sobolev exponent
for the embedding of W0 () into LY.

Theorem 2.6.3 (Poincaré inequality for Wé Py Let @ C RV be open and bounded.
Then there exists a constant C > 0, depending only on <2, such that

/ [ul? dx < c/ IVul?dx Vue W,P(Q).
Q Q

1
Therefore, if Q2 is a bounded open set, (fQ|Vu|p dx)? is a norm on Wg’p(Q),
equivalent to the standard one.

2.6.1 Basic Theory

We begin by studying the differentiability of some relevant functionals on WO1 P(Q).
We start with the norm.

Theorem 2.6.4 Let Q C RN, N > 3, be an open set. For p € (1,400), define a
functional J : W(;’p(Q) — R by

J(u):/ |[Vul? dx.
Q
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Then J is differentiable in Wé P (Q) and

J (v zp/ |Vu|P~2Vu - Vvdx.
Q

Proof Consider the function ¢ : RY — R, defined by ¢(x) = |x|?. Itis a C! func-
tion and Vg (x) = p|x|P2x, so that, for all x, y e RV,

. px +1y) —@(x)
m-—————-
t—0 t

= plx|"x - y.
As a consequence,
. Vux) + Vo) P — [Vu(x)]?
lim

t—0 t

= p|Vu(x)|P*Vu(x) - Vo(x) ae.in Q.

By the Lagrange Theorem there exists 6 € R such that |#| < |¢| and

|Vu + tVolP — |Vul|P
t

< p|IVu+0Vv|P"2(Vu +6Vv) - Vo

< C(IVulP~ "Vl + |Vu|?) e LY ().

By dominated convergence we obtain
. Vu +tVou|P —|Vu|P _
l1m/ | | [Vul dx:p/ |Vu|P~2Vu - Vudsx,
=0 Jq t Q

so that J is Gateaux differentiable and

Jg;(u)z;:p/ [Vu|?~2Vu - Vudx.
Q

We have now to prove that J/; : Wé’p(Q) — [WhP(Q)] is continuous. To this aim

we take a sequence {ug}y in Wol’p(Q) such that uy — u in Wol’p(Q). In particular
we can assume, as usual, that up to subsequences,

e Vui — Vuin (LP(Q)Y as k — oo;
o Vur(x) = Vu(x) ae. as k - o0;
o there exists w € L' () such that [Vup(x)|? <w(x) a.e. in 2, and for all k € N.

We have
(Jsw) = JGw)v=p f (IVulP™>Vu — |Vu|P~>Vuy) - Vo dx
Q
and

‘[(|Vu|p_2Vu—|Vuk|p_2Vuk)-Vvdx
Q

v pz_jl 1/p
p=1 dx) (/ |Vv|pdx>
Q

p=1
_r_ P
r=ldx ol

< </ I Vuk|P72Vuy — [Vu|P~*Vu
Q

< </ I Vuk|P2Vuy — [Vu|P~*Vu
Q
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so that

176 ) — JG )|l = sup {| (TG W) — TG u)v| | ve WHP(Q), |lv] =1}

p—1

_P
(/ Vit | P2V, — [V P2V |77 dx) "
Q

IA

Now we know that
Vi ()P 2 Vug(x) = | Vu(x)|P >V (x)
almost everywhere in €2, and that

_P_
[IVuk|P72Vug — [Vl P72Vu| =T < C(IVug|? + |VulP) < w+|Vu|” € L1 ().

By dominated convergence we then obtain
P
/ [IVug|P~2Vuy — |[Vu|P~*Vu| =T dx — 0,
Q
and hence || JG (ux) — J;(u)|| — 0. This holds for a subsequence of the original
sequence {uy}, but we can argue as before to obtain that J’G is a continuous function,
so that J is differentiable with differential given by

J (v :p/ |Vu|P~2Vu - Vodx. O
Q

Remark 2.6.5 When p # 2, Wé "P(Q) is not a Hilbert space. So here is an example
of a Banach space where the norm is differentiable, see Remark 1.3.15.

Theorem 2.6.6 Let Q@ C RY, N > 3, be a bounded open set. Take a number
1 <p<N and let p* = NN—_’;J be the critical exponent for the embedding of

Wé P(Q) in L1(R). Let f : R — R be a continuous function, and assume that there
exist a, b > 0 such that

|f@O] <a+Dbl” ! (2.47)
forallt € R. Define

t
F(@) =/ f(s)ds
0
and consider the functional J : W(;‘p(Q) — R given by
J(u) = / Fu(x))dx.
Q
Then J is differentiable on W(} P(Q) and

J'(u)v:/ fux)v(x)dx forallu,veWOl‘p(Q).
Q
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We do not write down the proof of this result, because the argument is very
similar to the one of Example 1.3.20.

