
Chapter 2
Decentralized Control of Nonlinear Systems I

In this chapter, we examine decentralized control techniques for classes of nonlinear
interconnected systems. We identify classes for the system structure along with the
underlying assumptions and emphasize the information and design constraints. The
subsequent sections focus on a class of large-scale interconnected minimum-phase
nonlinear systems with parameter uncertainty and nonlinear interconnections. The
uncertain parameters are allowed to be time-varying and enter the systems nonlin-
early. The interconnections are bounded by nonlinear functions of states. The prob-
lem we address is to design a decentralized robust controller such that the closed-
loop large-scale interconnected nonlinear system is globally asymptotically stable
for all admissible uncertain parameters and interconnections. It is shown that de-
centralized global robust stabilization of the system can be achieved using a control
law obtained by a recursive design method together with an appropriate Lyapunov
function.

The problem of decentralized output-feedback tracking with disturbance atten-
uation is addressed for a new class of large-scale and minimum-phase nonlin-
ear systems. Common assumptions like matching and growth conditions are not
required for the underlying decentralized system with a diagonal structure. An
observer-based decentralized controller design is presented. The proposed decen-
tralized output-feedback laws achieve asymptotic tracking and internal Lagrange
stability when the disturbance inputs disappear, and, guarantee external stability in
the presence of disturbance inputs. These external stability properties include Son-
tag’s ISS and iISS conditions and standard L2-gain property.

2.1 Classes of Nonlinear Interconnected Systems

In what follows, we summarize the classes of nonlinear interconnected systems
(NIS) that will be treated in the subsequent sections. We focus on the features of
each class before addressing the topics of stability analysis and decentralized output-
feedback control design.
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12 2 Decentralized Control of Nonlinear Systems I

2.1.1 Class I

In recent years, modern control methods have found their way into decentralized
design of interconnected systems leading to a wide variety of new concepts and re-
sults. This includes, but not limited to, the framework of H∞/H2 design and linear
matrix inequalities (LMIs) [1] which has been shown [6, 44] to be very attractive
particularly when coping with high dimensional systems. Applications having so-
phisticated theoretical generalizations of the underlying concepts have been in con-
trol of multi-agent systems, such as platoons of vehicles on highways and in the air,
interconnected spatially-invariant systems, and large-scale power systems [5–7]. It
turns out that, the decentralized control designs imply, either explicitly or implicitly,
that the system, with local feedback loops closed around the subsystems, remains
stable despite changes in its interconnection topology [4, 60, 66, 67].

2.1.1.1 System Description

According to this class, a nonlinear interconnected system S is considered to be
composed of a finite number N of subsystems represented by

Sj : ẋj = Ajxj + Bjuj + hj (t, x),
(2.1)

yj = Cjxj ,

where xj ∈ �nj , uj ∈ �mj and yj ∈ �pj are the subsystem state, input and output
vectors, respectively, x = [xt

1, . . . , x
t
N ]t is the global state vector with

∑N
i=1 nj = n

and hj (t, x) : �n+1 → �nj are piecewise continuous vector functions in both argu-
ments, satisfying in their domains of continuity the following quadratic inequalities

ht
j (t, x)hj (t, x) ≤ σ̃−2

j xt H̃ t
j H̃j x, (2.2)

where σ̃j > 0 are bounding parameters and H̃j are constant αj × n matrices, j =
1, . . . ,N .

The interconnected system can be represented as

S: ẋ = Ax + Bu + h(t, x),
(2.3)

y = Cx,

where

u = [ut
1, . . . , u

t
N ]t , y = [yt

1, . . . , y
t
N ]t ,

h(t, x) = [h1(t, x)t , . . . , hN(t, x)t ]t

are the global input, output and interconnection vectors, respectively, with
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N∑

i=1

mj = m,

N∑

i=1

pj = p,

A = diag[A1, . . . ,AN ], B = diag[B1, . . . ,BN ], C = diag[C1, . . . ,CN ]
and h(t, x) is the global interconnection function. Proceeding further, define H̄ t =
[Ht

1

... . . .
... H t

N ], where H̃j , j = 1, . . . ,N , are defined in (2.2), and

Γ̃ = diag[γ̃1Iα1, . . . , γ̃NIαN ], γ̃j = ᾱ−2
j , Iαj ∈ �αj×αj

then, it is always possible to find matrices H,Γ such that

h(t, x)th(t, x) ≤ xt H̄ t Γ̄ −1H̄x ≤ xtH tΓ −1Hx, (2.4)

where

H = diag[H1, . . . ,HN ], Hj ∈ �αj ×nj , Γ = diag[γ1Iα1, . . . , γNIαN ],
j = 1, . . . ,N.

It is not difficult to show that matrices H and Γ satisfy

λM(H̄ t H̄ )min
i

γ̄j ≤ max
i

γj min
i

λmin(HjH
t
j )

represent a possible choice; different structures can be chosen in accordance with
the problem under consideration, see [55, 58] for further elaboration.

Remark 2.1 The main feature of this class is its suitability to develop an LMI-based
method for designing dynamic output feedback for robust decentralized stabiliza-
tion of interconnected systems. This scheme is selected as a methodological basis
for several reasons [55]. First, the method applies to systems composed of linear
subsystems coupled by nonlinear interconnections. This type of model is attractive
since, in most practical situations, local subsystem models are known with suffi-
cient precision to make the linearization successful, while the interconnections are
largely unknown: only their bounds are available for control design. Second, the
scheme allows for maximization of interconnection bounds, and third, the result-
ing closed-loop system is connectively stable. Elaborations of the basic scheme in
[55] presented in the literature have been related either to the state feedback [55], or
to output feedback schemes containing an observer of Luenberger type [9, 46–54,
56–65, 67–89].

As will be shown later on that by assuming decentralized dynamic linear out-
put feedback with a general structure, we apply the classical methodology of H∞
controller design [6, 11, 24] to the basic scheme from [55]. As a result, a new two-
step LMI-based design procedure is obtained, providing at the first step the block-
diagonal Lyapunov matrix, together with the robustness degree vector, and at the
second step the decentralized controller parameters.
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2.1.2 Class II

Large-scale systems, frequently consisting of a set of small-interconnected subsys-
tems, can be found in many applications such as electric power systems, indus-
trial manipulators, computer networks, to name a few. On one hand, the central-
ized control of these systems is usually infeasible mainly due to the requirement
of a formidable amount of information exchange. In this regard, decentralized con-
trol is often preferable [60] whereby a control law based only on local informa-
tion is designed and implemented. In view of the interconnections among subsys-
tems, the design of a decentralized control is in general more difficult than that
of a centralized control. On the other hand, due to their complexity, exact model-
ing of large-scale systems is usually impossible. Therefore, it is of practical sig-
nificance that decentralized control must reflect such design constraints by taking
into account possible modeling uncertainties. Usually, the uncertainties for inter-
connected systems appear not only in local subsystems but also in interconnec-
tions.

From the literature, decentralized robust control for interconnected linear sys-
tems with uncertainties satisfying the so-called strict matching conditions was in-
vestigated in [3, 17, 56] and references cited therein. The interconnections among
subsystems treated in these works are mostly bounded by first-order polynomials.
It was pointed out in [13, 18, 38, 56] that interconnected systems with a decentral-
ized control based on the first-order bounded interconnections may become unsta-
ble when the interconnections are of higher order. Decentralized robust stabiliza-
tion was considered in [20] for systems with interconnections bounded by some
nonlinear functions and uncertainties satisfying the so-called matching conditions.
Decentralized adaptive control for a class of interconnected nonlinear systems was
proposed in [22, 25] based on exact linearization by following the development of
centralized control of nonlinear systems [23, 32, 39] and where the strict matching
condition was relaxed and higher-order interconnections among subsystems were
introduced.

2.1.2.1 System Description

The second class of systems considered in this chapter looks at a large-scale non-
linear system as comprised of N interconnected subsystems with time-varying un-
known parameters and/or disturbances entering nonlinearly into the state equation.
The j th subsystem is given as

żj = fi0(zj , xj1) + gj0(zj , x̄j0,Zj ,Yj ; θ)xj1,

ẋj1 = xj2 + gj1(zj , x̄j1,Zj ,Yj ; θ),

ẋj2 = xj3 + gj2(zj , x̄j2,Zj ,Yj ; θ),

... (2.5)
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ẋj,rj −1 = xj,rj + φj,rj −1(zj , x̄j,rj −1,Zj ,Yj ; θ),

ẋj,rj = vj + φj,rj (zj , x̄j,rj ,Zj ,Yj ; θ),

yj = xj1,

where x̄j,k = [xj1 xj2 . . . xjk]t with x̄j0 = xj1, xj = x̄jrj , (zj , xj ) is the state vector
of the j th subsystem with

zj ∈ �nj −rj , Zj = [zt
1 zt

2 . . . zt
j−1 zt

j+1 . . . zt
N ]t ,

Yj = [y1 y2 . . . yj−1 yj+1 . . . yN ]t

and vj ∈ � is the control input, yj ∈ � is the output, θ is a vector of unknown,
time-varying piecewise continuous parameters and/or disturbances which belong to
a known compact set Ω , the vector fields fj0 and φjk are smooth with fj0(0,0) = 0
and gjk(0,0,0,0; θ) = 0, ∀θ ∈ Ω , 1 ≤ j ≤ N , 0 ≤ j ≤ rj . Observe that the vector
(gjk), k = 0,1,2, . . . , rj , represents the interconnections of the ith subsystem with
the other subsystems.

Remark 2.2 In what follows, we consider the decentralized robust control prob-
lem for a wider class of interconnected systems with partially feedback linearizable
subsystems and nonlinear parameterization of time-varying parametric uncertainty.
Observe from (2.5) that the interconnections involve the zero-dynamics and out-
puts of other subsystems. This is in contrast to [25] where an adaptive stabilization
was considered for a class of interconnected nonlinear systems whose subsystems
are exactly feedback linearizable and with linear parameterization of parameter un-
certainty. Geometrical conditions on the isolated subsystems and interconnections
such that the interconnected nonlinear systems are transformable into the so-called
decentralized strict feedback form has been characterized in [25].

Remark 2.3 Similar to the centralized case discussed in [35, 40], the zero dynamics
of each subsystem in (2.5) are independent of the uncertain parameter vector θ .

In the sequel, we assume that nj = n, rj = r,1 ≤ j ≤ N . Then, by considering
yj = xj1, system (2.5) becomes

żj = fj0(zj , xj1) + gj0(zj , x̄i0,Zj ,Xj1; θ)xj1,

ẋj1 = xj2 + gj1(zj , x̄j1,Zj ,Xj1; θ),

ẋj2 = xj3 + gj2(zj , x̄j2,Zj ,Xj1; θ),

(2.6)...

ẋj,r−1 = xj,r + gj,r−1(zj , x̄j,r−1,Zj ,Xj1; θ),

ẋj,r = vj + gj,r (zj , x̄j,r ,Zj ,Xj1; θ),

where Xj1 = Yj = [x11 x21 . . . xj−1,1 xj+1,1 . . . xN1]t .
The following assumptions are made for system (2.6).
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Assumption 2.1 There exist some smooth real-valued functions

Vj0(zj ), j = 1,2, . . . ,N,

which are positive definite and proper (radially unbounded), such that

∂Vj0

∂zj

fj0(zj ,0) ≤ −νj‖zj‖2, 1 ≤ j ≤ N, (2.7)

for some positive real numbers νj > 0.

Assumption 2.2 The nonlinear interconnections gjk in (2.6) satisfy

|gjk(zj , x̄jk,Zj ,Xj1; θ) − φjk(zj , x̄jk,0,0, θ)|

≤
N∑

�=1

ηjk�(zj , x̄jk)[ζ 0
jk�(‖zl‖)‖zl‖ + ζ 1

jk�(z�, x�1)|x�1|]

≤
N∑

�=1

ηjk�(zj , x̄jk)ζjk�(‖(z�, x�1)‖), (2.8)

for any θ ∈ Ω , ηjk�(·), ζ 0
jk�(·) and ζ 1

jk�(·), � = 1,2, . . . ,N , 0 ≤ k ≤ r , 1 ≤ j ≤ N

are nonnegative smooth functions with ζ 0
jki(·) = ζ 1

jkj (·) ≡ 0.

Remark 2.4 By the well-known converse Lyapunov theorem [29, 31], the zero
dynamics of each subsystem are globally asymptotically stable if and only if
there exists a positive definite and proper Lyapunov function Vj0 such that
(∂Vj0/∂zj )fj0(zj ,0) < 0, ∀zj 
= 0. Indeed, the requirement (2.7) is more restric-
tive than this. However, a globally exponentially minimum-phase nonlinear system
(that is, the zero-dynamics of the system are globally exponentially stable) always
satisfies condition (2.7).

Remark 2.5 The interconnections in Assumption 2.2 are very general, including
many types of interconnections considered in existing literature as special cases,
for example, interconnections bounded by linear (first-order) polynomials [3], and
higher-order polynomials [56]. By contrast to the work in [3, 20, 27, 56], no match-
ing conditions are imposed for system (2.6).

Later on, we will deal with the decentralized global robust stabilization prob-
lem for system (2.6) satisfying Assumptions 2.1 and 2.2. More precisely, we are
concerned with the design of decentralized robust control laws vj = vj (zj , xj ),
j = 1, . . . ,N , such that the overall closed-loop interconnected system (2.6) with
the control laws is globally asymptotically stable for all admissible uncertainties
and interconnections.
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2.1.3 Class III

Recent years have seen steady progress in the field of decentralized control of both
linear and nonlinear systems. Decentralized control issues naturally arise from con-
trolling large complex systems found in the power industry, aerospace and chemi-
cal engineering applications, and telecommunication networks, to name only a few.
Among the main characteristics of decentralized control are the dramatic reduc-
tion of computational complexity and the enhancement of robustness and reliability
against interacting operation failures. Many researchers have made significant con-
tributions to the development of decentralized control theory for large-scale, or in-
terconnected, dynamic systems ([60] and a rather complete list of earlier references
cited therein).

In Class III of this chapter, we study a broad class of large-scale nonlinear sys-
tems with output measurements. This problem, usually referred to as decentralized
output-feedback control, is technically challenging because of the lack of a general
theory for nonlinear observer design and the nonlinear version of the well-known
“Separation Principle”.

2.1.3.1 System Description

According to this Class III, a large-scale nonlinear system is viewed as comprised
of N interconnected subsystems with time-varying unknown parameters and/or dis-
turbances entering nonlinearly into the state equation. The j th subsystem is given
as

ẋj = Fj (xj ) + Gj(xj )uj + Πj1(y1, . . . , yN)xj + Πj2(y1, . . . , yN)wj , (2.9)

yj = hj (xj ), (2.10)

where 1 ≤ j ≤ N , xj ∈ �nj , uj ∈ � and yj ∈ � represent the state, the single
control input and the single output of the local j th subsystem, respectively, and
wj ∈ �nwj is the disturbance input. Also, Fj ,Gj ,hj ,Λj1 and Πj2 are sufficiently
smooth functions. In the absence of the interacting terms Πj1 and Πj2, the sys-
tem (2.9)–(2.10) collapses to an isolated single-input single-output SISO system
and has been extensively studied in the recent literature. Various constructive con-
trol algorithms have been developed for large classes of centralized nonlinear sys-
tems in special normal forms. Similar questions in the decentralized context should
be addressed, that is, in the presence of strong interactions among local systems
of the form (2.9)–(2.10). In the sequel, attention is focused on large-scale dynamic
systems of type (2.9)–(2.10) transformable to

żj = Qjzj + fj0(y1, . . . , yN) + pj0(y1, . . . , yN)wj ,

ẋj1 = xi2 + fj1(y1, . . . , yN) + gj1(y1, . . . , yN)zj + pj1(y1, . . . , yN)wj ,

... (2.11)
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ẋjnj
= uj + fjnj

(y1, . . . , yN) + gjnj
(y1, . . . , yN)zj + pjnj

(y1, . . . , yN)wj ,

yj = xj1,

where for each 1 ≤ j ≤ N , zj ∈ �nzj and xj = (xi1, . . . , xinj
) ∈ �nj are the states of

the ith transformed subsystem. For every j , Qj is a constant matrix with appropriate
dimension, fjk , gjk and pij are known and smooth functions.

In the sequel, the following minimum-phase condition is assumed.

Condition A For every 1 ≤ j ≤ N,Qj is a Hurwitz matrix.

The structure involved in (2.11) is commonly utilized in the past literature in both
centralized and decentralized control, the reader is referred to [20, 23, 26, 32, 40,
48, 56, 80]. In view of the existing results on geometric nonlinear control [23, 29,
32, 40], necessary and sufficient geometric conditions can be easily derived under
which a nonlinear system (2.9), (2.10) is transformed into (2.11), yielding the so-
called “disturbed decentralized output-feedback form”.

Remark 2.6 It is worth noting that the nonlinearities in (2.9) depend only on the out-
put y = (y1, . . . , yN) and that the unmeasured states Xj [zj , xj2, . . . , xjnj

] in (2.11)
appear linearly. This feature is found appealing in recent studies in global output-
feedback control for both centralized and decentralized nonlinear systems, in the
framework of robust and/or adaptive control. As a matter of fact, simple counterex-
amples found in [43] reveal the fundamental limitation of global output-feedback
control for systems with strong nonlinearities due to unmeasured states. For ex-
ample, it has been shown in [43] that there is no continuous (static or dynamic)
output-feedback control law that can globally asymptotically stabilize a nonlinear
system ẋ1 = x2, ẋ2 = xn

2 + u with output y = x1 whenever n ≥ 3.

2.2 Dynamic Output Feedback: Class I

The objective of this section is to propose an approach to robust stabilization of sys-
tems which are composed of linear subsystems coupled by nonlinear time-varying
interconnections satisfying quadratic constraints. The proposed algorithms, which
are formulated within the convex optimization framework, employ linear dynamic
feedback structure involving local Luenberger-type observers. It is also shown how
the new methodology can produce improved results if interconnections have linear
parts that are known a priori. Examples of output stabilization of inverted pendu-
lums and decentralized control of a platoon of vehicles are used to illustrate the
applicability of the design method.

With the emergence of the powerful convex optimization toolboxes involving
linear matrix inequalities (LMIs), solving problems of controller design within the
convex optimization framework became very attractive, see [1, 6, 10, 11, 14, 21,
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24, 61]. Of wide-spread interest have been the control problems of formulating suf-
ficient conditions for computing output feedback control laws using convex opti-
mization methods due to the fact that the necessary and sufficient conditions are
known to be non convex, in general. These problems become increasingly more dif-
ficult to solve when decentralized information structure constraints are imposed in
the control design [2, 15, 16, 49, 59, 83, 85]. These information structures can be
found in important applications, such as power systems [86], control of formations
of unmanned vehicles [65] and control of large structures [34], to name few.

2.2.1 Observer-Based Control Design

In what follows, we propose novel sufficient conditions for the design of decentral-
ized dynamic output controllers in the convex optimization context for stabilization
of interconnected systems with linear subsystems and nonlinear time-varying in-
terconnections. Controllers are designed to guarantee robust stability of the overall
system and, in addition, maximize the bounds of unknown interconnection terms,
starting from the methodology proposed in [55]. In what follows, we adopt here
the controller structure containing local observers of Luenberger type. Several al-
gorithms are proposed in the general case of full order observers, differing by com-
plexity and the degree of interdependence between the observer and the feedback
gains, where no additional constraints on the parameters of the system model are
imposed [46, 58]. It is also shown how the proposed scheme can be used to build
reduced-order observers. Particular attention is paid to the case when linear parts
of interconnections are known a priori, and an algorithm is proposed which takes
advantage of this knowledge to come up with improved results. To illustrate the ap-
plication of the proposed schemes we include two examples, the first dealing with
interconnected pendulums, and the second with the problem of platoons of vehicles
in the case when the velocity and acceleration of the neighboring vehicles are not
accessible.

Reference is made to model of Class I as described by (2.1)–(2.4). To proceed
further, we consider that

1. The dynamic controller F for S is linear,
2. It obeys the decentralized information structure constraint requiring that each

subsystem is controlled using its own local output and
3. It is composed of an observer of Luenberger-type and a static observer state

feedback.

This motivates us to express controller F into the

F: ẇ = Aw + Bu + L(y − Cw), u = Kw, (2.12)

where w ∈ �n is the observer state, with w = [wt
1, . . . ,w

t
N ]t , wj ∈ �nj and

K = diag{K1, . . . ,KN }, L = diag{L1, . . . ,LN }
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represent the global controller parameter matrices while pairs (Kj ,Lj ) determine
the local dynamic controllers.

The resulting closed-loop system Sc = (S,F) can be expressed as

Sc: ż = Acz + hc(t, z), y = Ccz, (2.13)

where z is the state vector. Defining

z = [zt
1, z

t
2]t , z1 = w, z2 = w − x

we obtain

Ac =
[
A + Bk −LC

0 A − LC

]

, Cc = [
C

... −C
]
,

(2.14)
hc(t, z) = [

0
... −h(z1 − z2)

t
]t

.

In view of (2.4), we have now

hc(t, z)
thc(t, z) ≤ ztH t

cΓ
−1Hcz, (2.15)

where Hc = [H ... − H ].
We now address the key feature of dynamic controller F, that is, it must ro-

bustly stabilizes S. According to the results of [55, 58], it is shown that S is ro-
bustly stabilized with vector degree α = [α1, . . . , αN ]t if the equilibrium z = 0 of
the closed-loop system Sc = (S,F) is globally asymptotically stable for all hc(t, z)

satisfying (2.15) for some Hc and Γ .
It turns out that the controller stabilizes the linear part of S and, at the same time,

maximizes its tolerance to uncertain nonlinear interconnections and perturbations.
This is nicely expressed by the following LMI-based formulation:

System Sc = (S,F) is robustly stable with vector degree α if the following prob-
lem is feasible:

min TrΓ

subject to Xc > 0,

⎡

⎣
XcAc + At

cXc Xc H t
c

• −I 0
• • −Γ

⎤

⎦< 0.
(2.16)

It must be observed that, by and large, observer-based feedback design cannot be
completed directly using (2.16). The main reason for this is that the second matrix
inequality is not an LMI in both Xc and the feedback parameter matrix.

