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Abstract Given a time—varying image, or more generally a multi-disienal
source, ascanningprocess eventually produces a one—dimensional signalbseit
for transmission or recoveriReproductiors the converse process.

The paper deals with a signal theory approach to scanningepgrdduction, in
which such processes are decomposed into elementary ioperauch as frame—
limitation, sampling, change of signal dimensionality (801D and 1D to 3D),
etc. To derive a general theory capable of including thestéffit scanning formats
of interest (continuous or discrete, progressive, intedaor multiply interlaced) a
unified signal theory is used, in which signals (and theirrlesuransforms) are de-
fined on Abelian groups.

A universal model of the scanning process is proposed, iclwaispecific format
is uniquely specified by a 3D Abelian group. The remaininghe@ay parameters
are then determined by the condition that the scanning psdge invertible (by the
reproduction process). The model is analyzed in the fregjudomain with both
deterministic and random inputs.

The theory is finally applied to multiplexing luminance arfida@minance signals in
HDTV systems.

This report was written in 1986 in the framework of the Eump@roject HD—
MAC for high definition television.
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1 Introduction

Thescanning processiay be regarded as a set of operations which, starting from a
time—varying image, more generally from a multi—-dimensisource, finally pro-
duces a one—dimensional signal (hereafter,video signa), i.e. a signal suitable

for transmission or recovery. Thieproduction processonsists of the inverse oper-
ations.

The television scanning theory began with television ifseith the fundamen-
tal work of Mertz and Gray [41], who introduced tiperiodic modelbf scanning.
Later fundamental contributions were made by Robinson Bi@wery [42], Tonge
[43] [44] [45] and Dubois [39]. However, to the author’s krledge a systematic
approach with an appropriate “signal formulation” has méeen proposed. In fact,
as will soon be evident, a “signal formulation” is esserfalthe kind of operations
involved in scanning and reproduction.

To begin, let us consider the simplest form of scanning m®caccording to
the progressive 1:1 formatwith the aim of illustrating the nature and variety of
the operations involved. The source image is spatiallynuitdid, so that the first
operation is to limit the image to tHeme(Fig.1), a rectangl® = [0, Dy) x [0,Dy).
The limited image is temporally sampled to capture pictyesfields every Tq
seconds and each field is divided intoequally spacedines (vertical sampling).
Finally, the lines of each field are sequentially read to pipka signal proportional
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Fig. 1 The grating of progressive scanning (with memory) of a time—varyimage and the corre-
spondingvideosignalu(t)
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to the image luminance (or chrominance). Thus, the videtesicpnsists of replicas
of the image signal portions limited by the line—field format

The equations for the operations described are as follofs. time—varying
source image is a 3D signal, which we write in the form

(xyt),  (xyt) eRr?

wherex, y andt are the horizontal, vertical and temporal coordinateqpeetvely.
All three coordinates are continuous and unlimited, so ¢laah takes a value from
the set of real numbeiR. The frame limitatioh is simply expressed by the relation-
ship

L yt) =wo(xy) L yt),  (xyt) eR® (1)

wherewg(x,y) is the indicating function of the fram®. Hence,lo(x,y;t) is set
to zero outside the frame. The image domain after sampliagthe subset dk®
consisting of the field—line format, can be written as thet€aan product:

Is =R x Z(dy) x Z(Tqg) (2)

whereZ(d) 4 {nd| neZ}, dy = Dy/N is the vertical line spacing, ang is the
frame period. Hence, the sampling operation is given by

EQS(Xayat) = gQ(vaatL (Xay7t> € IS (3>

where(x,y,t) € |s states thatqs(-) is obtained fron?g(-) by a domairrestriction
fromR3tols.

The final 3D—1D conversion, which produces the video sighglreadingthe
image along thés lines, can be written in the form

400 oo

)= Y Y los(wlt-nT—KT,nd.kT),  teR  (4)

N=—0k—=—co

wherevy is the horizontal velocity of the line reading operation ahd= Tq/N
is the line period. In (4n could be limited from 0 tdN — 1. However, after frame
limitation the infinite summation would not add new conttibns. Moreover/qs(-)
could be replaced béx(-) since in (4) it is automatically confined withig, but with
this replacement we would lose the underlying sampling afpzr, with awkward
consequences for the frequency domain analysis.

From the above simple formulation we can make the followibgesvations.
The scanning operation involves different kinds of signtie source image is a
3D signal defined o3, and remains so after frame limitation, the sampled image
is defined on the 3Dd{scret§ grating Is, given by (2), and the video signal is a
continuous—time 1D signal defined @& If we pass fromcontinuousscanning to
discretescanning, where even the horizontal coordinate becomesetksls be-

1 The frame limitation is usually neglected in the literaturs.ifitroduction, however, is essential
for a correct formulation of the scanning process.
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comes a 3Dattice of the form
ls=Z(dx) x Z(dy) x Z(Tg) , (5)

wheredy is the horizontal spacing, so that the final video signal bezoa discrete—
time signal whose domain is of the for#{Te), whereTe is thepixel period

If we go from the 1:1 progressive format to the 2:1 interlam@fat, and to higher
order interlace formats, we will find a variety of discretatings and lattices, with
the novelty that they are no longer factorisable as in (2)(&hd

Finally, we note that the continuous 1:1 progressive scapoitlined above may
be taken as an approximation to the real scanning procetsmed by conven-
tional cameras, since we have tacitly assumed that the ifielge are taken at the
instantskTy, k € Z, like film frames, and that the line scanning is performedasé
fixed—time frames (Fig.2a). This model will hereafter bdezhthememory model
since it implies image storage at field level. In conventiarzganeras, lines are not
taken from a fixed—time frame since the image signal evolvemd line scanning
operations so that we have to writg,-,t) rather thar¢(-,-,kTy). We then pass to
the instantaneous modéFig. 2b), where fields and lines are tilted with respect to
thex,y plane and the grating must be modified to

ls= {vx(t—nTr—kTq),Vy(t—n'I}—kTq)+ndy,t n,keZ,teR} (6)

wherevy andvy are the horizontal and vertical velocities, respectively.

In conclusion, a large variety of signals are involved insgag theory, so that a
unified signal theory approach is essential.

The paper is organized as follows. In Section Il we give tgeaitheory prelimi-
naries needed for a general formulation of the scanningyh&bese are essentially:
a unified formulation of signals and Fourier transforms Hame Abelian groups, a

Fig. 2 The two fundamental models of scanning: a) themoryprogressive scanning (1:1) and
b) theinstantaneougrogressive scannirlgl:1).
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unified formulation of linear systems, which may include arfje of signal dimen-
sionality, and theorems concerning the possibility of algecovery after sampling
and dimensionality reduction.

Section IV deals with thescanning groupi.e. the subset oR3 on which the
time—varying image is picked up.

Sections V and VI deal with the two universal scanning mode¢siodic and
aperiodic), in which a given scanning process is completpgcified by a scanning
group. The remaining parameters are implied by the condifoinvertibility, i.e.
by imposing a correct recovery of the time—varying imagerfrime video signal
by the reproduction process. In Section VIl and VIII thesedels are used for the
frequency domaimnalysisof the scanning and reproduction processes.

In the final section the theory is applied to study the MAC fipigixing of lumi-
nance and chrominance components used in the EuropearsptépoHDTV.

2 Unified Signal Theory

In this section we summarize the Unified Signal Theory [23] [25], of which
scanning theory is the most successful application to déte.fact that all signal
domains are Abelian groups is the key to unification.

2.1 Abelian groups inR™

Only subgroups o™, the additive groups of thenr-tuples of real numbers, are

considered. The 1D additive groufgs Z andO 4 {0}, thetrivial group, are used
as a reference to construct multi-dimensional groups.

Definition 1. Let J be a non-singulam x mreal matrix and leH = Hy x --- x Hp,
whereH; may be eitheR or Z or Q. An Abelian group inR™ specified by the pair
(J,H) is the set

J:{Jh|heH}, (7)

where the matrix is thebaseof the groupH is thesignature and the paifJ,H)
is arepresentatiorof the groupd

By partitioning the basd into its column vectors, say = [j1...jm|, we find
thatj1,...,jm are linearly independent real vectors of thedimensional Euclidean
spaceR™ (denoted by the same symbol as the corresponding grouging%eh =
(hg,...,hm), the compact form (7) becomes

J:{h1j1+...+hmjm|hleHl,...,hmeHm}, (78)

2 In matrix operationsm-tuples of the fornthy, ..., hm) denote column vectors.
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which states thal is given by all the linear combinations of the vectprs .., jm,
where theé—th coefficient is real iH; = R, integer ifH; = Z and zero ifH; = O.

The signatureH states the nature of the group.Hf = R™ the groupJ is R™
itself (thecontinuous mdimensional group). IH = Z™ the groupJ is alattice (a
discretem-dimensional group). If = RP x Z™ P with 1 < p < mor a permutation
of such factors, the group isgrating (a mixedm-dimensional group). The signa-
ture also states the dimension of the grougH itloes not contai®) the group is
full-dimensionalotherwisereduced—dimensiondlMore specifically, ifH contains
O m—ntimes, the group is said to @@ n—dimensional group iIR™. Thus, ifm=3
andH = Z? x O the group is a two—dimensional lattice R¥. We shall always as-
sume that signal domains are full-dimensional groups;aediadimensional groups
will only be considered in connection with periodicity (desow).

A few examples of groups are illustrated in Fig.3: at the t@have a 2D grating

tha RxZ(dp) t Z(dy)xZ(d2) t Z3(dv.d)
e e 0o 0 0 0 0 0 0 2dy . . . .
d dz ® © © & o o o o o L] L] L] L] L]
0 t 0" 4 t 0 2, 4
t t
2 J _ dl 0 2 .
dy oo .
H=Zx0 —» - ‘
d ~— H=RxO b .
0 d |21 0 d |81
t3/d
L 4 - 3/d3
tp/d L
2/ U2 4
3 2d1 0 dl
J = 0 Zdz dz H :Zs
2 0 0 d3
1
—_—
0 1 2 3 4 t1/ch

Fig. 3Examples of groups if®2 and inR3.

3 Reduced-dimensional groups could be introduced by lettiadp#ise matrix be singular, but we
find it more convenient to work on the signature.
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and two 2D lattices, at center a 1D grating and a 1D latticR3pand at bottom a
3D lattice. Note that Fig.2 gives two examples of 3D gratiwih signatureR x Z2.

The above is a generalization of the lattice definition [3®te that within the
lattice class the signature specification is redundarg; hawever, essential for the
present, more general class.

2.2 On group representations

The representatiofd,H) of a groupJ is not unique. Firstly, the combined permu-
tation of the columns of and of the factors ofl yields the same group. Hence,
without loss of generality, the signature of mrdimensional group can be written
in the formRP x Z9 x O° with p+ g+s= mandp,qg,s> 0. Secondly, for a fixed
signatureH, the base is not unique. In particular, for a full-dimenaldw lattice J
with baseJ any matrix of integer& such that deE = 41, the matrixEJ provides
another base fa¥ [61]. For the continuous grouR™ any non-singular matrix is a
correct base. Finally, intermediate considerations haldjfatings (see below).

Hereafter, the notatioJ,H) — J stands for “the groud determined by the
representatiofd, H)".

Canonical representations. It is often convenient to refer to “canonical” (or “min-
imal”) representations to economize on specification arglrtgplify comparisons.
For full-dimensional groups the signature can be set totdredard formRP x Z9,
whereas the simplification of the base depends on the natihe group. For the
continuous groufR™ the identity matrix is the canonical base.

Theorem 1.For a grating with signatureRP x Z9 a canonical base has the parti-

tioned form
o 0
J5 = [E F} (8)

whered is the px p identity matrix,0is px q, E is gx p andF is a non singular
g x q matrix.O

Note that with such a base the scanning point on the gratim@peavritten in the
formt = (t;,tq) with

tr=r, tg=Er+n, reRP.ncF (9)

whereF is theg—dimensional lattic& = {Fs| s Z9}.

The form (8) can be obtained by starting from an arbitraryesentation [25].
We illustrate the procedure for the 3D grating of the insiaebus scanning model.
The coordinates in (6) are given by

X Vi =V Ty —WTg| |t
yl=|w -wh+d —wTy||n|, teR, (nk ez
t/ 1 0 0 k
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Sincex € R we can sek=r € R to get

X 1 0 Of|r
t /v T Tql |k

where the 3« 3 matrix has the minimal form (8) witp = 1 andq = 2.
For lattices the minimization is less trivial. In the sulitz class of the orthogo-

nal latticeZ(dy, ..., dm) 2 Z(dp) x - -+ x Z(dm) the following result holds [25] [40].

Theorem 2.The baselp of any sublattice of(ds,...,dy) can be written in the
upper—triangular form

d]_ o . 0 a1 a2 ... am
0 d2 . 0 0 dpp ... aAom
Jo=1| . . . . .. . (10)
: : ~ 0 : : " :
0 0 ... dn 0 0 ... amm

where the diagonal matrix is the baseZxfds, ...,dn). The triangular matrix con-

sists of non—negative integers, with positive diagonaliestand non—diagonal en-
tries that are smaller than the corresponding diagonal &str A lower—triangular

form with the same constraints is also possible.

Example 1The quincunxlatticeZ%(dl,dz) is the set of pairgn;ds, nodz) wheren;
andny are either both odd, or both even integers. It is a sublatfié&d;, d2) with

canonical bases
d 02 1 d 0|1 O
0 d| [0 1}|” 0 dy| |2 1|°

A general sublattice df.(dx, dy) will be denoted byzP(dy,d,), wherei andb are
integers, with 0< b < i, andb relatively prime toi. The corresponding triangular

bases are g 5 g
i O i 1 0|1 O
{o dz} {o 1}’ {o dz} [b i] (12)
whereb is the solution of the integer equatiami+bb= 1, withm e Z and 0< b <
i.O

Manipulation rules. The triangularization procedure of an arbitrary base amd co
version from lower—triangular to upper—triangular forne,an general, not trivial,
even if they can be mechanized [70].

We recall the following rules for lattice base transforroat
1) acolumn multiplied by an arbitrary integer can be addeahtather column,
2) acolumn can be multiplied by1.
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The application of these rules, possibly repeated, to anddesel is equivalent to
a left multiplication by an integer matrik with detE = +1, and therefore does not
change the lattice. We give the following example of maragiah

3 7 4 3 16 4 [-29 16 4
J=|2 -5 -3|—-|2 1 -3|—-| 0 1 -3

0 0 -1 00 -1 |0 0 -1
—29 16 52] [29 16 —52] [29 16 6
-] 0 1 o|l=|0 1 o0|—=]0 1 0
0 0 -1 o 0o 1] [0 o0 1

where the last is an upper—triangular form with the constrafi Theorem 2.

Determinant and density of a group. The absolute value of the base determinant,

d(J) 2 |detJ|, is the determinantits reciprocalu(J) 2 1/|detJ| is the density

of the group(J,H) — J. In generald(J) and 1(J) depend on the specific base of
the group. For a latticd they are independent df and consequently denoted by
d(J) andu(J); u(J) effectively represents the lattickensity measured in number
of points per unit volume aR™. In any case, referring to a canonical representation
the above quantities become specific to the group.

