Chapter 1
Introduction

1.1 Definition of Lattice and Examples

A lattice is adiscreteAbelian group, that is, is a non empty $&tn which a binary
operation+ is defined, with the following properties:

e u+v=v+u,foralluyve G,

e U+(v+2z) =(u+v)+zforaluyvzeG,

« G contains andentityelement, denoted by 0, such that 0= u,u € G,

e to eachu € G there corresponds an elemes € G, such thau— u = 0, where
u— ustands fou+ (—u).

Discretemeans that the s& is enumerable.

The most important classes of lattices is given by subgrofiffssand in general
by subgroups ofR™, where the binary operation is the ordinary addition and in
general itandimensional extension.

The simplest example of lattice is the set of integer its “dimensional” version

Z(d) £ {nd|n € Z}, whered is a positive real number. These are 1D lattices. In the

mD case the simplest exampleZ§® or its “dimensional” versiorZ(d, . .. ,dm) 2
{(mdy,...,nmdm)|(N1,...,nm) € Z™}, where thed; are positive real numbers. This
lattice, illustrated in Fig.1.1 fom= 2 andm= 3, isseparable
In general, armD lattice is generated in the form (sé&mified Signal Theory
Section 3.3)
G=GZ"+<=G={Gh|hez™} (1.1)

whereG is a non-singular real matrix of dimensionx m. The matrixG is called
abasisof the latticeG.

The generation according to (1.1) is typical fionseparabldattices. The sim-
plest example of nonseparable lattice is guéncunxlattice, denoted b%%(dl,dz).
This 2D lattice is illustrated in Fig.1.2 and is generatemirfrthe basis
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Other nonseparable 2D lattices, which are sublattices(di, d,), are denoted
by Zib(dl, dy), are generated by the bases

I N A

wherei andb are natural numbers with < i. For the illustration of these lattices
see the gallery of Fig. 3.11 of thénified Signal Theory
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Fig.1.3 shows two examples of 3D nonseparable latticessiwdnie both sublat-
tices ofZ(d, dy,d3).
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Fig. 1.3 Examples of sublattices @{(d;, dy, d3)

The lattices generated in the form are calfetl-dimensional The reduced-
dimensionalattices can be generated in the form

G=GZ' x0°+= G={Gh|heZ x 0% (1.4)

whereO = {0} is the trivial 1D group, and ands are natural numbers with+s=
m. The dimensionality of these latticesrisbut they are displayed in anD space
and, for this reason, they are calldd lattice inR™. Examples of 1D lattices ift?
are shown in Fig.1.4.
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Fig. 1.4 Examples of lattices 1D in 2D

An alternative form of generating reduced-dimensiondides, starting from a
matrix of rankr, will be seen in Chap.3.
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1.2 Importance of Lattices

Lattices find applications in several fields. Here we limitsaives to consider the
applications they have in Signal Theory.

Lattices represents tltmmainsof discrete signals and theeriodicity of periodic
signals, as discussed in great detail in Chapter 5 otlthiéied Signal TheoryThe
domains are always full-dimensional groups, and in pasiciull-dimensional lat-
tices for discrete signals. The periodicity can be represehy a full-dimensional
lattice (full periodicity) but also by a reduced-dimensabtattice (partial periodic-
ity).

Lattices play also a fundamental role in the formulatiorcelts both aperiodic
and periodic cells (see Chapter 3 of thrified Signal Theory

Lattices are used in theciprocal form in the frequency domain, where they
represent the domain and the periodicity of the Fouriersfiaim, exactly as for the
signals (see Chapter 3 of thinified Signal Theory

Finally, we recall the role of lattices in linear transfotivas and in particular in
multirate systemgsee Chapters 6 and 7 of thiified Signal Theory

1.3 Why a Computer Program for Lattices

The representation of a lattice through a basis, accordir{@.i) and (1.4), is not
unique and two distinct bases of a same lattice are relateghbipteger matrix
with unitary determinant, calladhimodularmatrix. From Section 3.3 of thgnified
Signal Theorywe recall the following statements:

Proposition 1.1.1f G is a lattice with basi$5, all the other bases have the fof&E,
whereE is any matrix of integerg such thatdetE = 41 (unimodular matrix).

Proposition 1.2. The bases of the sublattices G of a given lattigec@n be gener-
ated in the form
G = GoA, (1.5)

whereGy is a basis of @, andA is a non—singular matrix of integers.|lfletA |= 1,
then G= Gy, if | detA |> 1, G is a proper sublattice of gXnote thatdetA is always
an integer).

Now it is evident the role of integer matrices in lattice rggntation. It is also
evident, from the multiplicity of the bases, the conveniwnt searching for effi-
cient bases to economize lattice representation. As a nudttact, it is possible to
get simple bases using the procedures of triangularizétioa to Hermite) and of
diagonalization (due to Smith). These procedures, whieHardamental topics in
the theory of integer matrices, require a manipulation ofré@ger matrix, which
is based orelementary operationsn the columns and sometimes on the rows of
the given integer matrices. Of course, this can be done bgt hahbecomes soon
stressful and the help of the computer is mandatory.

Other important operations on lattices are shienandintersection(see Chapter
16 of theUnified Signal Theony Also for these operations the manipulation of
integer matrices are needed and a computer program is thepajgbe solution.
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1.4 Procedures Implemented withiVat hemat i ca

The procedures implemented witkat henat i ca are concerned with the follow-
ing topics related to lattices:

e triangularization and diagonalization of integer matsice

e evaluation and classification of the points ofrab lattices in a givesegion of
themD spaceR™;

e sum and intersection of lattices;

e alignment of the bases of a lattice and of sublattice;
e continuous cells;

e discrete cells.

The corresponding procedures (macros) are illustratedparsted chapters of this
book.

TheMat hermat i ca code of the proceduresisin the filat ti ces. m

1.4.1 Demos with combination d¥at hemat i ca and TgX

Each group of the procedures is illustrated with specificaemwhich are contained
in the files:

e denplnacr 0.
e denp2nacro.
e denmo3nacr o.
e deno4nacr o.
e denp5nacr o.

demos of triangular and diagonal decomposition;

demos of lattice points;

macros for demos of sum and intersection of two lattices;
demos of base alignment of a lattice and a sublattice;
demos of continuous cells;

e denp6rmacro. m demos of discrete cells.

The demos are obtained with combinatiorvatt herat i ca and X and in most
of the cases produce also a graphic illustration of the t@sul

To get the demos so many files are availathésro (i). m where the specific
data must be introduced. For instance, to get a denteab3macr 0. mthe file
denp3. mmust be used.

In general, the convention is to ugei t e(nane) to get the demgnane) and
to useshow(nane) to get also the graphic illustration.

2 3 3 3 3

1.5 Organization of the Software
The user may follow two different lines
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1.5.1 Use of onlywhat henat i ca

In this case the user applies the procedures contained ifiléhkeat ti ces. m
and described in the following chapters. The results araioéd in the format of
Mat hemat i ca and can be handled for the user’s specific application.

It must be noted that the procedures was writterait henat i ca ver si on
3.0 for Linuxandthe compatibility with subsequent versions must belatbc

1.5.2 Combination otvat henat i ca and TeX for demos

In this case the organization may be the following.

Initialization

Copy the packageat ht ex from the website into your home directamat ht ex.

Then, the directoryrat ht ex will contain the following files and directories
e Mat hemat i ca files

lattices. m

denolmacr 0os. m denpl. m denpl.fig directory EL
denp2macr os. m denpn2. m denpn2.fig directory LP
denp3nacros. m denpn3. m denpn3.fig directory SI
denp4macr os. m denmo4. m demo4.fig directory AL
denmo5nmacros. m denon5. m denon5.fig directory CC
deno6macr 0s. m denp6. m denp6.fig directory CD

o TpXfiles

i nma2nt . sty (authors’ personal mnacros)
afiglnt. st (aut hors’ personal nacros)
retic2.tex (aut hors’ personal nacros)
dont . tex

ret.tex

In particular the filedont . t ex contains the specification of th&TX docu-
mentclasses, namely

\ docunent cl ass[ 11pt ] { book}

\ usepackage{| at exsym epi c, eepi c, psfi g, epsfig, graphics}
\ usepackage{i nna2nt }

\usepackage{afi glint}
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Thefiledont . t ex is called by the commanzhl | t ex (containedir attti ces. nj,
which consistsof the commands

cal | tex: =Modul e[ {st},

st="! latex donmt \n\n";
Run[st];

st="1 dvips domt.dvi \n\n";
Run[st];

st="! ghostvi ew donmt.ps \n\n";
Run[ st ]

Specific application

Choose an application, for instance “triangular and diagjdecomposition”. Then,
write in denol. mthe specific demo, which may be

[ ab="EL3"
i ni tdenol[ | ab]
a33={{1, 2, 3},
{3,0,2},
{41 - 11 3}}
showt ri angal | [ @33, 1]
conpl et edenopl

Then, writing inMat herat i ca the command
<<denol. m

the user will see in the preview the specific demo and in thectbry EL the file
EL3. t ex with the TeX code and the postscript fileL3. ps.
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1.6 List of the Main Procedures

1.6.1 Triangularization and Diagonalization (Chapter 2)

Table 1.1 Triangularization and Diagonalization

Procedure Purpose
| eft U actor[a, adj ] given a basisa (integer matrix), gives a unimodular matrex
| eftLfactor[a, adj such that. e ore. a gives the triangular form

ri ght Uf act or [ a, adj
rightLfactor[a, adj

hermte[a, formadj] decomposes the matrix= A in the product of two matrices
A =EU if form=1, A = EL if form=2, A = UE if form=3,
A = UE if form=4, whereU is upper triangular ant is lower

triangular.
triangy a, adj ] evaluate the triangular forms of the mataix
trianglL[a, adj]
smth[a,adj] decomposes thee= A in the formA = E;mE», wheremis diag-

onal,E1, E are unimodular
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1.6.2 Generation of Lattice Points (Chapter 3)

Table 1.2 Generation of Lattice Points

Procedure Purpose

| atticepoi nts2D] a, regi on, op] evaluates the points of the 2D lattice specified by the
matrix a belonging to the set a&? r egi on

| atti cepoi nts3D a, regi on, op] evaluates the points of the 3D lattice specified by the
matrixa belonging to the set &8 r egi on

reglatticepoi nts[a,regi on, op] evaluates the points of theD lattice specified by the
matrixa belonging to the set &™r egi on; the lattice
is assumede regular (full-dimensional)

degl atti cepoi nt s[ a, regi on, op] evaluates the points of a degenenai2 lattice (rduced-
dimensional) specified by the mataxbelonging to the
set ofR™r egi on

| atti cepoints[a, region, op] unifies all the above procedures (the lattice may be full-
dimensional, as well reduced dimensional

1.6.3 Sum and Intersection of Two Lattices (Chapter 4)

Table 1.3 Sum and Intersection of Two Lattices

Procedure Purpose

| cr mGCLO| a, b, adj ] given the basea andb of two lattices, evaluates the bases of
the sum and of the intersection
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1.6.4 Basis Alignment (Chapter 5)

Table 1.4 Alignmment of the bases of a lattice and a sublattice

Procedure Purpose

baseal i gnnent [ a, b] given the bases of a lattice and a sublattice, evaluates
the aligned bases

1.6.5 Continuous Cells (Chapter 6)

Table 1.5 Continuous Cells

Procedure Purpose

cell 20 a, type] gives the vertexes of a 2D c&@P/L, whereL is a lattice
specified by the bases, 9 types of 2D cells are available

cel 130 a, type, cent, vp] gives the faces of a 3D cel?/L, whereL is a lattice
specified by the basgs, four types of 3D cells ara avail-
able

vor onoi 30 a] gives the faces of a 3D Voronoi cell (tt a specifies e 3D

lattice)
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1.6.6 Discrete Cells (Chapter 7)

Table 1.6 Discrete Cells

Procedure

Purpose

di scretecel | 200 a, b, t ype]

cel 130 a, type, cent, vp]

di scretecel | voronoi 30 a, b]

gives the points of a 2D cdll, /Ly, wherel, is a lattice
specified by the basi andLy, is a sublattice specified
by the basi® 9 types of 2D cells are available

gives the points of a 3D cell, /Ly, wherel, is a lattice
specified by the basi andLy, is a sublattice specified
by the basib; 4 types of 2D cells are available

gives the points of a 3D Voronoi cella(specifies a 3D
lattice),b specifies a 3D sublattice)







Chapter 2

Triangularization and Diagonalization of Integer
Matrices

2.1 Introduction

The topics of this chapter are developed in Chapter 16 dfitlifed Signal Theory
in particular thetriangularizationaccording to the Hermite decomposition and the
diagonalizationaccording to the Smith decomposition. These decompositioea
obtained byelementary operationsn the columns and sometimes on the rows of
the given integer matrix.

The fundamental procedures implemented With henat i ca are:

herm te[a],
tringU a] andtringL[a],
smthl[a],
wherea is the integer matrix. They are presented with the follonsngedule:

e usage withvat hemat i ca,
e demo withivat hemat i ca and EX,

whereas the description of thidat henat i ca program is developed in the final
section of the chapter. Thus, the reader can use and getd@ocdi with the funda-
mental procedures without entering into the detail of thegpam.

Normally the above procedures are applied to square mstricehappens for
lattices, but their application to rectangular matriceal& possible. This will be
discussed in a separate section.

The complete list of the procedures developed in this chapee

e hermte[a] (Sect.2.3),

e tringy a] andtringlL[a] (Sect.2.3),

e tringPU a] andtringPL[ a] (Sect.2.4),

e snmith[a] (Sect.2.5),

e anni hi | at e: is the fundamental macro that operates on two rows of thengiv
matrix; its iterative application allows the implemendattiof the other macros
(Sect. 2.8).

13
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| ef t Uf act or[ a] : provides the upper—triangular form of the given matrix
(Sect. 2.8).

set canoni c[ a] : provides the canonical form starting from the upper—tyidar
form (Sect. 2.8).

| eftLfactor[a]

rightLfactor][a]

right Ufactor[a]

All these procedures are contained in thelfilg t i ces. m

2.2 Definitions and Operations on Integer Matrices
From Section 16.6 of thenified Signal Theoryve recall the following symbols:

Jmn denotes the class of integer matrices of dimensionan,
Jm denotes the class of integer square matrices of dimensions

U denotes the class ahimodularinteger matrices (a matri € Iy, is unimod-
ular if dete = +1).

2.2.1 Triangular and diagonal matrices. Canonical forms

A matrix A = ||&jj |mxn € Imnis:

upper-triangular(typeU) if &; =0 fori > j,
lower—triangular(typel ) if aj = 0 fori < j,
diagonal(typeA) if ajj =01 # j.

Examples are

- (3 -1 (3 -1 2
g g 711] 0o 2 0o 2 1 typeU
L 10 0 |10 0 3
r '3 0 (3 0 0
_31 g 8] 4 2 2 10 typelL
11 -1 111 2
r (3 0 (3 0 0
g (2) 8} 01 010 typeA
L 10 0 |10 0 1

Normally these definitions are applied to square matriceissmetimes also to

rectangular matrices.

For square matrices the upper—triangular and lower-ttiEandgorms have respec-

tively the explicit structures
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U1 Uiz -+ Um lqy O -~ O
0 ux -+ U o1 I22 0

u=| . . } L= . . ) (2.2)
0 0O - Umm It Im2 - lom

and we can choose fr andL thecanonicalform, having the following constraints
(when the matrices are nonsingular):

uij > 0, 0<uj<ui (j>i) withu; anduj coprime

. . . (2.2)
lij >0, 0<ljj <li (j<i) withl; andlj; coprime.

2.2.2 Elementary Operations on Integer Matrices

Elementary operations on the claks, provide the rearrangement of an integer
matrix to obtain triangular and diagonal forms. Givemar n integer matrixA, the
elementary operations on the colunare:

1) permutation of two columns,

2) multiplication of a column by-1,

3) replacement of a column by the sum of itself and an intégaultiple of any
other column.

For instance, iA = [a; apag] is anmx 3 matrix with columnsay, a; andag, exam-
ples of 1), 2) and 3) are respectively

[838281} , [al 782&3] , [a1a2a3+ka1] .

We can check that the modified matrices can be obtained &dwy aright multi-
plication by a unimodular matrixn fact

0 0 1
[agazas) =[azapas] [0 1 O
1 00
1 0 O
[ag —apag| =[agaa3] |0 -1 O
0O 0 1
1 0 k
[agazaz+mag) =[arapaz] [0 1 O
0 0 1

In a similar way we introduce thelementary operations on the rowsa matrix
A, which correspond to keft multiplication by a unimodular matrix

As a fundamental application of elementary operations walkEroposition 16.3
of the Unified Signal Theory
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Proposition 2.1.LetG be a basis of a lattice G. Then, elementary operations on the
columns ofG provides new bases of G.

2.3 Hermite Triangularization
From Section 16.6 of thenified Signal Theoryve recall:

Theorem 2.1.An integer matrixd € J,,n, can be decomposed in the form

H=UE-=L E

mxn mxnnxn mxnnxn

whereU is upper—triangularL is lower-triangular andes, E, are unimodular.

These decompositions are obtained by applying elemengamnations on the columns
of the given integer matriid .

2.3.1 Triangularization by hand

To see how the triangularization is time consuming, we dgvah example by hand,
considering a square matrix, which is the case of main istere

Example 2.1Consider the X 3 matrix

3 -1 4
H=({2 1 -3
0o 2 -1

Then

e summing to the second column the third multiplied by 2,
e summing to the second column the first multiplied by 3,
e summing to the first column the second multiplied-bg,

e summing to the third column the second multiplied by 3,
e changing the signs in the first and in the third columns

e summing to the third column to the first multiplied by 2,

one gets in the order

1 Elementary operations on the rows are also possible, leadindiftesent kind of triangulariza-
tion (see Sect. 2.6).
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(3 7 4 3 16 4 -29 16 4
H— |2 -5 -3|—1|2 1 -3|— 0 1 -3
0 0 -1 0 0 -1 0 0 -1
[—29 16 52 29 16 -52 29 16 6
— 0 1 0|l—-]10 1 0O|—-]0 1 0|=U

0 0 -1 0 0 1 0 0 1

whereU has the upper-triangular canonical form, that is with c@ists (2.2).
In the same way one gets the lower—triangular form, whichltes

0
0| =L
29

H—

oo
N~k o

2.3.2 The Mathematica procedure “hermite”

Usage

{uni nod, triang} = hernmite[a, form adj]
where
e a is the given integer matrix,

o f or mspecifies the form of triangularization, according to
form=1 A=UE
form=2 A=LE
form=3 A=EU
form=4 A=EL
whereU is upper triangulat. is lower triangularE is unimodular,
e adj is an it optional argument with default valaelj = 1, which provides the
canonical form, while wittadj = 0 U andL are not necessarily in canonical
form,

e uni nod is the unimodular matrix,.
e triangis the triangular matri}J or L.

Hence, one gets the eight possible versions

{r,s} = hernmite[a, 1] canonical
{r,s} = hernmite[a, 2] canonical
{r,s} = hernmte[a, 3] canonical
{r,s} = hermtea,4] canonical
{r,s} = hernite[a,1,0]

{r, s} hernmite[a, 2, 0]
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{r, s} hermite[a, 3, 0]

{r, s} hermite[a, 4, 0]
The forms 3 and 4, operating on the rows instead of columrikpe/idiscussed
later.