We can now state a definition of weak solution for equations involving the p-
Laplacian. The idea for a weak formulation can be obtained, as in the usual case
p = 2, using integration by parts. Let us assume that # and v are functions defined
on a bounded open set €2, that they vanish on 92, and are smooth enough for the
following computations to make sense. Integrating by parts we obtain

/vApudx=/ vdiv(|Vu|”_2Vu)dx=—/ |Vu|P2Vu - Vodsx.
Q Q Q

This suggests that a good candidate as a weak form for the p-Laplacian is the oper-
ator

Vi —/ [Vu|’~2Vu - Vvdx.
Q

We now give a precise formulation to the preceding heuristic discussion, at least for
the cases that we want to treat. Let us consider 1 < p < N and take 4 € Lp/, where
p = % is the conjugate exponent of p. Let f : R — R be a continuous function
satisfying the growth assumption (2.47). We will say that u is a weak solution of the

boundary value problem

{_A,,u=f(u)+h inQ, (2.48)

u=~0 on 492

if u € Wy’ () and

/ |Vu|p72Vu~Vvdx:/f(u)vdx+/hvdx VveW(}’p(Q).
Q Q Q

Notice that, as in the case of the Laplacian, the boundary conditions are englobed

in the function space WOl " (). Thanks to the previous results about differentiation
of functionals, it is easy to spot the link between weak solutions and critical points.

Indeed, denoting F(t) = f(; f(s)ds, we can define a functional J : WS’F(Q) —R

by
J(u):/ |Vu|pdx—/F(u)dx—/hudx.
Q Q Q

We know that J is differentiable on W(;’p (2), with

f(u)v:/ |Vu|p_2Vu-Vvdx—/f(u)vdx—/hvdx.
Q Q Q

Hence, a critical point of J is exactly a weak solution of (2.48) in the sense previ-
ously stated.

Remark 2.6.7 The procedure to obtain a classical solution from a weak one is more
problematic in the case of quasilinear equations. Indeed, a weak solution which
is regular enough is also a classical solution, but the regularity results for weak
solutions of p-Laplacian equations that have been obtained so far are not completely
satisfactory: weak solution may be not regular enough to be also classical solutions.
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We conclude with a simple existence result for equations with right-hand-side
independent of u.

Theorem 2.6.8 Let Q@ C RV be a bounded open set and let p > 1. Let p’ = # be

the conjugate exponent of p. Then, for every h € L”,(Q), the problem
{ —Apu=h inQ,

u=>0 on 02 (2.49)

has a unique (weak) solution.

Proof Define a functional J : WO1 "7(Q) — R by

1
J(u):—/ |Vu|pdx—/hudx.
pJa Q

We know that J is differentiable on Wol’p (2) with
J (w)v :/ IVu|?2Vu - Vodx — / hvdx.
Q Q

It is well known that the function x — |x|?, x € R", is strictly convex. From this, it
is easy to deduce that J is strictly convex. Moreover,

1 1
J) = —lull” = 1hlpylulp = —llull” = Cllull,
p p

so that J is coercive because p > 1. Applying Theorems 1.5.6 and 1.5.8, we find
that J has a unique critical point which is the unique (weak) solution of Problem
(2.49). d

Remark 2.6.9 Notice that the previous theorem holds for any p > 1.

Remark 2.6.10 In Sect. 1.6 we have seen similar results. In that case we dealt with
linear equations, and it is well known that they can be solved by different methods,
for example by a straightforward application of the Riesz Theorem 1.2.9. On the
contrary, (2.49), being quasilinear, cannot be treated by the standard methods of the
linear theory, available for example for (1.22) and (1.23). Variational methods give
an unified treatment for linear and nonlinear problems.

2.6.2 Two Applications

We start with a nonlinear eigenvalue problem. Indeed, it is possible to generalize part
of the theory and of the results concerning linear eigenvalue problems to nonlinear
problems. Nonlinear eigenvalue problems are a largely studied subject in recent
research. For some references on these topics, start for example from [20].

Recall that in the Banach space Wol‘p(Q) we use the norm |ju||? = fQ |VulP dx.
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Theorem 2.6.11 Ler Q C RN, N > 3, be a bounded open set and let 1 < p < N.
Define

, Jo | Vul? dx . lJull?
wewpr @) Jolul?dxuewir@nor lulp

Then w is positive and is achieved by some u € WO1 P (Q) \ {0}. The function u can
be chosen nonnegative and satisfies (weakly)
{ —div(|Vu|/’_2Vu) =puP~! inQ,

u=0 on 092. (2.50)

Proof Foru e WO"” (), set I(w) = |lull”, J (u) = |u|, and define the quotient func-
tional Q : Wy'” (Q)\{0} — R as

I(u)

J(u)

Qu) =

Then

w= 1i}{lf O(u).
ueWy " (\{0}

The Poincaré inequality immediately gives p > 0. Let {uy}; be a minimizing se-
quence. Clearly |uy| is also a minimizing sequence for Q, so we can assume that
ur(x) > 0 ae. in 2. As the functional Q is homogeneous of degree zero, i.e.
Q(Au) = Q(u) for every A € R, we can normalize uy by setting |uy|, =1 for ev-
ery k. Then we see that J(ug), namely the WP norm of uy, must be bounded
independently of k.