Group transformations and improper representations. Let (J,H) — J and let
A be a non singulam x mreal matrix. The linear relationship= At, t € J, defines
the scanning point on a new group&T

K={At|teJ}={AJh|heH}

with representatiofAJ,H). Comparison of the last relationship with (7) shows that
any groupJ can be thought of as a linear transformation of its signatlir€he pair
(A,J), which uniquely determines the groly may be regarded as amproper
representatiorof K, with improper baséA andimproper signature J

As an example, the lattic&(d;, dz) has aproper representatiofd, Z2), where
J may be one the matrices given by (11). The same lattice hamireper repre-

sentation .
0
G e Za. (12)

2.3 Regular pairs and unit cells

Unit cells play a fundamental role in an advanced signalrtheo

Definition 2. Let Ig be a group inR™ and S a subgroup ofo. This will be called
a group pairin R™ and denoted byg : S. The pair is said to beegular if g is
full-dimensional andy is a lattice.
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Definition 3. Let lp : Sbe a group pair ifR™. Any subsetC of Iy is aunit cell of
modulo Sif the seté C+s, s € Sform apartition of lg, i.e. Uss [C+ 5 = lp and
(C+9)N(C+t)=0,s#t.

Group pairs will be used in signal and Fourier transform gations. The stan-
dard definition of unit cells usually refers to the cdse= R™ and S given by a
full-dimension lattice [39], but the definition given hetésigeneral.

Note that any member of the cla8s-s, s€ S is itself a unit cell, so that the class
represents. partition of  into unit cells We shall denote a unit cell determined by
the pairlg : Sin the forn? [lo : S); hence, the partition df can be written as

[lo:S)+S=lo. (13)
Fig.4 illustrates two examples of 2D unit cells for the stamitase wherky = R?
cell repetition centers covering

A to oA

dz

r=r7-"n

dy ty

Fig. 4 Examples of cells oR? moduloZ(d;,d,) and ofR? moduloZ3(dy, dy)

andSis a lattice. Fig.5 illustrates four examples of 2D discreté cells where both
lp andSare lattices.

Proposition 1. [lp : O™) = Ip and|lp : 1) = O™ for an arbitrary group b.

4 C + sdenotes théranslatedset{c+s| c € C}.

5 This notation recalls that right open intervals, such as [@',1—}%, %), are unit cells olR modulo
Z. More generallyla+d, d) = [R: Z(d)) for anyd € R.
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lo=2(11) S=2(6,8) l0=2(11) S=7}(64)
2 el *eS 21 el *es
“€lo € “<lo €
a) b)
8 XL Koo e e e X . 8 E R *
5 b P e P
P—{ .. ... le v e e e e P—-{ . . ... Te v e e e e
L L L L
I I I I
Hoee e R 40 oo
I P A P
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19 - .. Lo 2 I e
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t2 cl %eS L4 el *€S
“€lo “<lo
c) d)
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Fig. 5 Examples of 2D discrete unit cels cell points are enclosed in a dashed box.

Proposition 2. If 1o and S are full-dimensional lattices, the unit cg : S) is a
finite set whose number of points is given B$)dd(lo) = p(lo) /().

Proposition 3. Let (S,Z™) — S. The setf= {Sh| h € [0,1)™} is the fundamental
parallelepiped of the lattice S [39]. It follows thapP- [R™: S). This result still
holds if the m—dimensional cufi@ 1)™ is replaced by—3, )™ so that B becomes
a centered fundamental parallelepiped. Note thad&ends on the basi&of S and

different bases yield different parallelepipeds.

Proposition 4. The previous result is thus generalized. (&8RP x Z% x OF) —
S. The setfP= {Sh| h € OP x [0,1)% x RS} may be regarded as the generalized
fundamental parallelepiped of the group S. TherHR™: S).

Proposition 5. IfC = [R™: S), then CNlgis[lg: 9).

The last two propositions let us identify unit cells for abignary group pair in two
steps. However, the variety of unit cells is very wide [38]l]and goes beyond the
class identified by this procedure.

2.4 Signal specification by a group pair

A (deterministic) signal may be conveniently defined as apimays: |o — C, where
lg is an Abelian group an@ is the set of complex numbers. Signals will be denoted
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in the forms(t), wheret denotes am-tuple of argumentts,...,tm) andmis the
dimensionality.

The nature of a signal is essentially determined by its doriwhich may
be one—dimensional as well as multi-dimensional; it may digicuous, discrete
(lattice) or mixed @rating).

Itis desirable to complete the signal specification in teofresregular group pair
lo : S whereSrepresents the invariance property

s(t—p) =s(t), pes, (14)

which generalizeperiodicity. If Sis a full-dimensional lattice, (14) expresses stan-
dard periodicity. IfSis n—dimensional, with 0< n < m, the invariance ot$ states
that the signal is periodic in directions and aperiodic in the rest.3f= O™ the
invariance becomes irrelevant, on the other han87flg the signal is constant.

For a given signal, the choice of the invariance subgroumisunique. In fact,
if S is the largest subgroup that satisfies condition (14), thpeasiisSinvariant for
any subgroufs of §. For example, a continuous—time signal having pefigdan
be specified not only as(t), t € R : Z(Tp), but also by the paiR : Z(2Tp) or by
R : Z(3Tp) and, as a limiting case, ¥ : O. The specific choice will depend on the
context.

A signal with the property (14) will be denoted in the fostt), t € lp : Sand
simplified tos(t), t € lp, asS= O™ (in most respects the degenerate pairO™ is
equivalent to the grouf).

Remark. The idea of group pairs is strictly related gqootient groupsindeed, a
one—to—one correspondence (isomorphism) can be estedlisiween the class of
signals specified by a pdig : Sand the class of signals (complex function) defined
on the corresponding quotient grolyS [67]. Our preference for group pairs is
mainly because quotient groups, which are sets of setspareumbersome for a
Signal Theory.

2.5 The Haar integral

To continue with the unified approach a linear operator thabkes the introduction
of convolution, Fourier transformation, etc., is requiréde appropriate operator is
the Haar integral [54], here denoted by

/| dt s(t), (15)

wherel =l Sis a regular pair ifR™. The construction of the Haar integral, starting
from the Haar measure, is covered in many treatises on TgjpaldGroups [57][59]
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[58] [55]. Within the class of Abelian groups iR™, the definitionof (15) can be
given in three step%.

1) For the caseb= R and| = Z the Haar integral is, respectively, the Lebesgue
integral

/ dtst) 2 / st dt, (168
R —00
and the series summation:
/ dest) 2 3 s(t). (16b)
Z ez

2) If | = Jis a full-dimensional group iR™, the Haar integral is given by

/dt st) 2 d@) / dh s(3h)
J H

=d@) [ dh. [ dhns(hs+.+ o),
1 m

(17

whereJ = [j1,...,jm] is the base anH = Hj x --- x Hy is the signature of the group
J. SinceH; may beR or Z, the one—dimensional integréglﬁi dh on the second line
turn out to be defined according to (16). For exampld,# R x Z(dy) x Z(Tq) is
the 3D grating of the 1:1 scanning format, considering tipeegentation

10 0
0 d 0|, H=RxZxZ
00

51

from (17) we obtain

dt s(t) = dy . /dhl/dhz/dhgshl,hz haTy)
/]RxZ(dy)xZ(Tq) vy dy q

+oo
—d,T, / d S S s(hy, hady, haTy).
- ho€Z hze

3) If | =lp: Sis aregular group pair, the Haar integral is the inte¢jnaited to a
unit cell lp : S), namely

/IO:Sdts(t): dt s(t) /dts Nigs (1) (18)

[10:S)

6 |n the author’s opinion the abstract definition of Haar measnddrategral falls outside the scope
of a Signal Theory.
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wheren; denotes the indicating function, and the last integral &wated accord-
ing to (17). When the pair degenerateslga O™, the integral (18) becomes the
integralover the whole grouplgiven by (17).

We note that the Haar integral is unique within a multiplivatconstant [58]. In
the above definition the constant is set equal to the growgrm@tantd(l) so that
any ambiguity is removed. There are several reasons focltiise, one being that it
achieves a perfect symmetry between the signal domain arfdetjuency domains.

Properties. The Haar integral has the following properfies
a) Itis independent of the specific representatibi ) of the group.
b) Itis shift-invariant, so that for any € J

/dts(tfp):/dts(t), ped. (19)
J J

¢) Itis invariant to coordinate inversion, that is,

/Jdt S(—t) :/Jdt S(t). (20)

d) If Jis a Cartesian produdf x - -- x Jy, then
/ dtsit)= [ dt ... / At S(t, ... tm) (21)
J J JIm

Specific cases.From (17) it follows that

1) The Haar integral on 1D groups is the Lebesgue integrdl=fR, while on the
lattice Z(d) it becomes

+00
/Zm) dist)=d 3 snd). (22)

n=—o

2) The Haar integral o®™ is anm-dimensional Lebesgue integral

too too
Rmdts(t):Lw /700 Ste, .. tm) dta ... dtn. (23)

3) If Jis a lattice

/J dts(t) =) 3 st (24)

i.e., the Haar integral is given by the weighted sum of theaigalues, where
the weightd(J) is independent of the group representation.

4) If Jis a grating specified by canonical representation (8)

7 These properties hold for the groupsRA', but more generally on argcally compact Abelian
group[60].
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/dts(t):d(F)/ dr Y S Er ). (25)
J RP e

Haar measure. The integral extended over any (Haar measurable) subsétr
groupJ can be defined by

/ dtst) 2 / dt s(t) Na(t), (26)
JA JJ

wherena(t) is the indicating function oA. The Haar measure @ can then be
introduced as

mis(A) = /A 1dt — /J dt Na(t). (27)

Use of (17) in (27) yields the particular result:Jf= R™ the Haar measure is the
same as the Lebesgue measurd;ig a lattice the Haar measured§J) times the
number of points of the seéi. In all case the Haar measure is shift invariant, i.e.
mis(A+p) = mis(A) for anyp € J.

2.6 Convolution and impulse

Let| = Ip : Sbe regular group pair iiR™ and 0< p < o; thenL(l) denotes the

class of signals for which the norfjs||, 4 [/, dt |s(t)|P]/P exists and is finite. For
any pair of signalx(t), y(t) in L1 (1) the convolution is defined as

xxy(t) = /ldu X(t—u) y(u), tel. (28)

This definition unifies many definitions, such as ordinaryvodution on the real
line R, cyclic convolution for periodic signals, etc..

Definition 4. Theimpulse on a regular pail is the unitary element of convolution,
i.e. a signab (t), such thak = ¢ = x for anyx(t), t € I.

The existence of such a unitary element is predicted by [60].

Theorem 3.The convolution in L(l) has a unitary element, if and only if | is dis-
crete.

Hence, the existence of the impulselif(l) is assured whenever the grolgan
the pairl = Iy : Sis a lattice. In the other cases, i.e. wHgiis R™, or a grating, the
impulse must be treated as a distribution [60] rather thaardimary function. We
illustrate this in the 1D case (Fig.6). Fbe= Z(T) the impulse is an ordinary func-
tion: &;(1)(t) = 1/T for t = 0, and 0 otherwise; hence it is essentially a Kronecker

8 The Haar measure is a preliminary to the Haar integral. In theepteapproach the roles are
reversed.
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b Sa(t) Or:z(1p) ()
1 1 4 o o
0 t 0 T t
b &M ®) O(1y:z(1p) (V) Tp=5T
1 1
T T { { {
ol T t olT T t

Fig. 6 The 1D impulses (delta functions are represented by arrows).

delta. Forl = R the impulse is a delta distribution (denoted by an arrow o &).
Forl =Z(T) : Z(Tp) andl = R : Z(T,) the impulses are periodic repetitions of the
previous ones.

We note the following properties of the impulse

Xp) = [dx)a(t-p).  pelo (298
dys(t) =0, t¢S (29Db)
A,:s(t) = u(lo), teS (I lattice) (29¢

/Idt St =1 (299)
Aps(t) =D Gp(t—p) (29¢)

a) is known as thescoveryproperty; b) and c) state that the suppordgt) is given
by the periodicityS, in particular, in the aperiodic case the support is limi@the
origin; e) relates the impulse on a p&jr. Sto the impulse orip.

2.7 Frequency domain and Fourier transform

A preliminary to the introduction of the Fourier transforgtie identification of the
frequency domainlf the signal is specified by the pdir=lp : S then the Fourier
transform is specified by thetual pair, which has the form

I=s:15, (30)
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wherex denotes theeciprocalgroup. Hence, the frequency domain is the reciprocal
of the signal periodicitysand the frequency periodicity is the reciprocal of the signa
domainly.

Definition 5. The reciprocal group J* of a given groupd in R™ is the set of all
m-tuplesf = (fq,..., fm) such that f't = fit1 +... + fmtm is an integer for alt =
(ta,....tm) € J, 1. ={f |[fteZ, te I}

Proposition 6. If J is a subgroup of K, then*Jds a subgroup of K.
Proposition 7. For the 1D groups irR it follows that
R*=0, Z*=7Z, O"=R. O (31

Proposition 8. If the group J is the Cartesian product ¥ - - - x Jy, the reciprocal
group is J x --- x Jy,.

From Propositions 7 and 8, the reciprot#t of any signaturdd can be evaluated.
As an example, the reciprocal Bf = R x Z? is H* = O x Z?.

Theorem 4.For a general grougJ,H) — J the reciprocal group i$J*,H*) — J*,
where the matrix)* = (J')~1 is the inverse transpose &f

Considering a proper signature written in the forn= RP x Z9 x OS5, we find
H* = QP x Z9 x RS. Hence, if] has dimensionp + g, the reciprocal* has dimen-
sionsg+s. In particular
a) If Jis a full-dimensional lattice]* is a full-dimensional lattice.

b) f J=R™ J*=0™M.

c) If J is a full-dimensional grating with signatuf®P x Z9, then J* is a g—
dimensional lattice with signatur@P x Z9.

d) The reciprocal of the general 1D lattigéd) is Z(1/d).

The evaluation of a reciprocal group requires finding tbeprocal of a square

matrix. Note the simple ruld = AB — J* = A*B*. Also, matrix partitioning is

often useful. Specifically, the followiniglock triangularforms will be used:

A B * A* 0 _ * R/ A*
[o D}_{Bl D*], B, = D*B'A (32a)
A 0 * A* C] - * (~ *
[C D} RN { ) D*], Ci=—A*C'D". (32b)

Hence, the reciprocal to an upper triangular base is lowardular, and vice versa.
Using (32) in Theorem 1 and in (11) yields.

9/ denotes matrix transposition.
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Proposition 9. The reciprocal of a grating with signatufP x Z9 and canonical
base (8) is a p—dimensional lattice kP9, with base

i=1s &) 33

To find the reciprocal base of the Iattizé(dl, dy) consider the second of (11).

Proposition 10. The reciprocal of the 2D lattice itZdl,dz) is the 2D lattice with
base

{%Fl oHi i—B} S S

9 1= 73 > = 3
0 T1F2 0 1 d; dz
whereb is related to b as in (11). Hence, it is a sublattice of¥E;, *F).

