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Abstract Given a time–varying image, or more generally a multi–dimensional
source, ascanningprocess eventually produces a one–dimensional signal suitable
for transmission or recovery.Reproductionis the converse process.
The paper deals with a signal theory approach to scanning andreproduction, in
which such processes are decomposed into elementary operations, such as frame–
limitation, sampling, change of signal dimensionality (3Dto 1D and 1D to 3D),
etc. To derive a general theory capable of including the different scanning formats
of interest (continuous or discrete, progressive, interlaced or multiply interlaced) a
unified signal theory is used, in which signals (and their Fourier transforms) are de-
fined on Abelian groups.
A universal model of the scanning process is proposed, in which a specific format
is uniquely specified by a 3D Abelian group. The remaining scanning parameters
are then determined by the condition that the scanning process be invertible (by the
reproduction process). The model is analyzed in the frequency domain with both
deterministic and random inputs.
The theory is finally applied to multiplexing luminance and chrominance signals in
HDTV systems.

This report was written in 1986 in the framework of the European project HD–
MAC for high definition television.
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1 Introduction
Thescanning processmay be regarded as a set of operations which, starting from a
time–varying image, more generally from a multi–dimensional source, finally pro-
duces a one–dimensional signal (hereafter, thevideo signal), i.e. a signal suitable
for transmission or recovery. Thereproduction processconsists of the inverse oper-
ations.

The television scanning theory began with television itself, with the fundamen-
tal work of Mertz and Gray [41], who introduced theperiodic modelof scanning.
Later fundamental contributions were made by Robinson [37], Drewery [42], Tonge
[43] [44] [45] and Dubois [39]. However, to the author’s knowledge a systematic
approach with an appropriate “signal formulation” has never been proposed. In fact,
as will soon be evident, a “signal formulation” is essentialfor the kind of operations
involved in scanning and reproduction.

To begin, let us consider the simplest form of scanning process, according to
the progressive 1:1 format, with the aim of illustrating the nature and variety of
the operations involved. The source image is spatially unlimited, so that the first
operation is to limit the image to theframe(Fig.1), a rectangleQ= [0,Dx)× [0,Dy).
The limited image is temporally sampled to capture pictures(or fields) every Tq

seconds and each field is divided intoN equally spacedlines (vertical sampling).
Finally, the lines of each field are sequentially read to pickup a signal proportional
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Fig. 1 The grating of progressive scanning (with memory) of a time–varying image and the corre-
spondingvideosignalu(t)
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to the image luminance (or chrominance). Thus, the video signal consists of replicas
of the image signal portions limited by the line–field format.

The equations for the operations described are as follows. The time–varying
source image is a 3D signal, which we write in the form

ℓ(x,y, t) , (x,y, t) ∈ R
3

wherex, y andt are the horizontal, vertical and temporal coordinates, respectively.
All three coordinates are continuous and unlimited, so thateach takes a value from
the set of real numbersR. The frame limitation1 is simply expressed by the relation-
ship

ℓQ(x,y, t) = wQ(x,y) ℓ(x,y, t) , (x,y, t) ∈ R
3 (1)

wherewQ(x,y) is the indicating function of the frameQ. Hence,ℓQ(x,y, t) is set
to zero outside the frame. The image domain after sampling, i.e. the subset ofR3

consisting of the field–line format, can be written as the Cartesian product:

IS = R×Z(dy)×Z(Tq) (2)

whereZ(d)
∆
= {nd | n ∈ Z}, dy = Dy/N is the vertical line spacing, andTq is the

frame period. Hence, the sampling operation is given by

ℓQS(x,y, t) = ℓQ(x,y, t) , (x,y, t) ∈ IS (3)

where(x,y, t) ∈ IS states thatℓQS(·) is obtained fromℓQ(·) by a domainrestriction
from R

3 to IS.
The final 3D→1D conversion, which produces the video signalby readingthe

image along theIS lines, can be written in the form

u(t) =
+∞

∑
n =−∞

+∞

∑
k =−∞

ℓQS

(
vx(t −nTr −kTq), ndy, kTq

)
, t ∈ R (4)

wherevx is the horizontal velocity of the line reading operation andTr = Tq/N
is the line period. In (4)n could be limited from 0 toN−1. However, after frame
limitation the infinite summation would not add new contributions. Moreover,ℓQS(·)
could be replaced byℓQ(·) since in (4) it is automatically confined withinIS, but with
this replacement we would lose the underlying sampling operation, with awkward
consequences for the frequency domain analysis.

From the above simple formulation we can make the following observations.
The scanning operation involves different kinds of signals: the source image is a
3D signal defined onR3, and remains so after frame limitation, the sampled image
is defined on the 3D (discrete) grating IS, given by (2), and the video signal is a
continuous–time 1D signal defined onR. If we pass fromcontinuousscanning to
discretescanning, where even the horizontal coordinate becomes discrete,IS be-

1 The frame limitation is usually neglected in the literature. Its introduction, however, is essential
for a correct formulation of the scanning process.



4 Scanning Theory with Application to High Definition Television (HDTV)

comes a 3Dlatticeof the form

IS = Z(dx)×Z(dy)×Z(Tq) , (5)

wheredx is the horizontal spacing, so that the final video signal becomes a discrete–
time signal whose domain is of the formZ(Te), whereTe is thepixel period.

If we go from the 1:1 progressive format to the 2:1 interlace format, and to higher
order interlace formats, we will find a variety of discrete gratings and lattices, with
the novelty that they are no longer factorisable as in (2) and(5).

Finally, we note that the continuous 1:1 progressive scanning outlined above may
be taken as an approximation to the real scanning process performed by conven-
tional cameras, since we have tacitly assumed that the imagefields are taken at the
instantskTq, k∈Z, like film frames, and that the line scanning is performed on these
fixed–time frames (Fig.2a). This model will hereafter be called thememory model,
since it implies image storage at field level. In conventional cameras, lines are not
taken from a fixed–time frame since the image signal evolves during line scanning
operations so that we have to writeℓ(·, ·, t) rather thanℓ(·, ·,kTq). We then pass to
the instantaneous model(Fig.2b), where fields and lines are tilted with respect to
thex,y plane and the grating must be modified to

IS =
{

vx(t −nTr −kTq), vy(t −nTr −kTq)+ndy, t
∣∣∣ n,k∈ Z , t ∈ R

}
(6)

wherevx andvy are the horizontal and vertical velocities, respectively.
In conclusion, a large variety of signals are involved in scanning theory, so that a

unified signal theory approach is essential.
The paper is organized as follows. In Section II we give the signal theory prelimi-

naries needed for a general formulation of the scanning theory. These are essentially:
a unified formulation of signals and Fourier transforms based on Abelian groups, a
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Fig. 2 The two fundamental models of scanning: a) thememoryprogressive scanningM (1:1) and
b) theinstantaneousprogressive scanningI (1:1).
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unified formulation of linear systems, which may include a change of signal dimen-
sionality, and theorems concerning the possibility of signal recovery after sampling
and dimensionality reduction.

Section IV deals with thescanning group, i.e. the subset ofR3 on which the
time–varying image is picked up.

Sections V and VI deal with the two universal scanning models(periodic and
aperiodic), in which a given scanning process is completelyspecified by a scanning
group. The remaining parameters are implied by the condition of invertibility, i.e.
by imposing a correct recovery of the time–varying image from the video signal
by the reproduction process. In Section VII and VIII these models are used for the
frequency domainanalysisof the scanning and reproduction processes.

In the final section the theory is applied to study the MAC multiplexing of lumi-
nance and chrominance components used in the European proposal for HDTV.

2 Unified Signal Theory
In this section we summarize the Unified Signal Theory [23] [22] [25], of which
scanning theory is the most successful application to date.The fact that all signal
domains are Abelian groups is the key to unification.

2.1 Abelian groups inRm

Only subgroups ofRm, the additive groups of them–tuples of real numbers, are

considered. The 1D additive groupsR, Z andO
∆
= {0}, the trivial group, are used

as a reference to construct multi–dimensional groups.

Definition 1. Let J be a non–singularm×m real matrix and letH = H1×·· ·×Hm,
whereHi may be eitherR or Z or O. An Abelian group inRm specified by the pair
(J,H) is the set

J =
{

Jh | h ∈ H
}

, (7)

where the matrixJ is thebaseof the group,H is thesignature, and the pair(J,H)
is arepresentationof the group.2

By partitioning the baseJ into its column vectors, sayJ = [j1 . . . jm], we find
that j1, . . . , jm are linearly independent real vectors of them–dimensional Euclidean
spaceRm (denoted by the same symbol as the corresponding group). Letting2 h =
(h1, . . . ,hm), the compact form (7) becomes

J =
{

h1j1 + . . .+hmjm | h1 ∈ H1, . . . ,hm ∈ Hm

}
, (7a)

2 In matrix operations,m–tuples of the form(h1, . . . ,hm) denote column vectors.
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which states thatJ is given by all the linear combinations of the vectorsj1, . . . , jm,
where thei–th coefficient is real ifHi = R, integer ifHi = Z and zero ifHi = O.

The signatureH states the nature of the group. IfH = R
m the groupJ is R

m

itself (thecontinuous m–dimensional group). IfH = Z
m the groupJ is a lattice (a

discretem–dimensional group). IfH = R
p×Z

m−p with 1≤ p< mor a permutation
of such factors, the group is agrating (a mixedm–dimensional group). The signa-
ture also states the dimension of the group: ifH does not containO the group is
full–dimensional, otherwisereduced–dimensional.3 More specifically, ifH contains
O m−n times, the group is said to bean n–dimensional group inRm. Thus, ifm= 3
andH = Z

2×O the group is a two–dimensional lattice inR
3. We shall always as-

sume that signal domains are full–dimensional groups; reduced–dimensional groups
will only be considered in connection with periodicity (seebelow).

A few examples of groups are illustrated in Fig.3: at the top we have a 2D grating
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Fig. 3 Examples of groups inR2 and inR
3.

3 Reduced–dimensional groups could be introduced by letting the base matrix be singular, but we
find it more convenient to work on the signature.



2 Unified Signal Theory 7

and two 2D lattices, at center a 1D grating and a 1D lattice inR
2, and at bottom a

3D lattice. Note that Fig.2 gives two examples of 3D gratingswith signatureR×Z
2.

The above is a generalization of the lattice definition [39].Note that within the
lattice class the signature specification is redundant; it is, however, essential for the
present, more general class.

2.2 On group representations

The representation(J,H) of a groupJ is not unique. Firstly, the combined permu-
tation of the columns ofJ and of the factors ofH yields the same groupJ. Hence,
without loss of generality, the signature of anm–dimensional group can be written
in the formR

p×Z
q×O

s with p+ q+ s= m and p,q,s≥ 0. Secondly, for a fixed
signatureH, the base is not unique. In particular, for a full–dimensionality latticeJ
with baseJ any matrix of integersE such that detE = ±1, the matrixEJ provides
another base forJ [61]. For the continuous groupRm any non–singular matrix is a
correct base. Finally, intermediate considerations hold for gratings (see below).

Hereafter, the notation(J,H) 7→ J stands for “the groupJ determined by the
representation(J,H)”.

Canonical representations. It is often convenient to refer to “canonical” (or “min-
imal”) representations to economize on specification and tosimplify comparisons.
For full–dimensional groups the signature can be set to the standard formR

p×Z
q,

whereas the simplification of the base depends on the nature of the group. For the
continuous groupRm the identity matrix is the canonical base.

Theorem 1.For a grating with signatureRp×Z
q a canonical base has the parti-

tioned form

Jδ =

[
δδδ 0
E F

]
(8)

whereδδδ is the p× p identity matrix,0 is p×q, E is q× p andF is a non singular
q×q matrix.2

Note that with such a base the scanning point on the grating can be written in the
form t = (tr , td) with

tr = r , td = Er +n , r ∈ R
p , n ∈ F (9)

whereF is theq–dimensional latticeF = {Fs | s∈ Z
q}.

The form (8) can be obtained by starting from an arbitrary representation [25].
We illustrate the procedure for the 3D grating of the instantaneous scanning model.
The coordinates in (6) are given by




x
y
t ′



 =




vx −vxTr −vxTq

vy −vyTr +dy −vyTq

1 0 0








t
n
k



 , t ∈ R , (n,k) ∈ Z
2 .



8 Scanning Theory with Application to High Definition Television (HDTV)

Sincex∈ R we can setx = r ∈ R to get



x
y
t ′



 =




1 0 0

vy/vx dy 0
1/vx Tr Tq








r
n
k



 , r ∈ R , (n,k) ∈ Z
2

where the 3×3 matrix has the minimal form (8) withp = 1 andq = 2.
For lattices the minimization is less trivial. In the sublattice class of the orthogo-

nal latticeZ(d1, . . . ,dm)
∆
= Z(d1)×·· ·×Z(dm) the following result holds [25] [40].

Theorem 2.The baseJ0 of any sublattice ofZ(d1, . . . ,dm) can be written in the
upper–triangular form

J0 =





d1 0 . . . 0
0 d2 . . . 0
...

...
. . . 0

0 0 . . . dm









a11 a12 . . . a1m

0 a22 . . . a2m
...

...
. . .

...
0 0 . . . amm



 (10)

where the diagonal matrix is the base ofZ(d1, . . . ,dm). The triangular matrix con-
sists of non–negative integers, with positive diagonal entries and non–diagonal en-
tries that are smaller than the corresponding diagonal entries. A lower–triangular
form with the same constraints is also possible.

Example 1.ThequincunxlatticeZ1
2(d1,d2) is the set of pairs(n1d1,n2d2) wheren1

andn2 are either both odd, or both even integers. It is a sublatticeof Z(d1,d2) with
canonical bases

[
d1 0
0 d2

][
2 1
0 1

]
,

[
d1 0
0 d2

][
1 0
2 1

]
.

A general sublattice ofZ(dx,dy) will be denoted byZb
i (d1,d2), wherei andb are

integers, with 0< b < i, andb relatively prime toi. The corresponding triangular
bases are [

d1 0
0 d2

][
i b
0 1

]
,

[
d1 0
0 d2

][
1 0
b̃ i

]
(11)

whereb̃ is the solution of the integer equationmi+ b̃b= 1, with m∈ Z and 0< b̃ <
i. 2

Manipulation rules. The triangularization procedure of an arbitrary base and con-
version from lower–triangular to upper–triangular form are, in general, not trivial,
even if they can be mechanized [70].

We recall the following rules for lattice base transformations

1) a column multiplied by an arbitrary integer can be added toanother column,

2) a column can be multiplied by−1.
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The application of these rules, possibly repeated, to a given baseJ is equivalent to
a left multiplication by an integer matrixE with detE = ±1, and therefore does not
change the lattice. We give the following example of manipulation

J =




3 7 4
2 −5 −3
0 0 −1



 →




3 16 4
2 1 −3
0 0 −1



 →




−29 16 4

0 1 −3
0 0 −1





→




−29 16 52

0 1 0
0 0 −1



 →




29 16 −52
0 1 0
0 0 1



 →




29 16 6
0 1 0
0 0 1





where the last is an upper–triangular form with the constraint of Theorem 2.

Determinant and density of a group. The absolute value of the base determinant,

d(J)
∆
= |detJ|, is thedeterminant, its reciprocalµ(J)

∆
= 1/|detJ| is thedensity

of the group(J,H) 7→ J. In general,d(J) andµ(J) depend on the specific base of
the group. For a latticeJ they are independent ofJ and consequently denoted by
d(J) andµ(J); µ(J) effectively represents the latticedensity, measured in number
of points per unit volume ofRm. In any case, referring to a canonical representation
the above quantities become specific to the group.

Group transformations and improper representations. Let (J,H) 7→ J and let
A be a non singularm×m real matrix. The linear relationshipv = At , t ∈ J, defines
the scanning point on a new group inR

m

K = {At | t ∈ J} = {AJh | h ∈ H}

with representation(AJ,H). Comparison of the last relationship with (7) shows that
any groupJ can be thought of as a linear transformation of its signatureH. The pair
(A,J), which uniquely determines the groupK, may be regarded as animproper
representationof K, with improper baseA andimproper signature J.