2.3.3 The Mathematica procedures “triangU” and “triangL”

Usage

b
b
where

e a is the given integer matrix,

e adj is anoptional argumentvith default valueadj = 1, which provides the
canonical form, while wittadj = 0 the form is not necessarily canonical,

e b is the triangular form.

triangl a, adj ]
triangl[a, adj ]

Therefore, one has the possible forms:

b = triangy a] canonical
b = triangQy a, 0]
b = trianglL[a] canonical
b = triangl[a, 0]

Remark. The statementb=t ri angU[ a] is equivalent to the statements
{uni nod, triang}=hernite[a, 1]
b=tri ang

and similar considerations hold for i angL.
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2.3.4 Demo of matrix triangularizations

Given a matrixA of dimensionam x n, the demo procedureshowt ri angal |
evaluates and writes the matridedJ andL such that the following decompositions
hold:

A E=U E right unimodular factor U upper triangular
mxnnxn mxn

A E=1L E right unimodular factor L lower triangular
mxnnxn mxn

E A=U E left unimodular factor U upper triangular
mxmmxn mxn

E A=1 E left unimodular factor L lower triangular

mxmmxn mxn

To get the demo the following is needed\at henat i ca

¢ 1) define the integer matrix
e 2) write the statemerghowt ri ang[ a] .
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Example 2.2The statements fdvat henat i ca are

Cet [ "denplmacro. m']
| ab="EL101"; initdenol[l ab]
ad44={{1, 2, 3, 5},

{3,0,2,-1},

{4,-1,3,-7},

{1,3,5,7 }}

writehermteall[a44, 0]
conpl et edenol

HenceMat hemat i ca andEX give

2 Triangularization and Diagonalization of Integer Ntas

Triangularization:  run EL101 (May 26, 2011)
Given an integer matrix
1 2 3 5
3 0 2 -1
A= 4 -1 3 -7
1 3 5 7
the procedurew i t eher m t eal | writes the decompositions
AE=L AE =U EA=L EA=U
whereE are unimodularl- are lower triangulat) are upper triangular.
If adj = 1 the triangular form is “adjusted” to have a canonical form.
matrix 4x4. adj=0 AE=L
1 2 3 5711 -1 4 -1 1 0 O
3 0 2 -1f|0 -2 7 -5 |3 -1 O
4 -1 3 -7//0 1 -6 2| |4 0 -9
1 3 5 7 0 O 0 1 1 1 -5
matrix 4x4. adj=0 AE=U
1 2 3 57r-14 0 3 1 -9 0 2 1
3 0 2 -1|(-81 4 4 O 0O -1 3 3
4 -1 3 -7 29 -1 -3 0 0O 0 -1 4
1 3 5 7 16 -1 0 O 0O 0 ©O
matrix 4x4. adj=0 EA=L
14 0 1 -97r1 2 3 5 9 0 0 O
-5 -4 1 4(/3 0 2 -1f -9 1 0 O
5 -17 6 0||4 -1 3 -7 |-22 4 -1 O
0 1 0 oJlr 3 5 7 3 0 2 -1
matrix 4x4. adj=0 EA=U
1 0 O 1 2 3 5 1 2 3
-1 0 O 1|3 0 2 -1 01 2 2
-5 2 -1 3||4 -1 3 -7 0 011
-16 9 -5 9Jl1 3 5 7 0 0 0 9




2.3 Hermite Triangularization 21

In this caseadj =0 and the forms are not canonical.

Given a matrixA of dimensionsnx n, the demo procedufwr itetriangall
evaluates and write the upper and lower triangular forn#s albtained with the Her-
mite decomposition.

To get the demo the following is needed\Vhat henat i ca:

1) define the integer matrix
2) write the statementr i tetri angal I [ a] .

Example 2.3This example of demo consider ax33 matrix. The statements for
Mat hemat i ca are

Cet [ "denplmacro. m']

| ab="EL102"

i nitdenol[| ab]

a33={{1, 2, 3},
{3,0,2},
{4,-1,3}}

writetriangall[a33, 1]

conpl et edenol

HenceMat henat i ca andEX give

Triangularization:  run EL102 (May 26, 2011)

Given an integer matrix
1 2 3
A=1|3 0 2
4 -1 3

the procedurew i t et ri angal | writes the triangular forms

U=AE, =L =AE

obtained with the Hermite decompositidd {s upper triangular ant is lower triangular)
If adj = 1 the triangular form is “adjusted” to have a canonical form

1 2 3 9 0 7
A=|3 0 2{—-U=]|0 1 0
4 -1 3 0 01
1 2 3 1 00
A=({3 0 2|—-L=]0 1 0
4 -1 3 4 0 9

In this caseadj =1 and therefore the triangular forms are canonical.
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2.3.5 Application to lattices

The above triangularizations can be applied directly todlass of “adimensional
lattices” Lm(Z™) with an arbitrary dimensiom, whose basis is an integer matrix.
For the class of “dimensional lattices”, we recall from $@ttl6.5 of theUnified
Signal Theorythat for the lattices of a generic clas(Gp) generated by am-
dimensional latticéy, it is always possible to write their bases in the form

J = GoH

with Gg a basis 0fGg andH € Jn,. Then, the triangularization can be applied to the
integer matrixH to get the upper and the lower triangular forms, that is,

U=triangUH], L=triangL[H].
Then the triangularization is transferred to lattices $asi
Ju=GoU, J =GolL. (2.3)
Example 2.4Consider the 3D latticé with basis
6d; 2d; 2d;
J=1| 0 d4dy 2d,
6ds; O 9ds

whered; are arbitrary positive real numbers. This lattice is a dtibkaof the sepa-
rable latticeGy = Z(ds, d2, d3) with basis

d 0 0
Go=|0 d 0.
0 0 ds

Then, the basis (2.3) can be written in the form
6d; 2d; 2d; d 0 0f||6 2 2
J=| 0 4d, 2db|=|0 do O| |0 4 2
6ds; O 9ds 0O O d3||6 0 9
and the application dfr i angul ar Uto the latter matrix gives
6 2 2 16 2 12
H=|0 4 2| —-U=|0 4 2
6 0 9 0 0 3

and thus we obtain the upper—triangular forndphamely
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d 0 0| |16 2 12 16d; 2d; 12d;
Ju=GogU=|0 d» O 0 4 2|= 0 4dy 2d;
0 0 ds 0O 0 3 0 0 3

2.4 Triangularization with Permutations

Given an integer matriceSnyn and am x m permutation matrixP, the triangular
form of the permuted matrixG, = PG is evaluated, say = GpE. Finally, the
inverse permutation matrix is appliedltoto get

Lp==P L.

This “permuted” triangularization will be used in Chap.3lan Chap.6 to find
the primitive axis pointf a lattice.

2.4.1 The Mathematica procedures “triangPU” and “triangPL

Usage

b = triangPU a, vp, adj ]
b = triangPL[a, vp, adj ]
where

e ais the given integer matrix,

e vp is the permutation vector,

e adj is anoptionalargument with default valuadj = 1 , which provides the
canonical form, while wittadj = 0 the form is not necessarily canonical,

e b is the permuted triangular form.

2.4.2 Demos of “triangPU” and “triangPL”

Given a matrixA of dimensionan x n, the demo procedur¢wr itetriangPU

and] writetriangPL ‘ evaluates and write all the possible permuted triangular
forms.
To get the demos the following is neededMat hemat i ca

1) define the integer matrix,
2) define a permutation vectpr
3) write the statememtri t esni thal | [ a] .
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Example 2.5The first example of demo refers to square matrix 4. The state-
ments forMat henat i ca are:

Cet [ "denplmacro. m']
| ab="EL104"
i nitdenol[| ab]
933= {{1, 2,2},
{0, 3,0},
{6,0,7}}

vp={3, 1, 2}

writetriangPU g33, 0]
conpl et edenpl

HenceMat hemat i ca and EX give

Triangularization:  run EL104 (May 26, 2011)
Given an integer matriA and a permutation vector
12 2
A=|0 3 0| p=[3 1 2
6 0 7
the procedurew i t et ri angPUfinds the upper triangular form with permutatibl, that
is,
Up=P [PAIE Up=P U
whereP is the permutation matrix correspondingacE are unimodular) is upper triangu
lar.

matrix 3x 3. adj =1

12 00 1
A=|0 3 p=[3 1 2 P=|1 00
6 0 010

permuted upper triangular form (evaluated witht r i angPU)

[

check(E evaluated wittr i ght Uf act or of PA)

~NonN

oo
PO R

PLIPAJE

o - O
[l S Ne)
= O O
o O
o wN

O O

= OP [eNeN

w w o
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Given a matrixA of dimensionsnx n, the procedurdswr itealltriangPU
and] witealltriangPL ‘evaluates and write all the permuted triangular forms

Example 2.6With the Mat henat i ca statements

Get [ "denolmacro. ni']
| ab="EL106"
i ni tdenol[ | ab]
b33={{1, 2, 3},

{-5, 2,12},

{41 -2, 8}}
writealltriangPU b33]
conpl et edenpl

Triangularization:  run EL106 (May 26, 2011)

triangPL with all possible permutation. Given an integer matrix

1 2 3
A=|-5 2 12
4 -2 8

the procedurew i t eal | t ri angPL finds the generalized lower triangular foring with
all possible permutation vectops

matrix 3x 3. adj =1

1 2 3
A=|-5 2 12
4 -2 8
1 0 0
p=[1 2 3 Lp=[1 3 0
36 16 74
1 0 O
p=[1 3 2 Lp=|22 42 111
0 2 0
1 3 0
p=[2 1 3 Lp=|1 0 0
36 18 74
106 99 11
p=[2 3 1 Lp=|1 0 0
0 2 0
1
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2.5 Smith Diagonalization
From Section 16.6 of thenified Signal Theorye recall:

Theorem 2.2.An integer matrixH can be decomposed in the form

H=E AE;

mxn mxmmxnnxn
whereA is diagonal andg;, E; are unimodular.

To get this decomposition elementary operations on botts rawvcolumns are
needed. In the case of nonsingular square matrices it ish®$s get acanonical
form, where the diagonal entries are positive.

2.5.1 Diagonalization by hand

Example 2.7We reconsider Example 2.1, where for the matrix

3 -1 4 1 0 O
H=1|2 1 -3 — L=]0 1 O
0 2 -1 5 7 29

we have already obtained the lower triangular fares HE, andE» can be obtained
asH~IL, namely

3 -1 471 0 o 3 -1 4
Eo=HL=]|2 1 -3 01 0|l=]|2 1 -3
0 2 -1 5 7 29 -1 0 0

Now we work on the rows of , specifically

e summing to the third row the second multiplied by,
e summing to the third row the first multiplied by5,

we gets
1 0 O 1 0 O 1 0 O
L=/0 1 0/l—-|0 1 0|{—]0 1 0|=A
5 7 9 5 0 29 0 0 29

Hence we geE; asL A2
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2.5.2 The Mathematica procedure “smith”

Usage

{g, diag, h} = smith[a, adj]

where

* ais the given integer matrix,

e adj is anoptionalargument with default valuadj = 1, which provides the
canonical form, while wittadj = 0 U andL are not necessarily in canonical
form,

e g andh are unimodular matrices,
* di ag is a diagonal matrix.

Hence we have the two possible forms
{g, diag, h} smith[ a]
{g, diag, h} smth[a,0].

2.5.3 Demo of “smith”

Given a matrixA of dimensionsn x n, the demo procedu evalu-

ates and writes the Hermite decomposition.
To get the demos the following is neededMat herat i ca

1) define the integer matrix
2) write the statememtri t esmi t h[ a] .

Example 2.8The first example of demo refers to a square matsbd4 The program
for Mat hemati ca is

Get [ "denplnacro. m']
| ab="EL108"
i nitdenmol[ | ab]
033= {{1, 2, 2},
{0, 3, 0},
{6,0,7}}

vp={3, 1, 2}
writesnith[g33, 0]
conpl et edenpl
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Hence EX gives

Diagonaliazation: run | EL108 (May 26, 2011)

Given an integer matrix
1 2 3
-5 2 12

4 -2 8
the procedurew i t esmi t h writes the Smith decomposition, that is,

A=

A=EAF

with E unimodular,A diagonal and= unimodular

1 2 3

A=|-5 2 12

4 -2 8
1 0 0|1 0 O 1 2 3
EAF=|-5 3 1|0 1 0|0 —-70 -139
4 16 5|/ |0 0 222/ |0 1 2

2.6 Triangularization and Diagonalization of Rectangular
Matrices
The above procedures of triangularization and diagortasizanamely

e hermte(a, adj),
e triangy(a, adj),
e trianglL(a, adj),
e snmth(a, adj)

hold also with rectangular matrices, in agreement with Teéen2.1 and Theo-
rem 2.2, although they were applied and illustrated for sguaatrices (the case
of main interest for lattices). In this section the procedare illustrated for rectan-
gular matrices using the corresponding demos.

An important remark is that in some cases the triangulacmathould be in-
tended in a generalized sense and not in the strict sense afefinition given in
Sect. 2.5. What is true is that in any case in the rectangularixmae will find
a square triangular submatrix. On the other hand the didigatian works in the
strict sense.

Example 2.9We use the demjonritehermiteal] with a 3x 7 matrix.

Cet [ "denplmacro. m']

| ab="EL114"

i nitdenol[| ab]

c37={{0, 2, 3,5, 6, 17, 8},
{3,0,2,2,3,7, 8},
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{4,-1,3,1,14,7,8}}
writehermteall[c37, 0]
conpl et edenol

Triangularization:  run EL114 (May 26, 2011)

Given an integer matrix

14 7 8

0 2 35 6 17
A=|3 0 2 2 3 7 8
4 -1 3 1

the procedurew i t eher mi t eal | writes the decompositions

AE=L AE =U EA=L EA=U

whereE are unimodular. are lower triangulai) are upper triangular.
If adj = 1 the triangular form is “adjusted” to have a canonical form.

matrix 3x7. adj=1 AE=L

0 2 35 6 17 3 -3 1 -5 -23
3 0 22 3 7 §8§|-6 5 -1 11 35
4 -1 3114 7 (0 0 0 O 1
0o o o0 o0 o

0o o o0 o0 o

1 00O0O0

01000

00100

matrix 3x7. adj=1 AE=U
56 69 71 4
2

288 342 344 0

0 2 35 6 17 72 83 77 5
3 0 2 2 3 7 §|—-160 —190 -185 -11
4 -1 3 1 14 7 8 0 0 1 0
0 1 0 0

1 0 0 0

0 0001

0 0O0O0O

0 00 O0O

matrix 3x7. adj=1 EA=L

0 -1 1][0o 2 3 5 6 17
1 -1 0/|3 0 2 2 3 7 §-=
|4 7 8

-1 3 1 14

1
|

W gy P
|

oON L

N R R

matrix 3x7. adj=1 EA=U

2 -5 4]0 2 35 6 17 1 0 8
2 -4 3|3 0 22 3 7 8§=|01 7
3 -8 6][4 -1 3 1 14 7 8 0 0 11

27 -8
~138 -32
37 -8
74 16| =
0 o0
10
0 1
0
0
0
2 -1 -4
—9 -8 -19
-2 -3 -4
5 5 10| =
0 0 O
0 0 o0
0 0 O
0
1
0 1

29
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In this example we realize that the triangularizati®is = L andEA = U hold
in the strict sense, whereas the triangularizatidfis= U andEA = L hold in the
generalized sense (they contain a 3 triangular matrix in a wrong place).

Example 2.10We use the dempwritehermiteall with 7 x 3 matrix, obtained by

transposition of the previous matrix. The programiéit hermat i ca is

Get [ "denplmacro. ni']

| ab="EL122"

i nitdenmol[| ab]

c37={{0,2,3,5,6, 17, 8},
{3,0,2,2,3,7, 8},
{4,-1,3,1,14,7,8}}

writehermteall [ Transpose[c37], O]

conpl et edenpl

Hence EX gives
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Triangularization:  run EL122 (May 26, 2011)

Given an integer matrix
4
-1
3
1
14
7
8

the procedurew i t eher m t eal | writes the decompositions

>

Il
oclonwno
0 ~NWNNO W

AE=L AE =U EA=L EA=U

whereE are unimodularl. are lower triangulai) are upper triangular.

If adj = 1 the triangular form is “adjusted” to have a canonical form.

matrix 7x3. adj=1 AE=L

0 3 4 1 0 O
2 0 -1 0 1 0
3 2 3 2 2 3 8 7 11
5 2 1||-5 -4 -8/=|4 5 5
6 3 14 4 3 6 53 42 78
17 7 7 27 27 37
8 8 8 8 8 8
matrix 7x3. adj=1 AE=U
0 3 4 1 -3 3
2 0 -1 -1 2 0
3 2 3 0 1 0 1 1 2
5 2 1||-1 -1 1 -1 3 2
6 3 14 1 0 0 11 3 3
17 7 7 0 10 7
8 8 8 0O 0 8
matrix 7x3. adj=1 EA=L
-2 -9 =2 5 00 0 3 4 1 00
-1 -8 -3 5 000 |2 0 -1 010
-4 -19 -4 10 0 0 O |3 2 3 0 01
56 288 72 -160 0 O 1|5 2 1 0 0O
69 342 83 -190 0 1 O |6 3 14 0 0O
71 344 77 -18 1 0 O |17 7 7 0 0O
4 20 5 -11 0 0 0o L8 8 8 0 0 O
matrix 7x3. adj=1 EA=U
2 11 3 -6 00 0 3 4 10
-1 -8 -3 5 000|2 0 -1 010
0 1 1 -1 0003 2 3 0 01
-4 -20 -5 11 0 0 O |5 2 1 0 0O
-9 -56 -23 35 1 0 0|6 3 14 0 0O
—-27 —-138 -37 74 0 1 O (17 7 7 0 0O
-8 -32 -8 16 0 0 1.8 8 8 0 0O

31
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Also in this example we see that the triangularizatidis= L andEA = U hold
in the strict sense, whereas the triangularizatidbBs= U andEA = L hold in the
generalized sense (they contain & 3 triangular matrix in a wrong place).

Example 2.11We use the dem twice with a 3x 7 matrix. The pro-
gram forVat hemat i ca is

| ab="EL124"

CGet [ "denplmacro. m']

i ni tdenmol[ | ab]

c37={{0, 2, 3,5,6, 17, 8},
{3,0,2,2,3,7,8},
{4,-1,3,1,14,7,8}}

writesnith[c37, 0]

conpl et edenpl

Hence EX gives

Diagonaliazation:  run (May 26, 2011)
Given an integer matrix
0 2 35 6 17
A=(3 0 2 2 3 7 8
4 -1 3 1 14 7 8

the procedurew i t esmi t h writes the Smith decomposition, that is,

A=EAF

with E unimodular,A diagonal andF unimodular

0 2 35 6 17
A=(3 0 2 2 3 7 8
4 -1 3 1 14 7 8
EAF=
0 2 3 5 6 17 8
-3 4 4 8 9 27 8
1 0 O0||2 00O0O0OOTCO0|12 —-11 -11 -21 -35 —-74 -16
2 -1 0|01 00O0O0OQ0Q]|-1 1 1 2 0 0 0
4 -5 -11(0 01 0 0 O 0| O 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
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Example 2.12We use the dem with the transpose of the previous
matrix c¢37. The program foivat hemat i ca is

| ab="EL126"

Get [ "denplnacro. n']

i nitdenol[| ab]
c73=Transpose[ c37]
writesnith[Transpose[ c37], 0]
conpl et edenol

Hence EX gives

Diagonaliazation: run |EL126 (May 26, 2011)

Given an integer matrix

4

-1
3
1

14
7
8

the procedurew i t esmi t h writes the Smith decomposition, that is,

>

Il
oclounwno
O ~NWNNO W

A=EAF

with E unimodular,A diagonal and= unimodular

0 3 47
2 0 -1
3 2 3
A=|5 2 1
6 3 14
17 7 7
8 8 8]
1 0O 0 00O (1 0 O
-1 1 0 00 0 Q|0 1 O0
1 -4 11 2 0 0 0|0 O 1/(0 3 4
EAF=|-1 0 5 1 0 0 0 |0 O 0|2 3 3
11 -36 78 0 1 0 0 0 0|1 11
0 -10 37 0 0 1 0 0O
0 0O 8 00 0 ILO OO

In both examples we realize that the diagonalization of¢leéangular matrices hold
in the strict sense.
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2.7 Other Demos with rectangular matrices

Hermite decomposition (May 26, 2011)

Given an integer matriA, it is shown the decompositions
AE =L AE =U EA=L EA=U

whereE are unimodularl. are lower triangulai) are upper triangular.
If adj = 1 the triangular form is “adjusted” to have a canonical form

matrix 3x5. adj=1 AE=L

—27359 4571 -6 93 1349

3 -2 9 4 11| 116763 —19508 26 —397 57611 10000
3 3 0 12 -8 45010 -7520 10 —-153 22208/ =0 1 O O O
10 1 1 -5 —-7||-22355 3735 -5 76 11030 00100
-6 1 0 0 3
matrix 3x5. adj=1 AE=U
—1474 93 11 —-451 1375
3 -2 9 4 11 6306 —397 —47 1930 5883 00100
3 3 0 12 -8 2425 —-153 —-18 742 -2262|=|0 O O 1 O
100 1 1 -5 —-7||—-1206 76 9 -369 1125 0 00O001

0 0 1 -3
matrix 3x5. adj=1 EA=L

124 27 16 3 -2 9 4 1 2093 -3 1280 O
87 19 115 (3 3 0 12 -8| = |1468 -2 898
115 25 152 |10 1 1 -5 -7 1940 -3 1187 O

=
P O O

matrix 3x5. adj=1 EA=U

20 17 -11 3 -2 9 4 11 1 0 169 339 16
16 14 -9 3 3 0 12 -8|=|0 1 135 277 12
00

27 23 -15| |10 1 1 -5 -7 228 459 21

Smith diagonalization (May 26, 2011)