Remark 2.7 At this stage we should recall some basic results from [1, 16]. In the
case of state-feedback the problem can be readily transformed into an LMI problem
by a simple change of variables (convexification procedure). However, in the case
of dynamic output feedback the problem becomes far more complex. A decoupled
quadratic Lyapunov function with block-diagonal weighting matrix has been used in
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[58] to determine the dynamic controller parameters. However, the proposed design
procedure imposes additional constraints on the system model characteristics.

In what follows we will provide some modifications of problem (2.16) obtained
by convexifying the constraints. Solutions to these problems will provide guaranteed
feasible solutions to (2.16) and the upper bound of the objective function TrΓ .

2.2.1.1 Full Order Observer

Introducing the following matrices

Q = diag{Q1, . . . ,QN }, Qj ∈ �nj ×nj ,

P = diag{P1, . . . ,PN }, Pj ∈ �nj ×nj ,

W = diag{W1, . . . ,WN }, Wj ∈ �mj ×nj ,

V = diag{V1, . . . , VN }, Vj ∈ �nj ×pj .

For the purpose of simplifying the subsequent analysis, we define the matrix func-
tion

Ψ (S,L,M,Γ ) =
⎡

⎣
S L M

• −I 0
• • −Γ

⎤

⎦ , (2.17)

for some S,L,M,Γ matrices with appropriate dimensions.

Problem 2.1

min TrΓ

subject to Q > 0, P > 0,

Ψ (S1, I,QHt ,Γ ) < 0, Ψ (S2,P ,−Ht,Γ ) < 0,

(2.18)

where S1 = AQ + QAt + BW + WtBt and S2 = PA + AtP − V C − CtV t .

We have the following result:

Theorem 2.1 System S is robustly stabilized by the controller F if Problem 2.1 is
feasible. The controller parameters are given by

K = WQ−1, L = P −1V. (2.19)

Proof In what follows it will be shown that there exists a real number λ > 0 such
that the matrix Xc = diag{λ−1Q−1,P } satisfies LMIs (2.16) for some Γ > 0, where
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P and Q are solutions of Problem 2.1. Substituting (2.14) and Xc into (2.16), we
obtain

⎡

⎢
⎢
⎢
⎢
⎣

λS1 −LC I 0 λQHt

• S2 0 P −Ht

• • −I 0 0
• • • −I 0
• • • • −Γ

⎤

⎥
⎥
⎥
⎥
⎦

< 0. (2.20)

By Schur complements, we obtain the following conditions equivalent to (2.20):

Ξ1 < 0, λΞ3(Γλ) − Ξ2Ξ
−1
1 Ξt

2 +
[
I 0
0 0

]

< 0,

(2.21)
Ξ1 =

[−I P

P S2

]

, Ξ2 =
[

0 −LC

0 −H

]

, Ξ3(X) =
[

S1 QHt

HQ −X

]

,

Γλ = λ−1Γ, X ∈ �n×n.

Now let Γ0 = diag{γ 0
1 Il1, . . . , γ

0
NIlN } is the optimal Γ obtained by solving Prob-

lem 2.1 and define

ν = λmin(Ξ
−1
1 ), a = λM(Ξ2Ξ

t
2), μ = λM(Ξ3(Γ0)).

It is easy to see that Ξ1 and Ξ3(Γ0) represent principal minors of the matrices
Ψ (S1, I,QHt ,Γ0) < 0 and Ψ (S2,P ,−Ht,Γ0) < 0 and hence both eigenvalues μ

and ν are negative.
Selecting Γ = λ∗Γ0, λ

∗ > |θ |/|μ|, θ = −1 + aν and assuming that 0 < λ < λ∗,
it follows that

λM{Ξ3(Γλ)} = λM{Ξ3((λ
∗/λ)Γ0)} ≤ λM{Ξ3(Γ0)} = μ

bearing in mind that λ∗/λ > 1. For this selection of Γ and λ, (2.21) is implied by

μλ − θ < 0, (2.22)

which holds true for |θ |/|μ| < λ < λ∗. Therefore, the desired λ exists and the proof
is completed. �

Remark 2.8 The local robustness degrees defined by

αj = 1
/√

γ 0
j |θ |/|μ|, j = 1, . . . ,N

guaranteed from Theorem 2.1 are generally conservative. More realistic values can
be obtained by plugging the controller parameters obtained by (2.19) into (2.16) and
by solving the corresponding minimization problem with variables Xc and Γ . This
will be demonstrated in the numerical examples presented later on.
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Remark 2.9 It is interesting to note that Problem 2.1 implements the separation
principle. The constituent problems

Q > 0, Ψ (S1, I,QHt ,Γ 1) < 0, P > 0, Ψ (S2,P ,−Ht,Γ 2) < 0

can be readily solved independently, the first providing K as in the state feedback
design and the second L, robustly stabilizing the observer, so that

Γ = diag{max(γ 1
1 , γ 2

1 )I�1, . . . ,max(γ 1
N,γ 2

N)I�N
}.

Remark 2.10 An alternative procedure to simplify LMIs in (2.18) is as follows:

Problem 2.2

min TrΓ

subject to Q > 0, P > 0, Ξ3(Γ ) < 0, Ξ1 < 0
(2.23)

while the controller parameters are obtained by using (2.19).

Generally speaking, the achievable robustness degree is lower than the one
obtained by solving Problem 2.1. Specifically, it is possible to show using the
methodology of Theorem 2.1 that if Q0,W0 and Γ0 are obtained by solving Prob-
lem 2.2, then there exist ρ > 0 and β > 1 such that Ψ (ρ(AQ0 + Q0A

t + BW0 +
Wt

0B
t), I, ρQ0H

t,βΓ0) < 0.

By taking into consideration the interdependence between K and L in the LMIs
(2.16), we will attempt to exploit the structure of (2.20) to construct improved algo-
rithms with higher robustness degree.

Problem 2.3

min TrΓ

subject to P > 0, Ψ (S2,P ,−Ht,Γ ) < 0.
(2.24)

1. Use the solutions P,S2,Γ,L = P −1V .
2.

min TrΔ

subject to Q > 0,
⎡

⎢
⎢
⎢
⎢
⎣

S1 I −LC 0 QHt

• −I 0 0 0
• • S2 P −Ht

• • • −I 0
• • • • −Γ Δ

⎤

⎥
⎥
⎥
⎥
⎦

< 0,

(2.25)

where Δ = diag{δ1Il1, . . . , δNIlN }, δj > 0, ∀j .

The following result stands-out:
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Theorem 2.2 System S is robustly stabilized by the controller F if Problem 2.3 is
feasible. Controller parameters are given by (2.19). The robustness degree bounds
are given by αj = 1/

√
γj δj .

Proof It is readily seen that the second inequality in (2.25) is identical to inequal-
ity (2.16) for Xc = diag{Q−1,P }, with Γ replaced by Γ Δ and hence the desired
result. �

Remark 2.11 It should be noted that Steps 1 and 2 have to be performed consecu-
tively and not simultaneously, like in Problems 2.1 and 2.2. Alternative algorithms
could be derived if one takes, for example,

z = [zt
1, z

t
2]t , z1 = x, z2 = x − w,

Ac =
[

A + BK −BK

0 A − LC

]

, Cc = [
C

... 0
]
,

hc(t, z) = [
ht (z1)

... ht (z1)
]t

and arrives at a problem similar to Problem 2.3, in which K is determined in the
first step, and L in the second step.

2.2.1.2 Reduced Order Observer

The results of the foregoing section can be directly extended to the design of con-
trollers with decentralized reduced order observers. For this purpose, we assume
that Cj = [0(nj −pj )×nj

... IP i], pj ≤ nj if xj is divided into

xj = [(xa
j )t , (xc

j )
t ]t , xa

j ∈ �nj −pj , xc
j ∈ �pj

then yj = xc
j and the output wj ∈ �nj −pj of the local reduced order observer is an

estimate of xa
j . Similar to [33], we assume that the local dynamic controllers Fj

have the form:

ẇj = A11
j wj + A12

j yj + B1
j uj + Lj [ẏj − A21

j wj − A22
j yj − B2

j uj ], (2.26)

uj = Gjwj + Jjyj = Kjξj , (2.27)

where

Aj =
[

A11
j A12

j

A21
j A22

j

]

, Bj =
[

B1
j

B2
j

]

,

ξj = [wt
j , y

t
j ]t = [wt

j , (x
c
j )

t ]t .
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Note that differentiation of yj in (2.26) can be avoided by standard transformation
of variables. Defining

ηj = wj − xa
j , ξ = [ξ t

1, . . . , ξ
t
N ]t , η = [ηt

1, . . . , η
t
N ]t

we take z = [ξ t , ηt ]t as a new state vector for Sc = (S,F ), and obtain

Sf : ż =
[
A + BK L̄A12

0 A11 − LA21

]

z + hc(t, z), (2.28)

where

A11 = diag{A11
1 , . . . ,A11

N }, A12 = diag{A12
1 , . . . ,A12

N },
A21 = diag{A21

1 , . . . ,A21
N }, K = diag{K1, . . . ,KN },

L = diag{L1, . . . ,LN }, L̄ = diag{L̄1, . . . , L̄N },
L̄j = [−Lt

j −Ipi

]t
,

hc(t, z) = [[
0t
n1−p1

... hc
1(x)t

]
, . . . ,

[
0t
nN−pN

... hc
N(x)t

]
,−ha

1(x)t , . . . ,−ha
N(x)t

]t

where the decomposition hj (x) = (ha
j (x)t , hc

j (x)t )t is induced by the decomposi-
tion of xj into xa

j and xc
j . This leads to

hc(t, z)
thc(t, z) ≤ α2zt H̄ t

c H̄cz, (2.29)

where H̄c = [H ... − H̄ ], H̄ t = [H̄ t
1

... . . .
... H̄ t

N ], while H̄j is an lj × (nj −pj ) matrix
containing the first nj −pj columns of Hj , having in mind that Hjx = Hjξ − H̄j η.

The structure of the closed-loop model (2.28) shows that controller design can
be entirely based on the methodology developed earlier. Hence, Problem 2.1 and
Theorem 2.1 yield

Corollary 2.1 System S in which

C = diag
{[

0(n1−p1)×p1

... Ip1
]
, . . . ,

[
0(nN−pN)×pN

... IpN

]}
,

pj ≤ j = 1, . . . ,N

is robustly stabilized by the dynamic controller F defined by (2.26), (2.27) if the
following problem is feasible:

min TrΓ

subject to Q > 0, P̄ > 0,

Ψ (S1, I,QHt ,Γ ) < 0,

Ψ (S̄2, P̄ ,−Ht,Γ ) < 0,

(2.30)
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where

S̄2 = P̄A11 + (A11)t P̄ − V̄ A21 − (A21)t V̄ t ∈ �nj −pj ×nj −pj ,

P̄ = diag{P̄1, . . . , P̄N } ∈ �nj −pj ×pj , V̄ = diag{V̄1, . . . , V̄N }.
The controller parameters are obtained by using (2.19).

2.2.1.3 Important Special Case

We now look at the special case where the interconnections between the subsys-
tems Sj in S is known, linear and can be represented by a full matrix As ∈ �n×n

containing off diagonal interconnection blocks, so that A + As becomes the new
state matrix in the linear part of S in (2.2). The function h(t, x) still represents the
unknown part of interconnections.

The foregoing design methodology can be extended to this case while aiming to
exploit the additional a priori information constraint. A point of caution must be
entertained here. By replacing A by A + As in the observer equation for F in (2.12)
one violates the adopted information structure constraint, i.e. the dynamic controller
ceases to be decentralized. Inserting A+As only in the state model (2.3), we obtain

Ac =
⎡

⎣A + BK
... −LC

−Aδ

... A + As − LC

⎤

⎦ .

This fact indicates that the design scheme could now be based on modifying the
problems described in Sects. 2.2.1.1 and 2.2.1.2 by inserting the new information
in the form of As at the corresponding places in the related LMIs. Robust stabi-
lization is achievable however, when the interconnections are sufficiently weak. For
example, Problem 2.1 turns to be:

Problem 2.4

min TrΓ (2.31)

subject to P > 0, Q > 0, (2.32)

Ψ (S1, I,QHt ,Γ ) < 0, (2.33)

Ψ (S2s ,P ,−Ht,Γ ) < 0, (2.34)

where S2s = P(A + As) + (A + As)
tP − V C − CtV t .

Theorem 2.3 The system S with known linear interconnections (modeled by adding
Aδ to A in (2.3)) is robustly stabilized by the decentralized dynamic controller F in
(2.12) if Problem 2.4 is feasible and

δ <
μ2

8θδνδλpλQ

, (2.35)
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where δ = λM(At
sAs), λP = λM(P 2), λQ = λM(Q2), νδ = λm(Ξ−1

1δ ), matrix Ξ1s is
obtained from Ξ1 in (2.21) by replacing S2 with S2s , and θs = −1 + 2avs .

Proof The proof is based on a line of thought similar to that applied in Theorem 2.1.
Inserting

Xc = diag{λ−1Q−1,P }, Ac =
[
A + BK −LC

−As A + As − LC

]

into (2.16) we obtain

⎡

⎢
⎢
⎢
⎢
⎣

λS1 −Lδ I 0 λQHt

• S2s 0 P −Ht

• • −I 0 0
• • • −I 0
• • • • −Γ

⎤

⎥
⎥
⎥
⎥
⎦

< 0, (2.36)

where Ls = LC + λQAt
sP . The last inequality is equivalent to Ξ1s < 0 and

λΞ3(Γs) − (Ξ2 + λΞ2s)Ξ
−1
1δ (Ξ2 + λΞ2δ)

t +
[
I 0
0 0

]

< 0, (2.37)

where

Ξ2s =
[

0 −QAt
sP

0 0

]

.

By similarity to Theorem 2.1, we let P = λ∗Γ0 for some λ∗ > 0, where Γ0 is
the optimal value obtained by solving Problem 2.4. Assume that 0 < λ < λ∗. Then,
(2.37) is implied by

−2δνsλP λQλ2 + μλ − θs < 0, (2.38)

bearing in mind that λM{Ξ3(Γλ)}λM{Ξ3(Γ0)} = μ. Observe that νs < 0 by as-
sumption, as a consequence of the feasibility of Problem 2.4. The existence of
λ > 0 satisfying (2.38) is guaranteed if (2.35) holds, since then we have D =
μ2 − 8δθsνsλP λQ > 0. Consequently, we choose

−μ − √
D

−4δνsλP λQ

= λ1 < λ∗ ≤ λ2 = −μ + √
D

−4δνsλP λQ

,

where 0 < λ1 < λ2 since μ < 0 and
√

D ≤ |μ|, so that λ can take any value in
the interval [λ1, λ

∗]. The local guaranteed robustness degree bounds are now αj =
1/
√

γ 0
j λ1, j = 1, . . . ,N , which concludes the proof. �
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2.2.2 Simulation Example 2.1

Consider the motion of two inverted pendulums connected by a spring which can
slide up and down the rods of the pendulums in jumps of unpredictable size and di-
rection between the support and the height equal to 1 [55]. An appropriate linearized
and normalized model is given by

S: ẋ =

⎡

⎢
⎢
⎣

0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

⎤

⎥
⎥
⎦x +

⎡

⎢
⎢
⎣

0 0
1 0
0 0
0 1

⎤

⎥
⎥
⎦u + h(t, x),

y =
[

1 0 0 0
0 0 1 0

]

x, (2.39)

h(t, x) = e(t, x)Gx, G =

⎡

⎢
⎢
⎣

0 0 0 0
−1 0 1 0
0 0 0 0
1 0 −1 0

⎤

⎥
⎥
⎦ ,

where e(t, x) : �5 → [0,1] represents a normalized interconnection parameter.
It is required to compute a decentralized control law which would connectively

stabilize the system for all values of e(t, x) ∈ [0,1].
A decentralized state-feedback is designed to provide α = 4.4950 with the local

controller gain matrix K = [−725.9085 −40.4346] and the corresponding closed-
loop poles {−20 ± j17.8093}.

Computer simulation shows that the system is not stabilizable by static output
feedback, since two coefficients of the characteristic equation remain fixed to zero
irrespective of the controller parameters.

Turning to dynamic output feedback obtained by the proposed algorithms, Ta-
ble 2.1 provides results on robustness degree α. In this table, Case A corresponds
to the situation in which H = G in the three algorithms from Sect. 2.2.1.1. Case B
refers to H = G with

As =

⎡

⎢
⎢
⎣

0 0 0 0
−0.5 0 0.5 0

0 0 0 0
0.5 0 −0.5 0

⎤

⎥
⎥
⎦

when the algorithms derived from Problems 2.1–2.3 in accordance with the method-
ology of Problem 2.4 and Theorem 2.3. Case C represents the situation with no a

Table 2.1 Robustness degree
α for different algorithms Problem 2.1 Problem 2.2 Problem 2.3

Case A 5.6450 0.3813 21.7304

Case B 4.3840 0.5787 15.2214

Case C 0.6564 0.3191 0.7003
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priori knowledge, when H = I and As = 0, and the algorithms from Sect. 2.2.1.1
are applied.

The ensuing results lead to the conclusion that the best results are obtained
by solving Problem 2.3; the worst case corresponds to Problem 2.2. This is quite
expected. In view of the results of [55], we note that in Case C none of the
algorithms ensures connective stability. For Problem 2.2, connective stability is
achieved only in Case B, when the information about the interconnections is in-
cluded. This corresponds in Case B to have, in fact, e(t, x) = 0.5 + ea(t, x), where
ea(t, x) ∈ [−0.5,0.5], so that any value of α > 0.5 is sufficient for connective sta-
bility. All values of K and L and the corresponding modes are not presented be-
cause of the lack of space. For example, for Problem 2.1 and Case A we have
Kj = [−79.1666 − 11.2883], Lt

j = [27.7711 15.7991], with local closed-loop
poles {−27.2275,−0.5435,−0.5441 ± j6.8052}.

2.2.3 Simulation Example 2.2

This example is concerned with the decentralized control of a platoon of vehicles.
A feedback-linearized state space model of a platoon of N automotive vehicles is
based, according to [65], on the following feedback linearized individual vehicle
model:

ḋj = vj−1 − vj , v̇j = aj , ȧj = −τ−1
j aj + τ−1

j uj , (2.40)

where dj = xj−1 − xj is the distance between two consecutive vehicles, xj−1 and
xj being their positions, vj and aj are the velocity and acceleration of ith vehicle,
respectively, uj the input signal chosen to make the closed-loop system satisfy cer-
tain performance criteria, and τj the time constant of the engine. After obtaining the
overall platoon state space model with the state

X = (d1 − dr, v1 − vr , a1 − ar , . . . , dN − dr , vN − vr , aN − ar)
t

and input

u = (u1, u2, . . . , uN)t ,

where dr, vr , ar are the reference values for inter-vehicle distance, velocity and ac-
celeration, respectively, and applying the state and input expansion by using conve-
nient full-rank linear transformations, the following model in the expanded space is
obtained [65]:

S̃: ξ̇ = Ãξ + B̃ζ, (2.41)

where

ξ = [ξ t
1, . . . , ξ

t
N ]t , ζ = [ζ t

1, . . . , ζ
t
N ]t ,

Ã = diag{A1, . . . ,AN }, B̃ = diag{B1, . . . ,BN }
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with vectors ξj and ζj and matrices Aj and Bj are defined within the formally
defined subsystem models connected to each vehicle:

Sj : ξ̇j = Ajξj + Bjζj

=
[

Al
j 0

Ad Av
j

]

ξj +
[

Bl
j 0

0 Bv
j

]

ζj , (2.42)

with ξj = [vj−1 − vr , ai−1 − ar, dj − dr, vj − vr , aj − ar ]t being the state vector of
j th subsystem, ζj = (uj−1, uj )

t represents its control vector, while

A�
j =

[
0 1
0 τ−1

j

]

, Āt
d =

[
1 0 0
0 0 0

]

, B�
j =

[
0

τ−1
j

]

,

Av
j =

⎡

⎣
0 1 0
0 0 1
0 0 −τ−1

j

⎤

⎦ , Bv
j =

⎡

⎣
0
0

τ−1
j

⎤

⎦ .

This model is treated in [65] where it is shown that a decentralized dynamic
control law can be designed for the expanded system using the methodology from
Sect. 2.2.1.2, supposing that only the subsystem states dj − dr , vj − vr and aj − ar

are exactly known in j th vehicle (subsystem), that is, vj−1 and aj−1 are not acces-
sible in ith vehicle. Applying the results of Sect. 2.2.1.2, the reduced-order Luen-
berger observer for ξ1

j = (vj−1 − vr , aj−1 − ar)
t is given by

ẇj = Al
jwj + Bl

jui−1 + Lj [ξ̇2
j − Ādwj − Av

j ξ
2
j ], (2.43)

where ξ2
j = (dj − dr, vj − vr , aj − ar)

t . The local control law has the following
specific structure:

uj−1 = G1
jwj , uj = G2

jwj + J 2
j ξ2

j , (2.44)

having in mind that (j − 1)th vehicle does not have any information about ith vehi-
cle. Matrices

Kj =
[

G1
j 0

G2
j J 2

j

]

, Lj , j = 1, . . . ,N

can now be obtained by using the algorithm from Corollary 2.1, exploiting the spe-
cific lower-block-triangular structure of Kj .

For τj = τ = 0.1, one obtains:

Gj = G = [−38.6940 −2.1224], G1
j = G1 = [−38.6940 −2.1224],

G2
j = G2 = [0.0095 0.0005],

J 2
j = J 2 = [351.4028 −319.3970 −13.2356],

Lj = L = 104
[

0.0001 0 0
3.2068 0 0

]

, αj = α = 1/4.080
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generating the closed loop poles

102{−1.1480,−0.0116,−0.1561 ± j0.1197,−0.2640,−320.68,−0.00004}.