As an example, the latticeZb
i (d1,d2) has aproper representation(J,Z2), where

J may be one the matrices given by (11). The same lattice has theimproper repre-
sentation [

d1 0
0 d2

]
, Zb

i (1,1) . (12)

2.3 Regular pairs and unit cells

Unit cells play a fundamental role in an advanced signal theory.

Definition 2. Let I0 be a group inRm andS a subgroup ofI0. This will be called
a group pair in R

m and denoted byI0 : S. The pair is said to beregular if I0 is
full–dimensional andS0 is a lattice.
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Definition 3. Let I0 : Sbe a group pair inRm. Any subsetC of I0 is aunit cell of I0
modulo Sif the sets4 C+ s, s∈ S form a partition of I0, i.e.

⋃
s∈S [C+ s] = I0 and

(C+s)∩ (C+ t) = /0, s 6= t.

Group pairs will be used in signal and Fourier transform specifications. The stan-
dard definition of unit cells usually refers to the caseI0 = R

m and S given by a
full–dimension lattice [39], but the definition given here it is general.

Note that any member of the classC+s, s∈S, is itself a unit cell, so that the class
representsa partition of I0 into unit cells. We shall denote a unit cell determined by
the pairI0 : S in the form5 [I0 : S); hence, the partition ofI0 can be written as

[I0 : S)+S= I0 . (13)

Fig.4 illustrates two examples of 2D unit cells for the standard case whereI0 = R
2
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Fig. 4 Examples of cells ofR2 moduloZ(d1,d2) and ofR2 moduloZ
1
2(d1,d2)

andSis a lattice. Fig.5 illustrates four examples of 2D discreteunit cells where both
I0 andSare lattices.

Proposition 1. [I0 : O
m) = I0 and[I0 : I0) = O

m for an arbitrary group I0.

4 C+sdenotes thetranslatedset{c+s | c∈C}.
5 This notation recalls that right open intervals, such as [0,1)or [− 1

2 , 1
2), are unit cells ofR modulo

Z. More generally,[a+d, d) = [R : Z(d)) for anyd ∈ R.
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Fig. 5 Examples of 2D discrete unit cellsP: cell points are enclosed in a dashed box.

Proposition 2. If I0 and S are full–dimensional lattices, the unit cell[I0 : S) is a
finite set whose number of points is given by d(S)/d(I0) = µ(I0)/µ(S).

Proposition 3. Let (S,Zm) 7→ S. The set P0 = {Sh | h ∈ [0,1)m} is the fundamental
parallelepiped of the lattice S [39]. It follows that P0 = [Rm : S). This result still
holds if the m–dimensional cube[0,1)m is replaced by[−1

2, 1
2)m so that P0 becomes

a centered fundamental parallelepiped. Note that P0 depends on the basisSof S and
different bases yield different parallelepipeds.

Proposition 4. The previous result is thus generalized. Let(S,Rp ×Z
q ×O

s) 7→
S. The set P0 = {Sh | h ∈ O

p × [0,1)q ×R
s} may be regarded as the generalized

fundamental parallelepiped of the group S. Then P0 = [Rm : S).

Proposition 5. If C = [Rm : S), then C∩ I0 is [I0 : S).

The last two propositions let us identify unit cells for an arbitrary group pair in two
steps. However, the variety of unit cells is very wide [39], [61] and goes beyond the
class identified by this procedure.

2.4 Signal specification by a group pair

A (deterministic) signal may be conveniently defined as a mappings: I0 →C, where
I0 is an Abelian group andC is the set of complex numbers. Signals will be denoted
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in the forms(t), wheret denotes anm–tuple of arguments(t1, . . . , tm) andm is the
dimensionality.

The nature of a signal is essentially determined by its domain I0, which may
be one–dimensional as well as multi–dimensional; it may be continuous, discrete
(lattice) or mixed (grating).

It is desirable to complete the signal specification in termsof a regular group pair
I0 : S, whereSrepresents the invariance property

s(t −p) = s(t) , p ∈ S, (14)

which generalizesperiodicity. If S is a full–dimensional lattice, (14) expresses stan-
dard periodicity. IfS is n–dimensional, with 0< n < m, the invariance onS states
that the signal is periodic inn directions and aperiodic in the rest. IfS= O

m the
invariance becomes irrelevant, on the other hand, ifS= I0 the signal is constant.

For a given signal, the choice of the invariance subgroup is not unique. In fact,
if S0 is the largest subgroup that satisfies condition (14), the signal isS invariant for
any subgroupSof S0. For example, a continuous–time signal having periodT0 can
be specified not only ass(t), t ∈ R : Z(T0), but also by the pairR : Z(2T0) or by
R : Z(3T0) and, as a limiting case, byR : O. The specific choice will depend on the
context.

A signal with the property (14) will be denoted in the forms(t), t ∈ I0 : S and
simplified tos(t), t ∈ I0, asS= O

m (in most respects the degenerate pairI0 : O
m is

equivalent to the groupI0).

Remark. The idea of group pairs is strictly related toquotient groups. Indeed, a
one–to–one correspondence (isomorphism) can be established between the class of
signals specified by a pairI0 : Sand the class of signals (complex function) defined
on the corresponding quotient groupI0/S [67]. Our preference for group pairs is
mainly because quotient groups, which are sets of sets, are too cumbersome for a
Signal Theory.

2.5 The Haar integral

To continue with the unified approach a linear operator that enables the introduction
of convolution, Fourier transformation, etc., is required. The appropriate operator is
the Haar integral [54], here denoted by

∫

I
dt s(t) , (15)

whereI = I0 : Sis a regular pair inRm. The construction of the Haar integral, starting
from the Haar measure, is covered in many treatises on Topological Groups [57][59]
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[58] [55]. Within the class of Abelian groups inRm, thedefinitionof (15) can be
given in three steps.6

1) For the casesI = R and I = Z the Haar integral is, respectively, the Lebesgue
integral ∫

R

dt s(t)
∆
=

∫ +∞

−∞
s(t) dt , (16a)

and the series summation:
∫

Z

dt s(t)
∆
= ∑

t∈Z

s(t) . (16b)

2) If I = J is a full–dimensional group inRm, the Haar integral is given by
∫

J
dt s(t) ∆

= d(J)

∫

H
dh s(Jh)

= d(J)
∫

H1

dh1 . . .
∫

Hm

dhm s(h1j1 + . . .+hmjm) ,
(17)

whereJ = [j1, . . . , jm] is the base andH = H1×·· ·×Hm is the signature of the group
J. SinceHi may beR or Z, the one–dimensional integrals

∫
Hi

dhi on the second line
turn out to be defined according to (16). For example, ifJ = R×Z(dy)×Z(Tq) is
the 3D grating of the 1:1 scanning format, considering the representation

J =




1 0 0
0 dy 0
0 0 Tq



 , H = R×Z×Z

from (17) we obtain
∫

R×Z(dy)×Z(Tq)
dt s(t) = dyTq

∫

R

dh1

∫

Z

dh2

∫

Z

dh3 s(h1, h2dy, h3Tq)

= dyTq

∫ +∞

−∞
dh1 ∑

h2∈Z

∑
h3∈Z

s(h1, h2dy, h3Tq) .

3) If I = I0 : S is a regular group pair, the Haar integral is the integrallimited to a
unit cell [I0 : S), namely

∫

I0:S
dt s(t) ∆

=
∫

[I0:S)
dt s(t) =

∫

I0
dt s(t) η[I0:S)(t) , (18)

6 In the author’s opinion the abstract definition of Haar measure and integral falls outside the scope
of a Signal Theory.
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whereη[·] denotes the indicating function, and the last integral is evaluated accord-
ing to (17). When the pair degenerates toI0 : O

m, the integral (18) becomes the
integralover the whole group I0 given by (17).

We note that the Haar integral is unique within a multiplicative constant [58]. In
the above definition the constant is set equal to the group determinantd(I) so that
any ambiguity is removed. There are several reasons for thischoice, one being that it
achieves a perfect symmetry between the signal domain and the frequency domains.

Properties. The Haar integral has the following properties7

a) It is independent of the specific representation(J,H) of the group.

b) It is shift–invariant, so that for anyp ∈ J
∫

J
dt s(t −p) =

∫

J
dt s(t) , p ∈ J . (19)

c) It is invariant to coordinate inversion, that is,
∫

J
dt s(−t) =

∫

J
dt s(t) . (20)

d) If J is a Cartesian productJ1×·· ·×Jm, then
∫

J
dt s(t) =

∫

J1

dt1 . . .

∫

Jm

dtm s(t1, . . . , tm) . (21)

Specific cases.From (17) it follows that

1) The Haar integral on 1D groups is the Lebesgue integral, ifJ = R, while on the
latticeZ(d) it becomes

∫

Z(d)
dt s(t) = d

+∞

∑
n =−∞

s(nd) . (22)

2) The Haar integral onRm is anm–dimensional Lebesgue integral

∫

Rm
dt s(t) =

∫ +∞

−∞
. . .

∫ +∞

−∞
s(t1, . . . , tm) dt1 . . .dtm. (23)

3) If J is a lattice ∫

J
dt s(t) = d(J) ∑

t∈J
s(t) (24)

i.e., the Haar integral is given by the weighted sum of the signal values, where
the weightd(J) is independent of the group representation.

4) If J is a grating specified by canonical representation (8)

7 These properties hold for the groups inR
m, but more generally on anylocally compact Abelian

group[60].



2 Unified Signal Theory 15

∫

J
dt s(t) = d(F)

∫

Rp
dr ∑

n∈F
s(r , Er +n) . (25)

Haar measure. The integral extended over any (Haar measurable) subsetA of a
groupJ can be defined by

∫

A
dt s(t) ∆

=
∫

J
dt s(t) ηA(t) , (26)

whereηA(t) is the indicating function ofA. The Haar measure ofA can then be
introduced8 as

mis(A) =

∫

A
1dt =

∫

J
dt ηA(t) . (27)

Use of (17) in (27) yields the particular result: ifJ = R
m the Haar measure is the

same as the Lebesgue measure; ifJ is a lattice the Haar measure isd(J) times the
number of points of the setA. In all case the Haar measure is shift invariant, i.e.
mis(A+p) = mis(A) for anyp ∈ J.

2.6 Convolution and impulse

Let I = I0 : S be regular group pair inRm and 0< p < ∞; thenLp(I) denotes the

class of signals for which the norm‖s‖p
∆
= [

∫
I dt |s(t)|p]1/p exists and is finite. For

any pair of signalsx(t), y(t) in L1(I) the convolution is defined as

x∗y(t) =
∫

I
du x(t −u) y(u) , t ∈ I . (28)

This definition unifies many definitions, such as ordinary convolution on the real
line R, cyclic convolution for periodic signals, etc..

Definition 4. The impulse on a regular pairI is the unitary element of convolution,
i.e. a signalδI (t), such thatx = δI ∗x for anyx(t), t ∈ I .

The existence of such a unitary element is predicted by [60].

Theorem 3.The convolution in L1(I) has a unitary element, if and only if I is dis-
crete.

Hence, the existence of the impulse inL1(I) is assured whenever the groupI0 in
the pairI = I0 : S is a lattice. In the other cases, i.e. whenI0 is R

m, or a grating, the
impulse must be treated as a distribution [60] rather than anordinary function. We
illustrate this in the 1D case (Fig.6). ForI = Z(T) the impulse is an ordinary func-
tion: δZ(T)(t) = 1/T for t = 0, and 0 otherwise; hence it is essentially a Kronecker

8 The Haar measure is a preliminary to the Haar integral. In the present approach the roles are
reversed.
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Fig. 6 The 1D impulses (delta functions are represented by arrows).

delta. ForI = R the impulse is a delta distribution (denoted by an arrow in Fig.6).
For I = Z(T) : Z(Tp) andI = R : Z(Tp) the impulses are periodic repetitions of the
previous ones.

We note the following properties of the impulse

x(p) =
∫

I
dt x(t) δI (t −p) , p ∈ I0 (29a)

δI0:S(t) = 0, t 6∈ S (29b)

δI0:S(t) = µ(I0) , t ∈ S (I0 lattice) (29c)
∫

I
dt δI (t) = 1 (29d)

δI0:S(t) = ∑
p∈S

δI0(t −p) . (29e)

a) is known as therecoveryproperty; b) and c) state that the support ofδI (t) is given
by the periodicityS, in particular, in the aperiodic case the support is limitedto the
origin; e) relates the impulse on a pairI0 : S to the impulse onI0.

2.7 Frequency domain and Fourier transform

A preliminary to the introduction of the Fourier transform is the identification of the
frequency domain. If the signal is specified by the pairI = I0 : S, then the Fourier
transform is specified by thedual pair, which has the form

Î = S⋆ : I⋆
0 , (30)
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where⋆ denotes thereciprocalgroup. Hence, the frequency domain is the reciprocal
of the signal periodicitySand the frequency periodicity is the reciprocal of the signal
domainI0.

Definition 5. The reciprocal group J⋆ of a given groupJ in R
m is the set of all

m–tuplesf = ( f1, . . . , fm) such that9 f′t = f1t1 + . . .+ fmtm is an integer for allt =
(t1, . . . , tm) ∈ J, i.e.J⋆ = {f | f′t ∈ Z , t ∈ J}.

Proposition 6. If J is a subgroup of K, then J⋆ is a subgroup of K⋆.

Proposition 7. For the 1D groups inR it follows that

R
⋆ = O , Z

⋆ = Z , O
⋆ = R . 2 (31)

Proposition 8. If the group J is the Cartesian product J1×·· ·× Jm, the reciprocal
group is J⋆1 ×·· ·×J⋆

m.

From Propositions 7 and 8, the reciprocalH⋆ of any signatureH can be evaluated.
As an example, the reciprocal ofH = R×Z

2 is H⋆ = O×Z
2.

Theorem 4.For a general group(J,H) 7→ J the reciprocal group is(J⋆,H⋆) 7→ J⋆,
where the matrixJ⋆ = (J′)−1 is the inverse transpose ofJ.

Considering a proper signature written in the formH = R
p×Z

q×O
s, we find

H⋆ = O
p×Z

q×R
s. Hence, ifJ has dimensionsp+q, the reciprocalJ⋆ has dimen-

sionsq+s. In particular

a) If J is a full–dimensional lattice,J⋆ is a full–dimensional lattice.

b) If J = R
m, J⋆ = O

m.

c) If J is a full–dimensional grating with signatureRp × Z
q, then J⋆ is a q–

dimensional lattice with signatureOp×Z
q.

d) The reciprocal of the general 1D latticeZ(d) is Z(1/d).

The evaluation of a reciprocal group requires finding thereciprocal of a square
matrix. Note the simple ruleJ = AB ⋆

−→ J⋆ = A⋆B⋆. Also, matrix partitioning is
often useful. Specifically, the followingblock triangularforms will be used:

[
A B
0 D

]
⋆

−−−→

[
A⋆ 0
B1 D⋆

]
, B1 = −D⋆ B′A⋆ (32a)

[
A 0
C D

]
⋆

−−−→

[
A⋆ C⋆

1
0 D⋆

]
, C1 = −A⋆ C′D⋆ . (32b)

Hence, the reciprocal to an upper triangular base is lower triangular, and vice versa.
Using (32) in Theorem 1 and in (11) yields.

9 ′ denotes matrix transposition.
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Proposition 9. The reciprocal of a grating with signatureRp ×Z
q and canonical

base (8) is a p–dimensional lattice inRp+q, with base

J⋆
δ =

[
δδδ −E′F⋆

0 F⋆

]
. (33)

To find the reciprocal base of the latticeZb
i (d1,d2) consider the second of (11).