Given an integer matri the demo evaluates and writes the Smith decomposition, that is,
A=EAF
with E unimodular,A diagonal and= unimodular
3 -2 9 4 11
A=|3 3 0 12 -8

100 1 1 -5 -7
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-2 9 4 11
1 0 0]f[1 0000 15 15 54 12 74
EAF=| 6 -1 0 0 1 0 0 0] |—-11182 11182 —40240 —-8915 -55150
11 -747 -1|/|0 0 1 0 O 10 -10 35 6 0
5 -5 18 4 25

Hermite decomposition (May 26, 2011)

Given an integer matriA, it is shown the decompositions
AE=L AE =U EA=L EA=U

whereE are unimodular. are lower triangulat) are upper triangular.
If adj = 1 the triangular form is “adjusted” to have a canonical form

matrix 3x8. adj=1 AE=L

r2z0 -9 -2 2 -1 -21 -72 -11]
—46 20 5 9 0 49 168 24
6 2 3 3 6 7 8 -1 33 -14 -4 -11 0 -35 -120 -17 1
0 0 o0 1 0 0 0 0
3 0 2 16 3 7 8 -3 =|0
4 10 1 478-2|9% ¢ 0 0 10 00 g
-18 8 2 0O 0 19 64 10
0 0 ©0 0 0 0 1 0
L O 0 0 0 o0 0 0 1]
matrix 3x8. adj=1 AE=U
r31 -72 -21 -1 2 -1 12 -27
-74 168 49 O 9 3 -29 5
6 2 3 3 6 7 8 -1 53 -120 -35 0 -11 -2 21 -4 0
0 0 0 0 1 0 0 O
3 0 2 16 3 7 8 -3 =|0
4 10 1478-2|72 o o 1 000 0 g
—-28 64 19 0 0 1 -1 2
0 1 0 0 0 0 0 0
L 1 0 0 0 0 0 0 0
matrix 3x8. adj=1 EA=L
11 -2||16 2 3 3 6 7 8-1 1 45 17 1 0 O
2 0 -1|/|3 0 2 16 3 7 8-3|=(856 5 8 7 8
10 -1||4 -1 0 1 4 7 8 =2 233 2 2 00
matrix 3x8. adj=1 EA=U
-1 5 -2|/6 2 3 3 6 7 8 -1 1 0 7 75 1 14 16 -10
-1 6 -3||3 0 2 16 3 7 8-3|=|01 9 9 0 14 16 -11
-3 14 -6||4 -1 0 1 4 7 8 -2 0 0 19 209 0 35 40-27

o o
= O o
[cNoNe)
[cNoNe)
[cNoNe)
[eNeoNe)

[oNeoNe)
[oNeoNe)
[oNeoNe)
[oNeoNe)
[oNeN
o o
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Smith diagonalization (May 26, 2011)

Given an integer matriA the demo evaluates and writes the Smith decomposition, that is,
A=EAF

with E unimodular,A diagonal and= unimodular

6 2 3 3 6 7 8-1
A=|3 0 2 16 3 7 8 -3
4 -1 0 1 4 7 8 -2
r 6 2 3 3 6 7
9 4 4 -10 9 7
1 0 O0/|2 00 0O0OTO _‘38 _%)9 _tg 3f _308 _2(?
EAF=|2 -1 0|0 1 0 0 0 0 O
1 4 1|0 0 1 0 0 O O 0 0 0 0 ! 0
4 2 2 -4 4 3
0 0 0 0 0 0
L O 0 0 0 0 0
Hermite decomposition (May 26, 2011)
Given an integer matriA, it is shown the decompositions
AE=L AE =U EA=L EA=U

whereE are unimodular. are lower triangulai) are upper triangular.

2 Triangularization and Diagonalization of Integer Ntas

If adj = 1 the triangular form is “adjusted” to have a canonical form
matrix 8x3. adj=1 AE=L
r6 3 47 r1 0 07
2 0 -1 0 1 0
3 2 0 7 9 19
3 16 1 _51 _61 _13 | 75 90 209
6 3 4 5 3 g a 1 0 0
7T 7 7 14 14 35
8 8 8 16 16 40
-1 -3 -2 |-10 —11 -—-27]
matrix 8x3. adj=1 AE=U
re 3 47 r1 8 2]
2 0 -1 4 5 3
3 2 0 5 6 3
3 16 1|| 1 2 | _|17 5 2
6 3 4 o1 1 11 8 2
7 7 7 0 7 0
8 8 8 0 80
-1 -3 -2] L0 0 1]
matrix 8x3. adj=1 EA=L
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r—1 3 -2 00 1 006 3 47 r1
12 -29 21 0 0 -11 0 O 2 0 -1 0
-2 5 -4 0 0 2 00 3 2 0 0
31 74 53 0 0 -28 0 1 3 16 1| |0
—-72 168 -120 0 0 64 1 d| 6 3 4| |0
-21 49 -3 00 19 oOQ |7 7 7 0
-1 0 0 01 0O 0Qg|8 8 8 0

L 2 9 -11 1 O 0 0 O L-1 -3 —-2] L0

matrix 8x3. adj=1 EA=U

20 —-46 33 0 0-18 0 06 3 47 r1
-9 20 -14 0 O 8 0 0|2 0 -1 0
-2 5 -4 0 0 2 00 3 2 0 0
2 9 -11 1 O 0 0 0|3 16 1| |0
-1 0 0 01 0O 0Q|6 3 4| |0
-21 49 -3 00 19 oaQ|(7 7 7 0
—-72 168 -120 0 0 64 1 | 8 8 8 0

l1-11 24 -17 0 O 10 O 1 [-1 -3 -2 LO

Smith diagonalization (May 26, 2011)

[cNoNoNoNoNoN o)

[cNoNoNoNoNoN T Ne)

cNoNoNoNol —NeolNe)

cNoNoNoNol NoNel
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Given an integer matriA the demo evaluates and writes the Smith decomposition, that is,

A=EAF
with E unimodular,A diagonal and= unimodular
0 2 35 6 17
3 0 2 2 3 8
4

-1 3 1 14
0

A=

o rFr o
= OO
[oNeoNe)
[oNeoNe)
[oNeoNe)

1 0 0
EAF=|2 -1 0
4 -5 -1

ocoo
| =
(S
|

Hermite decomposition (May 26, 2011)

Given an integer matriA, it is shown the decompositions
AE=L AE =U EA=L EA=U

whereE are unimodular. are lower triangulai) are upper triangular.
If adj = 1 the triangular form is “adjusted” to have a canonical form

matrix 7x3. adj=1 AE=L

HOOOSCOGJ
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0 3 4 1 0 O
2 0 -1 0 1 O
3 2 3 2 2 3 8 7 11
5 2 1||-5 -4 -8/=|4 5 5
6 3 14 4 3 6 53 42 78
17 7 7 27 27 37
8 8 8 8 8 8
matrix 7x3. adj=1 AE=U
0 3 4 1 -3 3
2 0 -1 -1 2 0
3 2 3 0O 1 0 1 1 2
5 2 1||-1 -1 1 -1 3 2
6 3 14 1 0 O 11 3 3
17 7 7 0 10 7
8 8 8 0O O 8
matrix 7x3. adj=1 EA=L
-2 -9 -2 5 00 0 3 4 10
-1 -8 -3 5 000 |2 0 -1 010
-4 -19 -4 10 0 0 O |3 2 3 0 01
56 288 72 -160 0 O 1|5 2 1|=|0 0 O
69 342 83 —-190 0 1 0o |6 3 14 0 0O
71 344 77 -18 1 0 O |17 7 7 0 0O
4 20 5 -11 0 0 oL8 8 8 0 0O
matrix 7x3. adj=1 EA=U
2 11 3 -6 00 0 3 4 1 00
-1 -8 -3 5 0002 0 -1 010
0 1 1 -1 000 |3 2 3 001
-4 -20 -5 11 0 0 O |5 2 1|=(0 0 O
-9 -56 -23 3 1 0 0|6 3 14 0 0O
—-27 -138 -37 74 0 1 O |17 7 7 0 0O
-8 -3 -8 16 0 0 1 L8 8 8 0 00O
Smith diagonalization (May 26, 2011)

Given an integer matriA the demo evaluates and writes the Smith decomposition, that is,

A=EAF
with E unimodular,A diagonal and= unimodular

0 3 4

2 0 -1

3 2 3

A=|5 2 1

6 3 14

17 7 7

8 8 8
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1 0 0 00O 10
-1 1 0 0 0 0 OQfO0O 10
1 -4 11 2 0 0 0|0 O 1|/(0 3 4
EAF=|-1 0 5 1 0 0 0|0 0 0||2 3 3
11 -36 78 0 1 O 0 001 11
0 -10 37 0 0 1 0 0O
0 0 8 000 1[0 0O
Hermite decomposition (May 26, 2011)
Given an integer matriA, it is shown the decompositions
AE=L AE =U EA=L EA=U
whereE are unimodular. are lower triangulai) are upper triangular.
If adj = 1 the triangular form is “adjusted” to have a canonical form
matrix 3x7. adj=1 AE=L
rz -1 o -4 -9 -27 -8
11 -8 1 -20 -56 —-138 —-32
0 2 35 6 17 3 -3 1 -5 -23 -37 -8 1
3 022 3 7 8|-6 5 -1 11 35 74 16/ = |0
4 -1 31 14 7 8|0 0 O 0 1 0 0 0
0o 0 O 0 0 1 0
LO 0 O 0 0 0 1
matrix 3x7. adj=1 AE=U
[ 56 69 71 4 -2 -1 -4
288 342 344 20 -9 -8 -19
0 2 35 6 17 72 83 77 5 -2 -3 -4
3 0 22 3 7 8 |-160 —190 -18 -11 5 5 10|=
4 -1 3 1 14 7 8 0 0 1 0 0 O 0
0 1 0 0 0O o 0
L 1 0 0 0 0 O 0
matrix 3x7. adj=1 EA=L
0O -1 1{(0 2 3 5 6 17 1 -1 1 -1 11 O
1 -10/(|3 0 22 3 7 8§=|-3 2 1 3 3 10
0O 1 0|4 -1 3 1 14 7 8 3 o 2 2 3 7
matrix 3x7. adj=1 EA=U
2 -5 4|0 2 35 6 1 1 0 8 4 53 27
2 -4 31|13 0 22 3 7 8=[(01 7 5 42 27
3 -8 6(|4 -1 3 1 14 7 § 0 0 11 5 78 37

O O o

= O O

O O o

39
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Smith diagonalization (May 26, 2011)

Given an integer matriA the demo evaluates and writes the Smith decomposition, that is,
A=EAF

with E unimodular,A diagonal and= unimodular

0 2 35 6 17

A=(3 0 2 2 3 7 8§

4 -1 3 1 14 7 8
0 2 3 5 6 17 8
-3 4 4 8 9 27 8
1 0 O0j]|2 000O0OTC|12 —-12 —-112 -21 -35 —-74 -16
EAF=|2 -1 0|0 1 0 0 0 0 0 |—-1 1 1 2 0 0 0
4 -5 -1/|{0 01 0 OO0 OQ|O 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

2.8 TheMat hemat i ca Program for Triangularization and
Diagonalization

The triangularization and diagonalization of an integetrmare obtained with ele-
mentary operations on the rows because Whihhenat i ca itis more convenient
to work on the rows of matrices instead of columns. Then, thheesponding column
operations are obtained with appropriated transpositions

The fundamental procedure isanni hi | at e. The repeated applications of
anni hi | at e givesl ef t Uf act or. Theseprimitive procedures are applied to
obtain triangularizations and diagonalizations of déferforms.

Remark. In the following procedures the target is the applicatiorelgimentary
operations on an integer matri (input). The output is the unimodular matréx
that entails consideration of the elementary operatioescdd the output is not the
rearranged matrix, say. To getb one has to calculate the matrix prodbet e. a.

2.8.1 “annihilate”

the proceduranni hi | at e operates on two rows of a given integer matrix, say

r11 r12 r13 r14 r15 rl6 ... row rl
r21 r22 r23 r24 r25 r26 ... row r2

where we suppose that r1l and r21 are different from zeron, Thith elementary
operations it provides two rows with the structure

0 s12 s13 sl4 sl5 si16 ... new row sl
@ s22 s23 s24 s25 s26 ... new row s2
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where@is different from zero
Starting from the modified rowsnni hi | at e gives the new rows

0 0 t13 t14 t15 t16 ... new row t1

0 @ t23 t 24 t25 t26 ... new row t 2
In a subsequent step, the rows are modified again to get

0 0 0 ulsg ul5 wule ... new row ul

0 0 @ u24 u25 u26 ... new r ow u2
and so on.

Usage

e = annihilate[r1,r2,nl, n2, nr]
where

e rl, r2therows,

e nl, n2areindexesofl, r2,

e nr is the number of rows of the matrix,

e e is the unimodular matrix such that the mathixe. a provides the desired
modification of the rows 1, r 2.

Examples

Given the matrix

05 -8 2 -1 3 11n
31 2 5 7 -4 2
A_|7 4 -1 -2 0 5 0/
00 3 1 1 9 34
8 5 -1 6 2 1 5|rs
00 7 4 1 1 re

and starting from the rows
rp=[3 1 2 -5 7 -4 2
rs=[8 5 -1 6 2 1 §

anni hi | at e provides a unimodular matri€ of dimensions 6< 6, such that in
the matrix
B=EA (2.4)

the corresponding rows become
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$=[0 7 —-19 58 -50 35 -1
s=[1 -2 7 -21 19 -13 1].

In this case the unimodular matrk is given by the product of six unimodular
matrices, namely

1 0 00 O
0 800 3 0
0 0 10 0 O
E=EeEsEsBsE2E1= |0 0 5 1 0 o
0 3 00 -10
0 0 00 O

corresponding to the following elementary operations:

1) permutation of the rows, andrs,

2) addition of rowrs, multiplied by —2, to rowr,
3) permutation of the rows, andrs,

4) addition of rowr 5, multiplied by —1, to rowr,
5) permutation of the rows, andrs,

6) addition of rowrs multiplied by —2 to rowr .

For instance, 4), is obtained with the unimodular matrix

10 0
-1 0

0 O

E4 0
0

[cNeoNoNeNe]

0
1
0

[cNeoN NeoNeNe]

0
0
1
0
0
0

[oNeoNeNeN o

The global unimodular matri allows the desired conversion of the rows. In fact,
relation (2.4) becomes explicitly

05 -8 2 -1 3 1
0 7 -19 58 -50 35 -1
B_|7 4 -1 -2 0 5 0
o0 3 1 1 9 3
1 -2 7 -21 19 -13 1
o0 7 4 1 1 2

10 0 0 05 -8 2 -1 3 1

0 800 3 0|31 2 -5 7 -42

oo 10 0 0|74 -1-2 0 50

“lo o o1 0 0ofoo0o 3 1 1 9 3°

0 3 00-10{[85-186 2 1 5

0 000 o0 #4loo 7 4 1 1 2

We continue the application @nni hi | at e to the rows(r4,r) of the matrix
B
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rp=[0 0 3 11 9 3
r6=[0 0 7 4 1 1 2

where the first two elements of both rows are zero. IQ this taseihilate” starts
from the third elements and provides a unimodular md&rsuch that in the relation

C=EB (2.5)
the corresponding rows become

%=[0 0 0 -5 4 60 1§
$=[0 0 1 2 —1 —17 —4]

In fact, (2.5) gives explicitly

5 -8 2 -1 3 1 100 O O 07705 -8 2 -1 3 1
1 2 -5 7 -4 2 010 O O Of|31 2 -5 7 42
4 -1 -2 O 5 oj |joo1 0 O Of(7 4 -1 -2 0 5 0
0 3 1 1 9 3 |10 o0 7 0-3|00 3 1 1 9 3
5 -1 6 2 1 5 000 O 1 0|85 -1 6 2 1 5
o 1 2 -1 -17 -4 000 -20 1 o0 7 4 1 1 2

2.8.2 “leftUfactor” and companions

| ef t Uf act or evaluates the unimodular matexhat provides the upper—triangular
form of a given matrixa, namelyu= e. a, whereu is upper triangular.

Usage

e = leftUfactor[a, adj ]

where

e a s the given integer matrix,

e adj is anoptionalargument with default valuadj = 1, which provides the
canonical form, while witradj = 0 U andL are not necessarily in canonical
form,

e e is the unimodular matrix.

Hence, two versions are available
e = |left Ufactor|[ a]
e = leftUfactor[a,1].
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Illustration of the procedure

Given the matrixA, the target is to get a unimodular mati such that matrix
U = [uij] = EA where the elements; with j <i are zero. This is obtained using
iteratively the proceduranni hi | at e.

Example 2.13Consider the square matrix:

1 2 3
A=1|3 0 2
4 -1 3

Then, the following operations are needed:

1) application of “annihilate” to the rowg 2,r1) of A. This produces the unimodu-
lar E;.

2) evaluation of the matriA; = E; A

3) application of “annihilate” to the row@ 3, r1) of A;. This produces the unimod-
ular E,.

4) evaluation of the matrid, = Ex A1

5) application of “annihilate” to the rowg 3,r») of A,. This produces the unimod-
ular Es.

6) evaluation ofA; asA3 = E3As.

The global unimodular matrik is

E=E3EzE; .
In the specific case one gets
1 0 O 1 0 O 1 00 1 0O
E=|-1 -1 1|=(0 -1 1 0 1 0/|-3 10
-1 3 -2 0 3 -2(|-4 01 0 01

In general, for a matri®\m«n, which is not necessarily square, where the numbers of
rows ism, “annihilate” must be applieth(m— 1) /2 times, wheremis the numbers

of rows of A. The optionadj = 1 is obtained with the subsequent application of
set canoni c.

The procedure “setcanonic”

After the application of “leftUfactor” to get the upperdrigular formset canoni ¢
provides the canonical form. In the case of a nonsingulaaiggmatrixAmxm the
following constraints are pursued for

ui >0, O0<uj<ui (j>i) withuj coprime with respect ta; .
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If A is singular, with rankk < m, only the elements;; for i, j < k are adjusted.

Usage
el = setcanonicl[e_,a ]
where

e e. aisthe matrix to be set in canonical form
e el isthe unimodular matrix such thatel. e. a gives the canonical form.

Illustration

Consider the matrix
-3 2 -3
A=|0 4 —-6].
-1 5 0

We first applyEq = leftUfactor[A], to get the upper—triangular triangular foBy
specifically

-1 5 0 0 0 1 -3 2 -3
B=EjA=|0 -1 -21|=|1 3 -3 0 4 —-6].
0O 0 -9 4 183 -12| |-1 5 O

Then we apply “setcanonic”. The first operation performedttig macro is the
evaluation of a unimodular matri;, which ensures the diagonal elemehtsare
positive:B1 = E1 B. In the specific case we have

1 -5 0 -1 0 O -1 5 0
Bi=|0 1 21|=|0 -1 O 0O -1 -21
0 0 90 0O 0 -1 0O 0 -9

The second operation of “setcanonic” is to find another udiufer matrix that en-
sures that the elemeritg are coprime with respect tw, for j > i, starting from the
elementby; of the matrixB1. This is achieved by adding the second row, multiplied
by 5, to the first row. This is obtained with a unimodular mawi; which gives
B, = V1B1, and specifically

1 0 105 1 50 |1 -5 0
Bp=(0 1 21|=|0 1 0] |0 1 21|.
0 0 90 0O 0 1/ |0 O 90

Then, we consider the elemdng of the matrixB, and we realize that it is sufficient
to subtract the third row from the first one. In terms of masigve havd3z =V, B>
and specifically
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1 0 15 1 0 -1 |1 0 105
Bz=[(0 1 21|=({0 1 O 01 21).
0 0 90 0 0 1 0 0 90

The final result of “setcanonic” is the matrix= V, V1 E; and specifically
-1 -5 1 1 0 -1 1 50/ (-1 O 0

E=|0 -1 0|=]01 O 010 0O -1 0.
0 0 -1 0 0 1 0 0 1 0 0 -1

2.8.3 Procedures obtained fromef t Uf act or

From “leftUfactor” following procedures are obtained usithe row inversion
(“rowrev”) and the columns inversions (“colrev”), togethsith the transposition
operation, namely

rightLfactor[a_, adj_:0 ]:= Transpose[l eftUf actor]
Transpose[a], adj]]

row ev[a_]:=Reverse[a]
colrev[a_]:=Transpose[ Rever se[ Transpose[a]]]

leftLfactor[a_, adj _:0 ]:=Modul e[{},
e=rowev[leftU actor[colrev[a],adj]];
{m n}=Di mensi ons[ a] ;
[ f[nen,
esup=Take[e, {1, mn}];
ei nf =Take[ e, {m n+1,n}];
enew=Joi n[ ei nf, esup] ;
e=enew ;
e]
rightUfactor[a_, adj_:0 ]:=colrev[rightLfactor]
rowev[al,adj]]

Thenherm te,tri angUandt ri anglL are obtained with the program

hermte[a_ ,form,adj :0]:=Mdul e[{e},

VWhi ch[form ==
e = leftUfactor[a,adj]; {lnverse[e], e . a},
form== 4,
e = leftLfactor[a,adj]; {lnverse[e], e . a},
form== 1,

e =rightUfactor[a,adj]; { Inverse[e], a.e},
form== 2,
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e = rightLfactor[a,adj]; {Inverse[e], a.e}
1]

triangU a_,adj _:1]:
triangL[a_,adj :1]:

a . rightUactor[a, adj]
a . rightLfactor[a, adj]

2.8.4 Smith Diagonalization

In the procedureni t h[ a, adj ] the matrixdi ag is initialized toa and then itis
triangulated, lower and upper, using respectivalght Lf act or andl ef t Uf act or
until it becomes diagonatti agcheck is used to check the diagonal form. The cor-
responding column and row operations are reported in theaohilar matriceg1
andul. Finally, if adj = 1 the canonical form is obtained by changing the signs
of the negative elements of the diagonal; these changegpoeted inel if m>n
and inul if m< n(mx nare the dimension df).

