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2 Solutions to problems of Chapter 2

Problems of Chapter 2

2.1.⋆ [Sect. 2.1]Assuming that a continuous–time signals(t) is the mathematical model

of an electrical voltage, find the physical dimensions of the following quantities: area, mean

value, (specific) energy and (specific) power.

Denoting a physical dimension by[·], one gets

[s(t)] = V , [area(s)] = V ·s , [ms] = V , [Es] = V2 ·s , [Ps] = V2 .

2.2.⋆ [Sect. 2.2]Show that thearea over a periodof a periodic signal defined by (2.17a)

is independent oft0.

It is sufficient to prove that

I =
∫ t0+Tp

t0
s(t) dt =

∫ Tp

0
s(t) dt .

To this end we divide the interval[t0, t0 + Tp) into the intervals[t0,0), [0,Tp) and
[Tp, t0 +Tp). Then we obtain the three contributions

I1 =
∫ 0

t0
s(t) dt =−

∫ t0

0
s(t) dt

I2 =
∫ Tp

0
s(t) dt

I3 =
∫ t0+Tp

Tp

s(t) dt =
∫ t0

0
s(t ′+Tp) dt ′ =

∫ t0

0
s(t ′) dt ′ =−I1

where we have introduced the change of variablet ′ = t−Tp and used the periodicity
s(t ′+Tp) = s(t ′). In conclusionI = I2.

2.3.⋆⋆ [Sect. 2.2]Show that themean value over a periodfor a periodic signal, defined

by (2.17b), is equal to themean valuedefined in general by (2.10).
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We prove that

lim
T→∞

1
2T

∫ T

−T
s(t) dt =

1
Tp

∫ Tp

0
s(t) dt . (S2.1)

We use the fact that the limit asT→ ∞ is equal to the limit ofnTp asn→ ∞

lim
T→∞

1
2T

∫ T

−T
s(t) dt = lim

n→∞

1
2nTp

∫ nTp

−nTp

s(t) dt

= lim
n→∞

1
2nTp

·2n
∫ Tp

0
s(t) dt =

1
Tp

∫ Tp

0
s(t) dt .

2.4.⋆ [Sect. 2.3]Using the functions 1(x) and rect(x) write a concise expression for the
signal

s(t) = 3 for t ∈ (−5, 1) , s(t) = t for t ∈ (2, 4) , s(t) = 0 otherwise.

The signal, shown in Fig.S2.1, has the following expressions

s(t) = 3[1(t +5)−1(t−1)]+ t [1(t−2)−1(t−4)]

= 3 rect

(
t +2

6

)
+ t rect

(
t−3

2

)
.

where we have used the identity rect(t/T) = 1(t +T/2)−1(t−T/2).

-

6

t

s(t)

−5 1 2 4

Fig. S2.1 Representation of the signal of the problem

2.5.⋆ [Sect. 2.3] Find the extension, duration, area and energy of the signal of Prob-

lem 2.4.

It results
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e(s) = (−5,1)∪ (2,4) , D(s) = 6+2 = 8

area(s) = 18+6 = 24 , Es = 54+
56
3

=
218
3

.

The smalled interval containinge(s) is (−5,4) and the corresponding duration is 9.

2.6.⋆ [Sect. 2.3]Find the energy of the causal exponential withp0 = 2+ i2π5.

More generally, we note that for the signal

s(t) = 1(t) ept

it results
|s(t)|2 = 1(t) eαt , α = 2 ℜ p .

If α < 0 the signal has the finite energyEs =−1/α, otherwiseEs = +∞.

2.7.⋆ [Sect. 2.3]Write a mathematical expression of a triangular pulseu(t) determined

by the following conditions:u(t) is even, has duration 2 and energy 10.

Considering in general a real amplitudeA0 > 0, the expression is

u(t) = A0 (1−|t|) rect
( t

2

)
= A0 triang(t)

where triang(t) is the function defined by (2.29). The corresponding energy isEu =
A2

0
2
3 = 10. ThenA0 =

√
15.

2.8.⋆ [Sect. 2.3]An even–symmetric triangular pulseu(t) of duration 4 and amplitude 2

is periodically repeated according to (2.16). Draw the periodic repetition in the following

cases:Tp = 8, Tp = 4 andTp = 2.

Fig.S2.2 shows the pulseu(t) and its periodic repetition

repTp
u(t) = repTp

triang

(
1
2

)
=

+∞

∑
k=−∞

u(t−kTp)

with Tp = 2, Tp = 4 eTp = 8. Note that forTp ≥ D(u) = 4 the repetition terms do
not overlap, while forTp < 4 they overlap. In particular, forTp = 2 the repetition
gives a constant signal of amplitude 2.
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-

6

t

u(t)

2−2

2

-

6

t

rep8 u(t)

0 8

-

6

t

rep4 u(t)

64

-

6

t

rep2 u(t)

2

2 4

-

Fig. S2.2The signals of the problem

2.9.⋆⋆ [Sect. 2.3] Write the derivativer ′(t) of the rectangular pulser(t) defined by

(2.26). Verify that the integral ofr ′(t) from−∞ to t recoversr(t).

The impulse is

r(t) = A0 rect

(
t− t0

D

)
= A0 1(t− t1)−A0 1(t− t2)

wheret1 = t0−D/2 andt2 = t0+D/2. Considering that (see (2.34)) d1(t)/dt = δ (t),
we obtain

r ′(t) = A0 δ (t− t1)−A0 δ (t− t2) .

Next, we note that the delta function has unit area and
∫ t1+ε

t1−ε
δ (t− t1) dt = 1, ε > 0 .

This is the key to prove that the integral ofr ′(t) givesr(t).
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2.10.⋆⋆ [Sect. 2.3] Write the first and second derivatives of the rectified sinusoidal
signal

s(t) = A0 |cosω0t| .

We note that the signals(t) has periodT0 = π/ω0, that is half of the period of the
non rectified signal (Fig.S2.3). The ordinary derivative ofs(t) is

s′(t) =−A0ω0
|cosω0t|
cosω0t

sinω0t

=






−A0ω0 sinω0t , −π
2

+2kπ < ω0t <
π
2

+2kπ

A0ω0 sinω0t ,
π
2

+2kπ < ω0t <
3
2

π +2kπ

and is continuous almost everywhere, except in

tk = t0 +kT0 with t0 = 1
2T0

where it has an amplitude jump of 2A0 ω0. Hence, in the second derivative we have
to add impulses intk of area 2A0ω0, that is,

s′′(t) =−A0 ω2
0 |cosω0t|+2A0 ω0

+∞

∑
k=−∞

δ (t− tk) .

-

6

t

s(t)

-

6

t

s′(t)

-

6

t

s′′(t)
△ △ △ △ △ △ △

Fig. S2.3The rectified sinusoidal signals and its first and second derivatives
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2.11.⋆⋆ [Sect. 2.3]Find the (minimum) period of the signal

s(t) = 2 cos
2
3

ω0t +3 sin
4
5

ω0t .

We let

s(t) = 2 cos
2
3

ω0t +3 sin
4
5

ω0t
∆
= s1(t)+s2(t)

and first we find before the periods of the two terms. WithT0 = 2π/ω0 we find
thats1(t) has period3

2T0 ands2(t) has period5
4T0. The common period is therefore

Tp = 15
2 T0. This technique will be seen in detail in Sect. 3.6.

2.12.⋆⋆ [Sect. 2.4] Show that the (acyclic) convolution of an arbitrary signalx(t) with

a sinusoidal signaly(t) = A0 cos(ω0t + φ0) is a sinusoidal signal with the same period as

y(t).

The convolution is

s(t) = y∗x(t) =

∫ +∞

−∞
A0cos[ω0(t−u)+φ0] x(u)du,

where we can use trigonometric formulas to obtain

s(t) = A0 cos(ω0t +φ0)
∫ +∞

−∞
cosω0u x(u)du

−A0 sin(ω0t +φ0)
∫ +∞

−∞
sinω0u x(u)du.

Therefore, the convolution has the following structure

A1 cos(ω0t +φ0)+A2 sin(ω0t +φ0) = B0 cos(ω0t +φ0 +β0) ,

whereA1, A2, B0 andβ0 are constants.

2.13.⋆ [Sect. 2.4]Show that the derivative of the convolutions(t) of two differentiable

signalsx(t) andy(t) is given bys′ = x′ ∗y = x∗y′.

We write the convolution expression

s(t) =
∫ +∞

−∞
x(t−u)y(u) du .
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Then, taking the derivative with respect tot and, assuming that order of integration
and derivative can be interchanged, we find

s′(t) =
∫ +∞

−∞
x′(t−u)y(u) du .

2.14.⋆⋆⋆ [Sect. 2.4]Evaluate the convolution of the following pulses:

x(t) = A1 rect(t/2D) , y(t) = A2 exp
(
−t2/D2) .

Hint. Express the result in terms of the normalized Gaussian distribution

Φ(x) =
∫ x

−∞

1√
2π

e−
1
2 y2

dy .

The convolution is

s(t) =
∫ +∞

−∞
x(t−u)y(u) du = A1A2

∫ t+D

t−D
e−u2/D2

du u=
D√
2

y

=
D√
2

A1A2

∫ √
2

D (t+D)

√
2

D (t−D)
e−y2/2 dy .

Considering that
∫ b

a =
∫ b
−∞ +

∫−∞
a =

∫ b
−∞−

∫ a
−∞ we finally obtain

s(t) =
√

2π
A1A2D√

2

[
Φ

(√
2(t +D)

D

)
−Φ

(√
2(t−D)

D

)]
.

2.15.⋆ [Sect. 2.4]Evaluate the convolution of the signals

x(t) = A1 sinc(t/D) , y(t) = A2 δ (t)+A3 δ (t−2D) .

In general, if one of two signals is given by impulses

y(t) =
N

∑
n=1

Ai δ (t− ti)

we use the property (2.41), that is,δ (·− ti)∗s(t) = s(t− ti). Hence

x∗y(t) =
N

∑
n=1

Ai x(t− ti) .
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2.16.⋆⋆⋆ [Sect. 2.4]Evaluate the (cyclic) convolution of the signal

x(t) = repTp
rect(t/T) ,

with x(t) itself (autoconvolution). AssumeTp = 4T.

We apply definition (2.44) witht0 =−2T =−Tp/2

s(t) =
∫ Tp/2

−Tp/2
x(u) x(t−u) du

In this integralu∈ (−1
2Tp,

1
2Tp) and in this interval the periodic repetition is present

only with the zeroth term, that isx(u) = rect(t/T). If t ∈ {−1
2Tp,

1
2Tp} alsox(t −

u) = rect((t−u)/T) and then

s(t) =
∫ Tp/2

−Tp/2
rect

( u
T

)
rect

(
t−u

T

)
du

=
∫ T/2

−T/2
rect

(
t−u

T

)
du, t ∈

(
−1

2Tp,
1
2Tp
)

Continuing the assumption thatt ∈ (−1
2Tp,

1
2Tp) we find

s(t) =






t + 1
2T −1

2T < t < 0
−t + 1

2T 0 < t < 1
2T and −1

2Tp < t < 1
2Tp

0 elsewhere.

In conclusion, we have a triangular shape in a period, which we express in the form

s(t) = T triang
( t

T

)
, −1

2Tp < t < 1
2Tp .

But, the convolution of periodic signals is periodic with the same period. Hence, to
have theexpression for any t, we have to write

s(t) = repTp
T triang

( t
T

)
.

2.17.⋆ [Sect. 2.5]Show that the Fourier coefficients have the same physicaldimensions

as the signal. In particular, ifs(t) is a voltage (volt), alsoSn must be expressed in volts.

If [s(t)] = V it results:[Sn] = s−1 ·V ·s= V.
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2.18.⋆ [Sect. 2.5]Starting from the exponential form of the Fourier series and assuming

a real signal, prove (2.49a) and (2.49b). Note that in this caseS0 is real.

If s(t) is real, the real and the imaginary parts ofSn we have the symmetry

Rn = R−n , Xn =−X−n .

Then

s(t) = R0 +
∞

∑
n=1

Sn ei2πnFt +
−1

∑
n=−∞

Sn ei2πnFt

= R0 +
∞

∑
n=1

[
Rn

(
ei2πnFt +e−i2πnFt

)
+ i Xn

(
ei2πnFt−e−i2πnFt

)]

and (2.49a) follows from Euler’s identities. To prove (2.49b) we letSn = |Sn|eiargSn.
Then

s(t) = S0 +
∞

∑
n=1

[
Snei2πnFt +S∗n e−i2πnFt

]

= S0 +2ℜ
∞

∑
n=1
|Sn|ei(2πnFt+argSn)

= S0 +2
∞

∑
n=1
|Sn|cos(2πnFt+argSn) .

Note thatS0 = R0 is real.

2.19.⋆ [Sect. 2.5] Show that ifs(t) is real and even, then its sine–cosine expansion

(2.49a) becomes anonly cosine expansion.

We prove the statement by absurd. If in (2.49a)Xk 6= 0, the signal is not even for the
presence of the termsXk sin(2πkFt).

2.20.⋆⋆⋆ [Sect. 2.5]Assume that a periodic signal has the following symmetry:

s(t) =−s(t− Tp/2) .

Then, show that the Fourier coefficientsSn are zero forn even, i.e. theeven harmonics

disappear.Hint: use (2.50).
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Consider the signalx(t)
∆
= s

(
t− 1

2 Tp
)
, and use (2.50). Then

X2n = S2n e−i2π2nF 1
2 Tp = S2n e−i2πn = S2n .

But by the symmetry hypothesis we also obtainX2n = −S2n, and we conclude that
S2n =−S2n = 0.

2.21.⋆⋆ [Sect. 2.5]Evaluate the mean value, the root mean square value and the Fourier
coefficients of the periodic signal

s(t) = repTp

[
rect

(
t
T0

)
A0

(
1− |t|

T0

)]

in the casesTp = 2T0 andTp = T0.

We use the definitions for periodic signals, (2.17b) and (2.18b). Considering that
with Tp = 2T0 andTp = T0, we haveTp≥ 1

2T0, so that the terms of the repetition do
not overlap and

s(t) = rect

(
t
T0

)
A0

(
1− |t|

T0

)
, −1

2Tp < t < 1
2Tp .

The mean value results

ms(Tp) =
1
Tp

∫ 1
2Tp

−1
2Tp

s(t) dt =
1
Tp

∫ 1
2Tp

−1
2Tp

A0

(
1− |t|

T0

)
dt =

3
4

A0
T0

Tp
.

The rms value is given by

√
Ps(Tp) =

{
1
Tp

∫ 1
2Tp

−1
2Tp

|s(t)|2 dt

} 1
2

=

{
A2

0T0

Tp

7
12

} 1
2

.

The Fourier coefficients are given by

S0 =
3
4

A0
T0

Tp

Sn =
A0

Tp

[
sin(πnFT0)

2πnF
+

1−cos(πnFT0)

2π2n2F2T0

]
, n 6= 0.

For Tp < 1
2Tp the terms of the repetition overlap and the evaluation is more compli-

cated. In any case the preliminary step is the signal evaluation in a period.
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2.22.⋆ [Sect. 2.5]Check Parseval’s Theorem (2.51a) for a sinusoidal signal (see Exam-

ple 2.1).

We must verify that

1
Tp

∫ t0+Tp

t0
|s(t)|2 dt =

+∞

∑
n =−∞

|Sn|2

for the signals(t) = A0 cos(2π f0t + ϕ0). The direct evaluation in the time domain
gives

1
Tp

∫ t0+Tp

t0
|s(t)|2 dt = f0

∫ 1/ f0

0
A2

0 cos2(2π f0t +ϕ0) dt =
1
2

A2
0 .

On the other hand, considering that

s(t) =
1
2

A0eiϕ0 ei2π f0t +
1
2

A0e−iϕ0 e−i2π f0t ,

the Fourier coefficients are

S1 =
1
2

A0eiϕ0 , S−1 =
1
2

A0e−iϕ0 , Sn = 0 n 6=±1.

Hence
+∞

∑
n =−∞

|Sn|2 = |S1|2 + |S−1|2 =
1
2

A2
0 .

2.23.⋆ [Sect. 2.5]Evaluate the Fourier coefficients of the signal

s(t) = repTp

[
δ
(

t− 1
4

Tp

)
−δ

(
t− 3

4
Tp

)]

and find symmetries (if any).

The Fourier coefficients are given by

Sn =
1
Tp

∫ 1
2Tp

−1
2Tp

[
δ
(

t− 1
4

Tp

)
−δ

(
t− 3

4
Tp

)]
e−i2πnFt dt

where we can use sifting property (2.41). We get
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Sn =
1
Tp

[
e−i2πnF 1

4Tp−e−i2πnF 3
4Tp

]

=
1
Tp

[
e−i2πn/4−e−i2πn/4

]

=
1
Tp

[(−i)n− (+i)n] .

In conclusion

S2m = 0, S2m+1 = i
2
Tp

(−1)m+1 , m=∈ Z

The symmetry is the absence of even harmonics and in fact the signal verifies the
symmetry of Problem 2.20.

2.24.⋆ [Sect. 2.6] Find the physical dimension of the Fourier transformS( f ) when the

signal is an electric voltage.

In (2.55b) the exponential is adimensional and then the integral has the dimensions
of the signal,[s] = V, multiplied by a time[dt] = s. Hence[S(F)] = V ·s.

2.25.⋆⋆ [Sect. 2.6] Show that ifs(t) is real, thenS( f ) has the Hermitian symmetry.

Hint: use (2.55).

Consider the FT

S( f ) =
∫ +∞

−∞
s(t) e−i2π f tdt

wheres(t) = s∗(t). Hence

S( f ) =
∫ +∞

−∞
s∗(t) e−i2π f t dt =

{∫ +∞

−∞
s(t) ei2π f t dt

}∗
= S∗(− f )

which states the Hermitian symmetry.

2.26.⋆⋆ [Sect. 2.6]Prove rule (2.60a) on the product of two signals.

Let s(t) = x∗y(t). Then, writing the convolution and the FT in an explicit form, we
obtain
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S( f ) =
∫ +∞

−∞

[∫ +∞

−∞
x(u) y(t−u) du

]
e−i2π f t dt .

Now, in the exponent we writet = t−u+u

S( f ) =
∫ +∞

−∞
x(u) e−i2π f u

{∫ +∞

−∞
y(t−u) e−i2π f (t−u)dt

}
du

=
∫ +∞

−∞
x(u) e−i2π f u

{∫ +∞

−∞
y(t ′) e−i2π f t ′dt ′

}
du (t ′ = t−u)

=
∫ +∞

−∞
x(u) e−i2π f u Y( f ) du

= X( f ) Y( f )

where we have used the variable changet−u = t ′.

2.27.⋆⋆ [Sect. 2.6] Prove that the products(t) = x(t) y(t) of two strictly band–limited
signal is strictly band–limited with

B(s) = B(x)+B(y) .

Hence, in particular the band ofx2(t) is 2B(x).

Proceeding in the frequency domain the product becomes a convolution, that is
S( f ) = X ∗Y( f ). If the extension of the FTs are given respectively by the interval
[−Bx,Bx] and[−By,By], the extension of their convolutionS( f ) is [−(Bx+By),Bx+
By]. Here, we have used the rule on the extension of convolution proved in Sect. 2.4
in the time domain (see (2.39)).

2.28.⋆ [Sect. 2.7]Evaluate the Fourier transform of the causal signal

s(t) = 1(t) e−t/T , T > 0

and then check that it verifies the Hermitian symmetry.

We obtain

S( f ) =
∫ ∞

0
e−t/T e−i2π f t dt =

T
1+ i2π f T

.

We immediately prove thatS∗( f ) = S(− f ). In fact

S∗( f ) =
T

1− i2π f T
= S(− f ) .
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2.29.⋆ [Sect. 2.7]Prove the relationship

s(t) cos 2π f0t
F−−−−→ 1

2
S( f − f0)+

1
2

S( f + f0) , (2.2)

calledmodulation rule.

Applying the Euler formulas, we obtain:

s(t) cos(2π f0t) =
1
2

s(t) ei2π f0t +
1
2

s(t) e−i2π f0t .

Hence, the desired relation is obtained using the frequencyshifting rule (2.59b).

2.30.⋆ [Sect. 2.7]Using (2.112) evaluate the Fourier transform of the signal

s(t) = rect(t/T) cos 2π f0t .

Then, draw graphicallyS( f ) for f0T = 4, checking that it is an even real function.

Considering the FT pair (2.64) and using themodulation ruleof the previous prob-
lem, we obtain

S( f ) =
1
2

T [sinc(( f − f0)T)+sinc(( f + f0)T)]

=
1
2

T [sinc( f T−4)+sinc( f T +4)] .

By inspection we see thatS( f ) is a real and even function.

2.31.⋆⋆ [Sect. 2.7]Using the rule on the product, prove the relationship

1(t) cos 2π f0t
F−−−−→ 1

4

[
δ ( f − f0)+δ ( f + f0)+

1
iπ( f − f0)

+
1

iπ( f + f0)

]
.

The product in the time domain becomes the convolution in thefrequency domain.
Keeping in mind that

a(t) = cos(2π f0t)
F−−−→ A( f ) =

1
2

δ ( f − f0)+
1
2

δ ( f + f0)

b(t) = 1(t)
F−−−→ B( f ) =

1
2

δ ( f )+
1

i2π f
,
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Then,s(t) = a(t)b(t) has FT

S( f ) =
∫ +∞

−∞
A( f −λ ) B(λ )dλ

=
1
4

∫ +∞

−∞
[δ ( f −λ − f0)δ (λ )+δ ( f −λ + f0)δ (λ )]dλ

+
1
2

∫ +∞

−∞
[δ ( f −λ − f0)

1
i2πλ

+δ ( f −λ + f0)
1

i2πλ
]dλ

Finally, we use four times the sifting property
∫ +∞
−∞ δ (u−λ )g(λ )dλ = g(u), which

gives

S( f ) = 1
2

[
1

i2π( f − f0)
+

1
i2π( f + f0)

]
.

2.32.⋆⋆∇ [Sect. 2.7]Thescale change(see Sect. 6.5) has the following rule

s(at)
F−−−−→ (1/|a|) S( f/a) a 6= 0 . (2.3)

Then, giving as known the pair e−πt2 F−−−−→ e−π f 2
, evaluate the Fourier transform of the

Gaussian pulse

u(t) =
A0√
2π σ

exp

[
−1

2

( t
σ

)2
]

.

We first evaluate the scale factora

e−
1
2

(
t
σ
)2

= e
−π
(

t√
2π σ

)2

= e−π
(

t
a

)2
⇒ a =

√
2π σ .

Applying the scale change rule, we get the Fourier pair

A0√
2π σ

e−
1
2

(
t
σ
)2

F−−−→ A0 e−2π2σ2 f 2
.

2.33.⋆⋆ [Sect. 2.7]Evaluate the Fourier transform of the periodic signal

s(t) = repTp
rect

( t
D

)
.

The evaluation of the Fourier coefficients
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Sn =
1
Tp

∫ 1
2Tp

−1
2Tp

s(t) e−i2πnFt dt

=
1
Tp

∫ D/2

−D/2
e−i2πnFt dt

gives
Sn = F Dsinc(nFD) .

Applying the rule (2.67) for a periodic signal rule, we obtain

+∞

∑
n =−∞

F D sinc(nFD) δ ( f −nF) .

2.34.⋆⋆ [Sect. 2.7]Prove the Fourier pair

triang
( t

D

)
= rect

( t
2D

) (
1− |t|

D

)
F−−−−→ D sinc2( f D)

where the signal is thetriangular pulseof duration 2D.

We can apply FT definition and integrate by parts, or we can recognize thats(t) is
the convolution of two rectangular pulses. We develop this second possibility, noting
thats(t) = 1/Dx∗x(t), where

x(t) = rect
( t

D

)
.

Then, recalling thatX( f ) = D sinc( f D) we obtainS( f ) = D sinc2( f D).

2.35.⋆⋆⋆ [Sect. 2.7]Consider the decomposition of areal signal in an even and an odd
components

s(t) = se(t)+so(t) .

Then, prove the relationship

se(t)
F−−−−→ℜ S( f ) , so(t)

F−−−−→ j ℑ S( f ) .

For the even part ofs(t) we obtain:

sp(t) =
1
2

[s(t)+s(−t)]
F−−−→ 1

2
[S( f )+S(− f )] .

If s(t) is real, we have the Hermitian symmetryS(− f ) = S∗( f ). Then
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sp(t)
F−−−→ 1

2
[S( f )+S∗( f )] = ℜS( f ) .

For the odd part ofs(t) we proceed analogously.

2.36.⋆ [Sect. 2.12]Evaluate the Fourier transforms of the discrete signals

s1(nT) =
{

A0 n =±1
0 otherwise

, s2(nT) =
{

A0 n =−1,0,1
0 otherwise

and check thatS1( f ) andS2( f ) are a) periodic with periodFp = 1/T, b) real and c) even.

Using definition (2.91b) we get

S1( f ) =
+∞

∑
n =−∞

T s1(nT) e−i2π f nT = T [A0 e−i2π f T +A0 ei2π f0T ] = 2T A0 cos(2π f T)

S2( f ) =
+∞

∑
n =−∞

T s2(nT) e−i2π f nT = T A0 +2T A0 cos(2π f T) .

We can see thatS1( f ) andS2( f ) have periodFp = 1/T, and are real (as usual we
supposeA0 real) and even.

2.37.⋆ [Sect. 2.12]With the signals of the previous problem check the Parseval theorem

(2.97).

We have to prove that

Es1 =
+∞

∑
n =−∞

T |s1(nT)|2 =
∫ f0+Fp

f0
|S1( f )|2 d f

where f0 is arbitrary, and we choosef0 = 0. In the time domain

Es1 =
+∞

∑
n =−∞

T |s1(nT)|2 = 2T A2
0 .

In the frequency domain, using the result of the previous problem, we get

∫ Fp

0
|S1( f )|2 d f =

∫ Fp

0
4T2 A2

0 cos2(2π f T) d f = 2T A2
0 .

Analogously, we can proceed for the second signal.
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2.38.⋆ [Sect. 2.12]Show the relationship

sinc(nF0T)
F−−−−→ 1

F0
repFp

rect

(
f

F0

)
,

illustrated in Fig.2.41 forF0T = 1
2 . Hint: show that the inverse Fourier transform of S( f ) is

s(nT).

The inverse transform is

s(nT) =
∫ 1

2 Fp

− 1
2 Fp

S( f ) ei2π f nT d f =
∫ 1

2 F0

− 1
2 F0

1
F0

ei2π f nT d f = sinc(nTF0) .

2.39.⋆⋆ [Sect. 2.15]Apply the Sampling Theorem to the signal

s(t) = sinc3(Ft) , t ∈ R

with F = 4 kHz.

We have to evaluate the spectral extension ofs(t), that is, the extension ofS( f ).
Recall the rule thaty(t) = x2(t)→Y( f ) = X∗X( f ) and consequently the extensions
are relate as(−By,By) = (−2Bx,2Bx). Extending this rule to their power,y(t) =
x3(t), we have(−By,By) = (−3Bx,3Bx). In our cases(t) = sinc(Ft) has spectral
extension(−1

2F, 1
2F) and hence the extension ofS( f ) is (−3

2F, 3
2F). The Sampling

Theorem states that we can samples(t) (correctly for the reconstruction) withFc =
3F = 12k samples per second.
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Problems of Chapter 3

3.1.⋆ [Sect. 3.2]Check that the additive set of complex numbers,C, is an Abelian group.

It is immediate to verify that(C,+) satisfies to properties required by general defi-
nition of group; particularly the identity element is the complex number 0+ i0.

3.2.⋆ [Sect. 3.2]Prove the relations

Z(2)+Z(4) = Z(2) , Z(3)+R = R .

The two relations are particular cases of a general statement , that is, ifJ⊂ K, then
alwaysJ + K = K. In fact, if j ∈ J, then j ∈ K and j + K = K, from the group
properties.

3.3.⋆⋆⋆ [Sect. 3.2]Prove the relations

Z(3)+Z(5) = Z(1) , Z(6)+Z(9) = Z(3) .

We want to prove the relationZ(3)+Z(5) = Z(1). From the definition of the sum
we obtain:

Z(3)+Z(5) = {3n+5m | n,m∈ Z} .

This set coincides with setZ(1) = Z. In fact, every integerk can always be expressed
in the form 3n+5m, with n andm opportune integers. To proof this, we divide the
integerk by 3. In this way we have to consider three different cases:

k = 3n = 3n+5·0
k = 3n+1 = 3(n−3)+5·2
k = 3n+2 = 3(n+4)+5· (−2) .

Analogously, to proveZ(6)+Z(9) = Z(3), we write:

Z(6)+Z(9) = {6n+9m | n,m∈ Z}= {3(2n+3m) | n,m∈ Z} .

This set coincides with setZ(3). In fact, every integerk can always be expressed in
the form 2n+3m (by expression 2n+3m), with n andm opportune integers.

A general result on the sumZ(T1)+Z(T2) is given by Theorem 3.7.
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3.4.⋆ [Sect. 3.2]Prove the relations

[0,2)+Z(2) = R , [0,3)+Z(2) = R .

The proof of[0,2)+ Z(2) = R is immediate. In fact, the sets[0,2)+ m, with m∈
Z(2) from a partition ofR. Analogous is the proof of the second relation.

3.5.⋆ [Sect. 3.2]Verify thatC∗ is an Abelian group, where the operation is the ordinary

multiplication between complex numbers.

If a andb are complex numbers alsoa ·b is a complex number. The identity inC∗

is the complex number 1= 1+ i0. In fact, 1·s= a. Finally, for everya 6= 0, we can
find a complex number 1/a, such thata·1/a = 1.

3.6.⋆⋆ [Sect. 3.2] Verify that the 2D setZ1
2 consisting of the integer pairs(m,n), with

m, n both even or both odd, is a subgroup ofR2.

We limit ourselves to verify the closing property with respect to the addition, that is,
for all a andb belonging toZ1

2(d1,d2), a+b and belongs toZ1
2(d1,d2)∈Z

1
2(d2,d1).

In fact, leta = (mad1, nad2), b = (mbd1, nbd2) ∈ Z
1
2(d1,d2), thena+ b = ((ma +

mb)d1, (na + nb)d2) ∈ Z
1
2(d1,d2). Now for the pairs(ma,na) and(mb,nb) we find

four possibilities:(ma,na) even,(mb,nb) even, etc.. Examining these possibilities
we realize that in all the four cases the integersma + mb, na + nb are both even or
both odd; hencea+b∈ Z

1
2(d1,d2).