Proposition 10.The reciprocal of the 2D lattice Zbi (d1,d2) is the 2D lattice with
base [ 1

i F1 0

0 1
i F2

][
i i − b̃
0 1

]
, F1 =

1
d1

, F2 =
1
d2

,

whereb̃ is related to b as in (11). Hence, it is a sublattice of Z
(

1
i F1,

1
i F2

)
.

In particular, the reciprocal to the quincunx latticeZ1
2(d1,d2) is the quincunx

latticeZ1
2

(
1
2F1,

1
2F2

)
. Other explicit results will be seen in the scanning theory.

Proposition 11. If I = I0 : S is a regular group pair, then̂I = S⋆ : I⋆
0 is a regular

group pair.

The last result is fundamental to Signal Theory since it permits transferring to the
frequency domain all the definitions introduced in the signal domain (Haar integral,
convolution, impulses, etc.).

Having identified the frequency domain, the Haar integral allows us to introduce
the Fourier transform in a unitary form.

Definition 6. Let I = I0 : S be a regular group pair inRm and Î = S⋆ : I⋆
0 the dual

pair. The Fourier transform of a signals(t), t ∈ I , is given by

S(f) =
∫

I
dt s(t) e− j2πf′t , f ∈ Î (34)

and the inverse Fourier transform by

s(t) =
∫

Î
df S(f) ej2πf′t , t ∈ I . (35)

The relevant point is that both the signal and its Fourier transform are complex
functions specified on regular group pairs inR

m, as the integral definitions (17) and
(19) apply to both (34) and (35).

The Fourier transform defined above has essentially the sameproperties as the
familiar Fourier transform onR. For instance, the signals(t −p) has Fourier trans-
form S(f)exp(− j2πf′p), the convolutionx∗ y(t) has Fourier transformX(f) Y(f),
and so on. In particular, the following perfectly symmetrical form of the Parseval’s
theorem holds ∫

I
dt x(t) y∗(t) =

∫

Î
df X(f) Y∗(f) . (36)



2 Unified Signal Theory 19

The following orthogonal conditionslink the impulse function to the Fourier
transform kernel

∫

I
dt ej2πf′t = δÎ (f) ,

∫

Î
df ej2πf′t = δI (t) . (37)

Examples. Elementary examples of Fourier transforms are related to impulses.
Using orthogonality conditions and impulse properties in (34) or (35) gives

δI (t)
F

−−−→ 1, 1
F

−−−→ δÎ (f)

δI (t −p)
F

−−−→ exp(− j2πf′p) .

The Fourier transforms of some indicating functions will beuseful in what follows.
Let

sinc(x) =
sinπx

πx
, sincM(x) =

sinπx
M sin π

M x

Sinc(x) = sinc(x) e− jπx , SincM(x) = sincM(x) e− jπx(N−1)/N

(38)

where sinc is the Woodward function [3] and sincM is its periodic version. Letw1(x),
x ∈ R, be the indicating function of the interval[0,D) andw1M(x), x ∈ Z(d), its
discrete version, withM = D/d. Then, the corresponding Fourier transforms are

W1( f ) = D Sinc( f D) ,

W1d( f ) = D SincM( f D) .
(39)

Suitable combinations yield the Fourier transforms of the indicating functions of the
frame and of its sampled versions.

2.8 Linear transformations

Definition 7. Let I = I0 : S1 andU = U0 : S2 be regular group pairs. A linear trans-
formationI →U is specified by the input–output relationship

y(t) =
∫

I
du h(t,u) x(u) , t ∈U (40)

wherex(u), u ∈ I is theinput signal, y(t), t ∈U is theoutput signaland thekernel
h(t,u), (t,u) ∈U × I characterizes the transformation.

This definition is completely general: the input and output domains may be equal
(I0 = U0) or different(I0 6= U0) and they may also have different dimensions. Fur-
thermore, the input and output periodicitiesS1 andS2 may be different.

Definition 8. The dual of a linear transformationI → U is the linear transforma-
tion Î → Û , linking the Fourier transform of the input signal and the output signal,
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namely

Y(f) =
∫

Î
dλλλ ĥ(f,λλλ ) X(λλλ ) , f ∈ Û (41)

whereĥ(f,λλλ ) is the dual kernel.

It is easily shown that the dual kernel is given by

ĥ(f,λλλ ) = H(f,−λλλ ) , (42)

whereH(f,λλλ ) is the Fourier transform ofh(t,u).
A linear transformation may be the model of a very simple linear system or that

of a very complicated one, e.g. the whole scanning process. However, for the pur-
pose of analysis it is generally convenient to split complicated transformations into
“simple” ones.

2.9 Simple linear transformations

The scanning and reproduction processes (and perhaps most of linear signal process-
ing) can be expressed in terms of a small number of simple linear transformations,
which are now discussed together with the corresponding dual transformations.

Filters and windows. An I → I linear filter is governed by a convolution:y(t) =
g∗x(t), t ∈ I , whereg(t), t ∈ I is the impulse response. AnI → I window is governed
by a product:y(t) = w(t) x(t), t ∈ I , wherew(t) is the windowshape. Clearly, the
dual of a filter is a window and the vice versa.

Coordinate change. This I → IA linear transformation is governed by the relation-
ship

y(v) = x(Av) , v ∈ IA (43)

where bothx andy arem–dimensional andA is anm×m non–singular real matrix.
If I = I0 : S is the input pair, then the output pairIA = I0A : SA is given by

I0A =
{

A−1t | t ∈ I0
}

, SA =
{

A−1s | s∈ S
}

.

Hence, in general, a coordinate change acts on both domain and periodicity.
The dual̂I → ÎA transformation is a coordinate change described by the relation-

ship
Y(u) = d(A⋆) X(A⋆u) , u ∈ ÎA . (44)

impulsive transformations. The next four linear transformations are character-
ized by a kernel of the formh(t,u) = δD(t − u), whereδD is the impulseon an
appropriate pairD and we will call thenimpulsivetransformations. Each of these
is characterized by a specific ordering of the pairsI = I0 : S1 andU = U0 : S (see
below). The object of these transformations is that they do nothing other than mod-
ify the signal domain or periodicity “in the simplest possible way”. The specific
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input–output relationship is obtained from the general relationship (40), giving

y(t) =
∫

I
du δD(t −u) x(u) , t ∈U (45)

to then use impulse properties.
The frequency domain relationships condensed into the following powerful result

[22].

Duality Theorem. The dual of the impulsive transformationI →U is the impulsive
transformation̂I → Û . 2

Considering the specific ordering ofI → U , with the aid of Proposition 6, we find
the correspondence of Tab. 1. We now examine the four impulsive transformations

Table 1 Impulsive transformations and their duals.

impulsive transformation dual transformation

sampling (I0 ⊃U0) periodization (I⋆
0 ⊂U⋆

0 )

y-
I0:S

-
U0:S

−−−−−→-
S⋆:I⋆0

-
S⋆:U⋆

0

domain interpolation(I0 ⊂U0) aperiodization (I⋆
0 ⊃U⋆

0 )

x-
I0:S

-
U0:S

A-
S⋆:I⋆0

-
S⋆:U⋆

0

periodization (S1 ⊂ S2) sampling (S⋆
1 ⊃ S⋆

2)

−−−−−→-
I0:S1

-
I0:S2

y-
S⋆

1:I⋆0

-
S⋆

2:I⋆0

aperiodization (S1 ⊃ S2) domain interpolation(S⋆
1 ⊂ S⋆

2)

A-
I0:S1

-
I0:S2

x-
S⋆

1:I⋆0

-
S⋆

2:I⋆0

in some detail.10

10 In multirate system literature the usual terms areup–samplingfor sampling anddown–sampling
for domain–interpolation. In agreement to this, periodization and deperiodization should be called
up–periodizationanddown–periodization, respectively.
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1) Sampling. I0 ⊃ U0, S1 = S2 = S, D = I . Sinceh(t,u) = δI (t − u), the impulse
property (29a) yields the simple relationship

y(t) = x(t) , t ∈U ,

which states thatx and y take on the same values, since the equality is confined
to the output domain (periodicity is preserved). In the frequency domain the above
ordering yieldŝI = S⋆ : I⋆

0 , Û = S⋆ : U⋆
0 , with I⋆

0 ⊂U⋆
0 . Hence, the duality theorem

states the following periodic repetition (periodization)

Y(f) = ∑
p∈[U⋆

0/I⋆0)

X(f −p) , f ∈ Û . (46)

In most applications the sampling operation has the formR
m →U0, whereU0 is

a lattice or a grating and signal periodicity is neglected. In this case (46) simplifies
to

Y(f) = ∑
p∈U⋆

0

X(f −p) , f ∈ Û . (46a)

2)Domain interpolation. I0 ⊂U0, S1 = S2 = S, D =U . The input–output relationship

y(t) =
∫

I
du δU (t −u) x(u) , t ∈U (47)

cannot be simplified as in the previous case because the integral and the impulse are
on different pairs. The increase of the signal domain could be achieved by inserting
zeros at points ofU0 that are not present inI0. However, the structure of the operation
is less trivial since ,it requires an amplification (possibly infinite) of the original
signal values, as shown in the following examples.

Example 2.Let I0 be a lattice,U0 = R
m andS= O

m. Then, (47) yields:

y(t) =

{
Ax(t) , t ∈ I0
0 , t 6∈ I0

whereA = d(I0)/d(U0) is the amplification. This relationship is illustrated for a
two–dimensional case in Fig.7.

Example 3.Let I0 = Z(d), U0 = R, andS= O. Then, (47) yields

y(t) =
+∞

∑
n =−∞

d x(nd) δ (t −nd)

which corresponds to Woodwardcomboperation [3]. In this case amplification is
infinite.

3) Periodization. I0 = U0, S1 ⊂ S2, D = U . In this transformation the periodicity
is increased, whereas the signal domains remain unchanged.The impulse property
(29e) yields
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Fig. 7 Illustration of domain interpolation from one lattice into a denser lattice. The amplification
is A = 6.

y(t) = ∑
p∈[S2:S1)

x(t −p) , t ∈U

which represent a periodic repetition, with repetition centers given by the unit cell
[S2 : S1). In the limiting caseS1 = O

m the periodization acts on an aperiodic signal,
to produce a periodic signal, whose repetition centers are given byS2.

4) Deperiodization. I0 = U0, S1 ⊃ S2, D = I . In this case, the relationship can be
simplified toy(t) = x(t), t ∈ U . Both signals are defined on the same domain so
that they really are equal. However, the original signal is consideredS1–invariant
and the final signalS2–invariant. For instance in the caseI0 = U0 = R, S1 = Z(5),
S2 = Z(20), a continuous–time signal with period 5 is taken to have period 20 at the
output.

Deperiodization would appear to be an irrelevant transformation, but it has a con-
crete meaning in the frequency domain, where it becomes a domain interpolation.

Elementary changes of dimensionality. The linear transformations of Tab. 2 pro-
vide areductionor anincreaseof signal dimensionality. They are akin to impulsive
transformations in that dimensionality changes are achieved in the “simplest possi-
ble way”, and their kernels are appropriate impulses.

Dimensionalityreductionstake the formU ×V →U , whereU is p–dimensional
andV q–dimensional. Inzero–reductionthe lastqcoordinates of a(p+q)–dimensional
signal are set to zero, i.e.

y(u) = x(u,0) , u ∈U .

In integral–reductionthe signal is integrated with respect to the lastq coordinates,
i.e.

y(u) =
∫

V
dv x(u,v) , u ∈U . (48)

In the frequency domain, zero–reduction becomes integral–reduction, and vice
versa.
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Table 2 Elementary changes of dimensionality.

change of dimensionality dual change of dimensionality

zero–reduction integral–reduction

•

0

-
U ×V

-
U

•
∫

-
Û ×V̂

-
Û

integral–reduction zero–reduction

•
∫

-
U ×V

-
U

•

0

-
Û ×V̂

-
Û

sum–reduction zero–reduction

•

Σ

-
U ×V

-
U

•

0

µ(V)

-
Û ×V̂

-
Û

hold–increase delta–increase

•

h

-
U

-
U ×V

•

δ

-
Û

-
Û ×V̂

delta–increase hold–increase

•

δ

-
U

-
U ×V

•

h

-
Û

-
Û ×V̂

Dimensionalityincreasestake the formU → U ×V. In hold increasethe rela-
tionship is

y(u,v) = x(u) , (u,v) ∈U ×V

which states that thep–dimensional signalx(u) is spread to the(p+q)–domain by
a hold operation. Indelta–increasethe relationship is

y(u,v) = x(u) δV(v) , (u,v) ∈U ×V

i.e. an impulse is attached as a factor to the original signal. In the frequency domain,
hold increase becomes delta–increase, and vice versa.

Tab. 2 lists a third kind of dimensionality reduction,sum–reduction, with the
relationship

y(u) = ∑
v∈V

x(u,v) =
1

d(V)

∫

V
dv x(u,v) ,
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whereV is a lattice. The dual of a sum–reduction is a zero–reductionfollowed by a
multiplication by 1/d(V).11

2.10 Sampling Theorem

The possibility of signal recovery after asampling operationis linked to the lim-
itation of the Fourier transform support. Unit cells provide the appropriate tool.
Consider a sampling of the formRm → Is, whereIs is an m–dimensional lattice
or grating. The sampling relationshipxs(t) = x(t), t ∈ Is in the frequency domain
becomes the periodizationRm → R

m/I⋆
s , with the relationship

Xs(f) = ∑
p∈I⋆s

X(f −p) .

Now, if the support ofX(f) is limited within a unit cell, say

σ(X) ⊂C with C = [Rm:I⋆
s ) , (49)

the terms of the periodic repetition do not overlap (non–aliasing condition). The
original Fourier transformX(f), f ∈R

m can thus be recovered asX(f) = Xs(f) ηC(f),
whereηC is the indicating function ofC. The latter is the frequency domain rela-
tionship of an interpolating filter with frequency responseηC(f).

Theorem 5.Let x(t), t ∈ R
m, have a limited frequency support according to (49).

Then, x(t) can be perfectly recovered after a samplingR
m → Is by an interpolating

filter Is → R
m with frequency responseηC(f).

This theorem summarizes and extends several results available in the literature
[35] [36].

2.11 Dimensionality reduction theorem

The possibility of signal recovery after a dimensionality reduction is linked tothe
limitation of the signal supportand to the nature of the signal domain.

Let U be a p–dimensional group andV a q–dimensional lattice. In a zero–
reductionU ×V → U the condition for the signal support isσ(x0) ⊂ U ×O

q. For
instance in a 2D→1D reduction of the formR×Z(d) → R the 2D signal support
must be confined to theR line.

In asum–reductionthe condition is less trivial, and is stated in terms of linesand
projections. TheU ×V linesare the subsets

11 In the symbolism of Tab. 2 multiplication factors are indicated below the block.
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(U ×V)v =
{
(u,v) | u ∈U

}
, v ∈V ,

which form a partition in unit cells ofU ×V moduloU ×O
q. For a signalx0(u,v),

(u,v) ∈U ×V, thesupport linesare

σ(x0)v = σ(x0)∩ (U ×V)v , v ∈V ,

and theirprojectionsare the subsets ofU ,

π(x0)v =
{

u | (u,v) ∈ σ(x0)v , u ∈U
}

, v ∈V .

Such lines are illustrated in Fig.8b forU ×V = R×Z(d). After a sum–reduction,

a) •

Σ
-

U×V

x0(u,v)
-

U

y0(u)
•

h

-
U
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-

U×V

x̃0(u,v)

-
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d)

Fig. 8 Illustration of Dimensionality Reduction Theorem: b) shows the support of a 2D signal
x0(u,v) , (u,v)∈R×Z(d2) that meets thedisjoint projection condition, c) support of the 1D signal
y0(u) obtained by a sum–reduction, d) lines obtained after anR → R×Z(d2) hold–increase.

i.e.
y0(u) = ∑

v∈V
x0(u,v) , u ∈U ,

the y0 support is given by the union of thex0 projectionsπ(x0)v. If π(x0)v do not
overlap as in Fig.8c, the original signal can be recovered bya hold–increase U→
U×V, which spreads they0(u) values to the whole domainU×V (Fig.8d), followed
by a window that confines the signal values to the original support, as illustrated in
Fig.8a.