Obviously, it is also possible to apply the alternative design schemes from
Sect. 2.2.1.1. By using the expansion/contraction matrices as in [60] and [65], the
obtained controller has to be finally contracted to the original space for implemen-
tation.

2.2.4 Simulation Example 2.3

The third example considered here is a linearized two-tank system modeled in the
form (2.1) with data

A1 =

⎡

⎢
⎢
⎣

0.703 0 0.395 −0.320
−0.052 0 0 −0.137

0 0 0 0.619
0 1.028 1.752 0

⎤

⎥
⎥
⎦ , B1 =

⎡

⎢
⎢
⎣

−0.402 0.978
0 0

−0.263 0.159
0 0

⎤

⎥
⎥
⎦ ,

C1 =
[

0.423 0 0 0.317
0 0.137 0.576 0.340

]

,

A2 =

⎡

⎢
⎢
⎣

0.695 0.013 0.315 −0.414
−0.193 0 0 0.258

0 0 0 −0.834
0 0.879 0.978 0.015

⎤

⎥
⎥
⎦ , B2 =

⎡

⎢
⎢
⎣

−0.375 0.888
0 0

−0.249 0.147
0 0

⎤

⎥
⎥
⎦ ,

C2 =
[

0.462 0 0 0.351
0 0.098 0.685 0.742

]

,

h(t, x) = f (t, x)Mx, M =
[
M1 M2
M3 M4

]

,

M1 =

⎡

⎢
⎢
⎣

0 0 0 0
1 0 −1 0
0 0 0 0

−1 0 1 0

⎤

⎥
⎥
⎦ , M4 =

⎡

⎢
⎢
⎣

0 0 0 0
−1 0 1 0
0 0 0 0
1 0 −1 0

⎤

⎥
⎥
⎦ ,

M2 =

⎡

⎢
⎢
⎣

1 0 −1 0
0 0 0 0
0 0 0 0

−1 0 1 0

⎤

⎥
⎥
⎦ , M3 =

⎡

⎢
⎢
⎣

0 0 0 0
−1 0 1 0
1 0 −1 0
0 0 0 0

⎤

⎥
⎥
⎦

and f (t, x) : �4 → [0,1] represents a normalized coupling parameter. Exploring
decentralized control design, we get state-feedback results with local gains as
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K1 =
[−6.222 18.345 28.367 17.793

−1.893 −8.148 −13.479 −8.542

]

,

K2 =
[−13.028 34.718 52.797 33.092

−5.766 12.867 18.465 11.302

]

,

which do not stabilize the two-tank system. On the other hand, the output feedback
gains are given by

K1 =
[−36.856 10.094

15.441 9.313

]

, K2 =
[−12.188 16.158

35.738 2.568

]

,

which stabilize the system with robustness degree α = 3.8436.

2.2.5 Dynamic Control Design

Extending on the foregoing section, we now consider a general linear time-invariant
dynamic controller F for S which obeys the decentralized information structure con-
straint. This entails that each subsystem is controlled using only its own local output.
Therefore,

F: ẇ = Fcw + Lcy, u = Kcw + Gcy, (2.45)

where w ∈ �s is the global observer state, and

w = [
w1 . . . wN

]t
, wj ∈ �sj , s =

N∑

j=1

sj ,

Fc = diag{Fc1, . . . ,FcN }, Lc = diag{Lc1, . . . ,LcN },
Kc = diag{Kc1, . . . ,KcN }, Gc = diag{Gc1, . . . ,GcN }.

For simplicity in exposition, we denote

Jj =
[

Fcj Lcj

Kcj Gcj

]

∈ �sj +mj ×sj +pj

the local controller parameter matrices, and by J = diag{J1, . . . , JN } the global
controller parameter matrix.

By standard algebraic manipulations, the resulting closed-loop system Sc =
(S,F) can be represented by

Sc: ż = Acz + hc(t, z), y = Ccz, (2.46)

where

z = [
xt

1 wt
1 . . . xt

N wt
N

]t
, Ac = diag{Ac1, . . . ,AcN },

Cc = diag{Cc1, . . . ,CcN }, hc(t, z)
t = [

ht
c1

(t, z) . . . ht
cN

(t, z)
]t

,
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Acj =
[
Aj + BjGjCj BjKj

LjCj Fj

]

, Ccj = [
Cj

... 0
]
,

hcj = [
ht

j (t, x)
... 0
]t

.

In view of the structural constraint (2.4), we have

ht
cj

(t, z)hcj
(t, z) ≤ zt H̄ t

c Γ̄
−1H̄cz ≤ zt H̃ tΓ −1H̃ z, (2.47)

where

H̄ f =
[
H̄

f t

1

... . . .
... H̄

f t

j

]t
,

H̄
f
j =

[
H̄ 1

j

... 0
... H̄ 2

j

... 0
... . . .

... H̄N
j

... 0
]

in which νj × nj matrices H̄ t
j (j = 1, . . . ,N) follow from the decomposition H̄j =

[H̄ 1
j

... . . .
... H̄N

j ] while H̃ = diag{H̃1, . . . , H̃N } with H̃j = [Hj

... 0].
Our immediate objective is to design the dynamic controller F which robustly

stabilizes S. Following the results of [9, 46–54, 56–58], it follows that
System S is robustly stabilized with vector degree

ᾱ = [
ᾱ1 . . . ᾱN

]t = [
1/

√
γ̄1 . . . 1/

√
γ̄N

]t

if the equilibrium x = 0 of the closed-loop system Sf = (S,F) is globally asymp-
totically stable for all h(t, z) satisfying (2.4) for some given H̄ and ᾱ, according to
the first inequalities in (2.4) and (2.47).

It turns out that maximizing ᾱ, the controller stabilizes the linear part of S and, at
the same time, maximizes its tolerance to uncertain nonlinear interconnections and
perturbations. In this regard, the nonlinear interconnections bound is represented by
a full matrix H̄ . Bearing in mind that the system model sparsity implied by (2.1)
and (2.3) and the developed controller structure in (2.45) designates the perfectly
decentralized control [52, 53], the corresponding controller subspace is not quadrat-
ically invariant. This entails that the related optimization problem is not convex.

In order to convexify the problem under consideration, we invoke further decom-
positions by applying the second (right hand side) inequalities in (2.4) and (2.47),
and formulate the following modified robust stabilization problem:

System Sf = (S,F) is robustly stable with vector degree α = (α1, . . . , αN)t =
(1/

√
γ1, . . . ,1/

√
γN)t if the following problem is feasible:

Minimize
N∑

i=1

γj

(2.48)

subject to X̃ > 0,

⎡

⎣
X̃Af + Af t

X̃ X̃ H̃ t

X̃ −I 0
H̃ 0 −Γ

⎤

⎦< 0,

where X̃ is the global Lyapunov matrix.
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It must be noted that the matrix H̃ is block-diagonal in accordance with the as-
sumed system sparsity, that is, with the subsystem dimensions. The second matrix
inequality in (2.48) however is still not an LMI in both X̃ and the controller param-
eter matrix.

In the next section, we show that the above general robust stabilization problem
can also be formulated as an LMI problem.

2.2.6 Robust Decentralized Design

Having in mind the availability of the system structure, together with the a priori
knowledge about the interconnection bounds, it is quite natural to consider global
Lyapunov matrices X̃ structurally adapted to S and F:

Assumption 2.3 Matrix X̃ in (2.48) possesses the block-diagonal structure, that
is, X̃ = diag{X̃1, . . . , H̃N } where X̃j ∈ �nj +sj ×nj +sj , j = 1, . . . ,N are the local
Lyapunov matrices.

It must be emphasized that this choice does not represent a significant restriction,
giving the fact that the original problem has been already decomposed in (2.48) into
N independent robust dynamic output feedback design problems.

Proceeding further, we let

Ā = diag{Ā1, . . . , ĀN }, B̄ = diag{B̄1, . . . , B̄N }, C̄ = diag{C̄1, . . . , C̄N },

Āj =
[
Aj 0
0 0

]

, B̄j =
[

0 Bj

I 0

]

, C̄j =
[

0 I

Cj 0

]

and then write Ã = Ā + B̄J C̄, where J is the global controller parameter matrix.
Consequently, the second inequality in (2.48) can be written as

R̃ + B̂J C̃ + C̃tJ t B̂t < 0, (2.49)

where R̃ = diag{R̃1, . . . , R̃N }, B̃ = diag{B̃1, . . . , B̃N }, C̃ = diag{C̃1, . . . , C̃N }

R̃j =
⎡

⎣
X̃j Āj + Āt

j X̃j X̃j H̃ t
j

• −I 0
• • −γj I

⎤

⎦ , B̂j =
⎡

⎣
X̃j B̄j

0
0

⎤

⎦ , C̃t
j =

⎡

⎣
C̄t

j

0
0

⎤

⎦ .

It is interesting to note that the problem (2.49) resembles a compact formulation of
a set of N local classical H∞ problems for virtual subsystems defined as

ẋj = Ajxj + Bjuj + wj , zj = Hjxj ,

where the immediate objective is to compute local controllers that render the H∞-
norms of the transfer functions between wj and zj are less than γj .
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An important observation arises here. The block matrix (2.48) contains the en-
tire Lyapunov matrix X̃, and not of X̃ col[I, .,0] as it should be in the case of the
classical H∞ problems [6, 10, 11].

The following lemma provides a pertinent result:

Lemma 2.1 Let Assumption 2.3 hold and let X̃ > 0. Then, (2.49) holds if and only
if

B̃⊥T̃ B̃⊥t < 0, C̃t⊥R̃C̃t⊥t < 0,

T̃ = diag{T̃1, . . . , T̃N },

(2.50)
T̃j =

⎡

⎣
X̃−1

j Āt
j + Āj X̃

−1
j Ij X̃−1

j H̃ t
j

• −Ij 0
• • −γj Ij

⎤

⎦ ,

B̃⊥ = diag{B̃⊥
1 , . . . , B̃⊥

N },

where B̃t
j = [ B̄t

j 0 0 ].1

Proof The structure of X̃ and J implies that (2.49) decouples into N independent
inequalities

R̃j + B̂j Jj C̃j + C̃t
j J

t
j B̂

t
j < 0

with general (sj +mj)× (sj +pj ) matrices Jj . According to the elimination lemma
[1], the necessary and sufficient conditions for these inequalities are

B̂⊥
j R̃j B̂

⊥t
j < 0, C̃t⊥

j R̃j C̃
t⊥t
j < 0, j = 1, . . . ,N. (2.51)

Note that B̂⊥
j R̃j B̂

⊥t
j < 0 holds if and only if B̃⊥

j T̃j B̃
⊥t
j < 0.

Since B̂j = Sj [B̄t
j 0 0]t , Sj = diag{X̃j , I, I }, we have B̂⊥

j = B̃⊥
j S−1

j , taking into

consideration that S−1
j R̃j S

−1
j = T̃j and X̃ > 0. This concludes the proof. �

Proceeding further, we follow the approach of [6] and introduce the decomposi-
tions:

X̃j =
[

Xj X2j

Xt
2j X3j

]

, Ỹj = X̃−1
j =

[
Yj Y2j

Y t
2j Y3j

]

, (2.52)

where 0 < Xj = Xt
j and 0 < Yj = Y t

j are nj × nj real matrices for j = 1, . . . ,N .
The following result is established:

1A⊥ denotes a matrix with the properties N (A⊥) = R(A) and A⊥A⊥t > 0, where N (.), R(.)

denote the null space and the range space of an indicated matrix.
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Lemma 2.2 Let Assumption 2.3 hold, let X̃ > 0, and let Xj ,Yj and X2j be given
by (2.52), j = 1, . . . ,N . Then inequalities (2.50) hold if and only if

EcV Ect < 0, EbWEbt < 0, (2.53)

where

V = diag{V1, . . . , VN }, W = diag{W1, . . . ,WN },
Ec = diag{Ec

1, . . . ,E
c
N }, Eb = diag{Eb

1 , . . . ,Eb
N },

Ec
j =

[
Ct⊥

j 0
0 I

]

, Eb
j =

[
B⊥

j 0
0 I

]

Vj =

⎡

⎢
⎢
⎣

XjAj + At
jXj Xj X2j H t

j

• −I 0 0
• • −I 0
• • • −γj I

⎤

⎥
⎥
⎦ ,

Wj =
⎡

⎣
YjA

t
j + AjYj I YjH

t
j

• −I 0
• • −γj I

⎤

⎦ .

Proof By definition, we have

R̃j =

⎡

⎢
⎢
⎢
⎢
⎣

XjAj + At
jXj At

jX2j Xj X2j H t
j

• 0 Xt
2j X3j 0

• • −Ij 0 0
• • • −Ij 0
• • • • −γj Ij

⎤

⎥
⎥
⎥
⎥
⎦

.

On the other hand, taking into consideration the structure of C̃j and C̄j , we have

C̃t⊥
j =

[
Ct⊥

j 0 0
0 0 Ij

]

.

As the second block-column in C̃t⊥
j contains only zero matrices, the second inequal-

ity in (2.50) gives the first inequality in (2.53).
Turning to the second inequality in (2.53), it is not difficult to show that it can be

obtained analogously. From

T̃j =

⎡

⎢
⎢
⎢
⎢
⎣

AjYj + YjA
t
j AjY2j I 0 YjH

t
j

• 0 0 Ij Y t
2jH

t
j

• • −Ij 0 0
• • • −Ij 0
• • • • −γj Ij

⎤

⎥
⎥
⎥
⎥
⎦
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and deleting the unnecessary block-rows and block-columns, we arrive at the desired
result. �

It is readily seen that the matrices Xj ,Yj and X2j are constrained by (2.53).
This is in contrast to the standard H∞ design [6, 10, 24]) where only the first di-
agonal blocks of the global Lyapunov matrix and its inverse are constrained by the
corresponding LMIs.

Once Xj ,Yj and X2j are determined, the next problem is to find X̃j > 0 satisfy-
ing (2.52), j = 1, . . . ,N .

Lemma 2.3 Assume that:

(1) sj = nj ,
(2) X2j in (2.52) is nonsingular, and

(3) Qj = [
Xj I

I Yj

]
> 0. Then,

X3j = Xt
2j (Xj − Y−1

1 )−1X2j =⇒ X̃j > 0, j = 1, . . . ,N. (2.54)

Proof From (2.52), we obtain Y t
2j = X−1

2j (I −XjYj ), yielding directly (2.54). Obvi-

ously, X̃j > 0, since Xj > 0 and Xj −X2jX
−1
2j (Xj −Y−1

j )(Xt
2j )

−1Xt
2j = Y−1

j > 0,
which completes the proof. �

By combining the foregoing results, we have the following theorem:

Theorem 2.4 Under Assumption 2.3, system S in (2.3) is robustly stabilized by the
dynamic controller F in (2.45) with sj = nj if the following problem is feasible:

minimize
N∑

j=1

γj

(2.55)

subject to X > 0, Y > 0, Q > 0, Z > 0, ĒcV̄ Ēct < 0,

EbWEbt < 0,

where X = diag{X1, . . . ,XN }, Y = diag{Y1, . . . , YN }, Q = diag{Q1, . . . ,QN }, Z =
diag{Z1, . . . ,ZN }, V̄ = diag{V̄1, . . . , V̄N },

V̄j =
⎡

⎣
XjAj + At

jXj + Zj Xj H t
j

• −Ij 0
• • −γj Ij

⎤

⎦

while matrix Ēc is a matrix having the same structure as Ec in (2.53), but with

the elements Ēc
j obtained from Ec

j =
[

Ct⊥
j 0

0 I

]
in such a way that the dimension of

the identity matrix ensures compatibility of the product with V̄j (instead of Vj ),
j = 1, . . . ,N .
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Proof Notice that the inequality ĒcV̄ Ēct < 0 from the problem (2.55) follows im-
mediately from the first inequality in (2.53) in Lemma 2.2 after applying the Schur’s
complement formula and replacing X2jX

t
2j by Zj in view of the expression for V̄j .

Condition Z > 0 results from the requirement that the matrices X2j are nonsingular,
j = 1, . . . ,N . The inequality EbWEbt < 0 is identical to the second inequality in
(2.55). This completes the proof. �

Remark 2.12 Solving (2.55), one gets X > 0, Y > 0 and Z > 0. Nonsingular matri-
ces X2j can always be constructed from any given Zj > 0; one gets X3j from (2.54),
and, consequently, X̃j > 0 from (2.52), j = 1, . . . ,N . Then, we come back to the
original inequality (2.49), which represents then a system of N independent LMIs
with unconstrained matrix variables Jj , j = 1, . . . ,N . Any solution to these LMIs
gives the required block-diagonal parameter matrix J = diag{J1, . . . , JN }, that is, a
robustly stabilizing decentralized dynamic controller F for S.

The underlying assumptions in Lemma 2.3 are important for the formulation of
Theorem 2.1 in terms of LMIs. In general, in the case of reduced order observers
(when sj < nj ), one is faced with the problem of the existence of solutions for
Y2j , Y3j and X3j satisfying (2.52); notice that in the case of H∞ design we have
the rank condition in addition to the condition of the type Qj > 0 [6]. The obtained
estimates of the robustness degree α may appear to be too conservative. A better
insight into the real robustness can be obtained by calculating Af with the obtained
parameter matrix J , replacing it in (2.48), and solving (2.48) for X̃ and Γ . An even
more realistic and less conservative estimate can be obtained by using (2.48) with H̃

being replaced by H̄ and Γ by Γ̄ , and by solving the corresponding LMI problem
for X̃ and Γ̄ . By limiting the norm of the gain matrices Jj via the procedure of [55,
58] some benefits are anticipated.

Remark 2.13 In the case that the interconnection function in S is in the form
h(t, x) = hL(t, x)+hN(t, x), where hL(t, x) = Ahx is a known linear part in which
Ah is a constant N ×N block-matrix with blocks Ah

jk , j, k = 1, . . . ,N , and hN(t, x)

is an unknown nonlinear part satisfying inequality (2.4). Taking A∗ = A + Ah as a
new state matrix in (2.3), instead of (2.49) we have

R̃∗ + ΔR̃ + B̃xJ C̃t + C̃tJ t B̃xt < 0, (2.56)

where ΔR̃ is an N × N block-matrix with blocks

ΔR̃ij =
⎡

⎣
X̃j Ã

h
ij + Āht

j i X̃j 0 0
0 0 0
0 0 0

⎤

⎦ ,

Āh
ij =

[
Ah

jk 0
0 0

]

, j, k = 1, . . . ,N, j 
= k, ΔR̃mm = 0, m = 1, . . . ,N
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and R̃∗ is obtained from R̃ in (2.49) by replacing Aj by A∗
ii = Aj + Ah

ii . Bear-
ing in mind that R̃∗ + ΔR̃ is not block-diagonal, Theorem 2.1 cannot be directly
applied to (2.56). However, (2.56) can have a solution satisfying Assumption 2.3;
it is reasonable to expect that the resulting controller provides better performance
than the one obtained in the absence of the assumed a priori knowledge about linear
interconnections.

2.2.7 Simulation Example 2.4

This examples uses the model of two inverted pendulums connected by a spring
treated in the simulation Example 2.1.

From [55], the decentralized robust linear static state feedback provides α∗ =
α1 = α2 = 4.4950, with the local gain matrix K = [−725.909 −40.435] and the
local closed-loop poles {−20 ± j17.8093}. It easy to see that the system is not
stabilizable by any linear static output feedback.

The local dynamic output feedback controller parameters obtained on the basis
of Theorem 2.1, with Hj = I are

Fj = 104
[−0.4670 −1.4182

−1.0131 −3.1931

]

, Lj = 104
[−3.3926

1.5118

]

,

Kj = [
243.5166 767.0817

]
, Gj = −333.7029, j = 1,2

with the local closed-loop poles

{−3.6543 × 104,−0.0390 × 104,−0.7455 ± j0.5605},

with α∗ = 0.5670 < 1—that is, the desired property is not achieved.
Assuming now that e(t, x) = 0.5 + é(t, x), where é(t, x) ∈ [−0.5,0.5] one ob-

tains the structure with known linear interconnections with

Ah =

⎡

⎢
⎢
⎣

0 0 0 0
−0.5 0 0.5 0

0 0 0 0
0.5 0 −0.5 0

⎤

⎥
⎥
⎦ , H̄ =

⎡

⎢
⎢
⎣

0 0 0 0
−1 0 1 0
0 0 0 0
1 0 −1 0

⎤

⎥
⎥
⎦ .

In this case the LMI (2.56) is feasible and one gets a decentralized stabilizing con-
troller with α∗ = 1.3526, ensuring stability for all spring positions. The local con-
troller parameter matrices are in this case

Fj = 106
[−1.4090 −1.5774

−1.0938 −1.2571

]

, Lj = 106
[−5.0635

5.3116

]

,

Kj = 106[0.5753 0.6573], Gj = 106 × −1.69250,
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and the local closed loop poles

{−2.6487 × 106,−1.7217 × 104,−84.866,−1.8834}.
A direct comparison with the results presented in relation with the same example

in [67] shows that a better performance is obtained by using an observer of Luen-
berger type, incorporating the state matrix of the system model and leaving a smaller
number of free parameters in the controller design procedure.

2.3 Robust Control Design: Class II

In this section, we investigate the problem of robust decentralized control for a
wider class of large-scale nonlinear systems with parametric uncertainty and non-
linear interconnections. This class of systems was labeled in Sect. 2.1.2 as Class II.
In this class, each subsystem of the interconnected system is assumed to be par-
tially feedback linearizable and minimum phase. The uncertain parameters and/or
disturbances are allowed to be time-varying and enter the system nonlinearly. The
nonlinear interconnections are bounded by general nonlinear functions of the zero-
dynamics and outputs of other subsystems. Inspired by the centralized nonlinear
control results [9, 23, 35, 39, 51], we show in the sequel that decentralized global
robust stabilization can be achieved for the uncertain interconnected systems by em-
ploying a Lyapunov-based recursive controller design method. Our result relies on
a proper construction of Lyapunov function for the interconnected systems.