3.7.⋆ ⋆ ⋆ [Sect. 3.3] With reference to representation (3.27), find the corresponding

upper–triangular representation.Hint: Use Proposition 3.1.

The normalized lower–triangular and upper–triangular bases have respectively the
form

Gl =

[
1 0
b i

]
, Gu =

[
i c
0 1

]

where 0< b < i and 0< c < i. According to Proposition 3.1, the two matrices must
be related by

Gu = Gl E = Gl

[
e11 e12

e21 e22

]
(S3.1)



22 Solutions to problems of Chapter 3

whereE is an integer matrix with detE = ±1. Since detGl = detGu = i, in this
case detE = 1.

Explicitly writing (S3.1), we find the conditions

e11 = i e12 = c i(b+e21) = 0 .

Hence

E =

[
i c
−b e22

]

and detE = 1 gives the condition

ie22+bc= 1 . (S3.2)

In conclusion, for giveni,b, the integerc is found as the solution of theinteger
equation(S3.2) under the condition 0< c < i.

For instance, withi = 5, b = 2 the equation is

5e22+2c = 1

which has the solutionc = 3, e22 =−1.

3.8.⋆ [Sect. 3.5] Check that the setA = [0,1)∪ [6,7)∪ [12,15) is a cell ofR modulo

Z(5).

First we note that the sets

Ak = [0,1)+5k , Bk = [6,7)+5k , Ck = [12,15)+5k

respectively withk = 0, k = −1, k = −2, give a partition of the interval[0,5), that
is,

A0∪B−1∪C−1 = [0,5) .

Then,A = A0∪B0∪C0 andA+5k, k∈ Z give a partition ofR. In fact

+∞⋃

k=−∞
(A+5k) =

+∞⋃

k=−∞
(Ak∪Bk∪Ck)

=
+∞⋃

k=−∞
(Ak∪Bk−1∪Ck−2) =

+∞⋃

k=−∞
[5k, 5+5k) = R .
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3.9.⋆⋆ [Sect. 3.5]Verify the relationship[I0/P0)+[P0/P)+P= I0 for I0 = R, P0 = Z(2)

andP = Z(10).

From (3.33) one gets

[R/Z(2))+Z(2) = R , [Z(2)/Z(10))+Z(10) = Z(2) .

Combining the two relations, one obtains

[R/Z(2))+{[Z(2)/Z(10)+Z(10))}= [R/Z(2))+ [Z(2)) = R .

3.10.⋆ [Sect. 3.6]Find the periodicity of the continuous signal

s(t) = A0 cos 2π f1t +B0 sin 2π f2t , t ∈ R

for f1/ f2 = 3/5 and f1/ f2 =
√

2/5.

The signal is

s(t) = A0 cos 2π f1t +B0 sin 2π f2t
∆
= s1(t)+s2(t) , t ∈ R

where minimum periods ofs1(t) ands2(t) are, respectively

Tp1 =
1
f1

, Tp2 =
1
f2

.

The possible periods arekTp1 andhTp2 for all k,h∈ Z. For f1/ f2 = 3/5 the mini-
mum common period is

3Tp1 = 5Tp2

and theperiodicityisZ(3Tp) = Z(5Tp). For f1/ f2 =
√

2/5 we haveTp1/Tp2 = 2/
√

5
ands1(t) ands2(t) have not a common period and the periodicity becomesO.

3.11.⋆⋆⋆ [Sect. 3.6]Find the periodicity of the discrete signal

s(t) = A0 cos 2π f1t +B0 sin 2π f2t , t ∈ Z(2)

for f1 = 1/7 and f2 = 1/4.

Let
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s(t) = A0 cos 2π f1t +B0 sin 2π f2t
∆
= s1(t)+s2(t) , t ∈ Z(2) .

The period ofs1(t), interpreted as continuous signal, would be 7, but the period of
a signal defined onZ(2) must be a multiple of 2 and so the minimum period is 14.
The period ofs2(t), interpreted as continuous signal, is 4, which is admissible also
for a signal defined onZ(2). Hence the period of sums(t) is 28 and the periodicity
is Z(28).

3.12.⋆ [Sect. 3.6]Find the minimum period of the discrete signal

s(t) = s1(t)s3
2(t) , t ∈ Z(3)

wheres1(t) has periodTp1 = 9 ands2(t) has periodTp2 = 12.

It is immediate to check thaty(t) = s3
2(t) has the same period ofs2(t), that is,Tp2 =

12. The period of a products(t)y(t) is the common period ofs1(t) andy(t). Hence,
the period ofs(t) is given by theleast common multipleof 9 and 12, that is, 36.

3.13.⋆⋆ [Sect. 3.8] Verify that any logarithmic function, logb, is an isomorphism from

(Rp, ·) onto(R,+).

According to Definition 3.3 it is sufficient to note that

α(t) = logb(t) : Rp→ R

is aninvertible map. In fact, the inverse map is

α−1(u) = bu : R→ Rp

for everypositive real b.

3.14.⋆ ⋆ ⋆ [Sect. 3.9] Prove that ifG1 e G2 are both subgroups of a groupG, thesum
G1 +G2 and theintersection G1∩G2 are subgroups ofG.

The unionG1∪G2 is not a group, in general, as we can check for the pairG1 = Z(5)

andG2 = Z(3).

We limit ourself to verify, in both cases, the closing properties with respect to the
group operation+.

Let D = G1 +G2 = {a+b |a∈ G1 , b∈ G2}. Considereda1 +b1, a2 +b2 ∈ D,
with a1,a2 ∈G1 andb1,b2 ∈G2. Then
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(a1 +b1)+(a2 +b2) = (a1 +a2)+(b1 +b2) ∈ D

sincea1 +a2 ∈G1 eb1 +b2 ∈G2.
Let G1∩G2 = {a |a ∈ G1 , a∈ G2} and leta1,a2 ∈ G1∩G2, with a1,a2 ∈ G1

anda1,a2 ∈G2, we obtain

a1 +a2 ∈G1 , a1 +a2 ∈G2

and hencea1 +a2 ∈G1∩G2.

3.15.⋆⋆ [Sect. 3.9]Evaluate

Z(T1)∩Z(T2)∩Z(T3) and Z(T1)+Z(T2)+Z(T3)

for T1 = 0.018, T2 = 0.039, T3 = 0.045.

We first find a common submultiple ofT1,T2,T3, which is given byT0 = 0.001. Then

Z(T1) = Z(18T0) , Z(T2) = Z(39T0) , Z(T3) = Z(45T0) .

From (3.72a) we obtainZ(T1)∩Z(T2) = Z(234T0) and

(Z(T1)∩Z(T2))∩Z(T3) = Z(1170T0) = Z(1.17) .

From (3.72b) we obtainZ(T1)+Z(T2) = Z(3T0) and

(Z(T1)+Z(T2))+Z(T3) = Z(3T0) = Z(0.003) .

3.16.⋆⋆ [Sect. 3.9]Reconsider Problem 3.13 and Problem 3.14 using Theorem 3.7.

The application of Theorem 3.7 to Problem 3.13 states that the periodTp is obtained
by solving the equation

Z(Tp) = Z(Tp1)∩Z(Tp2) .

In the specific case, withT0 = 1/ f1, for f1/ f2 = 3/5, the equation is

Z(Tp) = Z(T0)∩Z

(
3
5

T0

)
= Z(3T0) .

For f1/ f2 =
√

2/5 we find
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Z(Tp) = Z(T0)∩Z

(√
2

5
T0

)
= {0} .

Analogously in Problem 3.14 we obtain

Z(Tp) = Z(2)∩Z(7)∩Z(4) = Z(28)

whereZ(2) is inserted to impose that the periodicity of a signal onZ(2) must be a
subgroup ofZ(2).

3.17.⋆⋆⋆ [Sect. 3.9]Find the periodicity of the discrete sinusoid

s(t) = A0 cos(2π f0t +ϕ0) , t ∈ Z(T)

consideringf0 as a parameter.

Let T0 = 1/ f0 be the period of the corresponding continuous signal. Then the peri-
odicity of the discrete signal is given by

Z(Tp) = Z(T0)∩Z(T) .

So, if T/T0 = T f0 is rational, we letT/T0 = N1/N2, with N1 andN2 coprime. Then
we obtainZ(Tp) = Z(N2T) = Z(N1T0). If T/T0 is irrational, thenZ(Tp) = {0} and
the signal is aperiodic.
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Problems of Chapter 4

4.1.⋆ [Sect. 4.1] Explicitly write (4.12a) withI0 = R andP = Z(Tp) and (4.12b) with

I0 = R, P = Z(Tp) andP0 = Z( 1
3Tp). Then, combine these formulas.

Equation ∫

I0
dt s(t) =

∫

I0/P
du ∑

p∈P
s(u− p)

with I0 = R andP = Z(Tp) becomes

∫ +∞

−∞
s(t)dt =

∫ Tp

0

+∞

∑
k=−∞

s(u−kTp)dt .

The latter equation can be proved by partitioningR into the intervals[kTp,(k+
1)Tp), k∈ Z.

Equation ∫

I0/P
dt s(t) =

∫

I0/P0

du ∑
p∈[P0/P)

s(u− p)

with I0 = R andP = Z(Tp) andP0 = Z(1
3Tp) becomes

∫ Tp

0
s(t)dt =

∫ Tp/3

0
∑

p∈{0, 1
3Tp, 2

3Tp}
s(u− p)du

=

∫ Tp/3

0

[
s(u)+s(u− 1

3Tp)+s(u− 2
3Tp)

]
dt

(S4.1)

where[P0/P) = {0, 1
3Tp,

2
3Tp}. In this case we assume thats(t) has periodTp and

we partition the interval[0,Tp) into [0, 1
3Tp), [1

3Tp,
2
3Tp) and[2

3Tp,Tp). Hence

∫ Tp

0
s(t)dt =

∫ 1
3Tp

0
s(t)dt +

∫ 2
3Tp

1
3Tp

s(t)dt +
∫ Tp

2
3Tp

s(t)dt

and with a change of variable we obtain (S4.1).
Note that the signals(u)+ s(u− 1

3Tp)+ s(u− 2
3Tp) becomes periodic of period

1
3Tp and then its formulation onI0/P0 = R/Z(1

3Tp) is correct.

4.2.⋆⋆ [Sect. 4.1]Explicitly write the multirate identity (4.13) withI0 = Z andP= Z(5).

Then, prove the identity in the general case starting from (4.12).
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With I0 = Z andP = Z(5), the cell [I0/P) = {0,1,2,3,4} has cardinalityN = 5.
Then the multirate identity

∫

I0
dt s(t) =

1
N ∑

p∈[I0/P)

∫

P
dus(u+ p) (S4.2)

becomes
+∞

∑
n=−∞

s(n) =
1
5

4

∑
p=0

∫

Z(5)
du s(u+ p)

=
1
5

4

∑
p=0

∑
u∈Z(5)

5 s(u+ p)

=
4

∑
p=0

+∞

∑
k=−∞

s(5k+ p) .

In the latter summation, the signal values are summed separately over the sets
Z(5),Z(5)+1, . . . ,Z(5)+4 and then the 5 sums are combined.

To prove relation (S4.2) in general, we note thatI0 and P are lattices. Then,
(4.12b)ecomes

∫

I0
dt s(t) = ∑

u∈[I0/P)

d(I0) ∑
p∈P

s(u− p)

= ∑
u∈[I0/P)

d(I0)

[
1

d(P)

∫

P
dp s(u− p)

]

where d(I0)/d(P) = 1/N. Then the multirate identity follows, considering that the
integrals ofs(u) and ofs(u− p) coincides for the property of the Haar integral (see
(4.2)).

4.3.⋆ [Sect. 4.2] Show that the ordinary integral overR verifies the general properties

of the Haar integral.

The check is immediate. For instance, the property

∫ +∞

−∞
s(t + t0) dt =

∫ +∞

−∞
s(t ′) dt ′

is obtained with the change of variablet ′ = t + t0.
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4.4.⋆ [Sect. 4.2] Show that the Haar integral overZ(T) verifies the general properties

of the Haar integral.

The Haar integral overZ(T) is given by

∫

Z(T)
dt s(t) =

+∞

∑
n =−∞

T s(nT)

and clearly it is a linear functional. Moreover the other properties

+∞

∑
n =−∞

T s(−nT) =
+∞

∑
m=−∞

T s(mT)

+∞

∑
n =−∞

T s(nT−kT) =
+∞

∑
m=−∞

T s(mT) ,

can be proved by an index change.

4.5.⋆⋆⋆ [Sect. 4.3]Prove the identity

∫ +∞

−∞
s(t) dt =

∫ Tp

0

+∞

∑
n =−∞

s(t−nTp) dt ,

which is a particular case of (4.12a) forI0 = R andP = Z(Tp).

It results ∫ Tp

0

+∞

∑
n =−∞

s(t−nTp) dt =
+∞

∑
n =−∞

∫ Tp

0
s(t−nTp) dt .

With the change of variablet−nT = u, one gets

+∞

∑
n =−∞

∫ Tp

0
s(t−nTp) dt =

+∞

∑
n =−∞

∫ −nTp+Tp

−nTp

s(u) du =
∫ +∞

−∞
s(t) dt

where we have considered that the sequence of intervals[−nTP , −nTP+TP), n∈Z,
forms apartition of R.

4.6.⋆⋆ [Sect. 4.3] Using (4.6), explicitly write the integral of a signal(t1, t2), ∈ R×
Z(d). Then, evaluate the integral of the signals(t1, t2) = e−(t1+t2) for t1, t2≥ 0 ands(t1, t2) =

0 elsewhere.
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It results

I =
∫

R

dt1

∫

Z(d)
dt2 s(t1, t2) =

∫ +∞

−∞

[
+∞

∑
n =−∞

d s(t1,nd)

]
dt1 .

The signal isseparableass(t1, t2) = s1(t1)s2(t2) and therefore

I =
∫ +∞

−∞
s1(t1) dt1 d

+∞

∑
n=−∞

s(nd)

=
∫ ∞

0
e−t1 dt1 d

∞

∑
n=0

e−nd = I1 I2

where
I1 =

∫ ∞

0
e−t1 dt1 = 1

I2 =
∞

∑
n=0

e−nd =
∞

∑
n=0

(e−d)n =
1

1−e−d .

4.7.⋆⋆⋆ [Sect. 4.5]Prove that the inner product of an even real signal and an odd real

signal onZ(T)/Z(NT) is zero.Hint: consider the casesN even andN odd separately.

Let x(t), y(t), t ∈ Z(T)/Z(NT), wherex(nT) is real and even andy(nT) is real and
odd. Then their inner product is given by

〈x,y〉=
∫

Z(T)/Z(N)
dt x(t)y(t) .

For N = 2M + 1 odd, we can choose as cell of integration{−MT, . . . ,0, . . . ,MT}.
Hence

〈x,y〉= T
M

∑
n=−M

x(nT)y(nT)= T

{
x(0)y(0)+

M

∑
n=−M

[x(nT)y(nT)+x(−nT)y(−nT)]

}

wherey(0) = 0, x(−nT)y(−nT) =−x(nT)y(nT). Hence,〈x,y〉= 0.
For N = 2M we choose the cell{−(M−1)T, . . . ,0, . . . ,MT}. Note thaty(0) =

0, but alsoy(MT) = 0. In fact, for the periodicityy(MT) = y(MT − 2MT) =
y(−MT) = −y(MT). Then proceeding as in the case ofN odd, we prove that
〈x,y〉= 0.
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4.8.⋆⋆ [Sect. 4.5] The abstract definition of theadjoint of an operatorL is formulated
through the inner product as an operatorL∗ such that

〈L[x],y〉= 〈x,L∗[y]〉 , ∀x,y∈ L2(I) . (S4.3)

It can be shown that this condition uniquely defineL∗ from L [7].

Prove condition (S4.3) through the kernels, where the kernelof L∗ is given by (4.47).

Let h(t,u) be the kernel ofL. Then, the first inner product is explicitly

〈L[x],y〉=
∫

I
dt

{∫

I
du h(t,u)x(u)

}
y∗(t) .

The second inner product is

〈x,L∗[y]〉=
∫

I
dt x(t)

{∫

I
du h∗(t,u)y(t)

}∗
.

The equality follows after use of (4.47) and interchangingt with u in the second
inner product.

4.9.⋆⋆⋆ [Sect. 4.5]Prove that the operatorsLE = 1
2(I+I−) andLO = 1

2(I−I−) are

idempotent and orthogonal to each other.

The square ofLE is given by

L
2
E = 1

4(I2 + I
2
−+ II−+ II−)

where, considering the meaning,I2 = I, I2
− = I, andII− = I−. Hence,L2

E = LE

and analogouslyL2
O = LO. The proof of the orthogonality,LE LO = 0, is similar.

4.10.⋆⋆ [Sect. 4.5]Prove the identity of the inner product inL2(I)

〈L[x],K[x]〉= 〈x,L∗K[x]〉

whereL andK are arbitrary operators onL2(I) andL∗ is the adjoint ofL. Hint: use the

abstract definition of the adjoint reported in Problem 4.8.

The abstract definition of adjoint is (see Problem 4.8)

〈L[x],y〉= 〈x,L∗[y]〉 .
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With y = K[x] we obtain the identity.

4.11.⋆ [Sect. 4.6]Show that class (4.55) consists of orthogonal functions.

The check is based on property ofNth root of the unity and explicitly

N−1

∑
k=0

ei2πmk/N e−i2πnk/N =
N−1

∑
k=0

{
ei2π(m−n)/N

}k
=

1−ei2π(m−n)

1−ei2π (m−n)/N
= 0, m 6= n .

4.12.⋆⋆∇ [Sect. 4.6]Show the orthogonality of the cardinal functions (4.54).

The check in time domain is difficult. In the frequency domainwe can use the Par-
seval Theorem (see Sect. 5.7), which gives

∫

I
dt γm(t) γ∗n(t) =

∫

Î
d f Γm( f ) Γ ∗n ( f )

whereΓm( f ) is the Fourier transform ofγm(t)

γm(t)
F−−−→ Γm( f ) =

1
F

rect

(
f
F

)
e−i2πm f/F , f ∈ R .

By evaluating the second integral we obtain

1
F

sinc(m−n) =
1
F

δmn

and this proves the orthogonality.

4.13.⋆⋆ [Sect. 4.6]Show that cross–energies verify the inequality

0≤ Exy Eyx≤ ExEy .

Let Exy = 〈x,y〉 be the inner product ofx(t) andy(t), t ∈ I . Then

Exy Eyx = |Exy|2≥ 0 .

Next, from the Schwartz inequality (4.41) one gets

Exy Eyx = |(x,y)|2≤ ‖x‖2 ‖y‖2 = Ex Ey
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where the equality holds if and only if the signalsx andy are proportional.

4.14.⋆⋆⋆ [Sect. 4.6]Using the inequality for complex numbers

|z+z∗| ≤ 2|z| (S4.4)

prove the Schwartz–Gabor inequality (4.42). Note that in (S4.4) the equality holds ifz is

real.

Using the norm and inner–product notations, we have to provethat

|〈x,y〉+ 〈y,x〉|2≤ 4‖x‖2‖y‖2 . (S4.5)

In fact, using (S4.4)
|〈x,y〉+ 〈y,x〉| ≤ 2〈x,y〉 . (S4.6)

Hence, using the Schwartz inequality in (S4.6)

|〈x,y〉|2≤ ‖x‖2‖y‖2 (S4.7)

we obtain (S4.5). The equality holds in (S4.6) if(x,y) is real and in (4.7) ify(t) =
K x(t). Combination of these two conditions state thatK is real.

4.15.⋆ [Sect. 4.6] Formulate a basis on a finite groupK/P starting from the impulse

δK/P.

If I = K/P is a finite group, the impulse is given by

δK/P(t) =

{
1/d(K) t ∈ P
0 t 6∈ P

(S4.8)

and has periodicityP. Then using (S4.8) we see by inspection that the functions

δK/P(t−u) , u∈ [K/P) (S4.9)

form an orthogonal basis for the classL2(K/P).

4.16.⋆⋆ [Sect. 4.8]Find the extension and duration of the signal

x(t) =
+∞

∑
n =−∞

rect

(
t−nTp

dTp

)
, t ∈ R/Z(Tp)

whered is a positive real number. Discuss the result as a function ofd.
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The extension of thenth term is

en = (−1
2dTp−nTp,

1
2dTp +nTp) = e0 +nTp

wheree0 = (−1
2dTp,

1
2dTp). Then, the extension ofx(t) is the periodic interval

e(x) = e0 +Z(Tp) .

For d < 1 the intervals are disjoint. Ford≥ 1 the intervals overlap ande(x) = R.

4.17.⋆ [Sect. 4.9]Prove the following relations for the minimal extension of the product
and the sum of two signals

e0(xy) = e0(x)∩e0(y) ,

e0(x+y)⊂ e0(x)∪e0(y) .

We recall that theminimal extensionof a signals(t), t ∈ I is given by thesupport
of s(t), that is, the sete0(s) = {t ∈ I | s(t) 6= 0}. Then, the first relation follows
from the fact thats(t) = x(t)y(t) 6= 0, if and only if bothx(t) 6= 0 andy(t) 6= 0.
The second is proved by noting that ifx(t) = 0 and y(t) = 0 for a givent, then
s(t) = x(t) + y(t) = 0. Then, for the complemente0 of the minimal extension we
have

e0(x+y)⊃ e0(x)∪e0(y) .

4.18.⋆⋆ [Sect. 4.9] The signalx(t) andy(t), defined onR/Z(10), have the following
extensions

e(x) = [0,1)+Z(10) , e(y) = [0,2)+Z(10) .

Find the extension of their convolution.

From (4.72) it results
e(x∗y) = [0,3)+Z(10) .

4.19.⋆⋆ [Sect. 4.9] Consider theself–convolution s(t) = x∗ x(t), t ∈ R/Z(Tp) of the
signal

x(t) =
+∞

∑
n =−∞

rect

(
t−nTp

dTp

)
, t ∈ R/Z(Tp) .

Find the extension as a function of the parameterd.
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We have found that the extension ofe(x) is given by e0 + Z(Tp), whereE0 =
(−1

2dTp,
1
2dTp). Then, applying the rule on the extension of convolution

e(s) =e(x)+e(x) = [e0 +Z(Tp)]+ [e0 +Z(Tp)]

=(e0 +e0)+Z(Tp)

wheree0 +e0 = (−dTp,dTp). Hence,

e(s) = [−dTp, dTp]+Z(Tp) .

Clearly, ford≥ 1
2 it resultse(s) = R.

4.20.⋆⋆ [Sect. 4.13]Prove that (4.122), wherePi form a system ofM orthogonal pro-

jectors, defines anM–ary reflector, that is an operator with the propertyBM = I. Hint: first

evaluateB2 using the orthogonality of thePi , then evaluateB3 = B2B, etc.

We first evaluateB2, which is given by

B
2 =

M−1

∑
i, j=0

Pi P j W
−(i+ j)
M =

M−1

∑
i=0

Pi W
−2i
M

where we have used the propertiesPi P j = δi j P
2
i = δi j Pi . Analogously

B
3 = B

2
B =

M−1

∑
i, j=0

Pi P j W
−(2i+ j)
M =

M−1

∑
i=0

Pi W
−3i
M .

Proceeding in this way we obtain

B
M =

M−1

∑
i=0

Pi W
−Mi
M =

M−1

∑
i=0

Pi = I

whereW−Mi
M = 1 and we have used the second of (4.118).



36 Solutions to problems of Chapter 5

Problems of Chapter 5

5.1.⋆ [Sect. 5.2] Write and prove the orthogonality conditions (5.11) forI =

Z(T)/Z(NT).

Considering that

I = Z(T)/Z(Tp) , Î = Z(F)/Z(Fp) with Tp = NT , F = 1/Tp , Fp = NF

and lettingt = nT and f = kF, the orthogonality conditions (5.11) become

N−1

∑
n=0

T ei2πkn/N = δZ(F)/Z(NF)(kF)

N−1

∑
k=0

F ei2πkn/N = δZ(T)/Z(NT)(nT) .

Next, recalling that

δZ(F)/Z(NF)(kF) =

{
NT k∈ Z(N)
0 k 6∈ Z(N)

it is sufficient to prove the relation

N−1

∑
n=0

ei2πkn/N =

{
N k∈ Z(N)
0 k 6∈ Z(N) .

Now, if k is multiple ofN, all the summation terms are unitary and their sum gives
N. If k is not a multiple ofN, we can use the identity

N−1

∑
n=0

zn =
1−zN

1−z
,

which gives 0 forz= ei2πkn/N. The proof of the second relation is similar.

5.2.⋆ [Sect. 5.3]Show that the 1D LCA groups ofR, i.e.,R, Z(T) andO, verify relation

(5.21).

The check is an immediate consequence of (5.30). For instance, considering that
Z(T)⊂ R, whereZ(T)⋆ = Z( 1

T ) andR
⋆ = O, it follows thatZ(T)⋆ ⊃ R

⋆.
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5.3.⋆⋆ [Sect. 5.3]Starting from the general definition (5.18) of reciprocal, prove relation

(5.21).

We have to prove that, ifK ⊂ J, thenK⋆ ⊃ J⋆ with

K⋆ = { f | f t ∈ Z , ∀t ∈ K}
J⋆ = { f | f t ∈ Z , ∀t ∈ J}= { f | f t ∈ Z , ∀t ∈ K and∀t ∈ (J\K)} ,

whereJ\K denotes the set of the pointsJ that do not belong toK. Hence

f0 ∈ J⋆ ⇐⇒ f0t ∈ Z , ∀t ∈ K and ∀t ∈ (J\K)

=⇒ f0t ∈ Z , ∀t ∈ K ⇐⇒ f0 ∈ K⋆ .

5.4.⋆∇ [Sect. 5.3]Find the reciprocals of the following groups

R+Z(2) , Z(6)+Z(15) , Z(12)∩Z(40) , O∩Z(3) .

From (3.72) and (5.30) one gets

R+Z(2) = R
⋆−−−→ O

Z(6)+Z(15) = Z(3)
⋆−−−→ Z(1/3)

Z(12)∩Z(40) = Z(120)
⋆−−−→ Z(1/120)

O∩Z(3) = O
⋆−−−→ R .

5.5.⋆ ⋆ ⋆ [Sect. 5.3] Prove that tworationally comparablegroupsJ andK satisfy the
relations

(J+K)⋆ = J⋆∩K⋆ , (J∩K)⋆ = J⋆ +K⋆ .

In the class of the groups ofR the reciprocal is given by (5.30). Then, for the relation
(J+K)⋆ = J⋆∩K⋆ we find

f0 ∈ (J+K)⋆ ⇐⇒ f0t ∈ Z , ∀t ∈ (J+K)

⇐⇒ f0t1 + f0t2 ∈ Z , ∀t1 ∈ J , ∀t2 ∈ K

⇐⇒ f0t1 ∈ Z , ∀t1 ∈ J and f0t2 ∈ Z , ∀t2 ∈ K

⇐⇒ f0 ∈ (J⋆∩K⋆) .
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The second relation is obtained by applying the first relation to the pairJ⋆ e K⋆. In
fact

(J⋆ +K⋆)⋆ = (J⋆)⋆∩ (K⋆)⋆ = J∩K

hence
(J∩K)⋆ = J⋆ +K⋆ .

For the multidimensional groups ofR
m the proof is similar. Recall that in themD

case the productf t meansf1t1 + · · ·+ fmtm.

5.6.⋆⋆ [Sect. 5.4]For anyn∈ Z, find the result of the application of the operatorFn on

a signals(t), t ∈ I (Fn denotesn applications of the operatorF).

From the graph (5.36) we have

F
1 = F , F

2 = I− , F
3 = F− , F

4 = I

where

• I is theidentityoperator,
• I− is thereflectoroperator, giving the reverse signals(−t),
• F− gives the reverse FTS(− f ).

For F5 we findF4F = IF = F, etc. For a genericn∈ Z we can use the periodicity
of period 4, e.g.,F7 = F3 = F, F−7 = F−8F = F.

5.7.⋆ [Sect. 5.5]Prove Rule 11a of Tab. 5.2 using Rule 10a.

Assume as known the rule on convolution (Rule 6a of Tab. 5.2).Then, Rule 11a

x∗y∗−(t)
F−−−→ X( f ) F{y∗(−t)}

can be proved as follows. The FT ofy∗(−t) is given by (see Rule 4b)

F{y∗(−t)}=
∫

I
dt y∗(−t) e−i2π f t =

(∫

I
dt y(−t) ei2π f t

)∗
= Y∗( f ) .

Hence Rule 11a
x∗y∗−(t)

F−−−→ X( f ) Y∗( f )

is proved.
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5.8. [Sect. 5.5]Write the Poisson summation formula withI = Z(T0), U = Z(NT0) and

P = O.

The general formula (5.46) requires to specify the groupsI0,U0 andP and the cor-
responding reciprocals. In the specific case we have

I0 = Z(T0) , U0 = Z(NT0) , P = Z(∞) = O

and

I⋆
0 = Z(F0) , U⋆

0 = Z

(
1
N

F0

)
, P⋆ = R (F0 = 1/T0) .

Therefore the arguments of the summations are

u = nNT0 ∈ Z(NT0) , λ = kF ∈ Z(F)/Z(F0) with F = F0/N

and considering that d(U0) = NT0, we obtain

NT0

+∞

∑
n=−∞

s(nNT0) =
N−1

∑
k=0

S(kF)

where the signals(t) is defined inZ(T0) and the transformS( f ) onR/Z(F0).

5.9.⋆⋆ [Sect. 5.5]Evaluate the sum of the series

∞

∑
n=0

1
1+an2

using Poisson’s formula (5.46).Hint: considers(t) = exp(−α |t|), t ∈ R as the signal.

Relation (5.46) states the equality between the sum of two series. Then, if we are
not able to calculate the first one, we try to calculate the second one, or vice versa.
Now, using the Fourier pair

s(t) = e−α|t| F−−−→ S( f ) =
2α

α2 +(2π f )2

the Poisson formula gives

+∞

∑
n=−∞

T e−α|n|T =
+∞

∑
k=−∞

2α
α2 +(2πkFp)2 =

2
α

+∞

∑
k=−∞

1
1+b2k2

whereb = 2πFp/α.
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The last summation is of very difficult evaluation, while thefirst is easy because
it is related to the geometric series. We get

αT

(
2

∞

∑
n=0

e−αTn−1

)
= 2

(
2

∞

∑
k=0

1
1+b2k2 −1

)

whereαT = 2π/b. Hence, recalling that∑∞
n=0 An = 1/(1−A), for |A| < 1, one

obtains
∞

∑
k=0

1
1+b2k2 =

π
4b

(
2

1−exp(−2π/b)
−1

)
+

1
2

.