Example 2.14Consider the 4« 4 matrixA:

33 2
1751
A=lo0 3 0 7
11 3

First the matrixe; and the produdD; = AE; are evaluated

1 0 0 -1
o -2 2 7
-1 3 -3 -9
0O O 1 -3

E, =rightLfactor[A] =

1 0 O 0 3 3 2 1 0 0 -1
D, -4 1 O o| [1 7 51 o -2 2 7
o -6 13 0| |03 0 7/|-1 3 -3 -9
-2 7 -5 =27 1 1 3 0O O 1 -3

Analogously the matricels, andD, = F, D1 are evaluated

1 0O 0 O

4 1 0 O

F, = leftUfactor[D1] = 82 _23 2 5

-218 -61 5 1
1 00 0 1 0O 0 O 1 0 O 0
D, — 010 0 | 4 1 0 Oo(|-4 1 O 0
210 0 1 -135| | -82 -23 2 5 0O -6 13 0
0 0 0 -35 -218 -61 5 1 -2 7 -5 =27
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Then, “diagcheck” is applied tD,. The check is negative becauseDp the entry
(3,4) is =135+ 0. Then withl ef t Uf act or D3 = Dy Ej3 is evaluated

100 O
. 010 O
Es = rightLfactor[ D3] = 00 1 135
000 1
100 O 100 O 100 O
D._|0010 0] 010 0]j010 0
S “loo1 o | |oo0 1 -135/|0 0 1 135
0 00 -35 0 00 -351/]1l0 00 1

The next operation is the evaluation B and D4 = F3Dg3; since D3 is already
diagonal, one gets; =14, andD4 = Ds.

Finally, to get positive diagonal entries, the matriegsandA = D4 Eg are eval-
uated

100 O
010 O
Bo=10 0 1 o0
000 -1

100 O 100 O 100 O

A_|0L 0 0] J0o10 0 010 O

“loo1 o| o021 o© 001 O

0 0 035 0 00 -351]l0 00 -1

The columns operations are reported in the mdkix= E; E3Eg and the row oper-
ation on the matrir; = F3F», specifically

ri o0 0 -17r1 0 0 O 1 00 O 1 0 0 1
E = o -2 2 7] |:O 10 O] |:O 10 O] _ { o -2 2 277]
-1 3 -3 -9/|/0 0 1 135 |0 O 1 O -1 3 -3 414
LO O 1 -3][0 0 0 1 0 0 0 -1 0 0 1 -132
rt 0 0 1 0 0 O 1 0 0 O ’
= 0100 4 1 0 O 4 1 0 O
0 0 1 0/|-82 -23 2 5 -82 -23 2 5
LO 0 O -218 -61 5 13/ L-218 -61 5 1

The decomposition so obtainedrgsAE1 = A, specifically

1 0 0 073 3 2 1 0 O 1 1
4 1 0 0|1 7 51 o -2 2 =277 |0
-82 -283 2 5|0 3 0 7 |0

—-218 —-61 5 113 2 0

F1 A Eq A

oor o
or Oo
w

g O oo
e

To get the Smith decomposition one has to evaluate the iaveasrices- = FIl
andE = E; ! to get
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A=FAE
3 3 2 1 0 0 O 100 O 3 3
1751 (-4 1 0 0|01 0 O 13 19
0307 |0 -6 13 -5/|0 01 O —264 —396
113 -2 7 -5 2 0 0 0 35 -2 -3

2
3 1 -
—264 1
-2 0

49






Chapter 3
Generation of Lattice Points

Given a latticeG of R™, specified by a basiS, and given a subset (regiof)of R™,
we want to generate the points @fbelonging taR, that is, the seP = GNR. The
solution of this problem is not trivial. The evaluation ofigie points according to

t=Gh, hez™

is immediate, but the problem is the limitation of the-tuples of integerd to
limit the generation to the desired region. In the simplesecthe regioR is a
parallelepiped and the generation is obtained starting ffe lower triangular form
of the basis.

The chapter deals with the implementatiorMat henat i ca of the generation
of the points a full dimensional lattice, but also of a reditdémensional lattice,
where the problem is somewhat complicated.

Procedures of this chapter

e | atti cepoi nt s2D: gives the points of a 2D lattice limited to a rectangular
region (Sect. 3.2);

e regl atti cepoi nt s: gives the points of amD lattice limited to a rectangular
region (Sect. 3.3);

e degdeconposi ti on: decompose amx ninteger matrix with rank contain-
ing ak x k minor (Sect. 3.4);

e degl atti cepoi nt s: gives the points of a reduced dimensional lattice limited
to a rectangular region (Sect. 3.4);

e | atti cepoi nt s: unifies the previous procedures (Sect. 3.5);
e Wwitelatticepoints:writes (in TEX) the lattice points (Sect. 3.7);

e showl atti cepoi nt s: gives the graphic representation of the lattice points in
the cases 2D and 3D (Sect. 3.7).

51
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3.1 Formulation of the Problem
Is is convenient to recall that anD lattice is generated according to

G={Gh|lhezZ™ =GZ™. (3.1)

whereG is a basis. This relation givedl the points of the lattice. Every basis Gf
generates all the points G.
The general problem is: given a regifirand a propertyT, find the subset

P={GNR|M}.

For instance, ifR parallelepiped and@l = {primitive points, then? consists of the
primitive points ofG that belong tdk.

The solution is obtained using a convenient bajs(lower triangular) and a
“simple” region (parallelepipedRo O R. Then, the points are obtained by eliminat-
ing from Rg the points that do not have the desired property.

The convenient regiofRg is usually given by an orthogonal parallelepiped

Ro = [tlmimtlmax] XX [tm'nin’tmmax] : (32)

3.1.1 Primitive points

From Chapter 16 of thenified Signal Theoryve recall:

Definition 3.1. A point of a latticeG is primitive if the segment connecting the point
to the origin does not contain other lattice points, originepted.

Fig.3.1 shows the primitive points of the 2D lattiéd(d;, ds).

Proposition 3.1.A pointt = Gh of a lattice G= GZ™ is primitive if GCD(h) = 1,
whereGCD(h) is the greatest common divisor of the integers (h, ..., hm).

It is convenient to precise what the GCD means when some dfjtb&h are
zero. For instance, iin= 3 and(hy,h,h3) = (6,0,3) = 3(2,0,1) it does not give
a primitive point, but(hy, h,hs) = (8,0,5) does give a primitive point. In fact, we
find with Mat herat i ca)

GCD(6,0,3) =3 and GCD8,0,5) =1

while GCD(0,0,0) = 0.

3.2 Points of 2D and 3D Lattices
3.2.1 Role of the basis in point generation

Let G be a 2x 2 real matrix
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which is assumed as regular, that is, witls{l = |g11922 — 921912 > 0. The corre-
sponding lattice has the points with coordinates

t1 = g11hy + 912hz, hy,hy € Z (33)

to = go1hy + g22h2 '

Ifin (3.3) (hy,hy) is limited to a rectangular region according to
Py <M< Py o <he < g,

the corresponding region i@ is not rectangular, in general. For instance, with the
basis

4 2
G= [2 6} , d(G) =20 (3.4
the limitation of(hy, hy) according to

—4<m<4 —4<hy<4 (3.5)

produces the region shown in Fig.3.2a, which is the pamglelm determined by
the basis (3.4). If we change the basis, e.qg.

4 6} (3.6)

GL:{Z 8
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t
y 2

a) o b) R

30 40

Fig. 3.2 Effect of basis change in a 2D lattice

the limitation (3.5), produces the points shown in Fig. 3.@hich again are not
contained in a rectangular region.
To get a rectangular region, we use a lower-triangular caabhasis, say

bll 0
G =
- {bzl bzz}
where
b1 >0, byo >0, 0< by <hyo.
Let

R= [tlmimtlmax] X [tzminatzmax]
the desired rectangular region. The point coordinatesiges dpy

t1 = b1y
hy,hp €Z. 3.7
{tz = baihy + boohy v (37)
From the first relation, we evaluakg,,, andhy,, corresponding toy,,, andty,,.
namely
h:l-min = t:l-min/bj-l hlmax = tlmax/bll . (388>

Then, ash; varies betweeiny,, andhy, ., one evaluates, for eadh the value of
hy,.,., andhy,.., from the second equation, that is,
hzmin = (tzmin - b21h1)/b22

N21ax = (o — D211 /22 (3.8b)

Now, hy,... N N2, @NAN2,,, Should be integers. But, e.dy,... =t1,..,/b11is
not an integer, in general, and we have to imposelifgt be the smallest integer
Z t:I-min/bll'
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The correct formulation is obtained with the functiGai | i ng andFI oor of
Mat hemat i ca, and (3.8) are reformulated as follows

hi, = Ceiling[tlmin/bll}

hi,.x = Floofta,,,/b11]

ho = Ceiling[(tzmin — ba1h1) /b2
Mo = F|00r[(t2max — ba1h1) /by

(3.9)

Reconsidering the previous example, with the lower-tridagbasis (3.6), rela-
tions (3.7) become
{ t1 =2h

to = 6h; +10h,
Considering the region
R= [tlmimtlmax] X [tzminvtzmax] = [_9’ 9} X [_97 9]

(3.9) give
hiy, = Ceiling 2] = —4  hy,, = Floor$] = 4.

g, = Ceiling| =33~ | = Ceiling[ 13] = 2
N2 = Floor{%} = Floor[33] =3
Note thath; = —4 give two values ohy, which form the pairg—4,2), (—4,3),

corresponding to the points(—8,—4), (—8,6), as shown Fig.3.3.
The results are summarized by the following table:

Fig. 3.32D lattice and to
its points in the rect-
sngular regioriR 16
] 12 [
. ° 8 °
° ° .
. e 14 °
. [ .
0 ty
8" 127 16
. Y Y .
[ J [ ] .
. [ [ ]
° ° R
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| hl | h2min| hzmax | h | t |
—4 2 3 (—4,2) (—8,4)
(—4,3) (—8,6)
—3 1 2 (—3,1) (—6,-8)
(—3,2) (—6,2)
—2 1 2 (—2,1) (—4,-2)
(=2,2) (=4.8)
—1 0 1 (—1,0) (—2,-6)
(-1,1) (—2,4)
0 0 0 (0,0) (0,0)
1 1 0 1,-1) 2,—4)
(1,0) (2,6)
2 —2 | -1 2,-2) (4,-98)
(2,-1) (4,2)
3 —2 | -1 (3B,-2) 6,-2)
(3-1) (6,8)
4 -3 | -2 (4,-3) (8,—6)
(4,-2) (8,4)

3.2.2 The Mathematica procedure “latticepoints2D”

Usage

p = latticepoints2D a, regi on, op]
where

* ais abasis of the lattice,

e regi on is the rectangular region specified in the form:
{xm n, xmax, ynm n, ymax}

e op is an optional argument with default valop = 0;
with op = 1 it gives only theprimitive points,

e p gives the lattice points in the formht st of Mat henat i ca.

Hence one gets the three possible versions:
p = latticepoints2D a, region],
p [ atticepoi nts20 a, regi on, 1],
p = latticepoints2D a, region, 2].

Method. First the lower-triangular form is obtained. Then, theitattpoints are
generated according (3.7) and (3.9). The procedure isftirere
latticepoints2Da ,region_,op_:0]:=
Modul e[ {t 1mi n, t 1max, t2m n, t2max, b, list,
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him n, himax, h2ni n, h2max},
{t1m n,t1max, t2n n,t2max} = region;
b =trianglL[a];
list = {};
himin =Ceiling[ timn/b[[1,1]]]; hlmax = tlnax/b[[1, 1]];
Do[ h2min = Ceiling[ (t2mn-b[[2,1]] hl )/b[[2,2]]]
h2max = (t2max-b[[2,1]] h1l)/b[[2,2]];
Do[ If[op==0 || CGCD[hl, h2] == 1,
list = Append[list, b . {h1, h2}] T,
{h2, h2m n, h2nmax} ],
{h1, him n, himax} ];
list]

3.2.3 Demo of “latticepoints2D”

Togetthedemarit el atti cepoi nt s the following is needed ivat henat i ca

1) define the basis (integer square matax)

2) choose the regionegi on,

3) choose the optional argumeo,

4) write the statementri t el at t i cepoi nt s2D] a, r egi on, op] .

Example 3.1The first example of demo consider a 2D lattice. The program fo
Mat hemati cais

Cet [ "denp2nmacr o. m' ]

| ab="LP204"

i nitdeno?2

p22 = {{2, 1},
{1, 3}}

regi on={0, 15, 0, 15}
writel atticepoints2D] p22,region,2]b
conpl et edenn?2

Hence EX gives
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Lattice points:  run LP204 (May 26, 2011)
Given an integer matrix (basis), which identify the latti€and a rectangular region

G:E ﬂ r=[0 15 0 15

The procedurew i t el at ti cepoi nt s gives the lattice points generated Byin the re-
gion (extrema included).

op= 2: all lattice points with primitive lattice points marked
number of points: 52

00 0 011 1 22 2 33 3 44 455 5 5

05 10 15 3 8 13 16 11 4 9 14 2 7 12 0 5 10 15

6 6 6 77 788 8 99 9 10 10 1010 11 11 11 1

3 813 1 6 114 9 14 2 7 12 0 5 1015 3 8 13 1
4 1515 15 15

6 11 4 9 14 2 7 12 0 5 10 15

{12 12 13 13 1314 14 1

In this caseop=2 and therefore all the lattice points are given, with the ftim
points in boldface.

Example 3.2In previous example, if in place ofritel atti cepoi nts we
write show at ti cepoi nt' s we obtain also the graphic representation of the lat-
tice points.

Lattice points:  run LP206 (May 26, 2011)
Given an integer matrix (basis), which identify the latti€@and a rectangular regian

G:{Z 1} r=[0 15 0 1§

1 3
The procedurew i t el atti cepoi nt s gives the lattice points generated Byin the re-
gion (extrema included).

op= 2: all lattice points with primitive lattice points marked
number of points: 52

00 0 011 1 22 2 33 3 44 455 5 5

0510 153 8 183 16 11 4 9 14 2 7 12 0 5 10 15

6 6 6 77 788 8 99 9 10 10 1010 11 11 11 1

3 813 1 6 114 9 14 2 7 12 0 5 1015 3 8 13 1
4 15 15 15 15

12 12 13 13 1314 14 1
6 11 4 9 14 2 7 12 0 5 10 15
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147 [ ] . o
| [ ] ] o
127 . . .
| [ ] [ ] o
10; [ ] . (
| . [ ] [ ]
8 [ ] . ]
[ ] ° .
6 ] [ ] .
) [ ] . (
4 [ ] . o
. [ ]
2 . [ ] .
[ ] o
a
2 a4 6 8 10 12 14

3.2.4 Points of a 3D lattice

We evaluate the canonical lower-triangular form, whiclowlexpressing the coor-
dinate in the form

ty = b
to = bpihg + booho hi,hp,hz € Z (3.10)
t3 = b31hy +baohy + bashs

whereb;; > 0.
To get a rectangular region, the conditionstanh,, h; becomes

hy,.., = Ceiling]ty,. /b11]
h,.;i, = Ceiling[(tz,,,, — b21h1) /D22
ha,,., = Ceiling](ts,,;, — bathy — bszhz) /bag]

hlmax = Floor[tlmax/bll}
h2pna = FlOO(t27,0, — D21011) /D22)
h3min = Ceiling[(tgmin —bzih; — b32h2)/b33] .

Then, the implementation dfat t i cepoi nt s3Dis obtained with thre®o[ |
cycles, where the outer generabgswith fixed limits, the second generateswith
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limits depending orn; and the inner generatés with limits depending or; and
hp.

Example 3.3Let

R=10,3]x[0,3] x [0,3] .

Hence the points= (t1,1y,t3) of the lattice are evaluate according to

t1=m
tp = 2h; +3hy

t3 =hs+hy+2h3

The lower-triangular form is

10
GL =triangL[G]= |2 3
11

N OO

From the first one gets
h:I-min =0 hlmax =3.

Then the ranges of thg andhs are evaluated according to the following table

L h [ ho] hgn | hswe [ h | 't [GCD(h)
0 o] o 1 00,0 | (000) | 1
0,0,1) | (002) | 1
0o 1] o0 1 0,10 | (031 | 1
0,11 | (033) | 1
1 (0] 0 1 1,000 | L2l | 1
101 | 123 | 1
2 1] 0 1 | @2-10 @10 | 1
e-11)| @13 | 1
3 [—2] 0 1 1 (3G=20 ] 301 | 1
B-21 | (303) | 1
3 [-1] -1 0 [G-1-1)| 330 | 1
3-10) | 332 | 1
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3.3 Points of an mD Lattice
3.3.1 Generation from the lower-triangular basis

For a full-dimensionalmD lattice we generalize the procedure seen in the cases
2D and 3D. Starting from a nonsingular ba§iof dimensionan x m, we find the
lower-triangular form, that is,

by O - 0
bo1 b2 0

L=1 . . .
bml bm2 t bmm

wherethe diagonal entries are positiv&hen the coordinates= (11,...,tn) can be
written in the form (which generalizes (3.7) and (3.10))

ty = biahy
311
{tr =S +brh ( )
where
r-1
r=2,....m e S’:Z brhy . (3.119
K=1

Considering the rectangular region

RO = [tlmin’tlmax] XX [tmmin’tmmax]
and considering thdd,, > 0, the ranges of the integeg are determined by
hi,,;, = Ceiling(ty, . /b11]

hlmax = F|00r[t1max/b11]

hfmin - Celllng[ (trmin - S)/brr]
hronax = FlOOT| (tra — Sr) /bre] -

(3.12)

The limitshy,, andh;,., have the following dependence

o hy . edhy . arefixed,

o hy. edhy, . depend ory

e hs , edhs . depend orhy, hy

e ingenerah; . andh_, dependohy, hy, ... h_1.

Henceh; will be generated in the outer cycle, in the second cycle, and so on until
hy, which will be generated in the inner cycle. The difficultytire implementation is
that the number of cycles is variable (in dependence of tmexdsionm. It would be
possible to fix a maximum aoh, saym= 10, and implement 10 distinct procedures,
but this is not elegant.
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Instead, we have composed a procedure (“writegattipgintgiich write the pro-
cedure for the specifim (“gattipoints”) in a file. Then we invoke the procedure from
the file. In conclusion, we have the structure

reglatticepoints[a ,region_,op_:0]:= Mdule[{nt,
nmrLengt h[ a] ;
writegattipoints[mop];
Get["gatt.nl];
gatti poi nts[a,region]

]

where “writegattipoints” write in “gatt.m” the proceduregdttipoints”, specific for
the givenm.

3.3.2 The Mathematica procedure “reglatticepoints”

Usage

p = reglatticepoints[a,region, op]
where

* ais a basis of the lattice,
e regi on is the rectangular region specified in the form:
{rmnl, rmax1, rmn2, rmax2, ..., rmnmrnmxmn
e op is an optional argument with default valop = 0;
withop = 0 it gives all the points in the formdtt 1, t 2, . . . t n},
with op = 1 it gives only theprimitivein the format{t 1,t2, ... tn},
with op = 2 it gives all the points in the format{t1,t2,...tn}, z},
where z=0 indicates a non primitive point and z=1 indicatpsmitive point.