In particular, the reciprocal to the quincunx Iattizé(dl,dz) is the quincunx
IatticeZ% (%Fl, %Fz) Other explicit results will be seen in the scanning theory.

Proposition 11.1f | =1y : S is a regular group pair, theh = S* : I5 is a regular
group pair.

The last result is fundamental to Signal Theory since it isrtransferring to the
frequency domain all the definitions introduced in the sigizenain (Haar integral,
convolution, impulses, etc.).

Having identified the frequency domain, the Haar integraleg us to introduce
the Fourier transform in a unitary form.

Definition 6. Let | = lg : Sbhe a regular group pair iR™ andl = S : I the dual
pair. The Fourier transform of a sigr&t), t € |, is given by

~

Sf) = /| dtsit) e 12T fei (34)

and the inverse Fourier transform by

S(t) = /rdf S et tel. (35)

The relevant point is that both the signal and its Fouriendfarm are complex
functions specified on regular group pairsiiff, as the integral definitions (17) and
(19) apply to both (34) and (35).

The Fourier transform defined above has essentially the paoperties as the
familiar Fourier transform ofR. For instance, the signa(t — p) has Fourier trans-
form S(f) exp(—j2nf’p), the convolutionxx y(t) has Fourier transfornX(f) Y (f),
and so on. In particular, the following perfectly symmaedtitorm of the Parseval’s
theorem holds

/| dt x(t) y* (t) = /r df X (F) Y*(f). (36)
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The following orthogonal conditiondink the impulse function to the Fourier
transform kernel

/| dt &2t — 5(f) /r df 127" — (t). (37)

Examples. Elementary examples of Fourier transforms are related fuises.
Using orthogonality conditions and impulse properties3i)(or (35) gives

a)——1, 125

3 (t—p) —— exp(—j2nf'p).

The Fourier transforms of some indicating functions willuseful in what follows.
Let

sinc(x) = sinmx sinau (x) = _sinmx_
o M= M sinitx (38)
Sinc(x) = sinc(x) e 1™, Sinau (x) = sinay (x) e 1XN-D/N

where sinc is the Woodward function [3] and sjnis its periodic version. Lew (X),
x € R, be the indicating function of the intervgd,D) andwiw (X), X € Z(d), its
discrete version, witivi = D/d. Then, the corresponding Fourier transforms are

Wi (f) =D Sinc(fD),

Waq(f) =D Sinay(fD). (39)

Suitable combinations yield the Fourier transforms of titédating functions of the
frame and of its sampled versions.

2.8 Linear transformations

Definition 7. Let| = lp: § andU = Ug : S be regular group pairs. A linear trans-
formationl — U is specified by the input—output relationship

y(t) = ./I‘du h(t,u) x(u), teU (40)

wherex(u), u € | is theinput signal y(t), t € U is theoutput signaland thekernel
h(t,u), (t,u) € U x| characterizes the transformation.

This definition is completely general: the input and outpurndins may be equal
(Io =Up) or different(lp # Up) and they may also have different dimensions. Fur-
thermore, the input and output periodicit&sandS, may be different.

DefiQitionAS. The dual of a linear transformatioh — U is the linear transforma-
tion 1 — U, linking the Fourier transform of the input signal and thepau signal,
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namely

o~

Y(f):/l;d/\ AEAYXA), el (41)

whereh(f,A) is the dual kernel.

Itis easily shown that the dual kernel is given by

whereH (f,A) is the Fourier transform df(t, u).

A linear transformation may be the model of a very simpledingystem or that
of a very complicated one, e.g. the whole scanning processekkr, for the pur-
pose of analysis it is generally convenient to split congikd transformations into
“simple” ones.

2.9 Simple linear transformations

The scanning and reproduction processes (and perhaps ftinsao signal process-
ing) can be expressed in terms of a small number of simplaiditransformations,
which are now discussed together with the correspondinptcarssformations.

Filters and windows. An | — | linear filter is governed by a convolutiog(t) =
gxX(t),t €1, whereg(t),t € | isthe impulse response. Ar- | window is governed
by a producty(t) = w(t) x(t), t € I, wherew(t) is the windowshape Clearly, the
dual of a filter is a window and the vice versa.

Coordinate change. Thisl — I linear transformation is governed by the relation-
ship
y(v) = x(Av), VEla (43)

where bothx andy arem-dimensional and is anm x m non-singular real matrix.
If | =Ilg: Sis the input pair, then the output paif = lga : Sa is given by

loa = {A*lt Ite |o}, S = {A’ls\ se s}.

Hence, in general, a coordinate change acts on both domaipearodicity.
The duall — I transformation is a coordinate change described by théaela
ship
Y(u) =d(A*) X(A*u),  u€la. (44)

impulsive transformations. The next four linear transformations are character-
ized by a kernel of the fornh(t,u) = dp(t — u), wheredp is theimpulseon an
appropriate paiD and we will call thenimpulsivetransformations. Each of these
is characterized by a specific ordering of the paitsly : S andU = Up : S(see
below). The object of these transformations is that theyatbing other than mod-
ify the signal domain or periodicity “in the simplest podsilway”. The specific
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input—output relationship is obtained from the generatrehship (40), giving
y(t) = /du do(t—u)x(u), teu (45)
|

to then use impulse properties.
The frequency domain relationships condensed into theviatlg powerful result
[22].

Duality Theorem. The dual of the impulsive transformatior- U is the impulsive
transformation — U. O

Considering the specific ordering bf— U, with the aid of Proposition 6, we find
the correspondence of Tab. 1. We now examine the four imputsansformations

Table 1 Impulsive transformations and their duals.

impulsive transformation dual transformation
sampling (lp D Uop) periodization (I§ C Ug)
—> J/ > —> _— E—
19:S Up:S Sl S
domain interpolation(ly C Up) aperiodization (15 > Ug)
] T -, (A .
lp:S Uo:S Stlg U S
periodization (§ C &) sampling (§°S)

—_— —— — l F—
10:S1 10:S Siilg Sl
aperiodization (S > S) domain interpolationS; C S5)

Ot | e
10:S 10:S Splg Sg

in some detail®

10|n multirate system literature the usual termsgpesamplindor sampling andlown—sampling
for domain—interpolation. In agreement to this, periodizatiad deperiodization should be called
up—periodizatioranddown—periodizationrespectively.
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1) Sampling. 4 D Up, Sy = S =S D =I. Sinceh(t,u) = & (t — u), the impulse
property (29a) yields the simple relationship

yt)=xt), teU,

which states thak andy take on the same values, since the equality is confined
to the output domain (periodicity is preserved). In the freocy domain the above
ordering yieldd = S : 15, U = S : Ug, with 1§  Ug. Hence, the duality theorem
states the following periodic repetitiopériodizatior)

Y= ¥ X(F-p), feU. (46)
peUg/15)

In most applications the sampling operation has the f@ffn— Ug, whereUy is
a lattice or a grating and signal periodicity is neglectedhis case (46) simplifies
to

Y(f)= Y X(f-p), feU. (463)
peUg

2) Domain interpolation.d C Up, S = S = S, D =U. The input—output relationship
y(t):/du &E—uxu), teu (47)
|

cannot be simplified as in the previous case because theahtayl the impulse are
on different pairs. The increase of the signal domain coselddhieved by inserting
zeros at points dfly that are not present lg. However, the structure of the operation
is less trivial since ,it requires an amplification (posgibifinite) of the original
signal values, as shown in the following examples.

Example 2Let Iy be a latticelJg = R™ andS= Q™. Then, (47) yields:

C[AXt) , tel

whereA = d(lp)/d(Up) is the amplification. This relationship is illustrated for a
two—dimensional case in Fig.7.

Example 3Letly = Z(d), Up = R, andS= Q. Then, (47) yields

y(t) = f dx(nd) 5(t — nd)

n=—oo
which corresponds to Woodwambmboperation [3]. In this case amplification is
infinite.

3) Periodization. = Ug, S € $, D = U. In this transformation the periodicity
is increased, whereas the signal domains remain unchamgedmpulse property
(29e) yields
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lo=2(3d1.dp) Uo=Z(dy,02)
A X(tyb) a 4 yltite) 6a
| | ]
I 1%
dp / dz /
0 3dy t1 0 dy 1

Fig. 7 lllustration of domain interpolation from one lattice into erger lattice. The amplification
isA=6.

PE[S:S)
which represent a periodic repetition, with repetitiontees given by the unit cell
[S:S1). In the limiting caseS; = O™ the periodization acts on an aperiodic signal,
to produce a periodic signal, whose repetition centersiasndy S,.

4) Deperiodization. d = Up, S D $, D = 1. In this case, the relationship can be
simplified toy(t) = x(t), t € U. Both signals are defined on the same domain so
that they really are equal. However, the original signalaesideredS;—invariant
and the final signab—invariant. For instance in the cake=Ug = R, § = Z(5),
S = 7Z(20), a continuous—time signal with period 5 is taken to haveque20 at the
output.

Deperiodization would appear to be an irrelevant transéion, but it has a con-
crete meaning in the frequency domain, where it becomes aitdnterpolation.

Elementary changes of dimensionality. The linear transformations of Tab. 2 pro-
vide areductionor anincreaseof signal dimensionality. They are akin to impulsive
transformations in that dimensionality changes are aeli@v the “simplest possi-
ble way”, and their kernels are appropriate impulses.

Dimensionalityreductiongtake the formJ xV — U, whereU is p—dimensional
andV g-dimensional. Irzero—reductionhe lasig coordinates of &p+ q)—dimensional
signal are set to zero, i.e.

y(u) =x(u,0), ueU.

In integral-reductiorthe signal is integrated with respect to the lasbordinates,
ie.
y(u) = / dvx(uv), ueU. (48)
Jv

In the frequency domain, zero—reduction becomes integrdisction, and vice
versa.
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Table 2 Elementary changes of dimensionality.

change of dimensionality dual change of dimensionality
zero—reduction integral-reduction
B —— S — e —— S F—————
UxV C 0 u UxVv C J U
integral-reduction zero—reduction

—f

U xV

U U xV

|
:

—_—

UxV

e —————

u UxV

"
/
sum-reduction zero—-reduction
{LL°
s

<
—| o
r

hold—increase delta—increase

PR — >4> PR — >4>
U h o—/ [ UxV U 5

[
X
<

delta—increas hold-increase

e
Y >4> —_— >4>
U

h

[y
X
<

Dimensionalityincreasegake the formJ — U x V. In hold increasethe rela-
tionship is
yuv) =xu),  (uv)eUxV
which states that thp—dimensional signal(u) is spread to thép+ g)—domain by
a hold operation. ldlelta—increase¢he relationship is

YuV) =x(U) &/(v),  (uv)eU xV

i.e. animpulse is attached as a factor to the original sign&he frequency domain,
hold increase becomes delta—increase, and vice versa.
Tab. 2 lists a third kind of dimensionality reductiosyim—reductionwith the

relationship L
y(u) = Z/ X(u,v) = av) /Vdv X(u,v),

ve
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whereV is a lattice. The dual of a sum—reduction is a zero—redudtibowed by a
multiplication by 7/d(V).1!

2.10 Sampling Theorem

The possibility of signal recovery aftersampling operations linked tothe lim-
itation of the Fourier transform suppartUnit cells provide the appropriate tool.
Consider a sampling of the forfR™ — |, wherels is an m—dimensional lattice
or grating. The sampling relationshxg(t) = x(t), t € Is in the frequency domain
becomes the periodizatid&™ — R™/IZ, with the relationship

Xs(f)=Y X(f-p).
pGZ§
Now, if the support oiX(f) is limited within a unit cell, say
oX)cC  withC=[R™I}), (49)

the terms of the periodic repetition do not overlap (norasitig condition). The
original Fourier transfornX (f), f € R™ can thus be recovered &sf) = Xs(f) nc(f),
wherenc is the indicating function o€. The latter is the frequency domain rela-
tionship of an interpolating filter with frequency respomg€f).

Theorem 5.Let Xt), t € R™, have a limited frequency support according to (49).
Then, Xt) can be perfectly recovered after a sampliR§j — I by an interpolating
filter Is — R™ with frequency respongg:(f).

This theorem summarizes and extends several results laeaifathe literature
[35] [36].

2.11 Dimensionality reduction theorem

The possibility of signal recovery after a dimensionaligguction is linked tdhe
limitation of the signal suppornd to the nature of the signal domain.

Let U be ap—-dimensional group an®f a g—dimensional lattice. In a zero—
reductionU x V — U the condition for the signal support &s(Xg) C U x Q9. For
instance in a 2B-1D reduction of the fornR x Z(d) — R the 2D signal support
must be confined to thR line.

In asum-reductiothe condition is less trivial, and is stated in terms of lined
projections. Th&J x V linesare the subsets

111n the symbolism of Tab. 2 multiplication factors are indicatetblw the block.
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(UxV)V:{(u,v)|ueU}, vev,

which form a partition in unit cells o) x V moduloU x QY. For a signako(u, V),
(u,v) € U xV, thesupport linesare

o(Xo)v =0(x0) N (U xV)y, vev,
and theimprojectionsare the subsets &f,
n(xo)\,:{u|(u7v)ea(xo)v,ueU}, veV.

Such lines are illustrated in Fig.8b for x V = R x Z(d). After a sum-reduction,

Xo(uyv) [ ——— | Yo(u) Yo(u) X (U,V) Xo(u,v)
) T L Mo() |f——
UxV |[“—e=x u u h UxVv UxV
kv o(xo0) A v o(Xp)
b) lines support d) :
lines 0 L 2
s 0 1 2
1 0 1 2
d d
i ‘ N il I T 2
D1 2D, 3D; U - D1 : u
o (Yo)
C) 0 1 2 -~
0 D1 2D, 3D1 u

Fig. 8 lllustration of Dimensionality Reduction Theorem: b) shows thppsut of a 2D signal
Xo(u,Vv), (u,v) € R x Z(dp) that meets thdisjoint projection conditionc) support of the 1D signal
yo(u) obtained by a sum-reduction, d) lines obtained aftéRan R x Z(d;) hold—increase.

i.e.
Yo(u) =$ Xo(u,v), ueu,
2

theyp support is given by the union of the projectionsri(xg)y. If (xp)y do not
overlap as in Fig.8c, the original signal can be recovered hgld—increase U—
U xV, which spreads thg(u) values to the whole domal x V (Fig.8d), followed
by a window that confines the signal values to the originapsuf as illustrated in
Fig.8a.

Theorem 6. (Dimensionality Reduction Theorem) LetU be a p—dimensigmap
and V a g—dimensional lattice. A signaj(x,v), (u,v) € U x V that satisfies the
disjoint projection condition
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T(Xo)v; N T(X0)v, = 0, V1 # V2,

can be perfectly recovered from atxV — V sum-reduction by ad- U xV hold—
increase, followed by a window with the shapg,)(u,v).

The disjoint projection conditioris unlikely for a signal support since a signal,
e.g. an image, rarely meets this requirement. However,ciriglition can be ob-
tained from signals with a more interesting support linnitat In general we can
start from a(p+ g)—dimensional signat(t), t € I, with a suitably limited support
o(x). If an1 — U x V transformation exists, typically a coordinate changehsuc
that the signako(u,v) has disjoint projections after the transformation, thea th
original signalx(t), t € I, can be perfectly recovered, provided that the U x V
transformation possesses an inveyse V transformation.