Theorem 6. (Dimensionality Reduction Theorem) Let U be a p–dimensional group
and V a q–dimensional lattice. A signal x0(u,v), (u,v) ∈ U ×V that satisfies the
disjoint projection condition
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π(x0)v1 ∩π(x0)v2 = /0, v1 6= v2 ,

can be perfectly recovered from a U×V →V sum–reduction by a U→U ×V hold–
increase, followed by a window with the shapeησ(x0)(u,v).

Thedisjoint projection conditionis unlikely for a signal support since a signal,
e.g. an image, rarely meets this requirement. However, thiscondition can be ob-
tained from signals with a more interesting support limitation. In general we can
start from a(p+ q)–dimensional signalx(t), t ∈ I , with a suitably limited support
σ(x). If an I → U ×V transformation exists, typically a coordinate change, such
that the signalx0(u,v) has disjoint projections after the transformation, then the
original signalx(t), t ∈ I , can be perfectly recovered, provided that theI →U ×V
transformation possesses an inverseU ×V transformation.

In conclusion, dimensionality reduction (zero– or sum–) may be of little inter-
est. A more interesting scheme for signal recovery results from a “composite” di-
mensionality reduction (reading) with a consequent “composite” dimensionality in-
crease (writing) (Fig. 9). A reading reduction consists of an invertibleI → U ×V
transformation followed by a elementaryU ×V →U reduction. A writing increase
consists of a elementaryU → U ×V increase, followed by a window, followed in
turn by the inverseU ×V → I transformation. The order of two last transformations
can be changed with the appropriate modification of the indicating function. Typ-
ically the I → U ×V transformation is provided by a coordinate change, in which
case the composite reduction scheme will be calledstandard reading.

Fig.9 illustrates a standard reading of a 2D signalx(t1, t2) on a grating to give a
1D signaly0(u), u∈R. The 2D signalx(t1, t2) is first converted into a signalx0(u,v),
(u,v) ∈ R×Z(d2), by means of a coordinate change with a matrix of the form

A =

[
1 −

D1

d2
0 1

]
.

The support ofx(t1, t2) is such that, after the coordinate change the signalx0(u,v)
meets the disjoint projection condition. Then, according to Theorem 6x0(u,v) can
be perfectly recovered fromy0(u) so thatx(t1, t2) is finally restored by the inverse
coordinate change.

The above ideas, applied to a 3D→1D reduction, are the essential basis of tele-
vision scanning.

Remark. The topic of dimensionality changes of multi–dimensional signals has
not received much attention in the literature [69] [71]. Sometimes dimensionality re-
duction is considered as a degenerate form of sampling [39].However, sampling and
dimensionality reduction are different in nature. This becomes more evident when
comparing the corresponding dual transformations and, more particularly, the cor-
responding fundamental theorems. (In Theorem 4 the assumption is on the Fourier
transform support, in Theorem 5 it is on the signal support).
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Fig. 9 Reading mD → nD andwriting nD → mD operations illustated form = 2 andn = 1 by
signal supports. The support of the original signal is such that it satisfies thedisjoint projection
conditionafter the coordinate change.

3 Scanning Principles
A scanning process is essentially a 3D→1D conversion of a time–varying source
image into a video signal. It can be conceptually subdividedinto three parts: 1) fram-
ing, which performs a 2D limitation of the 3D source signal, 2) a sampling opera-
tion, which makes the signal discrete in two or three coordinates, and 3) a reading
operation, which performs the 3D→1D reduction. Parts 1) and 2) are essential to
make the subsequent reading operation invertible according to the dimensionality–
reduction theorem.

Correct recovery by the reproduction process of the image within the frame re-
quires that both 2) and 3) be invertible. From Theorems 4 and 5, the required con-
ditions are non–aliasing and disjoint projections, respectively.

The scanning and reproduction models presented in the next sections originate in
appropriate formulations of operations 1), 2), and 3).



4 The Scanning Group 29

Main symbols relating to scanning process

• Dx : horizontal frame dimension

• Dy : vertical frame dimensionality

• N : number of lines per frame

• M : number of pixels per line (in the full format)

• dy = Dy/N : line separation (in the full format)

• dx = Dx/M : pixel separation on a line (in the full format).

• Tq : frame period

• i : interlace factor

• Tf = Tq/i : field period

• Tr = Tq/N : line period

• vx = Dx/Tr : scanning horizontal velocity

• vy = idy/Tr : scanning vertical velocity

• Zb
i (dy,Tf ) : vertical–temporal lattice

• IS : scanning group

4 The Scanning Group
The scanning groupIS, i.e. the 3D subset on which the time–varying image is
scanned, must be discrete in at least two directions. It may be a 3D grating with
signatureR×Z

2 (continuous scanning) or a 3D lattice (discrete scanning).Its gen-
eral representation is therefore

IS = [i1 i2 i3] =




i11 i12 i13

i21 i22 i23

i31 i32 i33



 , HS = H×Z
2 , (50)

whereH = R or H = Z. The scanning point onIS has the form

(xS,yS, tS) = hi1 +ni2 +k i3 , h∈ H , (n,k) ∈ Z
2 . (51)

In principle,IS may be arbitrary, but in practical applicationsperiodicity in the time
coordinateis always required. This means, that if(x,y, t) ∈ IS, then also(x,y, t +
kTq) ∈ IS, whereTq is the frame period. In the specification of a scanning group
the natural references are the frame dimensionsDx andDy and the frame periodTq,
where usuallyDx = 1 w andDy = 1 h.12

We now introduce the concepts oflinesandfields, which are essential in scanning
theory, and then consider the fundamental classes of scanning groups.

12 In theoretical considerations it is convenient to use distinctunits for horizontal and vertical
dimensions. Having chosenDx = 1 w andDy = 1 h, the aspect ratioDx/Dy, which in practice is a
fundamental parameter, disappears from scanning relationships.
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4.1 Field and line decompositions

Reconsider Fig.2, which refers to very particular scanningprocedures, namely the
M and I models of the continuous progressive 1:1 format. In that figure lines and
fieldsare clearly recognized; the former are 1D sets ofR

3, the latter 2D sets ofR3,
both delimited by the frame. However, lines and fields may have different mean-
ings depending on the context. They may denote either the unlimited objects, when
extended outside the frame region, or their projections on thex,y plane. To obtain
general definitions it is convenient to follow the order:

1) fields and lines inR3 as partition objects of the scanning groupIS,

2) fields and lines inR2 as projections of 1),

3) frame–limited versions of 1) and 2).

Referring to the general representation (50) and the scanning point expression (51),
we state

Definition 1. Fields of the scanning groupIS in R
3 are sets

C(3)
k = C(3)

0 +k i3 , k∈ Z , (52)

whereC(3)
0 = {hi1 +ni2}. Lines inR

3 are sets

c(3)
nk = c(3)

00 +ni2 +k i3 , (n,k) ∈ Z
2 , (53)

wherec00 = {hi1 | h∈ H}.

Note thatC(3)
0 is a 2D group inR3 andc(3)

00 is a 1D group inR3. Also, (52) and

(53) representpartitionsof IS, andC(3)
0 andc(3)

00 are unit cells ofIS.

Definition 2. Fields and lines of the scanning groupIS in R
2 are projections on the

x,y plane of the corresponding objects inR
3.

To find the projections in terms of vectors, the last row of thebaseIS must be
dropped, to get

I (2)
S = [j1 j2 j3] =

[
i11 i12 i13

i21 i22 i23

]
;

thus the scanning point in the projection ishj1+nj2+k j3. The fields ofIs in R
2 are

then given by
Ck = C0 +k j3 , k∈ Z , (54)

whereC0 = {hj1 +nj2 | h∈ H , n∈ Z}, and the lines ofIs in R
2 are given by

cnk = c00+nj2 +k j3 , (n,k) ∈ Z
2 , (55)

wherec00 = {hj2 | h∈ H}.
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The x,y projection of the whole scanning group will be called themosaicof IS
and denoted byM(IS). The mosaic is a group, but not a standard one in the sense
of Definition 1; it can be shown thatM(IS) becomes a standard group inR

2, with
signatureH×Z, if and only if IS is periodic int. In this case, it is given by the union
of the fields in a period,

M(IS) =
L−1⋃

k=0

(C0 +k j3) , (56)

whereL is the period (in fields) determined by the smallest positiveintegerk, such
thatk j3 ∈C0.

Finding, the mosaic and the period from a general representation may be cumber-
some. However, it becomes straightforward when we start from a lower–triangular
base, and use the following theorem [25].

Theorem 1.The lower–triangular base of a periodic scanning group has the inter-
pretation

IS =




i11 0 0
i21 i22 0
i31 i32 i33



 ∆
=

[
K0 0
d Tq

]
(57)

whereK0 is a base of the mosaic and Tq = i33 is the period (in seconds).

The proof follows after writing out the scanning point coordinates(x,y, t) and
observing thatx,y are independent oft. A remarkable fact is thatthe fields in a
period C0,C1, . . . ,CL−1 represent a partition of the mosaic. In practice, this means
that during one period of the scanning process the time–varying image is read on
the mosaic pattern,without repetition. This situation would not be guaranteed in an
arbitrary scanning process that is not governed by the geometric laws of groups.

Lines and fields are finally delimited by the frame, i.e.,Q = [0,Dx)× [0,Dy) for
R

2 objects, andQ(3) = Q×R for R
3 objects. Objects thus delimited will be denoted

by Qk, Q(3)
k , qnk, andq(3)

nk .

4.2 Continuous scanning with memory

To introduce the scanning parameters it is convenient to begin with this simple scan-
ning type. We take as reference the progressive 1:1 format, whose scanning group
is

IS1:1 = R×Z(dy,Tf ) . (58)

Thevertical line spacing dy is assumed to be an integer submultiple ofDy, so that
N = Dy/dy is thenumber of lines per frame; the frame periodTq is equal to the
field period Tf . The gratingIS1:1 is illustrated in Fig.10 (top left) by means of itsy, t
projectionZ(dy,Tf ), which represents thevertical–temporal lattice.

In 2:1 interlace scanning the grating can be expressed in terms of the quincunx
lattice (Fig.10 top center)
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IS2:1 = R×Z1
2(dy,Tf ) ,

where the line spacing becomes 2dy, the frame period 2Tf and theN lines of a full
frame are shared in two fields.

In multiply i : 1 interlace scanning, the scanning group becomes a subgrating of
IS1:1, which can be written in the form

IS = R×Zb
i (dy,Tf ) (59)

where thevertical–temporal latticeis a sublattice ofZ(dy,Tf ), with Hermitian bases
(see Example 5)

[
dy 0
0 Tf

] [
i b
0 1

]
,

[
dy 0
0 Tf

] [
1 0
b̃ i

]
. (60)

Herei andb are positive integers, withb< i andb prime relatively toi. Theinterlace
factor i represents a reduction in line density, with respect to the full format IS1:1. In
fact, the line spacing becomesidy and theN lines of a full frame are shared amongi
fields; the frame period isTq = iTf . The integerb represents the index of the first line
in the first field. Note that fori ≥ 3 multiple choices ofb are possible, as illustrated
in Fig.10.

The scanning grating (59) represents the general format forscanning with mem-
ory, since it includes the 1:1 progressive format (withi = 1, b = 0), and the 2:1
interlace format (withi = 2, b = 1) as particular cases. We denote this scanning
format byM (1:1) andM (2:1) for the first two orders, and byM(i : 1|b) for i ≥ 3.

Two base–signature representations ofIS are given in Tab. 3. In the first repre-

Table 3 The gratings for memory scanningM (i:1|b).

General form: IS = R×Zb
i (dx,Tf )

upper–triangular representation

IS =




Dx 0 0

0 idy bdy

0 0 Tf



 HS = R×Z
2

lower–triangular representation

IS =




Dx 0 0

0 dy 0

0 b̃Tf iTf



 HS = R×Z
2

sentation, the coordinates ofIS are expressed in theproperform

xS = rDx , yS = (n′i +kb)dy , tS = kTf with r ∈ R , (n′,k) ∈ Z
2 . (61)
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Fig. 10 Vertical–temporal latticesZb
i (dy,Tf ) of the first interlace orders.

By the writing
n = n′i +kb (62)

they take on theimproperform

xS = rDx , yS = ndy , tS = kTf with r ∈ R , (n,k) ∈ Zb
i , (63)

which yields theimproper IS representation (see Sect. 2–B)

IS =




Dx 0 0
0 dy 0
0 0 Tf



 , HS = R×Zb
i .

In M(i : 1|b) scanning the zeroth field isC0 = R×Z(idy) and thek–th field can
be written asCk = C0 +k(0,bdy). The mosaic is

M(IS) = R×Z(dy) , (64)
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for any orderi. Lines can be written in the form

cnk = c00+(0,ndy) , (n,k) ∈ Zb
i , (65)

wherec00 = R×{0} is the zeroth line of the zeroth field. When frame–limited they
become

qnk
∆
= cnk∩Q = q00+(0,ndy) , n∈ Nk , (66)

whereq00 = [0,Dx)×{0} andNk gives the indexesn for field k, disregarding empty
lines.Nk has the form

Nk =
{

nk , nk+i , . . . , nk +(Nk−1) i
}

(67a)

wherenk is the index of the first line andNk is the number of lines in fieldk. Specif-
ically,

nk = ρi(kb) , Nk = νi(N−1−nk)+1, (67b)

whereρi(x) denotes the remainder of the integer division ofx by i, andνi(x) the
integer part ofx/i. Fig.11 shows examples of lines and fields fori = 1, i = 2 and

M(1:1) N=7 M(2:1) N=7 M(2:1) N=6

M(4:1|1) N=14
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Fig. 11 Illustration of the picture–limited fields in theM(i :1|b) continuous scanning.

i = 4.
We finally clarify the meaning of the “periods” is this peculiar kind of scanning.

The field periodTf represents the time separation between two consecutive fields. It
does not represents the acquisition time of one field, which is zero. Theline period
defined asTr = Tq/N has no meaning as a scanning parameter, as all lines of the
k–th field are read at the same instantkTf . It represents the time available for a line
to be read.
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4.3 Instantaneous continuous scanning

For this type of scanning we follow a different approach. We start with a general 3D
grating represented in the minimal form

IS =




Dx 0 0
i21 i22 i23

i31 i32 i33



 , H ′
S = R×Z

2 ,

and discuss possible solutions. Without loss of generality, we assumeirs ≥ 0 and
0≤ i23 < i22. The coordinates ofIS are

xS = rDx

yS = r i21+ i22n′ + i23k

tS = r i31+ i32n′ + i33k, r ∈ R , (n′,k) ∈ Z
2 .

(68)

We first impose the time–periodicity condition. Considering that(0,0,0) ∈ IS, this
condition can be confined to the form(0,0,Tq) ∈ IS, for someTq > 0. In terms of
(68) we find: r = 0 and i22n′ + i23k = 0 for some integersn′,k. The solution is
possible if and only ifi23/i22 is rational. In this casei22 and i23 must bei22 = idy

andi23 = bdy, with i andb relatively prime, anddy = mcm(i22, i23). This holds for
i23 > 0. For i23 = 0 let i = 1, b = 0, anddy = i22. By virtue of these results and the
relationshipn = n′i +kb, (68) can be rearranged in theimproperform

xS = rDx

yS = r i21+ndy

tS = r i31+
n
i

Tr +
k
i

Tq , r ∈ R , (n,k) ∈ Zb
i ,

(69)

whereTr = i32, andTq = i i33− bi32. Tq is just the frame period, whereasTr rep-
resents the temporal separation between two consecutive lines. In principle, these
parameters are not constrained by the grating structure. However, correct scanning
requiresTq ≥ N Tr , to guarantee that all theN lines are really scanned (as before,
N = Dy/dy is assumed to be integer). ForTq > N Tr an image fraction is captured
outside the frame (vertical blanking).