By the Sobolev embeddings (Theorem 2.6.2), we deduce that, up to subse-
quences,

o up — uin Whr(Q);

o up — uin LP(Q);

e ur(x) — u(x) a.e.in Q;

In particular, J(u) = 1 and u(x) > 0 a.e. Then, by weak lower semicontinuity of the
norm,

Q(u) =1 ) <liminf I (uy) = liminf Q(ue) = .

sou € Wy’ (@)\{0) and Q(u) = .
We have seen in the preceding subsection that / and J are differentiable. Then
sois Q, and

o' wv= ﬁ (I'(wyv — Q) J (u)v).

Since u is a minimum point for Q, we obtain Q’(x) = 0 and therefore
I'(wyv=0w)J (v =nd Wv
for every v € WO1 "7 (), which is nothing but the weak form of (2.50). O
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We give a last result, concerning existence of a minimum for a coercive func-
tional involving the p-Laplacian. This result generalizes Theorem 2.1.5.

Theorem 2.6.12 Let Q be an open bounded subset of RN, N > 3, and let
I <p<N.Let f:R— R be a continuous function such that

[f(O| <a+blt]?"! VieR,

where a,b > 0 and 1 < q < p. Then, for all h € L” (), where p’ = %, there
exists a weak solution of the problem
{ —dv(IVulP V) = f) +h(x) inQ,

u=0 on 082. @51

Proof We consider the functional 1 : Wé "P(Q) — R defined by

I(u):l/ |Vu|pdx—/ F(u)dx—/hudx
pJa Q Q

1
=—||u||p—/ F(u)dx—fhudx,
p Q Q

where as usual F(t) = fot f(s)ds. The hypotheses on f immediately imply that
F(t) <aj + by]t]?, and therefore, by the Holder and Sobolev inequalities,

1
I(u) = ;Ilullp — C1 — Calulg — C3lhlylulp = C([lull? = Nl — flull — 1),

which shows that I is coercive because ¢ < p. Thus, any minimizing sequence uy
for I is bounded in WOl "P(Q). Then we can extract a subsequence, still denoted

uy, that converges weakly to some u € Wol’p (£2); by compactness of the Sobolev
embedding, we can make sure that it also converges strongly in L4 (£2). Weak lower
semicontinuity of the norm and the usual arguments show that the weak limit « is a
minimum point for 7. This gives I’ (u) = 0, which is the weak form of (2.51). [

2.7 Exercises

1. Let X be a complete normed space, and let a : X x X — R be a continuous
bilinear form. Let ¢ : X — R be the associated quadratic form, ¢ (1) = a(u, u).
Consider the following statements.

(@ Yuz#0,¢) > 0.

(b) Timyjy— o0 ¢ (1) = +o00.

(c) There exists o > 0 such that for every u € X, ¢ (u) > a||u|>.

Prove that if X has finite dimension, then (a), (b) and (c) are equivalent. Prove
that if X is infinite dimensional, then (¢) <= (b) = (a), but (a) needs not
imply (b) or (c).
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. Let Abean N x N symmetric matrix. Prove that A has at least one eigenvalue

by maximizing the function ¢ : R¥ — R defined by ¢ (x) = Ax - x constrained
on the unit sphere of RV,

. Let f : R — R be continuous and satisfy f(t) = 0if + < 0. Assume that

t
t— @ is strictly decreasing on (0, +00)

and denote o = lim,_, o+ @ and B =lim;_ 4o @

Let Q C RY be a bounded open set. Prove that if the problem

—Au= f(u) in €2,
u>0 in 2,
u=20 on 082

has a solution, then & > A1 and B < A;. Hint: multiply the equation by ¢;.

.Let Q Cc RN, with N > 3, be open and bounded, & € L*°(22)\{0} and

2 < p < 2%, and consider the problem

—Au=h@)|ulP2u in$,
u=0 on 0Q2.

(a) Prove thatif h(x) <0 a.e. in €2, the problem has no nontrivial solutions.
(b) If A(x) > 0 on a set of positive measure, prove that the problem has at least
one nontrivial solution. Hint: consider the set

M= {u € HI(Q) ’ / h(x)|ul? dx = 1},
Q

prove that M # () and argue as in Sect. 2.3.1.