5.10.⋆ [Sect. 5.5] Evaluate the Fourier transform of a periodic signal defined onR,

instead ofR/Z(Tp), starting from its Fourier series expansion.

See Chap. 2, eq. (2.67). In alternative, observe that anR → R/Z(Tp) down–
periodization is involved and apply the Duality Theorem of Chap.6.

5.11.⋆ [Sect. 5.6]Find the symmetries of the signal

s(t) = i2πt 1(t) e−αt , t ∈ R .

Considering the presence of step function, even, odd, Hermitian and anti–Hermitian
symmetry are excluded. Then, we consider real and imaginarysymmetries. Letting
α = a+ ib, the signal is written in the form

s(t) = i2πt 1(t)eat[cos(bt)+ i sin(bt)]

=−2πt 1(t)eat sin(bt)+ i2πt 1(t)eat cos(bt)

and we see that the signal becomeimaginarywhenb = 0.

5.12.⋆⋆ [Sect. 5.6]Decompose the signal of the previous problem into symmetric com-

ponents, according to Symmetries 1, 2 and 3.

Symmetries 1

se(t) =
1
2

[
s(t)+s(−t)

]
= iπt sgnt e−α|t|

so(t) =
1
2

[
s(t)−s(−t)

]
= iπt e−α|t|
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where sgn(·) is the signum function. Symmetries 2 Lettingα = a+ ib

ℜ [s(t)] =
1
2

[
s(t)+s∗(t)

]
= 2πt 1(t) e−at sin

(
bt
)

i ℑ [s(t)] =
1
2

[
s(t)−s∗(t)

]
= i2πt 1(t) e−at cos

(
bt
)

.

Symmetries 3

sh(t) =
1
2

[
s(t)+s∗(−t)

]
= iπt e−a|t|−i b t

sah(t) =
1
2

[
s(t)−s∗(−t)

]
= iπt e−a|t|−i b t sgn(t) .

5.13.⋆⋆⋆ [Sect. 5.6]Decompose the signal

s(t) = sincN

(
t− t0

Tp

)
, t ∈ R/Z(5Tp) , N = 5

into even and odd components,se(t) andso(t).

We get

se(t) =
1
2

[
s(t)+s(−t)

]
=

1
2

[
sinc5

(
t− t0

Tp

)
+sinc5

(
t + t0

Tp

)]

so(t) =
1
2

[
s(t)−s(−t)

]
=

1
2

[
sinc5

(
t− t0

Tp

)
−sinc5

(
t + t0

Tp

)]
.

5.14.⋆ ⋆ ⋆∇ [Sect. 5.6] Calculate the Fourier transforms of the signalss(t), se(t) and

so(t) of the previous problem. Then, check that they verify the corresponding symmetries,

e.g.,Se( f ) must be real and even.

Assume as known the pair

sinc5

(
t

Tp

)
, t ∈ R/Z(5Tp)

F−−−→ Tp rect(Tp f ) , f ∈ Z(F)

where 5FTp = 1. Then we get

s(t) = sinc5

(
t− t0

Tp

)
F−−−→ S( f ) = Tp rect( f Tp) e−i2π f t0 , f ∈ Z(F)
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whereS( f ) has the Hermitian symmetry. Moreover

se(t)
F−−−→ Se( f ) =

1
2

Tp rect(Tp f ) [e−i2π f t0 +ei2π f t0]

= Tp rect(Tp f ) cos(2π f t0) , f ∈ Z(F)

whereSe( f ) is real and even. Analogously

so(t)
F−−−→ So( f ) = iTp rect(Tp f ) sin(2π f t0) , f ∈ Z(F)

whereSo( f ) is imaginary and odd.

5.15.⋆ [Sect. 5.7]Prove the following rule on the extension of the correlation

e(cxy) = e(x)+ [−e(y)] .

We recall that the correlationcxy(t) is equal to the convolution ofx with y∗−, where
y− is the reverse version ofy, that is,y−(t) = y(−t) (see (5.56). Then, the rule
follows from the rule on the extension of the convolution.

5.16.⋆⋆ [Sect. 5.7]Compute the correlation of the signals

x(t) = A0 rect((t/T)) , y(t) = B0 exp(−|t|/T) , t ∈ R .

Using definition (5.56) one gets

cxy(τ) =
∫ +∞

−∞
x(u− τ) y∗(u)

wherey(t) is real and even. Then

cxy(τ) =
∫ +∞

−∞
B0exp

(−|u|
T

)
A0 rect

(
τ−u

T

)
du .

Subdividing the integral appropriately, one gets

cxy(τ)=






∫ τ+ 1
2T

τ−metT A0B0exp
(

u
T

)
du τ ≤−1

2T
∫ 0

τ− 1
2T A0B0exp

(
u
T

)
du+

∫ τ+ 1
2T

0 A0B0exp
(
− u

T

)
du −1

2T < τ < 1
2T

∫ 0
τ− 1

2T A0B0exp
(
− u

T

)
du τ > 1

2T .

Finally, the explicit evaluation gives
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cxy(τ) =

{
2exp

(
− |τ |T

)
A0B0T(1

2) |τ| ≥ 1
2T

2A0B0T[1−exp(−1
2)
( τ

T

)
] |τ|< 1

2T .

5.17.⋆ ⋆ ⋆ [Sect. 5.7] Calculate the energy spectral density of the two signals of the

previous problem and verify their symmetries.

The Fourier transforms of the signals are respectively

X( f ) = A0T sinc( f T) , Y( f ) =
2B0T

1+4π2 f 2T2 .

Then, using (5.59), one gets

Cxy( f ) = X( f )Y∗( f ) =
2A0B0T2

1+(2π f T)2 sinc( f T) .

Considering the symmetry rules of Tab. 5.3, we find that the cross spectral density
Cxy( f ) is real andeven.

5.18.⋆ [Sect. 5.8] Show that by substituting the expression ofSk given by the first of

(5.70) in in the second, we actually obtainsn.

To avoid a conflict in symbolism, we rewrite the inverse FT (5.70b) as

s̃m =
1
N

N−1

∑
k=0

SkWkm
N .

Then, replacing the equation ofSk given by (5.70a), one gets

s̃m =
1
N

N−1

∑
k=0

N−1

∑
n=0

sn W−kn
N Wkm

N =
1
N

N−1

∑
n=0

sn

N−1

∑
k=0

W−k(n−m)
N ,

where the last summation givesN for n = m and 0 forn 6= m, that is,Nδnm. Hence

s̃m =
N−1

∑
n=0

sn δnm = sm .
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5.19.⋆⋆ [Sect. 5.8]Starting from (5.65) we can “prove” thatall continuous–time signals
are constant valued. Indeed

ei2π f t =
(

ei2π
) f t

= 1f t = 1 .

Therefore

s(t) =
∫ +∞

−∞
S( f ) d f = area(S) !!!

Try to explain this paradox.

The mistake is in the first passage. In fact, ei2πa = 1 if and only ifa∈ Z, whereas in
the exponentialf t ∈ R.

5.20.⋆ [Sect. 5.8]Calculate the Fourier transform of the signal

t e−αt 1(t) , t ∈ R , α > 0

and then apply the Symmetry Rule.

Integrating by parts one gets

S( f ) =

∫ ∞

0
t e−(α+i2π f ) t dt =

1
(α + i2π f )2 , f ∈ R .

Then the application of Symmetry Rule (5.37) yields

s1(t) =
1

(α + i2πt)2 , t ∈ R
F−−−→ S1( f ) =− f ea f 1(− f ) , f ∈ R .

5.21.⋆⋆ [Sect. 5.8]Calculate the Fourier transform of the discrete signal

e−α |t| , t ∈ Z(T) , α > 0

and then apply the Symmetry Rule.

We apply the definition of FT onI = Z(T), which is given by a summation. Then,
we subdivide the summation in such a way that the obsolete value becomes explicit,
we get

S( f ) =
+∞

∑
n=0

T e−αnT e−i2π f nT +
−1

∑
n=−∞

T eαnT e−i2π f nT .
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Then, the substitutionsz1 = e−αT−i2π f T andz2 = eαT−i2π f T give

S( f ) =
+∞

∑
n=0

T zn
1 +

∞

∑
n=0

T z−n
2 −T .

Considering the sum of the geometric series, one obtain

S( f ) =
T

1−z1
+

T

1−z−1
2

−T = T
1−e−2αT

1−2e−αT cos 2π f T +e−2αT ,

f ∈ R/Z(Fp) , Fp = 1/T .

(S5.1)

Note that the two series are convergent because|z1|, |z2| < 1. Hence, we have ob-
tained the Fourier pair

s(t) = e−α|t| , t ∈ Z(T)
F−−−→ S( f ) , f ∈ R/Z(Fp)

with S( f ) given by (5.1). The symmetric pair isS(t), t ∈ R/Z(Fp)

S(t) , t ∈ R/Z(Fp)
F−−−→ s(− f ) , f ∈ Z(T)

with S(t) given by (S5.1) ands(− f ) = e−α| f |.

Remark. In general, after the application of the Symmetry Rule it is convenient to
change some symbols. In the specific case, in the symmetric pair thesignal domain
turns out to beR/Z(Fp), which is a symbol consolidated for the frequency domain
and it will be convenient to replaceFp with Tp.

5.22.⋆⋆ [Sect. 5.8] Referring to 3. of Tab. 5.4, define thecompatibility conditionsof a

sinusoidal signal on the domainsZ(T) andZ(T)/Z(NT). In particular, determine in which

domains the frequencyf0 = 7
39

1
T is compatible.

The discrete signals(t) = cos(2π f0t), t ∈Z(T) is periodic if f0T = T/T0 is rational,
T0 = 1/ f0 being the period of the continuous sinusoids. Only in this case the signal
can be represented on the proper quotient groupZ(T)/Z(NT). If f0T is irrational,
the representation must be done onZ(T).

WhenT/T0 is rational, the minimum periodTp is given by theleast common
multiplebetweenT0 andT, as stated by

Z(Tp) = Z(T0)∩Z(T) . (S5.2)

In the specific case wheref0 = 7
39

1
T one finds

Z(Tp) = Z
(

39
7 T
)
∩Z(T)
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whose solution isTp = 39T.
In conclusion, no compatibility is required for the representation onZ(T), while

onZ(T)/Z(Tp) the periodTp must be chosen according to (S5.2).

5.23.⋆ [Sect. 5.8] Starting from the Fourier pair (5.73), evaluate the Fouriertransform

of the even and odd parts ofs(t). Note in particular thatse(t) = 1
2 exp(−α|t|).

The pair is

s(t) = 1(t) e−αt , t ∈ R
F−−−→ S( f ) =

1
α + i2π f

, f ∈ R .

Considering the rules(−t)
F−−−→ S(− f ), for the even part we find

se(t) =
1
2

[s(t)+s(−t)]
F−−−→ Se( f ) =

1
2

[S( f )+S(− f )]

and hence

Se( f ) =
1
2

[S( f )+S(− f )] =
1
2

[
1

α + i2π f
+

1
α− i2π f

]
=

α
α2 +(2π f )2 .

Analogously for the odd part we find

So( f ) =
1
2

[S( f )−S(− f )] =
1
2

[
1

α + i2π f
− 1

α− i2π f

]
=− i2π f

α2 +(2π f )2 .

5.24.⋆ [Sect. 5.8]Evaluate the area of the signal

s(t) = A0 sinc(F0t) , t ∈ R .

The evaluation in the time domain requires to use tables of integrals, whereas in the
frequency domain it is immediate using the rule area(s) = S(0)

area(s) = S(0) =
A0

F0
rect

(
f

F0

)∣∣∣∣
f=0

=
A0

F0
.

5.25.⋆ [Sect. 5.8] Evaluate the Fourier transform of theeven partandodd partof the
signal

s(t) = 1(t) t e−αt , t ∈ R , α > 0 .
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We start from the Fourier pair

s(t) = 1(t) t e−at , t ∈ R
F−−−→ 1

a+ i2π f
, f ∈ R .

Then, from (5.53) one gets

se(t)
F−−−→ a

a2 +4π2 f 2 , so(t)
F−−−→ −i2π f

a2 +4π2 f 2 .

Remark. This problem is identical to Problem 5.23, but the solution follows a
different approach.

5.26.⋆ [Sect. 5.8]Evaluate amplitude and phase of the Fourier transform of the signals

s1(t) = A0 rect

(
t− t0

T

)
, t ∈ R , s2(t) = A0 rep10

[
rect

(
t−2

3

)]
, t ∈ R/Z(10) .

The Fourier pairs are

s1(t) = A0 rect

(
t− t0

T

)
F−−−→ S1( f ) =

A0

F
sinc

(
f
F

)
e−i2π f t0

t ∈ R F =
1
T

, f ∈ R

s2(t) = A0 rep10

[
rect

(
t−2

3

)]
F−−−→ S2( f ) = 3A0 sinc(3 f ) e−i4π f

t ∈ R/Z(10) f ∈ Z(1/10) .

The amplitude and the phase of the FTs are given by

|S1( f )|= (A0/F) |sinc( f/F)| , arg[S1( f )] =−2π f t0 +α( f )
|S2( f )|= 3A0 |sinc(3 f )| , arg[S2( f )] =−4π f +β ( f )

whereα( f ) = 0 for sinc( f/F) > 0 andα( f ) = π for sinc( f/F) < 0. Hence

α( f ) =

{
0 f ∈ {(0,F)+Z

+
0 (2F)}∪{(−F,0)+Z

−
0 (2F)}

π otherwise

whereZ
+
0 (2F) = {0,2F,4F, . . .} andZ

−
0 (2F) = {. . . ,−4F,−2F,0}. Analogously,

one gets the phaseβ ( f ) (given byα( f ) for F = 1
3).
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5.27.⋆⋆ [Sect. 5.8]Evaluate the Fourier transform of the signal

s(t) = rect(t/T) sin 2π f0t , t ∈ R

in two different ways: 1) using Rule 6b and 2) using the Euler formulas and then Rule 5b.

The signals(t) is given by the product of the signals

x(t) = rect
( t

T

)
, y(t) = sin(2π f0t)

whose FTs are respectively

X( f ) = T sinc(T f) and Y( f ) =
1
2i

[
δ ( f − f0)−δ ( f + f0)

]
.

From the rule on convolution in the frequency domain (6b of Tab. 5.2) one gets

S( f ) = X ∗Y( f ) =
∫

I
dλ X(λ ) Y( f −λ ) .

After a single substitution, the use ofsifting propertyof the impulse gives

S( f ) =
T
2i

{
sinc[T( f − f0)]−sinc[T( f + f0)]

}
.

The generalization of this result is

s(t) = x(t) sin(2π f0t)
F−−−→ S( f ) =

1
2i

[
X( f − f0)−X( f + f0)

]
.

However, the evaluation through Eulero’s formulas is simpler, using the rule

s(t)ei2π f0t F−−−→ S( f − f0) .

5.28.⋆ [Sect. 5.8]Write Parseval’s theorem in the caseI = Z(T)/Z(10T).

Considering that

I = Z(T)/Z(10T)
duals−−−→ Î = Z(F)/Z(10F) , F = 1/(10T) .

Parseval’s theorem (5.43)
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∫

I
dt |s(t)|2 =

∫

Î
d f |S( f )|2 ,

becomes
9

∑
n=0

T |s(nT)|2 =
9

∑
k=0

F |S(kF)|2 .

5.29.⋆ [Sect. 5.8]Write decomposition (5.77) for the causal exponential signal

s(t) = 1(t) e−3t , t ∈ R .

First, we write the Fourier pair

s(t) = 1(t) e−3t , t ∈ R
F−−−→ S( f ) =

1
3+ i2π f

, f ∈ R .

Then, note that a singularity at the origin is not present andthe decomposition gives

|S( f )|= AS( f ) =
1√

9+4π2 f 2
, arg[S( f )] = βS( f ) =−arctan

2
3

π f

S0 =
∫

{0}
S( f ) d f = 0 .

Hence, (5.77) becomes

s(t) =
∫ +∞

0+

2√
9+4π2 f 2

cos

[
2π f t−arctan

2
3

π f

]
d f , t ∈ R .

5.30.⋆⋆ [Sect. 5.8]Write decomposition (5.77) for the signal

s(t) = 5+1(t) e−3t , t ∈ R .

The problem is very similar to the previous one, but in this case the FT has an
impulse at the origin

s(t) = 5+1(t) e−3t , t ∈ R
F−−−→ S( f ) = 5 δ ( f )+

1
3+ i2π f

, f ∈ R .

Then
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AS( f ) = 5δ ( f )+
1√

9+4π2 f 2
, βS( f ) =−arctan

2
3

π f

S0 =
∫

{0}
S( f ) d f = 5,

and decomposition (5.77) gives

s(t) = 5+
∫ +∞

0+

2√
9+4π2 f 2

cos

[
2π f t−arctan

2
3

π f

]
d f , t ∈ R .

5.31.⋆⋆ [Sect. 5.8]Write decomposition (5.77) for the discrete signal

s(nT) = 2+(1/3)|n| , nT ∈ Z(T) .

The domains are

I = Z(T) , Î = R/Z(Fp) , Fp =
1
T

.

Now, on the quotient group̂I = R/Z(Tp) the decomposition (5.74) requires a choice
of a cellP. With the choiceP =

[
−1

2 Fp,
1
2 Fp

)
one gets

Îz = {0} , Î+ =
(
0, 1

2 Fp
)

, Î− =
(
−1

2 Fp, 0
)

.

The corresponding decomposition, given by (5.77), results

s(t) = S0 +
∫ 1

2 Fp

0+
2AS( f ) cos[2π f t +βS( f )] d f , t ∈ Z(T)

where
S0 =

∫

{0}
S( f ) d f

takes into account a possible impulse atf = 0. For the evaluation of the FT it is
required a preliminary decomposition of the signal in the form s(t) = s0(t)+s1(t),
wheres0(t) = 5→ S0( f ) = 5δR/Z(Fp)( f ), and

S1( f ) =
+∞

∑
n=−∞

T

(
1
3

)|n|
e−i2π f nT , z

∆
= ei2π f T

= T
∞

∑
n=0

(
1
3

)−n

zn +T
∞

∑
n=0

(
1
3

)n

z−n−T = T

[
1

1−3z
+

1

1− 1
3z−1

−1

]
.

HenceS0 = 5, while for f ∈ (0,+∞) one gets
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AS( f ) = |S( f )|= |S1( f )| , βS( f ) = argS( f ) = argS1( f ) .

The evaluation of the amplitude and phase is long and tedious.

5.32.⋆⋆ [Sect. 5.8]Show that on the discrete domainZ(T) the signalx0(nT) = zn, with

za complex constant, is a filter eigenfunction.

The input–output relation of filters onZ(T) is

y(nT) =
+∞

∑
m=−∞

T g(nT−mT)x(mT) =
+∞

∑
k=−∞

T g(kT)x(nT−kT) .

The input signalx0(nT) = zn gives

y(nT) =
+∞

∑
k=−∞

T g(kT)zn−k = zn G̃(z) ,

where

G̃(z) =
+∞

∑
k=−∞

T g(kT)z−k . (S5.3)

In conclusion, one gets the responsey(nT) = G̃(z)x0(nT) and thereforex0(nT) =
zn is an eigenfunction with eigenvaluẽG(z). As we shall see in Chap.11, the function
G(z) is thez–transformof the impulse response.

5.33.⋆ [Sect. 5.8] Explain why sinusoids are not filter eigenfunctions, although the re-
sponse to a sinusoid is still a sinusoid.

The response ofreal filter with frequency responseG( f ) to the signalx(t) =
A0 cos(2π f0t +ϕ0) is (see Sect. 2.8)

y(t) = A0 |G( f0)| cos
(

2π f0t +ϕ0 +argG( f0)
)

.

Hence, the condition of proportionalityy(t) = λ x(t) is not verified. Ultimately,
this is due to the fact that a sine signals(t) is not separable, that is,λs(t − u) 6=
s(t) s(−u).

5.34.⋆ ⋆ ⋆ [Sect. 5.8] Show that in the case of a continuous signals(t), t ∈ R, the
constant term in the composition (5.77) is given by the so calledcontinuous component(see
Sect. 2.1)
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S0 = lim
T→∞

1
2T

∫ T

−T
s(t) dt ,

provided that the limit exists and is finite.

Suppose that the limit

K = lim
T→∞

1
2T

∫ T

−T
s(t) dt

exists withK finite. Then,s(t) can be expressed as

s(t) = K +v(t) , t ∈ R where lim
T→∞

1
2T

∫ T

−T
v(t) dt = 0 .

Hence, in the frequency domain we haveS( f ) = K δ ( f )+V( f ), with f ∈R, where
V( f ) does not contain an impulse atf = 0. Then

S0 =

∫

{0}
S( f ) d f = K .

5.35.⋆ [Sect. 5.8] Write decomposition (5.74) in the caseI = R/Z(Tp) and then write
the signal decomposition (5.77).

For signals defined onR/Z(Tp) the frequency domain iŝI = Z(F) with F = 1/Tp.
Then, decomposition (5.74) gives

Îz = {0} , I+ = {F,2F,3F . . .}

and (5.77) becomes

s(t) = S0 +
∞

∑
n=1

2F AS(nF) cos
[
2πnFt+βS(nF)

]
, t ∈ R/Z(Tp)

with
S0 =

∫

{0}
d f S( f ) = F S(0) .

5.36.⋆ [Sect. 5.8]Write decompositions (5.74) and (5.77) in the caseI = Z(T)/Z(Tp).
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The frequency domain is

Î = Z(F)/Z(Fp) with F = 1/Tp , Fp = NF .

ConsideringN = 2M +1 odd, a cell ofZ(F) is given byZ(Fp) è

P = {−MF, . . . ,−F,0,F, . . . ,MF} .

Then, decomposition (5.74) holds for

Îz = {0} , Î+ = {F,2F, . . . ,MF}

and (5.77) gives

s(t) = S0 +
M−1

∑
n=1

2F AS(nF) cos
[
2πnFt+βS(nF)

]
, t ∈ Z(T)/Z(Tp)

with S0 = F S(0).

5.37.⋆ ⋆ ⋆ [Sect. 5.8] The decomposition into “positive” and “negative” frequencies
(5.74) is not unique. Prove that, forI = Z(T) andÎ = R/Z(Fp), in place of the decomposi-
tion indicated in (5.74) we can consider the alternative decomposition

Î+ =

(
0,

1
2

Fp

)
, Î− =

(
1
2

Fp, Fp

)
.

The alternative is explained by the fact that the frequencies in the domainR/Z(Fp)
are moduloZ(Fp). Thus, e.g., the negative frequency−1

4Fp is equivalent to the
positive frequency−1

4Fp +Fp = 3
4Fp.

5.38.⋆ [Sect. 5.8]Let s(t), t ∈R, be a signal with the limited spectral extensione(S) =

(−B,B). Find the spectral extension ofs2(t), t ∈ R.

In the frequency domain the products(t) · s(t), t ∈ R becomes the convolutionS∗
S( f ), f ∈ R. Considering the rule on the extension of convolution, given by (4.73),
one gets

e(S)+e(S) = (−B,B)+(−B,B) = (−2B,2B) .
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5.39.⋆⋆ [Sect. 5.8]Find the spectral extension of the signal

s(t) = A0 sinc(t/T0) , t ∈ Z(T) , T0 = T/10 .

The FT ofs(t) is given by

S( f ) = 10TA0 repFp
rect(10T f) , Fp =

1
T

.

The extension of rect(10f T) is the intervale0 =
(
− 1

20Fp,
1
20Fp

)
. Since the repetition

terms do not overlap, the spectral extension is given by the repetition of the interval
e0. Hence

e(S) = e0 +Z(Fp) =
(
− 1

20Fp,
1
20Fp

)
+Z(Fp) .

5.40.⋆ [Sect. 5.8]Find the spectral extension of the signal

s(t) = A0 sin3(2π f0t) cos(4π f0t) , t ∈ R/Z(T0) , T0 = 1/ f0 .

It is convenient to use Eulero’s formulas, which gives the following decomposition

s(t) = A0

(
ei2π f0t −e−i2π f0t

2i

)3
ei4π f0t +e−i4π f0t

2

=
A0

i16

(
ei2π5 f0t −3ei2π3 f0t +4ei2π f0t −4e−i2π f0t +3e−i2π3 f0t −e−i2π5 f0t

)
.

Hence, considering that

ei2π f0t F−−−→ δZ( f0)( f −n f0) (S5.4)

one gets the Fourier transform

S( f ) =
A0

i16

[
δZ(F)( f −5 f0)−3δZ(F)( f −3 f0)+4δZ(F)( f − f0)

−4δZ(F)( f + f0)+3δZ(F)( f +3 f0)−δZ(F)( f +5 f0)
]

.

Finally, considering that

e(δZ( f0)( f −n f0)) = {n f0} (S5.5)

the spectral extension is given by
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E0(s) =
{
−5 f0,−3 f0,− f0, f0,3 f0,5 f0

}
.

5.41.⋆⋆ [Sect. 5.8] Prove that the spectral extension of the previous signal does not

change if the domain/periodicityR/Z(T0) is replaced byR/Z(2T0).

First we note that the signal hasminimum period T0 = 1/ f0, but every multiple of
T0 is anadmissible periodof the signal, in particular 2T0. In the new representation
s(t), t ∈ R/Z(2T0) the previous relations hold with (S5.4) replaced by

ei2πn f0t F−−−→ δ
Z(

1
2 f0)

( f −n f0)

but (S5.5) still hold and therefore the spectral extension does not change.
In the theory ofelementary transformationsof Chap.6 the changeR/Z(T0)→

R/Z(2T0) is called adown–periodizationand the corresponding transformation in
the frequency domain of the formZ( f0)→ Z(1

2 f0) is calledup–sampling. Now, the
Z( f0)→Z(1

2 f0) up–sampling multiplies the values of the FTS( f ) at the frequencies
f ∈ Z( f0) andfills with zero valuesthe FTS( f ) at the frequencies12 f0 6∈ Z( f0).
Hence, the spectral extensionafter a down–periodization does not changeand this
is a general statement.

5.42.⋆ [Sect. 5.9]Show that in 1D case the rule on the coordinate change becomes

s(at)
F−−−−→ (1/|a|)S( f (a))

wherea is an arbitrary non zero real number.

In the generalmD case the rule on coordinate change is

s(at) F−−−→ 1
d(a)

S(a⋆ f )

wherea is a regularm×m real matrix anda⋆ is the inverse transpose ofa. In the
1D casea becomes a scalara anda⋆ becomes 1/a, wherea 6= 0 because the matrix
a is supposed to be regular. Moreover, d(a) is the absolute value of the determinant
of a, which becomes|a| in the 1D case.

5.43.⋆⋆⋆ [Sect. 5.10]Prove that (5.97), whenB is hexagonal, yields (5.101).



56 Solutions to problems of Chapter 5

-

6

t1

t2

A

BC

D

E F

HK

I
B1

	
B2

�
B3

-

6

t1

t2

A’

B’

H’

6
B

-B2

Fig. S5.1Decomposition of the hexagon

The hexagon of Fig.5.17 can be seen as the union of the rectangle BFEC and four
rectangular triangles (Fig. S5.1). The rectangle is explicitly [−B3,B3]× [−B2,B2]
where 2B3 is the length of the horizontal edges. The corresponding indicator func-
tion is

G( f1, f2) = rect( f1/2B3) rect( f2/2B2) .

Hence (see (5.98))

grect(t1, t2) = 2B3 sin(2B3T1) 2B2 sinc(2B2t2) .

As regards the triangles, it is convenient to start from the triangle HAB shifted to
origin and denoted by H’A’B’ in Fig.5.1. The lengths of the basis and of the altitude
are respectivelyB = B1−B3. The indicator function of H’A’B’ is

Q( f ) =
{

1 0< f1 < B,0 < F2 < B2(1− f/B)
0 elsewhere .

Then, the indicator functions of the four triangles are given by (listed clockwise)

Q++( f1, f2) = Q( f1−B3, f2)

Q+−( f1, f2) = Q++( f1,− f2) = Q( f1−B3,− f2)

Q−−( f1, f2) = Q++(− f1,− f2) = Q(− f1−B3,− f2)

Q−+( f1, f2) = Q++(− f1, f2) = Q(− f1−B3, f2) .

(S5.6)

Hence, it is sufficient the evaluation of the inverse FT ofQ( f ), which is given by

q(t1, t2) =
∫ B

0
d f1

{∫ B2(1− f1/B)

0
d f2 ei2π f2t2

}
ei2π f1t1

=
∫ B

0
d f1

1
i2πt2

[
ei2πB2(1− f1/B)t2−1

]
ei2π f1t1

=
1

i2πt2

{
ei2πB2t2

B
i2π(Bt1−B2t2)

[
ei2π(Bt1−B2t2)−1

]
− 1

i2πt1

[
ei2πBt1−1

]}
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which can be written in the form

q(t1, t2) =
B

i2πt2

[
sinc(Bt1−B2t2) eiπ(Bt1+B2t2)−sinc(Bt1) eiπBt1

]
. (S5.7)

Next, using (S5.6) we find

q++(t1, t2) = q(t1, t2)ei2πB3t1

q+−(t1, t2) = q(t1,−t2)ei2πB3t1 .

Considering thatQ( f1, f2) is real and

Q−−( f1, f2) = Q++(− f1,− f2) = Q∗++(− f1,− f2)

Q−+( f1, f2) = Q+−(− f1,− f2) = Q∗+−(− f1,− f2) .

From the rules∗(t)
F−−−→ S∗(− f ) we get

q++(t1, t2)+q−−(t1, t2) = 2ℜq++(t1, t2)

q+−(t1, t2)+q−+(t1, t2) = 2ℜq+−(t1, t2)

and the contribution of the four triangles is given by

gtr(t1, t2) =2ℜ{q++(t1, t2)+q+−(t1, t2)}

2ℜ
{

[q(t1, t2)+q(t1,−t2)] eiπB3t1
}

.

Using (S5.7) we find

ℜ
{
[q(t1, t2)+q(t1,−t2)] eiπB3t1

}

=
B

i2πt2

[
sinc(B4t1−B2t2) eiπ(B4t1+B2t2)−sinc(B4t1 +B2t2) eiπ(B4t1−B2t2)

]

where
B4 = B+2B3 = B1 +B3 .

