
Preface

This book is an introduction to the study of a wide class of partial differential equa-
tions, namely semilinear elliptic problems, through the application of variational
methods and critical point theory. Semilinear elliptic equations arise in a variety of
contexts in geometry, physics, mechanics, engineering and, more recently, in life
sciences. None of these fields can be investigated without taking into account non-
linear phenomena, and variational methods, as a branch or an evolution of the Cal-
culus of Variations, are almost entirely concerned with nonlinearity. The theory has
attained a spectacular success in the last thirty-or-so years, reaching a high level of
complexity and refinement, and its applications are scattered throughout thousands
of research papers. Furthermore, some of the simplest methods within the varia-
tional approach are nowadays classical tools in the field of nonlinear differential
equations as fixed point and monotonicity methods are. They have become, in other
words, part of the toolbox that any researcher in the field is supposed to have at
hand.

This poses a stimulating problem: how to teach variational methods and semi-
linear elliptic equations to upcoming generations of students. In our teaching ex-
perience, we have noticed a recurrent phenomenon. Up to a certain grade, students
possess a rather general knowledge of basic principles, for instance in Functional
Analysis. At the next step however they are often confronted with problems taken
from real research. This creates a gap that students generally fill in by themselves,
following a path of hard work that requires a great deal of commitment and self-
discipline.

Both of us have been teaching courses on the topics collected in this book for a
number of years in various Italian universities, and the didactic demand that we en-
countered was almost always located in the gap described above. We found that the
many excellent existing books on variational methods and critical point theory (e.g.
[2, 18, 26, 35, 43, 45, 48]), all of them deservedly well-known internationally, are
sometimes problematic for classroom use, precisely because they are too complete,
or too long, or too advanced.

Hence, the purpose of this book, derived directly from classroom experience, is
that of providing a support to the students and the teacher engaged in a first course
in semilinear elliptic equations. We have tried to write a textbook that matches what
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we normally write on the blackboard in class. This is why the topics are introduced
gradually, and in certain cases some redundancy is purposely added, to stress the
fundamental steps in the building of the theory. As a consequence, in this book the
reader will not find any sophisticated results, or fancy applications, or fashionable
examples, but rather a first overview on the subject, in a sort of “elliptic equations for
the layman”, where all the details are written down. Every abstract result is imme-
diately put into action to show how it works to solve an elliptic problem, reflecting
the fact that the theory was developed with the intent of treating ever larger classes
of equations. We believe that in this way the reader will be able not only to have the
tools at hand, but also to see how they really act when applied to concrete problems.
In the applications, we limited ourselves to the discussion of Dirichlet boundary
value problems. While this is certainly reductive, it provides nonetheless a unified
thread throughout the book, and has the advantage of introducing the student to the
most common type of boundary conditions. Other types of problems can then be
understood with a minimal effort, and the existing literature provides extensions of
all sorts for the interested reader.

The contents of this book require a general preparation in analysis, including
some notions of Functional Analysis, and some knowledge of the most common
function spaces, such as Lebesgue and Sobolev spaces. These are all notions usually
taught in undergraduate courses throughout the world. In any case, whenever we
quote a result without proving it, we provide precise references for consultation.

These notes are to be used by two possibly distinct categories of students: those
who need to know how some types of nonlinear problems can be handled, and who
need the basic working tools from the variational approach and critical point theory,
as well as students who are oriented towards research in the field of nonlinear dif-
ferential equations. Clearly if for the former this book may be the last they read on
the subject, for the latter it should be just the first. We set the level of these notes
between a graduate course and a first year PhD course. Mathematicians, physicists
and engineers are the natural audience this book is addressed to.

The material is divided into four chapters. The first one is an introduction, and
contains a review of differential calculus for functionals, with many examples, and
a few basic facts from the linear theory that will be used throughout the book. Con-
vexity arguments complete the discussion providing the first examples of existence
theorems.

Chapter 2 introduces the fundamentals of minimization techniques, for it is well-
known that the simplest way to obtain a critical point of a functional is to look for
a global extremum, which in most of the cases is a global minimum. However, for
indefinite (unbounded) functionals, although global minimum points cannot exist,
minimization techniques can still be profitably used by constraining the functional
on a set where it is bounded from below. Typical examples of such sets are spheres
or the Nehari manifold. The unifying feature of this chapter is the fact that all prob-
lems share some compactness properties that simplify the convergence arguments.
A final section contains some examples of quasilinear problems, to show how the
methods constructed for semilinear equations can be easily applied to more difficult
problems.
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On the contrary, Chapter 3 is still devoted to minimization techniques, but this
time the examples are all taken from problems that lack compactness. Typically
this may happen when the domain on which the equation is studied is not bounded
or when the growth of the nonlinearity reaches a critical threshold. The chapter
discusses some of the most common ways to overcome these problems, that are
often very hard to solve. Of course only some prototype cases are presented, which
is in the spirit of these notes.

Chapter 4 introduces the reader to the more refined variational methods, where
minimization is replaced by minimax procedures. The methods are first introduced
in an abstract setting, so that the reader can dispose of a general principle that is
suited to handling more sophisticated procedures, beyond the scope of this book.
Then we concentrate on the two most popular and widespread results: the Mountain
Pass Theorem and the Saddle Point Theorem, each discussed with applications to
the specific problems that motivated them.

Each chapter is accompanied by a selection of exercises, some of them guided,
to test the reader’s ability to refine and put into action the techniques just discussed.

A short bibliographical note closes each chapter: the interested reader can find
there suggestions for further reading, mainly taken from more advanced books or
from the celebrated papers that first solved the problems discussed in the text.

Marino Badiale
Enrico Serra

Torino, Italy
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