In conclusion, dimensionality reduction (zero— or sum-yrha of little inter-
est. A more interesting scheme for signal recovery restot® fa “composite” di-
mensionality reductiorréading with a consequent “composite” dimensionality in-
crease \Writing) (Fig.9). A reading reduction consists of an invertible> U xV
transformation followed by a elementddyx V — U reduction. A writing increase
consists of a elementaky — U x V increase, followed by a window, followed in
turn by the invers&) xV — | transformation. The order of two last transformations
can be changed with the appropriate modification of the atdig function. Typ-
ically thel — U x V transformation is provided by a coordinate change, in which
case the composite reduction scheme will be cadtaddard reading

Fig.9 illustrates a standard reading of a 2D sigx#l,t») on a grating to give a
1D signalyp(u), u € R. The 2D signak(t, t2) is first converted into a signa(u, v),
(u,v) € R x Z(dz), by means of a coordinate change with a matrix of the form

D,
1 —dzl |
0 1

A:

The support ok(ts,t2) is such that, after the coordinate change the sigg@l, v)
meets the disjoint projection condition. Then, accordmd heorem 6¢(u,v) can
be perfectly recovered froyp(u) so thatx(ts,tp) is finally restored by the inverse
coordinate change.

The above ideas, applied to a 3ELD reduction, are the essential basis of tele-
vision scanning.

Remark. The topic of dimensionality changes of multi-dimensiorighals has
not received much attention in the literature [69] [71]. Sdimes dimensionality re-
duction is considered as a degenerate form of samplingfB8jever, sampling and
dimensionality reduction are different in nature. Thisdrees more evident when
comparing the corresponding dual transformations anderparticularly, the cor-
responding fundamental theorems. (In Theorem 4 the asgmipton the Fourier
transform support, in Theorem 5 it is on the signal support).
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standard reading standard writing
X(ty t2) A X(Uv) J——— | YoU) Yo(U) {? Xn (UV) no() %o(uV) A1 Xty t2)
I Uxv s U U h Uxv 0 UxV [
lines with disjoined
projections
ity a(x) Av g(xo)
S ; support
— lines
— ez
T P
b f—"__— G t— L
D1 ' S Dy 2D; 3D; U
|
a(Yo)
0 1 2
0 D1 2D, 3D; U
fv o (%) bt o®
: : : : 5
dy 0 1 2 dy )//
) 1 2 . k§ N
. D1 . ' . ' u : D1 tl

Fig. 9 Reading ® — nD andwriting nD — mD operations illustated fom =2 andn =1 by
signal supports. The support of the original signal is such thati&fies thedisjoint projection
conditionafter the coordinate change.

3 Scanning Principles

A scanning process is essentially a-3D conversion of a time—varying source
image into a video signal. It can be conceptually subdividemthree parts: 1) fram-
ing, which performs a 2D limitation of the 3D source signglazampling opera-
tion, which makes the signal discrete in two or three co@igig, and 3) a reading
operation, which performs the 3B1D reduction. Parts 1) and 2) are essential to
make the subsequent reading operation invertible acaptdithe dimensionality—
reduction theorem.

Correct recovery by the reproduction process of the imagleinvihe frame re-
quires that both 2) and 3) be invertible. From Theorems 4 arkebrequired con-
ditions are non-aliasing and disjoint projections, retipely.

The scanning and reproduction models presented in the eetkdss originate in
appropriate formulations of operations 1), 2), and 3).
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Main symbols relating to scanning process

e D, : horizontal frame dimension

e Dy : vertical frame dimensionality

e N : number of lines per frame

e M : number of pixels per line (in the full format)
e dy = Dy/N : line separation (in the full format)
e dy = Dyx/M : pixel separation on a line (in the full format).
e Tq: frame period

e i:interlace factor

o T; =Tqy/i : field period

e T, =Ty/N :line period

e v, = Dy/T; : scanning horizontal velocity

e vy =idy/T; : scanning vertical velocity

e ZP(dy,Tr) : vertical-temporal lattice

e |s: scanning group

4 The Scanning Group

The scanning groups, i.e. the 3D subset on which the time—varying image is
scanned, must be discrete in at least two directions. It neag BD grating with
signatureR x Z? (continuous scanning) or a 3D lattice (discrete scannitgyen-
eral representation is therefore

11 112 13 ,
|S=[I1I2I3]= Io1 l22 23], HS:HXZ R (50)
131 132 133

whereH = R or H = Z. The scanning point ok has the form
(Xs,Ys,ts) = hiz+niz+kis,  heH, (nk) e Z2. (51)

In principle,ls may be arbitrary, but in practical applicatiopsriodicity in the time
coordinateis always required. This means, thatXy,t) € Is, then also(x,y,t +
kTq) € Is, whereTg is theframe period In the specification of a scanning group
the natural references are the frame dimensignandDy and the frame period,
where usuallyDx = 1 w andDy = 1 h12

We now introduce the conceptslofesandfields which are essential in scanning
theory, and then consider the fundamental classes of s@agnbups.

12 |n theoretical considerations it is convenient to use distimits for horizontal and vertical
dimensions. Having chosddy, = 1 w andDy = 1 h, the aspect ratiDy /Dy, which in practice is a
fundamental parameter, disappears from scanning relationships.
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4.1 Field and line decompositions

Reconsider Fig. 2, which refers to very particular scanpiragcedures, namely the
M and| models of the continuous progressive 1:1 format. In thatrédjnes and
fieldsare clearly recognized; the former are 1D set®dfthe latter 2D sets dR3,
both delimited by the frame. However, lines and fields mayehdiferent mean-
ings depending on the context. They may denote either thmitedl objects, when
extended outside the frame region, or their projectionshenxty plane. To obtain
general definitions it is convenient to follow the order:

1) fields and lines ifR3 as partition objects of the scanning grdgp
2) fields and lines ifk? as projections of 1),
3) frame—limited versions of 1) and 2).

Referring to the general representation (50) and the sogipaint expression (51),
we state

Definition 1. Fields of the scanning grougin R® are sets
c®=cl¥+kis, kez, (52)
WhereC(()3) = {hiy +ni,}. Lines inR3 are sets
¥ =¥ rnip+kis,  (nk)ez?, (53)
wherecgo = {hi1 |he H}.

Note thatC(()3) is a 2D group inR3 andc(()%) is a 1D group inR3. Also, (52) and

(53) represenpartitionsof Is, andC((,3> andc(()?(’)) are unit cells ofs.

Definition 2. Fields and lines of the scanning grolgin R? are projections on the
x,y plane of the corresponding objectsRs.

To find the projections in terms of vectors, the last row of lasel s must be
dropped, to get

2) i11 12 013
ISS):[J“ZB]:[izl i22 izs]

thus the scanning point in the projectiorhig + nj» +kjs. The fields ofls in R? are
then given by

Cc=Co+kjs, keZ, (54)
whereCo = {hj1 +nj2 |h€ H, nc Z}, and the lines ofs in R? are given by

Cnk=Coo+Nj2+kjs,  (nk)ez?, (55)

wherecoo = {hj2 | h € H}.
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Thex,y projection of the whole scanning group will be called thesaicof Ig
and denoted b{v((ls). The mosaic is a group, but not a standard one in the sense
of Definition 1; it can be shown that((ls) becomes a standard group®3, with
signaturet x Z, if and only ifIsis periodic int. In this case, it is given by the union

of the fields in a period,
L-1

M(ls) = |J (Co+kijs), (56)
k=0
wherelL is the period (in fields) determined by the smallest posititegerk, such
thatkjs € Co.
Finding, the mosaic and the period from a general representaay be cumber-
some. However, it becomes straightforward when we stam fidower—triangular
base, and use the following theorem [25].

Theorem 1. The lower—triangular base of a periodic scanning group Hesinter-

pretation
iiz7 0 O
. . K 0
Is= [!21 122 .0] [ do Tq:| (57)

131 132 133
whereK is a base of the mosaic ang ¥ iz3 is the period (in seconds).

Il

The proof follows after writing out the scanning point cooates(x,y,t) and
observing thak,y are independent df A remarkable fact is thathe fields in a
period G,Cq,...,C_1 represent a partition of the mosaim practice, this means
that during one period of the scanning process the timeigiynage is read on
the mosaic pattermyithout repetition This situation would not be guaranteed in an
arbitrary scanning process that is not governed by the geimnteevs of groups.

Lines and fields are finally delimited by the frame, i@+ [0,Dy) x [0, Dy) for
RR? objects, and)® = Q x R for R3 objects. Objects thus delimited will be denoted

by Qx, Q|<(3>, Cnks andqﬁ,‘?-

4.2 Continuous scanning with memory

To introduce the scanning parameters it is convenient tmhveith this simple scan-
ning type. We take as reference the progressive 1:1 forntaisg/scanning group
is

Is1:1 =R x Z(dy, Tt). (58)

Thevertical line spacing ¢is assumed to be an integer submultipleDgf so that
N = Dy/dy is the number of lines per framehe frame periodly is equal to the
field period . The gratinds; 1 is illustrated in Fig.10 (top left) by means of ig
projectionZ(dy, Tt), which represents theertical-temporal lattice

In 2:1 interlace scanning the grating can be expressedrmstef the quincunx
lattice (Fig.10 top center)
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s2:1 =R x Z5(dy, T),

where the line spacing becomed, 2the frame period B; and theN lines of a full
frame are shared in two fields.

In multiply i : 1 interlace scanning, the scanning group becomes a suigpodt
Is1:1, which can be written in the form

ls=R x ZP(dy, Ty) (59)

where thevertical-temporal latticés a sublattice oZ(dy, T ), with Hermitian bases

(see Example 5)
d O i b d 0 (1 O

gl BAlET e
Herei andb are positive integers, with < i andb prime relatively td. Theinterlace
factor i represents a reduction in line density, with respect towlddrmatlis;.1. In
fact, the line spacing becomi, and theN lines of a full frame are shared among
fields; the frame period i%; = i Tt. The integeb represents the index of the first line
in the first field. Note that for > 3 multiple choices ob are possible, as illustrated
in Fig.10.

The scanning grating (59) represents the general formactmning with mem-
ory, since it includes the 1:1 progressive format (witg 1, b = 0), and the 2:1
interlace format (withi = 2, b = 1) as particular cases. We denote this scanning
format byM (1:1) andM (2:1) for the first two orders, and b (i : 1|b) fori > 3.

Two base—signature representationggére given in Tab. 3. In the first repre-

Table 3 The gratings for memory scannifg(i:1|b).

General form: =R x ZP(dy, Ty)

upper—triangular representation

[Dy 0 O
Is= |0 idy bd, Hs =R x 72
0 0 T

lower-triangular representation

Dy O 0
|5: 0 dy 0 HSZRX Zz
L0 bT iTs

sentation, the coordinates lefare expressed in tigroperform

xs=rDx,ys= (Ni+kb)dy,ts=kTf  with reR, (n,k ez (61)
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i=1 b=0

& feeoccsesnee

0 5T¢ t 0 5T¢ t 0 5T¢ t

Fig. 10 Vertical-temporal IatticeZib(dy,Tf) of the first interlace orders.

By the writing
n=n'i+kb (62)

they take on thémproperform
xs=rDx,ys=nd,, ts=kTy  with reR,(nkez’, (63

which yields themproper k representation (see Sect. 2-B)

D¢ 0 O
ls=|0 d 0], Hs=Rx ZP.
0 0 T;

In M (i : 1|b) scanning the zeroth field G = R x Z(idy) and thek—th field can
be written aCy = Co +k(0,bd,). The mosaic is

M(ls) =R x Z(dy), (64)
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for any ordeii. Lines can be written in the form
k= Coo+ (O,ndy),  (n,k) € 2P, (65)

wherecgp = R x {0} is the zeroth line of the zeroth field. When frame—limited they
become .
Onk = CikNQ=0qoo+(0,nd,),  ne N, (66)

whereqoo = [0, Dx) x {0} andNy gives the indexes for field k, disregarding empty
lines. Ny has the form

Nk:{nkynkJriwn7nk+(Nk_1)i} (673

whereny is the index of the first line anlk is the number of lines in field. Specif-
ically,
nk = pi(kb), Ne=viN=1—ny)+1, (67b)

wherep;(x) denotes the remainder of the integer divisiorxddy i, andv;(x) the
integer part ofx/i. Fig.11 shows examples of lines and fieldsifer 1,i = 2 and

M(L1) N=7 M(21) N=7 M(2:1) N=6
Qo Qo Q Qo Q

oRrNWAUIO
o N B O
N

M(4:11) N=14

Qo Q1 Q2 Q3 M(ls)

13
12
10 11

Fig. 11 lllustration of the picture—limited fields in thé (i : 1|b) continuous scanning.

i=4.

We finally clarify the meaning of the “periods” is this pearlkind of scanning.
The field periodT; represents the time separation between two consecutids.flél
does not represents the acquisition time of one field, whiaeio. Thdine period
defined asT, = Tgq/N has no meaning as a scanning parameter, as all lines of the
k—th field are read at the same inst&ifi. It represents the time available for a line
to be read.
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4.3 Instantaneous continuous scanning

For this type of scanning we follow a different approach. \téetswith a general 3D
grating represented in the minimal form

Dy 0 O

. . . / 2
IS: Io1 Ip2 123 , HS:RXZ,

131 132 133

and discuss possible solutions. Without loss of generaligyassume,s > 0 and
0 <ip3<ipy. The coordinates dg are

Xs = Dy
ys=riz1+izn +ixsk (68)
ts=riz1+izon +issk, reR, (n/,k)GZZ.

We first impose the time—periodicity condition. Considgrthat(0,0,0) € Is, this
condition can be confined to the for(®,0,Tq) € Is, for someTg > 0. In terms of
(68) we find:r = 0 andizn + i3k = 0 for some integers’, k. The solution is
possible if and only ifix3/i22 is rational. In this cas&z andizz must beiz, = idy
andiz3 = bdy, with i andb relatively prime, andly = mcm(iz, i23). This holds for
io3 > 0. Forizz= 0 leti = 1, b =0, anddy = i»». By virtue of these results and the
relationshipn = n'i +kb, (68) can be rearranged in tireproperform

Xs = I Dy

yS:ri21+ndy (69)
. n k

ts=rigi+ s T+ Tg, reR, (nk) ezp,

whereT; = iz, and Ty = iizz3 — biso. Tq is just the frame period, whereds rep-
resents the temporal separation between two consecut®g. lin principle, these
parameters are not constrained by the grating structuneeter, correct scanning
requiresTy > NT;, to guarantee that all thi lines are really scanned (as before,
N = Dy/dy is assumed to be integer). F&y > N T, an image fraction is captured
outside the frame (vertical blanking).

We now discuss the parametérsandizz. Lettingr = 1,n=0 andk=0in (69)
we find that line 0 of field O terminates at the pofBXy,i»1,is1). Then, the timesz;
must satisfy the conditiom > i3;. For T, > i3 again an image fraction is captured
outside the frame (horizontal blanking). The vertical pagterio; determines the
line slope. It has no theoretical constraint, although iitonvenient to assume
io1 = idy, which means that each line terminates at a level at whiclnéx¢ line
begins.