Hence

gtr(t1, t2) =
B

2πt2

{
sinc(B4t1−B2t2) sin[π(B4t1 +B2t2)]−

−sinc(B4t1 +B2t2) sin[π(B4t1−B2t2)]
}

We can check this result by applying the rule

gtr(0,0) = area(Gtr)

where the area of the four triangles is (see Fig.5.1) 2BB2. In fact, to solve the inde-
terminacy at(t1, t2) = (0,0) we note that sinc(0) = 1 and sin(x) = x+O(x3). Hence
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gtr(t1, t2)−−−→
2B

2πt2
[π(B4t1−B2t2)−π(B4t1−B2t2)] = 2BB2 .

We recall the symbols

• B1 andB2 as in the figure,

• B3 half of horizontal edges,

• B = B1−B3,

• B4 = B+2B3 = B1 +B3 and write the final result

ghexagon(t1, t2) =2B3 sin(2B3T1) 2B2 sinc(2B2t2)+

+
B

2πt2

{
sinc(B4t1−B2t2) sin[π(B4t1 +B2t2)]−

−sinc(B4t1 +B2t2) sin[π(B4t1−B2t2)]
}

whereB1 andB2 are defined as in the figure,B3 is half of the horizontal edges,
B = B1−B3 andB4 = B1 +B3.

5.44.⋆⋆⋆ [Sect. 5.10]Prove that (5.97), whenB is circular, yields (5.102).

Hint: use the Bessel function identity [1]:
∫ 1

0 xJ0(cx) dx = 1
c J1(c).

We apply the theory of signals and FTs with acircular symmetry, which states that
if the signal has the form

s(t1, t2) = g

(√
t2
1 + t2

)
(S5.8)

also its FT has the form

S( f1, f2) = G

(√
f 2
1 + f2

)
. (S5.9)

The functionsg(a) andG(b) are related by the Hankel transform (see (5.87)). In the
present case, the FT is given by (S5.9) with

G(b) =
{

1 0< b < B
0 b > B .

The corresponding inverse Hankel transform is

g(a) = 2π
∫ ∞

0
db bG(b)J0(2πab)

= 2π
∫ B

0
db bJ0(2πab) .

(S5.10)
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The suggested identity gives

g(a) = 2πB2
∫ 1

0
xJ0(2πax) dx =

B
a

J1(2πaB)

and (5.102) follows.

5.45.⋆⋆ [Sect. 5.10] Consider the Fourier transform of the pyramidal signal given by

(5.103). Evaluate the value at the origin PYR(0,0). Hint: to evaluate the indeterminacy 0/0

use the expansion sin(x) = x−x3/6+O(x4).

Expression (5.103) is indeterminate for( f1, f2) = (0,0) and therefore we use the
suggested expansion, which gives

sinc(x) =
sinπx

πx
= 1− 1

6
(πx)2 +O(x3) .

Then

PIR( f1, f2) → −
1
6

4π2( f1− f2)2−4π2( f1 + f2)
2π2 f1 f2

→ 4
3

.
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Problems of Chapter 6

6.1.⋆⋆ [Sect. 6.2]Consider theR→ R tf with following input–output relation

y(t) = ei2π f0t x2(t) , t ∈ R

where f0 > 0 is a constant frequency.

Check if the tf 1) isreal, 2) isshift–invariant, 3) is invertible.

This tf is not a real tf. In fact, if x(t) is a real valued signal,y(t) is complex. This tf
is not periodically invariant. In fact, if we shift the input signal, we obtain the signal

y1(t) = ei2π f0t x2(t− t0)

which is not the shifted versiony(t− t0). But, if we restrictt0 to Z(T0), whereT0 =
1/ f0, we can write

y1(t) = ei2π f0(t−t0) x2(t− t0) = y(t− t0) , ∀t0 ∈ Z(1/ f0) .

Hence, the proposed tf isperiodically invariantwith periodicityZ(1/ f0). Finally, it
is clear that the above tfis not invertibleowing to the presence of a quadratic term,
which makes it not possible to recover the input signal.

6.2.⋆⋆ [Sect. 6.2]Consider theR→ R tf with input–output relationship

y(t) = e−α|t|x2(t) , t ∈ R

whereα > 0. Determine when the tf isconditionally invertibleand express the inverse tf.

We first consider the relation
y0(t) = x2(t)

where the possibility of the recovery ofx(t) from y0(t), without ambiguity, requires
that x(t) is real and nonnegative. If this is the case, the recovery is obtained as
x(t) =

√
y0(t).

Next, considering that e−α|t| > 0 for everyt ∈ R, the condition is still given by
x(t)≥ 0 and the recovery is obtained as

x(t) =

√
y(t)eα|t| = e

1
2α|t|√y(t) . (S6.1)

In conclusion, the tf is conditionally invertible for the class ofreal nonnegative input
signals. The inverse ft isR→ R with input–output relation given by (S6.1).
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6.3.⋆⋆ [Sect. 6.2]Prove that the set of shift invariance defined by (6.8) of Definition 6.3

is always an Abelian group.

Let y = T[x] be the input–output relation and

Π = {p | yp = T[xp]}

the set of shift–invariance. We have to prove that 1)p = 0∈ Π (this is evident), 2)
if p∈Π then also−p∈Π , 3) if p,q∈Π , then alsop+q∈Π .

These properties follows from the fact that the input and output domainsI ansU
are Abelian groups. The input–output relation is explicitly

y(t) = T[x(·) | t] ∀x∈ I , ∀t ∈U (S6.2)

whereI is the class of the input signals. Now, ifp∈Π , thenyp(t) = T[xp] and more
explicitly

y(t− p) = T[x(·− p) | t− p] . (S6.3)

Now, to prove that also−p∈Π , we use the fact that (S6.2) and (S6.3) holds simul-
taneously, and we let (Fig.S6.1)

-

6

u

x(u) x(u−p)

u0 u0+p
-

6

u′

x̄(u′+p) x̄(u′)

u′0−p u′0

-

6

t

y(t) y(t−p)

t0 t0+p
-

6

t ′

ȳ(t ′+p) ȳ(t ′)

t ′0−p t′0

Fig. S6.1Illustration of symbols for the proof in the problem

x̄(u) = x(u− p) = xp(u) , u′ = u− p

ȳ(t) = y(t− p) = yp(u) , t ′ = t− p .

Then
x(u′) = x̄(u′+ p) = x̄−p(u

′)

y(t ′) = t̄(t ′+ p) = ȳ−p(t
′) .

With these notations (S6.3) becomes
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ȳ(t ′) = T[x̄(·) | t ′]

and (S6.2) gives
ȳ(t ′+ p) = T[x̄(·+ p) | t ′+ p] .

The last two relations state that also−p∈Π .
In a similar way we can prove that, ifp,q∈Π , alsop+q∈Π .

6.4.⋆ [Sect. 6.4]Find the kernel of theR→ R linear tf with input–output relation

y(t) =
∫ t

−∞
x(u) du, t ∈ R .

The kernel is given by

h(t,u) = 1(t−u) , t,u∈ R

where 1(x) is the unit step function. In fact

y(t) =
∫

R

du h(t,u)x(u) =
∫ +∞

−∞
1(t−u)x(u) du

where
1(t−u) =

{
1 u < t
0 u > t .

Hence

y(t) =
∫ t

−∞
x(t)du .

6.5.⋆⋆ [Sect. 6.4]Find the kernel of theR→ Z(T) linear tf with input–output relation

y(t) =
∫ t

−∞
x(u) du, t ∈ Z(T) .

We can write

y(t) =
∫ t

−∞
x(u) du =

∫ +∞

−∞
1(t−u) x(u) du, t ∈ Z(T) ,

so that the kernel resultsh(t,u) = 1(t−u) with t ∈ Z(T), u∈R. the only difference
with respect to the previous exercise is in that the kernel isdefined overZ(T)×R

instead overR2.
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6.6.⋆ [Sect. 6.4]Explain why a transformation with input–output relation

y(t) = A x(t)+B ,

whereA andB are constants andB 6= 0, is not linear.

The transformation does not satisfy thecondition of additivity.

6.7.⋆⋆ [Sect. 6.4]Explain why the transformation that gives the conjugate of a signal is

not linear, although if it satisfies additivity:(x1 +x2)
∗ = x∗1 +x∗2.

The transformation does not satisfy thecondition of homogeneity.

6.8.⋆⋆ [Sect. 6.4] Find the impulse response of theI → I linear tf with input–output
relation

y(t) = x(t) cosω0t +x(t− t0) sinω0t .

The termx(t) cosω0t corresponds to a window with kernel cosω0t δI (t−u), while
the termx(t−T0) sinω0t corresponds to the cascade of a delay ofT0 with a window
with kernel sinω0t δI (t−u). Hence, the overall kernel is:

h(t,u) = cos(ω0t) δI (t−u)+sin(ω0t) δI (t−T0−u) , t , u∈ I .

6.9.⋆⋆ [Sect. 6.4]Find the model of the operation that, starting from a signalx(t), t ∈ I ,

gives its even and odd parts.

The tf has one input and two outputs and therefore the kernelh(t,u) is a 2×1 matrix
and the the input–output relationship results Fig.S6.2

h(t,u)-
I

x(t)
-

-

ye(t)

yo(t)
-

I

even part

odd part

Fig. S6.2Transformation that gives the odd and
even part of a signal
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[
ye(t)
yo(t)

]
=
∫

I
du

[
he(t,u)
ho(t,u)

]
x(u) ,

that is,

ye(t) =

∫

I
du he(t,u) x(u) =

1
2

[
x(t)+x(−t)

]

yo(t) =
∫

I
du ho(t,u) x(u) =

1
2

[
x(t)−x(−t)

]
.

taking into account that, in order to obtainx(t) from x(u), we must letδI (t−u) in
the integrand and, to obtainx(−t) from x(t) we must letδI (t +u). The kernel of the
tf results:

h(t,u) =

[
he(t,u)
ho(t,u)

]
=

1
2

[
δI (t−u)+δI (t +u)
δI (t−u)−δI (t +u)

]
.

6.10.⋆⋆⋆ [Sect. 6.4]Show that necessary and sufficient conditions for a linear tf to be

real is that its kernel is real.

The proof of the sufficient condition is trivial: ifx(u) andh(t,u) are real alsoy(t) is
real.

To prove the necessary condition we must apply on the input the real signal
x(u) = δI (u−u0), which gives the outputy(t) = h(t,u0). From the definition ofreal
tf the output of a real input signal must be real. Hencey(t) = h(t,u0) must be real
∀u0.

6.11.⋆ [Sect. 6.4]Find the equivalent tf of the cascade of a filter onZ(T) followed by a

delay oft0 = 5T.

To identify the kernel we can apply the impulse at the inputx(u) = δZ(T)(u−u0),
u0 ∈ Z(T). After the filter we obtain the signalg(t − u0) and hence, finallyg(t −
t0−u0). Thus, the kernel results:

h(t,u) = g(t−u− t0) , t , u∈ Z(T) .

6.12.⋆ [Sect. 6.5]Prove the rule on the scale change in the frequency domain, given by

(6.31) in the caseI = Z(T).

Lettingy(t) = x(at), t ∈ Z(T/a), we obtain:
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Y( f ) =
+∞

∑
n =−∞

T
a

y

(
n

T
a

)
e−i2π f nT

a , f ∈ R/Z(aFp) , Fp =
1
T

.

Therefore it results:

Y( f ) =
+∞

∑
n =−∞

T
a

x(nT) e−i2π f nT
a =

1
a

X

(
f
a

)
, f ∈ R/Z(aFp) .

6.13.⋆ [Sect. 6.5] Find the time domainIa and the frequency domain̂Ia after a scale

change witha = 2
5 , in the cases:I = R/Z(10) andI = Z(3)/Z(12).

Sincea = 2
5 < 1, a time–scale occurs and thus, fromI = R/Z(10) we obtainIa =

R/Z(25). On the other hand, in the frequency domainÎ = Z
(

1
10

)
we obtainÎa =

Z
(

1
25

)
and therefore a frequency compression occurs.

Similar considerations can be made in the second case, obtaining

I = Z(3)/Z(12)
dual−−−→ Î = Z( 1

12)/Z(1
3)

Ia = Z(15
2 )/Z(30)

dual−−−→ Îa = Z( 1
30)/Z( 2

15) .

6.14.⋆ [Sect. 6.6]Classify theR→ R tfs with input–output relations

y1(t) = 1(x(t)) , y2(t) = x(t) 1(x(t)−A0) with A0 > 0 .

The transformations arenonlinearsince neither homogeneity nor additivity condi-
tions are satisfied (see Sect. 6.2). Also, the tf arememoryless

We rewrite the input–output relationships in a more explicit form

y1(t) = 1(x(t)) =

{
1 , x(t) > 0
0 , elsewhere

y2(t) = x(t) 1
(

x(t)−A0

)
=

{
x(t) , x(t) > A0

0 , elsewhere.

From the former relation we obtain on the output a unitary signal on those intervals
wherex(t) > 0 and a zero signal on those intervals wherex(t) < 0; hence,y(t) is a
binary signal. From the latter relation we obtain on the output the input signal when
it is greater thanA0, and zero elsewhere.

Notice that in both cases we assume thatx(t) is a real signal.
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6.15.⋆⋆ [Sect. 6.6]Show that the dual of a Volterra tf is still a Volterra tf.

We can easily obtain (assuming to operate over groups ofR)

Y1( f ) =
∫

Î
dλ
[∫

U
dt
∫

I
du e−i2π f t h1(t,u) ei2πλu

]
X(λ )

=
∫

Î
dλ ĥ1( f ,λ ) X(λ )

Y2( f ) =
∫

Î
dλ1

∫

Î
dλ2

[∫

u
dt
∫

I
du1

∫

I
du2 e−i2π f t

h2(t,u1,u2) ei2πλ1u1 ei2πλ2u2

]
X(λ1) X(λ2)

=
∫

Î
dλ1

∫

Î
dλ2 ĥ2( f ,λ1,λ2) X(λ1) X(λ2) , f ∈ Û .

We proceed in the same way forY3( f ), Y4( f ), . . . Thus, we deduce that the dual
transformation is still a Volterra transformation with kernels ĥ1, ĥ2, . . . which are
obtained as Fourier transforms of the corresponding kernels, except the sign ofλ
arguments, which must be changed (see (6.75a)).

6.16.⋆ [Sect. 6.8] Calculate the response of the QIL linearZ(T)→ R tf, with the im-
pulse response

g(t) = rect(t/T−1)

to the signalx(t) = exp(−2|t|/T).

Using the input–output relationship for the QIL tf (see (6.44)) we obtain:

y(t) =
∫

Z(T)
du g(t−u) x(u) , t ∈ R

=
+∞

∑
n =−∞

T rect

(
t−nT

T
−1

)
exp

(
−
∣∣∣∣2

nT
T

∣∣∣∣

)

The final result can be expressed as the following step function

y(t) = T e−2|k| , t ∈ (kT + 1
2T , kT + 3

2 T) , k∈ Z .

6.17.⋆ [Sect. 6.8] Find the domain of the kernel of anI →U QIL linear tf, with I =

Z(6)/Z(30) andU = Z(9)/Z(90).
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The sum of two quotient groups is by definition (see (3.79))

D = I +U = I0/S1 +U0/S2
∆
= (I0 +U0)/(S1 +S2) .

Thus withI = Z(6)/Z(30) andU = Z(9)/Z(90) we find

D = (Z(6)+Z(9))/(Z(30)+Z(90)) = Z(3)/Z(30) .

6.18.⋆⋆ [Sect. 6.8] Find the kernel of the linear tfs given by the cascade of two QIL

linear tf: Z(T)→ Z(3T) with kernelg1(t) andZ(3T)→ Z(6T) with kernelg2(t). Is the

result a QIL linear tf?

Applying (6.18a), which gives the kernel of the cascade of two linear tfs, over the
domainsI1 = Z(T), I2 = Z(3T), I3 = Z(3T) we obtain

h(6mT,nT) =
+∞

∑
k =−∞

3T g2(6mT−3kT) g1(3kT−nT)

=
+∞

∑
k =−∞

3T g2(6mT−nT−mT) g1(mT).

The transformation is still QIL, because the kernel dependsonly on the difference
t3− t1, t3 ∈ Z(6T), t1 ∈ Z(T).

The positive answer to the equivalence of the cascade to a tf QIL could be ob-
tained directly from the Principle of Composition (see Sect. 7.2), since the domains
of the cascade satisfy

I1∩ I2∩ I3 = I1∩ I3 . (6.4)

6.19.⋆⋆⋆ [Sect. 6.8]Repeat the previous problem withR→ Z(T) andZ(T)→ R.

The kernel results:

h(t,u) =
+∞

∑
k =−∞

T g2(t−kT) g1(kT−u) , t,u∈ R ,

and cannot be expressed in the formh(t,u) = g(t − u). Hence, the tf is not QIL.
This is in agreement with the Principle of Composition (see Sect.7.2) which for the
equivalence to hold requires that condition (6.4) which is not satisfied in this case.
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6.20.⋆ [Sect. 6.8]Find thedomain complexityof a QIL Z(10)/Z(30)→ R/Z(45) tf.

Taking into account thatZ(10)+R = R andZ(30)+Z(45) = Z(15) the domain of
the impulse response resultsR/Z(15). Hence, referring to (6.48) we obtain

Z(10) 6= R = R , Z(30) 6= Z(15) 6= Z(45)

so that the domain complexity isc = 3.

6.21.⋆⋆⋆∇ [Sect. 6.8]Find thedomain complexityof aZ
1
2(d1,d2)→ Z

2
3(2d1,d2) QIL

tf. (for the evaluation of the sum of two lattices, see Chap.16).

The latticesJ = Z
1
2(d1,d2) andK = Z

2
3(2d1,d2) are shown in Fig.S6.3 and we can

-

6

t1

t2
J = Z

1
2(d1,d2)

2d2

2d1

-

6

t1

t2
K = Z

2
3(2d1,d2)

3d2

2d1

Fig. S6.3The lattices of the problem

see by inspection that they arenot ordered, that isJ 6⊃ K andK 6⊃ J. For instance,
the point(d1,d2) belongs toJ but not toK and the point(0,3d2) belongs toK but
not toJ. This is sufficient to establish that thedomain complexityis 2.

However, we can explicit the relation

J 6= J+K 6= K

which requires to evaluate the sum. The sumJ+ K (and also the intersection) can
be found with the Mathematica© proceduredemo4.m [4], which gives:
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Sum and intersection of two lattices

GivenJ first lattice basis andK second lattice basis, the proceduredemo3 finds sum lattice
basisC and intersection lattice basisD.

matrices2×2.

J =

[
2 1
0 1

]
K =

[
6 2
0 1

]

C = GCLD(J,K) =

[
1 0
0 1

]
D = lcrm(J,K) =

[
6 4
0 2

]

Determinant check

d(J)d(K) = d(C)d(D) 2·6 = 1·12 (12= 12)

In conclusion, the sum of the two lattices isJ+K = Z
2 and is different from both

J andK.

6.22.⋆ [Sect. 6.9] Show that the cascade of two down–samplers is a down–sampler.

Consider the caseR→ Z(T)→ Z(5T) as an example.

Let us consider in general two samplers onI1→ I2→ I3, where the sampling con-
dition imposesI1⊃ I2⊃ I3. The first sampling has kernelδI1(t2− t1) and the second
has kernelδI2(t3− t2). Hence, from the cascade formula, we obtain the kernel

h(t3, t1) =
∫

I2
dt2 δI2(t3− t2)δI1(t2− t1)

= δI1(t3− t1) , t1 ∈ I1 , t3 ∈ I3

so that, the equivalent tf onI1→ I3 is ideal and sinceI1⊃ I3 it is a sampler.

6.23.⋆⋆ [Sect. 6.9]The cascade of two impulse tfs with domainsI1→ I2→ I3 is not, in

general, an impulse. For instance, the domainsR→ Z(T)→ R do not lead to an impulse

tf. Explain why.

The input output relationship has again the form (6.51). Thus we need to find the do-
mainD = I +U . Considering thatZ(30)+Z(45) = Z(15), it resultsD = R/Z(15).
Therefore

y(t) =
∫

R/Z(30)
duδR/Z(15)(t−u)x(u) , t ∈ R/Z(45) .
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A this point we could write the explicit form of the integral,but this is not con-
venient. In fact, it is convenient to observe that the impulse on R/Z(15) can be
decomposed into two impulses onR/Z(30) (see (4.85))

δR/Z(15)(t) = δR/Z(30)(t)+δR/Z(30)(t−15) .

Then, we can use the sifting property of the impulse, which let us simplify the
input–output relationship into the form

y(t) = x(t)+x(t−15) .

In general, the kernel of the cascade is given by

h(t3, t2) =
∫

I2
dt δI2+I3(t3− t2)δI1+I2(t2− t1)

whereas the kernel of theI1→ I3 impulse tf is

h′(t1, t3) = δI1+I3(t3− t1) .

The two kernels are equal only in particular cases.

6.24.⋆⋆⋆ [Sect. 6.10]Prove that the inverse of anR/Z(Tp)→ R down–periodization

is given by the cascade of a window onR whose shape is the indicator function of the cell

[0,Tp), followed by anR→ /R/Z(Tp) up–periodization.

The down–periodizationR/Z(Tp)→R has input–output relationy(t) = x(t), t ∈R,
wherex(t) is a periodic signal with periodicityTp. We observe that the inverse tf is
not given directly by the up–periodizationR→R/Z(Tp), becausey(t), even down–
periodized, is equal tox(t) and hence it is periodic (its periodicity is simply ignored
on the quotient group) and the direct application of the periodization could not be a
convergent signal.

The multiplication performed by the window gives the signal

u(t) = w(t)x(t) =

{
x(t) t ∈ [0,Tp)
0 t 6∈ [0,Tp) ,

which turns out to be actually periodic. The successive application of the periodiza-
tion R→ R/Z(Tp) produces the signal

x̃(t) =
+∞

∑
k=−∞

u(t−kTp)

where the terms of the periodization do not overlap and thus in [0,Tp) we find
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x̃(t) = u(t) = x(t) , t ∈ [0,Tp) .

Sincex̃(t) is by construction periodic with periodicityTp, the relationship obtained
guarantees the equality of ˜x(t) to the original signal overR.

6.25.⋆ ⋆ ∇ [Sect. 6.10] Prove that the inverse of aZ(T)→ R up–sampling is given

by the cascade of a filter onR with frequency responseG( f ) = rect( f T), followed by an

R→ Z(T) down–sampling.

Consider the scheme of Fig.S6.4. TheZ(T)→ R up–sampling gives

x-
Z(T)

x(u) -
R

y(t)
g(·)-

R

y(t) y-
R

x0(u) -
Z(T)

x̃(u)

Fig. S6.4TheZ(T)→ R up–sampling and its inverse transformation

y(t) = ∑
n∈Z

T x(nT)δ (t−nT) .

The filter followed by theR→ Z(T) down–sampling gives

x0(t) = g∗y(t) = ∑
n∈Z

T x(nT)g(t−nT)

x̃(mT) = x0(mT) = ∑
n∈Z

T x(nT)g(mT−nT) .

The impulse response of the filter is

g(t) = (1/T) sinc(t/T) .

Hence

T g(mT−nT) = sinc(m−n) =

{
1 m= n
0 m 6= n

andx̃(mT) = x(nT). Then we have recovered the original signal.

6.26.⋆ ⋆ ∇ [Sect. 6.10] The down–sampling of a periodic signals(t), t ∈ R/Z(10)

with sampling periodT0 = 3 cannot be formulated as anR/Z(10)→ Z(3)/Z(10) down–

sampling becauseZ(3) 6⊃ Z(10). Nevertheless a sampling, with sampling periodT0 = 3, is

possible. Formulated this operation.
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The down–sampling of the typeR/Z(10)→Z(T)/Z(10) implies the condition that
Z(10) is a subgroup ofZ(T). The trick to find a correct down–sampling, where
the period isT0 = 3, lies in the introduction of anR/Z(10)→ R/Z(30) down–
periodization (which is only conceptual without a signal modification). Then we
have the cascade of

1) R/Z(10)→ R/Z(30) down–periodization
2) R/Z(30)→ Z(3)/Z(30) down–sampling.

A check can be made in the frequency domain, where the wrongR/Z(10) →
Z(3)/Z(10) down–sampling would give theZ(1/10) → Z(1/10)/Z(1/3) peri-
odization with the wrong relation

Y
(
m 1

10

)
=

+∞

∑
k=−∞

X
(
m 1

10−k1
3

)
.

Instead, the cascade 1), 2) gives aZ(1/10)→ Z(1/30) interpolator with relation

X0
(
k 1

30

)
=

{
3X
(
k 1

30

)
) k∈ Z(3)

0 k 6∈ Z(3)

and aZ(1/30)→ Z(1/30)/Z(1/3) periodization with relation

Y
(
k 1

30

)
=

+∞

∑
m=−∞

X0
(
k 1

30−m1
3

)
.

6.27.⋆ [Sect. 6.13]Find the dual of aZ(T)→ Z(NT) down–sampling and write the

corresponding input–output relation.

From I = Z(T0)→U = Z(NT0) it follows

Î = R/Z(NFc)→ Û = R/Z(Fc) , Fc = 1
NT0

therefore the dual of the down–samplingZ(T0)→ Z(NT0) is the up–periodization
R/Z(NFc)→ R/Z(Fc). From the general relation (6.80), that is,

Y( f ) = ∑
p∈[U⋆

0/I⋆0)

X( f − p) ,

taking into account that

p∈ [U⋆
0/I⋆

0) = [Z(Fc)/Z(NFc)) = {0,Fc, . . . ,(N−1)Fc}

we obtain
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Y( f ) =
N−1

∑
k=0

X( f −kFc) , f ∈ R/Z(Fc) .

In this relationshipX( f ) has periodicityNFc, whileY( f ) has periodicityFc, that is,
N times smaller.

6.28.⋆⋆ [Sect. 6.13] Consider theR/Z(20)→ R/Z(60) down–periodization. Find a)

the impulse response, b) the impulse response of the dual tf, and c) theinput–output relation

of the dual tf.

The impulse response of an impulse tfI→U is given by the impulse onI +U . Since
it is

R/Z(20)+R/Z(60) = R/Z(20)

the impulse response isδR/Z(20)(v). Taking into account that

Î = Z(3F0) , Û = Z(F0) F0 = 1
20

and also that̂I +Û = Z(F0), the impulse response of the dual tf isδZ(F0)( f ).
Since we are dealing withZ(F0)→ Z(1

3F0) up–sampling, the relation results
explicitly (see (6.57)):

Y(kF0) =

{
3X(kF0) k∈ Z(3)
0 k 6∈ Z(3) .

6.29.⋆ [Sect. 6.14]Find the dual tf of aZ(3T)→ Z(5T) interpolator/decimator.

The filter can be decomposed into the cascade of: 1) aZ(3T)→ Z(T) interpolator;
2) a filter onZ(T); 3) a Z(T)→ Z(5T) down–sampler. Hence, the dual tf is the
cascade of:

1) aR/Z
(

1
3T

)
→ R/Z

(
1
T

)
down–periodization,

2) a window onR/Z
(

1
T

)
,

3) aR/Z
(

1
T

)
→ R/Z

(
1

5T

)
up–periodization.

6.30.⋆ [Sect. 6.14] Find the Fourier transform of the output of a window onR with
shape and input signal given by, respectively:

w(t) = rect(t/T) , x(t) = 1(t) e−αt with α = 1/T .
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The output signal results:

y(t) = x(t) w(t) = e−at 1(t) 1
(

1
2 T− t

)
=

{
e−αt 0 < t < 1

2T
0 elsewhere

, t ∈ R .

Hence, applying the definition of a transform onR, given by (5.65a), we obtain:

Y( f ) = T
1−e−(

1
2+iπ f T)

1+ i2π f T
, f ∈ R .

6.31.⋆ [Sect. 6.15] Restate the axiomatic derivation of (6.88) for a discrete filteron

Z(T).

On the discrete time–domain the integral (6.51) becomes a summation, namely

y(t) =
+∞

∑
n =−∞

T g(t−nT) x(nT) . (S6.5)

For the proof we decompose the input signal into impulses

x(t) =
+∞

∑
n=−∞

T x(nT) δZ(T)(t−nT)
∆
=

+∞

∑
n=−∞

xn(t) , t ∈ Z(T) .

and we take into account the response of the filter to the impulseδZ(T)(t) is given,
by definition, by the impulse responseg(t). Then, the response to thenth impulse
results

xn(t) = T x(nT)δZ(T)(t−nT)
filter−−−→ T x(nT)g(t−nT) .

The overall response is obtained from the superposition of each contribution. Then,
(S6.5) follows.

6.32.⋆ [Sect. 6.15]Prove the decomposition into sinusoidal components (6.90b) for a

real filter with a real input.

Sinceg(t) andx(u) are real,G( f ) andX( f ) have the Hermitian symmetry

G(− f ) = G∗( f ) , X(− f ) = X∗( f ) .

On the other hand, the output signal results
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y(t) =

∫ +∞

−∞
G( f )X( f )ei2π f t d f

=
∫ ∞

0
[G( f )X( f )ei2π f t +G(− f )X(− f )e−i2π f t ]d f

where the two terms are complex conjugate, so that

y(t) = 2ℜ
∫ ∞

0
G( f )X( f )ei2π f t d f .

Hence, letting

G( f ) = AG( f ) eiϕG( f ) , X( f ) = AX( f ) eiϕX( f )

we get

y(t) =
∫ ∞

0
2AG( f ) AX( f ) cos

(
2π f t +ϕG( f )+ϕx( f )

)
d f .

This result holds if the input signal has no continuous component (see Sect. 2.1).
In the presence of a continuous componentX0, which gives as Fourier transform
X0 δ ( f ), we need to add the termY0AG(0), which yields the continuous component
of the output signal.

6.33.⋆ [Sect. 6.15] Find the impulse response of a discrete ideal filter onZ(T) with
pass–band

e(G) = (−B,B)+Z(Fp) , Fp =
1
T

, B <
1
2

Fp .

The frequency response can be expressed in the form:

G( f ) = repFp
rect

(
f

2B

)
, f ∈ R/Z(Fp) .

Hence, taking the inverse FT according to (6.31b), we obtain:

g(t) = 2B sinc(2Bt) , t ∈ Z(T) , T =
1
Fp

.

6.34. [Sect. 6.15]Calculate the output of a discrete time filter with impulse response

g(nT) = 10(n) an , a real

when the input is a generic sinusoidA0 cos(2π f0t +ϕ0).
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We evaluate the frequency responseG( f ) and hence we take into account that filters
eigenfunctions are the signalsx0(t) = ei2π f t with eigenvaluesG( f )

x0(t) = ei2π f t filter−−−→ y0(t) = G( f )ei2π f t .