For instance, with the basis and region

A— [é g] R —[0,5] x [0,5]

With op omitted, we get all the points

p={{0, 0}, {0, 3}, {1, 0}, {1, 3}, {2, 0}, {2, 3}, {3, 0},
{3, 3}, {4, 0}, {4, 3}, {5 0}, {5 3}}

With op=1, we get only the primitive points
{{o, 3}, {1, o}, {1, 3}, {2, 3}, {3, 3}, {4 3}, {5 3}}
With op=2 we get all the points, made with the primitive points
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{{{o, oy, o}, {{o, 3}, 1}, {{1, O}, 1}, {{1, 3}, 1},
{{2, 0o}, oy, {{2, 3}, 1}, {{3, 0}, O}, {{3, 3}, 1},
{{4, 0}, 0}, {{4, 3}, 1}, {{5 0}, O}, {{5 3}, 1}}

In this caselfr= 2) the procedure written igat t i . mis

gattipoints[a_,region_]:= Mdul e
{t1lm n,t1max,t2m n,t2max, t 3m n, t 3max,
b, Iist,
him n, hlimax, h2n n, h2max, h3m n, h3nmax},
b =triangl[a];
list ={};
himin =Ceiling[ region[[1]]/b[[1,1]]];
himax = region[[2]]/Db[[1, 1]];
Do[ h2m n=Ceiling[(region[[3]]-b[[2,1]] h1)/b[[2,2]]];
h2max=(region[[4]]-b[[2,1]] h1)/Db[[2,2]];
Do[ If[ @GCD[h1, h2] == 1,
list = Append[list, b . {hl,h2}] ],
{h2, h2m n, h2max, 1} ],
{h1, hlm n, hlnex, 1} ];
list]

With the 5x 5 matrix

2 001 5
0302 7

B=[0 0 2 3 11 (3.13)
01 2 3 13
1320 3

the procedure written igat t i . mis

gattipoints[a_,region_]:= Mdul e[
{t1lm n, t1lmex, t2mn, t2max, t 3m n, t 3max,
b, list,
hilm n, himax, h2m n, h2max, h3m n, h3max},
b =triangL[a];
list ={};
himin =Ceiling[ region[[1]]/b[[1,1]]1];
hlmex = region[[2]]/b[[1,1]];
Do[ h2min=Ceiling[(region[[3]]-b[[2,1]] hl)/b[[2,2]]];
h2max=(region[[4]]-b[[2,1]] h1)/b[[2,2]];
Do[ h3min=Ceiling[(region[[5]]-b[[3,1]] hl-b[[3,2]]
h2)/b[[3,3]]];
h3max=(region[[6]]-b[[3,1]] h1-b[[3,2]] h2)/b[[3,3]];
Do[ h4min=Ceiling[(region[[7]]-b[[4, 1]]
hl-b[[4,2]] h2-b[[4,3]] h3)/b[[4,4]]];
h4max=(region[[8]]-b[[4,1]] h1-b[[4,2]] h2-b[[4, 3]]
h3)/b[[4,4]];
Do[ h5min=Ceiling[(region[[9]]-b[[5,1]] hl-b[[5, 2]]
h2-b[[5,3]] h3-b[[5,4]] h4)/b[[5,5]]];



64 3 Generation of Lattice Points

h5max=(region[[10]]-b[[5,1]] h1l-b[[5, 2]]

h2-b[[5,3]] h3-b[[5,4]] h4)/Db[[5,5]];
Do[ list = Append[list, b . {hl,h2, h3, h4, h5}],

{h5, h5m n, h5max, 1} ],

{h4, h4m n, h4dmax, 1} ],

{h3, h3m n, h3max, 1} ],

{h2, h2m n, h2max, 1} ],

{h1, hlm n, himax, 1} ];
list]

3.4 Points of a Degenerate Lattice

In the Unified Signal Theoryhe basis is always assumed as regular and a degen-
erate lattice (reduced-dimensional lattice) is obtainetthg on the signature. For
instance, consider the matrix (3.13). With the signaturi is Z°, we get a full-
dimensional lattice irR%, but we the signaturel = Z3 x Q?, whereQ = {0}, we
get a 3D lattice irR®. An alternative way to specify a reduced-dimensionaldatti
is by a singular matrix with a rank < m and leaving the full signaturg™. In the
example considered, a 3D latticelk? is obtained by a 5 5 matrix with rankk = 3
is needed.

In the implementation withivat herat i ca we follow this second possibility
and more specifically we generdtB lattice of R™ from a basisG of dimension
mx n and rankk, where e dovik < n<m.

This generation is based on a generalization of the Hermigtegular decompo-
sition of the basis.

3.4.1 Decomposition of a reduced-rank integer matrix

Theorem 3.1.An integer matrixG of dimensions mx n (n< m) and rank k< n can
be decomposed in the form

A 0
kxk —

G=p | M1l E_PoOQE (3.14)
B 0

nxn  mxm nxn
m—kxk  m—kxn—k mxn

where

e Pis an mx m permutation matrix,

e Ais anonsingular k« k lower-triangular matrix,
e Biaa(m—Kk) xk matrix,

e E is an nx n unimodular matrix

The proof of the theorem is long and tedious. We prefer to tlieeidea of the
proof with a specific example.
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Example 3.4We illustrate Theorem 3.1 in the casexn=5x 4

1 01 2
0 0 0 O
G=|11 2 1 14].
14 3 1 18
3 10 4

First, we apply triangl{ G| to get the lower-triangular form

101 2 1 000
0000(1)271551 0 000
GL=GE.=|11 2 1 14 |0 o 7 ~/|=[11 2 00
143118 |00 o 1 14 3 20
310 4 3120

where the last column is zero, which states that the rark &k = 3. Hence, we
delete the last column to get the<s matrix

1 0

0 O
Ci=1|11 2
3

1

N OO

14
3

To get the decomposition we search for a 3 minor of rank 3.igdase the number
of 3x 3 minors is(g) = 10. The macrdM nor s[ m k] of Mat herat i ca gives
the list of allk x k submatrices of the matrim Then it is possible to get the vector
c of the determinant of such submatrices. For the maiixhe vector is

c=[0 004 4 4 00 0Q(Q
These values are given iexicographical orderIn the specific case we have
3

111
combination5,3]= |2 2 2 4
3 45 5

AWk

1
3
5

g b

2 2 2
3 3 4
4 5 5

The lexicographical position of the first nonzero determtriac allows to establish
that the desired minor is formed by the rotys3, 4; in fact

100
Ag= |11 2 0 with detAg) =4.
14 3 2

In such a way we get the matriXy and matrixBg, formed by the other rowg, 5
and the permutation vectpr= (1,3,4,2,5). At this point we get the matrices
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1000
100 00010
Ao= |11 2 0 Bo:{ggg} P—lo 100 0
14 3 2 0010 0
000 0

where the permutation matriXis identified by the vectgp. Hence

10
11 2 0
co—[AO}— 14 3 2
Bo 0 0O

3 1

In this particular case the permutation does not destroyriliegular form:Ag is
still triangular, but not in the canonical form. Then we gpplangL[Co] to get

1 0
1 2 0
Cz[g]— 1 1 2
0 0 O
0 -1 2
with
1 0 0
Eo=|-5 1 O
1 -1 1
that is,
10 1 0
11 2 0o/|{1 O O 1 2 0
C=CpEp=1(24 3 2| |-5 1 0O/=1|1 1 2
0 0O 1 -1 1 0 0 O
3 1 0 -1 2
After the evaluation oEgl we get the final unimodular matrix
_[&* 0
E_[ 0 l]EL
100 10 1 2 101
E_510001—5—4_5106
“ 14 11 000 1 1 4 1 05
0 0O 00 0 1 0 0O

From the previous evaluation we get the desired decompositi
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1 01 2 1 00O 1 0 00O 10 1
0 00 O 0001011 2 00O 510 6
11 2 1 14 =10 1 0 0 O/ |2 1 2O 410 5
14 3 1 18 001000 O OO 00 0
3 10 4 0 0 0O 0 -1 2 O

G P Q E

where the entries in boldface give the ma#iinside the matrixQ.

Usage

{k, conb, rest, p, pP, q, a, b, e} = degdeconposition[g, op]
where

e g is the given integer matrix,

e opisanoptional arguments with default valoe = 0. Withop = 1 the lower
triangularization is applied,

e Kk is the rank of the matrig

e conb is the vector giving the permutation of tkerows of the matrixa,

e rest isthe vector giving the permutation of the k rows of the matri,

e @ the matrix of dimensiom x n formed by four blocks, where the first block
is the matrixa

¢ a s the full-rank matrix of dimensiok x Kk,

e b is the matrix of dimensiom k x k.

Hence we get the two possible forms
{k, conb, rest, p, pP, q, a, b, e}
{k, conmb, rest, p, pP, q, a, b, e}

degdeconposi tion[ a]
degdeconposi tion[a, 1]

Note that in the procedure all the limit casesvas- n, k = m, and also the case
m=n= k=0, corresponding to a zero matgx have been checked for a correct
result.

3.4.2 Points of the projection lattice

The decomposition of Theorem 3.1 can be used to find the poinke degenerate

lattice G, with basisG, belonging to a given regioR of R™. We begin with noting
that in (3.14)E is unimodular and therefore

A O

Go=P {B 0:|

is a valid basis ofs.
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The coordinate permutation
u="pP 1t (3.15)

allows to get, from the lattic& with basisGo, the latticeGp, with basis

Gp=P1Go= {g 8} .

Permutation (3.15) is more explicitly

u= (tpl,...,tpm)

wherep = (p1,...,Ppm) IS @ permutation of 1,...,m), which identifies the permu-
tation matrixP.
Now, if the given region is

R= [tlmin?tlmax} XX [tn'hinvtmmax}
the permuted region becomes

Rp =1 XX (3.16)

tp]-min 7tpJ-ma)J tpmminvtpmmax}

The problem is now: from the generation of the point§&sdfelonging to the region
R, one has to generate the point$3)f belonging to the regioRp; fromu € R we
getst € R by means of the inverse permutatioa P u.

The generation of the points Gf, belonging tdR, can be formulated as follows.
A generic point ofGp, u = Gy h, can be decomposed in the form

up| A O hl k
)= [s O[] me
wherek is the rank ofG, that is,

up =Ah; U2=Bh1=BA71U1

Hence, the generation is achieved from the generation qidhes of the latticed,
identified by the basia, belonging to the region d&k

:Rp(k) - [Uplmin, uleax} X ... X [qumin, Upkrnax]

Note that, sinceA is nonsingularA turns out to be full-dimensional and can be
interpreted as therojection lattice of G, along the hyperplan&K of R™. Once
obtainedk—dimensional points o, their coordinates can be completed in the
dimensional form (of5p) according to

u=(up,uz) = (u,BA tuy), up €A



3.4 Points of a Degenerate Lattice 69

In conclusion, the generation of points a degenerate éaftid in mD) is obtained
from the generation of the points of a full-dimensionalitatin kD.

3.4.3 The procedure “deglatticepoints”

The procedure is organized as follows:
Given the basi&, m x nand themD regionXR, specified according to (3.16).

1) Find the decomposition @ given by Theorem 3.1. Hence , one gets the fignk
the nonsingulak x k A, the matrixB and the permutation matrir.

2) The permutation regioft, and its projectiorkD Rp(k) are evaluated.
3) Using the procedure for regular lattices, the pimtss R, (k) of the latticeA =
AZK are generated.
4) The coordinates are completed according te (u;,BA~tuy ), us € Rp(k) and
the check ifu € Rp, eliminatingtheu ¢ Ry,
5) Using the inverse permutatidn= Pu , the pointst € R are obtained from the
pointu € Rp. by the inverse permutatidn= P u.

The above steps are implemented in the fallowing procedure.

Usage

degl atticepoints[fa_,region_,op_:0] -->p
where

* ais alattice basis,
e regi on is the region specified in the form
{rmnl, rmax1, rm n2, rmax2,...,rmnmrmxmn
e op is an optional argument with default valop = 0;
with op = 0 it gives all the points in the formdtt 1,t2, ...t n},
with op 1 it gives only theprimitivein the format{t 1, t 2, . . . t n},
with op = 2 it gives all the points in the formaf{t1,t2,...tn}, z},
where z=0 indicates a nonprimitive point and z=1 indicatpsmitive point.

e pisthe list of the lattice points.

Hence we have the three possible versions
p = degl atticepoints[a,region]
p degl atti cepoi nts[a, region, 1]
p degl atti cepoi nts[a,region,?2].
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Example 3.5Given the 5< 4 matrix seen above

1 01 2
0 0
G=|11 2 1 14
14 3
3 1

which determine a 3D dR®, and given the region
R =1[0,1] x [0,2] x [0,3] x [0,4] x [0,5] .

1) the essential data in the decompositionrare 5, n = 4, k = 3 and the matrices

1000
00010 100

P={0 1000 A=[1 20 3{801(2)]
00100 11 2
000 0

2) The permuted region and its projection are respectively

Rp=10,1] x[0,3] x [0,4] x [0,2] x [0,5]
Rp(3) =1[0,1] x [0,3] x [0,4]

3) The 3D points are generated using the basis
1 00

A=1|1 2 0.
11 2

Then the points oA belonging taRp(3) result

00 0O0OT1111
uu=(0 0 0 2 2 1 1 3 3
024131320 2

4) Si passa dalle coordinate;, uy, uz) alle coordinateuy, Uy, U, Us, Us)
(ug,us) = (aug + Buz + yuz, dug + AUz + Hug)

As seen above, the matrix for calculating the coordin&tigaus) is

1 0 0

a B y] a1 [0 O Of_2 1 g|_[0o 0 O

5Au]_BA_[0—12 Y
4 1 2
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In such a way one gets the coordinates

w| (0 00 0O O0O0OO0O O O
us| |02 4 -1 102 -3 -11

and hence the points

ug 0 000 011 1 1 1
up 000 2 211 3 3 3
u=|us == 024 1 313 0 2 4
Ug 000 0 00OO0O OO
Us 0 24-1102 -3 -11

Not all the points obtained bgrolating the coordinates from 3 to 5 belong to the
regionR®,, (three points haves ¢ [0, 5)).

5) The survived points € R, are permuted according to= Pu to get

ty 0 00011

to 0O 00O O 0 O
t=|t3 == 0 00 2 1 1 3

ta 0 2 4 3 1 3 4

ts 0 2 410 2

3.5 Unification of the Procedures

The procedures “reglatticepoints” and “deglatticepdiriee unified in the proce-

dure “latticepoints”, where a simple check on the dimensi@md on the rank of the
basis allows to establish which of the procedure to callhé basis is square and
nonsingular, “reglatticepoints”is used, otherwise “@dtitepoints”.

3.5.1 The procedure “latticepoints”

Usage

| atticepoints[a ,region_,op_:0] -->p
where

e a s the lattice basis,

e regionis the region specified in the form
{rm nl, rmax1, rm n2, rmax2,...,rmnmrmxmn

e op is an optional argument with default valop = 0;
with op = 0 it gives all the points in the formdtt 1,t2, . ..t n},
with op 1 it gives only theprimitivein the format{t 1, t 2, . . . t n},
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with op = 2 it gives all the points in the form&t{t1,t2,...tn}, z},
where z=0 indicates a nonprimitive point and z=1 indicatpsmitive point.

e pisthe list of the lattice points.

Therefore we have the three possibilities

p = latticepoints[a,region]
p = latticepoints[a,region,1]
p = latticepoints[a,region,?2].

3.6 Smallest Separable Lattice Containing a Lattice

In some applications we have to find the smallest separatbieel &, containing
a given latticeG of Z(dy, . ..,dm).

Theorem 3.2.The smallest separable latticef containing a lattice G= GZ™M is
determined by th&CD of the rows of the matri.

For instance, with

6 2 2
G=|(0 4 2
6 0 9
we find
GCD[6,2,2] =2
GCD[0,4,2]=2.
GCDI[6,0,9] =3
Hence
Gm|n:Z<2,273)

La corresponding procedure is

| eastseplattice[a_]:=
Tabl e[gcd[ a[[i]] 1.{i.,Length[a]}]

3.7 Demos of Lattice Points
3.7.1 The procedures “writelatticepoints” and “showlattipeints”

The first procedure writes ingX the “latticepoints” and the second gives also the
graphic representation in the 2D and 3D cases.
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Usage

witelatticepoints|a,region, op]
showl atti cepoi nts[ a, regi on, op]

where

e ais abasis of the lattice,
e regi on is the rectangular region specified in the form
{rmnl, rmaxl, rm n2, rmax2, ..., rmnmrmxmn
e op is an option with defaulbp = 0
with op = 0 gives all the points belonging to the regioagi on
with op = 1 gives the primitive points belonging to the regioagi on
with op = 2 gives all the points with the primitive points in boldface

Example 3.63D regular lattice

Get [ "denp2nacro. n']
| ab="1LP268"
i nitdenmo2[| ab]
d33 = {{2, 2,0},
{0, 3,1},
{1,0,4}}
regi on3={0, 10, 0, 10, 0, 10}
show atti cepoi nts[d33, regi on3]
conpl et edenn2

one gets
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Lattice points:  run LP268 (May 26, 2011)
Given an integer matrix (basis), which identify the latti€and a rectangular region

1 0 4
The procedurew i t el atti cepoi nt s gives the lattice points generated Byin the re-
gion (extrema included).

2 20
G=1[0 3 1 r=[0 8 0 8 0 §

op= 2: all lattice points with primitive lattice points marked
number of points: 33

:
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Example 3.7lattice with dimension > 3
Consider the 5D case. With the statements

CGet [ "denp2nmacr o. m' ]
| ab="LP270"

i nitdeno2[| ab]
ab5 = {{2,0,0,1,5},
{0,3,0,2,7},
{0,0, 2, 3,11},
{0,1, 2, 3,13},
{1,3,2,0,3}}

regi on5={0,6,0,6,0,6,0,6,0, 6}
writel atticepoints[ab5,region5]

conpl et edenn2

one gets
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r=[0 6 0 6 06 06 0 6

(May 26, 2011)
atrix (basis), which identify the latti€and a rectangular region
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The procedurew i t el atti cepoi nt s gives the lattice points generated Byin the re-

gion (extrema included).

2: all lattice points with primitive lattice points marked

number of points: 152

op=

<10 © ooy Lo m
omooma NS Nbn o S®mo s 'omstNo
M m o N © TN RTNN
o< —o NS O™ tmo oA Omowom
05053151212364033351430155330563016
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04612143232306132553422645255462400
04255141012301432506420425233262265
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3.7 Demos of Lattice Points

Example 3.82D degenerate lattice
Consider a 1D lattice in 2D

Cet [ "denp2macro. m']
| ab="LP272"
i nitdeno2[| ab]
s22 = {{3, 0},
{1, 0}}
regi on2={0, 30, 0, 15}
show atti cepoi nts[s22, regi on2, 2]
conpl et edenn2

one gets

Lattice points:  run LP272 (May 26, 2011)
Given an integer matrix (basis), which identify the latti€@and a rectangular regian

G:E 8} r=[0 30 0 15

The procedurew i t el atti cepoi nts gives the lattice points generated Byin the re-
gion (extrema included).

op= 2: all lattice points with primitive lattice points marked
number of points: 11
0 3 6 9 12 15 18 21 24 27 3
0123 4 5 6 7 8 91
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Example 3.93D degenerate lattice
Consider a 1D lattice in 2D

Cet [ "denp2nmacr o. n' ]
| ab="LP274"
i nitdeno2[| ab]
ae33 = {{6,4, 4},
{3,2,2},
{0,0,9}}
regi on32={0, 20, 0, 20, 0, 20}

show atti cepoi nt s[ ae33, regi on32, 2]

The rank of ae33 is 2 and therefore we have a 2D lattice in 3D



3.7 Demos of Lattice Points

Lattice points:  run LP274 (May 26, 2011)
Given an integer matrix (basis), which identify the latti€and a rectangular region

0 0 9
The procedurew i t el atti cepoi nt s gives the lattice points generated Byin the re-
gion (extrema included).