. Let Q c RV, with N > 3, be open and bounded, and let a € L°°(R2) satisfy

a(x) > 0 ae. in Q. Take p € (2,2*). Assume that the differentiable functional
0: H}(2) \ {0} — R defined by

_ fQ|Vu|2dx
Q) = Ol dy2ir

has a critical point v. Show that a multiple of v is a weak solution of the problem

—Au=a@)|ulP2u in<,
u=20 on 0L2.

Hint: recall Example 1.3.16.

. Let Q c RV, with N > 3, be open and bounded, let a, b € C(ﬁ)\{O} and let

2 < p <q <?2* Assume that b > 0 in  and that for a.e. x, a(x) # 0 implies
b(x) # 0. Consider the problem
—Au=a@)|ulP2u+bx)ul?2u in <,
{ u=0 on 9L2. (2.52)
(a) Write down an energy functional I such that I’ () = 0 if and only if u is a
weak solution for this problem.
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(b) Prove that the set

N = {u € HH ()

ﬂ(u)u:O,/ b(x)|u|"dx>0}
Q

is not empty.
(c) Prove that there exists a minimum point u for I on N such that u > 0.
(d) Prove that the minimum is a weak solution of (2.52).
7. Let Q C RN , with N > 3, be open and bounded, and take numbers r, p such
that | <r <2 < p < 2*. Consider the problem

—Au=ulP2u—ul""%u inQ,
u=0 on 0%2.

Define the energy functional and the Nehari manifold for this problem, and
prove the existence of a non trivial solution via minimization on the Nehari
manifold.

8. Let © be an open and bounded subset of RY, with N > 3. Take p € (2,2*] and
define

JolVul?dx

mn —_———
uEHA(Q) (fQ|u|[7dx)2/[7
u#0

Sp =

This number is positive by the Sobolev embedding Theorem 1.2.1. Consider the
functional I : HO1 (2) — R defined by

1 .1
Tw)== | |Vu|"dx — — | |u|’dx
2Jq rla

and let V be the Nehari manifold associated to . Prove that

. 1 1\ 5%
inf Iw)=|-—-—|S)".
ueN 2 P
9. Prove Theorem 2.6.6 by modifying the argument of Example 1.3.20.

10. Let © c RY, with N > 3, be open and bounded, and let | < p < N and p <
r < g < p*. Consider the p-Laplacian problem

—Apu= " 2u 4+ |u|9%u  in S,
u=0 on 0L2.

Define the energy functional and the Nehari manifold for this problem, and
prove the existence of a non trivial solution via minimization on the Nehari
manifold.

2.8 Bibliographical Notes

e Section 2.1: The techniques presented in this section apply to much more general
cases, for instance to quasilinear problems. The direct methods of the Calculus of
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Variations, built upon the two notions of coercivity and weak lower semicontinu-
ity have been developed enormously and allow one to deal with general function-
als depending on x, u and Vu. See Chap. 1.1 in Struwe [45], or Giusti [21] for a
vast description of these problems.

Section 2.2: The abstract structure behind it is a particular case of the Ky Fan—Von
Neumann Theorem. The content of the section is a simplified version of a result
from Kavian [26]. Min—maximization under convexity and concavity assump-
tions is one of central themes of convex analysis. A comprehensive treatment of
it, with applications to differential problems, can be found in the book [19] by
Ekeland and Temam.

Section 2.3: The failure of the direct method (minimization) for problems with
superlinear growth due to the fact that the functionals are not bounded from be-
low led to the idea of constraints. Some problems in mechanics and geometry
were the main motivations for the introduction of artificial constraints. The Ne-
hari manifold was introduced in Nehari [36] in the context of ordinary differential
equations. A modern review on superlinear Dirichlet problems is Bartsch, Wang,
and Willem [8].

Section 2.4: The question whether “perturbations” can destroy existence results
has been widely analyzed in the last few years, especially when the unperturbed
problem possesses infinitely many solutions (as is the case for odd nonlinearities).
The interested reader can read Rabinowitz [43], or Chap. I1.7 of Struwe [45] and
the references therein. The reading however requires more sophisticated tech-
niques than those described in these notes.

Section 2.5: The method of minimization on the Nehari manifold is particularly
useful for nonhomogeneous nonlinearities, for which minimization on spheres
does not apply. A rather detailed exposition can be found in the books by
Willem [48], and Kuzin—PohoZaev [27]; the applications given in [27] however
concern problems on unbounded domains, which we treat in Chap. 3.

Section 2.6: There is by now a vast literature on problems involving the
p-Laplacian. A good starting point is Garcia Azorero and Peral [20]. A sys-
tematic treatment of many questions concerning the p-Laplacian can be found in
the book by Lindqvist [30].
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