Decomposing the input signal in the form

x(t) = A0 cos2π f0t = 1
2 A0ei2π f t + 1

2 A0e−i2π f t

we find

y(t) = 1
2 A0eiϕ0 G( f0)ei2π f t + 1

2 A0e−iϕ0 G(− f0)e−i2π f t

= ℜA0eiϕ0 G( f0)ei2π f t = A0 |G( f0)| cos(2π f0t +ϕ0 +β0)

whereβ0 = argG( f0) and we recalled that the filter isreal, so that the frequency
response has Hermitian symmetryG(− f0) = G∗( f0).

In this specific case it results

G( f ) =
∞

∑
n=0

T ane−i2π f t = T
1

1−aexp(−i2π f T)
.

Hence

|G( f )|= 1
|1−a exp(−i2π f t)| =

1
1+a2−2a cos2π f T

argG( f ) =−arg(1−a exp(−i2π f T)) =− tan−1 asin2π f T
1−a cos2π f T

from which, letting f = f0, we can obtain the expression ofy(t). With f T = 1
3 and

a = 1
2 one gets

|G( f0)|= 0.571, β0 =−0.33 rad =−19.1o .

6.35.⋆⋆ [Sect. 6.15]Prove that the impulse response of the ideal band–pass filter with
the rhomboidal frequency response of Fig.6.49 is given by (see (5.100))

g(t1, t2) = B1B2 sinc(B1t1−B2t2) sinc(B1t1 +B2t2)cos(2π( f01t1 + f02t2)) ,

where f0 = ( f01, f02) = (3B1,3B2).

See the solution of Problem 8.20
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Problems of Chapter 7

7.1.⋆⋆ [Sect. 7.1] Show that an exponential modulator on a latticeJ with a frequency

λ ∈ P⋆ is a PIL tf with periodicityP (P is a sublattice ofJ andP⋆ is the reciprocal ofP).

The input–output relation of an exponential modulator is

y(t) = ei2πλ t x(t) , t ∈ J . (S7.1)

The condition for a PIL with periodicityP is

y(t + p) = y(t) , p∈ P

wherey(t) is given by (S7.1) and

y(t + p) = ei2πλ (t+p) x(t + p) .

If we apply a shift ofp∈ P at the input, the response is the signal

y′(t) = ei2πλ t x(t− p) .

For the periodicity this response must be thep–shifted version ofy(t), that is,

y(t− p) = ei2πλ (t−p) x(t− p) .

Now, the conditiony′(t) = y(t− p) implies that

ei2π(λ p)t = ei2πλ t ⇒ e−i2πλ p = 1 .

On the other hand, the reciprocal ofP⋆ is defined by

J⋆ = {λ | ei2πλ p = 1, p∈ J} .

Hence, the conclusion.

7.2.⋆⋆ [Sect. 7.3] Apply Theorem 7.3 to the caseR/Z(3)→ R/Z(5) and discuss the

result by considering the signals in the cascades.

Considering that

J = R/Z(3) , K = R/Z(5) , J+K = R/Z(1) , J∩K = R/Z(15)
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we find the decomposition of Fig.S7.1.

δE(·)-
R/Z(3)

x(t)
=-

R/Z(5)

y(t)
−−−→-

R/Z(3)

x(t)
←−−−-

R/Z(1)

u(t) -
R/Z(5)

y1(t)

= ←−−−-
R/Z(3)

x(t)
−−−→-

R/Z(15)

v(t) -
R/Z(5)

y2(t)
E=R/Z(5)+R/Z(3)=R/Z(1)

Fig. S7.1Application of Theorem 7.3

Then, theR/Z(3)→R/Z(5) impulse tf can be decomposed in the two equivalent
cascades

1) anR/Z(3)→R(1) up–periodization, followed by anR/Z(1)→R/Z(5) down–
periodization

2) anR/Z(3)→R/Z(15) down–periodization, followed by anR/Z(15)→R/Z(5)
up–periodization.

Considering that the down–periodizations are irrelevant for the signals, we find re-
spectively the relations

y1(t) =
2

∑
k=0

x(t−k) = x(t)+x(t−1)+x(t−2) ,

y2(t) =
2

∑
k=0

v(t−5k) =
2

∑
k=0

x(t−5k) = x(t)+x(t−5)+x(t−10) .

Now, x(t) has period 3 and therefore

x(t−5) = x(t−5+3) = x(t−2) , x(t−10) = x(t−10+9) = x(t−1)

which states thaty2(t) = y1(t), that is, the two decompositions have the same input–
output relations.

The signals in the decompositions are illustrated in Fig.S7.2.
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-

6

t

x(t)

3

-

6

t1

x(t−2)=x(t−5)

-

6

t2

x(t−1)=x(t−10)

-

6

t

y(t)

1

Fig. S7.2 The signalsx(t−2) andx(t−5) coincide because of the periodicity. The same is for the
signalsx(t−1) andx(t−10)
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7.3.⋆⋆ [Sect. 7.4] Consider aZ→ Z(T0) interpolator with impulse responseg(t) =

(1/10T0) sinc(t/10T0), t ∈ Z(T0) followed by an EM with frequencyλ = 1/(5T0). Apply

Noble Identity NI6.

The Noble Identity NI6 is shown in Fig.S7.3 in the specific case of the problem. Let

x g(·)-
Z(T)

x(t)
×
6
ei2πλ t0

-
Z(T0)

u(t0)
=-

Z(T0)

y(t0)
×
6
ei2πλ t

-
Z(T)

x(t) x gλ (·)-
Z(T)

v(t) -
Z(T0)

y(t0)

Fig. S7.3Application of Noble Identity N16

T = NT0. Then the relations in the first cascade are

u(nT0) = T ∑
k∈Z

g(nT0−kT)x(kT)

y(nT0) = ei2πλnT0 u(nT0) = ei2πn/5u(nT0) .

In the second cascade

v(nT) = ei2πλnT x(nT) = ei2πnN/5x(nT)

y(nT0) = T ∑
k∈Z

gλ (nT0−kT)v(kT)

where
gλ (nT0) = g(nT0)e−i2πλnT0 = g(nT0)e−i2πn/5

=
1

10T0
sinc

( n
10

)
e−i2πn/5 .

Note that ifN is a multiple of 5 the exponential modulator in the second cascade
becomes irrelevant and we have acarrierlessmodulation.

7.4.⋆⋆⋆ [Sect. 7.4]Consider aJ→K down–sampler followed by aK→ J up–sampler.

Prove that the cascade is equivalent to a modulator onJ with the carrierγ(t), t ∈ J given

by the indicator function ofK multiplied by the amplificationA0 = d(K)/d(J) of the up–

sampler.

We have to prove the cascade of Fig.S7.4 is equivalent to a modulator with relation

y(t) = γ(t)x(t) (S7.2)
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y-
J

x(t) x-
K

u(t)
=-

J

y(t0)
×
6γ(t)

-
J

x(t)
A0

-
K

-
K

y(t)

Fig. S7.4Illustration of the statement of the problem

whereγ(t) = A0 ηK(t), t ∈ J, with η(t) = 1 for t ∈ K andηK(t) for t 6∈ K.
Let us consider a preliminary case:J = Z, K = Z(3), where the down–sampling

relation is
u(3n) = x(3n) , 3n∈ Z

and the up–sampling relation is

y(k) =

{
3u(k) k∈ Z(3)
0 k 6∈ Z(3)

k∈ Z .

Then, the global relation is

y(k) =

{
3x(k) k∈ Z(3)
0 k 6∈ Z(3)

which can be written in the form (S7.2).
In the general case the relations are

u(t) = x(t) , t ∈ K y(t) =

{
A0u(t) t ∈ K
0 t 6∈ K

and globally

y(t) =

{
A0x(t) t ∈ K
0 t 6∈ K

(S7.3)

whereA0 = d(J)/d(K) is the amplification of the interpolator. Relation (S7.3) isthe
explicit form of (S7.2).

7.5. [Sect. 7.5]1 Study the S/P and P/S conversions onZ(T0)/P→Z(T)/P with T = 5T0

andP = Z(15T0). Write all the cells involved and the frequency domain relationships.

The S/P conversion converts a discrete periodic signalx(nT0), with periodTp =
15T0, into 5 discrete periodic signalsxk(n5T0), with periodTp = 15T0. The relation
is the same as in the aperiodic case, that is,

xi(n5T0) = x(iT0 +n5T0) , i = 0,1,2,3,4 .

The cell in this decomposition isA= Z5(T0) = {0,T0,2T0,3T0,4T0}. The reciprocal
cell is
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A⋆ = [J⋆
0/I⋆

0) = [Z(1/(5T0))/Z(1/T0))

= [Z(F)/Z(5F)) = {0,F,2F,3F,4F,5F}
whereF = 1/(5T0). The domain/periodicities in the frequency domain are

Î = P⋆/I⋆
0 = Z(F0)/Z(15F0) , Ĵ = P⋆/J⋆

0 = Z(F0)/Z(3F0)

whereF0 = 1/(15T0).
The frequency–domain relation of the S/P is still given by (7.31) with the cell

[J⋆/I⋆) replaced byA⋆ = [J⋆
0/I⋆

0) = ZN(F), that is,

Xi( f ) = ∑
λ∈A⋆

ei2π( f−λ )iT0 X( f −λ )

=
4

∑
s=0

ei2π( f−sF)iT0 X( f −sF)

where f ∈ Ĵ = Z(F0)/Z(3F0).
The relations of the P/S conversion can be obtained in a similar way.

7.6.⋆⋆ [Sect. 7.7] Explicitly write the parallel decomposition of anI = Z(2)→ U =

Z(5) QIL tf, choosing as inner domainsJ = Z(6) andK = Z(10).

The parallel architecture consists of

1) aZ(2)→ Z(6) S/P converter with generatorA = [I/J) = {0,1,3},
2) aZ(6)→ Z(10) QIL with 3 inputs and 2 outputs, and
3) aZ(10)→ Z(5) P/S converter with generatorB = [U/K) = {0,5}.
The impulse responseg(v0) is defined onI +U = Z(2)+Z(5) = Z and in the par-
allel architecture becomes the matrix

g(v) =

[
g00(v) g01(v) g02(v)
g10(v) g11(v) g12(v)

]
=

1
3

[
g(v) g(v−1) g(v−2)

g(v+5) g(v+4) g(v+3)

]
. (S7.4)

wherev∈ Z(2).

7.7.⋆⋆ [Sect. 7.7] In the previous problem suppose that the impulse response of the
Z(2)→ Z(5) QIL tf is given by

g(n) = A0 sinc(n/10) , n∈ Z .

Find the frequency response of the corresponding 5–input 2–output Z(10)→ Z(5) QIL

parallel architecture.
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We rewrite the impulse response in the form

g(n) = A0 sinc(nB) , n∈ Z , B = 1/10.

The corresponding frequency response is (see Tab.11.1))

G( f ) = A0 repF0 rect( f/B) , f ∈ R/Z(1)

The elementsgba(v),v∈ Z(2) are obtained fromg(v),v∈ Z by shifts ofa−b fol-
lowed by aZ(1)→ Z(2) downsampling. The shifts givẽGba( f ) = G( f )e−i2π f (a−b)

and theR/Z(1)→ R/Z(1
2) periodization gives

Gba( f ) = G̃ba( f )+ G̃ba( f − 1
2) = G( f )e−i2π f (a−b) +G( f − 1

2)e−i2π( f−1
2)(a−b)

with a−b = 0,1,2,−5,−4,−3.

7.8.⋆⋆ [Sect. 7.7] Consider aZ(3)→ Z(5) QIL tf and its parallel decomposition ob-

tained withJ = Z(15), K = Z(25). Explicitly write the matrixg(v) of decomposition (7.42)

and show that its elements are a circulant replica of the elements of the first row.

The parallel decomposition is illustrated in Fig.7.24. Theimpulse responses in the
decomposition are given by (7.42), that is,

gba(v) = (1/M)g(v+b−a) , v = J+K , a∈ A, b∈ B

where
J+K = Z(15)+Z(25) = Z(5) , M = d(J)/d(I) = 5

A = [I/J) = [Z(3)/Z(15)) = {0,3,6,9,12}
B = [U/K) = [Z(5)/Z(25)) = {0,5,10,15,20} .

The elements of the matrixg(v) are

gba(v) , a∈ A, b∈ B .

To write the matrix in a standard form it is convenient to leta = 3i andb = 5 j, with
i, j = 0,1,2,3,4. Hence

gba(v) =
1
5

g(v+b−a)→ g ji (v) =
1
5

g(v+5 j−3i)

where j is the row index andi the column index. We have
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g(v) =
1
5





g00(v) g10(v) g20(v) g30(v) g40(v)
g01(v) g11(v) g21(v) g31(v) g41(v)
g02(v) g12(v) g22(v) g32(v) g42(v)
g03(v) g13(v) g23(v) g33(v) g43(v)
g04(v) g14(v) g24(v) g34(v) g44(v)





=
1
5





g(v) g(v+5) g(v+10) g(v+15) g(v+20)
g(v−3) g(v+2) g(v+7) g(v+12) g(v+17)
g(v−6) g(v−1) g(v+4) g(v+9) g(v+14)
g(v−9) g(v−4) g(v+1) g(v+6) g(v+11)
g(v−12) g(v−7) g(v−2) g(v+3) g(v+8)




.

Now, the original impulse responseg(v0) is defined onI +U = Z(3)+Z(5) = Z(1)
and the elementsg ji (v) are defined onZ(5). All the 5×5 = 25 impulse responses
gi j (v) = 1

5 g(v+ 5 j −3i) can be obtained from polyphase decomposition ofg(v0),
v0 ∈ Z(1) given byqk(v) = g(v+k), k = 0,1,2,3,4 and appropriate delays ofZ(5).
For instanceg(v−6) = g(v−10+4) = g4(v−10) andg(v+17) = g(v+15+2) =
g2(v+15).

7.9.⋆ ⋆ ⋆ [Sect. 7.10] Prove the orthogonality condition of the perfect time–limited

OFDM.

We can prove the orthogonality condition using the efficientarchitecture of Fig.7.42.
We have to prove that the cascade modulator/demodulator is equivalent to theM×M
identity onZ(T). Now, in this case the P/S converter followed by the S/P converter
is equivalent to the identity and, in the proof, can be dropped.

It remains the cascade of the IDFT followed by the DFT, which are the inverse
of each other and therefore are equivalent to the identity.



Solutions to problems of Chapter 8 85

Problems of Chapter 8

8.1.⋆ [Sect. 8.1] Explicit the Nyquist criterion forI = Z(T) andU = Z(T0) with T =

NT0.

The Nyquist criterion is expressed by (8.14) for a pair of domainsI , U with I ⊂U .
Now, the dual of

I = Z(T) , U = Z(T0) , with T = NT0 (S8.1)

are respectively

Î = R/Z(Fc) , Û = R/Z(F0) with Fc = 1/T , F0 = 1/T0 = NFc .

We also haveI⋆/U⋆
0 = Z(Fc)/Z(F0). Therefore, the Nyquist criterion on the do-

mains (S8.1) becomes
N−1

∑
k=0

G( f −kFc) = 1 . (S8.2)

The frequency responseG( f ) has periodF0 and the periodic repetitionR/Z(F0)→
R/Z(Fc) leads to a periodFc, which isN times smaller thanF0. For the interpolating
functiong0(t0), t0 ∈ Z(T0) the condition is

g0(nT) =

{
1 n = 0
0 n 6= 0 .

(S8.3)

8.2.⋆ [Sect. 8.1] Verify that an interpolating filter, whose frequency responseG( f ),

f ∈R has anisosceles triangle shapeover(−Fc,Fc), satisfies the correct interpolation con-

dition.

The check in the frequency domain must be done according to (8.17), that is

+∞

∑
k=−∞

G( f −kFc) = 1 . (S8.4)

If the frequency responseG( f ) is isosceles triangle shaped between−Fc andFc,
then the graphical check of (S8.4) is immediate (the height of the triangle must
equal 1).

The check in the time domain follows from (S8.3), that is
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g0(nT) =

{
1 n = 0
0 n 6= 0 .

The inverse transform ofG( f ) is

g(t) = T sinc2(Fct) , t ∈ R , Fc = 1/T (S8.5)

and then the interpolating functiong0(t) = g(t)/T actually verifies eq. (S8.4), re-
calling that sinc(0) = 1 and sinc(k) = 0 for k 6= 0

+∞

∑
k=−∞

G( f −kFc) = 1, f ∈ R/Z(Fc) , Fc =
1
T

. (S8.6)

8.3.⋆ ⋆ ⋆ [Sect. 8.1] Consider the frequency responseG( f ), f ∈ R, defined forf > 0,
as follows

G( f ) =






1 0< f < 1
2 Fc(1− r)

α( f ) 1
2 Fc(1− r) < f < 1

2 Fc(1+ r)
0 f > 1

2 Fc(1+ r)
, 0≤ r ≤ 1

and extended by the even symmetry forf < 0.

Find the conditions on the functionα( f ) such thatG( f ) verifies the Nyquist criterion

(S8.6).

The Nyquist criterion requires that

G̃( f )
∆
=

+∞

∑
k=−∞

G( f −kFc) = 1 .

Considering the periodicity of̃G( f ), we only need to verify that̃G( f ) = 1 in a
period, as−1

2Fc < f < 1
2Fc. Furthermore, recalling thatG( f ) is even and, conse-

quently,G̃( f ) is even too, the check can be limited to half a period, that is

G̃( f ) = G( f ) = 1, 0 < f < 1
2Fc(1− r) .

The extension ofG( f ) is

e(G) =
(
−1

2Fc(1+ r) , 1
2Fc(1+ r)

)
⊂ (−Fc,Fc)

and hence in the considered interval
[
0, 1

2Fc
]

the summation includes only two terms
(Fig.S8.1)

G̃( f ) = G( f )+G( f −Fc) .

For 0< f < 1
2Fc(1− r), the term centered inFc gives no contribution and then
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-

6

f

G( f ) G( f−Fc)

-

6

1
2 Fc

1
2

λ

β (λ )

1

1
2 Fc(1−r) 1

2 Fc(1+r)

Fig. S8.1Example ofevenroll–
off with respect to the coordinate
pair ( 1

2Fc,
1
2).

G̃( f ) = G( f ) = 1, 0 < f < 1
2Fc(1− r) .

For 1
2Fc(1− r) < f < 1

2Fc, both terms produce a roll-off and precisely

G̃( f ) = α( f )+α( f −Fc) = α( f )+α(Fc− f ) ,

where we have used the fact thatα( f ) is even. Hence the following condition on the
junction must be imposed

α( f )+α(Fc− f ) = 1 .

To improve the interpretation of this condition, we introduce the function

β (λ ) = α(λ + 1
2Fc)− 1

2 , (S8.7)

which has to verify the conditionβ (λ ) =−β (λ ), that is the functionβ (λ ) must be
odd.

From eq. (S8.7) we can conclude thatevery roll–off that is an odd function with
respect to the point of coordinates(1

2Fc,
1
2) leads a characteristic which verifies the

Nyquist criterion.

8.4.⋆⋆ [Sect. 8.4] In Fig.8.13 the transform

S( f ) = A0 exp(−| f | T0) , f ∈ R .

is drawn. Calculate its periodic repetitionSc( f ), f ∈ R/Z(Fc). Recall that it is sufficient to

perform the evaluation over a period, as[0,Fc).

We need to compute

Sc( f ) =
+∞

∑
k =−∞

S( f −kFc) =
+∞

∑
k=−∞

A0e−| f−kFc|T0 .
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Restricting the computation to the cell[0,Fc) and partitioning the summation, we
find

Sc( f ) =
∞

∑
k=1

A0e−| f−kFc|T0 +
∞

∑
k=0

A0e−| f+kFc|T0

=
∞

∑
k=1

A0e( f−kFc)T0 +
∞

∑
k=0

A0e−( f+kFc)T0

where, keeping in mind thatf ∈ [0,Fc) in the first summation, it resultsf −kFc < 0,
whereas in the second it resultsf +kFc > 0. Then, using the identities:

∞

∑
k=1

ak =
a

1−a
,

∞

∑
k=0

ak =
1

1−a
,

we find:

Sc( f ) = A0ef T0
e−FcT0

1−e−FcT0
+A0e− f T0

1
1−e−FcT0

, f ∈ [0,Fc) .

8.5.⋆ [Sect. 8.4] Find the minimum sampling frequency (for a perfect reconstruction)
of the signal:

s(t) = A0 sinc2(F0t) , t ∈ R ,

with F0 = 2 MHz.

From the notable transform

A0 sinc2(t)
F−−−→ A0 triang( f ) ,

by applying a scale change, we have:

s(t) = A0 sinc2(F0t)
F−−−→ S( f ) =

A0

F0
triang

(
f

F0

)
.

Hence, the spectral extension ise(S) = (−F0,F0) and the bandB = F0. The con-
dition Fc ≥ 2B stated that the minimum sampling frequency isFc = 2F0 = 4Ms/s
(Ms/s=megasamples per second).

8.6.⋆⋆ [Sect. 8.4]Find the alias–free condition (8.34) for the signal

s(t) = A0 sinc(F0t) cos(2π f0t) ,

with F0 = 2 kHz andf0 = 1 MHz.
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The Fourier transform of the signals(t) is

S( f ) =
A0

2F0

[
rect

(
f − f0

F0

)
+ rect

(
f + f0

F0

)]
,

and then the spectral extension is given from

e(S) = (− f0− 1
2F0,− f0 + 1

2F0)
⋃

( f0− 1
2F0, f0 + 1

2F0)

which is included in the cellC0 = [− f0− 1
2F0, f0 + 1

2F0). Then the Fundamental
Sampling Theorem can be applied with

Fc≥ 2 f0 +F0 = 2002ks/s .

However this form of sampling is poorly efficient since the measure of the spec-
tral extension is mise(S) = 2F0 = 4kHz. Considering the schemes of up/down–
sampling of Sect. 8.7 we can confine the sampling frequency to2F0 = 4 ks/s.

8.7.⋆⋆⋆ [Sect. 8.4]Show that, if the hypotheses of the Fundamental Sampling Theorem
are verified, the energy of samples equals that of the signal:

+∞

∑
n =−∞

T |s(nT)|2 =
∫ +∞

−∞
|s(t)|2 dt .

Observing that the signal has limited extensione(S) ⊂ (−1
2Fc,

1
2Fc)

∆
= C0, from

Parseval’s theorem we obtain:

Es =
∫ +∞

−∞
|s(t)|2 dt =

∫ +∞

−∞
|S( f )|2 d f =

∫

C0

|S( f )|2 d f .

Still, applying Parseval’s Theorem on the domainsI = Z(T), Î = R/Z(Fc), the en-
ergy of the down–sampled signal results:

Esc =
∫

C0

|Sc( f )|2 d f =
+∞

∑
n =−∞

+∞

∑
k =−∞

∫

C0

S( f −nFc) S⋆( f −kFc)d f .

If the alias–free conditions are verified, we obtain

S( f −nFc)S⋆( f −kFc) = 0, n 6= k,

and hence

Esc =
+∞

∑
n =−∞

∫

C0

|S( f −nFc)|2 d f .

But, inside the cell, we have:S( f −nFc) = 0, n 6= 0. Thus
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Esc =
∫

C0

|S( f )|2 d f = Es .

8.8.⋆ [Sect. 8.7]Find the spectral extension of the signal

s(t) = A0 sinc2(F0t) cos(2π f0t) ,

with f0 = 10F0. Then express the efficiencyηsi that can be achieved with adirect down–

sampling.

The Fourier transform of the signal results:

S( f ) =
1
2

A0

F0

[(
1− | f − f0|

F0

)
rect

(
f − f0
2F0

)
+

(
1− | f + f0|

F0

)
rect

(
f + f0
2F0

)]

and hence the spectral extension is

e(S) = (− f0−F0,− f0 +F0)
⋃

( f0−F0, f0 +F0) , f0 = 10F0 .

Considering the cell (see Problem 8.6)

C0 =
(
− f0− 11

10 F0,− f0 + 11
10 F0

)⋃(
f0− 11

10 F0, f0 + 11
10 F0

)
,

and down–sampling withFc = misC0 = 22
5 F0 > 2B = 4F0, the efficiency results

ηsi =
2B

misC0
=

10
11

.

8.9.⋆ [Sect. 8.7]Referring to the sampling of Fig.8.22, find the interpolating function.

From Fig.8.22, the frequency response of the interpolatingfilter results

Q( f ) = rect

(
f − f0

F

)
+ rect

(
f + f0

F

)
, F =

1
2

Fc , f0 =
7
4

Fc ,

whereFc is the sampling frequency. The corresponding impulse response is

q(t) = F sinc(Ft)ei2π f0t +F sinc(Ft)e−i2π f0t

= 2F sinc(Ft) cos(2π f0t) ,

where 2F = 1/T is the sampling frequency. Hence the interpolating function results:
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q0(t) = T q(t) = sinc
( t

2T

)
cos(2π f0t) .

8.10.⋆⋆ [Sect. 8.7]Find the smallest cell ofR moduloZ(Fc) containing the extension

e(S) = (−23 kHz,−19 kHz)∪ (19 kHz, 23 kHz)

and then calculate the efficiencyηsi.

Bimodal cell ofR moduloZ(2F) have the following general structure

C(m)
0 =−Cm∪Cm with Cm = (mF , (m+1)F) , m∈ N (S8.8)

and the alias–free condition can be limited to positive frequencies:

e(S+)⊂Cm = (mF , (m+1)F) .

Hence we have to choosem andF such that

(19kHz,23kHz)⊂ (mF , (m+1)F) (S8.9)

from which we get the constraintF ≥ 4 (kHz). With such constraint, feasible values
for mF are

F , 2F , 3F , 4F ≤ 19 ,

among which we choose 4F . From (S8.9) we obtain 4F ≤ 19< 23≤ 5F , which has
the minimal solutionF0 = 23

5 = 4.6kHz.
Hence, the minimal sampling frequency isFc = 2F0 = 9.2 ks/s; and, being the

bandwidthB = 8 kHz, efficiency resultsηsi = 8/9.2 = 86.9%.

8.11.⋆⋆⋆ [Sect. 8.7]Consider a bimodal symmetric spectrum with the extension indi-

cated in (8.70). Evaluate the smallest cellC0 containing such extension, for any value of the

ratio f0/B.

As in the previous problem, bimodal cells have the structurein (S8.8), so it is suffi-
cient to impose the alias–free condition on the positive frequency mode, that is

( f0 , f0 +B)⊂Cm = (mF , (m+1)F) , (S8.10)

whereB represents the band andF is half the sampling frequency, so that efficiency
results

ηsi =
2B
2F

=
B
F

.
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Minimizing cells means finding the minimumF which is consistent with (S8.10).
It is evident that iff0 = mF, then we must consider the cellCm = (mF , (m+1)F)

with F = B and, in this case, we obtain unitary efficiency. For a genericf0 it is better
to setm in (S8.10) and examine the result, which leads to the conditions

mF≤ f0 , (m+1)F ≥ f0 +B . (S8.10a)

On the f0, F plane, these two conditions with the identity sign set two lines
(Fig.S8.2), which meet in the point(mB,B). Then, we realize that equations (S8.10)

-

6

f0

F

mB (m+1)B

B

B
m+1

non aliasing

Fig. S8.2Lines that determine the possible choices of the sampling frequency 2F

are verified in the points of the angular sector given from these two lines and having
abscissaf ≥mB. The minimum sampling semi frequency in this sector is

F0 =
f0 +B
m+1

, f0≥mB.

Considering that whenf0 grows, efficiency decreases, it will be better to use the
fixed value ofm until we will achieve the value(m+1)F, and then pass tom+1.

-

6
F0

B

2B

m0=0 m0=1 m0=2 m0=3

B

2B

2B

3
2B

3B

4
3B

4B

5
4B

5B

6
5B

6B

. . .

f0

Fig. S8.3Minimun sampling frequency of a signal with a bimodal spectrum

From a practical point of view, we can proceed like this:
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1) given f0 andB, we compute the least value ofm verifying f0≥ B, that is

m0 = integer part of f0/B,

2) we compute the minimum sampling frequency as

F0 =
f0 +B
m0 +1

.

In this way, on the( f0,F0) plane we obtain a piecewise behavior betweenm0B and
(m0 +1)B with F0 varying betweenB andB(m0 +2)/(m0 +1) (Fig.S8.3).

Note that if f0≫B then, the frequencyF0 doesn’t moves aside fromB very much
and efficiency becomes nearly unitary.

8.12.⋆⋆⋆ [Sect. 8.7]Referring to Fig.8.23, suppose that the signals(t), t ∈ R, is real.

Show that the signals in the lower branch of the block diagram are the conjugate of those in

the upper branch and in particular ˜s2(t) = s̃∗1(t).

The scheme is shown in Fig.S8.4. The impulse responses of thefilters in the scheme

--
R

s(t)

q( ·)-
y-

R

s(t) -
Z(T)

q2( ·)-
y-

R

ŝ( ·) -
Z(T)

x q1( ·)-
Z(T)

Σ
U

�

-
R

s̃(t)

x q2( ·)-
Z(T)

+

−

Fig. S8.4Sampling/interpolation forreal band–pass signals implemented withcomplexfilters

are
qi(t) = Bi sinc(Bit)ei2π fi t , i = 1,2.

If the input signal isreal, then its spectral extension is symmetric with respect to
the origin, so that we can chooseB1 = B2 and f2 =− f1. With this choiceq1(t) and
q2(t) become complex conjugate

q2(t) = q⋆
1(t) .

Now, writing down the input–output relationship, we deducethat, withs(t) real, it
resultss2(t) = s∗1(t), and then, in the two branches, all the corresponding signals
are conjugate among them. Then, in the end, signal recovery can be done from the
superior branch only, according to
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s̃(t) = s̃1(t)+ s̃2(t) = 2ℜs1(t) .

We thus obtain the simplified scheme of Fig.S8.5.

q1( ·)-
R

s(t) y-
R

s1(t)
-

Z(T1)

s1(nT) x q1( ·)-
Z(T1)

s1(nT)

2ℜ[ · ]-
R

s̃1(t)
-

R

s̃(t)

Fig. S8.5 Simplification of the scheme of the previous figure

We observe that in these schemes the input and output signalsarereal, whereas
intermediate signals arecomplexand the two filters arecomplex. Applying the
methodology of the Modulation Theory, the scheme can be transformed into a
scheme with bothreal components and signals (Fig.S8.6).