2.3.1 Construction Procedure

In what follows, we first present the following lemma which provides the first step
of the induction in the construction of robust decentralized state feedback control
laws of system (2.6).

Lemma 2.4 Consider the first two state equations of system (2.6):

żj = fj0(zj , xj1) + φj0(zj , xj1,Zj ,Xj1; θ)xj1,

ẋj1 = xj2 + φj1(zj , xj1,Zj ,Xj1, θ), (2.57)

yj = xj1,

satisfying Assumptions 2.1 and 2.2. Then, there exists a smooth function x∗
i2(zj , xj1)

with x∗
j2(0,0) = 0 such that system (2.12) with the control xj2 = x∗

j2(zj , xj1) in the
coordinates

zj = zj , x̃j1 = xj1
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satisfies

V̇j1 ≤ dWj (Vj0)

dVj0

∂Vj0

∂zj

fh00 − bj (zj , xj1)x
2
j1

− rx̃2
j1 + ‖zj‖2 + 1

2

N∑

l=1

δj1l (‖(zl, xl1)‖), (2.58)

where

Vj1 = Wj(Vj0) + 1

2
x̃2
j1, (2.59)

with Vj0 given in Assumption 2.1, Wj(·) and bj (·, ·) are, respectively, a smooth
K∞-function and a smooth function to be chosen; and

fj00(zj ) = fj0(zj ,0), (2.60)

δj1l (‖(zl, xl1)‖) = β−1
j0l (ζj0l (‖(zl, xl1)‖))2 + β−1

j1l (ζj1l (‖(zl, xl1)‖))2, (2.61)

with βj0l and βj1l being positive scaling constants.

Proof First, since fj0(zj , xj1) of (2.12) is a smooth vector with fj0(0,0) = 0, there
exists a smooth vector fj1(zj , xj1) such that

fj0(zj , xj1) = fj00(zj ) + fj1(zj , xj1)xj1,

where fj00(zj ) is as in (2.60). By virtue of Assumption 2.2 and along the state
trajectory of system (2.57), we have

V̇j1 = dWj

dVj0

∂Vj0

∂zj

(fj0 + φj0xj1) + xj1[xj2 + φj1(zj , xj1,Zj ,Xj1; θ)]

= dWj

dVj0

∂Vj0

∂zj

(fj00 + fj1xj1) + xj1xj2 + xj1

1∑

j=0

ψ1
j1(zj )φil(zj , xj1,0,0; θ)

+ xj1

1∑

j=0

ψ1
j1(zj )φjl(zj , xj1,Zj ,Xj1; θ) − φjl(zj , xj1,0,0, θ)), (2.62)

where

ψ0
j1(zj ) = dWj

dVj0

∂Vj0

∂zj

, ψ1
j1(zj ) = 1.

Since φj0(0,0,0,0; θ) = φj1(0,0,0,0; θ) = 0,∀θ , there exists some function
αj1(zj , xj1) such that

∣
∣
∣
∣
∣
xj1

1∑

ι=0

ψι
i1(zj )φiι(zj , xj1,0,0; θ)

∣
∣
∣
∣
∣
≤ |xj1|αj1(zj , xj1)(‖zj‖ + ‖xj1‖). (2.63)
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In view of Assumption 2.2, it follows from (2.62) with some algebraic manipula-
tions that

V̇j1 ≤ dWj

dVj0

∂Vj0

∂zj

(fj00 + fj1xj1) + xj1xj2

+ |xj1|
∣
∣
∣
∣
dWj

dVj0

∣
∣
∣
∣

∥
∥
∥
∥
∂Vj0

∂zj

∥
∥
∥
∥

N∑

�=1

ηj0�(zj , xj1)ζj0�(‖(zl, x�1)‖)

+ |xj1|
N∑

�=1

ηj1�(zj , xj�)ζj1�(‖(zj , x�1)‖)

+ |xj1|αj1(zj , xj1)(‖zj‖ + ‖xj1‖)

≤ dWj

dVj0

∂Vj0

∂zj

(fj00 + fj1xj1) + xj1(xj2 + xj1αj1(zj , xj1))

+ 1

2
x2
j1

∣
∣
∣
∣
dWj

dVj0

∣
∣
∣
∣

2∥∥
∥
∥
∂Vj0

∂zj

∥
∥
∥
∥

2 N∑

�=1

βj0�η
2
j0�(zj , xj1)

+ 1

2

N∑

�=1

β−1
j0�(ζj0�(‖(z�, x�1)‖))2

+ 1

2
x2
i1

N∑

l=1

βi1lη
2
i1l (zj , xi1) + 1

2

N∑

l=1

β−1
i1l (ζj1�(‖(z�, x�1)‖))2

+ 1

4
x2
j1α

2
j1(zj , xj1) + ‖zj‖2

= dWj

dVj0

∂Vj0

∂zj

fj00 + xj1(xj2 + Mj1(zj , xj1))

+ ‖zj‖2 + 1

2

N∑

�=1

δj1�(‖(z�, x�1)‖), (2.64)

where δj1� is given in (2.61) and

Mj1(zj , xj1) = dWj

dVj0

∂Vj0

∂zj

fj1 + 1

2
xj1

∣
∣
∣
∣
dWj

dVj0

∣
∣
∣
∣

2∥∥
∥
∥
∂Vj0

∂zj

∥
∥
∥
∥

2

×
N∑

�=1

βj0�η
2
j0�(zj , xj1) + 1

2

N∑

�=1

βj1�η
2
j1�(zj , xj1)

+ xj1αj1(zj , xj1) + 1

4
xj1α

2
j1(zj , xj1). (2.65)
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Now, select

xj2 = x∗
j2 = −Mj1 − bj (zj , xj1)xj1 − rxj1, (2.66)

where bj (·, ·) is a smooth function to counteract the effect of the interconnections
and is to be determined. Then, (2.58) is obtained and the proof of Lemma 2.4 is now
completed. �

Remark 2.14 For the case when r = 1, that is, xj2 = vj in (2.57) is the actual con-
trol input, it can be shown, refer to the proof of Theorem 2.5, that the design func-
tions bj (·, ·) and Wj(·), j = 1,2, . . . ,N can be chosen such that the decentralized
state feedback control vj = x∗

j2(zj , xj1) solves the robust decentralized stabilization
problem.

2.3.2 Recursive Design

Next, we proceed toward the systematic recursive design methodology for construct-
ing robust decentralized control laws for the system (2.6) when r ≥ 2. A preliminary
result is provided.

Lemma 2.5 Consider the first ρ + 1 state equations of system (2.6):

żj = fj0(zj , xj1) + φj0(zj , xj1,Zj ,Xj1; θ)xj1,

ẋj1 = xj2 + φj1(zj , xj1,Zj ,Xj1; θ),

ẋj2 = xj3 + φj2(zj , x̄j2,Zj ,Xj1; θ),

...

ẋj,ρ−1 = xj,ρ + φj,ρ−1(zj , x̄j,ρ−1,Zj ,Xj1; θ),

ẋj,ρ = xj,ρ+1 + φj,ρ(zj , x̄jρ,Zj ,Xj1; θ),

(2.67)

satisfying Assumptions 2.1 and 2.2. Suppose that for any given index ρ = m (1 ≤
m ≤ r − 1), there exist smooth functions

x∗
j2(zj , xj1), x∗

i3(zj , x̄j2), . . . , x∗
j,m+1(zj , x̄jm);

x∗
jk(0,0) = 0, 2 ≤ k ≤ m + 1

such that system (2.67) with the control xj,m+1 = x∗
j,m+1(zj , x̄j,m) in the new coor-

dinates

zj = zj , x̃j1 = xj1,

x̃j2 = xj2 − x∗
j2(zj , xj1), . . . , x̃jm = xjm − x∗

j,m(zj , x̄j,m−1),
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satisfies

V̇jm ≤ dWj

dVj0

∂Vj0

∂zj

fj00 − bj (zj , xj1)x
2
j1 − (r − m + 1)

m∑

k=1

x̃2
jk + m‖zj‖2

+ 1

2

N∑

�=1

δjm ell(‖(z�, x�1)‖), (2.68)

where

Vim = Wj(Vj0) + 1

2

m∑

k=1

x̃2
jk,

with Vj0 as given in Assumption 2.1 and

δj0�(‖(z�, x�1)‖) ≡ 0,

δjk�(‖(z�, x�1)‖) = δj,k−1,�(‖(z�, x�1)‖)
(2.69)

+
k∑

ι=0

β−1
�ι� (ζ�ι�(‖(z�, x�1)‖))2, 1 ≤ k ≤ r.

Then for system (2.67) with ρ = m + 1, there exists a smooth decentralized state
feedback control law

xj,m+2 = x∗
j,m+2(zj , x̄j,m+1); x∗

j,m+2(0,0) = 0 (2.70)

such that system (2.67) with (2.70) in the new coordinates

zj = zj , x̃jk, 1 ≤ k ≤ m,

x̃j,m+1 = xj,m+1 − x∗
j,m+1(zj , x̄j,m),

satisfies

V̇j,m+1 ≤ dWj

dVj0

∂Vj0

∂zj

fj00 − bj (zj , xj1)x
2
j1 − (r − m)

m+1∑

k=1

x̃2
jk

+ (m + 1)‖zj‖2 + 1

2

N∑

�=1

δ�,m+1,�(‖(z�, x�1)‖), (2.71)

where

Vj,m+1 = Vjm + 1

2
x̃2
j,m+1.
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Proof Initially, the derivative of x̃j,m+1 = xj,m+1 − x∗
j,m+1 is given by

˙̃xj,m+1 = xj,m+2 + aj,m+1(zj , x̄j,m+1)

+
m+1∑

ι=0

ψι
j,m+1(zj , x̄j,m)φjι(zj , x̄j ι,Zj ,Xj1; θ),

where

aj,m+1(zj , x̄j,m+1) = −∂x∗
j,m+1

∂zj

fj0(zj , xj1) −
m∑

ι=1

∂x∗
j,m+1

∂xj , ι
xj,ι+1,

ψ0
j,m+1(zj , x̄j,m) = −∂x∗

j,m+1

∂zj

xj1,

ψι
j,m+1(zj , x̄j,m) = −∂x∗

j,m+1

∂xj,ι

, 1 ≤ ι ≤ m,

ψm+1
j,m+1(zj , x̄j,m) = 1.

The time derivative of Vj,m+1 is given by

V̇j,m+1 = V̇j,m + x̃j,m+1

[

xj,m+2 + aj,m+1

+
m+1∑

ι=0

ψι
j,m+1(zj , x̄i,m)φjι(zj , x̄j ι,Zj ,Xj1; θ)

]

= V̇jm + x̃j,m+1(xj,m+2 + aj,m+1) + x̃j,m+1

m+1∑

ι=0

ψι
j,m+1φiι(zj , x̄iι,0,0; θ)

+ x̃j,m+1

m+1∑

ι=0

ψι
j,m+1[φjι(zj , x̄j ι,Zj ,Xj1; θ)

− φjι(zj , x̄j ι,0,0; θ)]. (2.72)

Define

φ̃j ι(zj , ¯̃xjι; θ) = φjι(zj , x̄j ι,0,0; θ)

= φjι(zj , ¯̃xjι + x̄∗
j ι,0,0; θ), 2 ≤ ι ≤ m + 1 (2.73)

where ¯̃xjι = (x̃j1, . . . , x̃j ι) and x̄∗
j ι = (x∗

j1, x
∗
j2, . . . , x

∗
j ι) with ¯̃xj0 = x̃j1 and

x̄∗
j0 = x∗

j1.
Now since φjι(0,0,0,0; θ) = 0,∀θ ∈ Ω,0 ≤ ι ≤ m + 1, it is easy to verify that

φ̃j ι(0,0; θ) = 0, ∀θ ∈ Ω . Thus, there exist smooth bounding functions αjι(zj , ¯̃xj,ι),
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ι = 0,1, . . . ,m + 1 such that

|φj0(zj , xj1,0,0; θ)| = |φ̃j0(zj , x̃j1; θ) ≤ αj0(zj , x̃j1)(‖zj‖ + ‖x̃j1‖),

|φjι(zj , x̄j ι,0,0; θ)| = |φ̃iι(zj , ¯̃xjι; θ) ≤ αjι(zj , ¯̃xj,�)

[

‖zj‖ +
�∑

k=1

|x̃jk|
]

, (2.74)

1 ≤ � ≤ m + 1.

Hence, the second last term of (2.72) satisfies

x̃j,m+1

m+1∑

�=0

ψ
jι

j,m+1φjι(zj , x̄j ι,0,0; θ)

≤ |x̃j,m+1|
[

ψ0
j,m+1|αj0(‖zj‖ + |x̃j1|) +

m+1∑

�=1

|ψ�
j,m+1|αjι

(

‖zj‖ +
�∑

k=1

|x̃jk|
)]

= |x̃j,m+1|
[

|ψ0
j,m+1|αj0(‖zj‖ + |x̃j1|) +

m∑

�=1

|ψ�
j,m+1|αiι

(

‖zj‖ +
�∑

k=1

|x̃jk|
)]

+ |x̃j,m+1|αj,m+1

(

‖zj‖ +
m∑

k=1

|x̃jk|
)

+ αj,m+1x̃
2
j,m+1

≤ x̃2
ij,m+1

m∑

�=0

(ψ�
j,m+1)

2α2
j ι(m + 1)(� + 1)

+ 1

4(m + 1)

[

(‖zj‖ + |x̃j1|)2 +
m∑

�=1

1

(� + 1)

(

‖zj‖ +
�∑

k=1

|x̃jk|
)2]

+ 1

2
(m + 1)x̃2

j,m+1α
2
j,m+1 + 1

2(m + 1)

(

‖zj‖ +
m∑

k=1

|x̃jk|
)2

+ αj,m+1x̃
2
j,m+1

≤ x̃2
j,m+1

m∑

�=0

(ψ�
j,m+1)

2α2
iι(m + 1)(� + 1) + 1

2
‖zj‖2 + 1

2

m∑

k=1

|x̃jk|2

+ 1

2
(m + 1)x̃2

j,m+1α
2
j,m+1 + 1

2

(

‖zj‖2 +
m∑

k=1

|x̃jk|2
)

+ αj,m+1x̃
∗
j,m+1

=
[

m∑

�=0

(ψ�
j,m+1)

2α2
iι(m + 1)(� + 1) + 1

2
(m + 1)α2

j,m+1 + αj,m+1

]

x̃2
j,m+1

+ ‖zjk‖2 +
m∑

k=1

|x̃jk|2

≤ x̃2
j,m+1Ej,m+1(zj , ¯̃xj,m+1) + ‖zj‖2 +

m∑

k=1

|x̃jk|2. (2.75)
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Invoking Assumption 2.2 and (2.75), it follows that (2.72) can be written as

V̇j,m+1 ≤ V̇jm + x̃j,m+1(xj,m+2 + aj,m+1)

+ |x̃j,m+1|
m+1∑

�=0

|ψ�
j,m+1|

N∑

�=1

ηjι�(zj , x̄j ι)ζj��(‖(z�, x�1)‖)

+ x̃2
j,m+1Ej,m+1 + ‖zj‖2 +

m∑

k=1

|x̃jk|2

≤ V̇jm + x̃j,m+1(xj,m+2 + aj,m+1) + x̃2
j,m+1Ej,m+1

+ ‖zj‖2 +
m∑

k=1

|x̃jk|2

+ 1

2
x̃2
j,m+1

m+1∑

�=0

N∑

�=1

(ψ�
j,m+1)

2(ηjι�(zj , x̄j ι))
2βjι�

+ 1

2

m+1∑

�=0

N∑

�=1

(ζj��(‖(z�, x�1)‖))2β−1
j ι�

≤ dWj

dVj0

∂Vj0

∂zj

fj00 − bj (zj , xj1)x
2
j1 − (r − m + 1)

m∑

k=1

x̃2
jk

+ m‖zj‖2 + 1

2

N∑

�=1

δjm�(‖(z�, x�1)‖) + x̃jmx̃j,m+1

+ x̃j,m+1(xj,m+2 + Mj,m+1) + ‖zj‖2 +
m∑

k=1

x̃2
jk

+ 1

2

m+1∑

ι=0

N∑

�=1

(ζjι�(‖(z�, x�1)‖))2β−1
��l , (2.76)

where

Mi,m+1(zj , ¯̃xj,m+1) = aj,m+1 + x̃j,m+1Ej,m+1

+ 1

2
x̃j,m+1

m+1∑

ι=0

N∑

�=1

(ψ�
j,m+1)

2(ηjι�(zj , x̄j ι))
2βjι�. (2.77)

Select

xj,m+2 = x∗
j,m+2(zj , xj1, . . . , xj,m+1) = −Mj,m+1 − x̃jm − (r −m)x̃j,m+1. (2.78)

This makes (2.71) in Lemma 2.5 is valid, which completes the proof. �
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By combining Lemmas 2.4 and 2.5 the construction of robust decentralized con-
trol law stabilizing the uncertain interconnected nonlinear systems (2.6) can be com-
pleted. This is demonstrated below.

Theorem 2.5 Consider the uncertain interconnected system (2.6) satisfying As-
sumptions 2.1 and 2.2. Then there exists a decentralized control law, vj =
vj (zj , xj ), j = 1,2, . . . ,N , such that the overall system with the decentralized con-
troller is globally asymptotically stable for all admissible uncertainties and inter-
connections. Indeed; a suitable decentralized controller is given by

vj := x∗
j,r+1(zj , x̄j,r ) = −Mjr − x̃j,r−1 − x̃jr , (2.79)

where Mjr is given in (2.35) with m + 1 = r .

Proof By Lemma 2.4, it is not difficult to show that the induction hypotheses of
Lemma 2.5 is satisfied. This motivates us to build a Lyapunov-based recursive de-
centralized control law by applying Lemma 2.5 repeatedly until the r th step. There-
fore, we can construct x∗

j2(zj , xj1), . . . , x
∗
j,r+1(zj , x̄jr ) such that under the new co-

ordinates

zj , x̃j1 = xj1, x̃j2 = xj2 − x∗
j2(zj , xj1), . . . , x̃jr = xjr − x∗

j,r (zj , x̄j,r−1)

system (2.2) with control law (2.79) satisfies

V̇jr ≤ dWj

dVj0

∂Vj0

∂zj

fij00 − bj (zj , xj1)x
2
j1 −

r∑

k=1

x̃2
jk + r‖zj‖2

+ 1

2

N∑

�=1

δjr�(‖(z�, x�1)‖), (2.80)

where Vjr = Wj(Vj0) + 1
2

∑r
k=1 x̃2

jk and

δjr�(‖(z�, x�1)‖) = rβ−1
j0�(ζj0�(‖(z�, x�1)‖))2

+
r∑

ι=1

(r − ι + 1)β−1
j ι�(ζjι�(‖(z�, x�1)‖))2. (2.81)

By Assumption 2.2, we have

δjr�(‖(z�, x�1)‖) = rβ−1
j0�(ζ

0
j0�(‖z�‖)‖z�‖ + ζ 1

j0�(z�, x�1)|x�1|)2

+
r∑

�=1

(r − � + 1)β−1
j ι�(ζ

0
j ι�(‖z�‖)‖z�‖ + ζ 1

j��(z�, x�1)|x�1|)2

≤ 2rβ−1
j0�((ζ

0
j0�(‖z�‖))2‖z�‖2 + (ζ 1

j0�(z�, x�1))
2x2

�1)
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+ 2
r∑

�=1

(r − � + 1)β−1
j ι�

× ((ζ 0
j��(‖z�‖))2‖z�‖2 + (ζ 1

j ι�(z�, x�1))
2x2

�1)

≤ 2Δj�(‖z�‖)‖z�‖2 + 2Dj�(z�, x�1)x
2
�1, (2.82)

where

Δj�(‖z�‖) = rβ−1
j0�(ζ

0
j0�(‖z�‖))2 +

r∑

ι=1

(r − ι + 1)β−1
j ι�(ζ

0
j ι�(‖z�‖))2, (2.83)

Dj�(z�, x�1) = rβ−1
j0�(ζ

1
j0�(z�, x�1))

2 +
r∑

ι=1

(r − ι + 1)β−1
j ι�(ζ

1
j ι�(z�, x�1))

2. (2.84)

Define

V =
N∑

i=1

Vj r.

Observing the interconnection structural constraint

N∑

j=1

N∑

�=1

[Δj�(‖z�‖)‖z�‖2 + Dj�(z�, x�)x
2
�1]

=
N∑

j=1

N∑

�=1

[Δ�j (‖zj‖)‖zj‖2 + D�j (zj , xj )x
2
j1]

and Assumption 2.1 and by noting that Wj(Vj0) is a K∞ function of Vj0, we have

V̇jr ≤
N∑

j=1

{
dWj

dVj0

∂Vj0

∂zj

fj00 − bj (zj , xj1)x
2
j1 −

r∑

k=1

x̃2
jk + r‖zj‖2

+
N∑

�=1

[Δ�j (‖zj‖)‖zj‖2 + D�j (zj , xj )x
2
j1]
}

≤
N∑

j=1

{

− dWj

dVj0
νj‖zj‖2 +

[

r +
N∑

�=1

Δ�j (‖zj‖)
]

‖zj‖2

−
r∑

k=1

x̃2
jk −

[

bj (zj , xj�)x
2
j� −

N∑

�=1

D�j (zj , xj�)

]

x2
j�

}

. (2.85)
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Since Vj0(zj ) in Assumption 2.1 is radially unbounded and positive definite, there
exists a K∞ function κ�j such that

Δ�j (‖zj‖) ≤ Δ�j (0) + κ�j (Vj0). (2.86)

Now select

bj (zj , xj1) =
N∑

�=1

D�j (zj , xj1) (2.87)

and

dWj

dVj0
= kj + 1

νj

[

r +
N∑

�=1

(Δ�j (0) + κ�j (Vj0))

]

, Wj (0) = 0, (2.88)

where kj > 0 is a constant. It is obvious that Wj(·) is a smooth K∞-function. Then
it follows that

V̇ ≤
N∑

j=1

{(

−kj νj‖zj‖2 −
r∑

k=1

x̃2
jk

)}

. (2.89)

Therefore, due to the onto-relation between (zj , xj ) and (zj , x̃j ), where x̃j =
(x̃j1, . . . , x̃ir ), the closed-loop interconnected system of (2.2) with the decentral-
ized controller (2.79) is globally asymptotically stable for all admissible uncertain-
ties and interconnections. �

Remark 2.15 Observe from Theorem 2.5 that the functions bj (zj , xi1) and Wj(Vi0),
i = 1,2, . . . ,N , can be chosen before we start the recursive design of the robust
decentralized stabilization controller.