We now discuss the parametersi21 andi31. Lettingr = 1, n= 0 andk = 0 in (69)
we find that line 0 of field 0 terminates at the point(Dx, i21, i31). Then, the timei31

must satisfy the conditionTr ≥ i31. ForTr > i31 again an image fraction is captured
outside the frame (horizontal blanking). The vertical parameteri21 determines the
line slope. It has no theoretical constraint, although if itis convenient to assume
i21 = idy, which means that each line terminates at a level at which thenext line
begins.

To work with a clearly defined format, we neglectblankingby assuming

Tq = N Tr , i31 = Tr , i21 = idy . (70)
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Hence, the grating representation takes theimproperform

IS =




Dx 0 0
idy dy 0
Tr

1
i Tr Tf



 , HS = R×Zb
i . (71)

The corresponding scanning format will be denoted byI(i : 1|b). To find proper
representations forIS (with signatureR×Z

2), the reference latticeZb
i itself must be

expressed in terms of a proper representation, e.g. by meansof (60). This gives the
proper IS representations of Tab. 4.

Table 4 Gratings for instantaneous scanningI (i:1|b).

upper–triangular representation

IS =




Dx 0 0

idy idy bdy

iTr Tr bTr +Tf



 HS = R×Z
2

lower–triangular representation

IS =




Dx 0 0

idy dy 0

iTr
1
i Tr + b̃Tf iTf



 HS = R×Z
2

The fieldC0 consists of tilted lines vertically spaced byidy, a 2D grating with
representation

C0 =

[
Dx 0
idy idy

]
, R×Z . (72)

As in theM(i : 1|b) scanning, the fieldsCk are replicas ofC0, vertically shifted by
kbdy. From the lower–triangular representation of Tab. 4 and Theorem 1 it follows
that the mosaicM(IS) is the 2D grating with representation

K0 =

[
Dx 0
idy dy

]
, R×Z . (73)

The linescnk can be expressed as in (65) where nowc00 is the line determined
by the points (0,0) and(Dx, idy). However, for framed lines theqnk relationship (66)
is no longer true due to the presence of “fractional” lines, as illustrated in Fig.12.
In I (1:1) scanning allN lines are “full”, but inI (2:1) scanning we find “half” lines
giving different partitions between fieldsQ0 andQ1 (two “half” lines in Q1 for N
even, and one “half” line in bothQ0 andQ1, for N odd). With multiple interlace the
partition of lines into fields depends oni andN, as well as onb.

Considering that all lines have the same slopeidy/Dx, we only need to list the
lines in terms of their horizontal projectionspnk. The general result, which follows
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Fig. 12 Illustration of the picture–limited fields in theI(i :1|b) continuous scanning.

from geometrical considerations, is

pnk =






[αkDx,Dx) n = nk− i
[0,Dx) n = nk,nk + i, . . . ,nk +(N′

k−1) i
[0,βkDx) n = nk +N′

ki
(74)

wherenk = ρi(kb) gives the position of the first full line,N′
k = νi(N− nk) is the

number of full lines, andαk = 1−nk/i andβk = (N−nk− iN′
k)/i. In general, a field

Qk has two fractional lines, one at the top and one at the bottom,andN′
k full lines

in the middle. In fieldQ0 the lower fractional line is absent (α0 = 1) and in another
field of the period the upper fractional line is missing (see lower half of Fig. 12).
Note that in each case the number of lines per field is exactlyNf = N/i, for all
fields, provided that fractional lines are suitably weighted in the count.

4.4 Discrete scanning with memory

The reference scanning lattice is

IS1:1 = Z(dx,dy,Tf ) , (75)

wheredy = Dy/N is the vertical spacing anddx = Dx/M is the horizontal spacing
with M the number of pixels per line.

In the general case, the scanning lattice becomes an arbitrary sublattice ofIS1:1,
whose base has the Hermitian form

IS =




dx 0 0
0 dy 0
0 0 Tf








a p q
0 i b
0 0 1



 . (76)
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As in M(i : 1|b) continuous scanning, the integersi and b describe the vertical–
temporal interlace. The valuesa, p andq are integers, with 0≤ p andq < a, where
a specifies the horizontal pixel spacing asadx, and p and q complete the inter-
lace specification of the lattice. A similar lower–triangular representation applies,
as listed in Tab. 5.

Table 5 Lattices of memory scanning.

upper triangular representation

IS =
[

C0 c
0 Tf

]
IS =




dx 0 0

0 dy 0

0 0 Tf








a p q

0 i b

0 0 1



 H = Z
3

lower triangular representation

IS =
[

K0 0
d Tq

]
IS =




dx 0 0

0 dy 0

0 0 Tf








b11 0 0

b21 b22 0

b31 b33 L



 H = Z
3

The reduction of pixel density with respect to the referencecase (reduction fac-

tor) is given byr(IS)
∆
= µ(IS)/µ(IS1:1) = ai, wherea andi represent the horizontal

and the vertical reductions, respectively. In terms of the lower–triangular base this
givesr(IS) = b11b22b33, whereb33 = L is the field period.

The scanning point ofIS has the coordinates

xS = (ma+n′p+kq)dx

yS = (n′i +kb)dy

tS = kTf m,n′,k∈ Z .

The fieldsCk can be written in the form

Ck = C0 +kc, c = (qdx,bdy) ,

whereC0 = Zp
a(dx, idy). The lines are given by

cn′k = c00+n′(pdx, idy)+k(qdx,bdy) ,

wherec00 = Z(adx)×{0}. The field period, which determines the frame period as
Tq = LTf , is the smallest integerL such thatLc∈C0; L is always a submultiple of
ia. The mosaicM(IS) is a sublattice ofZ(dx,dy), which is immediately identified
from the lower–triangular base (see Theorem 1).

Example 1.A sufficiently general example of a discrete scanning group is illustrated
in Fig.13. The reduction factor isr(IS) = 10 and the period isL = 5. The fields are
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Fig. 13 Example of a scanning latticeIS with field periodL = 5. The top row represents the framed
fields, withM = 14 andN = 20, below are the perspective view and the mosaic.D is the diagonal
matrix diag[dx,dy,Tf ].

C0 +k(dx,3dy), with C0 = Z1
2(dx,5dy). The mosaic isM(IS) = Z1

2(dx,dy).

In the framed fieldsQk the problem is to evaluate of the number of lines for fields
Nk and the number of pixels per lineMn′k. Nk is the same as in continuous scanning
(see (67)). The evaluation ofMn′k is not trivial, as it depends on the positionmn′k of
the first pixel in the line(n′,k) (Fig.14), which in turn depends onm0k; the result is
[25]

m0k = ρa

(
kq−νi(kb) p

)

mn′k = ρa(m0k +n′p)

Mn′k = νa(M−1−mn′k)+1,

(77)
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Fig. 14Line structure in the discete scanning.

where the functionsρa(·) andνa(·) were defined earlier. The number of pixels in
field Qk can be obtained by summingMn′k overn′ = 0,1, . . . ,Nk−1 to then obtain
the number of pixels per frame by summing overk in a period. The latter can be
more directly evaluated from the mosaic, considering that fields do not overlap in
a period. Recall that in the full format the number of pixels per frame isMN. This
result still holds with a unit pixel spacing (a = 1), and more generally when the
mosaic isZ(dx,dy). Theperiodsare thus related

Tr = MT0 , Tq = Tf = NTr = NMT0 ,

whereT0 is the pixel period. In the general case, the pixel period becomesTe = aT0,
whereas the line period remainsTr = MT0, the field period isTf = NTr/i and the
frame period becomes

Tq = LTf =
LN
i

Tr =
LNM

i
T0 =

LNM
ai

Te. (78)

5 Aperiodic Scanning Model
The aperiodic model is illustrated in Fig.15. It consists ofthe three parts outlined
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Fig. 15 Aperiodicscanning model with two forms ofstandardreading.

above, which are represented by appropriate “simple” transformations.

1) Framing
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ℓQ(x,y, t) = wQ(x,y) ℓ(x,y, t) , (x,y, t) ∈ R
3 , (79)

wherewQ is the indicating function of the frame.

2) R
3 → IS sampling

ℓQS(x,y, t) = ℓQ(x,y, t) , (x,y, t) ∈ IS, (80)

whereIS is thescanning group, which is a 3D grating in continuous scanning and
a 3D lattice in discrete scanning.

3) 3D→1D reading, which provides the final video signalu(t), t ∈ J, whereJ = R

is continuous scanning andJ = Z(aT0) in discrete scanning (aT0 is the pixel
period). This operation is a dimensionality reduction. It consists of acomposite
shiftwith relationship

ℓQSR(t,ndy,kTf ) = ℓQS

(
A(t,ndy,kTf )

)
, t ∈ J , (n,k) ∈ Zb

i , (81)

where the 3×3 matrixA provides the composite shifts, followed by a 3D→1D
sum–reduction

u(t) = ∑
(n,k)∈Zb

i

ℓQSR(t,ndy,kTf ) , t ∈ J . (82)

After the composite shift the image domain becomes thereading group

IR = J×Zb
i (dy,Tf ) ,

whereJ is the domain of the video signal andZb
i (dy,Tf ) is thevertical–temporal

lattice.

Combining of (81) and (82) gives the video signal in terms of the framed sampled
imageℓQS:

u(t) = ∑
(n,k)∈Zb

i

ℓQS

(
A(t,ndy,kTf )

)
, t ∈ J . (83)

A slight rearrangement of the reading operation helps this analysis. In (81) the
change of coordinates has the structure

(xS,yS, tS) ∈ IS−→ (t,yR, tR) ∈ IR,

where the horizontal coordinatexS becomes timet. The reason is that the matrixA
not only does provide line shifts, but also a scale change in the first coordinate. This
twofold operation can be split as in the lower half of Fig.15.This replaces (81) by

ℓQSR0(x,ndy,kTf ) = ℓQS

(
A0(x,ndy,kTf )

)
, (x,ndy,kTf ) ∈ IR0 (84)

and the sum–reduction yields the “horizontal” video signal
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u0(x) = ∑
(n,k)∈Zb

i

ℓQSR0(x,ndy,kTf ) , x∈ J0 , (85)

which is related to the “temporal” video signal byu(t) = u0(vxt), t ∈ J. In this
relationshipvx is the horizontal reading velocity,J0 = R for continuous scanning and
J0 = Z(adx), with adx = vx aT0, for discrete scanning. The reading group becomes
IR0 = J0 ×Zb

i (dy,Tf ), and the new matrixA0 is related to the original matrix by
A = diag[vx,1,1]A0.

5.1 Model Specification

With minor changes in the line shifts given below, the above model unifies a variety
of scanning procedures, namely, continuous and discrete, progressive and interlaced
including multiply–interlaced, instantaneous and with memory. Aspecific typefrom
this variety is uniquely determined by the scanning groupIS. All the other param-
eters in the model, i.e. eitherA, IR, andJ, or A0, IR0, andJ0, are obtained fromIS.
In fact, the matrixA0, which provides the line shifts, is determined by imposing the
disjoint projection condition in the final 3D→1D reduction. Then,IR0 is given by

IR0 =
{

A−1
0 tS | tS∈ IS

}
(86)

andJ0 is the first factor ofIR0.
In M(i : 1|b) scanning the matricesA andA0 have the forms given in Tab. 6 in

terms of the horizontal and vertical velocitiesvx andvy. In the continuous case the
scanning group has the general formIS = R×Zb

i (dy,Tf ), and the reading groupIR0

is still given byIS. In the discrete case the scanning groupIS has the general form
specified by (76) and the reading group becomesIR0 = Z(adx)×Zb

i (dy,Tf ).
In I(i : 1|b) scanning the matricesA andA0 have the forms listed in Tab. 6. They

are more complex then the previous ones, as in this case line shifts also provide
the removal of tilting. In continuous scanning the gratingIS has the general form
specified in Tab. 4 and the reading group becomesIR0 = R×Zb

i (dy,Tf ), the same
as inM(i : 1|b) scanning. Discrete scanning, where the scanning lattice would be a
subgroup of the grating of Tab. 4, will be not considered.

Essential parameters. The scanning groupIS completely specifies the scanning
format and hence the aperiodic model. However, some parameters inIS are redun-
dant. In continuous scanning essential parameters could be

i , b, N , Ff , (87)

which is in accordance with standard TV format specification, e.g. 1250/2:1/50 Hz,
which meansN = 1250, i = 2, Ff = 50 Hz. In fact, taking the frame dimension
Dx ×Dy as reference, from (87), one would obtaindy = Dy/N, Tr = iTf /N, etc.,
which identify the scanning grating in bothM(i : 1|b) andI(i : 1|b) models.
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Table 6 Composite–shift matrices.

memory scanningM (i:1|b)

A =





vx −
vx

vy
−vx

0 1 0

0 0 1



 A0 =





1 −
vx

vy
−vx

0 1 0

0 0 1





instantaneous scanningI (i:1|b)

A =





vx −
vx

vy
−vx

vy 0 −vy

1 0 0



 A0 =





1 −
vx

vy
−vx

vy

vx
0 −vy

1
vx

0 0





fundamental relationships(i: interlace order)

vx = Dx N Fq vx Tr = Dx

vy = iDy Fq vy Tr = idy

In discrete scanning the integersM, a, p, andq must be added to (87) to identify
the reference pixel spacing asdx = Dx/M, the true pixel spacingadx, and the lattice
interlace.

5.2 Reproduction

The reproduction processconsists of recovering a replica of the continuous image
from the video signal. It can be subdivided into two parts, asillustrated in Fig.16,

•

h
-

J

u(t)
A−1-

IR

ℓQSR∞
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Fig. 16 Model of the reproduction process.

consisting of

1) recovery of the sampled image from the video signal (1D→3D conversion), ac-
cording to the Dimensionality Reduction Theorem;

2) recovery of the continuous image from the sampled image (interpolation), ac-
cording to the Sampling Theorem.
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1) is governed by the Dimensionality Reduction Theorem via thedisjoint projection
condition, 2) is governed by the Sampling Theorem via thenon–aliasing condition
σ(LQ) ⊂C0, whereC0 is a unit cell ofR3 moduloI⋆

S. The indicating function ofC0

yields the frequency response of the interpolating filter.
We will now discuss the disjoint projection condition, which has consequences

for the scanning model, in detail.

5.3 Disjoint projection condition. Adjustments

The scanning groupIS can be expressed in terms of the reading groupIR0 (see (86)),
as follows

IS =
{

A0 tR | tR ∈ IR0

}
,

whereIR0 = J0×Zb
i (dy,Tf ), so thattR has the form(x,ndy,kTf ), with x∈ J0, (n,k)∈

Zb
i . The lines can then be written in the form

c(3)
nk =

{
A0(x,ndy,kTf ) | x∈ J0

}
, (n,k) ∈ Zb

i , (88)

and the framed lines as

q(3)
nk =

{
A0(x,ndy,kTf ) | x∈ πnk

}
, n∈ Nk , (89)

whereπnk are subsets ofJ0, andNk indexes the non–empty lines of the fieldQk.
After the change of coordinates with matrixA0, (89) becomes

r(3)
nk =

{
(x,ndy,kTf ) | x∈ πnk

}
= πnk×

{
(ndy,kTf )

}
, (90)

which shows thatπnk are just thex–projections of the shifted linesr(3)
nk .

The condition for a correct recovery of the sampled imageℓQS(·), from the video
signal, is thatπnk do not overlap. We now check this condition for the differenttypes
of scanning. As we shall see, in some cases the condition is not satisfied.

M(i : 1|b) continuous scanning. The line projections have the formπnk = [snk, snk+
Dx), where

snk = (n+kN)
Dx

i
, n∈ Nk .