We recognise that ˜s1(t) is the positive frequency component ofs(t), denoted in
Modulation Theory ass+(t); this signal can be expressed as (see analytic signal, in
Sect. 9.10)

zs(t) = 2s+(t) = s(t)+ i ŝ(t)

where ŝ(t) is the Hilbert transform in the signal bandwidth. In the scheme of
Fig.S8.6 the signals and the component arereal.

--
R

s(t)

q( ·)-
y-

R

s(t) -
Z(T)

q̂( ·)-
y-

R

ŝ( ·) -
Z(T)

x q( ·)-
Z(T)

Σ
U

�

-
R

s̃(t)

x q̂( ·)-
Z(T)

+

−

Fig. S8.6 Sampling/interpolation forreal band–pass signals implemented withreal components ;
q(t) is an ideal band–pass filter, with the same band as the signals(t), and therefore irrelevant, and
q̂(t) is the filter that gives the Hilbert transform̂s(t) of s(t)

8.13.⋆⋆ [Sect. 8.8] Consider a discrete signals(t), t ∈ Z(T0), with extensione(S) =

(−B,B)+Z(F0) andB = 1
7 F0. Find the minimum sampling frequency.

We can propose the down–samplingZ(T0)→ Z(2T0) or, at most,Z(T0)→ Z(3T0).
With the first down–sampling the spectral extension of the sampled signal results

e(Sc) = e(S)+Z(1
2 F0) = (−B,B)+Z(F0)+Z(1

2 F0) = (−B,B)+Z(1
2 F0) .

The extension of the side term is
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(−B,B)+ 1
2F0 = (−B+ 1

2 F0,B+ 1
2 F0) = ( 5

14 F0,
9
14 F0) ,

which is disjointed from the central term(−1
7 F0,

1
7 F0). Considering the symmetry,

this is enough to prove that theZ(T0)→ Z(2T0) sampling, the side term results

(−B,B)+ 1
3F0 =

(
4
21F0,

10
21F0

)

which does not overlap the central one(−1
7F0,

1
7F0).

On the contrary with theZ(T0)→ Z(4T0) down–sampling there is overlapping.
In conclusion, the minimum sampling frequency isFc = 1

3F0, with which we achieve
the efficiencyηsi = 2B/Fc = 6/7 = 85.9%.

A direct solution could be obtained from (8.79).

8.14.⋆⋆⋆ [Sect. 8.8]Consider a discrete signal with extension

e(S) = (−B,B)+Z(F0) . (S8.11)

Find the minimum sampling frequency with adirectdown–sampling at the varying ofB/F0.

We can directly use (8.79), that is

Fc≥ 2B, Fc = 1
N F0 (S8.12)

whereN is a natural number. Hence the minimum sampling frequency can be ob-
tained finding thelargest natural N0 verifying (S8.12), that is1

N0
F0 ≥ 2B. Through

the function “integer part”, we find

N0 = int
(

F0
2B

)
, N0≥ 1

and the minimum sampling frequency resultsFc,min = F0/N0. We find, in particular:

2B≤ F0 < 4B N0 = 1 Fc,min = F0

4B≤ F0 < 6B N0 = 2 Fc,min = 1
2F0

6B≤ F0 < 8B N0 = 3 Fc,min = 1
3F0

8B≤ F0 < 10B N0 = 4 Fc,min = 1
4F0 .

8.15.⋆ ⋆ ⋆ [Sect. 8.8] Consider the down–sampling of a discrete–time signal with ex-

tension (S8.11) withB = 3
11 F0. Find a scheme that, using a pre–filtering allows for down–

sampling with 2B samples/s.
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We observe that, in order to achieve unitary efficiency with direct sampling, 2B
must be a submultiple of the periodF ′0 of the Fourier transform of the signal to be
sampled, that is

2B = 1
M F ′0 , M ∈ N . (S8.13)

As 2B = 6
11F0, we need to modify the signals(t), t ∈ Z(T0) into the signals′(t), t ∈

Z(T ′0), verifying (S8.13). We have to carry out a transformation asZ(T0)→ Z(T ′0),
whereT ′0 = 1/F ′0 is determined by

1
M F ′0 = 6

11 F0

and we can chooseM = 11, resultingF ′0 = 6F0.
Hence we need to apply aZ(T0) → Z(1

6T0), transformation, followed by a
Z(1

6T0)→ Z(11
6 T0) down–sampling. The scheme is illustrated in Fig.S8.7, where

x q(·)-
Z(T0)

s(t) y-
Z( 1

6 T0)

s1(t)
-

Z( 11
6 T0)

s1c(nT) x q( ·)-
Z( 11

6 T0)

s1c(nT) y-
Z( 1

6 T0)

s̃1(t)
-

Z(T0)

s̃(t)

Fig. S8.7Sampling/interpolation scheme of discrete signals to achieve unitary efficiency

we chose aZ(T0)→ Z(1
6T0) interpolator and the signal recovery is done using a

Z(11
6 T0)→ Z(1

6T0) interpolator, followed by aZ(1
6T0)→ Z(T0) down–sampler.

The analysis of this scheme can be subdivided into two parts concerning

1) the recovery of the signals1(t) from its samples;

2) the recovery ofs(t) from s1(t).
Point 1) must be solved using the Sampling Theorem and requires that the alias–

free condition is verified. Such condition however is imposed from (S8.13) and gives
unitary efficiency. TheZ(T0)→ Z(1

6T0) interpolating filter will be chosen so that to
verify this condition.

Now, it becomes necessary to proceed in the frequency domain, as depicted in
Fig. S8.8. The transformS( f ) has periodF0 and extension(−B,B) + Z(F0) with
B= 3

11F0. The frequency responseQ( f ) has period 6F0 and must be chosen in order
to preserve the shape ofS( f ) in (−B,B) canceling the five side terms. Therefore
Q( f ) is given from the indicating function of the extension(−B,B)+ Z(6F0). At
the output of this interpolating filter the transform has thesame extension as the
filter, hence

e(S1) = (−B,B)+Z(6F0) .

Being
2B = 6

11F0 = 1
11F ′0 with F ′0 = 6F0 ,

the periodic repetition, due to theZ(T ′0)→ Z(11T ′0) down–sampling, involves jux-
taposition of the side terms (which confirms unitary efficiency).
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-

6

F0 2F0 3F0 4F0 5F0 6F0 f

S( f )

B

-

6

6F0 f

P( f )

B

-

6

6F0 f

S1( f )

B

-

6

F ′0

S1c( f )

f6F0

-

6Q( f )

B 6F0 f

-

6S1( f )

B 6F0 f

Fig. S8.8Fourier analysis of the sampling scheme of Fig.8.7

The frequency response of the interpolating filterQ( f ), indicated by the Sam-
pling Theorem, coincides withP( f ). This filter allows to exactly recoverS1( f ),
eventually, in order to recoverS( f ), we just have to apply aZ(T ′0)→ Z(6T ′0) down–
sampling where 6T ′0 = T0.

8.16.⋆ [Sect. 8.9]The signal

s(t) = repFp
rect(t/d Tp) , t ∈ R/Z(Tp) ,

with Tp = 1 ms andd = 20%, is filtered by an ideal low–pass filter with bandB0 = 3.5 kHz
and then down–sampled with anR/Z(Tp)→ Z(T)/Z(Tp) sampling.

Find the minimum number of samples per period and write the expression of the recov-

ered signal.

The Fourier transform of the signals(t), t ∈ R/Z(Tp) can be computed using the
Duality Theorem. From the Fourier pair

x(t) = rect

(
t

dTp

)
F−−−→ X( f ) = dTp sinc( f dTp) ,
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sinces(t) is the periodic repetition ofx(t), thenS( f ) is the sampled version ofX( f ),
that is

S( f ) = dTpsinc( f dTp) , f ∈ Z(Fp) , Fp = 1/Tp . (S8.14)

Filtering s(t) with an ideal unitary filter with extension(−B0,B0) we obtain the
signalx(t), t ∈ R/Z(Tp) with transform

X( f ) =

{
S( f ) f ∈ (−B0,B0)
0 f 6∈ (−B0,B0)

. (S8.15)

Hence, the spectral extension ofx(t) is, by construction,

e(x) = (−B0,B0)∩Z(F) = (−3.5,3.5)∩Z(1)

= {−3,−2,−1,0,1,2,3} kHz .

The Sampling Theorem for periodic signals guarantees that the recovery ofx(t) from
the samples can be done considering 7 samples per period, that is with a sampling
periodTc = 1

7 Tp = 1
7 ms. The expression of the reconstructed signal can be achieved

from (8.82), that is

x(t) =
N−1

∑
n=0

x(nT) sincN(Fct) , t ∈ R/Z(Tp)

whereN = 7, T = 1
7Tp, Fc = 1

T . This expression requires knowledge of the samples
x(nT) and, in short ofx(t). The expression ofx(t) can be achieved through the
inverse transform of (S8.15), as

x(t) =
3

∑
k=−3

F X(kF)ei2πkFt =
3

∑
k=−3

F S(kF)ej2πkFt

= d
3

∑
k=−3

sinc(kd)ei2πkFt = d+2d
3

∑
k=1

sinc(kd) cos2πkFt .

8.17.⋆⋆ [Sect. 8.9]Explicit the Unified Sampling Theorem for discrete periodic signals,

that is, withZ(T0)/Z(Tp)→ Z(T)/Z(Tp).

The Z(T0)/Z(Tp) → Z(T)/Z(Tp) down–sampling must verify the compatibility
condition Z(T0) ⊂ Z(T) ⊂ Z(Tp), which requires thatT is a multiple ofT0 and
a submultiple ofTp. Hence

T = NT0 , T =
1
M

Tp , T0 =
1

MN
Tp .

Afterwards, we pass from MN points per period toM points per period.
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In frequency we obtain theZ(F)/Z(F0)→ Z(F)/Z(Fc) periodic repetition with

F =
1
Tp

, F0 =
1
T0

= MNF , Fc =
1
T

=
1
N

F0 = MF

and with the relationship

Sc( f ) =
N−1

∑
k=0

S( f −kFc) = ∑
p∈P

S( f − p)

whereP = [Z(Fc)/Z(F0)) = {0,Fc, . . . ,(N−1)Fc}.
The alias–free condition is that the spectral extension of the signal is contained

in a cell ofZ(F) moduloP. A reference cell can be

C0 = {0,F, . . . ,(M−1)F}+Z(F0)

leading to the following interpolating function

q0(t) = T
∫

C0

d f ei2π f t = TF
M−1

∑
m=0

ei2πmFt , t ∈ Z(T0)

whereTF = 1/M (this function can be expressed through the sincM(·)).
The reconstruction formula results

s(t) =
M−1

∑
n=0

s(nT)q0(t−nT) , t ∈ Z(T0) .

8.18.⋆⋆ [Sect. 8.10]Prove that if the reference cellC0 in the 2D sampling verifies the
symmetry condition

−C0 = C0 ,

then the interpolating filter isreal, i.e. with a real impulse response.

If the reference cellC0 verifies the symmetry condition−C0 = C0, the frequency
response of the interpolator

Q( f1, f2) =

{
1 ( f1, f2) ∈C0

0 ( f1, f2) 6∈C0

has the Hermitian symmetryQ(f) = Q⋆(−f) and therefore the frequency response
is real, that is,q(t) = q⋆(t), where

q(t1, t2) =
∫

C0

d f1d f2ei2π( f1t1+ f2t2) .
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8.19.⋆⋆ [Sect. 8.10]Consider anR2→ Z(d1,d2) sampling and assume that the refer-
ence cellC0 is a parallelogram, instead of a rectangle.

Write the frequency response of the interpolator characterized by this cell.

In R
2→ Z(d1,d2) down–sampling a reference cellR

2 moduloZ(F1,F2) may be the
centered parallelepiped, given by

C0 =

{
α
[

F1 0
F2 F2

]∣∣∣∣α ∈ [−1
2, 1

2)2
}

.

The corresponding frequency response is given by

Q( f1, f2) =

ηC0( f1, f2) =

{
1 f1 ∈

[
−1

2F1,
1
2F1
]
, f2 ∈

[
1
2F2

(
1− 2 f1

F1

)
, 1

2F2

(
1+ 2 f1

F1

)]

elsewhere.

8.20.⋆ ⋆ ⋆ [Sect. 8.10]Consider the samplingR2→ Z
1
2(d1,d2) and assume the refer-

ence cellC0 is a rhombus.

Determine the impulse response of the interpolator characterized by this cell.

The evaluation could be done using general formula (5.84), but after the integra-
tion it is difficult to combine the terms into a synthetic formula. It is more convenient
to use acoordinate changeλλλ = bf that map the rhombus into a rectangle, as shown
in Fig.S8.9 and then we apply the corresponding FT relation.

-

6

f1

f2

A

B

C

D

F1

F2

-

6

λ1

λ2

αβ

γ δ

1

1

Fig. S8.9Coordinate change to map a rhombus into a rectangle

Y(f) = X(bf) F−1
−−−→ y(t) = d(b⋆)x(b⋆ t) . (S8.16)
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The coordinate change is explicitly

λ1 = b11 f1 +b12 f2, λ2 = b21 f1 +b22 f2 (S8.17)

where the coefficientsbi j can be determined by imposing that the centered rectangle
of the(λ1,λ2) plane is mapped into the rhombus ABCD of the( f1, f2) plane. Hence
imposing tha the vertexα = (1,1) becomes the vertex A= (F1,0) and that the vertex
β = (−1,1) becomes the vertex B= (0,F2), from (S8.17) one gets

{
1 = b11F1

1 = b21F1

{
−1 = b12F2

1 = b22F2 .

The solution is

b =

[
b11 b12

b21 b22

]
=

[
1/F1 −1/F2

1/F1 1/F2

]
⋆−−−−−−−−→ b⋆ =

[ 1
2 F1 −1

2 F2
1
2 F1

1
2 F2

]

where d(b⋆) = 1
2 F1F2. Now letting

X(λ1,λ2) = rect(
1
2

λ1) rect(
1
2

λ2)

which represents the indicator function of the rectangle, the relationY(f) = X(bf)
gives the indicator function of the rhombus. Considering that

x(u1,u2) = 4sinc(2u1)sinc(2u2)

from (S8.16) one gets

y(t1, t2) = 2F1F2sinc(F1t1−F2t2)sinc(F1t1 +F2t2) = g(t1, t2)

which represents the impulse response of the interpolator.Then we obtain the inter-
polating function asq0(t1, t2) = d(J)y(t1, t2), where d(J) = 2d1d2 andF1 = 1/(2d1),
F2 = 1/(2d2). The final result is

g0(t1, t2) =
1
2

sinc(F1t1−F2t2)sinc(F1t1 +F2t2) .

8.21.⋆⋆ [Sect. 8.11]Consider the samplingR→ Z(T) of the signal

s(t) = 1(t) e−αt , t ∈ R .

Find the sampling frequencyFc that ensuresΛmin = 48 dB, using a pre–filter and assuming

F0 = α/2π = 1MHz.

The energy of the signals(t) is
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Es =
∫ ∞

0
|e−αt |2 dt =

1
2α

, α > 0 .

The Fourier transform results

S( f ) =
1

α + i2π f

and hence the signal has not limited bandwidth.
We can compute the conventional bandwidth according to the criterion of negli-

gible energy (see Sect. 13.11). We have

2
∫ +∞

Bc

1
α2 +(2π f )2 d f = ε

1
2α

= εEs .

Solving, we findBc as a function ofε

Bc = F0 tan
π
2

(1− ε) , F0
∆
=

α
2π

. (S8.18)

Recalling thatΛmin = 48 dB=63095, we obtainε = 1/Λ = 1.584·10−5 and, from
(S8.18), the conventional bandwidth resultsBc = 40168F0 = 40168 MHz. Hence,
in order to guaranteeΛmin = 48 dB we have to down–sample with frequency

Fc = 2Bc = 80336 Ms/s.

8.22.⋆⋆ [Sect. 8.11] As in the previous problem, but without the pre–filter (assume

µ = 1).

Assumingµ = 1 in (8.95), we find

εdB = ΛdB +3 dB= 51 dB= 125893.

Hence we need to impose a valueε, which is half than in the previous case, giving a
conventional bandwidthBc = 80146F0 = 80146 MHz. As a consequence, the sam-
pling frequency, which without a prefix guarantees SNR equalto 48 dB, becomes

Fc = 160292 Ms/s .
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8.23.⋆⋆⋆ [Sect. 8.11]Evaluate the ratioµ defined in (8.95) for the signal:

s(t) =
A0

1+(F0t)2 .

The signals(t) transform is

S( f ) =
πA0

F0
exp

(
−2π

| f |
F0

)
.

The energy of the error outside bandwidth, that isf 6∈ (−Bc,Bc) with Fc = 2B, can
be computed considering (8.93) and it results

Ee1 =
∫ −Bc

−∞
|S( f )|2d f +

∫ +∞

Bc

|S( f )|2d f =
A2

0π
2F0

exp(−4π
Bc

F0
)

= Es exp

(
−2π

Fc

F0

)
,

where

Es =
A2

0π
2F0

= signal energy.

The Fourier transform of the error signal inside bandwidth is given by

Ee2 = ∑
p6=0

S( f − p) G( f )

=
πA0

F0

[
∞

∑
n=1

e2π ( f−nFc)/F0 +
∞

∑
n=0

e−2π ( f+nFc)/F0−e−2π f/F0

]
G( f )

=
πA0

F0

e−2π Fc/F0

1−e−2π Fc/F0

(
e2π f/F0 +e−2π f/F0

)
, Fc = 2Bc ,

from which the energy can be obtained, as

Ee2 =
∫ Bc

−Bc

|E2( f )|2d f .

After few passages, we obtain

Ee2 = 2Es
1

(
exp
(

2π Fc
F0

)
−1
)2

[
sinh

(
2π

Fc

F0

)
+2π

Fc

F0

]
.

Hence
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µ =
Ee2

Ee1

=
exp
(
−2π Fc

F0

)

(
exp
(

2π Fc
F0

)
−1
)2

[
2sinh

(
2π

Fc

F0

)
+4π

Fc

F0

]
∆
= µ

(
Fc

F0

)
.

The shaping ofµ as a function ofFc/F0 is depicted in Fig.S8.10 and it asymptoti-

0 0.5 1 1.5 2
0

1

2

3

Fc/F0

µ

Fig. S8.10 Ratio in–bound
energy/out–bound energy as
a function ofFc/F0.

cally tends to 1. ForFc/F0 = 1, the ratioµ varies very little from 1, namely 3%.

8.24.⋆⋆ [Sect. 8.11] Consider the down–samplingR → Z(T) with a pre–filter (see
Fig.8.30), with

D( f ) = e−| f |/F0 rect( f/Fc) , G( f ) = rect( f/Fc) .

Show that this scheme is equivalent to a filter onR and find the equivalent filter.

From the frequency analysis of the scheme of Fig.8.30 we obtain

Sd( f ) = D( f ) S( f )

Sc( f ) =
+∞

∑
k =−∞

D( f −kFc) S( f −kFc) ,

S̃( f ) =
+∞

∑
k =−∞

D( f −kFc) S( f −kFc) G( f ) .

Recalling that the spectral extension of the two filters is
(
−1

2Fc,
1
2Fc
)
, we have

D( f −kFc)G( f ) = 0 for k 6= 0. Hence

S̃( f ) = D( f )G( f )S( f ) ,

which shows that the scheme is equivalent to a filter having frequency response
Q( f ) = D( f )G( f ). In this specific case it results
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Q( f ) = exp

(
−| f |

F0

)
rect

(
f

Fc

)
, f ∈ R .

8.25.⋆ [Sect. 8.11] In theR→ Z(T) sampling verify that, ife(S) ⊂ (−Fc,Fc), the in–

band energyEin equals the out–band energyEout.

The out–band error energy is

Eout =
∫ − 1

2Fc

− 3
2Fc

|S( f )|2d f +
∫ 3

2Fc

1
2Fc

|S( f )|2d f .

The in–band error is

Ein( f ) = S( f +Fc)+S( f −Fc) , f ∈
(
−1

2Fc,
1
2Fc
)

and the two terms do not overlap as soon ase(S)⊂ (−Fc,Fc); thenS( f +Fc)S∗( f −
Fc) = 0 and

Ein =
∫ 1

2Fc

− 1
2Fc

|S( f +Fc)+S( f−Fc)|2d f =
∫ 1

2Fc

− 1
2Fc

|S( f +Fc)|2d f +
∫ 1

2Fc

− 1
2Fc

|S( f−Fc)|2d f ,

So, we find thatEin = Eout.

8.26.⋆ [Sect. 8.12]Consider thesampling and holdwith a fundamental pulse

p0(t) = cos 2π
t
T0

rect
( t

dT

)
,

whereT0 = 2dT andd = 20%. Find the frequency response of the filter that allows the

perfect reconstruction of the signal.

In general, the filter frequency response is given by (8.102), that is

G( f ) =
Q( f )
P( f )

=
TQ( f )
P0( f )

=
T rect( f/Fc)

P0( f )
(S8.19)

whereP0( f ) is the Fourier transform of the fundamental pulse. In the reference case,
the fundamental pulse is rectangular, whereas in the problem we have

p0(t) = cos 2π
t
T0

rect
( t

dT

)
, T0 = 2dT , d = 20 .

Applying the rule on modulation (see (2.112)), we obtain
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P0( f ) =
1
2

dTsinc

[(
f − 1

T0

)
dT

]
+

1
2

dT sinc

[(
f +

1
T0

)
dT

]

which, substituted in (S8.19) gives the desired frequency response.

8.27.⋆⋆ [Sect. 8.12] A real signals(t), t ∈ R, with bandwidthB = 4 kHz is sampled
and held withFc = 2B and then filtered with a real pass–band filter with band–pass (3Fc−
B,3Fc +B) and unitary frequency response over the band.

Find the signal expression at the filter output.

The Fourier transform of the signal obtained with asampling and holdis given by
(8.106), that is

Sc( f ) =
+∞

∑
k=−∞

Vk S( f −kFc) . (S8.20)

The subsequent filter has frequency response

G( f ) = rect

(
f +3Fc

2Fc

)
+ rect

(
f −3Fc

2Fc

)
.

Examining the spectral extension we can state that the filtertakes out the terms of
the weighted repetition (S8.20) fork =±3. Hence, we achieve

Y( f ) = V−3S( f +3Fc)+V3S( f −3Fc) (S8.21)

where (see (8.105a))

V3 = dsinc(3d)e−iπ3d , V−3 = V⋆
3 .

In order to find the signal expression, we compute the inversetransform of (S8.21)
and achieve

y(t) = V−3s(t)e−i6πFct +V3s(t)ei6πFct

= 2dsinc(3d)s(t) cos(6πFct−3πd) .
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Problems of Chapter 9

9.1.⋆⋆ [Sect. 9.1]Consider the signal

s(t) = A0 rect+(t/D)cos2πt/T0

and find the decompositions into a continuous and a discontinuous part in the cases: a)

D = 3T0 and b)D = 3.25T0.

CaseD = 3T0

In this case the signal has two discontinuities att = 0 andt = D (Fig.S9.1) with
discontinuity sizesd1 = A0 at t1 = 0 andd2 =−A0 at t2 = D. The dicontinuities are
balanced(d1 +d2 = 0), and the two decompositions coincide

sd1(t) = A01(t)−A01(t−D) = sd2(t) = 1
2A0sgn(t)− 1

2A0sgn(t−D) .

-

6

t

s(t)

D

-

6

t

sd1(t)

D

-

6

t

−sc1(t)

D

Fig. S9.1The signal of the problem
and its decomposition forD = 3T0.
The discontinuities are balanced and
the two types of decompositions co-
incide:sd1(t) = sd2(t)
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CaseD = 3.25T0

In this case the signal has only one discontinuity att = 0 of sized1 = A0 (Fig.S9.2)
and there is no balancement. Therefore the two decompositions are different

sd1(t) = A01(t) 6= sd2(t) = 1
2A0sgn(t) .

Note the presence of a dc component insd1(t), whereassd2(t) is free of a dc com-
ponent.

-

6

t

s(t)

D

-

6

t

sd1(t)

D

-

6

t

−sc1(t)

D

-

6

t

sd2(t)

D

-

6

t

−sc2(t)

D

Fig. S9.2The signal of the problem
and its decomposition forD = 3.25T0.
The discontinuities are not balanced
and the two types of decompositions
are different:sd1(t) 6= sd2(t)
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9.2.⋆ [Sect. 9.4]Starting from the pair (9.19), find the Fourier transform of the signal

s1(t) = A0 e−t2/T2
.

We start from the known Fourier pair (see Tab. 9.2, 24)

e−πt2 F−−−→ e−π f 2

and then apply the scale change relationship (5.93) that is

s(at)
F−−−→ 1

|a| S
(

f
a

)
with a =

1
T
√

π
.

We thus obtain

s1(t) = A0 e−t2/T2 F−−−→ S1( f ) = A0 T
√

π e−π2T2 f 2
. (S9.1)

9.3.⋆⋆ [Sect. 9.4]Find the Fourier transform of the signal

s2(t) = A0

∫ t

−∞
e−u2/T2

du .

We preliminarly note that the signals2(t) is the integral ofs1(t). Thus, from the
“integral in time” rule of Tab. 9.1, we obtain

S2( f ) =
1

i2π f
S1( f )+

1
2

S1(0) δ ( f )

whereS1( f ) was derived in the previous exercise. To conclude with, we have

S2( f ) =
1

i2π f
A0 T

√
π e−π2T2 f 2

+
1
2

A0 T
√

π δ ( f ) .

9.4.⋆⋆ [Sect. 9.4]Find the Fourier transform of the signal

s3(t) = t e−t2/T2
.
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From the second rule on “differentiation in frequency” of Tab. 9.1 we obtain

s3(t) = t s(t)
F−−−→ S3( f ) =− 1

i2π
dS( f )

d f

where (see (S9.1))

s(t) = e−
t2

T2 F−−−→ T
√

π e−π2 f 2T2
.

So, we have
S3( f ) =−iπ f

√
π T3e−π2 f 2T2

.

9.5.⋆ [Sect. 9.4]Find the Fourier transform of the signal

s4(t) = 1(t) t2 e−t/T sinω0t .

First it is convenient to get the Fourier transform ofs(t) = 1(t) t2 e−t/T and then
apply the general rule on modulation (9.14b), that is

s4(t) = s(t) sinω0t
F−−−→ S4( f ) =

1
2i

[S( f − f0)−S( f +F0)] .

Thus we evaluate
S( f ) =

∫ ∞

0
t2 e−αt e−i2π f t dt .

Integrating by parts one gets

S( f ) =
2

(i2π f −α)3 , α =
1
T

.

In alternative one can evaluateS( f ) trough the derivative rule in the frequency
(Tab. 9.1), which must be applied twice and gives

(−i2πt)2s(t)
F−−−→ d2S( f )

d f 2 .

In any case, we have

S4( f ) =
i

[i2π( f + f0)−α]3
− i

[i2π( f − f0)−α]3
, α =

1
T

.
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9.6.⋆ [Sect. 9.4]Find the Fourier transform of the signal

s5(t) = A0 sinc( f1t) cos 2π f2t .

By applying the modulation rule (9.14a) we immediately obtain

S5( f ) =
A0

2 f1

[
rect

(
f − f2

f1

)
+ rect

(
f + f2

f1

)]
.

9.7.⋆⋆ [Sect. 9.4] The derivative of a triangular pulse is given by the sum of two rect-

angular pulses. Use this remark to find its Fourier transform from pairs 17) of Tab. 9.2.

Fig.S9.3 shows the triangular pulses(t) and its derivative. Since the derivative is
the sum of two triangles, and in particular we have

x(t) =
d s(t)

dt
=

1
b

rect

(
t + 1

2b

b

)
− 1

a
rect

(
t− 1

2a

a

)
.

We straightforwardly obtain

X( f ) = sinc( f b)eiπb f −sinc( f a)e−iπa f .

Finally we evaluate the Fourier transform ofs(t), considering that

s(t) =

∫ t

−∞
x(u)du,

-

6

−b a

1

t

s(t)

0

-

6

−b

1
b

− 1
a

a

t0

ds(t)
dt

Fig. S9.3The triangular pulse and its derivative
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and then we apply the integration rule in the time domain of Tab. 9.1 by recalling
thatX(0) = area(x) = 0. We obtain

S( f ) =
1

i2π f
X( f ) =

1
i2π f

[
sinc( f b) eiπ f b−sinc( f a) e−iπ f a

]
.

9.8.⋆⋆ [Sect. 9.4]Prove Fourier pair 18) using the technique suggested in the previous

problem.

Fig.S9.4 shows the trapetium pulse and its derivative. The derivative can be written
as

x(t) =
d s(t)

dt
=

1
b−a

rect

[
t +c
b−a

]
− 1

b−a
rect

[
t−c
b−a

]
, c = 1

2 (a+b)

and its Fourier transform is

X( f ) = sinc[ f (b−a)]ei2π f c−sinc[ f (b−a)]eSR26−i2π f c

= 2i sinc[ f (b−a)] sin2π f c .

With considerations analogous to the ones of Problem 9.7, weobtain

S( f ) =
1

i2π f
X( f )

= (a+b) sinc
[

f (b−a)
]

sinc
[

f (b+a)
]

.

-

6

ba

1

t

s(t)

0

-

6

b

D

a

t0

ds(t)
dt

Fig. S9.4The trapezoidal pulse and its derivative
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9.9.⋆⋆ [Sect. 9.5]Check that for a Gaussian pulse (9.37) holds with equality sign.

Let p(t) be the Gaussian pulse and letP( f ) be its Fourier transform. We have to
prove that

(2π)2B2
qD2

q =
EP′ Ep′

E2
p

(S9.2)

wherep′(t) is the time derivate ofp(t) andP′( f ) is the frequency derivate ofP( f )

D2
q =

∫ +∞

−∞
t2|p(t)|2 dt

/
Ep

B2
q =

∫ +∞

−∞
f 2|P( f )|2 d f

/
EP

with

Ep =
∫ +∞

−∞
|p(t)|2 dt =

∫ +∞

−∞
|P( f )|2 d f = Ep .

As we see, the proof of the statement lies on the evaluation ofintegrals. To this end
it is convenient to consider the normalized Gaussian pulse and its FT

p0(t) = e−πt2 F−−−→ e−π f 2
= P0( f )

and then we will prove that the introduction of an amplitude and of a scale change
does not modify the result.

We start from the integrals

1√
2π

∫ +∞

−∞
e−

1
2x2

= 1

1√
2π

∫ +∞

−∞
x2e−

1
2x2

= 1

which is known from Probability Theory (the first gives the normalization condition
of a normalized Gaussian probability density and the secondgives the variance).
Then, with a change of variable we get

∫ +∞

−∞
e−Ay2

dy =
√

π/A

∫ +∞

−∞
y2e−Ay2

dy =

√
π

2A3/2
.