Remark 2.16 Theorem 2.5 presents a decentralized global stabilization result for
uncertain interconnected minimum-phase nonlinear systems with parametric uncer-
tainty and interconnections bounded by general nonlinear functions. This result ex-
tends centralized results in [35, 39] to decentralized control of large-scale intercon-
nected systems.

2.3.3 Simulation Example 2.5

Consider the following large-scale system which is composed of two subsystems:

Subsystem 1: ż1 = −2z1 + z1x11,

ẋ11 = x12 + x11z1 sin θ1 + x2
21z2 cos θ2

1 ,

ẋ12 = u1 + x2
12(x11z1 + z2

1) sin θ1 + x21z2 cos(θ1z1);
(2.90)
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Subsystem 2: ż2 = −z2 + x2
21,

ẋ21 = x22 + (x2
11z1 + x2

21z2) sin(z2θ2),

ẋ22 = u2 + x2
22(x11z

2
1 + x21z

2
2) sin θ2 + x2

22z
3
2 cos(θ2

2 z2
2),

(2.91)

where θ1, θ2 ∈ [−2,2].
It is easy to verify that the interconnections in the above interconnected system

satisfy Assumption 2.2. Choose βjkm = 1, j, k,m = 1,2. It follows from (2.83) and
(2.84) that

Δ11 = Δ12 = Δ21 = Δ22 = 0

D11 = 0, D12 = 2x2
21z

2
2 + z2

2, D21 = 2x2
11z

2
1 + z4

1, D22 = 0.

1. Let V10 = 1
2z2

1 and V20 = 1
2z2

2. Then,

∂V10

∂z1
f10(z1,0) = −2z2

1;
∂V20

∂z2
f20(z2,0) = z2

2.

Obviously, Assumption 2.1 is satisfied with ν1 = 2 and ν2 = 1.
It also follows from (2.86) that

κ11(V10) = κ21(V10) = κ12(V20) = κ22(V20) = 0.

By choosing k1 = k2 = 3, according to (2.87) and (2.88), we have

dW1

dV10
= 4,

dW2

dV20
= 5

and

b1 = D11 + D21, b2 = D12 + D22.

It follows from (2.18) and (2.20) that

α11 = x2
11 + 0 : 25, α21 = x2

21

and

M11 = dW1

dV10
z2

1 + 0.5x11 + x11α11 + 0.25α2
11,

M21 = dW2

dV20
z2x21 + 0.5x21 + x21α21 + 0.25α2

21.

Hence, we can compute the virtual control

x∗
12 = −M11 − b1x11 − 2x11,

x∗
22 = −M21 − b2x21 − 2x21.
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2. Letting x̃i2 = xi2 − x∗
i2, i = 1,2, we have

ψ0
12 = −∂x∗

12

∂z1
x11, ψ0

22 = −∂x∗
22

∂z2
x21,

ψ1
12 = −∂x∗

12

∂x11
, ψ1

22 = −∂x∗
22

∂x21
, ψ2

21 = ψ2
22 = 1,

a12 = −∂x∗
12

∂z1
(−2z1 + x11z1) − ∂x∗

12

∂x11
x12,

a22 = −∂x∗
22

∂z2
(−z2 + x2

21) − ∂x∗
22

∂x21
x22.

According to (2.74), we can choose

α12 = x2
12(z

2
1 + 0.25), α22 = x2

22z
2
2.

Hence, it follows from (2.77) that

M12 = a12 + x̃12(4(ψ1
12)

2α2
11 + α2

12 + α12) + 0.5x̃12((ψ
1
12)

2 + (ψ2
12)

2),

M22 = a22 + x̃22(4(ψ1
22)

2α2
21 + α2

22 + α22) + 0.5x̃22((ψ
1
22)

2 + (ψ2
22)

2x4
22).

The control law can be obtained from (2.78) as follows:

u1 = −x11 − M12 − x̃12, (2.92)

u2 = −x21 − M22 − x̃22. (2.93)

Systems (2.90)–(2.91) were simulated with the controller (2.92) and (2.93) to
demonstrate the effectiveness of the decentralized robust control design procedure.
The initial conditions are set to be

z1 = 1.0, x11 = −1.0, x12 = 1.5,

z2 = 1.0, x21 = −1.0, x22 = 1.5

and the uncertainties θ1 and θ2 are given by θ1 = 2 sin t and θ2 = 2 cos t2. Obviously,
the uncertainties are time-varying ones and belong to the set [−2,2]. The closed-
loop responses for the two subsystems are plotted in Figs. 2.1 and 2.2 from which
the stability is clearly seen.

2.4 Decentralized Tracking: Class III

In this section, we attend to the problem of class III that was presented in Sect. 2.1.3.
In the problem description there, attention was given to a class of large-scale nonlin-
ear systems which is comprised of N interconnected subsystems with time-varying
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Fig. 2.1 Closed-loop
responses of subsystem 1

Fig. 2.2 Closed-loop
responses of subsystem 2

unknown parameters and/or disturbances entering nonlinearly into the state equation
as modeled by (2.9) and (2.10).

In what follows, we focus on studying the problem of decentralized output-
feedback tracking with disturbance attenuation. Thus, with reference to the model
(2.9) and (2.10), for every 1 ≤ j ≤ N and a given time-varying signal yir (t) whose
derivatives up to order nj are bounded over [0,∞), our objective hereafter is to
design a smooth, decentralized, dynamic, output-feedback controller of the form

ẋj = νj (xj , yj , t), uj = μj (xj , yj , t), xj ∈ �n̄j (2.94)

such that the following properties hold for the resulting closed-loop large-scale non-
linear system (2.11), (2.94):
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1. When the signal wj ≡ 0 for all 1 ≤ j ≤ N , the tracking error signal yj − yir

goes to zero asymptotically and all other closed-loop signals remain bounded
over [0,∞).

2. When wj 
= 0 for all 1 ≤ j ≤ N , the closed-loop system is bounded-input
bounded-state BIBS stable and, in appropriate coordinates, is integral-input-
to-state stable iISS with respect to the disturbance input w [63]. In particular,
there exists a class-K function γd (that is, γd is continuous, strictly increasing
and vanishes at the origin) such that, for any ρ > 0, the controller (2.94) can be
tuned to satisfy the inequality

∫ t

t0

|y(τ) − yr(t)|2dτ ≤ ρ

∫ t

0
γd(|w(τ)|)dτ + η0(z(0), x(0), x(0))

∀t ≥ 0, (2.95)

where η0 is a nonnegative C0 function, and

z(0) = [zt
1(0), . . . , zt

N (0)]t , x(0) = [xt
1(0), . . . , xt

N (0)]t ,
x(0) = [xt

1(0), . . . , xt
N (0)]t .

Remark 2.17 Property (1) above means that decentralized asymptotic tracking is
achieved for each local j th subsystem (2.11) in the absence of disturbance in-
puts. Property (2) with (2.95) in implies that, in the presence of disturbances,
the decentralized output-feedback controller (2.94) has the ability to attenu-
ate the effect of the disturbances on the tracking error arbitrarily for a fixed
class-K gain-function γd . As we shall see later, γd(s) = s2 + s4 + s8 in our
case.

In the sequel, sufficient conditions are provided to yield the standard L2-
gain disturbance rejection property—that is, γd(s) = s2 in (2.95). It is inter-
esting to note that a similar problem has been studied in [41] in the frame-
work of centralized output-feedback tracking with almost disturbance decou-
pling.

The control problem formulated above will be solved in two steps demonstrated
in the following sections. We first introduce a (partially) decentralized observer in
order to obtain an augmented decentralized system with partial-state information.
Then, we base the decentralized controller design on this enlarged dynamic sys-
tem.

2.4.1 Partially Decentralized Observer

Owing to the structure in every local system of (2.11), for each 1 ≤ j ≤ N , we
introduce the following state estimator for the (zj , xj )-subsystem:
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˙̂zj = Qj ẑj + fj0(y1r , . . . , yNr),

˙̂xj1 = x̂j2 + Lj1(yj − xj1) + fj1(y1r , . . . , yNr)

+ gj1(y1r , . . . , yNr)ẑj ,

...

x̂jnj
= uj + Ljnj

(yj − x̂j1) + fjnj
(y1r , . . . , yNr)

+ gjnj
(y1r , . . . , yNr)ẑj ,

(2.96)

Aj =

⎡

⎢
⎢
⎢
⎣

−Lj1
−Lj2 Inj −1

...

−Ljnj
0 . . .0

⎤

⎥
⎥
⎥
⎦

. (2.97)

Notice that the eigenvalues of Aj can be assigned to any desired location in the open
left-half plane via the choice of appropriate constants {Ljm}nm

m=1, provided complex
conjugate eigenvalues appear in pair. In (2.97), Inj −1 is the unit matrix of order
nj − 1.

Introducing the new variables

z̃j = zj − ẑj , x̃jk = xjk − x̂jk, 1 ≤ k ≤ nj , 1 ≤ j ≤ N. (2.98)

Then from (2.11) and (2.96), it follows that:

˙̃zj = Qj z̃j + fj0(y1, . . . , yN) − fj0(y1r , . . . , yNr)

+ pj0(y1, . . . , yN)wj , (2.99)

˙̃xj = Aj x̃j + fj (y1, . . . , yN) − fj (y1r , . . . , yNr)

+ gj (y1, . . . , yN)zj − gj (y1r , . . . , yNr)ẑj

+ pj (y1, . . . , yN)wj , (2.100)

where

x̃j = (x̃j1, . . . , x̃jnj
)t , fj = (fj1, . . . , fjnj

)t ,

gj = (gi1, . . . , gjnj
)t , pj = (pj1, . . . , pjnj

)t .

Since every fjk is a smooth function and every yjr is a bounded signal, there exist
a finite number of nonnegative smooth functions {ϕj0k}Nk=1, {ϕjk}Nk=1 such that

|fj0(y1, . . . , yN) − fj0(y1r , . . . , yNr)| ≤
N∑

k=1

|x̃k1|ϕj0k(x̃k1), (2.101)

|fj (y1, . . . , yN) − fj (y1r , . . . , yNr)| ≤
N∑

k=1

|x̃k1|ϕjk(x̃k1). (2.102)
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In a similar way, we can obtain a functional bound for gj (y1, . . . , yN)zj −
gj (y1r , . . . , yNr)ẑj . Indeed, we have

gj (y1, . . . , yN)zj − gj (y1r , . . . , yNr)ẑj

= gj (y1, . . . , yN)z̃j + (gj (y1, . . . , yN) − gj (y1r , . . . , yNr))ẑj . (2.103)

Using the Mean-Value Theorem [29], there exist nonnegative smooth functions φik

(1 ≤ k ≤ N) such that

|gj (y1, . . . , yN)zj − gj (y1r , . . . , yNr)ẑj |

≤ |gj (y1, . . . , yN)||z̃j | +
N∑

k=1

|x̃k1|φik(x̃k1)|ẑj |. (2.104)

It must be noted that, by means of these inequalities (2.101)–(2.104), it is easy to
show that, in the absence of disturbance inputs, the solutions (z̃j (t), x̃j (t)) of the
cascade system (2.99)–(2.100) go to zero, if yj (t) − yir (t) → 0 for all 1 ≤ j ≤ N .
The latter property will be guaranteed with the help of the decentralized controller
to be designed next.

Remark 2.18 It should be mentioned that the observer (2.96) is not asymptotic and
is totally decentralized only if the reference signals yjr = 0 for all 1 ≤ j ≤ N . Pro-
ceeding further, we select a partially decentralized observer so that; in appropriate
coordinates; the system (2.105) has an equilibrium point and therefore there is a
solution to decentralized asymptotic tracking. In general, when yjr (t) are general
time-varying signals, the system augmented with a totally decentralized observer
does not have a fixed equilibrium. Thus, only practical tracking can be achieved by
means of high-gain feedback [60].

2.4.2 Design Procedure

From the forgoing development of partially decentralized observers, we derive the
following controller-observer combined system for the purpose of feedback design:

˙̃zj = Qj z̃j + fj0(y1, . . . , yN) − fi0(y1r , . . . , yNr)

+ pj0(y1, . . . , yN)wj ,

˙̃xj = Aj x̃j + fj (y1, . . . , yN) − fj (y1r , . . . , yNr)

+ gj (y1, . . . , yN)zj − gj (y1r , . . . , yNr)ẑj

+ pj (y1, . . . , yN)wj ,

ẏj = x̂j2 + x̃i2 + fj1(y1, . . . , yN) + gj1(y1, . . . , yN)zj
(2.105)
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+ pi1(y1, . . . , yN)wj ,

˙̂xj2 = x̂j3 + Li2(yj − x̂i1) + fj2(y1r , . . . , yNr)

+ gj2(y1r , . . . , yNr)ẑj ,

...

˙̂xinj
= uj + Ljnj

(yj − x̂i1) + fjnj
(y1r , . . . , yNr)

+ gjnj
(y1r , . . . , yNr)ẑj .

Notice that the state variables (yj , x̂j1, x̂j2, . . . , x̂jnj
), and then x̃j1, are available

for feedback design. Also note that the states (z̃j , x̃j ) are unmeasured and that the
outputs yj , with j 
= i, of other subsystems are unavailable for the design of the
regional input uj .

We now direct attention to the j th local system (2.105) with uj as the control
input. For the sake of clarity, the arguments of a function are often omitted in case
no possible confusion arises. For notational simplicity, denote

f̃j0 = fj0(y1, . . . , yN) − fj0(y1r , . . . , yNr), (2.106)

f̃j = fj (y1, . . . , yN) − fj (y1r , . . . , yNr), (2.107)

g̃j = gj (y1, . . . , yN)zj − gj (y1r , . . . , yNr)ẑj . (2.108)

A step-by-step constructive controller design procedure is now developed, leading to
an improved solution to the decentralized problem under consideration with desired
tracking controllers.

Step J.1: Starting with the first (z̃j , x̃j , yj )-subsystem of (2.105). Introduce the new
variable ξj1 = yj − yjr (= x̃j1) and consider the Lyapunov function

Vj1 = λj1z̃
t
jPj1z̃j + λj2(z̃

t
jPj1z̃j1)

2 + x̃t
jPj2x̃j + 1

2
ξ2
i1, (2.109)

where λj1, λj2 > 0 are design parameters, Pj1 = P t
j1 > 0 and Pi2 = P t

i2 > 0 satisfy

Pi1Qj + Qt
jPi1 = −2Inzj

, (2.110)

Pi2Aj + At
jPi2 = −2Inj

. (2.111)

This guarantees that Vj1 > 0. Then by evaluating the time derivative of Vi1 along
the solutions of (2.105), we obtain

V̇j1 = (λj1 + 2λj2z̃
t
jPj1z̃j )(−2|z̃j |2 + 2z̃t

jPj1(f̃j0 + pj0wj))

− 2|x̃j |2 + 2x̃t
jPj2(f̃j + g̃j + pjwj ) + ξj1(x̂j2 + x̃j2

+ fj1(y1, . . . , yN) + gj1(y1, . . . , yN)zj

+ pj1(y1, . . . , yN)wj − ẏir ). (2.112)
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We first examine the term 2z̃t
jPj1(f̃j0 + pi0wj). Using (2.106) and (2.101), with

the help of Young’s inequality (see Chap. 9) and some algebraic manipulations, it
follows that:

2(λj1 + 2λj2z̃
t
jPj1z̃j )z̃

t
jPj1(f̃j0 + pj0wj)

≤ λj1|z̃j |2 + 3λi2

λmax(Pi1)
(z̃t

jPj1z̃j )
2 +

N∑

k=1

ξ2
k1ψik1(ξk1)

+ cj2|wj |2 + cj3|wj |4 + |wj |8, (2.113)

where cj1, cj2, cj3 > 0 and ψjk1 is a nonnegative smooth function.
In a similar way, there exist positive constants κj1, cj4 and a nonnegative smooth

function ψjk2 such that

2x̃t
jPj2(f̃j + g̃j + pjwj )

≤ |x̃j |2 + κj1|z̃j |2 + |z̃j |4 +
N∑

k=1

ξ2
k1ψjk2(ξk1) + cj4|wj |2 + |wj |4, (2.114)

where we have used the fact that ẑj is bounded.
By substituting (2.113) and (2.114) into (2.112), we readily obtain

V̇i1 ≤ −(λj1 + λj2z̃
t
j Pj1z̃j )|z̃j |2 − |x̃j |2 +

N∑

k=1

ξ2
k1(ψik1 + ψjk2)

+ κj1|z̃j |2 + |z̃j |4 + (cj2 + cj4)|wj |2 + (cj3 + 1)|wj |4

+ |wj |8 + ξj1(x̂i2 + x̃j2 + fj1(y1, . . . , yN)

+ gj1(y1, . . . , yN)zj + pj1(y1, . . . , yN)wj − ẏjr ). (2.115)

It is significant to note that κj1 does not depend on λj1 and λj2 while cjk’s may
depend on λj1 and λj2.

Proceeding further, using (2.102) and (2.104), we have

ξj1(x̃j2 + f̃j1 + g̃j1 + pj1wj)

≤ 1

2
|x̃j |2 +

N∑

k=1

ξ2
k1ψjk3(ξk1) + |z̃j |2 + |wj |2, (2.116)

where ψjk3 is a nonnegative smooth function.
Taking into consideration the decomposition in (2.107) and (2.108) and letting

ψ̂jk1 = ψjk1 + ψjk2 + ψjk3, the following holds true:



2.4 Decentralized Tracking: Class III 59

V̇j1 ≤ −(λj1 + λj2z̃
t
jPj1z̃j − κj1 − 1 − |z̃j |2)|z̃j |2

− 1

2
|x̃j |2 + (cj2 + cj4 + 1)|wj |2 + (cj3 + 1)|wj |4

+ |wj |8 + ξj1(x̂j2 + fj1(y1r , . . . , yNr)

+ gj1(y1r , . . . , yNr)ẑj − ẏjr ) +
N∑

k=1

ξ2
k1ψ̂ik1. (2.117)

This motivates us to choose a control function ξ�
j1 and a new variable ξj2 in the form

ξ�
j1 = −kj1ξj1 − ξj1Kj(ξj1) − fj1(y1r , . . . , yNr)

− gj1(y1r , . . . , yNr)ẑj + ẏjr , (2.118)

ξj2 = x̂j2 − ξ�
j1(yj , y1r , . . . , yNr , ẏjr , ẑj ), (2.119)

where kj1 > 0 is a design parameter and Kj is a nonnegative, smooth function such
that

Kj1(ξj1) ≥
N∑

k=1

ψ̂kj1(ξj1). (2.120)

This leads us to

V̇j1 ≤ −(λj1 + λj2z̃
t
j Pj1z̃j − κj1 − 1 − |z̃j |2)|z̃j |2

− 1

2
|x̃j |2 + (cj2 + cj4 + 1)|wj |2

+ (cj3 + 1)|wj |4 + |wj |8 − ki1ξ
2
j1 − ξ2

j1Kj(ξi1)

+
N∑

k=1

ξ2
k1ψ̂jk1(ξk1) + ξj1ξi2. (2.121)

Step J.k (2 ≤ k ≤ nk): Consider the (z̃j , x̃j , yj , x̂i2, . . . , x̂jk)-subsystem of (2.105)
with x̂j,jk+1 as the virtual control. For notational simplicity, we define x̂j,nk+1 :=
uk .

Rolling over from Step J.1 to Step J.k − 1, we assume that we have designed
intermediate control functions {ξ�

j�}k−1
�=1, and that we have introduced new variables

ξj,�+1 = x̂j,�+1 − ξ�
j�(yj , x̂j2, . . . , x̂j�, y�r , . . . , yNr , ẏjr , . . . , y

(�)
jr , ẑj )

∀1 ≤ � ≤ k − 1 (2.122)

and a positive-definite and proper function

Vj,k−1(z̃j , x̃j , ξj�, . . . , ξj,k−1) = Vj�(z̃j , x̃j , ξj� +
k−1∑

�=2

1

2
ξ2
j�. (2.123)
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It is further assumed that the time derivative of Vj,k−1 along the solutions of (2.105)
satisfies

V̇j,k−1 ≤ −(λj1 + λj2z̃
t
jPj1z̃j − κj1 − k + 1 − |z̃j |2)|z̃j |2

− 1

2k−1
|x̃j |2 + (k − 1 + ck2 + ck4)|wj |2

+ (cj3 + 1)|wj |4 + |wj |8 −
k−1∑

�=1

kj�ξ
2
j� − ξ2

j�Kj (ξj�)

+
N∑

m=1

ξ2
m1ψ̂jm(k−1)(ξm1) + ξj,k−1ξjk (2.124)

with kj� (1 ≤ � ≤ k − 1) positive design parameters and ψ̂jm(k−1) a nonnegative
smooth function being independent of Kj .