We note the following: a) all lines are full length with projection of lengthDx,
b) the beginning of the projection of fieldk is given by

σk = (nk +kN)
Dx

i
with nk = µi(kb)

and its length isNk Dx, c) the beginning of projection of the frameh is σih = hNDx.
Hence, in the projection frames are separated byNDx, i.e. by the exact length needed
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for N lines. Because line projections do not overlap within a field, the only condition
is the projection at each field ends exactly at the beginning of the next, i.e.

σk +Nk Dx = σk+1 . (91)

We now verify this condition (in any case the verification canbe limited to one
period). ForM (1:1) scanning verification is trivial. ForM (2:1) scanning, we find
σ0 = 0, σ1 = 1

2 (1+ N)Dx andσ2 = NDx. On the other handN0 = N1 = 1
2 N for

N even, andN0 = 1
2 (n+ 1), N1 = 1

2 (N−1) for N odd (see Fig.11). Hence, forN
odd all the fields appear correctly, whereas forN even the odd fields have a12 Dx

overlap with respect to even fields, so that a−1
2 Dx shift must be introduced to meet

the disjoint projection condition.
Unfortunately, this offset cannot be achieved by modifyingthe shift matrix. In-

stead the aperiodic model of Fig.15 must be complemented by introducing a hor-
izontal offsetεkDx, whereεk = 0 for k even, andεk = −1

2 for k odd. Hence, the
aperiodic model takes the form of Fig. 17, where the sampled image is modified,
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ℓQS

adjustment

standard

reading
-
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ℓQSA -
R

u(t)

modified reading
︷ ︸︸ ︷

Fig. 17 Aperiodicmodel withmodifiedreading.

before the coordinate change, as

ℓQSA(x,ndy,kTf ) = ℓQS(x− εkDx, ndy, kTf ) . (92)

This situation becomes quite frequent with multiple interlace, according to the fol-
lowing general result [25]:

Theorem 1. In M(i : 1|b) scanning the disjoint projection condition is assured by a
coordinate change with a matrixA0, if the number of lines per frame has the form
N = iZ−b, with Z integer. Otherwise, horizontal adjustmentsεkDx are needed, such
that ε0 = 0 and

εk = εk−1 +
1
i

[
µi(kb−N)−µi(kb+b)

]
, k≥ 1.

As an example, inM (3:1|1) scanning forN = 3Z−1 no adjustment are not needed,
whereas forN = 3Z andN = 3Z−2 adjustmentεkDx are required, withε1 =−1/3,
ε2 = 1/3, andε1 = 1/3, ε2 = −1/3, respectively.

I(i : 1|b) continuous scanning. The line projections are given by (see (74)):

πnk = pnk+
n+kN

i
Dx , n = nk− i , nk , nk + i , . . . , nk +N′

ki ,
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wherepnk = [αkDx, Dx) for n = nk− i, pnk = [0, βkDx) for n = nk +N′
ki, andpnk =

[0,Dx) for theN′
k full lines. Hence: a) within the same fieldk the line projections are

consecutive, with a total length

(1−αk) Dx +N′
kDx +βkDx =

N
i

Dx ;

b) the projections of the beginning of the frames occur athNDx, h∈ Z, so that they
are separated byNDx. It remains to check that the beginning of the projectionσk of
field k is kNDx/i . In fact, the projection of the first full line starts at(nk +kN)Dx/i
and the beginning of the fractional line is shifted to the left by (1−αk)Dx. Hence

σk =
nk +kN

i
Dx− (1−αk)Dx =

kN
i

Dx .

In conclusion, inI(i : 1|b) scanning the disjoint projection condition is always
verified so that the aperiodic model of Fig.15 is correct, without any introduction of
horizontal adjustments.

M(i : 1|b) discrete scanning. The same conclusion seen for the continuous scan-
ning hold. In general if the number of lines does not have the form N = iZ−b hor-
izontal adjustments must be introduced according to Theorem 6. This guarantees
that the shifted lines always have disjoint projections. Indiscrete scanning, how-
ever, there is the additional requirement that the video–signal domainJ0 consists
of equally spaced points, i.e.J0 must have the lattice formZ(adx). In general, this
does not happen even introducing horizontal offsetsεkDx. In fact, re–examining the
structure of a discrete lineqnk (see Fig.14), we find that the pixels are separated by
adx, with a left margin mnkdx and aright margin rnkdx. The condition for uniform
spacing is that the right margin of one line plus the left margin of the next line equals
the spacingadx, namely

rn′k +m(n′+1)k = a. (93)

Theorem 2. [25] Condition (93) holds if and only if M has the form M= aV− p,
with V integer, i.e. if p= ρa(−M). Otherwise, a horizontal offset of the formδn′kdx

must be introduced, where

δn′k = ρa(m0k +n′p−M)−ρa(m0k +n′p+ p) , (94)

with m0k given by the first line of (77).

The situation is further complicated as the uniform spacingmust be guaranteed
in changes of fields: the right margin of the last line of fieldk plus the left margin of
the first line of fieldk+1 must be equal toadx. Otherwise,

Theorem 3.A horizontal adjustment of the formδkdx is required, where

δk = ρa(kq−M−vkp)−ρa(kq+q−zk+1p) , (95)

with
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vk = νi(N−1−kb) , zk = νi(kb) . (95a)

In conclusion,M(i : 1|b) discrete scanning requires horizontal adjustments of the
form

∆nk = εkDx +δn′kdx +δkdx . (96)

If b = ρi(−N) the first offset is not required. Ifp = ρa(−M) the second is not
required. Finally, ifq= ρa(−MZ), with Z = (N+b)/i, the last offset is not required.
Hence, for anyM, N, a andi we can choose integersb, p andq such that horizontal
adjustments are not required at all. We shall illustrate this point after introducing of
the periodic model.

6 Periodic Scanning Model
By an appropriate periodic repetition of the framed image itis possible to read
the video–signalalong a single straight line, as illustrated in Fig. 18 forI(1 : 1)
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Fig. 18 Illustration of reading in the periodic model ofI (1:1) scanning.

scanning. This possibility was first mentioned in a pioneering work by Mertz and
Gray [41] for the elementary scanning types.

To derive the general periodic model, reconsider the video–signal expression (85)
and set

(x,ndy,kTf ) = (x,0,0)+(0,ndy,kTf ) .

Then,
u0(x) = ∑

(n,k)∈Zb
i

ℓQS

(
A0(x,0,0)+A0(0,ndy,kTf )

)

= ∑
s∈S

ℓQS

(
A0(x,0,0)−s

)
, x∈ J0

(97)

whereS is the 2D lattice inR3 given by

S=
{
−A0(0,ndy,kTf ) | (n,k) ∈ Zb

i

}
. (98)
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By the relationship

ℓp(t) = ∑
s∈S

ℓQS(t −s) , t ∈ IS : S (99)

(97) yields

u0(x) = ℓp

(
A0(x,0,0)

)
, t ∈ J0 . (100)

The previous relationships lead to theperiodic modeldepicted in Fig.19, where

−−−−→-
R

3

ℓQS

periodic
repetition

y-
Ip

ℓp

sampling

A-
IpS

ℓpS
•

0
-

IpSR

ℓpSR -
R

u(t)

3D→1D zero–reading
︷ ︸︸ ︷

Fig. 19 Periodic model of continuous scanning.

1) the framed and sampled imageℓQS(·) is periodically repeated according to (98);

2) the periodic image is read along a straight line with parametric equations

(xS,yS, tS) = A0(x,0,0) , x∈ J0 ,

which is just the linec00 of the scanning groupsIS (see (88)).

The last operation can be decomposed into a change of coordinates followed by a
3D→1D zero–reduction.

The same result is reached when starting from the temporal video signal (83),
which after the periodic repetition takes the form

u(t) = ℓQSp

(
A(t,0,0)

)
, t ∈ J . (101)

6.1 Condition for correct recovery

In periodic model line shifts result from repetitions around the centerssnk =
A0(0,ndy,kTf ) and the shifted lines take the form (see (90))

r(3)
nk = q(3)

nk +snk =
{

A0(x,0,0) | x∈ πnk

}
, (102)

so that they are displayed along the linec(3)
00 , i.e. the extension ofq(3)

00 . The useful
terms of the periodic repetition are limited to the centerssnk, n∈ Nk, k∈ Z, i.e. the

centers whose terms fall on the linec(3)
00 .
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The condition for correctly recovering the sampled image from the video signal

is that the terms of the periodic repetition falling on the linec(3)
00 do not overlap. This

means the terms around the centerssnk, n∈ Nk, k∈ Z. Considering that the support
of ℓQS is contained in the 3D frameQ(3), the condition implies that the sets

Q(3) +snk , n∈ N , k∈ Z (103)

do not overlap.
In I(i : 1|b) scanning, the nonoverlapping condition is satisfied for allthe terms

of the periodic repetition. In this caseQ(3) is a unit cell ofR3 modulo S. This,
however, is not a necessary condition since according to (103), the useful terms are

those falling along the linec(3)
00 .

If the sets (103) overlap, horizontal adjustments∆nk must be introduced, as in the
aperiodic model. These adjustments can be combined with theordinary repetition
centerssnk in the forms̃nk = snk+(∆nk,0,0) to givemodifiedrepetition centers, and
theordinaryperiodic repetition (99) must be modified accordingly.

I(i : 1|b) continuous scanning. The repetition centers are given by

snk = −A0(0,ndy,kTf ) =

(
n+kN

i
Dx,kDy,0

)
, (n,k) ∈ Zb

i , (104)

which lie on thex,y plane and form the lattice

S0 = Zc
i

(
1
i
Dx,Dy

)
with c = ρi(b+N) .

In particular, forc = 0, the latticeS0 becomes the orthogonal latticeZ(Dx,Dy).
According to (98) the video signal takes the form

u(t) = ℓQSp(vxt,vyt, t) , t ∈ R , (105)

where the argument runs along the linec(3)
00 of IS.

It can be shown that the lattice of the repetition centersShave the right spacing
for Q(3) to be a unit cell ofR3. Then the condition of a correct recovery of the image
from the video signal is always satisfied for this kind of scanning in accordance with
the conclusion of the previous section.

Here are some examples to illustrate the periodic model. InI (1:1) scanning the
latticeS0 is Z(Dx,Dy); reading along the linec0 is depicted in Fig.18 forN = 4 lines
per frame. InI (2:1) scanning the latticeS0 is still Z(Dx,Dy) for N odd (Fig.20a), but
becomes the quincunx latticeZ1

2

(
1
2Dx,Dy

)
for N even (Fig.20b). Fig.20c illustrates

I (5:1|4) scanning forN = 13, whereS0 = Z2
5

(
1
5Dx,Dy

)
. In these examples we can

verify thatQ(3) is a unit cell ofR3 moduloS0.

M(i : 1|b) continuous scanning. The repetition centers are given by
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Fig. 20 Illustrations of periodic model forI (i:1|b) scanning, withi = 2 andi = 5.

snk = −A0(0,ndy,kTf ) =

(
−(n+kN)

Dx

i
,ndy,kTf

)
(106)

which no longer lie on thex,y plane. Moreover, theirx,y projectionss0 ∈ S0 do
not assure thatQ is a unit cell ofR2, so that horizontal adjustments are generally
required. The video signal is given by

u(t) = ℓQSp(vxt,0,0) , t ∈ R , (107)

and in this kind of scanning the linec(3)
00 indeed coincides with thex axis.
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We now illustrate the periodic model forM (2:1) scanning. With an odd number
of lines the repetition centers (106) provide the exact spacing for Q(3) to be a unit
cell, so that the line sequence forms a partition of thex axis, as illustrated forN = 5
in Fig.21a. With an even number of lines this is no longer true, since the repetition
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Fig. 21 Reading according to the periodic scanning model a) shows that the standard repetition
centers work well forN odd, b) but they fail forN even and must be modified as in c).

of odd fields overlaps the repetition of even fields (Fig. 21b). This overlapping is
avoided by horizontally offsetting the repetition centersof odd fields (Fig.21c).

In general, according to Theorem 4, the ordinary repetitioncenters (106) are cor-
rect whenb= ρi(−N), otherwise they must be modified with horizontal adjustments
εkDx.

M(i : 1|b) discrete scanning. The repetition centers and the reading line are the
same as in continuous scanning, butline offsets are generally required to guarantee
that the video signal has an equally spaced format. We illustrate this with a simple
example ofM (1:1) discrete scanning on a quincunx field, withM = 6 andN = 4
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(Fig. 22). The ordinary repetition centers (106) provide the exact spacing for the

a)

M=6 N=4 C0=Z1
2(dx,dy)

( ) standard repetition centers
(⋆) modified repetition centers

y

x

Q0

Q0
Q0

Q0
Q0

Q0
Q0

y
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b)

Q0
Q0

Q0
Q0

Q0
Q0

⋆
⋆

⋆
⋆

⋆
⋆

Fig. 22 Reading according to the periodic model inM (1:1) discrete scanning with a quincunx
frame andM = 5, N = 4. a) The correct recovery condition is not assured with standard repetition
centers; the repetition centers must be modified with line adjustments, as in b).

Q(3) repetition not to overlap so that horizontalfield adjustments are not required
(Fig.22a). This, however, does not guarantee an equally spaced formatZ(2dx) of the
video signal as line 0 as a right margin 2dx and line 1 has a left margindx, thus giving
a 3dx spacing. Line 1 has a right margindx and line 2 a left margin 0, thus giving adx

spacing, etc. A correct 2dx spacing is achieved by modifying the repetition centers
by means ofline adjustmentsδn′kdx, with δ0k = 0, δ1k = −1, δ2k = 1, δ3k = −1
(Fig.22b). This is in accordance with Theorem 5 and, indeed,with M = 6, a = 2,
p = 1, the conditionp = µa(−M) fails.

Continuing the example forM = 7, and in general forM odd, one can see that
line adjustments are not needed. Regardingfield endin accordance with Theorem 6
these are not required as long asMN is even.

A more elaborate example is found by reconsidering Fig. 13, where it can be
shown that adjustments of all three kinds are required.

7 Fourier Analysis of Scanning Process
The object of this section is to evaluate the Fourier transforms of the signals involved
in the scanning and reproduction processes. The Fourier transform of a time–varying
imageℓ(x,y, t) is a complex 3D functionL( fx, fy, ft), where the frequencies have
dimensions of cycles per width (cpw), cycles per height (cph), and cycles per second
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(cps or Hz), respectively. For Fourier analysis a preliminary identification of the
frequency domain is needed, in particular the dualÎS of the scanning groupIS, which
has the form

ÎS = R
3 : I⋆

S ,

whereI⋆
S is the reciprocal ofIS.

7.1 Reciprocal scanning group

If IS is orthogonal, the evaluation ofI⋆
S is immediate. In particular, infull format

discrete scanning we have

IS = Z(dx,dy,Tf )
⋆

−−−→ I⋆
S = Z(Fx,Fy,Ff )

where

Fx =
1
dx

=
M
Dx

, Fy =
1
dy

=
N
Dy

, Ff =
1
Tf

.

In M (1:1) continuous scanning

IS = R×Z(dy,Tf )
⋆

−−−→ I⋆
S = O×Z(Fy,Ff ) .

These cases apart, according to Proposition 6,I⋆
S must be evaluated in matrix–

signature representation, namely

(IS,HS) 7→ IS
⋆

−−−→ (I ⋆
S,H

⋆
S) 7→ I⋆

S . (108)

The signature test shows that

• in continuous scanning(HS = R×Z
2), the reciprocal group is a 2D lattice inR3

(H⋆
S = O×Z

2).

• in discrete scanning(HS = Z
3), the reciprocal group is a full 3D lattice(H⋆

S =
Z

3).

To evaluate the reciprocal base matrixI ⋆
S (the inverse transpose ofIS), according to

(32), it is convenient to usetriangular forms.
For both continuous and discreteM(i : 1|b) scanning an upper triangular form

for IS can be written in terms of fields (see Tab. 3 and Tab. 4). Hence,

IS =

[
C0 c
0 Tf

]
⋆

−−−→ I ⋆
S =

[
C⋆

0 0
c1 Ff

]
(109)

wherec1 = −Ff c′C⋆
0.