To work with a clearly defined format, we negldtankingby assuming

Tqg=NT, isr="T, ip1 =idy. (70)
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Hence, the grating representation takesitiygroperform

Dy 0 O
ls=|idy dy 0|, Hs=RxZ. (71)
T iT T

The corresponding scanning format will be denoted by. 1|b). To find proper

representations fdg (with signatureR x Z?2), the reference IatticEib itself must be
expressed in terms of a proper representation, e.g. by noé#68). This gives the
proper ks representations of Tab. 4.

Table 4 Gratings for instantaneous scannirfgl|b).

upper—triangular representation

Dy O 0
Is= |idy idy  bd, Hs =R x Z2
iT T bTh+Tt

lower—triangular representation

Dy 0 0
IS: idy dy 0 Hs:RXZZ
i 1T, +bTy Ty

The fieldCy consists of tilted lines vertically spaced iy, a 2D grating with
representation

_ DX O
Co_{idy idy}, RxZ. (72)

As in theM (i : 1|b) scanning, the field€ are replicas o€y, vertically shifted by
kbd,. From the lower—triangular representation of Tab. 4 andofém@ 1 it follows
that the mosai®((ls) is the 2D grating with representation

Ko:{.DX 0]7 RxZ. (73)
idy

The linesc,k can be expressed as in (65) where rgis the line determined
by the points (0,0) an(Dy, idy). However, for framed lines the relationship (66)
is no longer true due to the presence of “fractional” linesillastrated in Fig.12.
In 1(1:1) scanning alN lines are “full”, but inl(2:1) scanning we find “half” lines
giving different partitions between field3, andQ; (two “half” lines in Qq for N
even, and one “half” line in botg andQ, for N odd). With multiple interlace the
partition of lines into fields depends oandN, as well as orb.

Considering that all lines have the same slafgDy, we only need to list the
lines in terms of their horizontal projectiomsy. The general result, which follows
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1(1:1)  N=7 12:) N=7 1(2:1) N=6

Qo Qo Q1 Qo Q1
S——— / 5 4
g ? 4 5 / 3 /
% ? 2 / 1 / 2 / 1 /
0 0 0

1(411) N=14
Qo Q1 Q2 Q3 M(ls)
/ 9 / 10 / /

8 / . / . /
4 / i / ) / 3 / %

Fig. 12lllustration of the picture—limited fields in théi : 1|b) continuous scanning.

from geometrical considerations, is

[akDy, Dx) nN=ng—i
Pk = ¢ [0,Dx) n=ng,Nk+i,...,Nc+ (N —1)i (74)
[0, B«Dx) n=ne+ Nll<i

wheren, = p;(kb) gives the position of the first full line\, = vi(N —ny) is the
number of full lines, andr, = 1—ny/i andB = (N—nc—iN;)/i. In general, a field
Q« has two fractional lines, one at the top and one at the botémmN, full lines
in the middle. In fieldQq the lower fractional line is absentrd = 1) and in another
field of the period the upper fractional line is missing (sewdr half of Fig. 12).
Note that in each case the number of lines per field is exagtly- N/i, for all
fields, provided that fractional lines are suitably weighitethe count.

4.4 Discrete scanning with memory

The reference scanning lattice is
ISlZl: Z(dx7dy7Tf)7 (75>

wheredy = Dy/N is the vertical spacing andk = Dyx/M is the horizontal spacing
with M the number of pixels per line.

In the general case, the scanning lattice becomes an aytsublattice ofiss 1,
whose base has the Hermitian form

d¢ 0 O a p q
Is=|0 d, O 0 i bf. (76)
0 0 T 0 0 1
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As in M (i : 1|b) continuous scanning, the integerandb describe the vertical—
temporal interlace. The valuas p andq are integers, with & p andq < a, where
a specifies the horizontal pixel spacing ag,, and p and g complete the inter-
lace specification of the lattice. A similar lower—triangutepresentation applies,
as listed in Tab. 5.

Table 5 Lattices of memory scanning.

upper triangular representation

Co c d¢ 0 O a p g
|s={00 T} ls= 0 d 0||0 i b H =22
f 0 0 Ti||0 0 1

lower triangular representation

K
IS:|:dO -?:| Is= 0 dy 0 b21 b22 0 H:Z3
q 0 0 Ti| |bs bss L

The reduction of pixel density with respect to the referecase (eduction fac-

tor) is given byr(ls) 4 u(ls)/u(ls1:1) = ai, wherea andi represent the horizontal
and the vertical reductions, respectively. In terms of tiveelr—triangular base this
givesr (ls) = b11bpobss, wherebss = L is the field period.

The scanning point df has the coordinates

Xs = (ma-+n'p+ka) dy
ys = (Ni +kb) dy
ts=kT; mn ke Z.

The fieldsCy can be written in the form
Ck=Co+ke,  c=(qd,bd),
whereCq = Z&(dy, idy). The lines are given by
Crvk = Coo+ N (Pd, idy) +k(qdy, bd,) ,

wherecgp = Z(ady) x {0}. The field period, which determines the frame period as
Tq = LT, is the smallest integdr such thall ¢ € Cy; L is always a submultiple of
ia. The mosaicV((ls) is a sublattice ofZ(dy, dy), which is immediately identified
from the lower—triangular base (see Theorem 1).

Example 1A sufficiently general example of a discrete scanning grsiilfuistrated
in Fig.13. The reduction factor igls) = 10 and the period ik = 5. The fields are
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Fig. 13 Example of a scanning lattidg with field periodL = 5. The top row represents the framed
fields, withM = 14 andN = 20, below are the perspective view and the modaiis the diagonal
matrix diaddy, dy, Tt].

Co+ K(dy, 3dy), with Co = Z2(d, 50y ). The mosaic i$V(Is) = Z(cx, dy).

In the framed field€) the problem is to evaluate of the number of lines for fields
Nk and the number of pixels per lind,. Nk is the same as in continuous scanning
(see (67)). The evaluation M,y is not trivial, as it depends on the positiog of
the first pixel in the ling’, k) (Fig.14), which in turn depends any; the result is

(25]

Mok = pa(kq— vi (kb) p)

Myk = Pa(Mok+1'p)
Mn’k = Va(M —1- mn/k) + 1,

(77)
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M=25 a=4 my=2 ry,=3

left pixel right
margin spacing margin

Myk a Mk
A~ ——— ——

0 M X/dx

Fig. 14Line structure in the discete scanning.

where the functiong,(-) andva(-) were defined earlier. The number of pixels in
field Qx can be obtained by summid, overn’ =0,1,...,Nx — 1 to then obtain
the number of pixels per frame by summing oken a period. The latter can be
more directly evaluated from the mosaic, considering tteddi$i do not overlap in
a period. Recall that in the full format the number of pixets frame isMN. This
result still holds with a unit pixel spacin@ & 1), and more generally when the
mosaic isZ(dy, dy). Theperiodsare thus related

T, = MTp, Tq=Ti =NT, = NMTp,

whereTy is the pixel period. In the general case, the pixel periosbbexsT, = aTo,
whereas the line period remaiiis= MTp, the field period isTf = NT; /i and the
frame period becomes

LN LNM LN

5 Aperiodic Scanning Model
The aperiodic model is illustrated in Fig.15. It consistdta# three parts outlined

framing sampling 3D—1D standard reading
‘Q los losr | —— | uw
| A N .
R® Is IR ey J
(s fospy | ———— | o(x) u(t)
— Ag S Vx —
Is IRo ey Jo J

Fig. 15 Aperiodicscanning model with two forms atandardreading.

above, which are represented by appropriate “simple” foansations.
1) Framing
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loxy.t) =wo(xy) ((x 1), (xyt) €R®, (79)
wherewg is the indicating function of the frame.
2) R3 — Is sampling

KQS(X,VJ) = ZQ(X>y7t)a (X7y7t) € |57 (80)
wherelgis thescanning groupwhich is a 3D grating in continuous scanning and
a 3D lattice in discrete scanning.

3) 3D—1D reading which provides the final video signalt), t € J, whereJ = R
is continuous scanning antl= Z(aTp) in discrete scanninga(lp is the pixel
period). This operation is a dimensionality reduction.dbsists of acomposite
shiftwith relationship

eQSR(t,nd,,ka):eQS<A(t,ndy,ka)), ted, (nkyezb, (8Y

where the 3« 3 matrix A provides the composite shifts, followed by a-30D
sum-reduction

ut) = z Losr(t, ndy, kT ), ted. (82
(nk)ezp

After the composite shift the image domain becomegeheing group
Ir=Jx ZP(dy, Tr),

whereJ is the domain of the video signal a@fl(dy, T) is thevertical-temporal
lattice.

Combining of (81) and (82) gives the video signal in termshef framed sampled
imagelqs:

uty =y £Q5<A(t,ndy,ka)), ted. (83)
(nk)ezP

A slight rearrangement of the reading operation helps thédyais. In (81) the
change of coordinates has the structure

(Xs,Ysits) € Is— (t,Yr,1R) € IR,

where the horizontal coordinate becomes timé. The reason is that the matmx
not only does provide line shifts, but also a scale chandedriitst coordinate. This
twofold operation can be split as in the lower half of Fig.This replaces (81) by

Cosr (%, ndy, KT ) = eQS(AO(x, nd, ka)) . (xnd,KT) € Ig, (84)

and the sum-reduction yields the “horizontal” video signal
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Up(X) = Z Losr (X,ndy,KTy), Xe Jo, (85)
(nk)yezp

which is related to the “temporal” video signal lyt) = up(wt), t € J. In this
relationshipv is the horizontal reading velocityy = R for continuous scanning and

Jo = Z(adx), with ad, = vwaTo, for discrete scanning. The reading group becomes
IR, = Jo X Zib(dy,Tf), and the new matri¥d is related to the original matrix by

A = diag|vy, 1,1] Ao.

5.1 Model Specification

With minor changes in the line shifts given below, the abowelel unifies a variety
of scanning procedures, namely, continuous and discretgrgssive and interlaced
including multiply—interlaced, instantaneous and witmmoey. A specific typérom
this variety is uniquely determined by the scanning gros@ll the other param-
eters in the model, i.e. eithéy, Ir, andJ, or Ao, Ir,, andJp, are obtained fronis.
In fact, the matrixAg, which provides the line shifts, is determined by imposimg t
disjoint projection condition in the final 351D reduction. Thenlg, is given by

Ik, = {Agts | ts € Is} (86)

andJp is the first factor ofR,.

In M (i : 1|b) scanning the matrice& andA, have the forms given in Tab. 6 in
terms of the horizontal and vertical velocitigsandvy. In the continuous case the
scanning group has the general fogi= R x Zib(dwa), and the reading group,
is still given byls. In the discrete case the scanning grdsipas the general form
specified by (76) and the reading group becoiags- Z(ady) x ZP(dy, Tr).

In I (i : 1|b) scanning the matrices andAg have the forms listed in Tab. 6. They
are more complex then the previous ones, as in this caseHifts also provide
the removal of tilting. In continuous scanning the gratigdas the general form
specified in Tab. 4 and the reading group becofags= R x Zib(dy,Tf), the same
as inM (i : 1|b) scanning. Discrete scanning, where the scanning latticddize a
subgroup of the grating of Tab. 4, will be not considered.

Essential parameters. The scanning groups completely specifies the scanning
format and hence the aperiodic model. However, some paeasiietis are redun-
dant. In continuous scanning essential parameters could be

i7 b7 N’ Ff Y (87)

which is in accordance with standard TV format specificateag. 1250/2:1/50 Hz,
which meana\ = 1250,i = 2, F; = 50Hz. In fact, taking the frame dimension
Dy x Dy as reference, from (87), one would obtaip= Dy/N, T, =iT¢ /N, etc.,
which identify the scanning grating in bolif(i : 1/b) andI (i : 1|b) models.
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Table 6 Composite—shift matrices.

memory scannindyl (i:1|b)

V -
Ve —— =y 1 -3y
A= et Ao = et
“lo 1 o0 °“lo 1 o
0 O 1 0 0 1
instantaneous scannirgi:1/b)
%
v 1 Xy
X \
vl v y
A= y Ao= |2 0 —y
vw 0 v Vx
1 0 0 1 0 0
L vk
fundamental relationship@: interlace order)
Vx = DxNFy Vy T = Dy
vy =iDyFy wT =idy

In discrete scanning the integévk a, p, andg must be added to (87) to identify
the reference pixel spacing ds= Dx/M, the true pixel spacingdy, and the lattice
interlace.

5.2 Reproduction

Thereproduction processonsists of recovering a replica of the continuous image
from the video signal. It can be subdivided into two partsillastrated in Fig. 16,

1D—3D standard writing

~interpolation

u(t) — lqsr, {os, los lq
—_— A*l Wol- . F———
r et T 1 s () s 9(-) 3

Fig. 16 Model of the reproduction process.

consisting of

1) recovery of the sampled image from the video signal-3D conversion), ac-
cording to the Dimensionality Reduction Theorem;

2) recovery of the continuous image from the sampled imagterf{yolation), ac-
cording to the Sampling Theorem.
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1) is governed by the Dimensionality Reduction Theoremivéalisjoint projection
condition 2) is governed by the Sampling Theorem via tio@—aliasing condition
0(Lg) C Co, whereCy is a unit cell ofR3 modulol§. The indicating function o€
yields the frequency response of the interpolating filter.

We will now discuss the disjoint projection condition, whibas consequences
for the scanning model, in detail.

5.3 Disjoint projection condition. Adjustments

The scanning groulg can be expressed in terms of the reading giigygsee (86)),
as follows

ls={Potr | tr € Ir, |
wherelg, = Jo x ZP(dy, T ), so thatr has the forn{x, nd,, kT ), with x € Jo, (n,K) €
ZP. The lines can then be written in the form
o = {Aolxnd.KTH) [ xE o}, (K €2, (88)
and the framed lines as
Ok = {Ao(xmdy,ka) | x € nhk}, ne N, (89)

where 1, are subsets aly, and Ny indexes the non—empty lines of the fieQy.
After the change of coordinates with matiy, (89) becomes

e = {(X7 ndy,kTt) | x e mk} = Thk X {(ndy,ka)} (90)

which shows thatt, are just thex—projections of the shifted Iinerﬁ’().

The condition for a correct recovery of the sampled imégi-), from the video
signal, is that,, do not overlap. We now check this condition for the differgpies
of scanning. As we shall see, in some cases the condition satisfied.

M (i : 1|b) continuous scanning. The line projections have the formy = [Shk, S+
D), where

D
qu:(n+kN)i—X, n e Ng.

We note the following: a) all lines are full length with projen of lengthDy,
b) the beginning of the projection of fieldis given by

ak:(nk+kN)% with  ng= pi(kb)

and its length is\k Dy, ¢) the beginning of projection of the frarhas gi, = hNDx.
Hence, in the projection frames are separated By, i.e. by the exact length needed
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for N lines. Because line projections do not overlap within a figdd only condition
is the projection at each field ends exactly at the beginnirigeonext, i.e.