The objective is to prove that a similar property to the above also holds for the
subsystem

(z̃j , x̃j , yj , x̂j2, . . . , x̂jk)

of (2.105) when x̂j,k+1 is considered as the (virtual) input.
Toward this end, consider the positive-definite and proper function

Vjk = Vj,k−1(z̃j , x̃j , ξj1, . . . , ξj,k−1) + 1

2
ξ2
jk. (2.125)

Evaluating the time-derivative of Vjk along the solutions of (2.105) yields

V̇jk = V̇j,k−1ξjk

[

x̂j,k+1 + Ljk(yj − x̂j1)

+ fjk(y1r , . . . , yNr) + gjk(y1r , . . . , yNr)ẑj

−
k−1∑

m=2

∂ξ�
j,k−1

∂x̂jm

(x̂j,m+1 + Ljm(yj − x̂j1)

+ fjm(y1r , . . . , yNr) + gjm(y1r , . . . , yNr)ẑj )

−
N∑

m=1

∂ξ�
j,k−1

∂ymr

ẏmr −
k−1∑

m=1

∂ξ�
j,k−1

∂y
(m+1)
jr

y
(m+1)
jr

− ∂ξ�
j,k−1

∂ẑj

(Qj ẑj + fk0(y1r , . . . , yNr))

− ∂ξ�
j,k−1

∂yj

(x̂i2 + x̂k2 + fk1 + gk1zj + pk1wj)

]

. (2.126)
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Adopting similar arguments to Step J.1, after algebraic routine manipulations, it
follows the existence of nonnegative smooth functions {ψjmk}Nm=1 and κjk such
that:

−ξjk

∂ξ�
j,k−1

∂yj

(x̃j2 + f̃j1 + g̃j1 + pj1wj)

≤ 1

2j
x̃2
j + ξ2

jkκjk +
N∑

m=1

ξ2
m1ψjmk(ξm1) + |z̃j |2 + |wj |2. (2.127)

Observe that κjk is a function of

(yj , x̂j2, . . . , x̂jk, y1r , . . . , yNr , ẏjr , . . . , y
(�)
jr , ẑj )

and that every ψjmk does not depend on Kj .
This motivates us to select the following control function:

ξ�
jk = −kjkξjk − ξj,k−1 − ξjkκjk − Ljk(yj − x̂j1)

− fjk(y1r , . . . , yNr) − gjk(y1r , . . . , yNr)ẑj

+ ∂ξ�
j,k−1

∂yj

(x̂j2 + fj1(y1r , . . . , yNr) + gj1(y1r , . . . , yNr)ẑj )

+
k−1∑

m=2

∂ξ�
j,k−1

∂x̂jm

(x̂j,m+1 + Ljm(yj − x̂j1)

+ fjm(y1r , . . . , yNr) + gjm(y1r , . . . , yNr)ẑj )

+
N∑

m=1

∂ξ�
j,k−1

∂ymr

ẏmr +
j−1∑

m=1

∂ξ�
j,k−1

∂y
(m)
jr

y
(m+1)
jr

+ ∂ξ�
j,k−1

∂ẑj

(Qj ẑj + fj0(y1r , . . . , yNr)), (2.128)

where kjk > 0 is a design parameter.
Denoting ξj,k+1 = x̂j,k+1 − ξ�

jk and combining (2.124) with (2.126)–(2.128), we
obtain

V̇jk ≤ −(λj1 + λj2z̃
t
jPj1z̃j − κj1 − j − |z̃j |2)|z̃j |2

− 1

2j
|x̃j |2 + (j + cj2 + cj4)|wj |2 + (cj3 + 1)|wj |4

+ |wj |8 −
j∑

�=1

kjlξ
2
j l − ξ2

j1Kj(ξj1)

+
N∑

m=1

ξ2
m1(ψ̂jm(k−1)(ξm1) + ψjmk(ξm1)) + ξjkξj,k+1. (2.129)
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That is, property (2.124) holds for the (z̃j , x̃j , yj , x̂j2, . . . , x̂jk)-subsystem with

ψ̂jmk = ψ̂ik(j−1) + ψikj .

By induction, at Step nj , setting the control law

uj = ξ�
jnj

(yj , x̂j2, . . . , x̂jnj
, y1r , . . . , yNr , ẏir , . . . , y

(nj )

jr , ẑj ) (2.130)

leads us to

V̇jnj
≤ −(λj1 + λj2z̃

t
jPj1z̃j − κj1 − nj − |z̃j |2)|z̃j |2

− 1

2nj
|x̃j |2 + (nj + ci2 + ci4)|wj |2

+ (cj3 + 1)|wj |4 + |wj |8 −
nj∑

�=1

kj�ξ
2
j� − ξ2

j1Kj(ξj1)

+
N∑

m=1

ξ2
m1ψ̂jmnj

(ξm1), (2.131)

where by construction, ψ̂jmnj
is independent of the design function Kj .

Consider now the positive-definite and proper Lyapunov function for the entire
closed-loop interconnected system

V (z̃, x̃, ξ) =
N∑

j=1

Vjnj
(z̃j , x̃j , ξj1, . . . , ξjnj

), (2.132)

where

z̃ = (z̃t
1, . . . , z̃

t
N )t , x̃ = (x̃t

1, . . . , x̃
t
N )t , ξ = ξ t

1, . . . , ξ
t
N )t .

Notice that the positive definiteness and properness of V in (2.132) follows from
the foregoing recursive construction.

To eliminate the positive sum of the last term of (2.131), which also appears in
the time derivative of V , we pick a set of appropriate smooth functions {Kj }Nj=1 to
check on the inequalities (1 ≤ j ≤ N)

Kj (ξj1) ≥
N∑

m=1

ψ̂mjnmξj1. (2.133)

Obviously, such a design function Kj always exists.

2.4.3 Design Results

When applying the above-described control design to the uncertain large-scale sys-
tem (2.11), we establish the following result.
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Theorem 2.6 The problem of decentralized output-feedback tracking with distur-
bance attenuation is solvable for the minimum-phase large-scale system (2.11) sub-
ject to Condition A.

Proof By differentiating V defined by (2.132), along the solutions of the closed-
loop system (2.11) and (2.130), it yields

V̇ ≤ −
N∑

j=1

(λj1 + λj2z̃
t
jPj1z̃j − κj1 − nj − |z̃j |2)|z̃j |2

−
N∑

j=1

(
1

2nj
|x̃j |2 +

nj∑

�=1

kj�ξ
2
j�

)

+
N∑

j=1

[(nj + cj2 + cj4)|wj |2 + (cj3 + 1)|wj |4 + |wj |8]. (2.134)

By selecting sufficiently large design parameters λ1 and λ2 such that

(λj1 + λj2z̃
t
jPj1z̃j − κj1 − nj − |z̃j |2)|z̃j |2

≥ λj1

2
z̃jPj1z̃j + λj2

2
(z̃jPj1z̃j )

2 (2.135)

it follows from (2.134) and (2.132) that

V̇ ≤ −λV +
N∑

j=1

[(nj + cj2 + cj4)|wj |2

+ (cj3 + 1)|wj |4 + |wj |8], (2.136)

where

λ = min

{
1

2
,1/2nj λmax(Pj2), kj� | 1 ≤ j ≤ N, 1 ≤ � ≤ nj

}

.

The BIBS and iISS property (2) follows readily for the (transformed) closed-loop
system (2.11), (2.130) by either applying the technique in [64] or the Gronwall-
Bellman lemma [32] to (2.136). When wj = 0 for all 1 ≤ j ≤ N , the null solution
is uniformly globally asymptotically stable (UGAS), leading to the asymptotic con-
vergence of the tracking error y − yr because ξ1 = y − yr .

Now from (2.134), for any pair of instants 0 ≤ t0 ≤ t , we obtain

∫ t

t0

|ξ1(τ )|2dτ ≤ V (z(t0), x(t0), ξ(t0)) + ρ

∫ t

t0

(|w(τ)|2

+ |w(τ)|4 + |w(τ)|8)dτ (2.137)
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where ρ > 0 is defined by

ρ = max

{
max{nj + cj2 + cj3|1 ≤ j ≤ N}

min{kj1|1 ≤ j ≤ N} ,

max{cj3 + 1|1 ≤ j ≤ N}
min{kj1|1 ≤ i ≤ N} ,

1

min{kj1|1 ≤ j ≤ N}
}

.

It must be noted that ρ can be made as small as possible by selecting sufficiently
large values of the constants kj1. In the present case, (2.95) is met with γd(s) =
s2 + s4 + s8. The proof of Theorem 2.6 is now completed. �

Remark 2.19 It is of interest to observe that, in the absence of disturbance inputs
w, (2.136) yields that V converges to zero at an exponential rate and; therefore; the
tracking error y(t) − yr(t) goes to zero exponentially.

Remark 2.20 By similarity to the centralized output-feedback tracking with al-
most disturbance decoupling [41], Condition A can be weakened and the zj -system
in (2.11) can be broadened as follows:

żj = Γj (y1, . . . , yN)zj + fi0(y1, . . . , yN) + pi0(y1, . . . , yN)wj . (2.138)

Assume that, for each 1 ≤ j ≤ N , there are a pair of constant matrices (0 < Pj =
P t

j ,0 < Mj = Mt
j ) such that

Γ t
j (y1, . . . , yN)Pj + PjΓj (y1, . . . , yN) ≤ −Mj. (2.139)

Under this hypothesis, the ẑj -system in the decentralized observer (2.96) is replaced
by

˙̂zj = Γj (y1r , . . . , yNr)ẑj + fj0(y1r , . . . , yNr). (2.140)

Using the same techniques as in Sect. 2.4.2, Theorem 2.6 can be extended to this
situation.

To proceed further, we examine the situation when the developed controller de-
sign procedure yields a decentralized output-feedback law guaranteeing the standard
L2-gain disturbance attenuation property (2.95) holds with γd(s) = s2. The follow-
ing additional sufficient condition is recalled.

Condition B For all 1 ≤ j ≤ N and 1 ≤ k ≤ nk , the function pjk is bounded by a
constant. Furthermore, pj0 = 0 for each 1 ≤ j ≤ N .

The following lemma provides the desired result:

Lemma 2.6 Under Condition A and Condition B, the problem of decentralized
output-feedback tracking with L2-gain disturbance attenuation is solvable for the
class of minimum-phase large-scale systems (2.11).
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Proof We initially note that the only place where |wj |4 and |wj |8 occur is Step J.1
during the controller development in Sect. 2.4.2. More precisely, they are brought up
in the inequalities (2.113) and (2.114). Under Condition B, the function Vj1 satisfies
the following inequality, instead of (2.121):

V̇j1 ≤ −(λj1 + λj2z̃
t
jPj1z̃j − κj1 − 1 − |z̃j |2)|z̃j |2

− 1

2
|x̃j |2 + (cj2 + cj4 + 1)|wj |2 − kj1)ξ

2
j1

− ξ2
i1Kj(ξi1) +

N∑

m=1

ξ2
m1ψ̂jm1(ξm1) + ξj1ξj2. (2.141)

The above Lyapunov function V satisfies

V̇ ≤ −λV +
N∑

j=1

[(nj + cj2 + cj4)|wj |2]. (2.142)

From (2.142), the standard L2-gain property from w to ξ1 = y − yr follows readily.
The proof of Lemma 2.6 is thus completed. �

Remark 2.21 As an immediate corollary of Theorem 2.6, the standard L2-gain prop-
erty from w to ξ1 = y − yr can also be established when all functions fjk, gjk in
the decentralized system (2.11) are bounded by linear functions and the functions
pjk (1 ≤ j ≤ N,0 ≤ k ≤ nk) are bounded by some constants (in this case, pj0 
= 0).
The derived decentralized output-feedback controllers are linear.

Remark 2.22 The main features are four-fold:

(i) identifying a wide class of large-scale nonlinear systems in disturbed decen-
tralized output-feedback form;

(ii) proposing an effective systematic output-feedback controller design procedure
for decentralized systems in the presence of strong nonlinearities appearing in
the subsystems and interactions and

(iii) guaranteeing decentralized asymptotic tracking when the disturbance inputs
disappear and achieving desirable external stability properties when the distur-
bance inputs are present;

(iv) extending further the earlier results of [23, 29, 32, 40] to uncertain large com-
plex systems.

2.5 Decentralized Guaranteed Cost Control

In recent years, the problem of the decentralized robust control of large-scale sys-
tems with parameter uncertainties has been widely studied. Although there have
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been numerous studies on the decentralized robust control of large-scale uncertain
systems, much effort has been made toward finding a controller that guarantees ro-
bust stability. However, when controlling such systems, it is also desirable to design
control systems that guarantee not only robust stability but also an adequate level of
performance. One approach to this problem is the so-called guaranteed cost control
approach [47]. This approach has the advantage of providing an upper bound on a
given performance index.

Recent advances in the LMI theory have allowed a revisiting of the guaran-
teed cost control approach [82]. In [82], the guaranteed cost control technique
for interconnected systems by means of the LMI approach has been discussed.
In the literature, the guaranteed cost control for nonlinear uncertain large-scale
systems under gain perturbations has been considered. However, the time de-
lays have not been considered in those reports. If the system does not have de-
lays, the theoretical behavior would usually be more tractable. However, if de-
lays are present, they may result in instability or serious deterioration in the per-
formance of the resulting control systems. Therefore, the study of the control,
considering these time delays on the guaranteed cost stability, is very impor-
tant.

In what follows, the guaranteed cost control problem of the decentralized robust
control for uncertain nonlinear large-scale systems that have delay in both state and
control input is considered. It should be noted that although the robust control de-
sign method for parameter uncertain ordinary dynamic systems that have delay in
both state and control input has been considered, the guaranteed cost control for
nonlinear uncertain large-scale systems that have delay in both state and control
input has never been discussed. A sufficient condition for the existence of the de-
centralized robust feedback controllers is derived in terms of the LMI. The main
result shows that the guaranteed cost controllers can be constructed by solving the
LMI. The crucial difference between the existing results [82] and that of the present
study is that the controller that guarantees the stability and the adequate level of
performance of the large-scale delay systems is given. Thus, the applicability of the
resulting controllers can be extended to more practical large-scale systems. More-
over, since the construction of the guaranteed cost controller consists of an LMI-
based control design, the proposed method is computationally attractive and use-
ful.

2.5.1 Analysis of Robust Performance

To demonstrate ideas, we consider in the sequel a class of continuous-time au-
tonomous uncertain nonlinear large-scale interconnected delay systems, which con-
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sist of N subsystems of the form:

ẋj (t) = [Āj + ΔĀj (t)]xj (t) + [Ad
j + ΔAd

j (t)]xi(t − τj )

+ [Hd
j + ΔHd

j (t)]xj (t − hj )

+
N∑

j=1,j 
=k

[Gkj + ΔGkj (t)]gkj (xj , xk), (2.143)

xj (t) = φj (t), t ∈ [−dj ,0],
dj = max{τj , hj }, j = 1, . . . ,N,

(2.144)

where xj (t) ∈ �nj are the states. τj > 0 and hj > 0 are the delay constants, and
φj (t) are the given continuous vector valued initial functions. Āj , Ad

j , and Hd
j are

the constant matrices of appropriate dimensions. Gij ∈ �nj ×lj are the interconnec-
tion matrices between the ith subsystems and other subsystems. gkj (xj , xk) ∈ ��j

are unknown nonlinear vector functions that represent nonlinearity. The parameter
uncertainties considered here are assumed to be of the following form:

[ΔĀj (t)ΔAd
j (t)ΔHd

j (t)] = DjFj (t)[Ē1
j E1d

j Ē
dh

j ], (2.145)

ΔGjk(t) = DjkFjk(t)Ejk, (2.146)

where Dj , Ē1
j , E1d

j , Ēdh

j , Dij , and Eij are known constant real matrices of appropri-
ate dimensions. Fj (t) ∈ �pj ×qj and Fij (t) ∈ �rij ×sjk are unknown matrix functions
with Lebesgue measurable elements and satisfy

F t
j (t)Fj (t) ≤ Iqi, F t

ij (t)Fij (t) ≤ Isij . (2.147)

We make the following assumptions concerning the unknown nonlinear vector
functions.

(A1) There exist known constant matrices Vj and Wjk such that for all j, k, t ≥
0, xj ∈ �nj and xj ∈ �nj

‖gjk(xj , xk)‖ ≤ ‖Vjxj‖ + ‖Wjkxj‖.
(A2) For all j, k

Uj := 2
N∑

j=1,j 
=k

(V t
j Vj + Wt

jkWjk) > 0.

The cost function of the associated system (2.143) is given as

J =
N∑

j=1

∫ ∞

0
xt
j (t)Q̄j xj (t)dt, 0 < Q̄j = Q̄t

j . (2.148)
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The following definition of the cost matrix for the uncertain large-scale intercon-
nected delay systems is given in [47]:

Definition 2.1 The set of matrices 0 < Pj = P t
j is said to be the quadratic cost

matrix for the uncertain nonlinear large-scale interconnected delay systems (2.143)
if the following inequality holds

N∑

i=1

(
d

dt
xt
j (t)Pjxj (t) + xt

j (t)Q̄j xj (t)

)

< 0, (2.149)

for all nonzero xj ∈ �nj and all uncertainties (2.145).

Theorem 2.7 Under assumptions (A1) and (A2), suppose there exist matrices 0 <

Pj = P t
j ∈ �nj ×nj ,0 < Sj = St

j ∈ �nj ×nj ,0 < Tj = T t
j ∈ �nj ×nj such that for all

admissible uncertainties satisfying (2.145) the following matrix inequality holds:

Λj =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

Ξj Pj Ã
d
j Pj H̃

d
j Pj G̃j1 . . . Pj G̃jN

• −Sj 0 0 . . . 0
• • −Tj 0 . . . 0
• • • −Il1 . . . 0
...

...
...

...
. . .

...

• • • • . . . −IlN

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

< 0, (2.150)

where

Λj ∈ �N̄×N̄ , N̄ = 3nj +
N∑

m=1,j 
=m

�m,

Ξj := Ãt
jPj + Pj Ãj + Uj + Q̄j + Sj + Tj , Ãj := Āj + ΔAj(t),

Ãd
j := Ad

j + ΔAd
j (t), H̃ d

j := Hd
j + ΔHd

j (t),

G̃jk := Gjk + ΔGjk(t).

Then the free uncertain nonlinear large-scale interconnected systems (2.143) are

quadratically stable, and the corresponding value of the cost function (2.148) satis-
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fies the following inequality:

J <

N∑

i=1

[

φt
j (0)Pjφj (0) +

∫ 0

−τj

φt
j (s)Sjφj (s)ds

+
∫ 0

−hj

φt
j (s)Tjφj (s)ds

]

. (2.151)

Proof Based on the definitions Ãj , Ã
d
j , H̃ d

j and G̃jk , we can change the form
(2.143) to

ẋj (t) = Ãj xj (t) + Ãd
j xj (t − τj ) + H̃ d

j xj (t − hj )

+
N∑

k=1,j 
=k

G̃jkgjk(xj , xk). (2.152)

There exist matrices 0 < Pj = P t
j ∈ �nj ×nj ,0 < Sj = St

j ∈ �nj ×nj ,0 < Tj = T t
j ∈

�nj ×nj , j = 1, . . . ,N such that the matrix inequality (2.150) holds for all admis-
sible uncertainties (2.145). To prove the asymptotic stability of the interconnected
delay systems (2.152), we introduce the following Lyapunov function candidate

V
(
x(t)

) =
N∑

i=1

[

xt
j (t)Pjxj (t) +

∫ t

t−τj

xt
j (s)Sj xj (s)ds

+
∫ t

t−hj

xt
j (s)Tj xj (s)ds

]

, (2.153)

where x(t) = [xt
1(t) . . . xt

N (t)]t . Note by default that V (x(t)) > 0 whenever x(t) 
=
0. The time derivative of V (x(t)) along any trajectory of the interconnected delay
systems (2.152) is given by

d

dt
V (x(t)) =

N∑

i=1

zt
j (t)Λjzj (t) −

N∑

i=1

xt
j (t)Q̄j xj (t)

−
N∑

i=1

N∑

k=1,j 
=k

(2xt
jV

t
j Vjxj + 2xt

jW
t
jkWjkxj − gt

jkgjk),

where

zj = [xt
j (t) xt

j (t − τj ) xt
j (t − hj ) gt

j1 . . . gt
jN ]t ∈ �N̄

and Ξj and Λj are given in (2.151).
Under assumption (A1), it is easy to verify that the following inequality holds

2xt
jV

t
j Vjxj + 2xt

jW
t
jkWjkxj ≥ gt

jkgjk. (2.154)
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With inequalities (2.150) and (2.154) hold, it immediately follows that

d

dt
V (x(t)) < −

N∑

j=1

xt
j (t)Q̄j xj (t) < 0, (2.155)

which assures that V (x(t)) is a Lyapunov function for the interconnected delay
system (2.152). Therefore, system (2.152) is asymptotically stable. Furthermore, by
integrating both sides of the inequality (2.155) from 0 to T and using the initial
conditions, we obtain

V (x(T )) − V (x(0)) < −
N∑

j=1

∫ t

0
xt
j (t)Q̄j xj (t)dt. (2.156)

Since system (2.152) is asymptotically stable, that is, x(T ) → 0 when T → ∞, we
obtain V (x(T )) → 0. Thus we obtain

J =
N∑

j=1

∫ t

0
xt
m(t)Q̄j xj (t)dt < V (x(0))

=
N∑

j=1

[

φt
j (0)Pjφj (0) +

∫ 0

−τj

φt
j (s)Sjφj (s)ds +

∫ 0

−hj

φt
j (s)Tjφj (s)ds

]

.

This completes the proof of Theorem 2.7. �

2.5.2 Including Input Delays

In what follows, we consider the problem of decentralized guaranteed cost control
via the state feedback to the class of nonlinear uncertain interconnected systems
with input delays. The class of system under consideration is described by

ẋj (t) = [Aj + ΔAj(t)]xj (t) + [Bj + ΔBj(t)]uj (t)

+ [Adj + ΔAdj (t)]xj (t − τj ) + [Bdj + ΔBdj (t)]uj (t − hj )

+
N∑

k=1,j 
=k

[Gjk + ΔGjk]gjk(xj , xk), (2.157)

xj (t) = φj (t), t ∈ [−dj ,0], dj = max{τj , hj }, j = 1, . . . ,N, (2.158)

where uj (t) ∈ �mj are the control inputs of the j th subsystems. The parameter
uncertainties satisfy

[ΔAj(t) ΔBj (t) ΔAdj (t) ΔBdj (t)] = DjFj (t)[E1j E2j E1dj E2dj ]. (2.159)
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Aj ,Bj ,E1j ,E2j ,Ed1j ,Ed2j are constant matrices of appropriate dimensions. The
remaining constant real matrices and parameter uncertainties are the same as those
in system (2.143). Moreover, it is assumed that Assumptions (A1) and (A2) hold for
the unknown nonlinear vector functions gjk(xj , xk) ∈ ��j .