6 4 4
G=[3 2 2 r=[0 20 0 20 0 20

op= 2: all lattice points with primitive lattice points marked
number of points: 33

00 022 244 466 6 88 8 10 10 10 12 12
00 011 122 2 33 3 44 4 5 5 5 6 6
0 918 0 9 180 9 18 0 9 18 0 9 18 0 9 18 0 9
12 14 14 14 16 16 16 18 18 18 20 20 20
6 7 7 7 8 8 8 9 9 9 10 10 10
18 0 9 18 0 9 18 0 9 18 0 9 18

79



80 3 Generation of Lattice Points

Example 3.105D degenerate lattice

Cet [ "denp2macr o. m']
| ab="LP276"
i nitdeno2[| ab]
e54 = {{2,3,0,1},
{0, 6,0, 2},
{1, 2, 2, 0},
{3,5, 2, 1},
{1,2,2,0}}
regi on6={0,6,0,6,0,6,0,6,0, 6}

writelatticepoints[eb4,regions, 2]
(*************************************)

The rank of e54 is 3 and therefore we have a 3D lattice in 5D.

Lattice points:  run LP276 (May 26, 2011)
Given an integer matrix (basis), which identify the latti€@and a rectangular regian

2 30 1
06 0 2

G=|12 2 0 r=[0 6 06 06 06 0 6
3521
1220

The procedurew i t el atti cepoi nt s gives the lattice points generated Byin the re-
gion (extrema included).

op= 2: all lattice points with primitive lattice points marked
number of points: 28

ro 11111222223 3
2 2 6 6 6 004 442 2
2 41351302413
3 52 46 35246 46
2 41351302413

ohoOoOONM A DdMOO
QUIONUT WWwWwhrO
POoORFRPOU G1O1T01LA~O

. .
OwoOoOwWw OO0 Oo

NONOW NNN OO
NONODM OO OO O
RPUORMADN PR ER DO
CoOORrgG ORONR




Chapter 4
Sum and Intersection of Lattices

This chapter deals with thieat hemat i ca implementation of the surd+ K and
of the intersectiod N Kof two mD latticesJ andK. Given the base3 andK of the
lattices, we find the bases of their sum and intersection dEigenerate case is also
considered.

Procedures of this chapter

e | cr n3CLD: gives the sum and the intersection of two lattices specifiethte-
ger matrices (including the case of degenerate lattices);

e witel cr m3CLD: write in TeX the sum and the intersection of two lattices
specified by integer matrices;

e showl cr nBCLD: illustrates the sum and the intersection of two latticescsp
fied by integer matrices in the cases 2D and 3D

4.1 Summary of the Theory

From theUnified Signal Theoryin particular from Chapter 3 and Chapter 16, we
recall the essential things about the sum and the intecsecti

1) Given two Abelian groupd andK, and in particular two lattices, the sum is given
by
J+K={j+k]|jeJ keK},

while the intersection is given by the usual set operation
JNK={ulueJ,ueK}.

2) If J andK are LCA groups oR™, their sumJ + K is not always an LCA group,
while the intersectiod NK is always an LCA group but may have a dimensiom.
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82 4 Sum and Intersection of Lattices

3) In particular, in the clas& (Z™), if J andK are full-dimensional, alsd + K is
full-dimensional, that is,

JK e Lm(Z™ = J+K,INK € Ln(Z™) (4.1)
4) In general, for the dimensions the following relationdsl
dim(J+K) 4+ dim(JNK) = dimJ + dimK

where as
dim(JNK) <dimJ, dimK <dim(J+K) <m

Relation (4.1) allows to check the dimensions in the evanabf the sum and in-
tersection.

In Section 16.8 of th&nified Signal Theorye have seen that the evaluation of
the sum and intersection can be limited to the sublattice8™fwhose bases are
given by the clas8y of nonsingular integer matrices. Also, to handle the sum and
intersection inC,,(Z™) we have to extend the concepts@ED andlcm to integer
matrices with a long journey on the algebra of integer megid he final statement
is:

Theorem 4.1.Let M and N be two lattices &,,(Z™) with basesvl andN, respec-
tively. To find the sum M- N and the intersection MiN

1) Compose the m 2m matrix[M|N].

2) Evaluate the Hermite lower-triangular form @¥1|N]. This form has the struc-
ture [Lo|0] and is obtained by a right multiplication dM |N] by a 2m x 2m
unimodular matrixe

MINE=[Lo0,  E=|g¥ £2] (42)
whereE;j are mx m matrices.
Then,Lg is a basis of M- N andRg = NE»» is a basis of MO N.
At the end of the calculation we can check the determinamititye
dM+N)d(MNN)=d(M)d(N). (4.3)

We finally recall the relation linking the intersection teetreciprocal of the sum

JNK = (I +K*)* .
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4.1.1 The procedure “lcrmGCLD”

Usage
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Example 4.1(4D regular lattices) With theMat hemat i ca statements

Cet [ "denp3nacr o. m']

| ab="1SI 218"

i ni tdenmo3[ | ab]
a44={{1,0,3,-2},{2,4,-1,5},{-1,5,0,3},{1,1, 3,0}}
b44={{0,2,3,-1},{2,0,6,0},{-1,1,0,3},{1,0,3,7}}
writel crnGCLD a44, b44]

conpl et edenp3

TeX and math give:

Sum and Intersection of lattices:  run (May 26, 2011)
Given two integer matrices (basesandK, which identify the lattices andK:
1 0 3 -2 0 2 3 -1
J— 2 4 -1 5 K — 2 06 O
-1 5 0 3 -1 1 0 3
11 3 0 1 0 3 7

The procedurev i t el cr n3CLDfind a basisC of the sumJ + K and a basi® of the intersec
tionJNK

1 0 0 ©
2 1 0 0
C=GCDUIK)=| 7 13 1 o
1 2 19 -1

0 24 573 —4521
D = lem (3,K) = 10 4204 99870 —791904
o | -5 —2090 —49647 393695
5 2102 49935 —395945

Upper-triangular forms

51 2 0 2 3 -1
3 = 04 1 3 K 2 06 O
Y10 0 3 2 Y 1-11 0 3
0 0O 1 0 3 7
1 00 15 12 12
0100 0 28 14 16
Cy=GCD(J,K) = 0010 Dy=Ilcm(J,K) = 0 0 6 5
0 0 0 1 0 0 0 1

Determinant check
d(J)d(K) =d(C)d(D) 60-42=1.2520 (2520= 2520
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Example 4.2(3D degenerate latticesWith the demo

Get [ "denp3macr o. ni']

| ab="9Sl 211"
i nitdenmo3[ 1 ab]
n33={{5, 2, 0},
{1, 0, 0}, (* reduced rank x)
{Ov - 11 O}}
n33={{0, 2, 6},
{0,0, 2},
{0,-1,1}}

writel crnGCLD nB3, n33]
conpl et edenp3

one gets
Sum and Intersection of lattices: run | SI211 (May 26, 2011)
Given two integer matrices (basesandK, which identify the lattices andK:

5 2 0 0 2 6
J=]1 0 0 K=|0 0 2
0 -1 0 0 -1 1

The procedurew i t el cr n3CLDfind a basisC of the sumJ + K and a basi® of the intersec
tionJNK

1 0 O
C=GCD(J,K)=|1 -2 ©
2 -5 -1
0 2 O
D=IemJ,K)={0 0 O
0 -1 0
Upper-triangular forms
0 5 -2 0 2 6
=10 1 0 Ky=|0 0 2
00 1 0 -1 1
210 0 0 -2
Cu=GCD(J,K)=|0 1 O Dy=Ilem(J,K)=]0 0 O
0 01 00 1

Determinant check
d(J)d(K) =d(C)d(D) 0-0=2-0 (0=0)
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4.2 Demos with Illustration
Example 4.3(2D full lattices)

Cet [ "denp3macr o. ']
| ab="Sl 112"
i nitdeno3[ | ab]
mm=20
nnl1=20
quant 0=25
mar ca=8
regi on2D={ nm nn1, quant o, nar ca}
a22={{2, 1},
{0,1}}
b22={{6, 2},
{0,1}}
show cr nGCLD[ a22, b22, r egi on2D, 1]
conpl et edenp3
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Sum and Intersection of lattices:  run (May 26, 2011)
Given two integer matrices (basesandK, which identify the lattices andK:
ok
01 01

The procedurew i t el cr nGCLDfind a basi<C of the sumJ + K and a basi® of the intersec
tionJNK

01
6 4
0 2

C—GCD(J,K) = {1 0}

D:Icm(J,K):{

Upper-triangular forms

2 1 6 2
vl e8]
10 6 4
CU=GCD(J,K):{O 1} Du:Icm(J,K):{0 2}
Determinant check
d(J)d(K) =d(C)d(D) 2.6=1-12 (12=12)
y J y K
20 l-l . l.l . l.l l-l. 20 . ° . ° . ° .
10 ol «° L : L : L
1 10 20 X 1 10 20 X
y y JNK
20 20 . . .
10 10 . . . .
L L . . .

1 10 20 X
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Example 4.4(2D degenerate lattice

Get [ "denp3macr o. ni']
| ab="Sl 113"
i ni tdeno3[ | ab]
=20
nn1l=20
quant 0=25
mar ca=8
regi on2D={ Mm nnl, quant o, nar ca}
ee3={{1, 0},
{1,0}}
ee4={{0, 1},
{0, 2}}
show cr nCLD[ ee3, ee4, r egi on2D, 2]
conpl et edenp3
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Sum and Intersection of lattices:  run (May 26, 2011)
Given two integer matrices (basesandK, which identify the lattices andK:
I {1 0} K — {0 1}
10 0 2

The procedurew i t el cr nGCLDfind a basi<C of the sumJ + K and a basi® of the intersec
tionJNK

C—GCD(J,K) = {1 0}

01
00
00

01 01
welo ] e o
10
0 1

D:Icm(J,K):{

Upper-triangular forms

Dy =lem(J,K) = {0 0}

CU=GCD(J,K):{ o 0o

Determinant check

d(J)d(K)=d(C)d(D) 0-0=1-0 (0=0)

y J y K
20 i 20 .
10 10 .
1l 1l

1 10 20 X 1 10 20 X
y y JNK
20 20
10 10

1 10 20 X
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Example 4.5(3D full lattices)

Get [ "denp3macr o. ni']
| ab="SI 120"
i nitdenmo3[ 1 ab]
regi on3b={0, 15, 0, 15, 0, 15}
c33={{5, 2, 0},
{1,0,1},
{Ov - 11 8}}
d33={{5, 1, 3},
{1, 4,2},
{0,3,1}}

show cr nGCLD[ ¢33, d33, regi on3D, 1]
conpl et edenp3

Sum and Intersection of lattices: run | SI1120 (May 26, 2011)
Given two integer matrices (baseksandK, which identify the lattices andK:

5 2 0 51 3
J={1 0 1 K=1|1 4 2
0 -1 8 0 31
The procedurew i t el cr nGCLDfind a basi<C of the sumJ + K and a basi® of the intersec
tionJNK

100

C=GCD(J,K)=[0 1 O

0 01

22 5 9

D=Ilcm(J,K)=]0 1 0

0 0 1

Upper-triangular forms

11 9 51 3
Ju=1|0 0 Ky=1(1 4 2
0 1 0 31

ocoR
orwu

Dy =lem(J,K) = l

= O ©

1
Cu=GCD(JK)= [o
0

= O O

Determinant check
d(J)d(K) =d(C)d(D) 11.2=1-22 (22=22)




4.2 Demos with lllustration

first latticed

second latticéK

intersectionlNK

15
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Example 4.6(reduced-dimensional lattices in 30

Get [ "denp3macr o. ni']

| ab=" S| 122"

i ni tdenmo3[ | ab]

regi on3D={0, 15, 0, 15, 0, 15}

nB83={{5, 2, 0}, (* coppia mn interessante x)
{1, 0, 0}, (* rango ridotto =)
{0,-1,0}}
n33={{0, 2, 6},
{0,0, 2},
{0,-1,1}}

showl cr nGCLD[ 83, n33, r egi on3D, 1]
conpl et edenp3

Sum and Intersection of lattices:  run (May 26, 2011)
Given two integer matrices (baseksandK, which identify the lattices andK:
5 2 0 0 2 6
J={1 0 O K={0 0 2
0 -1 0 0 -1 1

The procedurew i t el cr nGCLD find a basi<C of the sumJ + K and a basi® of the intersec
tionJNK

210
C=GCD@J,K)=1|0 1 0
0 0 1
0 0 -2
D=IlcmJ,K)=]0 0 O
00 1

Upper-triangular forms

05 -2 0 2 6

=01 o0 Ku=|0 0 2

00 1 0 -1 1
2 10 00 -2
C,=GCDJK)=|0 1 0 Du=lcm@J,K)=|0 0 0
00 1 00 1

Determinant check
d(J)d(K)=d(C)d(D) 0-0=2-0 (0=0)




4.2 Demos with lllustration

first latticed

second latticéK

intersectionlNK

15
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Chapter 5
Basis Alignment

The chapter deals with théat hemat i ca implementation of the alignment of the
bases of a lattice and a sublattice. The theory of this tapéeiveloped in Chapter
16 of theUnified Signal Theory

Procedures of the chapter

e baseal i gnnent : gives the aligned bases of a lattice and its sublatticé(S2¢

e W itealignnent:write (in TeX) the matrices that specify the lattice-sublattice,
their lower triangular forms, their Smith decompositidre tiligned bases and the
diagonal matrix linking the two aligned bases (Sect.5.3;

e showal i gnnent : write (in TeX) the same matrices of “writealignment” and
also gives the graphical representation in the cases 2DRr{8&ct. 5.3).

5.1 Theory
From Chapter 16 of th&nified Signal Theorye recall:

5.1.1 Basis alignment of a lattice and a sublattice

Let G be a lattice and a sublattice. The corresponding basés— [g: - - - gm] and
Jo=1j1,...,Jm|, arealignedif they verify the condition

Jo=GoA, A =diag &y, ...,0m), (5.1)
wheredy are naturals. For the basis vectors the alignment condigaomes

j1=4091,- - ,jm= OmOm - (5.1a)
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96 5 Basis Alignment

The basis alignment is always possible. In fact:

Theorem 5.1.Let G= GZ™ and J= JZ™, with J sublattice of J. Lel = GH with
H € Jm. Then, the Smith decompositibin= E1AE; allows to define the alignment
bases as

Go=GE;, Jo=JE . (5.2)

The basis alignment gives a detailed information about#sity reductionn
passing from a lattice to its sublattice. From the genergishgelation] = GH we
can compute the global reduction adHd = (G : H), while from the alignment
relationJg = GpA we can evaluate the reduction with respect to each vector. Fo
instance, if dH) = 24 the global reduction is of 24 times, but knowing tiats,
e.g., diag3,2,4), we find that the reduction is 3 times alogg 2 times alongg,
and 4 times alongs. This knowledge may find applications in down—sampling and
up—periodization.

Example 5.1Consider the 2D bases

3 1] , [14 2 .. Ja 0
G_[o 1}&_[2 2] . H-G J_[z 2}.

Since dH) = 8 we find that the sublatticg is 8 times sparser tha®. The Smith
decomposition gives

o 3 e | | R

Hence, the aligned bases are

Go=GE; = H g} Jo=JE; ! = [124 102]7 Jo = Godiag[2,4] .

Consequentlyj; = 2g; andj, = 4gp, as shown in Fig.5.1.

G J
to ta
. . . .
L]
10 ° ° 10 ° ° °
L] L]
. . . . .
. .
L] L] L] L]
. .
. . . . . .
L] L]
. . . .
1 . 1 V
10 4 1 10 G

Fig. 5.1 Aligned bases of two 2D lattices
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5.1.2 The case of degenerate lattices

If the lattice and the sublattice are reduced-dimensidrabtignment of their bases
can be handled using Theorem 3.1 seen in Chap.3.

5.1.3 Alignment of the reciprocal lattices

If Jis a sublattice of5, thenG* becomes a sublattice df. Now, it is easy to see
that, once obtained the alignment of the baSemndJ, it is immediate to have the
aligned bases of* andG*. In fact, recalling that a basi&s() of the reciprocal is
given by the inverse transpose of the original bags= (G~1)’), from (5.2) one
gets

6=G'Ef, %=Y(EY

whereE; and(E,*)* = E} are still unimodular.

5.2 The Procedure “basealignment”

The procedure is simply obtained using the Smith decomipasiiccording to The-
orem5.1.

Usage

{g,j,diag} = basealignnent][a, h]
where

* ais the basis of the lattice,

* hisis an integer matrix with @) > 1, which gives the basis of a sublattice as
a. h,

e g andj are the aligned bases,

» di ag is the diagonal matrix relating the two aligned bases.
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5.3 Demos of Alignment
The demo procedures are contained in theddeon4nmacr 0. m

5.3.1 The proceduresr i t eal i gnment andshowal i gnnment

Usage

writealignnent[a, h]
where

* aisthe basis of the lattice,
* hisis an integer matrix with () > 1, which gives the basis of a sublattice as
a. h,

The procedurshowal i gnment [ a, h] write in TeX aswr i t eal i gnnent
and gives also the graphical representation in the 2D andb3Bsc

Example 5.2(2D lattice/sublatticé With the Mat herat i ca statements

| ab="AL112"
i nitdenmo4[| ab]
a22={{2, 1},
{0,1}}
b22={{6, 2},
{0,1}}
showal i gnnment [ a22, b22]
conpl et edenn4
TeX andat henat i ca give:

Basis alignment:  run (May 26, 2011)

Given: a basiss of the latticeG and a reduction matrikl (such thatl = GH is a basis of 2
sublatticel), the procedurer i t eal i gnnent write the upper-triangular bas€g, andJy, the
Smith decomposition dfl and the aligned bas&x, andJp.

2 5 6 2 12 9
o-[t3 w0 -[¥1
Upper triangular bases
3 2 6 3
o i »-[ 3
Smith diagonalization ofi:
6 2 2 1| (1 of|0 1
H=EAE {0 1}:[1 o] {o 6} [1 o]

9 2 9 12 10
S EE S R

Aligned bases:




5.3 Demos of Alignment

showalignment

20 t e .

10 . .

10

20

10

10

20
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100 5 Basis Alignment

Example 5.3(3D lattice/sublatticg With the Mat henat i ca statements

| ab="AL114"
i ni tdeno4[ | ab]
a33={{2, 1, 0},
{0, 3,0},
{0,1,2}}
h33={{2, 0, 0}, (* buone da H *)
{0, 3,0},
{0,4,1}}

showal i gnnment [ a33, h33]
conpl et edenn4

TpX andvat hemat i ca give:

Basis alignment:  run (May 26, 2011)
Given: a basiss of the latticeG and a reduction matrii (such that] = GH is a basis of a
sublatticel), the procedurer i t eal i gnnent write the upper-triangular bas€g, andJy,, the
Smith decomposition dfl and the aligned bas& andJo.

Smith diagonalization off:

2 00 1 002 0020 O
H=E1AE; 0 3 0/[=|0 3 1/|0 1 OO0 1 1
0 4 1 0 4 1|0 0 3|/|0 0 -1
Aligned bases:
2 3 1 4 3 3 2 00
Go=|0 9 3 Jo=1]0 9 9 A=|0 1 0
0 11 3 0 11 9 0 0 3

showalignment



5.3 Demos of Alignment

= z oz &
- - X 22 22 - ==
b s Z e =
- - -. /)V - -
1s - - - //) S % 22
= = - 7 = =
5i = e = &
< 4 v ./?/ ZZ & -
- e
- 72! -~ - -
- // i 2
V4 SR .
g S N7 e
s = i
5 - u =
// - - = -
gk =T
- X e - < - - o
4 L - -
< - - -
Cen )
- g
i ty
-
') lattice base vector
mn mn

sublattice base vector

Example 5.4(degenerate lattice/sublattife
With the Mat herat i ca statements

| ab="AL124"

CGet [ "denpdnacr o. m']

i ni tdeno4[ | ab]

ad33 = {{6, 2, 2},
{12, 4, 2},
{0,0,9}}

bd33 = {{2,0, 1},
{0, 3,0},
{0, 0, 2}}

showal i gnrent [ ad33, bd33]

conpl et edenn4

TpX andvat hemat i ca give:

- tp
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Basis alignment: run | AL124 (May 26, 2011)
Given: a basiss of the latticeG and a reduction matrikl (such that] = GH is a basis of a

sublatticel), the procedurer i t eal i gnnent write the upper-triangular bas€g, andJy, the
Smith decomposition dfl and the aligned bas&x, andJo.

Smith diagonalization off:

2 01 1 001 0O 2 01
H=EiAE; 0 3 0/=|0 1 0|/|0 3 O 0 10
0 0 2 2 0 1/ |0 O 4|-1 0 O
Aligned bases:
10 2 2 10 6 8 1 00
Go= |16 4 2 Jo= |16 12 8 A=|0 3 0
18 0 9 18 0 36 0 0 4

showalignment

In this case the lattice/sublattice are degenerate becaudd ad33] =2.