Hence, considering thatp0(x) = P0(x), we obtain
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Ep0 = 1/
√

2

D2
q = B2

q = 1/(4π)

p′0(t) =−2πt e−πt2 =−2πt p0(t)

Ep′0
= (2π)2

∫ +∞

−∞
t2 p2

0(t) dt = (2π)2D2
qEp0 = EP′0

.

Substituting in (S9.2) gives

(2π)2B2
qD2

q = (2π)2 1
(4π)2 =

1
4

EP′0
Ep′0

E2
p0

=
[(2π)2 1/(4π)2 (1/

√
2)]2

(1/
√

2)2
=

1
4

.

In conclusion, the statement of the problem is proved for thenormalized Gaussian
pulse. To prove the general case of the pulse

p(t) = A0e−αt2

we remark that the amplitudeA0 is compensated in the ratio. But, also a scale factor,
which gives

p(t) = A0 p0(
√

α/π t)

is compensated in the ratios recalling that the FT is given by

P( f ) = A0

√
π
α

P0

(√
π
α

f

)
.

9.10.⋆⋆ [Sect. 9.5]Evaluate the productBqDq for the triangular pulse

p(t) = A0 triang(t/D) .

The solution requires the following integrals

∫
(1−y)2 dy =−1

3
(1−y)3

∫
(1−y)2y2 dy =

1
3

y3− 1
2

y4 +
1
5

y5

∫ ∞

0
x2 sinc4(x) dx =

1
4π2 .

We can also assumeA0 = 1 since the amplitude is compensated in the productBqDq.
Considering that triang(x) is even and triang(x) = 1− x, 0≤ x < 1, the energy of



Solutions to problems of Chapter 9 115

p(t) is given by

Ep = 2
∫ D

0
(1− t/D)2 dt = 2D

∫ 1

0
(1−x)2 dx =

2
3

D .

Analogously

I1 =
∫ +∞

−∞
t2 p2(t) dt = 2

∫ D

0
t2(1− t/D)2 dt = 2D3

∫ 1

0
x2(1−x)2 dx =

1
15

D3 .

Hence

D2
q = I1/Ep =

1
10

D2 .

The FT ofp(t) is
P( f ) = D sinc2( f D) .

Hence

I2 =
∫ +∞

−∞
f 2P2( f ) d f = 2D2

∫ ∞

0
f 2 sinc4( f D) d f

2
D

∫ ∞

0
x2 sinc4(x) dx =

2
D

1
4π2 =

1
2π2D

and

B2
q = I2/Ep =

1
D2

3
4π2 .

The productBqDq is therefore

BqDq =

√
3
40

1
π

.

Note thatBqDq = 0.0872< 1/(4π) < 0.0796, where 1/(4π) refers to a Gaussian
pulse (which gives the minimum value ofBqDq).

9.11.⋆⋆ [Sect. 9.5]Check bounds (9.33) and (9.37) for the signal

s(t) = 1(t) t e−t/T , T > 0 .

Let us recall the following integral, which can be calculated recursively using inte-
gration by parts

∫ +∞

0
xne−αx dx =

(
1
α

)n+1

n! , α > 0 . (S9.3)

Then, the energy of the signal is given by
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Es =
∫ +∞

0
t2e−2t/T dt =

(
T
2

)3

2! =
T3

4
.

The root mean square (rms) durationDq of the signal is obtained applying (S9.3):

D2
q =

1
Es

∫ +∞

0
t4e−2t/T dt =

1
Es

(
T
2

)5

4! = 3T2 .

HenceDq =
√

3T. To calculate the rms bandwidth, the Fourier transform of the
signal is required

S( f ) =
T2

(1+ i2πT f)2 =⇒ |S( f )|2 =
T4

(1+(2πT)2 f 2)2 .

Then

B2
q =

1
ES

∫ +∞

−∞
f 2|S( f )|2d f =

1
Es

∫ +∞

−∞

T4 f 2

(1+(2πT)2 f 2)2 d f

where, with the variable changex = 2πT f , we obtain

B2
q =

1
Es

T
(2π)3

∫ +∞

−∞

x2

(1+x2)2 dx

and using the integral

∫
x2

(1+x2)2 dx =− x
2(1+x2)

+
1
2

arctanx

we obtain

B2
q =

1
2T2π3

[
− x

2(1+x2)
+

1
2

arctanx

]+∞

−∞
=

1
4T2π2 .

HenceBq = 1/(2Tπ). Now, we see that the inequality (9.33) is satisfyed. In fact

DqBq =
√

3T
1

2Tπ
=

√
3

2
1
π

>
1

4π
.

The centroid abscissa of|s(t)|2 is obtained from (S9.3):

tc =
1
Es

∫ +∞

0
t3e−2t/T dt =

4
T3

(
T
2

)4

3! =
3
2

T .

So that

∆Dq =
√

D2
q− t2

c =
√

3T2− 9
4T2 =

√
3T
2

The centroid abscissa of|S( f )|2 is easily obtained and is
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fc =
1
Es

∫ +∞

−∞
f |S( f )|2d f = 0

because|S( f )|2 is an even function and|S( f )|2 = O(t−3) is an integrable odd func-
tion. Then,∆Bq = Bq = 1/(2πT). Inequality (9.37) is verified:

BqDq =

√
3

2
1
π

> ∆Bq∆Dq =

√
3

4
1
π

>
1

4π
.

The abscissastc anf fc can also be obtained by (9.35), but we need the derivative of
S( f ) ands(t), given by

S′( f ) =−i4πT3 1+ i2πT f
(1+ i2πT f)3 , s′(t) =

(
1− t

T

)
e−t/T 1(t) .

Then

ES′S =
∫ +∞

−∞
S′( f )S∗( f )d f =−i4πT5

∫ +∞

−∞

1− i2πT f
(1+(2πT)2 f 2)3 d f

noticing that the imaginary part of the function is odd and hence it gives a zero and,
performing the changex = 2πT f , we have

ES′S =−i2T4
∫ +∞

−∞

1
(1+x2)3 dx =−i2T4

[
x

4(1+x2)2 +
3x

8(1+x2)
+

3
8

arctanx

]+∞

−∞

=−i2T4 3
8

π =−i
3
4

T4π .

From (9.35)

tc =
i

2π
ES′S

ES
=

3
2

T

as previously found. Forfc we have from (S9.3)

Es′s =
∫ +∞

0
s′(t)s∗(t)dt =

∫ +∞

0

(
t− t2

2

)
e−2t/T dt =

(
T
2

)2

− 2
T

(
T
2

)3

= 0

as previously found.

9.12.⋆ [Sect. 9.6]Find the first three derivatives of the function (9.45) and then establish

that the damping of the correspondent pulse is of the type 1/t3.

It is sufficient to recall the normalized expression (9.21a). Let

R0( f ) = rcos( f ,α)
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whose first derivative is (see (9.71))

R′0( f ) = P( f + 1
2)−P( f − 1

2)

where

P( f ) =
π

2α
cos

π
α

f rect

(
f
α

)
.

Thus we have
R
′′
0( f ) = P′( f + 1

2)−P′( f − 1
2)

where

P′( f ) =− π2

2α2 sin
π
α

f rect

(
f
α

)
.

The behaviors are illustrated in Fig.S9.5, which clearly shows thatR0( f ) is contin-
uous with a continuous first derivative, but discontinuous second derivative. Thus,
we can apply Theorem 9.3 withn = 3, and we have that the inverse FT has a 1/t3

damping.

-

6

f

R′0( f )

− 1
2 α

1
2 α

-

6

f

R′′0( f )

− 1
2

1
2

Fig. 9.5 The first two derivatives
of the raised–cosinefunction for
α = 0.6

9.13.⋆⋆ [Sect. 9.6] Find the damping of a pulse whose FT is given by the convolution

of the raised cosine transform (9.45) with rect( f/(2F0)).

The raised cosine function in frequency corresponds to a pulse in time with a 1/t3

damping, while the rectangular function corresponds to a pulse with a 1/t damping.
Since convolution in frequency gives a product in time, the resulting function shows
a 1/t4 damping.
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9.14.⋆ [Sect. 9.8]Find the Laplace transform of the signal

s1(t) = 1(t) t2 e−t/T0 , t ∈ R .

The definition gives

SL(p) =
∫ +∞

0
t2 e−t/T0 e−pt .

Integrating by parts one gets

SL(p) =
2

(a0 + p)3 , a0 =
1
T0

.

Letting p = σ + iω, it must bea0 +σ ≥ 0 and thus the convergence region is

Γ = C(−a0,+∞) .

9.15.⋆⋆ [Sect. 9.8]Find the Laplace transform of the signal

s2(t) = 1(t) A0 cosω0t , t ∈ R .

The definition gives

SL(p) =

∫ +∞

0
A0 cosω0t e−pt dt .

By applying Euler’s formulas we obtain

SL(p) = A0
p

ω2
0 + p2

, Γ = C(0,+∞) .

9.16.⋆⋆ [Sect. 9.8]Find the inverse Laplace transform of

SL(p) =
(p+1)

p2 + p+1
, p∈ C

(
−1

2
, +∞

)
.

We can write
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SL(p) =
A

p− p1
+

B
p− p2

with p1 =−1
2

+ i

√
3

2
, p2 =−1

2
− i

√
3

2
, (9.4)

from which we can obtainA andB, namely

A =
1
2
− i

√
3

6
, B =

1
2

+ i

√
3

6
.

Now, recalling the Fourier pairs of Tab. 9.4 and consideringthatℜp1 = ℜp2 = 1
2,

we obtain
s(t) = Aep1t 1(t)+Bep2t 1(t) .

9.17.⋆⋆⋆ [Sect. 9.8]As in the previous problem, but with convergence region givenby

C
(
−∞, − 1

2

)
.

The decomposition (9.26) holds in this case as well, but the convergence region
C(−∞,−1

2) provides a non–causal signal. In fact, in Sect. 9.7 we have found

1(−t)ep0t L−−−→ − 1
p− p0

, p∈C(−∞,σ0)

whereσ0 = ℜ p0. Thus, from decomposition (9.26) we conclude that

s(t) =−A1(−t)ep1t −B1(−t)ep2t , t ∈ R .

9.18.⋆⋆⋆ [Sect. 9.9]Find the frequency responseG( f ) of a real causal filter, such that

ℜG( f ) = rect( f/2B) .

For a real and causal filter, real and imaginary parts of the frequency responseG( f )
are linked by the Hilbert transform (see Sect. 9.9), that is,

ℑG( f ) =
1
π

∫ +∞

−∞

ℜG(λ )

f −λ
dλ .

SinceℜG( f ) = rect( f
2B), we have



Solutions to problems of Chapter 9 121

ℑ(G( f )) =
1
π

∫ B

−B

1
f −λ

dλ =− 1
π

∫ B

−B

1
λ − f

dλ

=−
[

1
π

(log|B− f |− log|−B− f |)
]

=
1
π

log

∣∣∣∣
f +B
f −B

∣∣∣∣ .

(9.5)

Thus the frequency response of the filter is given by

G( f ) = rect

(
f

2B

)
+

i
π

log

∣∣∣∣
f +B
f −B

∣∣∣∣ .

9.19.⋆ [Sect. 9.9] Explicitly write the impulse responses of the ideal filters whose fre-

quency responses are shown in Fig.9.22.

For the low–pass filter we have

G( f ) = rect

(
f

2B

)
F−1
−−−→ g(t) = 2Bsinc(2Bt) .

For the pass–band filter, lettingf0 the center band frequency and 2∆ f the band-
width, we have

G( f ) = rect

(
f − f0
2∆ f

)
+ rect

(
f + f0
2∆ f

)

and thus

g(t) = 2∆ f sinc(2∆ f t) ei2π f0t +2∆ f sinc(2∆ f t) e−i2π f0t

= 4∆ f sinc(2∆ f t) cos(2π f0t) .

For the high–pass filter we have

G( f ) = 1− rect

(
f

2B

)
F−1
−−−→ g(t) = δ (t)−2Bsinc(2Bt) .

9.20. [Sect. 9.9] Find the responses of an ideal low–pass filter when the input is: 1)a
unit step and 2) a rectangular pulse.Hint: Use thesine integralfunction

Si(x)
∆
=
∫ x

0

sin(y)
y

dy .

The response of a filter to the unitary step is in general givenby
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u(t) =
∫ t

−∞
g(a)da, t ∈ R .

Lettingg(t) = 2Bsinc(2Bt), we thus obtain

u(t) =
∫ t

−∞
2Bsinc(2Ba) da

=
1
π

∫ 2πBt

−∞

sinv
v

dv =
1
π

[∫ 2πBt

0

sinv
v

dv−
∫ −∞

0

sinv
v

dv

]
.

By further use of the integral sine function (Fig.9.6)

Si(x)
∆
=
∫ x

0

siny
y

dy,

we have

u(t) =
1
π

[
Si(2πBt)− lim

x→∞
Si(x)

]
=

1
π

Si(2πBt)+
1
2

.

To get the response to the rectangular pulsep(t) with unitary amplitude and exten-
sion from 0 toT, we express such pulse as a difference of two unitary steps, that
is,

p(t) = 1(t)−1(t−T) .

We then obtain

u(t)−u(t−T) =
1
π

[Si(2πBt)−Si(2πB(t−T))] .

0 5 10 15 20
0

1

2

x

Si(x)

Fig. 9.6 The function
integral sine

9.21.⋆⋆⋆ [Sect. 9.9]Show that the impulse response of the idealreal phase–shifter of
β0 is

g(t) = δ (t) cosβ0−
1
πt

sinβ0 .

The frequency response of an idealreal β0 phase–shifter can be written in the form
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(see (9.57b))
G( f ) = eiβ0 sgn( f ) = cosβ0 + i sinβ0sgn( f ) .

By recalling that the inverse transform of sgn( f ) is i/(πt), we have

g(t) = cosβ0 δ (t)−sinβ0
1
πt

.

9.22.⋆⋆ [Sect. 9.9]Find the frequency response of a low–loss coaxial cable (see (9.56)).

The transfer function is given by (9.56), that is,

GL(p) = exp(−
√

p/p0− pt0)

wherep0 andt0 are real. Lettingp = i2π f one gets

√
p =
√

i
√

2π f =

√
2

2
(1+ i)

√
2π f = (1+ i)

√
π f , f > 0 .

Hence

G( f ) = GL(i2π f ) = exp(−(1+ i)
√

π f/p0− i2π f t0) , f > 0

which is in agreement with 36 of Tab. 9.2.
We now discuss the Fourier pair 36. In Angot’s book [2], p. 544, we find the

Laplace pair

h(t) =
α

2
√

πt3
e−α2/(4t) 1(t)

L−−−→ H(p) = e−α√p , α > 0 .

If we let α = 1/
√

p0 we get

h(t) =
1

2
√

p0

√
πt3

e−1/(4p0t) 1(t)

which gives the signal of pair 36 withp0 = π f0.

9.23.⋆ [Sect. 9.10]Show that the following is a Hilbert pair

s(t) = sinc(Ft) , ŝ(t) =
1−cos 2πFt

πFt
.

For the Hilbert transform evaluation it is convenient to choose an alternative (non–
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direct) path based on the analytic signal. In fact from

v(t) = sinc(Ft)
F−−−→ V( f ) =

1
F

rect

(
f
F

)

the transform of the analytic signal is

Z( f ) = 2·1( f ) ·V( f ) =
2
F

rect

(
f − 1

4F
1
2F

)
.

By inverse transformation we obtain

z(t) = sinc
(

1
2F t

)
ei2π 1

4Ft ,

from which the Hilbert transform is given by the imaginary part

v̂(t) = ℑz(t) = sinc
(

1
2Ft
)

sin(π
2 Ft) =

1−cosπFt
πFt

.

9.24.⋆⋆ [Sect. 9.10]Show that the following is a Hilbert pair

s(t) = rect
( t

T

)
, ŝ(t) =

1
π

log

∣∣∣∣
2t +T
2t−T

∣∣∣∣ .

By straightforwardly applying the definition (9.65) of Hilbert transform, we have

v̂(t) =
1
π

∫ +∞

−∞

rect(u/T)

t−u
du =

1
π

∫ 1
2T

−1
2T

1
t−u

du

=− 1
π
[
log|t− 1

2T|− log|t + 1
2T|
]
=

1
π

log

∣∣∣∣
2t +T
2t−T

∣∣∣∣ .

9.25.⋆⋆ [Sect. 9.10]Find the analytic signal associated to the signal

s(t) = sinc2
( t

T

)
cos 2π f0t with f0T > 1 .

It is convenient to evaluate the transform of the analytic signal from the relation
Zv(t) = 2· 1( f )V( f ) and then apply the inverse transformation. From

sinc2
( t

T

)
F−−−→ T triang( f T)
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where triang(x) indicates the triangular function ranging from−1 to 1 and with
unitary maximum amplitude, we obtain

V( f ) = 1
2 triang(( f − f0)T)+ 1

2 triang(( f + f0)T) .

Hence
V( f ) = 1( f ) triang(( f − f0)T)+1( f ) triang(( f − f0)T)

= triang(( f − f0)T)

where we exploited the hypothesisf0T > 1 so that the first term has extension rang-
ing on positive frequencies, and the second term has extension ranging on negative
frequencies.

By inverse transformation, we obtain

z(t) = sinc2
( t

T

)
ei2π f0t .
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Problems of Chapter 10

10.1.⋆⋆ [Sect. 10.1] In the previous chapter we have seen that a discontinuous signal

onR can be decomposed into a continuous signal and a piecewise constant signal. Find the

decomposition for a signal defined onR/Z(Tp).

For an aperiodic signals(t), t ∈ R with discontinuities, we have obtained that the
discontinuous part can be written in the form (9.2), that is,

sd(t) = ∑
i

di 1(t− ti) , d1 = s(t+i )−s(t−i )

or in the form (9.3), that is,

s̃d(t) = ∑
i

1
2 di sgn(t− ti) .

These expressions hold also for a periodic signals(t), t ∈R/Z(Tp), with the remark
that the periodicity implies that the discontinuities are periodic. Hence, if in the
reference period[0,Tp) the signal is discontinuous, say att1 andt2 with amountsd1

andd2, respectively, we find discontinuities at the instantst1+nTp andt2+nTp with
the same amounts. Hence, e.g.,sd(t) takes the form

sd(t) = d11(t− t1)+d21(t− t2) , 0 < t < Tp

and for anyt we have to write

sd(t) =
+∞

∑
n=−∞

[d11(t− t1−nTp)+d21(t− t2−nTp)] .

10.2.⋆ [Sect. 10.1]Find conditions on the signal

s(t) = A1 repTp
rect

(
t

d Tp

)
+A2 repTp

rect

(
t

d Tp
− 1

2

)
, d = 20%,

which assure that its integraly(t), defined by (10.2), is still periodic. Then, evaluatey(t) and

its Fourier transform.

The signal can be written as

s(t) = A1 repTp rect

(
t

2T0

)
+A2 repTp rect

(
t−T0

2T0

)
(S10.1)
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whereT0 = 1
2dTp = 1

10Tp and is illustrated in Fig.S10.1 forA1 < 0 andA2 = −A1.
The integraly(t) of s(t), defined by (10.2), is

y(t) =
∫ t

t0
s(u)du, t0 ∈ R .

The condition of periodicity for the integral is that themean value in a periodof
s(t), given by

ms =
1
Tp

∫ Tp

0
s(t)dt

is zero. We find

m1 =
1
Tp

(A12T0 +A22T0) =
2T0

Tp
(A1 +A2) .

Then the periodicity condition is

A1 =−A2 .

Under this assumption, the integraly(t), obtained witht0 = 0, is given by the peri-
odic repetition of a trapezoidal pulse, as shown in Fig.S10.1.

The FT ofy(t), t ∈ R/Z(Tp) can be calculated by the definition (10.4a), but it is
more convenient the application of the integration rule, that is,

y(t) =
∫ t

t0
s(u)du

F−−−→ Y( f ) =
1

i2π f
S( f ) , f 6= 0 . (S10.2)

For the evaluation ofY( f ) for f = 0 we can use the rule

-

6

t

s(t)

−T0

T0 2T0

Tp

-

6

t

y(t)

−T0 0 T0 2T0 Tp

Fig. S10.1Signals in Problem 10.2
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Y(0) = area(y) =
∫ Tp

0
y(t)dt = A1T0 (Tp−2T0)

where the area is limited to a period.
On the other, for the evaluation of the FTS( f ) we can apply Proposition 10.1,

which gives

repTp rect

(
t

2T0

)
F−−−→ 2T0 sinc( f 2T0) , f ∈ Z(F) .

Hence, from (S10.1) one gets (withA1 =−A2)

S( f ) =−A22T0 sinc( f 2T0)+A22T0 sinc( f 2T0)e− j2π f T0

= A22T0 sinc( f 2T0)
(
−1+e− j2π f 2T0

)
.

Hence, (S10.2) yields

Y( f ) = A22T0 sinc( f 2T0)
−1+e−i2π f 2T0

i2π f
.

This result can be written in the form

Y( f ) = 1
2 A2 (2T0)

2 sinc( f 2T0) sinc( f T0)e−iπ f T0

and is in agreement with the Fourier pair 9 of Tab. 10.1.

10.3.⋆ [Sect. 10.3]Compute the Fourier coefficients of the “two waves” rectified sinu-
soid

s(t) = |cos 2πF0t| , t ∈ R/Z(Tp) .

The signal is shown in Fig.S10.2 and has minimum periodTp = 1/(2F0). Letting
F = 1/Tp = 2F0 the Fourier coefficients are given by

Sk =
1
Tp

S(kF) =
1
Tp

∫ t0+Tp

t0
s(t)e−i2πkFt dt .

-

6

t

s(t)

T0

Fig. S10.2The rectified sinusoidal signal
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In this case we chooset0 =−1
2Tp which allows to remove the absolute value. Thus,

we find

Sk =
1
Tp

∫ 1
2Tp

−1
2Tp

cos(2πF0t)e−i2πkFt dt =
1
π

∫ 1
2π

−1
2π

cosxe−i2πkxdx

=
1

2π

∫ 1
2π

−1
2π

(
eix−e−ix

)
e−i2kxdx =

1
π

{
sin(2k−1)1

2π
(2k−1)

+
sin(2k+1)1

2π
(2k+1)

}

= sinc(k− 1
2)+sinc(k+ 1

2)

where we have used the Euler formulas.

10.4.⋆⋆ [Sect. 10.3]A signal with minimum periodT0 can be represented onR/Z(T0),

but also onR/Z(3T0). Let s1(t) ands3(t) be the two representations, then find the relation-

ship betweenS1( f ) andS3( f ).

The relations can be found by a separate evaluation ofS1( f ) andS3( f ), given by

S1(kF) =
∫ T0

0
s(t)e−i2πkF0t dt , F0 = 1/T0

S3(kF) =

∫ 3T0

0
s(t)e−i2πkFt dt , F = 1/(3T0) = F0/3 .

However, a more elegant and general solution is obtained with the application of
elementary transformations, developed in Chap.6, and in particular of the Duality
Theorem. Then, we realize that the signals3(t), t ∈ Z(3T0) is given by thedown–
periodizationof s1(t), t ∈Z(T0). The Duality Theorem states that the corresponding
operation in the frequency domain is theZ(3F)→ Z(F) up–sampling ofS1( f ),
f ∈ Z(F0). The up–sampling relation is

S3(kF) =

{
3S1(kF) k∈ Z(3)
0 k 6∈ Z(3) .

10.5.⋆⋆⋆ [Sect. 10.3]Using the Fourier series expansion of the signal (10.10a), prove
that the modulated signal (10.11) can be written in the form

v(t) =
+∞

∑
k =−∞

V0 Jk(A) cos[2π ( f0 +kF) t] .

The signal (10.11) can be written in the form
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v(t) = V0 ℜ
[
ei2π f0t eiAsin2πFt

]

where, for the second exponential, we can use the Fourier expansion (10.10c). Hence

v(t) = V0 ℜ

[
+∞

∑
n=−∞

Jn(A)ei2π( f0+nF) t

]
.

The result is finally obtained considering thatJn(A) is real.
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Problems of Chapter 11

11.1.⋆⋆ [Sect. 11.4] Evaluate therunning sum y(nT) of the causal exponential

10(nT)an and its Fourier transform.

The running sum is given by

y(nT) = 10∗s(nT) =
+∞

∑
k=−∞

T 10(nT−kT)s(kT)

= T
n

∑
k=−∞

s(kT) = T
n

∑
k=−∞

ak .

In order to apply the geometric series, we letk = n− i. Then

y(nT) = Tan
∞

∑
i=0

a−i = Tan 1
1−1/a

which requires that|a| > 1. For |a| ≤ 1, the series is not convergent. Therefore the
current sum (for|a|> 1) is an exponential signal of the formy(nT) = kan whose FT
does not exist.

11.2.⋆⋆ [Sect. 11.4]Prove the discrete modulation rule

s(nT) cos(2π f0nT)
F−−−−→ 1

2
S( f − f0)+

1
2

S( f + f0)

and apply it to the signals(nT) = 10(nT).

The rule can be obtained by using the Euler formulas

y(nT) = s(nT) cos2π f0T = 1
2 s(nT)ej2π f0nT + 1

2 s(nT)e− j2π f0nT

and by subsequently applying the shifting rule in the frequency domain.
With s(nT) = 10(nT), it is sufficient to recall that the FTU( f ) of a discrete step

is given by (11.17). Then

Y( f ) = 1
2 U0( f − f0)+ 1

2 U( f − f0)

= 1
4 δR/Z(Fp)( f − f0)+ 1

4 δR/Z(Fp)( f + f0)

+T 1
4i [cot(π( f − f0)T)+cot(π( f + f0)T]+ 1

2T .
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11.3.⋆⋆ [Sect. 11.4]Evaluate the Fourier transform of a discrete triangular pulse (see

pair 14 of Tab. 11.1).

The expression of discrete triangular pulse can be written in the form

s(nT) =

{
1− |n|N0

n =−N0, . . . ,0, . . . ,N0

0 elsewhere

From the definition of the Fourier transform one gets

S( f ) =
+∞

∑
k=−∞

T s(nT)e−i2π f nT , f ∈ R/Z(1/T)

=
+N0

∑
n=−N0

T

(
1− |n|

N0

)
e−i2π f nT

= T +T
N0

∑
n=1

(
1− n

N0

)(
ei2π f nT +e−i2π f nT

)
.

Finally, considering Euler formulas, one obtains

S( f ) = T +2T
N0

∑
n=1

(
1− n

N0

)
cos(2π f nT) .

11.4.⋆⋆ [Sect. 11.4]Find the Fourier transform of the signal

s(nT) =
{

1 n = 0,3,6, . . .
0 elsewhere.

Hint: use Proposition 11.2.

The evaluation of the FT can be handled as done for the FT of thediscrete step
signal 10(nT). An alternative evaluation can be done using the theory ofelementary
tfs developed in Chap.6. In fact,s(nT) may be regarded as the up–sampled version
of the discrete step signal1

3u0(n3T) defined onZ(3T). The factor1
3 is due to the

fact that theZ(3T)→ Z(T) up–sampling introduces an amplification of 3 times.
In the frequency domain, theZ(3T)→Z(T) up–sampling becomes theR/Z(F0)→

R/Z(3F0) down–periodization withF0 = 1/3T. Therefore we obtain

S( f ) = 1
3 U( f ) , f ∈ R/Z(Fp)
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whereU( f ) is the FT of the discrete step 10(n3T). This FT is obtained from (11.18)
with the substitution 3T→ T andF0→ Fp. The final result is

S( f ) = 1
3

[
1
2 δR/Z(F0)( f )+3T 1

2i cot(π f 3T)+3T 1
2

]
.

11.5.⋆ [Sect. 11.6]Find thez–transform of the signal

s1(nT) = 10(nT) n2 an .

We introduce the auxiliary signals

x(nT) = 10(nT)an

y(nT) = nx(nT) = 10(nT)nan .

such that
s1(nT) = 10(nT)n2an = ny(nT) .

Now, thez–transformx(nT), is given by

X(z) = T
1

1−az−1 , z∈ Γ (|a|,∞)

and we apply twice rule 11 of Tab. 11.2, i.e.,

ns(nT)
Z−−−→−z

d S(z)
dz

(S11.1)

Hence

Y(z) =−z
dX(z)

dz
= T

az−1

(1−az−1)2

⇒ S1(z) =−z
Y(z)
dz

= T
az−1(1+az−1)

(1−az−1)3

The region of convergence is stillΓ (|a|,∞).

11.6.⋆⋆ [Sect. 11.6]Find thez–transform of the signal

s2(nT) = 10(nT) n cos 2π f0nT .

It is convenient to start from the signal

x(nT) = 10(nT) cos2π f0T
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and apply Rule 11 recalled in Problem 11.5.
Thez–transform ofx(nT) is given by (see Tab. 11.3)

X(z) = T
1−βz−1

1−2βz−1 +z−2 , z∈ Γ (1,∞)

where
β = cos2π f0T .

Hence

S2(z) =−z
dX(z)

dz

= T

[
−z

βz−2(1−2βz−1 +z−2)− (1−βz−1)(2βz−2−2z−3)

(1−2βz−1 +z−2)2

]

=
z−1(β −2z−1 +βz−2)

(1−2βz−1 +z−2)2 .

The region of convergence isΓ (1,∞).

11.7.⋆ [Sect. 11.6]Find thez–transform of the signal

s3(nT) = a|n| .

The signals3(nT) can be decomposed into causal and anticausal part in this form

s3(nT) = 10(nT)an +10(−nT)a−n−1−δn0

where the termδn0 takes into account the fact that 10(0) = 1. Then, recalling that
(see Sect. 11.5)

10(nT)an Z−−−→ T
1

1−az−1 , z∈ Γ (|a|,∞)

10(−nT)a−n Z−−−→ T
1

1−az
, z∈ Γ (0,1/|a|)

δn0
Z−−−→ T , z∈ C .

The region of convergence is given by the intersection of thethree regions and is
not empty only if|a|< 1. In this hypothesis, it is given byΓ (|a|,1/|a|). Hence

S3(z)= T

[
1

1−az−1 +
1

1−az
−1

]
= T

1−a2

1+a2−a(z+z−1)
, z∈Γ (|a|,1/|a|) .
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11.8.⋆ [Sect. 11.7]Find the impulse response of the discrete low–pass filter with fre-

quency response (11.37).