Associated with system (2.157) is the cost function

J =
N∑

j=1

∫ ∞

0
[xt

j (t)Qjxj (t) + ut
j (t)Rjuj (t)]dt,

0 < Qj = Qt
j , 0 < Rj = Rt

j . (2.160)

In view of the results of [47], the definition of the guaranteed cost control for the
class of uncertain interconnected systems (2.157) is now provided:

Definition 2.2 A decentralized control law uj (t) = Kjxj (t) is said to be a quadratic
guaranteed cost control related to the set of matrices 0 < Pj = P t

j for the uncertain
interconnected system (2.157) and cost function (2.160) if the closed-loop system is
quadratically stable and the closed-loop value of the cost function (2.160) satisfies
the bound J ≤ J ∗ for all admissible uncertainties, that is,

N∑

j=1

(
d

dt
xt
j (t)Pjxj (t) + xt

j (t)[Qj + Kt
jRjKj ]xj (t)

)

< 0, (2.161)

for all nonzero xj ∈ �nj .
The objective now is to design a decentralized guaranteed cost controller

uj (t) = Kjxj (t), j = 1, . . . ,N,

for the uncertain large-scale interconnected delay system (2.157).

2.5.3 Decentralized Design Results

We now present the LMI design approach to the construction of a guaranteed cost
controller.

Theorem 2.8 Under assumptions (A1) and (A2), suppose there exist scalar pa-
rameters μj > 0, εj > 0 and matrices 0 < Xj = Xt

j ∈ �nj ×nj ,0 < S̄j = S̄t
j ∈

�nj ×nj ,0 < Xj = Xt
j ∈ �nj ×nj , Yj =∈ �mj ×nj , such that for all j = 1, . . . ,N the
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following LMI

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

Φj Adj S̄j BdjYj (E1jXj + E2jYj )
t Gj1 0 . . .

• −S̄j 0 S̄jE
t
1dj 0 0 . . .

• • −Zj Y t
jE

t
2dj 0 0 . . .

• • • −μjIqj 0 0 . . .

• • • • −I�1 Et
1j . . .

• • • • • −εj Isj�
. . .

...
...

...
...

...
...

. . .

• • • • • • . . .

• • • • • • . . .

• • • • • • . . .

• • • • • • . . .

• • • • • • . . .

• • • • • • . . .

GjN 0 Xj Y t
j Xj Xj

0 0 0 0 0 0
Y t

jB
t
dj 0 −Zj Y t

jE
t
2dj 0 0

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
...

...
...

...
...

...

−I�N
Et

jN 0 0 0 0
EjN −εj IsjN

0 0 0 0
• • −Q−1

j 0 0 0

• • • −R−1
j 0 0

• • • • −S̄j 0
• • • • • −U−1

j

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

< 0, (2.162)

has a feasible solution, where

Φj := AjXj + BjYj + (AjXj + BjYj )
t + Zj + μjDjD

t
j + Hj ,

Hj :=
N∑

j=1,j 
=k

DjkD
t
jk.

Moreover, the decentralized linear state feedback control laws

uj (t) = Kjxj (t) = YjX
−1
j xj (t), j = 1, . . . ,N (2.163)
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are the guaranteed cost controllers and

J <

N∑

i=1

[

φt
j (0)X−1

j φj (0) +
∫ 0

−τj

φt
j (s)S̄

−1
j (s)ds

+
∫ 0

−hj

φt
j (s)X

−1
j ZjX

−1
j φj (s)ds

]

(2.164)

is the associated guaranteed cost.

Proof Introducing the matrices Xj := P −1
j , Yj := KjP

−1
j , S̄j := S−1

j and Zj :=
P −1

j TjP
−1
j . Pre-and post-multiplying both sides of the inequality (2.162) by

blockdiag[Pj Sj Pj Iqj Il1 Isi1 . . . IlN IsiN Inj
Imj

Inj
Inj

]
yields
⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

Ψj Pj Adj Pj Bdj Kj Ēt
j Pj Gj1 0 Pj GjN 0 Inj

Kt
j Inj

Inj

• −Sj 0 Et
1dj 0 0 0 0 0 0 0 0

• • −Tj Kt
j Et

2dj 0 0 0 0 0 0 0 0
• • • −μj Iqi 0 0 0 0 0 0 0 0
• • • • −I�1 Et

j1 0 0 0 0 0 0
• • • • • −εj Isi1 0 0 0 0 0 0
.
.
.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

• • • • • . . . −I�N
Et

jN 0 0 0 0
• • • • • . . . EjN −εj IsjN

0 0 0 0
• • • • • . . . 0 0 −Q−1

j 0 0 0

• • • • • . . . 0 0 0 −R−1
j 0 0

• • • • • . . . 0 0 0 0 −S−1
j 0

• • • • • . . . 0 0 0 0 0 −U−1
j

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

< 0, (2.165)

where

Ψj := Āt
jPj + Pj Āj + Tj + μjPjDjD

t
jPj + PjHjPj ,

Āj := Aj + BjKj , Ēj := E1
j + E2jKj .

Using Schur complement, the matrix inequality (2.165) holds if and only if, the
following inequality holds:

Fj :=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

Γj PjAdj + μ−1
j Ēt

jE1dj PjBdjKj + μ−1
j Ēt

jE2djKj PjGj1 . . . PjGjN

• μ−1
j Et

1djE1dj − Sj μ−1
j Et

1djE
2djKj 0 . . . 0

• • μ−1
j Kt

jE
t
2djE2djKj − Tj 0 . . . 0

• • 0 Θ1 . . . 0
.
.
.

.

.

.
.
.
.

.

.

.
. . .

.

.

.

• • 0 0 . . . ΘN

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

< 0, (2.166)
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where

Γj := Āt
jPj + Pj Āj + Uj + R̄j + Sj + Tj + μjPjDjD

t
jPj + PjHjPj

+ μ−1
j Ēt

j Ēj ,

R̄j := Qj + Kt
jRjKj , Θj := ε−1

j Et
jkEjk − I�j

.

Using a standard matrix inequality [30] for all admissible uncertainties (2.145)
and (2.159), the following matrix inequality holds:

0 > Fj

≥

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

Āt
jPj + Pj Āj + Uj + R̄j + Sj + Tj PjAdj PjBdjKj PjGj1 . . . PjGjN

• −Sj 0 0 . . . 0
• • −Tj 0 . . . 0
• • • −I�1 . . . 0
.
.
.

.

.

.
.
.
.

.

.

.
. . .

.

.

.

• • • • . . . −I�N

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

+

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

PjDj

0
0
0
...

0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

Fj (t)

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

Ēt
j

Et
1dj

Kt
jE

t
2dj

0
...

0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

t

+

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

Ēt
j

Et
1dt

Kt
jE

t
2dj

0
...

0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

F t
j (t)

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

PjDj

0
0
0
...

0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

t

+

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 0 PjDj1 . . . PjDjN

0 0 0 0 . . . 0
0 0 0 0 . . . 0
0 0 0 0 . . . 0
...

...
...

...
. . .

...

0 0 0 0 . . . 0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 0 0 . . . 0
0 0 0 0 . . . 0
0 0 0 0 . . . 0
0 0 0 Fj1 . . . 0
...

...
...

...
. . .

...

0 0 0 0 . . . FjN

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

×

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 0 0 . . . 0
0 0 0 0 . . . 0
0 0 0 0 . . . 0
0 0 0 Ej1 . . . 0
...

...
...

...
. . .

...

0 0 0 0 . . . EjN

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦
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+

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 0 0 . . . 0
0 0 0 0 . . . 0
0 0 0 0 . . . 0
0 0 0 Ej1 . . . 0
...

...
...

...
. . .

...

0 0 0 0 . . . EjN

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

t ⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 0 0 . . . 0
0 0 0 0 . . . 0
0 0 0 0 . . . 0
0 0 0 Fj1 . . . 0
...

...
...

...
. . .

...

0 0 0 0 . . . FjN

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

t

×

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 0 PjDj1 . . . PjDjN

0 0 0 0 . . . 0
0 0 0 0 . . . 0
0 0 0 0 . . . 0
...

...
...

...
. . .

...

0 0 0 0 . . . 0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

t

= Lj . (2.167)

Taking into consideration

Ādj = Adj + DjFj (t)E1dj , G̃jk = Gjk + DjkFjk(t)Ejk,

Ãj = Āj + DjFj (t)Ēj = Āj + ΔĀj (t),

BdjKj = Hdj , ΔBdj (t)Kj = ΔHdj (t),

Qj + Kt
jRjKj = R̄j = Q̄j

we readily obtain Lj = Λj . Hence, the individual closed-loop systems are asymp-
totically stable under Theorem 2.8. The results of the cost bound (2.164) can be
proved by using similar arguments for the proof of Theorem 2.7. �

Remark 2.23 Since LMI (2.162) consists of a solution set of (μj , εjXj ,Yj , S̄j ,Zj ),
various efficient convex optimization algorithms can be applied. Moreover, its solu-
tions represent the set of guaranteed cost controllers. This parameterized represen-
tation can be exploited to design the guaranteed cost controllers, which minimizes
the value of the guaranteed cost for the closed-loop uncertain interconnected delay
systems.

Consequently, to determine the optimal cost bound we solve the following opti-
mization problem:

D0: min
Xj

N∑

i=1

J̄j = J ∗,

(2.168)
J̄j := αj + TrMj + c2

j‖NjN
t
j‖2 TrZj ,

Xj ∈ (μj , εjXj ,Yj , S̄j ,Zj ,αj ,Mj ),
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such that (2.162) is satisfied and

[−αj φt
j (0)

• −Xj

]

< 0, (2.169)

[−Mj Mt
j

• −S̄j

]

< 0, (2.170)

[−cj Inj
Inj

• −Xj

]

< 0, (2.171)

where cj > 0 are prescribed constants and

MjM
t
j :=

∫ 0

−τj

φj (s)φ
t
j (s)ds, NjN

t
j :=

∫ 0

−hj

φj (s)φ
t
j (s)ds.

The main design result is summarized by the following theorem:

Theorem 2.9 If the foregoing optimization problem has the solution

μj , εj ,Xj ,Yj , S̄j ,Zj , , αj ,Mj ,

then the control laws of the form (2.163) are the decentralized linear state feedback
control laws, which ensure the minimization of the guaranteed cost (2.164) for the
uncertain interconnected delay systems.

Proof By Theorem 2.8, the control laws (2.163) constructed from the feasible solu-
tions

μj , εj ,Xj ,Yj , S̄j ,Zj ,αj ,Mj

are the guaranteed cost controllers of the uncertain interconnected delay systems
(2.157). Applying the Schur complement to the LMI (2.169) and using the following
inequality [12]:

TrXY ≤ ‖X‖2 TrY, Y = Y t ≥ 0, X = Xt,

we have the following

1.

φt
j (0)X−1

j φj (0) < αj ,

2.

∫ 0

−τj

φt
j (s)S̄

−1
j φj (s)ds =

∫ 0

τj

Tr[φt
j (s)S̄

−1
j φj (s)]ds

= Tr[Mt
j S̄

−1
j Mj ] < Tr[Mj ],
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3.
∫ 0

−hj

φt
j (s)X

−1
j ZjX

−1
j φj (s)ds

=
∫ 0

−hj

Tr[φt
j (s)X

−1
j ZjX

−1
j φj (s)]ds

= Tr[Nt
jX

−1
j ZjX

−1
j Nj ] ≤ ‖NjN

t
j‖2‖X−1

j ‖2
2 TrZj

< c2
j‖NjN

t
j‖2 TrZj .

It follows that

J <

N∑

j=1

[

φt
j (0)X−1

j φj (0) +
∫ 0

−τj

φt
j (s)S̄

−1
j φj (s)ds

+
∫ 0

−hj

φt
j (s)X

−1
j ZjX

−1
j φj (s)ds

]

<

N∑

i=1

(αj + Tr[Mj ] + c2
j‖NjN

t
j‖2 · Tr[Zj ])

≤ min
Xj

N∑

j=1

J̄j = J ∗. (2.172)

Thus, the minimization of
∑N

i=1 J̄j implies the minimum value J ∗ of the guaranteed
cost for the interconnected uncertain delay systems (2.157). The optimality of the
solution of the optimization problem follows from the convexity of the objective
function under the LMI constraints. This is the required result. �

Remark 2.24 It must be noted that the original optimization problem for the guar-
anteed cost (2.168) can be appropriately decomposed into the following reduced
optimization problems (2.173) since each optimization problem (2.173) is indepen-
dent of each other. Hence, we only have to solve the optimization problems (2.173)
for each independent subsystem:

min
Xj

N∑

j=1

J̄j =
N∑

j=1

min
Xj

J̄j ,

(2.173)
Xj ∈ (μj , εjXj ,Yj , S̄j ,Zj ,αj ,Mj ), Dj : min

Xj

J̄j , j = 1, . . . ,N,

J̄j := αj + Tr[Mj ] + c2
j‖NjN

t
j‖2 · Tr[Zj ].

Remark 2.25 The constant parameter cj , which is included in the inequality (2.171),
needs to be optimized as the LMI constraints. In this case, it is hard to obtain the
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optimum guaranteed cost, because the resulting problem is nonconvex optimization
problem. As an alternative, the above suboptimal guaranteed cost control is solved
instead of solving the non convex optimization problem. Consequently, the decen-
tralized robust suboptimal guaranteed cost controller, which minimizes the value of
the guaranteed cost for the closed-loop uncertain delay systems, can be easily solved
by using the LMI. The selected constant parameter cj needs to be as small as since
the matrix Xj is constrained by the inequality (2.169).

2.6 Global Robust Stabilization

2.6.1 Introduction

The decentralized control schemes, different from the classical centralized infor-
mation structures, have been considered with significant interests for the control of
interconnected systems in recent years. The main objectives of decentralized con-
trol are to find some feedback laws for adapting the interactions from the other
subsystems where no state information is transferred. The advantage of decentral-
ized control design is to reduce complexity and this therefore allows the control
implementation to be more feasible.

Unlike centralized control design, decentralized control cannot have access to
the entire state information. Therefore, interconnections between subsystems need
to be analyzed, so that their influence on the system performance can be properly
addressed by the control. As far as asymptotic stability of interconnected systems is
concerned, there are two main approaches for the treatment of the interconnections
in the literature. The first is to assume that the interconnections satisfy the matching
conditions bounded by first-order polynomials of states [3] or higher-order polyno-
mials [38, 56]. The second is to require that the interconnections meet a triangular
structure bounded by first-order polynomials of states [79] or higher-order polyno-
mials [25]. The matching condition guarantees that Lyapunov redesign is applicable,
which begins with Lyapunov functions for nominal subsystems and then attempts
to use these Lyapunov functions to design decentralized feedback laws. Most of
the work in the literature falls into this category. On the other hand, the triangular
structure makes it possible to apply backstepping technique to design the decentral-
ized controllers. The backstepping design idea, which was initially introduced in
[28] for nonlinear adaptive control and in [8] for nonlinear robust control, was ap-
plied to construct decentralized robust controllers in [79] and used in decentralized
adaptive control by [25]. In the latter, we note that decentralized adaptive control
design is addressed for a class of large-scale interconnected nonlinear systems with
decentralized strict feedback form and single input subsystems. In the literature,
the interconnections are assumed to be bounded by higher order polynomials of the
states in the first integrator of every subsystem, whose coefficients admit a lower
triangular structure.
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One of the important problems in decentralized control is to relax restrictions
on the interconnections and uncertainties. There exist two kinds of restrictions,
such as matching conditions and strict feedback conditions in the literature. Many
physical systems, such as power systems in [62], do not satisfy these conditions,
so the study of relaxing these restrictions is of theoretical and practical impor-
tance.

Hereafter, the main objective is to investigate the problem of decentralized robust
stabilization for a class of large-scale nonlinear systems with parameter uncertain-
ties and nonlinear interconnections. Each system of the interconnected system is as-
sumed to be controlled by multiple inputs and to be in a nested structure, which was
first introduced by [37]. The uncertain parameters and/or disturbances are allowed
to be time-varying and enter the system nonlinearly. The nonlinear interconnections
are bounded by higher-order polynomials in the decentralized strict feedback form.
Inspired by the recent work of centralized nonlinear control [36], it is proved that
the global decentralized robust asymptotic stabilization problem can be solved for
the uncertain interconnected nonlinear systems by applying a recursive design pro-
cedure.

2.6.2 Problem Formulation and Assumptions

Consider a large-scale nonlinear system composed of N interconnected subsystems
with m inputs. The ith subsystem is given as

ẋi = f i(xi, ξ i
11) +

m∑

n=1

Φin
n0(x̄

N , ξ̄N
1 , . . . , ξ̄N

n , θ)ξ i
n1,

ξ i
j1 = ξ i

j2 + Ψ i
j1(x̄

N , ξ̄N
1 , . . . , ξ̄N

j , θ)

+
m∑

n=j+1

Φin
j1(x̄

N , ξ̄N
1 , . . . , ξ̄N

n , θ)ξ i
n1,

...
(2.174)

ξ i
j,rj−1

= ξ i
jrj

+ Ψ i
j,rj−1

(x̄N , ξ̄N
1 , . . . , ξ̄N

j , θ),

+
m∑

n=j+1

Φin
j,rj−1

(x̄N , ξ̄N
1 , . . . , ξ̄N

n , θ)ξ i
n1,

ξ i
jrj

= ui
j + Ψ i

jrj
(x̄N , ξ̄N

1 , . . . , ξ̄N
j , θ)

+
m∑

n=j+1

Φin
jrj

(x̄N , ξ̄N
1 , . . . , ξ̄N

n , θ)ξ i
n1,
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where

xj ∈ �nj , x̄N = [(x1)t , . . . , (xN)t ]t , ξ̄
j
jd = [ξj

j1, . . . , ξ
j
jd ]t ,

ξ̄N
j = [(ξ̄1

jrj
)′, . . . , (ξ̄N

jrj
)t ]t , i = 1, . . . ,N, j = 1, . . . ,m, d = 1, . . . , rj .

The vector θ ∈ �q is a time-varying uncertain parameters. All functions are smooth
and vanishing at the origin for any θ .

Remark 2.26 Every subsystem in (2.174) possesses a nested structure, that is, the
(xj , ξ̄

j

1r1
, . . . , ξ̄

j
jrj

)-blocks are nested in the ξ̄
j

j+1,rj+1
-block through feedback con-

nections between these blocks. Moreover, each block has a strict feedback structure
with unmatched interconnections. Such a structure can be easily seen from (5).

Our objective is to design decentralized robust controllers

u
j

1 = u
j

1(x
j , ξ̄

j

1r1
), . . . , u

j
m = u

j
m(xj , ξ̄

j

1r1
, . . . , ξ

j
mrm

), j = 1, . . . ,N

such that the origin of the corresponding closed-loop system is globally asymptoti-
cally stable for any θ . The recursive design technique, that is, back stepping with the
aid of augmentation, developed in [36], will be applied to construct decentralized
robust controllers for the system (2.174).

To this end, we impose the following assumptions:

Assumption 2.4 There exist positive definite and proper smooth functions

V j (xj ), j = 1, . . . ,N, p
jt

0 > 0

such that
N∑

j=1

∂V j

∂xj
f j (xj ,0) ≤ −

N∑

j=1

ρ∑

t=1

p
jt

0 ‖xj‖2t · (2.175)

Assumption 2.5 There exist a series of non-negative smooth functions

Ψ ikt
jd0(x

j , ξ̄
j

1r1
, . . . , ξ̄

j

j−1,rj−1
, ξ̄

j
jd), Ψ iit

jdls(x
j , ξ̄

j

1r1
, . . . , ξ̄

j

j−1,rj−1
, ξ̄

j
jd),

Ψ iit
jdjs(x

j , ξ̄
j

1r1
, . . . , ξ̄

j

j−1,rj−1
, ξ̄

j
jd), Ψ ikt

jdl1(x
j , ξ̄

j

1r1
, . . . , ξ̄

j

j−1,rj−1
, ξ̄

j
jd)

such that

‖Ψ j
jd(x̄N , ξ̄N

1 , . . . , ξ̄N
j , θ)‖

≤
N∑

k=1

ρ∑

t=1

Ψ ikt
jd0‖xk‖t +

j−1∑

l=1

r1∑

s=2

ρ∑

t=1

Ψ iit
jdls |ξj

ls |t

+
d∑

s=2

ρ∑

t=1

Ψ iit
jdjs |ξj

js |t +
N∑

k=1

j∑

l=1

ρ∑

t=1

Ψ ikt
jdl1|ξk

l1|t (2.176)

for j = 1, . . . ,N , k = 1, . . . ,m and d = 1, . . . , rj .
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Assumption 2.6 There exist a series of non-negative smooth functions

Φinkt
jd0 (xj , ξ̄

j

1r1
, . . . , ξ̄

j

n−1,rn−1
), Φinit

jdls(x
j , ξ̄

j

1r1
, . . . , ξ̄

j

n−1,rn−1
),

Φinkt
jdl1(x

j , ξ̄
j

1r1
, . . . , ξ̄

j

n−1,rn−1
),

such that

‖Φin
jd(x̄N , ξ̄N

1 , . . . , ξ̄N
n , θ)‖

≤
N∑

k=1

ρ∑

t=1

Φinkt
jd0 ‖xk‖t +

n−1∑

l=1

r1∑

s=2

ρ∑

t=1

Φinit
jdls |ξj

ls |t

+
N∑

k=1

n∑

l=1

ρ∑

t=1

Φinkt
jdl1|ξk

l1|t (2.177)

for j = 1, . . . ,N , k = 1, . . . ,m, n = j + 1, . . . ,m and d = 0, . . . , rj .