For all types of scanning (see Tab. 3, Tab. 4, and Tab. 5) a lower triangular form
can be written in terms of the mosaic and the frame period (see(57)). Hence,
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IS =

[
K0 0
d Tq

]
⋆

−−−→ I ⋆
S =

[
K⋆

0 d1

0 Fq

]
(110)

whered1 = −FqK⋆
0d.

Explicit results are collected in Tab. 7 for continuous scanning and in Tab. 8 for

Table 7 Reciprocals of scanning gratings.

M (i:1|b) scanning: upper triangular representation

I ⋆
S =





1
Dx

0 0

0
1
i
Fy 0

0 0 Fq









1 0 0

0 1 0

0 0 1




H⋆

S = O×Zc
i

I (i:1|b) scanning: upper triangular representation

I ⋆
S =





1
Dx

0 0

0
1
i
Fy 0

0 0 Fq









1 −i −c

0 i c− 1
N

0 0 1




H⋆

S = O×Z
2

Table 8 Reciprocals of scanning lattices.

lower triangular representation

I ⋆
S =

[
C⋆

0 0
c1 Ff

]
c1 = −Ff c′ C⋆

0

I ⋆
S =





1
r Fx 0 0

0 1
r Fy 0

0 0 1
r Ff








i 0 0

a− p a 0

e a(i −b) ai



 H⋆
S = Z

3

r = ai , e= a(i −b)+ i(a−q)+bp

upper triangular representation

I ⋆
S =

[
K⋆

0 d1

0 Fq

]
d1 = −Fq K⋆

0 d′
0

I ⋆
S =





1
r Fx 0 0

0 1
Lb22

Fy 0

0 0 Fq








Lb22 (b22−b21)L h

0 L L−b22

0 0 1



 H⋆
S = Z

3

h = (b22−b21)L+b22(L−b31)+b32b21
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discrete scanning, and commented on below. Note that some results were manipu-
lated according to the rules of Section II.B.

Decomposition ofI⋆
S. In scanning with memory,IS is a subset of the corresponding

full–format groupIS1;1. Hence, from Proposition 6,I⋆
S ⊃ I⋆

S1:1, and from (13) we can
write

I⋆
S = I⋆

S1:1+P, P = [I⋆
S : I⋆

S1:1) , (111)

where the unit cellP is a finite set whit a number of points given by thereduction
factor r (r = i in continuous scanning andr = ai in discrete scanning).

Continuous scanning. We first evaluate the vertical–temporal latticeJvt = Zb
i (dy,Tf ).

From the lower triangular representation (11) we have

J⋆
vt =

[ 1
i Fy 0

0 1
i Ff

][
i −b̃
0 1

]
→

[ 1
i Fy 0

0 1
i Ff

][
i i − b̃
0 1

]
. (112)

For example, the reciprocal ofZ1
4(dy,Tf ) is Z3

4

(
1
i Fy,Fq

)
.

Now, inM(i : 1|b) scanning the scanning group has the factored formIS= R×Jvt,
hence,

I⋆
S = O×J⋆

vt = O×Zc
i

(
1
i
Fy,Fq

)
.

Since the points ofI⋆
S lie in the fy, ft plane, we use the decomposition (111) in the

2D form
J⋆

vt = J⋆
vt1:1+P, P = [J⋆

vt : J⋆
vt1:1) ,

whereJ⋆
vt1:1 = Z(Fy,Ff ) is the reciprocal of the vertical–temporal lattice ofM (1:1)

scanning. The unit cellP containsi points, and can be written in the form (see (112))
(

kc
Fy

i
,k

Ff

i

)
, k = 0,1, . . . , i −1.

These points can be placed within the rectangle[0,Fy)× [0,Ff ) by replacingkcwith
ρi(kc), as illustrated in Fig.23 for the first order of interlacei.

In I(i : 1|b) scanning the grating is not factorisable and the 2D latticeI⋆
S is tilted

with respect to thefy, ft plane. For comparison, starting from the upper–triangular
representation ofI⋆

S (see Tab. 8), we write the scanning point ofI⋆
S for M(i : 1|b)

scanning, given by
(

0,
(

n+k
c
i

)
Fy,kFq

)
, n,k∈ Z ,

and forI(i : 1|b) scanning, given by
(
−(ni+kc)

1
Dx

,n+
k
i

(
c−

1
N

)
Fy,kFq

)
, n,k∈ Z .

Discrete scanning. Considering that both the scanning groupIS and its reciprocal
I⋆
S are full 3D lattices, symmetric considerations apply.
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Fig. 23 Illustration of the unit cell ofadditional centersof I⋆
S with respect toI⋆

S1:1 in M (i:1|b)
scanning.

Comparing (109) and (110) we find

1) The upper–triangular form ofIS identifies the field sequenceCk = C0 +kc. Sim-
ilarly, from the upper–triangular form ofI⋆

S we can identify the fields in the fre-
quency domain

Ĉk = Ĉ0 +kĉ,

which represent the 2D sets obtained fromI⋆
S by fixing the temporal frequency to

the valueskFq.

2) The fieldĈ0 is the reciprocal of the mosaicM(IS).

3) The lower–triangular form ofIS identifies the mosaicM(IS) and the field period
L asTq/Tf . Similarly, the lower–triangular form ofI⋆

S identifies the mosaicM(I⋆
S)

and the field period̂L. We also conclude that (see Tab. 8)L̂ = L.

4) The mosaicM(I⋆
S) is the reciprocal of the zero–th fieldC0.

5) The field decomposition in the frequency domain is of the form (111) withI⋆
1:1 =

Z(Fx,Fy,Ff ) and

P =

{
{hĉ×

{
k

1
r

Ff

} ∣∣∣ k = 0,1, . . . , r −1

}
. (113)

We test these assertions in the following example.

Example 1.Consider a scanning latticeIS with Hermitian bases

IS =




dx 0 0
0 dy 0
0 0 Tf








2 1 1
0 2 1
0 0 1



 →




dx 0 0
0 dy 0
0 0 Tf








1 0 0
0 1 0
2 3 4



 . (114)
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Using (109) and (110), after some rearrangement, we obtain the following Hermitian
bases for the reciprocal groupI⋆

S

I ⋆
S =





1
4 Fx 0 0

0 1
4 Fy 0

0 0 1
4 Ff








4 0 2
0 4 1
0 0 1



 →





1
4 Fx 0 0

0 1
4 Fy 0

0 0 1
4 Ff








2 0 0
1 2 0
1 2 4



 .

(115)
From (114) we identify the field sequenceC0 + kc with C0 = Z1

2(dx,2dy) andc =
(dx,dy). The mosaic isM(IS) = Z(dx,dy) and the field period isL = 4 (Fig.24a).
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Fig. 24 Example of a scanning latticeIS and its reciprocalI⋆
S: at the top are the mosaics, below the

perspective views.

From (115) we identify the frequency domain field sequenceĈ0 +kc with Ĉ0 =
Z(Fx,Fy) andc =

(
1
2Fx,

1
4Fy

)
. The mosaic isM(I⋆

S) = Z1
2

(
1
2Fx,

1
4Fy

)
and the field

period isL̂ = 4 (Fig.24b). Note that̂C0 is the reciprocal ofM(IS) andM(I⋆
S) is the

reciprocal ofC0.
According to (113) the unit cellP is given by

P =

{
k

(
1
2

Fx,
1
4

Fy,
1
4

Ff

) ∣∣∣ k = 0,1,2,3

}
.
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7.2 Aperiodic model analysis

Assume that the Fourier transformL(f), f = ( fx, fy, ft) ∈ R
3, of the source image

is known. Following the aperiodic model of Fig.15 we can determine the Fourier
transform in each section and then combine them to find the overall relationship.
For the moment we ignore horizontal adjustments.

1) Framing.The dual transformation is a 2D convolution given by

LQ(f) =
∫

R2
dλx dλy Q(λx,λy) L( fx−λx, fy−λy, ft) (116)

where (see (39))

Q( fx, fy) = Dx Sinc( fxDx) Dy Sinc( fyDy) .

2) R
3 → IS sampling.The dual transformation is a periodic repetition withrepetition

centersgiven by the reciprocal groupI⋆
S

LQS(f) = ∑
p∈I⋆S

Lq(f −p) . (117)

3) 3D→1D reading.The first part of this operation is a coordinate change with
matrix A. The dual transformation is a coordinate change with matrixA⋆ (see
(81)), specifically

LQSR(f) = d(A⋆) LQS(A⋆f) , (118)

whereA⋆ is given in Tab. 9 for both scanning with memory and instantaneous
scanning. The second part is a sum–reduction of the form (see(82))

u(t) = ∑
(yR,tR)∈Jvt

ℓQSR(t,yR, tR) .

The dual transformation is a zero–reduction (see Tab. 2), specifically

U( f ) = µ(Jvt) LQSR( f ,0,0) . (119)

Combining (118) and (119) yields:

U( f ) = µ0 LQS

(
A⋆( f ,0,0)

)
(120)

whereµ0 = d(A⋆) µ(Jvt). It turns out thatµ0 = 1/(DxDy) = 1 for all types of scan-
ning (see (112) and Tab. 9). According to (120), the Fourier transformU( f ) of
the video signal is obtained by “reading” the 3D functionLQS( fx, fy, ft) along the
straight line described by the parametric equation

( fx, fy, ft) = A⋆( f ,0,0) , f ∈ R . (121)



7 Fourier Analysis of Scanning Process 59

Table 9 Composite–shift matrices and their reciprocals.

memory scanningM (i:1|b)

A =





vx −
vx

vy
−vx

0 1 0

0 0 1



 A⋆ =





1
vx

0 0

1
vy

1 0

1 0 1





instantaneous scanningI (i:1|b)

A =





vx −
vx

vy
−vx

vy 0 −vy

1 0 0



 A⋆ =





0 −
vy

vx
0

0 1 −
1
vy

1 0 1





fundamental relationships(i: interlace order)

vx = Dx N Fq vx Tr = Dx

vy = iDy Fq vy Tr = idy

Considering the expression ofA⋆ given in Tab. 9, forM(i : 1|b) scanning (120)
becomes

U( f ) = µ0 LQS

(
f
vx

,
f
vy

, f

)
(122a)

so that the straight line is determined by the scanning velocities. In I(i : 1|b) scan-
ning

U( f ) = µ0 LQS(0,0, f ) (122b)

and the straight line is theft axis.
Illustrations of “reading” operations giving the Fourier transforms of video sig-

nals are given in Fig.25 forM (1:1) andI (1:1) scanning. In the first case the repeti-
tion centers are(0, rFy,sFq), r,s∈ Z, so that they lie on thefy, ft plane. The reading

line is tilted with respect to this plane and a typical point being
(

1
Dx

,Fy,NFq

)
. The

Fourier transformU( f ) of the video signal depends on how the reading line inter-
sects the periodic repetitions ofLQS(f). Note that in the absence of thetilt , U( f )
would be periodic.

It is worth noticing that, using the periodicity ofLQS(f), readingU( f ) from
LQS(f) can be confined within the unit cellR× [0,Fy)× [0,Fq), provided that the
segments of lengthFq of the original reading line are placed within the unit cell,as
illustrated in Fig.25. In this way, making suitable correspondences [25], in particu-
lar x,y, t coordinates withft , fy, ft coordinates, readingU( f ) from LQS(f) in M (1:1)
scanning is perfectly analogous toI (1:1) image scanning, which producesu(t) from
ℓQS(x,y, t) (compare Fig.25a with Fig.18).
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Fig. 25 Illustrations of “reading” operations giving the Fourier transforms of video signals: a) for
M (1:1) scanning and in b) forI (1:1) scanning. In both cases the operation can be reduced to a
scanning process.

Similar considerations hold for readingU( f ) in I (1:1) scanning, which becomes
analogous toM (1:1) image scanning, as illustrated in Fig.25b.

Effect of framing. An evaluation of the convolution (116) can be avoided in most
cases, sinceQ( fx, fy) can be replaced by an impulseδ ( fx) δ ( fy). However, in some
special cases (see below) framing cannot be neglected.

7.3 Analysis in the presence of horizontal adjustments

The requirements of anadjustmentin some types ofM(i : 1|b) scanning complicates
the Fourier analysis. The reason is that a horizontal adjustment is not a standard
shift, but acoordinate–dependenthorizontal shift. This is made evident by rewriting
(92) in the form

ℓ′QS(x,y, t) = ℓQS

(
x−∆(t),y, t

)

where∆(t) = εkDx is the adjustment needed at timet = kTf . In the general case (see
(96)), the adjustment has the form∆(y, t).

The technique for dealing with such a coordinate–dependentshift may be the
following: subdivide the image intoregionsin which ∆(y, t) is constant and then,
within each region, apply the standard shift rule of Fourieranalysis. We illustrate
this technique for a very elementary case, namelyM (2;1) continuous scanning with
an even number of linesN. In this case a horizontal adjustment of−1

2Dx is required
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for odd fields. Let

ℓi(x,y, t) = qi(t) ℓQS(x,y, t) , i = 0,1

whereq0(t) andq1(t) are the indicating functions of even and odd fields, respec-
tively. Then, the adjustment image can be written in the form

ℓ′QS(x,y, t) = ℓ0(x,y, t)+ ℓ1

(
x−

1
2

Dx,y, t

)
.

On the other hand, the indicating functions can be written as

q0(t) =
1
2

[
1+ejπFf t

]
, q1(t) =

1
2

[
1−ejπFf t

]
,

where the complex form is only apparent, sincet runs onZ(Tf ). Then,

ℓ′QS(x,y, t) =
1
2

[
ℓQS(x,y, t)+ ℓQS

(
x−

1
2

Dx,y, t

)]

+
1
2

ejπFf t
[
ℓQS(x,y, t)− ℓQS

(
x−

1
2

Dx,y, t

)]
.

This is interpreted by thefilter–modulator modelof Fig.26, where the imageℓQS(·)

-
IS

ℓQS-

H0( fx)-

Σ
U

�

-
IR

ℓ
′

QS

H1( fx)- ×

6ej2πFf t

Fig. 26 Filter–modulator model
of the horizontal adjustment of the
field.

is filtered by twohorizontal filterswith frequency responses

H0( fx) =
1
2

[
1+ej 1

2Dx fx
]
, H1( fx) =

1
2

[
1−ej 1

2Dx fx
]
.

The output ofH1( fx) is multiplied by theexponential time carrierexp( j2πFf t).
This interpretation leads to the relationship

L′
QS(f) = H0( fx) LQS( fx, fy, ft)+H1( fx) LQS

(
fx, fy, ft −

1
2

Ff

)
.

In generalM(i : 1|b) continuous scanning thefield offsetsyield a filter–modulator
model with i branches, each containing a horizontal filter and a temporalmodula-
tor with exponential carrier. In discrete scanning, due toline–offsetsthe number
of branches becomesai and the modulators have vertical–temporal carriers of the
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form exp( j(2πFmyy+Fmtt)). In each case, once the filter–modulator model has been
identified, the analysis becomes straightforward, and the Fourier transform of the
adjusted image takes the form

L′
QS(f) =

ai−1

∑
m=0

Hm( fx) LQS( fx, fy−Fmy, ft −Fmt) .

7.4 Analysis of reproduction

Using the scheme of Fig.16 it is possible to express the 3D Fourier transformL̃Q(f),
f ∈ R

3, of a replica of the framed image in terms of the 1D Fourier transformU( f ),
f ∈ Ĵ, of the video signal. For the condition of correct reproduction (see Section V–
B), this givesLQ(f) in terms ofU( f ).