Ok + NkDy = Ok 1- (91)

We now verify this condition (in any case the verification danlimited to one
period). ForM (1:1) scanning verification is trivial. Fdvl(2:1) scanning, we find
0o =0, 01 = 3 (1+N)Dy and gz = NDy. On the other han#lo = Ny = 3N for
N even, and\p = %(n+ 1), Ny = %(N —1) for N odd (see Fig.11). Hence, ft\
odd all the fields appear correctly, whereas fbeven the odd fields have %’;\DX
overlap with respect to even fields, so that éDx shift must be introduced to meet
the disjoint projection condition.

Unfortunately, this offset cannot be achieved by modifying shift matrix. In-
stead the aperiodic model of Fig.15 must be complementedtbyducing a hor-
izontal offsete Dy, whereg = 0 for k even, andsy = —% for k odd. Hence, the
aperiodic model takes the form of Fig.17, where the sampteabe is modified,

modified reading

framing sampling adjustment
14 lq lgs losa | standard  u(t)
> WQ(') l &k Dy T
RS R3 Is Isa | reading| R

Fig. 17 Aperiodicmodel withmodifiedreading.

before the coordinate change, as
EQSA(X, I’]dy, ka) = st(X— £ka, nd),, ka) . (92)

This situation becomes quite frequent with multiple irded, according to the fol-
lowing general result [25]:

Theorem 1.In M (i : 1|b) scanning the disjoint projection condition is assured by a
coordinate change with a matriXo, if the number of lines per frame has the form
N =iZ —b, with Z integer. Otherwise, horizontal adjustmesiSy are needed, such
thateg = 0 and

1
fo= 1t T [ui(kb— N) — i (kb+ b)] . k>l

As an example, itM (3:1|1) scanning folN = 3Z — 1 no adjustment are not needed,
whereas foN = 3Z andN = 3Z — 2 adjustmengyDy are required, witlg; = —1/3,
& =1/3,ande; = 1/3, &, = —1/3, respectively.

[(i : 1|b) continuous scanning. The line projections are given by (see (74)):

n+kN . . .
Tlhk:pnk‘FiiDm n:nk_|7nkank+|7"'ank+NI/(|7
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wherepp = [aDy, Dx) for n=ng —i, pnk = [0, BcDx) for n = ni+ N,i, andpnk =
[0, Dx) for theN, full lines. Hence: a) within the same figkdhe line projections are
consecutive, with a total length

N
(1— ax) Dx+ NDx + BDx = T Dx ;
b) the projections of the beginning of the frames occurNiDy, h € Z, so that they
are separated kyDy. It remains to check that the beginning of the projectiprof
field k is kNDy/i . In fact, the projection of the first full line starts @+ kN) Dy/i
and the beginning of the fractional line is shifted to the I8f (1 — ay) Dx. Hence

ng + kN kN
Ok = ki Dy~ (1—ay) Dx= = Dy.

In conclusion, inl (i : 1|b) scanning the disjoint projection condition is always
verified so that the aperiodic model of Fig.15 is correcthaitt any introduction of
horizontal adjustments.

M (i : 1|b) discrete scanning. The same conclusion seen for the continuous scan-
ning hold. In general if the number of lines does not have ¢thenN = iZ — b hor-
izontal adjustments must be introduced according to TmedeThis guarantees
that the shifted lines always have disjoint projectionsdiscrete scanning, how-
ever, there is the additional requirement that the videmadidomainly consists
of equally spaced points, i.8y must have the lattice forti(ady). In general, this
does not happen even introducing horizontal offsgli. In fact, re—examining the
structure of a discrete ling,k (see Fig.14), we find that the pixels are separated by
ady, with aleft margin mydy and aright margin r,kdy. The condition for uniform
spacing is that the right margin of one line plus the left nraaf the next line equals
the spacingdy, namely

Mk + My ek = a. (93)

Theorem 2.[25] Condition (93) holds if and only if M has the form MaV — p,
with V integer, i.e. if p= pa(—M). Otherwise, a horizontal offset of the fodx
must be introduced, where

Sk = Pa(Mok + 1P —M) — pa(mox+1'p+p), (94)
with myx given by the first line of (77).

The situation is further complicated as the uniform spacmgt be guaranteed
in changes of fields: the right margin of the last line of fikjolus the left margin of
the first line of fieldk+ 1 must be equal tads. Otherwise,

Theorem 3. A horizontal adjustment of the forfydy is required, where
& = Pa(kq—M —WPp) — Pa(ka+0—Z1P), (95)

with
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Vk = Vi(N—1—Kb), z = Vvi(kb). (9589

In conclusionM (i : 1]b) discrete scanning requires horizontal adjustments of the
form
Ank = &Dx + GyiOx + O0x - (96)

If b= pi(—N) the first offset is not required. Ip = pa(—M) the second is not
required. Finally, iff = pa(—MZ), withZ = (N +b) /i, the last offset is not required.
Hence, for anyM, N, a andi we can choose integels p andq such that horizontal
adjustments are not required at all. We shall illustrate plaiint after introducing of
the periodic model.

6 Periodic Scanning Model

By an appropriate periodic repetition of the framed images ipossible to read
the video-signahlong a single straight lineas illustrated in Fig. 18 fot(1 : 1)

y 4
N=4
Dy 3 3
/ /
//
0
0 Dy 4Dy X

Fig. 18 lllustration of reading in the periodic model bfL:1) scanning.

scanning. This possibility was first mentioned in a pioragmvork by Mertz and
Gray [41] for the elementary scanning types.
To derive the general periodic model, reconsider the vidigmal expression (85)
and set
(x,ndy,kT¢) = (x,0,0) + (0,ndy,kTs) .

Then,
WX =Y eQS(AO(x, 0,0) + Ao(0,nd,, ka))
(nkyezp (97)
=) los(Ao(x,0,0)—s), xeJy
3, tos( )

whereSis the 2D lattice ifR2 given by

S= { — Ao(0,nd,,KTt) | (n,K) € zF} . (98)
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By the relationship

fp('[): ZSZQs(t—S), tels:S (99)
(97) yields
Uo(X) = ép(Ao(x, 0, 0)) . ted. (100)

The previous relationships lead to theriodic modebepicted in Fig.19, where

penqdm . 3D—1D zero-reading
repetition sampling
los 14 lps lpsr u(t
Q p l p A pSR |~ | ult)
R3 Ip Ips lpsr |“—=e0 R

Fig. 19 Periodic model of continuous scanning.

1) the framed and sampled imagss(-) is periodically repeated according to (98);
2) the periodic image is read along a straight line with patimequations

(Xs:Ys:ts) = Ao(%,0,0), xe Jo,

which is just the linecgg of the scanning grougds; (see (88)).

The last operation can be decomposed into a change of catedifollowed by a
3D—1D zero-reduction.

The same result is reached when starting from the tempadabvsignal (83),
which after the periodic repetition takes the form

u(t) = eQSp(A(t,o, 0)) . ted. (101)

6.1 Condition for correct recovery

In periodic model line shifts result from repetitions arduthe centerss,x =
Ao(0,ndy, kT¢) and the shifted lines take the form (see (90))

i = e + = {A0(x.0.0) | x€ Thcf (102
so that they are displayed along the Iiu:ﬁ%, i.e. the extension ocqg%). The useful

terms of the periodic repetition are limited to the centggsn € Ny, k€ Z, i.e. the
centers whose terms fall on the Iiug)).
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The condition for correctly recovering the sampled imagenftthe video signal

is that the terms of the periodic repetition falling on thEki:é?(’)) do not overlap. This

means the terms around the centgisn € Ny, k € Z. Considering that the support
of £gsis contained in the 3D fram@®, the condition implies that the sets

Q®+sk, neN,keZ (103)

do not overlap.

In 1(i : 1|b) scanning, the nonoverlapping condition is satisfied fottelterms
of the periodic repetition. In this cag@® is a unit cell of R® modulo S. This,
however, is not a necessary condition since according t8)(1l0e useful terms are
those falling along the Iineé%).

If the sets (103) overlap, horizontal adjustmefitg must be introduced, as in the
aperiodic model. These adjustments can be combined witbrthieary repetition
centerssyk in the form3, = spk+ (Ank, 0, 0) to give modifiedrepetition centers, and
theordinary periodic repetition (99) must be modified accordingly.

I (i : 1|b) continuous scanning. The repetition centers are given by

n+kN
i

sk = —Ao(0,nd,,kTy) = ( DX,kDy7O> . (nk)eZzP, (104)

which lie on thex,y plane and form the lattice

In particular, forc = 0, the latticeS; becomes the orthogonal latti Dy, Dy).
According to (98) the video signal takes the form

U(t) ZEQSF(VXtaVytat)a t €R7 (105)

where the argument runs along the Ing%? of ls.

It can be shown that the lattice of the repetition cen&hswve the right spacing
for Q) to be a unit cell ofR3. Then the condition of a correct recovery of the image
from the video signal is always satisfied for this kind of stag in accordance with
the conclusion of the previous section.

Here are some examples to illustrate the periodic modelllri) scanning the
lattice Sy is Z(Dy, Dy); reading along the lingy is depicted in Fig.18 foN = 4 lines
per frame. I (2:1) scanning the lattic& is still Z(Dy, Dy) for N odd (Fig.20a), but
becomes the quincunx lattizg (%DX, Dy) for N even (Fig.20b). Fig.20c illustrates
1(5:1/4) scanning folN = 13, whereSy = zg (%Dx, Dy). In these examples we can
verify thatQ® is a unit cell ofR3 moduloS.

M (i : 1|b) continuous scanning. The repetition centers are given by
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y
N=5
a) / i=2
Dy b=1
// c=0
0 > D ; SJ:Z(DX~DY)
X X
y
\ \ \ \ \ o e
/ -
b) / i=2
Dy b=1
é/ c=1
0 Dy 6D X %=23(30x0y)
Qo Q1 Q Qs Qa4 t=Ty
© ~ el
k=4 —
k=3 —
c)
k=2— N=13
Y _ _ i—5
b=4
k=1— c=2
5 S=24(§Dx.Dy)
y e .
k=0 —
t=0 Dy "X

Fig. 20lllustrations of periodic model fol(i:1|b) scanning, with = 2 andi = 5.

Shk = —A0(07 I’]d)/7 ka) = <—(I’H— kN) %, ndy, ka) (106)

which no longer lie on the,y plane. Moreover, theik,y projectionssy € & do
not assure tha® is a unit cell ofR?, so that horizontal adjustments are generally
required. The video signal is given by

u(t) = losgWt,0,0),  teR, (107)

and in this kind of scanning the Iirt%%) indeed coincides with theaxis.
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We now illustrate the periodic model fdf (2:1) scanning. With an odd number
of lines the repetition centers (106) provide the exactisgaior Q©® to be a unit
cell, so that the line sequence forms a partition ofxleis, as illustrated foN =5
in Fig.21a. With an even number of lines this is no longer,tsilece the repetition

a) y N=5
Qo Qo
Q
4 QO 4
Q
2 4 QO 3 2
L 0 2 4 1 3 0
0 X
0 2 1
0
b) y N=6 « standard repetition centers
Qo Qo
QA
° Qo °
4 2 Ql 4
L ° Qo L L
2 4 3 2 Q 2
L L ° L
0 2 4 1 3
0 L X
0 2 1 3
0 1
c) y N=6 » modified repetition centers
Qo Qo
Q
° Qo °
4 5 Ql 4
L ° Qo L L
2 4 3 3 [} 2
L ° L
0 2 4 1 3 2 0
0 L L X
0 2 1 3
0 1

Fig. 21 Reading according to the periodic scanning model a) showslkagtandard repetition
centers work well foN odd, b) but they fail folN even and must be modified as in c).

of odd fields overlaps the repetition of even fields (Fig. 2IM)is overlapping is
avoided by horizontally offsetting the repetition centefedd fields (Fig.21c).

In general, according to Theorem 4, the ordinary repetitemters (106) are cor-
rect wherb = p;(—N), otherwise they must be modified with horizontal adjustreent
&Dy.

M (i : 1/b) discrete scanning. The repetition centers and the reading line are the
same as in continuous scanning, li offsets are generally required to guarantee
that the video signal has an equally spaced format. Weridltesthis with a simple
example ofM (1:1) discrete scanning on a quincunx field, with= 6 andN = 4
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(Fig. 22). The ordinary repetition centers (106) provide #xact spacing for the

Qo
""" M=6 N=4 Co=Z3(dx,dy)
F e L] L] .
L o o (e) standard repetition centers
e o o (x) modified repetition centers
y Qo Qo
,,,,, Qo R Qo
. . ¢ T Qo . . ® T
a) 4 . (] . . ® T Qo > ° ° F e . .
L] L] L] L] L] L] L] ® —rT—T—T—T—T L] L] L] > L] L]
““““““ X
‘‘‘‘‘ e o ob o e e
‘‘‘‘‘ e o o
y Qo Qo
,,,,, Qo T Qo
e ] — Qo - e °
b) 2 ° o L] e | —m———— Qo 3 ° ° ] ]
L] L] > L] L] L] L] T L] L] > L] L]
* . * * X
‘‘‘‘‘ e o o] e o e e
®- ®- L] L]

Fig. 22 Reading according to the periodic modelNh(1:1) discrete scanning with a quincunx
frame andVl =5, N = 4. a) The correct recovery condition is not assured with stahdgoetition
centers; the repetition centers must be modified with line adjugtmas in b).

Q® repetition not to overlap so that horizonfald adjustments are not required
(Fig.22a). This, however, does not guarantee an equalbesifarmatZ(2dy) of the
video signal as line 0 as a right margidy2nd line 1 has a left margif, thus giving

a Ay spacing. Line 1 has a right margigand line 2 a left margin 0, thus givingdg
spacing, etc. A correctd? spacing is achieved by modifying the repetition centers
by means ofine adjustmentd,dy, with dx =0, ik = —1, k=1, Ik = -1
(Fig.22b). This is in accordance with Theorem 5 and, indeetth M = 6, a= 2,

p = 1, the conditionp = pa(—M) fails.

Continuing the example fdvl = 7, and in general foM odd, one can see that
line adjustments are not needed. Regardiglg endin accordance with Theorem 6
these are not required as longMBl! is even.

A more elaborate example is found by reconsidering Fig. I$rer it can be
shown that adjustments of all three kinds are required.

7 Fourier Analysis of Scanning Process

The object of this section is to evaluate the Fourier trams$oof the signals involved
in the scanning and reproduction processes. The Fourieftnan of a time—varying
image/(x,y,t) is a complex 3D functior.( fy, fy, f;), where the frequencies have
dimensions of cycles per width (cpw), cycles per height Jcahd cycles per second
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(cps or Hz), respectively. For Fourier analysis a preliminadentification of the
frequency domain is needed, in particular the dyaf the scanning groulg, which
has the form

Is=R3: 15,

wherel{ is the reciprocal ofs.

7.1 Reciprocal scanning group

If Is is orthogonal, the evaluation ¢f is immediate. In particular, ifull format
discrete scanning we have

Is = Z(dy,dy, Tr) —— 15 = Z(Fx, Fy,Ft)

where
1 M 1 N 1

“d D
In M(1:1) continuous scanning

Fx

Is=R x Z(dy, T) —— 1§ = O x Z(Fy, Fy).