') lattice base vector

—=—="" gyblattice base vector
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Example 5.5(lattice/sublattice with dimension ma 4)
With theVat hemat i ca statements

| ab="AL108"

Cet [ "denodmacr o. ']
i ni tdeno4[| ab]

ad44 = {{2,0,0, 1},

conpl et edenn4
TpX andvat hemat i ca give:

Basis alignment: run | AL108 (May 26, 2011)

Given: a basiss of the latticeG and a reduction matri (such thatl = GH is a basis of a sub
lattice J), the procedurew i t eal i gnment write the upper-triangular bas&, andJ,, the Smith
decomposition oH and the aligned bas&x andJp.

2 00 1 6 2 2 1 13 6 6 3

G70302 H70422 J7216108

|10 0 2 3 |6 0 9 3 15 6 24 9

01 2 3 12 2 15 10 26 1

Upper triangular bases
2 01 r10 2 6
0 4 3 3 0 8 6 0
G=loo10 % |0 o056 3
0 0 0 1 LO 0 0 1
Smith diagonalization ofi:
6 2 2 1T 1 0 0O Oqrr o o0 6 2 2 T
0 4 2 2 2 -2 1 0/|01 O O0/|-60 -6 -5 0
H=EAE 6 09 3 (3 9 —40/|00 12 0/|-11 -1 -1 0
12 2 1 0 0 1/f0 0 O 5L-1 0o o0 O
Aligned bases:

3 0 0 1 3 0 0 5 10 O
G_87632 J_8763610 A_OlOO
°“l9 18 -8 3 °“ |9 18 -9 15 ~ |00 12 0

1 16 -7 3 11 16 -84 15 0 0 0 5

In this case the graphical representation is not possible.






Chapter 6
Continuous Cells

The topic of cells is considered in Chapter 3 and Chapter X6edfnified Signal
Theory This chapter deals with the implementationMat hemat i ca of cells of
the typeR"/lattice, which we call for brevitgontinuous cellsDiscrete cellwill be
seen in the next chapter.

The most common example of continuous cell is given by thdduomental paral-
lelepiped, which is identified by the bases of the latticen€idering the multiplicity
of the bases of a lattice, we may find a large variety of cellthisf type. The pos-
sibility of a centeredfundamental parallelepiped increases this class. Morgive
is possible the construction ofthogonalcells (sedJnified Signal TheorySection
16.9).

Another form of cell that will be implemented is the Voroneilc

Procedures of this chapter

The basic procedures, contained in thelfifg t i ces. m are:

e cel | 2D: gives the vertexes of a 2D cell related to the fundamentahlpa
lelepiped,

e vor onoi 2D: gives the list of the vertexes of a 2D Voronoi cell,
e cel | 3D: gives the faces of a 3D cell related to the fundamental [edegiped,

e vor onoi 3D: gives the list of generating points and the list of the varteof
each face of a 3D Voronoi cell,

e vert 2D: gives the coordinates of a point that is equidistant froendtigin and
two other fixed points,

e axi sprimtive: gives the primitive points of a lattice that belongs to the
coordinate axes.

The demo procedures, contained in thediggro5nacr 0. m are:
aywritecel | 200 a, t ype]

105
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bywiteallcell 20 a]

c)witecell 300 a, type, cent, vp]
dywritecell basis[a,ul,vp]
e)witecellallbases|[a]

f) showcel | 20 a, t ype, f act or, axes]
g)showal | cel | s20 a, r egi on, axes]
h)showcel | 30[ a, type, cent, vp]

i) showor onoi 30 a]

6.1 Definition of Continuous Cell

From Section 3.5 of th&nified Signal Theoryve recall the general definition of a
cell.

Definition 6.1. Let G be an Abelian group and I€&andP non—empty subsets .
The setC is acell of G modulo P denoted b¥ [G/P), if the shifted replicas of.
The set

C+pé{c+p\ceC}, peP (6.1)

represents partition of G, that is,

(C+p)n(C+q) =0, pP#q, p,geP

U (C+p) =G. (6.2)
peP

The partition of grougs, can be written synthetically in the form

[G/P)+P=G. (6.3)

The modulus is called theset of repetition center@hinking thatP is a lattice). A
cell can be interpreted as follows: by shifti@gover all the repetition centers, the
groupG is covered without superposition.

We note that:

1) If Cis a cell, also every shifted—repli€+ po with pp € G is a cell, in particular
with pp € P C G. For this reason, the class (6.1) representsartition of the
group Ginto cells.

2) For a given paifG, P the cell partition is not unique.

3) If P={0}, the unique cell i€ =G.

From the general definition witte = R™ and P a lattice aR™ we obtain the
definition of continuous cell.

1 This symbol, proposed by the author, recalls that a celRahodulusZ(T) is given by the
half-open interval0, T).



6.2 Fundamental parallelepiped 107

Definition 6.2. Let P be a lattice ofR™. ThenC is acontinuous cell oR™ modulo
P if the sets obtained fror@ by shifts belonging td:

C+pé{c+p|ceC} , peP (6.4)

form apartition of R™, that is,

(C+p)ﬂ(C+Q):0 ) p#Qv Paq€P
peP

A continuous cell is indicated in the forfR™/P).

6.2 Fundamental parallelepiped
Let P be a lattice ané- [p;1--- pm] and letP be a basis oP. Then, the set
C={ap1+ - +ampm|0< o1 <1,....0<am< 1} =P[0,1)™ (6.6)
is a cell[R™/P).
Fig.6.1 shows the fundamental parallelepiped in the caSaseparable lattice

and of a nonseparable lattice.
The set

Co={amp1+-+ampm| —3<a1<3,...,—3 <Am< 3} =P[-3,3)"
is a shift of the fundamental parallelepiped (6.6)
Cc=Co+(~2p1,...,—5Pm) (6.7)

and therefore it is still a ce|R™/P).

Considering that the basis of a lattiPds not unique, we may find several fun-
damental parallelepipeds. We recall thaPif is a basis ofP, all the base® are
obtained as

fundamental
/parallelepiped . 44 o .
3 ® fundamental
/parallelepiped
L] L]
4
3
\ ¥~ Voronoi cell
| L] L]
L] L] L] L]
Voronoi cell

Fig. 6.1Example of a celR? moduloZ(4,3) and of a celR? moduloZ3(3,2)
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P=PoE
whereE is a unimodular matrix.

Definition 6.3. A basisP will be called acell-generating basisThe generated cell
is a fundamental parallelepiped, according to (6.6) or)(6.7

6.2.1 Orthogonal Cells

The reference lattic&g = Z(ds,...,dn) has anorthogonal fundamental paral-
lelepipedCy = [0,d1) x - x [0,dm). If @ latticeP is not separable it is still possible
to get an orthogonal cell. The general statement is giventiofiem 16.8 of the
Unified Signal Theory

Theorem 6.1.Let L be a lattice ofLn(Gp) and letGoU be a triangular basis of L.
Then

Go[0,u11) X -+ X [0,Umm) = [R™/P) (6.8)
where y are the diagonal entries df, is a cell ofR™ modulo P.
The theorem is illustrated in Fig.6.2 in the 2D case.

p=(-a11,0)
ap a
C”

c’"+pt

c c

a2 a1 aip a1
ajptagy

Fig. 6.20rthogonal cell obtained with the procedure “cut anf past”

6.3 Voronoi Cells

From Section 16.9 of thenified Signal Theorye recall:

Definition 6.4. Given a latticelL of R™, the Voronoi cellV(L) is the subset oR™
given by the points that areearer to the origirthan any other lattice point.

To get familiarity with Voronoi cells the reader has to resiger the following con-
cepts of Section 16.9:

e primitive points,

e primitive axis points,

e generating points.

e inner product criterion (see eq. (16.71).
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6.4 Procedures for 2D Continuous Cells

We have implemented witklat herat i ca 9 types of 2D continuous cells, namely:
type =1, fundamental parallelepiped,
type = 2, centered fundamental parallelepiped,
type = 3, fundamental parallelepiped related to triangU,
type = 4, centered fundamental parallelepiped relatedangtJ,
type =5, fundamental parallelepiped related to triangL,
type = 6, centered fundamental parallelepiped relatedangt.,
type = 7, orthogonal parallelepiped,
type = 8, centered orthogonal parallelepiped,

type =9, Voronoi cell

In all these cases the 2D continuous cell is a polygon, wtiatormally a par-
allelogram, but in the case of Voronoi it may become an hexatjpany case, the
identification of continuous cell is given by the 8£bf its vertexes. The evaluation
of vertexes is obtained according to (6.6) or (6.7), with aification in the case of
orthogonal cells; for Voronoi cells see Chapter 16 oflthiéfied Signal Theory

The procedure is given by the followirlat herat i ca code, written
inlattice.m

cell 2D a_,type_]:=Mdul e[{aa = Transpose[a],
parfond ={{0, 0}, {1, 0}, {1, 1}, {0, 1}},
parcent ={{-1/2,-1/2},{1/2,-1/2},{1/2,1/2},
{-1/2,1/2}}, vertexes},
vertexes = Wi ch[

type == 1, (* fund. parall el ogran)
parfond .aa ,
type == 2, (* centered fund. parallelogran¥)
parcent . aa,
type == 3, (* triangular U. x)
parfond . Transpose[triangUa]] |,
type == 4, (* triangolare U. *)
parcent . Transpose[triangUa]] ,
type == 5, (* triangular L.x)
parfond . Transpose[trianglL[a]],
type == 6, (* triangular L.x*)
parcent . Transpose[ trianglL[a]],
type == 7, (* orthogonal )
b =triangU a]; b=ReplacePart[b,0,{1,2}];
parfond . b,
type == 8 (* centered orthogonal =)

b = triangU a]; b=ReplacePart[b,0,{1,2}];
parcent . b ,
type == 9, (* Voronoi =*) voronoi 20 a] 11
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Usage

vertexes = cel |l 20 a, type]

where

e ais a basis of the 2D lattice,

e t ype is the type of cell, as listed above,
e vert exes is the set of vertexes.

6.4.1 Demos of 2D Cells

The following demo procedures (contained in the fiEno5macr o. m) illustrate
the several types of 2D continuous cells:

e Wwitecell 20 a, type]
e showcel | 20 a, t ype, r egi on]
e Wwiteallcell 2D a]

e showal | cel | s2D a, r egi on]

Usage of Demo Procedure “writecell2D” and “showcell2D”

writecell 20 a, type]

where

e ais a basis of the 2D lattice,

e t ype is the type of cell, as listed above.

The procedure write ingX the vertexes of the cell.

showcel | 2D a, t ype, r egi on, axes]

where

e ais a basis of the 2D lattice,

t ype is the type of cell, as listed above,

r egi on is the region of the plane containing the cell,

axes is an optional argument with default value O (wékRes=1 one gets the
axes coordinates).

The procedure writes ingK the vertexes of the cell and also gives the graphical
representation.
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Example 6.1With the Mat henat i ca statements

Cet [ "denp5Snacr o. mi' ]
| ab="CC202"
i ni tdeno5[ | ab]
a22={{0, 8},
{12, 20}}
type=9
writecell 200 a22, t ype]
conpl et edenpb5

TeX andVat henat i ca give:

Continuous cells:  run | CC202 (May 26, 2011)

Demowri tecel | 2D
0 6
G= {9 15]

GivenG: lattice basis
the procedure writes the vertexes collected as the columitie ahatrixV/

type =3 fundamental parall.oftrianguvz{0 1830 11

0 0 3 3

Demoshowcel | 2D
factor=3

111
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Example 6.2With the Mat henat i ca statements

Cet [ "denp5Snacr o. m' ]
| ab="CC205"
i ni tdenmo5[ | ab]
a22={{0, 8},
{12, 20}}
type=9
showcel | 2D a22, t ype]
conpl et edenp5

TeX andVat henat i ca give:

6 Continuous Cells

Continuous cells:  run | CC206

Demowr it ecel | 2D
GivenG: lattice basis

(May 26, 2011)

0 16
G= {24 40}
the procedure writes the vertexes collected as the columite ahatrixV/
_ . _[-12 -4 4 12 4 -4
type =9 Voronoicell V= { 24 12 12 4 12 12

Demoshowcel | 2D
factor=3

"type 9"
T
o .
30
[
20
L) o
10
o [
(o]
(] [
-10
(] [ ]
- 20
[
- 30
(] [

L L L L L L L
- 30 - 20 -10 o 10 20 30
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Example 6.3With the Mat henat i ca statements

Cet [ "denp5Snacr o. mi' ]
| ab="CC210"
i ni tdeno5[ | ab]
a22={{0, 8},
{12, 20}}
type=9
showal | cel | s20 a22, t ype]
conpl et edeno5

TeX andVat henat i ca give:

Continuous cells:  run | CC210 (May 26, 2011)

Given the integer matriG
0 6
G= [9 15}

showal | cel | s2D gives the generating matri@q (for type# 9) and the vertexe¥ of the 9
cells generated b

0 6 0 0
Go= {9 15} V= 0 9 1 fundamental parall.
0 6 -3 -3
Go= [9 15} V= 12 _3 2 centered fundamental parall.
0 18
18 12 .
Go [ 0 3} = {0 O} 3 fundamental parall. of triangU
18 12 -5 3 .
Go= { 0 3} V=| 3 3 4 centered fundamental parall. of triang\
2 2
6 0 0 6 )
Go= {6 9} V= 0 6 5 fundamental parall. of triangL
6 0 -3 3
Go= [6 9} V=| 15 3 6 centered fundamental parall. of triangL
2 T2
0 18
18 0
Go= [ 0 3} V= [0 0} 7 orthogonal parall.

|
NIw NI©  Niw ©
|
NIO NIW ol ©
—_

} 8 centered orthogonal parall.

9 \Voronoi cell
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"type 1" "type 2"
2 yp 2 yp
25 . ° . 25 ° . ° .
20 [ ] ¢ [ ] 20 ¢ [ ] ¢ [ ]
15 L 15 L] .
10 ¢ . o, t .
5 [ ] . [ ] 5 R [ ] R [ ]
0 . 0 ) 0
-5 [ ] . [ ] -5 R [ ] R [ ]
5 0 5 10 15 20 25 30 50 5 10 15 20 25 20
"type 3" "type 4"
% yPe. . ype
2 ‘. N 2 N N
20 [ ] ¢ [ ] 20 ¢ [ ] ¢ [ ]
15 . . 15 . .
10 . N 0, N
5 [ ] [ ] 5 . [ ] . [ ]
0 —— .
_5 [ ] . [ ] _5 . [ ] R [}
5 0 5 10 15 20 25 30 5 0 5 10 15 20 25 30
"type 5" "type 6"
2 ype. 0 ype.
2 * . N 2 N ‘.
20 [ ] ¢ [ ] 20 ¢ [ ] * [ ]
15 . 15 . .
10 * . o . ¢ .
5 [ ] * 5 [ ] ¢ [ ] *
0 . 0 .
-5 . . . .5 . . . °
5 0 5 10 15 20 25 30 50 5 10 15 20 25 20
"type 7" "type §"
2 ype 0 ype
2 . . 2 . .
20 [ ] ¢ [ ] 20 ¢ [ ] ¢ [ ]
15 . . 15 . °
10 . . 0° .
5 [ ] [ ] 5 . [ ] R [ ]
0 | E—— = .
_5 [ ] . [ ] _5 . [ ] R [ ]
505 10 1520 %5 30 505 10 15005 30
"type 9"
. ype
2% N N
000, .,
15 . .
0, N
5 [ ] ¢ [ ] ¢
IO/
_5 . [ ] . (]

5 10 15 20 25 30
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6.5 Procedures for 3D Continuous Cells

We have implemented withat henat i ca the following types of 3D continuous
cells:

type = G, fundamental parallelepiped,

type = U, fundamental parallelepiped related to triangU,

type = UO, orthogonal fundamental parallelepiped relatettiangU,
type = L, fundamental parallelepiped related to triangL,

type = LO, orthogonal fundamental parallelepiped relateiiangL,

type =V, Voronoi cell.

In all these cases the 3D continuous cell is a polyhedronghwisi normally a
parallelepiped, but in the case of Voronoi cell it may bec@n@ctahedron. In any
case, the identification of the continuous cell is given leydbtV of its faces, which
are 2D polygons (rectangles or hexagonsiki

The fundamental proceduredgl | 3D written in the filel atti ces. m

Usage

{gen, faces} =cell 30 a, type, cent, vp]
where

e ais a basis of the 3D lattice,

e t ype is the type of 3D cell, as listed above,

e cent refers to the ordinary parallelepiped wittent =0 and to the centered
parallelepiped witltent =1,

e Vp is an optional argument with defau]i, 2,3} which indicates the possible
permutation of coordinates.

e gen gives the generating matrix (the generating points in tise cd \Voronoi),
e f aces give the set of faces.

6.5.1 Demos of 3D Cells: “showcell3D”

The demo procedures (contained in thedigm5nacr o. n) illustrates the type of
3D cells.

e witecell 3D a, type, cent, vp],
e showcel | 30 a, t ype, cent, vp]
e showor onoi 300 a]

The arguments have the meaning indicated above for the guoee
cell 30 a, type, cent, vp].



116 6 Continuous Cells

Example 6.4With the Mat henat i ca statements

CGet [ "denpS5nacro. ni'];
| ab="CC226"
i ni tdenmo5[ | ab]
d33={{4, 2, 2},

{4,0 1},

{2, 4, 4}}
showcel | 30[ d33, "U0", 0]
conpl et edeno5

TeX andVat henat i ca give:

Continuous cells:  run | CC226 (May 26, 2011)
Given G: the lattice basis, the type (G,L,LO,U,UO,V), cent (0 or 1)tiopal permutation of

{1,2,3}
4 2 2
G=|4 0 1 type=UO cent=0 p=[1 2 3
2 4 4

the procedurew i t ecel | 3Dwrites the generating basi&, and the faces.

Generating matrix

-6 0 O
Go=|0 -1 0
0 0 2
Faces
0 -6 -6 0 -6 -6 0 0
FL= 0O 0 -1 F= 0 0 0 Fs= 0 -1
0 O 0 0 0 2 0 2 2
-6 -6 -6 0 -6 -6 0 -6 -6
Fp= 0 0 -1 Fs = 0O 0 -1 Fs = -1 -1 -1
0 2 2 2 2 2 0 0 2

Demoshowcel | 3D
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Example 6.5With the Mat henat i ca statements

Cet [ "denp5Snacr o. mi' ]

| ab="CC224"

i ni tdeno5[ | ab]

a33={{2, 0, 3},
{3,0,2},
{4,-1,7}}

showcel | 300 a33, "L", 0]

conpl et edeno5

TeX andVat henat i ca give:

Continuous cells:  run | CC224 (May 26, 2011)
Given G: the lattice basis, the type (G,L,LO,U,UQ,V), cent (0 or 1)tiopal permutation of
{17 2’ 3}:

4 -1 7

the procedurew i t ecel | 3Dwrites the generating basi&, and the faces.