In the first part of the scheme (1D→3D writing) the sampled imageℓQS is recov-
ered fromu(t) in the sequence 1a) 1D→3D hold dimensionality increase, 1b) co-
ordinate change with matrixA−1, 1c) windowing withwQS(x,y, t), the indicating
function of the support of theframed and sampled image, given by

IS∩Q(3) = IS∩ [0,Dx)× [0,Dy)×R . (123)

The Fourier analysis of this first part is not immediate, but gives result [25]:

LQS(f) =
∫

Ĵ
dλ U(λ ) WQS

(
f −A⋆(λ ,0,0)

)
. (124)

The Fourier analysis of the interpolating filter is immediate, namely

LQ(f) = G(f) LQS(f) , f ∈ R
3 ,

whereG(f) is the frequency response of the filter.
The formula (124) does not reveal the interpolating nature of writing operation.

A more explicit result is obtained after evaluatingWQS(f), the Fourier transform of
the indicating function of the set (123). This result is

LQS(f) = ∑
k∈Z

Wk( fx, fy, ft −kFq) U( ft −kFq) (125)

where theinterpolating functionis given by

Wk(f) = QM( fx−kF13−c11 ft , fy−kF23−c21 ft) . (126)

Here,QM( fx, fy) is the Fourier transform of the indicating function of the framed
mosaicQ∩M(IS) of the scanning group,(F13,F23,Fq) represents the third column
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of the upper–triangular base ofI⋆
S (see Tab. 7 and Tab. 8), and(c11,c21,1) is the first

column of the matrixA⋆ (see Tab. 9).
As an example, using the lattice of Example 5 as the scanning group, we find

M(I⋆
S) = Z1

2

(
1
2

Fx,
1
2

Fy

)
, F13 =

1
2

Fx , F23 =
1
4

Fy , F33 =
1
4

Ff ,

c11 =
1
vx

=
4

NDxFf
=

4
NM

Fx

Ff
, c21 =

1
vy

=
1

DxNFq
=

2
N

Fy

Ff
,

QM( fx, fy) = DxDy

[
Sinc1

2 M( fxDx) SincN( fyDy)

+ Sinc1
2 M

(
fxDx−

1
2

M

)
SincN

(
fyDy−

1
4

N

)]
.

The last function is illustrated in Fig.27.
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Fig. 27 Example of the Fourier transformQM( fx, fy) of the mosaic indicating function illustrated
for M = 12 andN = 8.
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8 Spectral Analysis of Scanning Process
The preceding theory is tacitly based ondeterministic signalsand corresponding
Fourier transforms in the frequency domain (Fourier analysis). An alternative, more
sophisticated, approach is based onrandom processesand corresponding spectral
densities in the frequency domain (spectral analysis). Thelatter is usually per-
formed under the assumption of (wide–sense) stationarity.For a time–varying image
ℓ(x,y, t) stationarity requires that the correlation

rℓ(∆x,∆y,∆ t)
∆
= E

[
ℓ(x+∆x,y+∆y, t +∆ t) ℓ(x,y, t)

]

is independent of the reference point(x,y, t). In such case, the spectral densityRℓ(f)
is defined as the 3D Fourier transform of the correlation. Unfortunately, in the scan-
ning process most of the operations are not shift invariant and, even starting with
a stationary source image, stationarity is soon lost. Then,one must proceed with
the tools of spectral analysis for nonstationary random processes, where correlation
becomes dependent on the reference point. Correlations andspectral densities be-
come 6D functions and spectral analysis becomes a formidable problem, which falls
outside the scope of the present paper.

Here, we discuss onlyaveragespectral analysis of the video signal, which is
quite simple and very similar to Fourier analysis. Assumingthat the source image is
stationary with given spectral densityRℓ( fx, fy, ft), ( fx, fy, ft) ∈ R

3, it can be shown
(by means of nonstationary spectral analysis) that the video signalu(t) turns out to
becyclostationarywith periodTq, the frame period. This means that the correlation

ru(τ, t)
∆
= e[u(t +τ) u(t)] is periodic with respect to the reference timet, with period

Tq. Then, theaveragecorrelation ¯ru(τ) is obtained by averagingru(τ, t) in a period
and, finally, the average spectral density results as the Fourier transform of ¯ru(τ),
namely

R̄u( f ) =
∫

J
dτ r̄u(τ) e− j2π f τ , f ∈ Ĵ .

Note that ¯ru(τ) has the same domainJ as the video signal, so that̄Ru( f ) is a
continuous–frequency function, aperiodic in continuous scanning (̂J = R) and peri-
odic in discrete scanning (Ĵ = R : Z(Fe)).

Theaveragespectral density ofu(t) can be calculated following the steps [25]:

1) Evaluate the spectral density afterR
3 → IS sampling, as

RℓS(f) = ∑
p∈I⋆S

Rℓ(f −p) . (127)

2) Evaluate the 2D convolution

R̃ℓQS(f) =
∫

K̂0

dax day |QM(ax,ay)|
2 RℓS( fx−ax, fy−ay, ft) (128)

where QM( fx, fy) is the Fourier transform of the indicating function of the
framed mosaic (see above) andK0 is the mosaic.
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3) Find the average spectral density of the video signal, given by

R̄u(f) = µ2
0 R̃ℓQS

(
A⋆( f ,0,0)

)
, (129)

i.e. by reading the 3D function13 R̃ℓQS(f) along the straight line in( fx, fy, ft)–
space

( fx, fy, ft) = A⋆( f ,0,0) .

In (128) the integral extends to a unit cell[R2 : K⋆
0), which may beR× [0,Fy) in

M(i : 1|b) continuous scanning (see (64)) and[0,Fx)× [0,Fy) in discrete scanning,
when the mosaic isM(IS) = Z(dx,dy).

In most applications the effect of framing is negligible, and (128) can be approx-
imated as

R̃ℓQS(f) = RℓS(f) .

This result is obtained by replacing|QM( fx, fx)|2 (not QM( fx, fy)) by the appro-
priate impulse. We note, however, that a correct formulation of spectral analysis
in scanning theory requires the introduction of framing. Meaningless results would
otherwise be achieved, in particular the cyclostationarity of the video signal would
not be recognized. This does not exclude that framing may be neglecteda posteriori.

8.1 Example

Consider asinusoidalsource image

ℓ(x,y, t) = L0 cos

[
2π

(
fx0x+ fy0y+ fytt

)
+ϕ

]

wheref0 = ( f0x, f0y, f0t) are fixed frequencies andϕ is a random phase uniformly
distributed over[0,2π). This image is stationary with spectral density

Rℓ(f) =
1
4

L2
0 δ

R3(f − f0)+
1
4

L2
0 δ

R3(f + f0) .

Applying the above procedure yields the following result for the average spectral
density of the video signal [25]

R̄u(f) =
1
4

L2
0 ∑

k∈Z

[
|Ak(+)|2 δR( f − f0t −kFq)+ |Ak(−)|2 δR( f + f0t +kFq)

]
(130)

where

13 The functionRℓS(f) is an ordinary spectral density, sinceR
3 → IS sampling preserves stationarity.

The functionR̃ℓQS(f) is a fictitious spectral density, useful in the final calculation.
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Ak(±) = µ0 QM

(
c11( f0t +kFq)∓ f0x−kF13,c21( f0t +kFq)∓ f0y−kF23

)
(130a)

andc11, c21, F13, F23 are the same as in (126).
Note that in this example framing cannot be ignored, since itis essential for

determining the amplitudes of the spectral lines in (130).

9 Application to HDTV
In principle, High Definition Television (HDTV) does not require a specific scan-
ning theory since the process is the same as for ordinary television, i.e. a conversion
of a time–varying image into a 1D signal. However, the enormous amount of infor-
mation involved (four times than of standard TV) and the requirement to use con-
ventional transmission channels and storage media requires some operations that
may be regardedas typical of HDTV. One of these is thesubsamplingtechnique,
used in both MUSE and HD–MAC standards, which essentially reduces the density
of theM (2:1) lattice by a factor of four with a consequent reductionin signal band-
width. Another typical HDTV operation is theline–shufflingtechnique, which con-
verts a 1250–line format to a 625–line format, thus assuringthe down–compatibility
of HD–MAC with respect to the MAC standard. A signal theory approach to these
techniques is presented in the final chapters of [25]. Here, we examine multiplexing
of luminance and chrominance information as used in the HD–MAC standard.

9.1 Component multiplexing in HD–MAC

In the Multiplexed Analog Components (MAC) system, the luminance (Y) and
chrominance (U andV) components are conveyed together in the video signal.14

The technique is Time–Compression Multiplexing (TCM). Specifically, in each line
periodTr , the componentsY, U andV are compressed in such a way that a fraction
of Tr , say 2/3, is devoted toY leaving the remaining 1/3 toU andV. The latter are
inserted alternatively,U in even lines,V in odd lines.

Conceptually this technique is very simple, although its formulation and analysis
is quite complicated as in normal for TCM. This is because foreach component
the signal compression does not have the standard formu(at), wherea > 1 is the
compression factor. Instead it is acyclic compression, which (conceptually) works
at follows: 1) subdivide each component into portions of length Tr , 2) compress
each portion by the appropriate factor, and 3) shift the compressed portions to the
appropriate time slot. Note that step 1) involveswindowingthe components, with
the consequent complication of the frequency analysis.

It is possible to overcome the above difficulties by working at the image level
rather than at the video signal level. The idea is to horizontally compress the image

14 MAC also provides multiplexing of data, containing audio channels in digital form. Here, for
simplicity, data are neglected.
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signals of theY, U , V components, thus creating a fictitious multiplexed image
from which the scanning process produces the desired multiplexed video signal.
The simplifying trick relies on the fact that working at the image levelwindowingis
automatically assured by framing.

We now develop the MAC theory in two steps. First we combineU andV into a
“color” componentC, and then multiplexY andC.

9.2 Alternating combination ofU andV components

This combination does not represent multiplexing, but asamplingprocess, since
half of the lines are dropped for each componentU andV. Referring toM (2:1) con-
tinuous scanning, we examine the vertical–temporal lattice, i.e.Z1

2(dy,Tf ), where
lines are represented by theiry, t projections. Originally bothU andV (as well
asY) fill all Z1

2(dy,Tf ) positions (Fig. 28). However, after thinning out and inter-
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Fig. 28 Alternating componentsU andV from the imagesℓ(·)U andℓ(·)V .

leaving, between them they fill this lattice. Inspection of Fig.28c shows that in the
endU fills the points of the sub–latticeZ1

4(dy,Tf ), which would correspond to the
vertical–temporal lattice of theM (4:1|1) scanning, whereasV fills its shifted version
Z1

4(dy,Tf )+(2dy,0).
To correctly write the “virtual” combined imageC, we must introduce the indi-

cating functionsqU (y, t) andqV(y, t) of the final subsetsU andV (denoted by• and
◦ in Fig.28c). Then

ℓQS(x,y, t) = qU (y, t) ℓQS(x,y, t)U +qV(y, t) ℓQS(x,y, t)V , (131)

whereℓQS(·)U andℓQS(·)V areU andV images andℓQS(·)C is their alternating com-
bination.

Consider in particular the sampling of theU component in they, t plane (no
changes take place inx). In this plane the original lattice isJ = Z1

2(dy,Tf ), the final
latticeK = Z1

4(dy,Tf ). Their reciprocals are (see (112)):



68 Scanning Theory with Application to High Definition Television (HDTV)

J⋆ = Z1
2

(
1
2

Fy,
1
2

Ff

)
, K⋆ = Z3

4

(
1
4

Fy,
1
4

Ff

)
(132)

The effects of sampling are illustrated in Fig.29 in terms ofthe spectral supports: in
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Fig. 29 a) Spectral support of componentsU andV, b) Periodic repetition due toM(2:1) scanning,
and c) additional terms due to suppressing half the lines.

a) the original supportσ(LU ) of the unsampled componentU , in b) the support after
vertical–temporal samplingR2 → Z1

2(dy,Tf ) = J, which causes a periodic repetition
with centers given byJ⋆, and in c) the support afterZ1

2(dy,Tf ) → Z1
4(dy,Tf ) = K

sampling, which halves the number of lines. The latter causesadditionalrepetitions.
In fact,K⋆ is twice as dense asJ⋆, and can be decomposed as

K⋆ = J⋆ +

{
(0,0),

(
1
4

Fy,
3
4

Ff

)}
. (133)

This means thatK⋆ can be obtained from a replica ofJ⋆, with additional points
given by the

(
1
4 Fy,

3
4 Ff

)
–shifted version ofJ⋆.

Then, to ensure that the componentU can be fully recovered (in the reproduction
process) after having dropped half the lines, the original support σ(LU ) must be
small enough for additional repetitions not to cause aliasing (as shown in the figure).
The correct condition is that thefx, fy projection ofσ(LU ) is contained in a unit cell
of R

2 moduloK⋆.
Similar considerations hold for dropping lines of the componentV.

These results are confirmed by Fourier analysing the whole thinning–interleaving
operation stated in (131). For such analysis it is convenient to use appropriate for-
mulas for the indicating functions,15 specifically

15 The technique for finding these formulas is to recognize that the indicating functions are periodic
and can be expressed by an appropriate impulse, and then to apply orthogonality conditions (37)
(in the present case withI = Z1

2(dy,Tf ) : Z1
4(dy,Tf )).
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qU (y, t) =
1
2

[
1+exp j2π

(
1
4

y
dy

+
3
4

t
Tf

)]

qV(y, t) =
1
2

[
1−exp j2π

(
1
4

y
dy

+
3
4

t
Tf

)]
,

(134)

Then, (131) yields

LQS(f)C =
1
2

[
LQS(f)U +LQS(f − f0)U +LQS(f)V −LQS(f − f0)V

]

f = ( fx, fy, ft) , f0 =

(
0,−

1
4

Fy,
1
4

Ft

)
.

(135)

The result confirms the presence ofadditionalrepetitions via the frequencyf0.

9.3 Image multiplexing

The combined color imageℓQS(·)C obtained by the above procedure can be multi-
plexed with the luminance imageℓQS(·)Y to form a “virtual” image, which scanned
yields the correctly multiplexed video signal. The idea is illustrated in Fig.30, where
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-
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Σ
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Fig. 30 MAC multiplexing performed on the image level by horizontally compressing the com-
bined colour imageC and the luminance imageY.

ℓQS(·)C andℓQS(·)Y are limited to the ordinary frame dimension[0,Dx)× [0,Dy).
They are then horizontally compressed according to the respective compression ra-
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tiosaC andaY, namely

ℓQS(aCx,y, t)C and ℓQS(aYx,y, t)Y

where
1
aC

+
1
aY

= 1. (136)

In the HD–MAC standard these are eitheraC = 3, aY = 3/2 or aC = 5, aY = 5/4.
After compression the horizontal frame dimensions become,respectively,Dx/αC

andDy/αY. Then, theY compressed image is horizontally shifted byDx/αC and
summed with theC compressed image, to give the virtual image

ℓQS(x,y, t) = ℓQS(aCx,y, t)C + ℓQS

(
aY

(
x−

1
aC

Dx

)
,y, t

)
. (137)

Note that 1) thewindowingeffect of framing, 2) the reciprocal aspect ratios accord-
ing to (136), and 3) the horizontal shift ofY, ensure correct image multiplexing. It
is straightforward to check that theM (2:1) reading process applied to the virtual
image yields the correct MAC video signal.

Hence, formulating MACin the image domainaccording to (137) is trivial and
remains very easy even in the frequency domain. In fact, using elementary rules of
Fourier analysis, from (137) we get

LQS( fx, fy, ft) =
1
aC

LQS

(
fx
aC

, fy, ft

)

C

+
1
aY

LQS

(
fx
aY

, fy, ft

)

Y
e− j2π fx(aY/aC)Dx .

(138)

Then, to find the Fourier transform of the video signal, starting from LQS(f) we can
use (122a), i.e.16

U( f ) = µ0 LQS

(
f
vx

,
f
vy

, f

)
. (139)

In conclusion, for Fourier analysis, starting fromLQS(f)U , LQS(f)V andLQS(f)Y,
we first calculateLQS(f)C according to (135), to then apply (138) and (139).

Similar results are obtained forspectral analysis, which, starting from the spec-
tral densities of the luminance and the color images, leads to the average spectral
density of the video signal.
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