These cases apart, according to Propositiolf @npust be evaluated in matrix—
signature representation, namely

(Is,Hg) > 1s —— (1§, HE) — 15. (108)

The signature test shows that

e in continuous scannin@Hs = R x Z?), the reciprocal group is a 2D lattice kP
(Hs=0x 72).
e in discrete scanningHs = Z2), the reciprocal group is a full 3D lattiggg =
Z3).
To evaluate the reciprocal base mairg(the inverse transpose bf), according to
(32), it is convenient to usteiangular forms.
For both continuous and discreté(i : 1|b) scanning an upper triangular form
for Is can be written in terms of fields (see Tab. 3 and Tab. 4). Hence,

- Co cC * . 6 0
'S_[o TJ—AS_{CI . (109)

wherec; = —F¢ ¢/'Cj.
For all types of scanning (see Tab. 3, Tab. 4, and Tab. 5) a lowegtulanform
can be written in terms of the mosaic and the frame period(&&¢. Hence,
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_|Ko O o« |Kg d1
S CIR Rt ki @0
whered; = —F;Kgd.
Explicit results are collected in Tab. 7 for continuous stag and in Tab. 8 for

Table 7 Reciprocals of scanning gratings.

M (i:1|b) scanning: upper triangular representation

1 % olrroo
i | 010 HE=0x 2
= 1 =0 x Z
1o =R O s '
i 00 1
0 0 F

I(i:1|b) scanning: upper triangular representation

1

il 0 0 1 —i —C
[ P 0 i L HE = O x 72
= 1 I -5 E=0x
S lo =R O N S
i 00 1
0 0 F

Table 8 Reciprocals of scanning lattices.

lower triangular representation

*
5= {CO 0} o1 = —F1dCp

a Fr
IR 0 0 i 0 0
ls=]0 iR O a—p a 0 Hg =73

0 0 iF e adi—b) ai

r=ai , e=a(i—b)+i(a—q)+bp
upper triangular representation

Ky dp
1s= 0 d; = —FgKpdr
S {0 Fq:| 1 q™o%o

%FX 0 0 Lboo (b22, bzl)L h
5= 0o LR of|O0 L L—bp|  HE=2°
0 0 Fq 0 0 1

h = (b22 — 1)L + boo(L — bsy) + baabzg
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discrete scanning, and commented on below. Note that scsnégevere manipu-
lated according to the rules of Section II.B.

Decomposition ofl5.  In scanning with memorys is a subset of the corresponding
full-format grouplss;1. Hence, from Proposition 63 O 15,4, and from (13) we can
write

1§ =151.1+P, P=[15:1511), (113)
where the unit celP is a finite set whit a number of points given by ttegluction
factor r (r =i in continuous scanning and= ai in discrete scanning).

Continuous scanning. We first evaluate the vertical-temporal lattie= Z°(dy, Tr).
From the lower triangular representation (11) we have

s ello 00 ') e

For example, the reciprocal @ (dy, Tr) is Z3 (+F,, Fq).
Now, inM (i : 1|b) scanning the scanning group has the factored fgenR x Jy,
hence,

1

Since the points ofg lie in the fy, f; plane, we use the decomposition (111) in the
2D form

Ji =11+ P, P=[3: K1)
whereJ} ., = Z(Fy, F) is the reciprocal of the vertical-temporal latticeNd{1:1)
scanning. The unit ceP containd points, and can be written in the form (see (112))

(kcFiy,kFif), k=0,1,...,i—1.

These points can be placed within the rectafi@|By) x [0, Fr) by replacingkc with
pi(ke), as illustrated in Fig.23 for the first order of interlace

In'1(i : 1|b) scanning the grating is not factorisable and the 2D latds tilted
with respect to thefy, f; plane. For comparison, starting from the upper—triangular
representation of§ (see Tab. 8), we write the scanning pointlgffor M (i : 1/b)
scanning, given by

c
(O, (n+k7) Fy,qu) , nkez,
and forl (i : 1|b) scanning, given by
. 1 k 1
(—(n|+kc)Dx,n+i<c—N> Fy,qu> , nkez.

Discrete scanning. Considering that both the scanning grdg@nd its reciprocal
1% are full 3D lattices, symmetric considerations apply.
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fy fy fy
M(2:1) c=1 M(3:11) c=2 M(3:21) c=1
Y PR Y I Y I
| | | | | |
| | | | | |
| | | [ ] | | [ ] |
| | | | | |
I ° I | | | |
| | | ° | | ° |
| | | | | |
| | | | | |
| | | | | |
0 Fr o f 0 Fr f 0 Fe o f
b M(4:11 =3 b M(4:13 =1 fy
(4:11) c= (423) c= M(5:2]1) c=3
2777 [ 2777 [
l l l l Fy‘fffffffff“
| ° | | P | ° |
| | | | ) )
| ) | | o | ! *
| | | | : ° :
| o ! | ° | | |
| | | | | ° |
| | | | | |
0 Fr & 0 Fo & o Fof

Fig. 23 lllustration of the unit cell ofadditional centersof 15 with respect tdg,.; in M(i:1|b)
scanning.

Comparing (109) and (110) we find

1) The upper—triangular form @§ identifies the field sequen€& = Co + kc. Sim-
ilarly, from the upper—triangular form o we can identify the fields in the fre-
quency domain o

Ck=Co+ke,

which represent the 2D sets obtained frigny fixing the temporal frequency to
the valuesF,.

2) The fieldC, is the reciprocal of the mosaid(ls).

3) The lower—triangular form df identifies the mosaid{(Is) and the field period
L asTq/Ts. Similarly, the lower-triangular form df identifies the mosaid((15)
and the field period.. We also conclude that (see Tab.L8} L.

4) The mosaid((1%) is the reciprocal of the zero—th fie@.

5) The field decomposition in the frequency domain is of threnf@l11) withl.; =

P=1{{hex kir b k=01 r—1l (113
{inex g |

We test these assertions in the following example.
Example 1Consider a scanning lattidg with Hermitian bases
d¢ 0 O d¢ 0 O 1 00

2 1 1
ls=|0 d 0|0 2 1/—|0 d oOf||0 1 0. (119
0 0 Tr]|0 01 0 0 Tr||2 3 4
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Using (109) and (110), after some rearrangement, we olftaifotlowing Hermitian
bases for the reciprocal grolg

1 1
iho 0 0774 o 2 iha 0 07712 00
k=] 0 iR O[]0 4 1|0 iR 0|1 20
o o irJL0 01 o o if Ll 24
(119

From (114) we identify the field sequen€g + kc with Cy = Z%(dx, 2dy) andc =
(dx,dy). The mosaic iSV((ls) = Z(dy, dy) and the field period i& = 4 (Fig.24a).

M(ls) = Z(dx, dy)) M(13) = Z3(3F 5Fy)

e 0
=1
o2
o3
Is 1§
, 3 4 /t/Tf
1
) f;
y/ yTA y/FyTl
3 1
2 3
L :
—_— —_—
0 1 2 3 4 X/dx 0 1 1 3 1 fx/Fx

Fig. 24 Example of a scanning lattidg and its reciprocals: at the top are the mosaics, below the
perspective views.

From (115) we identify the frequency domain field sequeBge kc with Gy =
Z(Fy,Fy) andc = (3R, 1Fy). The mosaic isV((1§) = Z3 (3Fx, 3Fy) and the field
period isl = 4 (Fig.24b). Note that, is the reciprocal oM(Is) andM(1g) is the
reciprocal ofCp.

According to (113) the unit cel is given by

111
P— {k(zFx,4Fy,4Ff> )k:o,l,z,a}.
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7.2 Aperiodic model analysis

Assume that the Fourier transforiaff), f = (fy, fy, f;) € R3, of the source image
is known. Following the aperiodic model of Fig. 15 we can deiee the Fourier
transform in each section and then combine them to find theathwelationship.

For the moment we ignore horizontal adjustments.

1) Framing.The dual transformation is a 2D convolution given by

where (see (39))

2) R3 — IgsamplingThe dual transformation is a periodic repetition wigpetition
centersgiven by the reciprocal groulg

Losf) = 3 Le(f—p). (117)

*
pETg

3) 3D—1D reading. The first part of this operation is a coordinate change with
matrix A. The dual transformation is a coordinate change with mari see
(81)), specifically

Losr(f) = d(A*) Los(A™f), (118

whereA* is given in Tab. 9 for both scanning with memory and instaatars
scanning. The second part is a sum—reduction of the form(8

ut)= 5  losrtYRIR)
(YRotR) €t

The dual transformation is a zero—reduction (see Tab. 2giSpally
U(f)=u(dn) Los f,0,0). (119

Combining (118) and (119) yields:

U(f) = Lo LQS(A*(f,QO)) (120)

whereplp = d(A*) u(Jy). It turns out thajug = 1/(DxDy) = 1 for all types of scan-
ning (see (112) and Tab. 9). According to (120), the FourigngformU (f) of
the video signal is obtained by “reading” the 3D functiogs( fy, fy, ft) along the
straight line described by the parametric equation

(fo. fy, f) =A%(£,0,0),  feR. (121)
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Table 9 Composite—shift matrices and their reciprocals.

memory scannindyl (i:1|b)

Vi —X—; —Vy Vy 00
A=lo 1 o A= Vi 10
0 O 1 :Ly 0 1
instantaneous scannirgi:1/b)
w By 0 7\\% 0
A= vy 0y —Vvy A= 0 fvl
1 0 O 1 o v
fundamental relationship@: interlace order)
Vx = DxN Fy Vi Ty = Dy
vy =iDyFy v Ty =idy

Considering the expression &f given in Tab. 9, forM (i : 1|b) scanning (120)
becomes ¢
U(f) = o LQS(\/X’vy’f) (1229
so that the straight line is determined by the scanning ascIn| (i : 1|b) scan-
ning
U(f) = Lo Los(0,0, f) (122
and the straight line is th& axis.
lllustrations of “reading” operations giving the Fourieatsforms of video sig-
nals are given in Fig.25 favi(1:1) andi(1:1) scanning. In the first case the repeti-
tion centers aré0, rFy,sk), r,s € Z, so that they lie on thé, f; plane. The reading

line istilted with respect to this plane and a typical point be(qé;, Fy, NFq). The

Fourier transfornU (f) of the video signal depends on how the reading line inter-
sects the periodic repetitions bfs(f). Note that in the absence of thiét, U (f)
would be periodic.

It is worth noticing that, using the periodicity dfgs(f), readingU (f) from
Los(f) can be confined within the unit cell x [0,F) x [0,Fy), provided that the
segments of length, of the original reading line are placed within the unit ca8,
illustrated in Fig.25. In this way, making suitable corresgences [25], in particu-
lar x,y,t coordinates withf;, fy, f; coordinates, readind (f) from Log(f) in M (1:1)
scanning is perfectly analogousl{d:1) image scanning, which produags) from
Los(x,y,t) (compare Fig.25a with Fig.18).
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bt N=5
a) Fy
/3/ /
1
NF o —]
Fy 2Fq 3R e [ fe
fy A
b) P N=5

PrF M
N
ko

Fig. 25 lllustrations of “reading” operations giving the Fourieaisforms of video signals: a) for
M (1:1) scanning and in b) fdr(1:1) scanning. In both cases the operation can be reduced to a
scanning process.

Similar considerations hold for readi f) in 1(1:1) scanning, which becomes
analogous tdv (1:1) image scanning, as illustrated in Fig.25b.

Effect of framing. An evaluation of the convolution (116) can be avoided in most
cases, sinc@( fy, fy) can be replaced by an impulééfy) o( fy). However, in some
special cases (see below) framing cannot be neglected.

7.3 Analysis in the presence of horizontal adjustments

The requirements of aadjustmenin some types o (i : 1|b) scanning complicates
the Fourier analysis. The reason is that a horizontal adjeist is not a standard
shift, but acoordinate—dependehbrizontal shift. This is made evident by rewriting
(92) in the form

los(x Y1) = bos(x— A (). vt

whereA () = gDy is the adjustment needed at titne kT;. In the general case (see
(96)), the adjustment has the foiy,t).

The technique for dealing with such a coordinate—depensiaifit may be the
following: subdivide the image inteegionsin which A(y,t) is constant and then,
within each region, apply the standard shift rule of Fouaealysis. We illustrate
this technique for a very elementary case, nanw(2;1) continuous scanning with
an even number of ling¥. In this case a horizontal adjustment@%DX is required
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for odd fields. Let

Gy, = gi(t) Los(x,yit),  i=0,1

whereqp(t) and gy (t) are the indicating functions of even and odd fields, respec-
tively. Then, the adjustment image can be written in the form

1
/QS(X7yat) = KO(Xayat) +£1 (X_ 2DXay>t) .
On the other hand, the indicating functions can be written as
_ } st _ } _ qjTiFst
Qlt) = 5[1+e™], @)= [1-e"],
where the complex form is only apparent, sineans onZ(Ts). Then,
, 1 1
gQS(X?y;[) = é KQS(Xayat) +€QS X— EDX7yvt

1 1
+ > el it |:€Q3(X, y,t) — los (X— 2Dx,y,t>] .

This is interpreted by thélter—modulator modedf Fig.26, where the imagéys(-)

Ho( fx)
Fig. 26 Filter—modulator model X /

of the horizontal adjustment of the los

field. s | @ -

Is IR
H1(fx)
ejZT[Fft
is filtered by twohorizontal filterswith frequency responses
1 1 1 1
= j 5Dxfx _ |1 _ aizDxfx
Ho(fx) 2{1—1—6 2 } , H1(fx) 2[1 elz } .

The output ofH;(fy) is multiplied by theexponential time carrieexp(j2rmFst).
This interpretation leads to the relationship

1
Los(f) = Ho(fx) Los( fx, fy, ft) +Hi(fx) LQS<fx7 fy, fi — 2Ff> :

In generaM (i : 1|b) continuous scanning thield offsetyield a filter—modulator
model withi branches, each containing a horizontal filter and a tempooalula-
tor with exponential carrier. In discrete scanning, dudirie—offsetsthe number
of branches becomesd and the modulators have vertical-temporal carriers of the
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form exp( j (2rFmyy+Fmit)). In each case, once the filter—modulator model has been
identified, the analysis becomes straightforward, and theiér transform of the
adjusted image takes the form

ai—1

L/Qs(f) = z Hm( fx) LQS( fx, fy - me, f — Fmt) .
m=0

7.4 Analysis of reproduction

Using the scheme of Fig.16 it is possible to express the 3[Di§rd1uansforn1:Q(f),

f € RS, of a replica of the framed image in terms of the 1D FouriemgfarmU ( f),

f € J, of the video signal. For the condition of correct reproéhrc{see Section V-
B), this givesLo(f) in terms ofU ().

In the first part of the scheme (EB3D writing) the sampled imagé&ysis recov-
ered fromu(t) in the sequence 1a) ¥B3D hold dimensionality increase, 1b) co-
ordinate change with matrik ~%, 1c) windowing withwqs(x,y,t), the indicating
function of the support of thr'amed and sampled imaggiven by

1sNQ® =IsN[0,Dy) x [0,Dy) x R. (123
The Fourier analysis of this first part is not immediate, bueg result [25]:
Los(f) = /J dA U(A) Wos(f—A"(3,0,0)) . (124)
The Fourier analysis of the interpolating filter is immediatamely
Lo(f) = G(f) Los(f),  feR®,

whereG(f) is the frequency response of the filter.