Remark 2.27 It must be noted that Assumptions 2.5 and 2.6 imply that the intercon-
nections are bounded by polynomial-type nonlinearities with the decentralized strict
feedback form. In particular, the interconnections in the ith subsystem are bounded
by polynomial-type nonlinearities which are composed of two parts: higher-order
polynomials of its own states, i.e. the second and the third terms on the right-hand
side of (2.176) and the second terms on the right-hand side of (2.177); higher-order
polynomials of the states from other subsystems, that is. the first terms on the right-
hand side of (2.176) and (2.177) which are comprised of all the zero-dynamic con-
sidered in [25], the last terms in (2.176) and (2.177) which are comprised of the first
states of each subsystem.

Remark 2.28 Note also that the restrictions on the interconnections imposed in As-
sumptions 2.5 and 2.6 are very general which include many types of interconnec-
tions considered in the existing literature as special cases, for example, the intercon-
nections bounded by first-order polynomials [3], higher-order polynomials [25, 38].
Compared with the work in [3, 56], no matching conditions are imposed in Assump-
tions 2.5 and 2.6. Furthermore, the kth subsystem’s state variables xk are allowed to
appear in the higher-order polynomials in Assumptions 2.5 and 2.6.

Remark 2.29 In the literature, the decentralized robust stabilization problem has
been addressed for a class of large-scale nonlinear systems of the form (2.178). In
what follows, we consider the same problem for a wider class of large-scale systems
with more than one input and less restrictions on interconnections.
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2.6.3 Robust Control Design

We now look for designing decentralized robust controllers for the large-scale sys-
tem (2.174). The design will be carried out step by step.

1. Consider system (2.174) with m = 1, that is

ẋj = f j (xj , ξ
j

11) + Ψ i1
10 (x̄N , ξ̄N

1 , θ)ξ
j

11,

ξ
j

11 = ξ
j

12 + Ψ
j

11(x̄
N , ξ̄N

1 , θ),

... (2.178)

ξ
j

1,r1−1 = ξ
j

1r1
+ Ψ

j

1,r1−1(x̄
N , ξ̄N

1 , θ),

ξ
j

1r1
= u

j

1 + Ψ
j

1r1
(x̄N , ξ̄N

1 , θ),

where Φi1
10 and Ψ

j

1d satisfy the following conditions:

‖Φi1
10(x̄

N , ξ̄N
1 , θ)‖ ≤

N∑

k=1

ρ∑

t=1

Φi1kt
100 (xj , ξ

j

11)‖xk‖t

+
N∑

k=1

ρ∑

t=1

Φi1kt
1011(x

j , ξ
j

11)|ξk
11|t , (2.179)

‖Ψ j

1d(x̄N , ξ̄N
1 , θ)‖ ≤

N∑

k=1

ρ∑

t=1

Ψ ikt
1d0(x

j , ξ̄
j

1d)‖xk‖t

+
d∑

s=2

ρ∑

t=1

Ψ iit
1d1s(x

j , ξ̄
j

1d)|ξj

1s |t

+
N∑

k=1

ρ∑

t=1

Ψ ikt
1d11(x

j , ξ̄
j

1d)|ξk
11|t , (2.180)

which follows from Assumptions 2.5 and 2.6. It is readily seen that system (2.178) is
quite general. Furthermore, conditions (2.179) and (2.180) are less restrictive due to
the presence of the higher polynomial terms |ξj

1s |t in (2.180) and the interconnection
terms ‖xk‖t in (2.179) and (2.180). With Assumption 2.4, (2.179) and (2.180), an
appropriate design procedure can be applied to system (2.178), the result can be
summarized by the following lemma:

Lemma 2.7 Consider system (2.178) with Assumption 2.4 and (2.179) and (2.180).
There exist a change of coordinates z

j

1d = ξ
j

1d − α
j

1,d−1(x
j , ξ̄

j

1,d−1) with α
j

10 = 0
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and decentralized feedback laws u
j

1 = u
j

1(x
j , ξ̄

j

1r1
) such that the Lyapunov function

W1 =
N∑

i=1

V j +
N∑

i=1

r1∑

d=1

1

2
(z

j

1d)2 (2.181)

satisfies

Ẇ1 ≤ −
N∑

i=1

ρ∑

t=1

pit
1 ‖xj‖2t −

N∑

i=1

r1∑

d=1

ρ∑

t=1

cit
1d1(z

j

1d)2t ,

pit
1 > 0, cit

1d2 > 0 (2.182)

along the solutions to system (2.178) with u
j

1 = u
j

1(x
j , ξ̄

j

1r1
).

Remark 2.30 Note that Lemma 2.7 is an extension of the results given in the liter-
ature. The proof presented there can be modified to verify Lemma 2.7. However, a
major modification should be made, that is, the terms like |ξj

1s | should be expressed

in terms of xj and z
j

1d for d = 1, . . . , s. Observe that α
j

1,s−1 can be put into the form

α
j

1,s−1 = ᾱ
j

1,s−1,0(x
j )xj +

s−1∑

d=1

ᾱ
j

1,s−1,d (xj , ξ
j

11, . . . , ξ1d)z
j

1d

due to the smoothness of α
j

1,s−1 and α
j

1,s−1(0) = 0. It follows from

ξ
j

1s = z
j

1s + α
j

1,s−1(x
j , ξ

j

11, . . . , ξ
j

1,s−1)

that

ξ
j

1s = z
j

1s + ᾱ
j

1,s−1,0(x
j )xj +

s−1∑

d=1

ᾱ
j

1,s−1,d (xj , ξ
j

11, . . . , ξ1d)z
j

1d

which implies, according to Lemma 2.8 in Sect. 2.6.5, that

|ξj

1s |t ≤ (s + 1)t−1[|zj

1s |t + ‖ᾱj

1,s−1,0(x
j )‖t‖xj‖t ]

+ (s + 1)t−1
s−1∑

d=1

|ᾱj

1,s−1,d (xj , ξ
j

11, . . . , ξ1d)|t |zj

1d |t .

Step T : Consider system (2.174) with m = T ,T ≥ 2, that is,

ẋj = f j (xj , ξ
j

11) +
t∑

n=1

Φin
n0(x̄

N , ξ̄N
1 , . . . , ξ̄N

n , θ)ξ
j

n1,

ξ
j

j1 = ξ
j

j2 + Ψ
j

j1(x̄
N , ξ̄N

1 , . . . , ξ̄N
j , θ)
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+
t∑

n=j+1

Φin
j1(x̄

N , ξ̄N
1 , . . . , ξ̄N

n , θ)ξ
j

n1,

...
(2.183)

ξ
j

j,rj −1 = ξ
j
jrj

+ Ψ
j

j,rj −1(x̄
N , ξ̄N

1 , . . . , ξ̄N
j , θ)

+
t∑

n=j+1

Φin
j,rj −1(x̄

N , ξ̄N
1 , . . . , ξ̄N

n , θ)ξ
j

n1,

ξ
j
jrj

= u
j
j + Ψ

j
jrj

(x̄N , ξ̄N
1 , . . . , ξ̄N

j , θ)

+
t∑

n=j+1

Φin
jrj

(x̄N , ξ̄N
1 , . . . , ξ̄N

n , θ)ξ
j

n1,

where u
j

1 = u
j

1(x
j , ξ̄

j

1r1
), u

j

2 = u
j

2(X
j

1 , ξ̄
j

2r2
), . . . , u

j

T −1 = u
j

T −1(X
j

T −2, ξ̄
j

T −1,rT −1
)

are determined in the first T − 1 steps with

X
j

1 = [(xj )′, (ξ̄ j

1r1
)′]′,

XN
1 = [(X1

1)
′, . . . , (XN

1 )′]′,
F

j

1 = [(f j

0 + Φ
j

10ξ
j

11)
′, ξ j

12 + Ψ
j

11, . . . , ξ
j

1r1

+ Ψ
j

1,r1−1, u
j

1(X
j

1) + Ψ
j

1r1
]′,

Φ̄i2
1 = [(Φi2

20)
′,Φi2

11, . . . ,Φ
i2
1,r1−1,Φ

i2
1r1

]′,
...

X
j

T −2 = [(Xj

T −3)
′, ξ j

T −2,1, . . . , ξ
j

T −2,rT −2
]′,

XN
T −2 = [(X1

T −2)
′, . . . , (XN

T −2)
′]′,

F
j

T −2 = [(F j

T −3 + Φ̄
i,T −2
T −3 ξ

j

T −2,1)
′, ξ j

T −2,2 + Ψ
j

T −2,1, . . . ,

ξ
j

T −2,rT −2
+ Ψ

j

T −2,rT −2−1, u
j

T −1(X
j

T −2) + Ψ
j

T −2,rT −2
]′,

Φ̄
i,T −1
T −2 = [(Φi,T −1

T −1,0)
′,Φi,T −1

11 , . . . ,Φ
i,T −1
1r1

, . . . ,

Φ
i,T −1
T −1,1, . . . ,Φ

i,T −1
T −2,rT −2−1,Φ

i,T −1
T −2,rT −2

]′.
Such a system can be alternatively put into the following form:

Ẋ
j

T −1 = F
j

T −1(X̄
N
T −1, θ) + Φ̄iT

T −1(X̄
N
T −1, ξ̄

N
T , θ)ξ

j

T 1,

ξ
j

T 1 = ξ
j

T 2 + Ψ
j

T 1(X̄
N
T −1, ξ̄

N
T , θ),
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... (2.184)

ξ
j

T 2 = ξ
j

T 3 + Ψ
j

T 2(X̄
N
T −1, ξ̄

N
T , θ),

ξ
j
T rT

= u
j
T + Ψ

j
T rT

(X̄N
T −1, ξ̄

N
T , θ),

where

X
j

T −1 = [(Xj

T −2)
′, ξ j

T −1,1, . . . , ξ
j

T −1,rT −1
]′,

XN
T −1 = [(X1

T −1)
′, . . . , (XN

T −1)
′]′,

F
j

T −1 = [(F j

T −2 + Φ̄
i,T −1
T −2 ξ

j

T −1,1)
′, ξ j

T −1,2 + Ψ
j

T −1,1, . . . ,

ξ
j

T −1,rT −1
+ Ψ

j

T −1,rT −1
, u

j

T −1(X
j

T −1) + Ψ
j

T −1,rT −1
]′,

Φ̄iT
T −1 = [(ΦiT

T 0)
′,ΦiT

11 , . . . ,ΦiT
1r1

, . . . ,ΦiT
T −1,1, . . . ,

ΦiT
T −1,rT −1−1,Φ

iT
T −1,rT −1

]′.

According to Step T − 1,F
j

T −1 satisfies the following inequality:

N∑

i=1

∂WT −1

∂X
j

T −1

F
j

T −1(X
N
T −1, θ)

≤ −
N∑

i=1

ρ∑

t=1

pit
T −1‖xj‖2t −

N∑

i=1

T −1∑

j=1

rj∑

d=1

ρ∑

t=1

cit
jd,T −1(z

j
jd)2t · (2.185)

It follows from Assumptions 2.5 and 2.6 that ΦiT
T −1 and Ψ

j
T d satisfy the following

inequalities:

‖ΦiT
T −1(X̄

N
T −1, ξ̄

N
T , θ)‖ ≤ ‖ΦiT

T 0‖ +
T −1∑

j=1

rj∑

d=1

‖ΦiT
jd ‖

≤
N∑

k=1

ρ∑

t=1

Φ̄iT kt
T −1,0(X

j

T −1, ξ
j

T 1)‖xk‖t

+
N∑

k=1

T −1∑

l=1

rj∑

s=2

ρ∑

t=1

Φ̄iT it
T −1,ls (X

j

T −1, ξ
j

T 1)|ξj
ls |t

+
N∑

k=1

T −1∑

l=1

ρ∑

t=1

Φ̄iT kt
T −1,l1(X

j

T −1, ξ
j

T 1)|ξj

l1|t , (2.186)
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‖Ψ j
T d(X̄N

k−1, ξ̄
N
T , θ)‖ ≤

N∑

k=1

ρ∑

t=1

Ψ ikt
T d0(X

j

T −1, ξ̄
j
T d)‖xk‖t

+
T −1∑

l=1

r1∑

s=2

ρ∑

t=1

Ψ iit
T dls(X

j

T −1, ξ̄
j
T d)|ξj

ls |t

+
d∑

s=2

ρ∑

t=1

Ψ iit
T dT s(X

j

T −1, ξ̄
j
T d)|ξj

T s |t

+
N∑

k=1

T −1∑

l=1

ρ∑

t=1

Ψ ikt
T dl1(X

j

T −1, ξ̄
j
T d)|ξk

l1|t . (2.187)

With (2.185)–(2.187), it follows from Lemma 2.7 that there exits a change of coordi-
nates z

j
T d = ξ

j
T d − α

j

T ,d−1(X
j

T −1, ξ̄
j

T ,d−1) with α
j

T 0 = 0 and decentralized feedback

laws u
j
T = u

j
k(X

j

T −1, ξ̄
j
T rT

) so that the Lyapunov function

WT = WT −1 +
N∑

i=1

rT∑

d=1

1

2
(z

j
T d)2t (2.188)

satisfies

ẆT ≤ −
N∑

i=1

ρ∑

t=1

pit
T ‖xj‖ −

N∑

i=1

t∑

j=1

rj∑

d=1

ρ∑

t=1

cit
jdT (z

j
jd)2t (2.189)

along the solution of (2.183) with

u
j

1 = u
j

1(x
j , ξ̄

j

1r1
), u

j

2 = u
j

2(X
j

1 , ξ̄
j

2r2
), . . . , u

j
T = u

j

2(X
j

T −1, ξ̄
j
T rT

).

From the foregoing analysis, we have the following result for system (2.174):

Theorem 2.10 Suppose that Assumptions 2.4–2.6 are satisfied. Then, system
(2.174) can be globally asymptotically stabilized by decentralized robust control
laws u

j

1 = u1(x
j , ξ̄

j

1r1
), . . . , u

j
m = um(xj , ξ̄

j

1r1
, . . . , ξ̄

j
mrm

).

2.6.4 Simulation Example 2.7

To illustrate the theoretical developments, we consider the large-scale nonlinear sys-
tem

ẋj = −x1 − (x1)3 + ξ1
11(x

1)2θ sin t

+ 1

Δ
ξ1

21[(ξ2
11)

2 + (ξ2
21)

2],
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ξ1
11 = ξ1

12 + ξ1
21(ξ

2
11)

2θ cos t,

ξ1
12 = u1

1,

ξ1
21 = ξ1

22 + 1

Δ
[x1 sin t + (ξ2

21)
2θ cos t],

(2.190)
ξ1

22 = u1
2,

ξ2
11 = ξ2

12 + ξ2
21ξ

1
11ξ

2
11θ cos t,

ξ2
12 = u2

1,

ξ2
21 = ξ2

22 + 1

Δ
[x1 sin t + (ξ1

21)
2θ cos t],

ξ2
22 = u2

2,

where Δ = 1 + (x1)2 +∑2
i=1

∑2
j=1(ξ

j

1j )
2 +∑2

i=1
∑2

j=1(ξ
j

2j )
2 and |θ | < 1.

For this purpose we choose V = 1
2p(x1)2, p > 0. Then, a simple calculation

shows that

∂V

∂x1
[−x1 − (x1)3] ≤ −p(x1)2 − p

2
(x1)4

which implies that Assumption 2.4 is satisfied. In addition, it is not difficult to prove
that Assumptions 2.5 and 2.6 are satisfied as well. Therefore, the design procedure
developed in Sect. 2.6.3 is applicable. Note that the approach in [81] cannot be used
to solve the problem for (2.190) because there exist interconnected terms, that is, the
last terms in the first equation, the second equation, the fourth equation, the sixth
equation, and the eighth equation of system (2.190).

First, consider the following system:

ẋ1 = −x1 − (x1)3 + ξ1
11(x

1)2θ sin t,

ξ1
11 = ξ1

12,

ξ1
12 = u1

1, (2.191)

ξ2
11 = ξ2

12,

ξ2
12 = u2

1.

It follows from Step 1 in Sect. 2.6.3 that the following controllers can be con-
structed:

u1
1 = −c11

121z
1
12 − ξ1

11 − ∂α1
11

∂x1
[x1 + (x1)3]

− 1

2
z1

12

(
∂α1

11

∂x1
z1

11

)2

+ ∂α1
11

∂z1
11

(z1
12 + α1

11),

u2
1 = −c21

121z
2
12 − z2

11 + ∂α2
11

∂z2
11

(z2
12 + α2

11),
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so that the Lyapunov function

W1 = V +
2∑

i=1

2∑

d=1

(z
j

1d)2

satisfies

Ẇ1 ≤ −p(x1)2
(

p

2
− 1

2

)

(x1)4 − c11
111(z

1
11)

2

− c21
111(z

2
11)

2 − c22
111(z

2
11)

4 − c11
121(z

1
12)

2 − c21
121(z

2
12)

2,

where z1
11 = ξ1

11, z2
11 = ξ2

11, z1
12 = ξ1

12 − α1
11, z2

12 = ξ2
12 − α2

11, α1
11 = −c11

111ξ
1
11 −

1
2pξ1

11(x
1)2 and α2

11 = −c21
111ξ

2
11 − c22

111(ξ
2
11)

3.
Second, consider (2.190) and carry out Step 2 in Sect. 2.6.3. We obtain the fol-

lowing controllers:

u1
2 = −z1

22 − z1
21 − ψ1

22 − δ1
22z

1
22,

u2
2 = −z2

22 − z2
21 − ψ2

22 − δ2
22z

2
22,

where z1
21 = ξ1

21, z2
21 = ξ2

21, z1
22 = ξ1

22 − α1
21, z2

22 = ξ2
22 − α2

21, and

α1
21 = −2z1

21 − (z1
21)

3 − z1
21

[(

px1 − z1
12

∂α1
11

∂x1

)2

+ 1

2

(

z1
11 − z1

12
∂α1

11

∂z1
11

)2]

,

α2
21 = −2z2

21 − 2(z2
21)

3 − z2
21

[
1

2

(

z2
11 − ∂α2

11

∂z2
11

)2

(z2
11)

2 + 1

2
(z2

21)
2
]

,

ψ1
22 = ∂α1

21

∂x1
[x1 + (x1)3] − ∂α1

21

∂z1
11

(z1
12 + α1

11)

− ∂α1
21

∂z1
12

u1
1 − ∂α1

21

∂z1
21

(z1
22 + α1

21),

δ1
22 = 1

2

(
∂α1

21

∂x1
z1

11

)2

+
(

∂α1
21

∂x1
z1

21

)2

+ 1

2

(
∂α1

21

∂z1
11

z1
21

)2

+
(

∂α1
21

∂z1
21

)2

,

ψ2
22 = ∂α2

21

∂z2
11

(z2
12 + α2

11) − ∂α2
21

∂z2
12

u2
1 − ∂α2

21

∂z2
21

(z2
22 + α2

21),

δ2
22 = 1

2

(
∂α2

21

∂z2
21

z2
21z

2
11

)2

+ 1

2

(
∂α2

12

∂ξ2
21

)2

+
(

∂α2
21

∂z2
21

)2

.



2.6 Global Robust Stabilization 89

The derived controllers stabilize the system (2.190) because they render the Lya-
punov function

W2 = W1 +
2∑

i=1

2∑

d=1

(z
j

2d)2

satisfy

Ẇ2 ≤ −(p − 2)(x1)2 −
(

p

2
− 1

)

(x1)4 − (c11
111 − 1)(z1

11)
2 − c21

111(z
2
11)

2

− (c22
111 − 2)(z2

11)
4 − c11

121(z
1
12)

2 − c21
121(z

2
12)

2 −
2∑

i=1

2∑

j=1

ci1
2j2(z

j

2j )
2.

For the purpose of demonstration, simulation is carried out for the initial conditions
x1 = 0.9, ξ1

11 = −0.9, ξ2
11 = 0.5, ξ1

12 = 0.5, ξ2
12 = −0.7, ξ1

21 = 0.7, ξ2
21 = 0.8, ξ1

22 =
−0.8, ξ2

22 = 0.9 and the parameters p = 3, c11
111 = 2, c21

111 = 1, c22
111 = 2, c11

121 = 1,
c21

121 = 1, ci1
2j2 = 1 for i, j = 1,2. The responses for the closed-loop system are

plotted in Fig. 2.3.

Fig. 2.3 Trajectories of the closed-loop system
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2.6.5 Proof of Lemma 2.8

Lemma 2.8

(a1 + · · · + an)
t ≤ nt−1(|a1|t + · · · + |an|t ).

Proof It is obvious that

(a1 + · · · + an)
t ≤ (|a1| + · · · + |an|)t .

Set ā = (|a1| + · · · + |an|)/n and f (x) = xt for t ≥ 1 and x ≥ 0. Because f (x)

is c∞ function, by Taylor expansion, there exists a real value ξ between x and ā,
satisfying

f (x) = f (ā) + ḟ (ā)(x − ā) + 1

2
f̈ (ξ)(x − ā)2

which implies that

f (x) ≥ f (ā) + ḟ (ā)(x − ā)

because f̈ (ξ)(x − ā)2 ≥ 0. Therefore

f (|an|) ≥ f (ā) + ḟ (ā)(|a1| − ā),

...

f (|an|) ≥ f (ā) + ḟ (ā)(|an| − ā).

Adding all these equations together gives

|a1|t + · · · + |an|t ≥ nf (ā) = n(ā)t = (|a1| + · · · + |an|)t
nt−1

which implies that

(a1 + · · · + an)
t ≤ (|a1|t + · · · + |an|)t
≤ nt−1(|a1| + · · · + |an|t ). �

2.7 Notes and References

This chapter provided a critical overview of decentralized control techniques for
classes of nonlinear interconnected continuous-time systems. The area of nonlinear
control is so wide to accommodate new and research directions along the productive
ideas [9, 19, 22, 23, 29, 40, 42, 43, 45, 46]. In particular, the topic of nonlinear
interconnected discrete-time systems has not been fully investigated in the literature.
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