2 0 3
G=1|3 0 2 type=L cent=0 p=[1 2 3

Generating matrix

1 0 0
Go=|-1 5 0
3 -2 -1
Faces
I 1 1 0 1 1 0 0 0]
FL= -1 4 F= 0 -1 -1 Fa= 0 0 5
0 3 1 0 3 2 0 -1 -3
M1 1 1 0 1 1 0 1 1]
F=|-1 -1 4 Fs = 0 -1 4 Fe=| 5
3 2 0 -1 2 -2 1

Demoshowcel | 3D
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6.5.2 Demos of 3D Cells: “showvoronoi3D”

Usage

showor onoi 3D[ a}
where
e a is a basis of the 3D lattice,

Example 6.6With theMat henat i ca statements

Get [ "denob5macr o. ni']
| ab="CC220"
i nitdenmo5[ 1 ab]
c3={{6,0, 2},
{0, 4,0},
{0,0,7}}
showor onoi 3D[ c3]
conpl et edenp5

TeX andvat henat i ca give:

6 Continuous Cells
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Continuous cells:  run (May 26, 2011)
Given the basis of a 3D lattice
6 0 2
G=1|0 4 0
0 0 7

the procedursshow or onoi 3D evaluate the faces of the Voronoi cell 3D and shows the|cell
and its faces.

axis primitive point§6 4 21]

N. of primitive points in the region46
N. of generating points 8

N. of faces 8

facel=| —2 2 2

_a a4
14 14 14

-3 -1 -1
face2=| 2 -2 2
41 57 57
L 14 14 14

C 3 3 B}

face3=| -2 2 2

face4=| =2 -2 2

faces=| 2 2 2

-1 -1 3
face6=| -2 2 2
57 57 41
L 14 14 14

[ 1 3 3

face7=| —2 -2

face8=| -2 2
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Example 6.7With the Mat hemat i ca statements

Cet [ "denp5Snacr o. m' ]

| ab="CC228"

i ni tdenmo5[ | ab]

aa33={{1, 2, 3},
{3.0,2},
{4,-1,3}}
showvor onoi 3D[ aa33]
conpl et edeno5

TeX andVat henat i ca give:
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Continuous cells:  run | CC228 (May 26, 2011)
Given the basis of a 3D lattice

1 2 3
G=(3 0 2
4 -1 3
the procedursshow or onoi 3D evaluate the faces of the Voronoi cell 3D and shows the|cell
and its faces.
axis primitive point§9 1 9]
N. of primitive points in the region110
N. of generating points 8
N. of faces 8
r-yua 7 7
6 6 6
1 1 1
facel=| =2 —2 2
7 11 1
| 7 ® 6 6
riaa 11 1
6 6 6
1 1 1
face2=| —3 2 2
_r _7 13
| ~® 65 6
r-r _7 1
6 6 6
1 1 1
face3=| —2 2 2
1 11 13
G 6 6
roi 7 1
6 6 6
1 1 1
faced=| =2 —2 2
_7 11 13
| ~ & 6 6
roia 7 1
6 6 6
1 1 1
face5= 2 2 2
_7 11 13
| ~ & 6 6
r.i 1 7
6 6 ©
101 1
face6=| —2 2z 2
13 13 1
| © 6 6
rol 1 11
6 6 6
1 1 1
face7=| —3 2 2
13 13 7
|~ 6 6 6
r 7 1 11
6 6 6
1 101
face8=| —2 —2 2
11 7 7
| © 6 ®
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Example 6.8With theMat henat i ca statements

Cet [ "denp5macr o. ']
| ab="CC230"
i ni tdeno5[ 1 ab]
b33={{0, 0, 5},
{2, 0,0},
{0, 3, 0}}
showvor onoi 3D b33]
conpl et edenp5

TeX andat henat i ca give:
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Continuous cells:  run (May 26, 2011)
Given the basis of a 3D lattice
0 0 5
G=(2 0 0
0 30

the procedurshow or onoi 3D evaluate the faces of the Voronoi cell 3D and shows the|
and its faces.

axis primitive point§5 2 3]

N. of primitive points in the region26
N. of generating points 6

N. of faces 6

r—_s _5 _5
2 2 2
facel=| -1 1 1
_3 _3 3
2 2 2
r—> _5 5
2 2 2
face2=| -1 -1 -1
_3 3 3
2 2 2
r—_s _5 5
2 2 2
face3=| -1 1 1
3 _3 _3
2 2 2
r—5> _5 57
2 2 2
facea=| -1 1 1
3 3 3
2 2 2
r—_5 _5 57
2 2 2
faces=| 1 1 1
_3 3 3
2 2 2
r s 5 57
2 2 2
face6=| -1 1 1
3 _3 3
2 2 2

cell
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6.6 Cells with arbitrary dimensions

For a dimensiom > 4 it is possible to obtain the continuous cells of the typeuof f
damental parallelepiped. The demo procedurét ecel | al | bases gives the
generating matrices obtained from the triangular repitesens with an arbitrary
permutation of the coordinates.

Demo procedure “writecellallbases”

Usage

writecellall bases|a]
where
e ais a basis of a lattice with an arbitrary dimension.

The demo evaluates the triangular for@s and Gy and all the possible cell
generating bases obtained fr@pn andGy with permutation of the coordinates.

Example 6.9(fundamental parallelepipeds 4D)
With theVat hemat i ca statements

Get [ "denob5macr o. ni']
| ab=" CC240"
i ni tdeno5[ | ab]
(*************************************)
a44={{3, 3, 2, 0},
{1,7,5, 1},
{0,3,0,7},
{1,1,3,2}}
writecellall bases[ad4]

(*************************************)

conpl et edenp5

TeXwrites 24 cells of type L and 24 cells of type U

Continuous cells:  run | CC240 (May 26, 2011)
Demowri t ecel | al | bases
Given a lattice basis

O w
w~Nw
[@XNE) N \V]

G=

~N e

113

writecellall bases evaluates the triangular fornG,: triangular L andGy:
triangular U and all the possible cell generating bases olat&ien G| and Gy
with permutation of the coordinates




6.6 Cells with arbitrary dimensions

10 0 0 351 172 124 18
010 0 o 1 0 o
G=l2 713 00 ® |0 o 1 o
16 2 22 2 o o0 0 1

0 0 0

010 0

L p=[1234 Gy=|, , 15 4
16 2 22 27

1 0 0 o0

o 1 0 o0
L p=[1 243 Gp=|19, 203 208 35
o 0 1 o0

100 0

9 2 13 0

L op=[1 324 Gp=|g 4 o o
59 7 27

1 0 0 0

100 236 52 35

L p=[1342 Gp=|, ;1
0o 0 1 0
1 0 0

o 0o 1 o0
L p=[1 423 Gp=|154 208 203 35
o 1 0 o0

1 0 0 0
100 52 236 35

L p=[1 4312 G=|7 o 1 o
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7 13
0
1
9

P O P W

27

riz2 124 182 351
1 0 0 0
0 1 0 0
0 0 1 0

r o 0 1 017
1 0 0 0
293 208 184 351
0 1 0 0

riz2 182 124 351
1 0 0 0
0 0 1 0
0 1 0 0

01 0 O
2 9 13 0
L p=[(3 1 2 4 Gp= 10 0 0
9 5 7 27

0 1 0 O
236 100 52 35
1 0 0 O
1 0

L p=[3 14 2 Gp=

13

0
3
1
L p=[3 214 Gp=|;
1

© B O

27

124 172 182 35
0 1 0 0
1 0 0 0
0 0 1 0

L p=[3 2 41 Gp=

0O 0 1 0
236 52 100 35
1 0 O 0
0 1 O 0

L p=[3 412 Gp=



6.6 Cells with arbitrary dimensions

F124 182 172 351
0 o 0
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0 1 0
0 1 0 07
0 0 0
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G=lo o 1 o
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0 0 1 07
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6 Continuous Cells
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6.6 Cells with arbitrary dimensions
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Chapter 7
Discrete Cells

This chapter deals with thigat hemat i ca implementation of cells of the type
[G/P), whereG is a lattice andP is a sublattice, called for brevitgiscrete cells

The identification of discrete cells, which consist of a &nitumber of points,
is easy (sedJnified Signal TheoryChapter 16): once determined the continuous
cellCyp = [R™/P), the discrete cell is simply given by the intersect®r- Co N G.
The only non trivial problem is the attribution to a discretdl the points of the
boundary of the continuous cell.

Procedures of the chapter

The specification of a discrete cell is given by a finite setahfs belonging to a

polygon of R™. To this end we have formulated two procedures:

e pol ygonpoi nt s: gives the list of the points of a 2D lattice belonging to a
given polygon;

e pol yhedr onpoi nt s: gives the list of the points of a 3D lattice belonging to a
given polyhedron.

e di scretecel | 2Danddi scr et ecel | 3D: give the vertexes of the continu-
ous cell and the points of the discrete cell.

7.1 Definition of Discrete Cell

From the general definition of cell given in Chapter 3 of Uwfied Signal Theory
(see Definition 6.1 in this manual) witB = R™ andP a lattice ofR™, one gets the
definition of a discrete cell:

Definition 7.1. Let G be a lattice ofR™ andP a sublattice with full dimension. Then
Cis acell of G modulo Rf the sets obtained fror@ by shifts belonging té:

C+pé{c+p\ceC}7 peP (7.1)
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132 7 Discrete Cells

represents partition of G, that is,

(C+pn(C+qg) =0, pP#q, p,qeP

U (C+p)=G. (7.2)
peP

Discrete cells have a finite cardinality given by

p 4 dP) _ u(G)
(G:P) 2 Ga) =

u(P)

)
which is calledndex of P in Gd(-) andp(-) denote the determinant and the density
of the lattice, respectively.

7.2 General Identification Procedure

The identification of a discrete cdll is obtained from the one of a continuous cell
Co (see Chapter 16 dfnified Signal Theoryas

C=CinG.

In words,C is given by the points oy belonging to the lattic&.
For instance, ifG = Z3(d1,d,) andP = Z}(3d4,3d,), to get a cellCo = [G/P)
we first evaluate the fundamental parallelepif@gaf P, considering that a basis of

Zi(3d1,3d2) is
p_ [3d 8d
|8 0 |

In such a way we get that the c&} = [R?/P) is given by the parallelogram of
Fig.7.1. Then, we have to assign correctly the boundarytpdirlonging toCo;

in particular, we have to include 6y the points of the edges OA and OB with
exclusion of the vertexes A and B. Then we get the desireyetitersection. The

number of points of the ceC is d(P)/d(G) = 24d; /(2d;) = 12.

7.2.1 Discrete cells of orthogonal type

TheR™/lattice cells of the orthogonal type identified in the poas chapter, through
restriction (intersection) allow us to identify latticaldattice cells of the orthogonal
type.

Let G andP be a lattice/sublattice pair of the cla&$Gp). Having written forP
a triangular base, from the diagonal elemesds we find that

CO = [O,G]_d]_) X X [0) emdm)
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Z3(2dy.,2dp)
t2 2
8dy .

o

o c

/
e oo o

0 24y R f 1 0 t

Fig. 7.1 Evaluation of a discrete cel = G/P with G = Z3(dy,dz) andP = Z}(2d,2d,): C is
given as the intersection of the fundamnetal parallepipedegtiblatticeZ(2d;, 2d;) (parallelo-
gram OABC) with the latticé3(dy, d2)

is a cell[R™/P). Then, by applying the rule on restriction we find that

CoNG={[0,e1d1) x --- x [0,€mdm)} NG

is a cell[G/P).

Therefore the cell is formed by the points of the basis laB¢cbounded by the
orthogonal parallelepipe@y, that is, with coordinates= (t1,...,tn) that verify the
conditions

o<t <gd.

The number of points of the cell is obviously given by the prota; - - - em.

Fig. 7.2 shows four examples of cells on bidimensionaldetti in a), the basis
lattice and the modulus are separable lattices; in b), tisés battice is still sep-
arable, whilst the modulus is quincunx; in c) the basisdatis quincunx, whilst
the modulus is separable, and finally in d), both the badisd¢aand and the mod-
ulus are quincunx. Notice for example that in the third casesultsd(G) = 2,
d(P) = 12-8 =96 and thereforéG : P) = 48, and in fact the cell indicated is com-
posed by 48 points.

7.2.2 Discrete cells from aligned bases

A discrete cell[G/S) can be obtained in the following way. We search dfigned
bases ofs andP (see Chap.5) following the steps:

1) compute the matri = G~1P, which is a matrix of integers,
2) decompos® through Smith’s diagonalization

M =EDF, D=diagd,,...,dy]

with E andF unimodular
3) the aligned bases are obtained as
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G=7(11) P=7(68) G=7(11) P=71(64)
ty 4 ty 4
-G *eP -G *eP
a) b)
8 ¥ o ... % . 8 Xt *
N e e e 1 e e e
P—y . . ... oo v v e e e P—y. .. .. oo e e e
L oo L ooe e
I I I I
oo RN aq - Foeo
1 e e e e 1 e e e e
[ R e v o v o 0. Iy« « o . |
[ o U .
e ke . % e e
ks 12 t 1 6 12 t
G=73(11) P=7(128) G=Zo(L1) S=Zo(44)
to 4 to
-G *cP -€G *eP
c) d)
8 A . s ___-_, * 8 F . _. *
I I I o
P — . P — .
I i I o
I I I I
| 1 4\ ¥ . *
I I I o
| . | .
1! L 1! L
| \;,, - ! ! * >
T 12 t 1 s 8 t

Fig. 7.2 Examplesof 2D discrete cells. The cells consist of the points oedtan the rectaungular
frames

Go=GE, S=PF1!,  S=G¢D
4) lettingGp = [j1---Jm] it results that
C={nj1+--+0mimNL € Zg,,...,Nm € Zgy, }

is a cell[G/P), whereZq = {0,1,...,d — 1}.

7.3 Description of the algorithms
Finding the cell§G/P), constituted by a finite number of points

[G/P)={p1,p2,---,Pn},  N=d(P)/d(G)

simply consists in giving a list of these points. For somelkiof cells, and precisely
for the cells of the orthogonal type and for the cells frongiadéid bases, this list
is immediately found, not only for 2D and 3D cells, but also éells of higher
dimension.

For the other types of cells obtained througktriction of continuous cells, we
need to identify the points of a lattice belonging to a polygothe 2D case, and to
a polyhedron in the 3D case.
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7.3.1 The procedure “polygonpoints”

This procedure provides the list of the points of the 2Dd¢attielonging to the given
polygon.

Usage

new = pol ygonpoi nt s[ a, pol ]

where

e a is the basis matrix of the lattice,

e pol isthe list of the vertexes of the polygon

e newgives the list of the points of the lattice belonging to théygon

Methodology. We determine the rectangular regifnof the plane(ts,tz) within
which we limit the computation of the lattice points: we cartgpthe minimum and
maximum values of the coordinate of the vertexes of the polygon. We do the
same for the coordinate. Lettingty,, (a0 2, aNdto,, be the four values so
calculated, we obtain

R= [tlmin’tlmax] X [thimtzmax]

We use the procedure “latticepoints2D” to get the latticenfsobelonging to the
rectangular regiofR. Now we must choose, among such points, those belonging to
the polygon. For each of them we check whether, for each ditleeopolygon, it
belongs to the semi-plane containing the polygon.

If A, B, and C are three consecutive vertexes of the polygahRuthe generic
point to be checked, l&t, b, c andp be the column vectors of their coordinates. The
line identified by the points A and B divides the plane into tsemi-planes. The
points C and P belong to the same semi-plane if the detertsimdthe matrices

mi=[(b-a) (c-a)] and my=[(b-a) (p—a)]

have the same sign. Briefly, we can say that if

1) defms-mgy] > 0, C and P belong to the same semi-plane,

2) defm;-my] =0, C or P belong to the line,

3) defmy-m2] < 0, C and P do not belong to the same semi-plane.

7.3.2 The procedure “polyhedronpoints”

This procedure gives the list of the 3D lattice points belngdo the given polyhe-
dron. For simplicity, we assume that the polyhedron costtie originO.
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Usage

{p, new} = pol yhedr onpoi nt s[ a, zacce]
where
e ais an integer matrix;

e zacce is the (three-dimensional) matrix having as elements tlgeedf the
polyhedron. Each edge is specified by the list of its vertexes

e p is the list of the lattice points of the rectangular regionteining the polyhe-
dron

e newgives the list of the lattice points belonging to the polyteed

Methodology. The procedure mimics the operations done for procedurey=pol
gonpoints”. We determine, through the procedure “lattice{s3D”, the rectangular
regionXR within which to limit the computation of the lattice pointsor each point
we check whether it belongs to the semi-space containingrig@. If A, B, and C
are three vertexes of the polygon side and P the generic fwob¥ checked, led,

b, c andp be the column vectors of their coordinates, anthe plane identified by
the side. We build the matrices

m;=[(c-a) (b-a) (O-a)] and my=[(c-a) (b-a) (p—a)]

We obtain that if

1) dettm;-my] > 0, P belongs to the same semi-space as the origin,

2) deffms-my] =0, C or the origin sit on the plang,

3) defmy-m2] < 0, C does not belong to the same semi-space as the origin.

7.3.3 The procedure “discretecell2D”

Usage

di scretecel | 20 a, h, t ype]
di scretecel | 30 a, h, type]

{vert exes, pp}
{vert exes, pp}

where

e ais a lattice basis;

h is a reduction matrix of the sublattice (a.h gives a basisefublattice)
vert exes gives the vertexes of the continuous cell

t ype is the type of cell, as listed below,

pp gives the points of the discrete cell.
For 2D cells the types are:
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type = 1, fundamental parallelepiped,
type = 2, centered fundamental parallelepiped,
type = 3, fundamental parallelepiped related to triangU,
type = 4, centered fundamental parallelepiped relatedaadt,
type = 5, fundamental parallelepiped related to triangL,
type = 6, centered fundamental parallelepiped relatedaadgiti,
type = 7, orthogonal parallelepiped,
type = 8, centered orthogonal parallelepiped,
type = 9, Voronoi cell
For 3D cells the types are
type = G, fundamental parallelepiped,
type = U, fundamental parallelepiped related to triangU,
type = UO, orthogonal fundamental parallelepiped relatedaagU,
type = L, fundamental parallelepiped related to triangL,
type = LO, orthogonal fundamental parallelepiped relatetdanglL,

7.4 Demo for Discrete Cells
Usage of “showdiscretecell2D”

showdi scr et ecel | 20 a, h, t ype]

where

e ais a basis of the 2D lattice,

¢ h is the reduction matrix of the sublattice (a.h gives a basis@sublattice)
e t ype is the type of cell, as listed above.

Example 7.1discrete parallelepiped
With theMat hemat i ca statements

Cet [ "deno6rmacr o. ']

| ab="CD202"

i nitdeno6[ | ab]

aa22 = 2{{2, 5}, {0, 4}};

bb22 = {{12,2}, {0, 7}};

type=3

showdi scr et ecel | 20 aa22, bh22, t ype]
conpl et edeno6

TeX andVat hemat i ca give:
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Discrete cells:  run | CD202 (May 26, 2011)
Demoshowdi scret ecel I 2D
Given the lattice basi& and the reduction matrild of the sublattice

4 10 12 2
relo 5] e[S ]

the procedure writes the vertexes collected as the columihe ahatrixV/

type =3 fundamental parall. of triangU

046 2
V:{o 0 8 4

discrete cell cardinality=84

100 T

TS

50

25F . . 0o e e e e e e

LBl
CBOL

Example 7.2discrete Voronoi cell 2D
With theMat herat i ca statements

CGet [ "denp6nacr o. m' ]

| ab="CD204"

i ni tdeno6[ | ab]

aa22 = 2{{2, 5}, {0, 4}};

bb22 = {{12,2}, {0, 7}};

type=9

showdi scr et ecel | 20[ aa22, bb22, t ype]
conpl et edeno6
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TeX andVat hemat i ca give:

Discrete cells:  run | CD204 (May 26, 2011)
Demoshowdi scret ecel I 2D
Given the lattice basi& and the reduction matrild of the sublattice

4 10 12 2
relo 5] e[S ]

the procedure writes the vertexes collected as the columihe ahatrixV/

type =9 Voronoi cell

B -2 0 2 2 0 -2
T 15— (——)4 17-(——)4 15— (——)4 15——-4 17—-4 15— -4

discrete cell cardinality=84

\%

100 T

75+

50+

25+

Y =X A R R

- 50}
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Usage of “showdiscretevoooronoicell3D”

showdi scr et evooor onoi cel | 30 a, h, t ype]
where

e a is a basis of the 2D lattice,

e h is the reduction matrix of the sublattice (a.h gives a basis@sublattice)
e t ype is the type of cell, as listed above.

Example 7.3discrete Voronoi cell 3D
With theMat hemat i ca statements

CGet [ "denp6nacro. n' ]
| ab="CD214"
i nitdeno6[ | ab]
a33={{1, 0, 0},
{0, 1, 0},
{0,0,1}};
b33={{6, 0, 2},
{0, 4, 0},
{0,0,7}};
showdi scr et evor onoi cel | 3D[ a33, b33]
conpl et edeno6

TeX andVat hemat i ca give:

Discrete cells: run |CD214 (May 26, 2011)
Demoshowdi scr et evor onoi cel | 3D

Given the lattice basi& and the reduction matrild of the sublattice

100 6 0 2
A=|0 1 0 H=|0 4 0
0 01 0 0 7

the procedure writes the faces of the cell

number of primitive points= 192
number of generating points= 8
number of faces= 8

-3 -1 -1
Fo= -2 -2
41 57 57

14 14 14
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[ -3 -3

Fa=| 2 2
44

L 14 14

[ -3 1

Fq= -2 =2
_4 57

L 14 14

[ -3 1

Fs = 2 2
_4 57
L 14 14
-1 -1

Fo= -2 2
57 57

14 14

1 3

Fo=| 2 -2
_57 _ 4
14 14
3 3
Fg=| —2 2

4 4
14 14
> Vgr onoi 3D
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