The formula (124) does not reveal the interpolating nattinerging operation.
A more explicit result is obtained after evaluatigs(f), the Fourier transform of
the indicating function of the set (123). This result is

Los(f) = 22 Wk(fx, fy, f —kFq) U (i —kFy) (125
ke

where thenterpolating functioris given by

W (f) = Qi (fx —kRiz—cuafi, fy — ks —carfi). (126)

Here, Qx(fy, fy) is the Fourier transform of the indicating function of tharfred
mosaicQNM(ls) of the scanning grougf1s, F23,Fg) represents the third column
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of the upper—triangular base I (see Tab. 7 and Tab. 8), afck1, c1,1) is the first
column of the matriXA* (see Tab. 9).
As an example, using the lattice of Example 5 as the scanmogpgwe find

M<I§):Z%<2FX’2FY>7 F13:EFX7F23:ZFy7F33:ZFf7
1 4 4 K 1 1 2 F
C]_l:—: :777 02127: :777
Vyx NDfo NM Ff Vy DxNFq N Ff

Quc( fes fy) = DxDy |Sincy (f<Dx) Sinay (f,Dy)
. 1\ o 1
+ Slnc%M (fXDX— > M) Singy (fyDy— 4N>} .

The last function is illustrated in Fig.27.

A\
W

A\ X

VNN
AN ORI
WAL

>

o

S

\\,\?

O

Fig. 27 Example of the Fourier transfor@u ( fy, fy) of the mosaic indicating function illustrated
forM =12 andN = 8.
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8 Spectral Analysis of Scanning Process

The preceding theory is tacitly based daterministic signal&nd corresponding
Fourier transforms in the frequency domain (Fourier ang)yén alternative, more
sophisticated, approach is basedrandom processeand corresponding spectral
densities in the frequency domain (spectral analysis). [akter is usually per-
formed under the assumption of (wide—sense) station&otya time—varying image
£(x,y,t) stationarity requires that the correlation

re(Ax, Ay, At) AE (X4 AX,y+ Ay, t + At) é(x,y,t)}

is independent of the reference poirty,t). In such case, the spectral densyf)

is defined as the 3D Fourier transform of the correlation.ddohately, in the scan-
ning process most of the operations are not shift invariadt aven starting with
a stationary source image, stationarity is soon lost. Thaer, must proceed with
the tools of spectral analysis for nonstationary randonecgsses, where correlation
becomes dependent on the reference point. Correlationsgearal densities be-
come 6D functions and spectral analysis becomes a fornagaibblem, which falls
outside the scope of the present paper.

Here, we discuss onlgiveragespectral analysis of the video signal, which is
quite simple and very similar to Fourier analysis. Assuniirg the source image is
stationary with given spectral densiy( fy, fy, ft), (fx, fy, ft) € RR3, it can be shown
(by means of nonstationary spectral analysis) that theowilgnalu(t) turns out to
becyclostationarywith periodTg, the frame period. This means that the correlation
ru(T,t) 4 e[u(t+ 1) u(t)] is periodic with respect to the reference titeith period
Tq. Then, theaveragecorrelationr,(1) is obtained by averaging,(t,t) in a period
and, finally, the average spectral density results as theidfavansform ofr,(7),
namely

R_u(f)z/Jdr ro(t)e 7M. fed.

Note thatr,(7) has the same domaih as the video signal, so th&,(f) is a
continuous—frequency function, aperiodic in continuazaming § = R) and peri-
odic in discrete scanning & R : Z(Fe)).

Theaveragespectral density ofi(t) can be calculated following the steps [25]:

1) Evaluate the spectral density afiet — | sampling, as

Re= 3 Rif—p). (127

*
pETS

2) Evaluate the 2D convolution
Reslf) = [, dacday [Qui(@ca) P Ry(f-acfy—a,f) (128
0

where Qy(fx, fy) is the Fourier transform of the indicating function of the
framed mosaic (see above) afglis the mosaic.
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3) Find the average spectral density of the video signagrgby
Ru(f) = 1 Rigs(A*(1,0,0)) (129

i.e. by reading the 3D functid R;.q(f) along the straight line irffy, fy, fi)—
space
(fx, fy, ft) =5 A*(f70,0) .

In (128) the integral extends to a unit c@l?: Kg), which may beR x [0,Fy) in
M (i : 1|b) continuous scanning (see (64)) ajddF) x [0,Fy) in discrete scanning,
when the mosaic i3((ls) = Z(dx, dy).

In most applications the effect of framing is negligibledq®28) can be approx-
imated as

FNafos(f) = Rfs(f) .

This result is obtained by replacin@a (fx, fx)|? (not Qx¢ (fy, fy)) by the appro-

priate impulse. We note, however, that a correct formutatid spectral analysis
in scanning theory requires the introduction of framing.avi@gless results would
otherwise be achieved, in particular the cyclostatioparitthe video signal would
not be recognized. This does not exclude that framing maygkeotedh posteriori

8.1 Example

Consider asinusoidalsource image

£(x,y,t) = Lo cos [2n(fxox+ fyoy + fytt) +¢
wherefo = (fox, foy, for) are fixed frequencies anglis a random phase uniformly
distributed ovel0, 2mT). This image is stationary with spectral density

_1
T4

1
R(f) = > L3 6R3(f—fo)+ZL% Sga(f+fo).
Applying the above procedure yields the following result fioee average spectral

density of the video signal [25]

1

Ruf) = 518 5 [IAc(+) 2 8a(f — for kR + A=) 8a(f + for+KF)| (130)

KEZ

where

8 The functiorR4(f) is an ordinary spectral density, sinké — |s sampling preserves stationarity.
The functionR(f) is a fictitious spectral density, useful in the final calculation
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Ax(+£) = Ho Qi (011( for +kFg) F fox — KFus, Caa(for + KFy) F foy — szg) (1303

andcyy, C1, F13, 23 are the same as in (126).
Note that in this example framing cannot be ignored, sinds éssential for
determining the amplitudes of the spectral lines in (130).

9 Application to HDTV

In principle, High Definition Television (HDTV) does not reige a specific scan-
ning theory since the process is the same as for ordinanjsela, i.e. a conversion
of a time—varying image into a 1D signal. However, the enarsnamount of infor-
mation involved (four times than of standard TV) and the megrunent to use con-
ventional transmission channels and storage media regs@ae operations that
may be regardeds typical of HDTV One of these is theubsamplingechnique,
used in both MUSE and HD-MAC standards, which essentiatlyces the density
of theM (2:1) lattice by a factor of four with a consequent reduciiosignal band-
width. Another typical HDTV operation is tHene—shufflingtechnique, which con-
verts a 1250-line format to a 625—line format, thus assutiaglown—compatibility
of HD—MAC with respect to the MAC standard. A signal theorypeagach to these
techniques is presented in the final chapters of [25]. Heesgxamine multiplexing
of luminance and chrominance information as used in the HBESMtandard.

9.1 Component multiplexing in HD—MAC

In the Multiplexed Analog Components (MAC) system, the Inarice Y) and
chrominancey andV) components are conveyed together in the video sitfhal.
The technique is Time—Compression Multiplexing (TCM). 8fieally, in each line
periodT;, the component¥, U andV are compressed in such a way that a fraction
of Ty, say 2/3, is devoted t¥ leaving the remaining 1/3 td andV. The latter are
inserted alternatively) in even linesy in odd lines.

Conceptually this technique is very simple, although itefelation and analysis
is quite complicated as in normal for TCM. This is becauseegach component
the signal compression does not have the standard digam, wherea > 1 is the
compression factor. Instead it iscgclic compression, which (conceptually) works
at follows: 1) subdivide each component into portions ofgténT;, 2) compress
each portion by the appropriate factor, and 3) shift the qesged portions to the
appropriate time slot. Note that step 1) involweimdowingthe components, with
the consequent complication of the frequency analysis.

It is possible to overcome the above difficulties by workidghe image level
rather than at the video signal level. The idea is to horabntompress the image

14 MAC also provides multiplexing of data, containing audio amels in digital form. Here, for
simplicity, data are neglected.
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signals of theY, U, V components, thus creating a fictitious multiplexed image
from which the scanning process produces the desired riexég video signal.
The simplifying trick relies on the fact that working at tieage levelvindowingis
automatically assured by framing.

We now develop the MAC theory in two steps. First we comtiinendV into a
“color” componentC, and then multiplex andC.

9.2 Alternating combination otJ andV components

This combination does not represent multiplexing, baaplingprocess, since
half of the lines are dropped for each comporiérandV. Referring toM (2:1) con-
tinuous scanning, we examine the vertical-temporal ktiie. Z2(dy, Tr), where
lines are represented by thsirt projections. Originally botiJ andV (as well
asY) fill all Z%(dy,Tf) positions (Fig. 28). However, after thinning out and inter-

componentU componentV alternating combination
o € ZF(dy,Ty)

o € Zg(dy.Ty) , © € Zg(dy,Ty) by oF Z4(dy.Tr)+(20.0)
o (¢} o L] o L]

o o o 4dy o ° o
o [¢] [¢] [¢] ° [e]

o] (0] ] [ ] o] [ ]
dy o o o dy . o (]

T, T T an T

Fig. 28 Alternating components andV from the imageg(-)y and/(-)y.

leaving, between them they fill this lattice. Inspection @.E8c shows that in the
endU fills the points of the sub—lattic&}(dy, Ts), which would correspond to the
vertical-temporal lattice of thigl (4:1|1) scanning, whereaéfills its shifted version
Z3(dy. Tr) + (20, 0).

To correctly write the “virtual” combined image, we must introduce the indi-
cating functiongyy (y,t) andqy (y,t) of the final subsets andV (denoted by and
o in Fig.28c). Then

Las(X,Y,t) = qu (y,t) Los(X, ¥, t)u +av (V1) Los(X, Y, t)v, (131

wherelgs(-)u andlos(-)v areU andV images andqgs(-)c is their alternating com-
bination.

Consider in particular the sampling of the component in they,t plane (no
changes take place ). In this plane the original lattice = Z%(dy,Tf), the final
latticeK = Z1(dy, T¢). Their reciprocals are (see (112)):
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1_1 1_1
1 3
J*:Zz (2 Fy,ZFf> B K*:Z4 <4 Fy,4Ff> (132)
The effects of sampling are illustrated in Fig.29 in termghef spectral supports: in

a) fy4 b) fy4 c) fy}

O
e 00 @ @@
t W‘@_ﬁ ‘@@6@@% <> h
O

Fig. 29 a) Spectral support of componehtsaindV, b) Periodic repetition due td (2:1) scanning,
and c) additional terms due to suppressing half the lines.

a) the original suppowtr(Ly ) of the unsampled componedt in b) the support after
vertical-temporal sampling? — Z3(dy, Tr) = J, which causes a periodic repetition
with centers given by*, and in c) the support aftet}(dy, Tr) — Zz(dy, Tr) = K
sampling, which halves the number of lines. The latter caadditionalrepetitions.
In fact,K* is twice as dense ak, and can be decomposed as

K*zJ*—i—{(0,0),(iFy,iFf)}. (133

This means thakK* can be obtained from a replica 6f, with additional points
given by the(} Fy, 3 Fr)—shifted version of*.

Then, to ensure that the componentan be fully recovered (in the reproduction
process) after having dropped half the lines, the origin@psrt o(Ly) must be
small enough for additional repetitions not to cause aligéis shown in the figure).
The correct condition is that thig, fy projection ofo(Ly ) is contained in a unit cell
of R? moduloK*.

Similar considerations hold for dropping lines of the comg@atV .

These results are confirmed by Fourier analysing the whahaitig—interleaving

operation stated in (131). For such analysis it is converi@ense appropriate for-
mulas for the indicating function's, specifically

15 The technique for finding these formulas is to recognize theitttiicating functions are periodic
and can be expressed by an appropriate impulse, and then to atiganality conditions (37)
(in the present case with= Z3(dy, Tt) : ZZ(dy, Tr)).
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Quyit) = [1+exp12n(

(134)
av(y,t) =

NI~ NI

[1 — expj2n(
Then, (131) yields

1
Los(fle =5 [LQS(f)U + Los(f — fo)u + Los(f)v — Los(f — fo)v} ;
(13
1_1
f=(ffy,f), fo= <0,4Fy,45> ]

The result confirms the presenceaafditionalrepetitions via the frequendy.

9.3 Image multiplexing

The combined color imagéys(-)c obtained by the above procedure can be multi-
plexed with the luminance images(-)y to form a “virtual” image, which scanned
yields the correctly multiplexed video signal. The idedlisstrated in Fig.30, where

Ls()c Los( )y las(+)
Dy Dy Dy ;
|
C Y C . Y
|
|
0 Dx 0 Dy 0 Dy
>
ac=3 ay=3/2 X %

horiz.
compress-
ac
Is {Qs(*) . u(t)
av (y:t) reading ——
Is R
lqs() horiz. :
" lcompress. horiz.
Is ay shift.

Fig. 30 MAC multiplexing performed on the image level by horizontallyngpressing the com-
bined colour imag€ and the luminance imagé

Los(-)c and/qs(-)y are limited to the ordinary frame dimensi¢® Dy) x [0,Dy).
They are then horizontally compressed according to theectise compression ra-
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tiosac anday, namely

los(acx.y,t)c  and  los(avx,y,t)y

where
1 1

— 4 — =
ac ay

In the HD—MAC standard these are eitlegr= 3, ay = 3/2 orac =5, ay = 5/4.

After compression the horizontal frame dimensions becaespectivelyDy/ac

andDy/ay. Then, theY compressed image is horizontally shifted Dy/ac and

summed with th€ compressed image, to give the virtual image

1. (136)

1
éQS(Xa Y»t) = EQS(aCX, Yat)C + EQS (aY (X % DX) 7y7t) . (137)

Note that 1) thevindowingeffect of framing, 2) the reciprocal aspect ratios accord-
ing to (136), and 3) the horizontal shift ¥f ensure correct image multiplexing. It
is straightforward to check that thé(2:1) reading process applied to the virtual
image yields the correct MAC video signal.

Hence, formulating MAQn the image domaimccording to (137) is trivial and
remains very easy even in the frequency domain. In factgusi@mentary rules of
Fourier analysis, from (137) we get

1 f
Los(fx, fy, ft) = ax LQS<8(X:> fy, ft)
1 f ° o) (138)
+ =L X7f7f> g 12mfx(ay /ac)Dx
ay QS(aY g Y

Then, to find the Fourier transform of the video signal, stgrirom Log(f) we can
use (122a), i.85
f f
U(f)—uoLQs<vx,Vy,f>. (139)

In conclusion, for Fourier analysis, starting frarmgs(f)u, Los(f)v andLos(f)y,
we first calculate_gg(f)c according to (135), to then apply (138) and (139).

Similar results are obtained fgpectral analysiswhich, starting from the spec-
tral densities of the luminance and the color images, leadbe average spectral
density of the video signal.
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