We use Proposition 11.1 relating the FT onZ(T) to the FT onR. The Fourier pair
onR is

S0( f ) = rect

(
f

2B

)
, f ∈ R

F−1
−−−→ s0(t) = 2B sinc(2Bt) , t ∈ R .

Hence

S( f )= repFp rect

(
f

2B

)
, f ∈R/Z(Fp)

F−1
−−−→ s(t)= 2B sinc(2Bt) , t ∈Z(T) .

Therefore the impulse response of the ideal band–pass filteron Z(T) is given by
g(nT) = 2B sinc(2BnT).

11.9.⋆⋆ [Sect. 11.7] Show that the impulse response of the discrete Hilbert filter is

given by (11.39b).

If we consider that in the period(−1
2 Fp,

1
2 Fp) the FTG( f ) of g(t) is given by

G( f ) =

{
i −1

2 < f < Fp

−i 0 < f < 1
2 Fp ,

we can express its inverse FT as

g(nT) =

∫ 0

−1
2Fp

iei2π f nTd f −
∫ 1

2Fp

0
iei2π f nTd f

= i
∫ 1

2Fp

0
(e−i2π f nT−ei2π f nT)d f = 2

∫ 1
2 Fp

0
sin2π f nTd f .

For n 6= 0 we obtain

g(nT) =
1

πnT
(1−cosπnT)

while g(0) = 0. Hence

g(nT) =

{
0 n even

2
πnT

n odd .
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11.10.⋆ [Sect. 11.7]Show that the impulse response of the filter whose frequency re-
sponse is defined by (11.42), is given by

hz(nT) =
1
T

sinc

(
1
2

n

)
in .

The frequency response of the filter in the period[−1
2Fp,

1
2Fp] is

Hz( f ) =

{
0 −1

2Fp < f < 0
2 0< f < 1

2Fp .

Hence

hz(nT) = 2
∫ Fp/2

0
ei2π f nT d f

= 2
1

i2πnT

(
ei2π

Fp
2 nT−1

)
, n 6= 0

= 2
1

i2πnT
ei2π

Fp
4 nT

(
ei2π

Fp
4 nT−e−i2π

Fp
4 nT

)

=
1
t
ei2π

Fp
4 nT sinc

(
Fp

2
nT

)

whereFpT = 1.

11.11.⋆ ⋆ ⋆ [Sect. 11.7] Prove that the impulse response of thediscrete realphase
shifter ofβ0 is

g(nT) =−sinβ0

πnT
+

2 sin(β0 +nπ)

πnT
, n 6= 0

while g(0) = 0.

Considering that for| f |< 1
2Fp

G( f ) = eiβ0 sgnf =

{
e−iβ0 −1

2Fp < f < 0
eiβ0 0 < f < 1

2Fp

the inverse FT is

g(nT) =
∫ 0

−1
2Fp

e−iβ0 ei2π f nT d f +
∫ 1

2Fp

0
eiβ0 ei2π f nT d f .

The integrals give
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g(nT) =
e−iβ0

i2πnT
− e−iβ0 e−i2π 1

2FpnT

i2πnT
+

eiβ0 ei2π 1
2FpnT

i2πnT
− eiβ0

i2πnT

=− 1
πnT

eiβ0−e−iβ0

2i
+

1
πnT

ei(πn+β0)−e−i(πn+β0)

2i

=−sinβ0

πnT
+

sin(β0 +πn)

πnT
=

sinβ0

πnT
[(1− (−1)n)]

andg(0) = 0. In confirmation of this result, forβ0 =−1
2π, we obtain (11.39b).

11.12. [Sect. 11.8]Show that if the input to aZ(T0)→ Z(T) down–sampler is causal
with the rationalz–transform

X(z) =
Tz−1

(
1− 1

3z−1
)(

1− 1
4z−1

)

the equalityΓy = Γ N
x holds for the convergence regions.

We assumep0 6= p1, and recall that, by causality, the input convergence region is
Γx = Γ

(
1
3,∞

)
. Then, using the partial function expansion ofXz(z), we find

Xz(z0) =
A

1− 1
3z−1

0

+
B

1− 1
4z−1

0

, Γx = Γ
(

1
3,∞

)

whereA = 12T andB =−A. Then

x(nT0) = 10(n)

[
A

(
1
3

)n

+B

(
1
4

)n]
.

After theZ(T)→ Z(T0) down–periodization withT = NT0, the signal is

y(nT) = x(nNT0) = 10(n)

[
A

(
1
3

)nN

+B

(
1
4

)nN
]

.

Hence

Yz(z) =
A

1−
(

1
3

)N
z−1
0

+
B

1−
(

1
4

)N
z−1
0

, Γy =
((

1
3

)N
,∞
)

.

In conclusion, after the down–sampling, the original polesz1 = 1/3 andz2 = 1/4
becomezN

1 andzN
2 .
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Problems of Chapter 12

12.1.⋆⋆ [Sect. 12.3]Evaluate the DFT of theZ(T)→Z(T)/Z(Tp) up–periodization of

the unitary rectangular pulse on[0,D)∩Z(T) with D = MT ≤ Tp.

For the DFT evaluation, we consider the cell

I = [0,MT)∩Z(T) = {0,T, . . . ,(M−1)T} .

Inside this cell, the signal is explicitly given by

w(nT) =
{

1 0≥ n < M−1
0 elsewhere.

The application of the DFT gives

W( f ) =
M−1

∑
n=0

T e−i2π f nT , f ∈ Z(F)/Z(Fp)

and, explicitly,

W( f ) =

{
TM f T ∈ Z

T(1−e−i2π f MT)/(1−e−i2π f T) f T 6∈ Z
f ∈ Z(F)/Z(Fp) .

This result can be expressed by means of theperiodic sinc functionas

W( f ) = D sincM( f T)e−i2π f tc , f ∈ Z(F)/Z(Fp)

where
D = MT , tc = 1

2(M−1)T .

12.2.⋆ [Sect. 12.3]The signals0(t) = cos2πt/T0, t ∈ Z(T)/Z(T0), is truncated on the

interval[0,αT0) and repeated with periodTp = αT0, giving the signals(t), t ∈Z(T)/Z(Tp).

Find the DFT ofs(t).

The signals(t) is obtained froms0(t) = cos2πt/T0, t ∈ Z(T)/Z(T0), by the follow-
ing operations (Fig.S12.1)

1) Z(T)/Z(T0)→ Z(T) down–periodization,
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←−−−−-
Z(T)/Z(T0)

s0(t)

w(·)-
Z(T)

s̃0(t)
−−−−→-

Z(T)

y(t)
-

Z(T)/Z(Tp)

s(t)

Fig. S12.1Operations needed for the generation of the signal

2) multiplication by an indicator functionw(t), t ∈ Z(T), of the “discrete interval”
[0,αT0)∩Z(T) (window with shapew(t)),

3) Z(T)→ /Z(T)Z(Tp) up–periodization.

Denoting the signal after the down–periodization with ˜s0(t), after point 2) we obtain
the signaly(t) = w(t)s̃0(t) and after point 3) we get

s(t) = repTp
y(t) = repTp

[w(t)s̃0(t)] , t ∈ Z(T)/Z(Tp) .

The Fourier transform of ˜s0(t) = cos2πt/T0, t ∈ Z(T), is given by

S̃( f ) = 1
2δR/Z(Fp)( f − f0)+ 1

2δR/Z(Fp)( f + f0) , f ∈ R/Z(Fp)

whereFp = 1/T and f0 = 1/T0. The Fourier transform ofy(t) is obtained as the
convolution

Y( f ) = W ∗ S̃( f ) = 1
2W( f − f0)+ 1

2W( f + f0) , f ∈ R/Z(Fp)

and, finally, the Fourier transformS( f ) is obtained as the down–samplingR/Z(Fp)→
Z(F)/Z(Fp) of Y( f ), that is,

S( f ) = Y( f ) = 1
2W( f − f0)+ 1

2W( f + f0) , f ∈ Z(F)/Z(Fp) (S12.1)

where

F =
1
Tp

=
1

αT0
=

1
α

f0 .

Finally, we have to calculate the FTW( f ), f ∈ R/Z(Fp) of w(t). We observe that,
for the compatibility condition,αT0 must be a multiple ofT, sayαT0 = MT. Then
the FT can be expressed in the form

W( f ) = (MT) sincM( f T)e−i2π f tc , tc = 1
2(M−1)T (S12.2)

where sincM(x) is the periodic sinc function.
In conclusion, the DFT ofs(t) is given by

S( f ) = 1
2MT sincM(( f − f0)T)e−i2π( f− f0)tc

+ 1
2 MT sincM(( f + f0)T)e−i2π( f+ f0)tc .

(S12.3)
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12.3.⋆⋆ [Sect. 12.3]In the previous problem suppose thatα is a natural. Check that the

DFT S( f ) consists of two impulses and explain why.

In (S12.2) and (S12.3) we letf0 = 1/T0 andMT = αT0. For the check, we must
recall the definition of sincM and, in particular, the following property (valid ifM is
odd)

sincM

(m
M

)
=

{
1 m∈ Z(M)
0 m 6∈ Z(M)

m∈ Z .

Considering that

FT =
1
M

, f0T = αFT =
α
M

, α ∆
= n0 ∈ N

and indicating the frequencyf by kF in (S12.3), we obtain

sincM(( f + f0)T) = sincM(kFT±n0FT) = sincM

(
k±n0

M

)

so the transform is null except forf =± f0+mFp. This proves thatS( f ) is composed
by two impulsesδZ(F)/Z(Fp)( f ± f0) of appropriate area.

The obtained result agrees with fact that truncating a sinusoidal signal on an
integer number of periods and repeating it periodically is equivalent to leave the
signal unchanged. This observation holds for every periodic signal.

12.4.⋆ [Sect. 12.3]Show that the discrete chirp signals(nT) = Wn2

2N has periodNT for

N even and period 2NT for N odd.

The following equality holds:

s((n+N)T) = W(n+N)2

2N = Wn2

2NW2nN
2N WN2

2N .

Considering thatWmN
2N = Wm

2 , we have

W2nN
2N = 1, WN2

2N = WN
2 .

Hence
s((n+N)T) = s(nT)WN

2 .

If N is even,WN
2 = 1 and the signal has periodNT. Similarly, if N is odd, it is

possible verify thats((n+2NT)) = s(nT).
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12.5.⋆⋆ [Sect. 12.5]Show that the sequencesn that has a constant DCT (see Tab. 12.2)
is given by

sn = A0
2N−1√

N
sinc(2N−1)

(
(2N−1)(2n+1)

2N

)
.

Take uniform weights and use identity (2.54).

For the sake of generality, we consider the DCT given by the second of (12.33).
Now, by lettingSn = A0 andλk = µk/αk in this relation, we obtain

sn =
A0√

N

N−1

∑
k=0

λk cos2π
(2n+1)k

4N
=

A0√
N

[λ0 + 1
2λ1yn]

where we letλk = λ1 for k≥ 1 and

yn = 2
N−1

∑
k01

cos2π
(2n+1)k

4N
.

Next, we use the identity

1+2
n0

∑
k=1

cosπkx= M sincM(Mx) , M = 2n0 +1

and we letn0 = N−1 andx = (2n+1)/(2N), thus obtaining

yn = M sincM

(
M(2n+1)

2N

)
−1, M = 2N−1

and hence

sn =
A0√

N

[
λ0− 1

2λ1 + 1
2λ1M sincM

(
M(2n+1)

2N

)]
.

Finally, with uniform weights(αk = 1), we haveλk = µk; thereforeλ0− 1
2λ1 = 0

and 1
2λ1 = 1.

12.6.⋆⋆ [Sect. 12.5]Suppose that the DCT and the IDCT, given by (12.33), hold. Then,

prove orthogonality conditions (12.35).

Relations (12.33) have the following structure

Sk =
N−1

∑
n=0

Aknsn , sn =
N−1

∑
k=0

BnkSk
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and can be rewritten in the matrix form (see Sect. 12.6–A)

S= As, s= BS

whereA = [Akn] andB = [Bnk] areN×N matrices. Hence, combining these rela-
tions, we find thatS= ABS ands= BAs, and, consequently,

AB = I and BA = I (S12.4)

whereI = [δrs] is the identity matrix. (This establishes, as obvious, thatA andB are
one the inverse of the other). By writing explicitly the (12.4), we have

N−1

∑
n=0

AhnBnk = δhk ,
N−1

∑
k=0

BmkAkn = δmn

which correspond to (12.35) as soon as we recall (12.33) withuniform weights
(αk = 1).
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Problems of Chapter 13

13.1.⋆ [Sect. 13.4]Show that withN = 2m the general solution of recurrence (13.19) is

µ(N) =
1
2

Nµ(2)+N(log2 N−1) (S13.1)

with µ(2) the initial condition.

As done in the book, it is convenient to letµm = µ(2m), so that from the general
formula of parallel computation one gets (see (13.20))

µm = 2µm−1 +2m, m≥ 2 .

This is adifference equation. For the first orders it gives

µ2 = 2µ1 +22

µ3 = 2µ2 +23 = 22µ1 +2·23

µ4 = 2µ3 +24 = 23µ1 +3·24

andobviouslythe general solution is

µm = 2m−1 µ1 +(m−1)2m . (S13.2)

However, this results can be formally provedby induction.
Finally, to get (S13.1) from (S13.2), it is sufficient to recall that N = 2m, m =

log2N andµ1 = µ(2).

13.2.⋆⋆ [Sect. 13.4]Prove (13.22) concerning the parallel computation of ana–point

DFT.

With N = am, a decompositionN = LM is given byL = am−1, M = a and then the
general relation (13.13) becomes

µ(am) = aµ(am−1)+(a−1)am .

Letting µm = µ(am) one gets the followingdifference equation

µm = aµm−1 +(a−1)am, m≥ 2

where the initial condition isµ1 = µ(a).
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Without entering in the theory of difference equations, we can proceed as in the
solution of the previous problems. We write the solution forthe first ordersm and
finally we get

µm = am−1 µ1 +(m−1)(a−1)am . (S13.3)

Next, considering thatµm = µ(am), (S13.3) is equivalent to (13.22).

13.3.⋆ [Sect. 13.4]Gauss dedicated several years to compute the orbit of the asteroid
Ceres. In particular he was engaged on a 12–point DFT, and found it convenient to use the
decompositions 12= 3·4 and 12= 3·2·2 (Fig.13.20).

Discuss the advantage of such decompositions with respect to the direct 12–point DFT

computation.

We consider only multiplications. The direct computation for N = 12 would require
122 = 144 multiplications. Fromµ(N) = M µ(L)+(M−1)N with the decomposi-
tion M = 3, L = 4, one gets

µ(12) = 3µ(4)+2·12= 3·16+24= 72

although we assumeµ(4) = 42 = 16. With the decompositionM = 3, L = 4= 2×2
one gets

µ(12) = 3µ(4)+24, µ(4) = 2µ(2)+4

which, with µ(2) = 0, givesµ(12) = 36.
Hence, the reduction is from half to one fourth. A very relevant reduction for

Gauss, who did not have a computer!

13.4.⋆⋆ [Sect. 13.8]In the previous chapter (Sect. 12.4) we have introduced thecosine

DFT. Organize its numerical computation and evaluate the number of operations.

Given the sequences0,s1, . . . ,sN−1, thecosineDFT is given by (12.23a), that is

S(kF) = T
N

∑
n=0

µns(nT) cos2π
nk
2N

.

As seen in Sect. 12.4, thecosineDFT is given by the standard DFT on 2N points
of an appropriate even sequence obtained from the givenN–point sequence. Hence,
the computation can be done by means of a 2N–point FFT and the corresponding
complexity is of 2N log2(2N) operations.
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13.5.⋆⋆ [Sect. 13.8] In the previous chapter (Sect. 12.4) we have introduced thesine

DFT. Organize its numerical computation and evaluate the number of operations.

The sine DFT and IDFT onN−1 points are defined by (12.24) and can be obtained
starting from 2N–point DFT and IDFT, where the signals(nT) is real and oddand
the DFTS(kF) is imaginary and odd. Also, the signal has the constraintss(0) = 0
ands(NT) = 0 and the DFT has the same constraintsS(0) = 0 andS(NF) = 0.

Hence, we start from a real sequencesn = s(nT), n= 1, . . . ,N−1, of lengthN−1
and we construct a vector of 2N points using the above constraints and evaluate the
2N–point DFT giving an imaginary vector from which we read the sine DFT at the
frequenciesF,2F, . . . ,(N−1)F .

The computational complexity is of 2N log(2N) complex operations. Note the
direct evaluation, based on (12.24a), would require(N−1)2 real operations.
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Problems of Chapter 14

14.1.⋆⋆ [Sect. 14.1]Given a generalized transform onI 7→U with kernelsθ(u, t) and
ϕ(t,u), prove that the kernels of thedual transform on̂I 7→ Û are given by

θ̂(λ , f ) = Θ(λ ,− f ) , ϕ̂( f ,λ ) = Φ( f ,−λ ) (S14.1)

whereΘ(λ , f ) andΦ( f ,λ ) are respectively the FTs ofθ(u, t) andϕ(t,u). Heredual is not

intended in the sense of (14.13), but as a frequency representation.

From a transform pair(s,S) we obtain the dual transform pair(ŝ, Ŝ)

Θ̂ : Ŝ(λ ) =

∫

Î
d f θ̂(λ , f ) ŝ( f ) , λ ∈ Û

Φ̂ : ŝ( f ) =
∫

I
dλ ϕ̂( f ,λ ) Ŝ(λ ) , f ∈ Î

whereŝ( f ) and Ŝ(λ ) are the FTs of the signals(t) and of the transformS(u), re-
spectively.

The dual kernels can be obtained by applying of the FT, that is, more specifically
(see Theorem 6.7),

θ̂(λ , f ) = Θ(λ ,− f ) , ϕ̂( f ,λ ) = Φ( f ,−λ ) (S14.2)

whereΘ(λ , f ) andΦ( f ,λ ) are the FTs of the original kernels.
The dual transform is important in itself (as a new generalized transform), but

also to establish properties of the given generalized transform.

14.2.⋆⋆ [Sect. 14.1] Prove that, if the kernels of a generalized transformθ(u, t) and

ϕ(t,u) are self–reciprocal, also the kernels of the dual transformθ̂(λ , f ) and ϕ̂( f ,λ ) are

self–reciprocal.

The self–reciprocity condition is

θ(u, t) = ϕ∗(t,u) . (S14.3)

Then, the application of the conjugation rule of the FT, namely s∗(t)
F−−−→ S∗(− f ),

gives in this caseϕ∗(t,u)
F−−−→ Φ∗(−t,−u). Then, in the frequency domain,

(S14.3) becomes
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Θ(λ , f ) = Φ∗(− f ,−λ )

whereΘ andΦ are the FTs ofθ andϕ, respectively. On the other hand, the dual
kernels found in the previous solution are given by (S14.2) and, therefore,

θ̃(λ , f ) = ϕ̃∗( f ,λ ) .

14.3.⋆ [Sect. 14.2] Check that the IDFT/DFT are a special case of (14.16a) and

(14.16b).

The DFT and IDFT are respectively (see Sect. 5.8)

S(kF) =
N−1

∑
n=0

T s(nT)W−kn
N

s(nT) =
N−1

∑
k=0

F S(kF)Wkn
N

which are a special case of (14.16) with

I = Z(T)/Z(NT) , U = Z(F)/Z(NF)

ϕk(n) = W−kn
N , θk(n) = Wkn

N

Sk = d(Z(F))S(kF) = F S(kF) .

In particular, (14.16b) becomes

s(nT) =
N−1

∑
k=0

SkWkn
N .

14.4.⋆⋆ [Sect. 14.2]Show that for the Fourier series expansion both orthogonalitycon-

ditions (14.6) and (14.8) hold.

The Fourier series expansion is (see Sect. 2.5)

s(t) = ∑
n∈Z

Snei2πnFt , t ∈ R/Z(Tp)

where

Sn =
1
Tp

∫ Tp

0
s(t)e−i2πnFt dt , n∈ Z .
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This is a special case of signal expansion withI = R/Z(Tp), U = Z(F), beingF =
1/Tp. The basis functions are

θn(t0) = ei2πnFt0 , ϕn(t0) = e−i2πnFt0 , t0 ∈ R/Z(Tp) .

The FRC is

∑
n∈Z

F ϕn(t
′
0)θn(t0) = F ∑

n∈Z

ei2πnF(t ′0−t0) = δR/Z(Tp)(t
′
0− t0)

where we have used the orthogonality condition of the FT onR/Z(Tp) (see (5.11)).
The IRC is given by

∫

R/Z(Tp)
dt0 ϕn′(t0)θn(t0) =

∫ Tp

0
e−i2π(n′−n)Ft0 dt0

= Tp δn′,n = (1/F)δn′,n

(S14.4)

where we have used the orthogonality of the exponential functions. The result of
(S14.4) is in agreement with (14.18).

14.5.⋆⋆ [Sect. 14.2]Apply the expansion/reconstruction (14.22) to the signal

s(t) = sinc2(Ft) , t ∈ R

and show that, if the sampling frequencyFc = 1/T < 2F , the imperfect reconstruction

gives the projection ofs(t) onto the classH(B). Hint: consider that the projector defined

by (14.23) is given by the cascade sampling/interpolation of the Fundamental Sampling

Theorem and proceed in the frequency domain.

The FT ofs(t) is given by

S( f ) = (1/F) triang( f/F)

and therefore the spectral extension is(−B,B) with B = F . If the sampling fre-
quency isFc = 1/T ≥ 2F , the ideal interpolator with frequency responseQ( f ) =
rect( f/Fc) gives the correct reconstruction.

If Fc < 2B, we find that the FT of the reconstructed signal ˜s(t) is given by

S̃( f ) = Q( f ) ∑
k∈Z

S( f −kFc) (S14.5)

and represents the projection ofS( f ) onto the subspace ofL2(R) of the FTs having
extension(−1

2Fc,
1
2Fc).

Fig.S14.1 illustrates the FT̃S( f ) in the caseFc = 3
2F , where (S14.5) has only

two terms of aliasing
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6

t

S( f )

F−F 1
2 F

-

6

tF−F Fc

S( f ) S( f−Fc)S( f+Fc)

-

6

t

Sc( f )

F−F Fc

-

6

t

Q( f )

1
2 F− 1

2 F

-

6

t

S̃( f )

1
2 F− 1

2 F

Fig. S14.1 The Fourier trans-
forms in Problem 14.5 withFc =
3
2F

S̃( f ) = Q( f )[S( f +Fc)+S( f )+S( f −Fc)] .

14.6.⋆⋆ [Sect. 14.3]Consider the Mercedes Benz frame defined in Example 14.3. Ve-

rify that it is a tight frame and find the redundancy.

Let s= (s0,s1) ∈ R
2. Then

〈s,ϕ0〉= s1 , 〈s,ϕ1〉=−
√

3
2 s0− 1

2s1 , 〈s,ϕ2〉=
√

3
2 s0− 1

2s1

and
2

∑
n=0
|〈s,ϕn〉|2 = s2

1 +
(
−
√

3
2 s0− 1

2s1

)2
+
(√

3
2 s0− 1

2s1

)2

= 3
2s2

0 + 3
2s2

1 = 3
2||s||

2 .

Then, the frames bounds areA = B = 3
2. The redundancy is 50%.
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14.7.⋆⋆ [Sect. 14.3]Find a dual of the Mercedes Benz frame and discuss its multipli-

city.

Given the 2×3 matrix of the Mercedes Benz frame

ΦΦΦ =

[
0 −

√
3/2

√
3/2

1 −1/2 −1/2

]

we have to find a 3×2 matrix

ΘΘΘ =




a11 a12

a21 a22

a31 a32





such that

ΦΦΦ ΘΘΘ =

[
1 0
0 1

]
. (S14.6)

This relation gives four linear equations is the six unknowns ai j . Thus, we have
infinitely many solutions.

Lettinga11 = x, a12 = y we solve the system (S14.6)

1
2

√
3a31−

1
2

√
3a21 = 1

1
2

√
3a32−

1
2

√
3a22 = 0

x− 1
2

a21−
1
2

a31 = 0

y− 1
2

a22−
1
2

a32 = 1

with respect tox,y. The solution gives the matrix

ΘΘΘ =




x y

x−1/
√

3 y−1
x+1/

√
3 y−1



 .

For instance, withx = 1, y = 0 we get

ΘΘΘ =




1 0

1−1/
√

3 −1
1+1/

√
3 −1



 .

This dual of the Mercedes Benz frame is shown in Fig.S14.2.
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-
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-

- -

t1

t2

Fig. 14.2TheMercedes Benzframe and one of its dual

14.8.⋆ [Sect. 14.6]Formulate Proposition 14.2 in the caseI = R, U = Z(T) andP= Z.

This problem wants to stress the generality of subband decomposition, which holds
also in the decomposition of a continuous signal, with expansions obtained with
I = R andU = Z, namely

s(t0) = ∑
n∈Z

S(nT)ϕ(t0−nT) , t ∈ R (S14.7)

where

S(nT) =
∫ +∞

−∞
θ(t0−nT)s(t)dt , n∈ Z . (S14.8)

The above expansion is PI with periodicityZ(T). In fact, the basis functions are
obtained from the functionsϕ(t) andθ(t) with T–translations. We have

I = R , U = Z(T) , P = Z(T) , B = [U/P) = {0} .

SinceB degenerates, in the subband architecture of Fig.14.15 the P/S and S/P dis-
appear and we simply have: in the Analysis anR→ Z(T) decimator with relation
(S14.8) and with impulse responseq0(t0) = θ(−t0) and in the Synthesis aZ(T)→R

interpolator with impulse responseg0(t0) = ϕ(t0), as shown in Fig.S14.3.

yq0(·)-
R

-
Z(T)

x g0(·)-
Z(T)

-
R

Fig. S14.3 Filter implementation of the sinc basis. The filters are ideal low–pass withq0(t0) =
g0(t0) = (1/T)sinc(t0/T)

14.9.⋆ [Sect. 14.6] Interpret theFundamental Sampling Theorem(see Sect. 8.4) as a

subband expansion onI = R andU = Z(T), where the Analysis performs theR→ Z(T)

sampling and the Synthesis gives the reconstruction of the signalfrom the samples.
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This problem may be viewed as a reformulation of Example 14.2. The theorem
claims that a band–limited signals(t) with spectral extension(−B,B) can be recon-
structed from its sample valuess(nT) with T = 1/(2B), as

s(t) = ∑
n∈Z

s(nT) sinc

(
t−nT

T

)
, t ∈ R.

Hence, we have (S14.7) with

ϕn(t) = sinc

(
t−nT

T

)
and Sn = s(nT). (S14.9)

This set of functions verifies the orthogonality condition (see Sect. 8.6). However,
the set is not complete because the expansion holds only for band–limited signals
of L2(R). Now, (S14.9) verifies the PI withP = Z(T).

The implementation according to the subband coding architecture is a special
case of the previous problem. Note that the interpolator is irrelevant after the band–
limitation of the signal and, therefore, the whole architecture degenerates into an
R→ Z(T) down–sampler.

14.10.⋆⋆ [Sect. 14.6]Formulate Proposition 14.2 in the caseI = Z
2, U = Z

2 andP =

Z
1
2(2,2), the quincunx lattice defined in Sect. 3.3.

The parameters are

I = Z
2 , U = Z

2 , P = Z
2
1(2,2) .

To write explicitly the subband architecture we have to find acell B = [U/P). Con-
sidering the latticeP has basis

P =

[
2 0
0 2

][
2 1
0 1

]
=

[
4 2
0 2

]
,

in order to find the cell we can use the fundamental parallelepipedP0 determined by
the basis vector, as shown in Fig.S14.4. The parallelepipedgives a cellC0 = [R2/P)
and, according to Proposition 3.6, the desired cellB is obtained as the intersection
of C0 with the latticeU = Z

2, that is,

B = Z
2∩C0 .

Thus, we find that the cellB consists of 8 points given by

B = {(0,0),(0,1),(0,2),(0,3),(1,1),(2,1),(3,1),(3,2)} . (S14.10)
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1 2 3

1

2

3

t1

t2

A B

CD
Fig. S14.4 Evaluation of the cell B:
ABCD is the fundamental parallelepiped
of the latticeP = Z

2
2(2,2); the points of

the cellB are the points ofZ2 contained
in the parallelepiped

As a check, d(P) = 8, d(U) = 1 and thenN = (U : P) = d(P)/d(U) = 8.
Note thatI =U and, then,A= [I/P) has the same cardinality asB. In other words,

the filter banks are critically sampled. The Analysis consists ofN = 8 Z
2→Z

1
2(2,2)

decimators and the Synthesis ofN = 8 Z
1
2(2,2)→ Z

2 interpolators.

14.11.⋆⋆ [Sect. 14.6]Formulate Proposition 14.2 in the caseI = Z(2,2), U = Z
2 and

P = Z
1
2(2,2). Which is the main difference with respect to the previous problem?

We have to find the cellsB= [U/P) andA= [I/P). In the previous solution we have
found that the cellB= [Z2/Z

1
2(2,2)) consists ofN = 8 points. Now, using the same

procedure, we find that the cellA is given as the intersection of the fundamental
parallelepipedC0 with the input domainI = Z(2,2). We find

A = Z(2,2)∩C0 = {(0,0),(0,2)}

and the cardinality isM = d(P)/d(I) = 8/4 = 2.
The Analysis consists ofN = 8 decimators and the Synthesis ofN = 8 interpo-

lators; the down–sampling and up–sampling ratios are givenby M = 2 < N = 8.
Then, the subband coding isoversampled.

14.12.⋆⋆ [Sect. 14.7] The direct connection of the transmultiplexer architecture con-
sists of anN–input one–outputP→ U interpolator (transmitter side) and one–inputN–
outputU → P decimator (receiver side). TheN×N global impulse response is the matrix

||q̃b ∗ g̃c(t)|| , t ∈ P b,c∈ B .

Note that this is a convolution between the high rate signals ˜qb(t0) andg̃c(t0), t0 ∈U , sub-

sequently evaluated at the low rate argumentt ∈ P (after the evaluation ont0 ∈U , there is

aU → P downsampling). Evaluate the global frequency response (note that the connection

transmitter–receiver is equivalent to a filter onP).

Thedirect connectionof the transmultiplexer architecture (without the S/P and the
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P/S) consists of anM–input one–outputP→U interpolator followed by a one–input
M–outputU → P decimator. The global kernel is given by

h(t ′, t) =
∫

U
du0 q̃(t−u0) g̃(u0− t ′) (S14.11)

whereq̃ is M×1 andg̃ is 1×M.
Since the domain ordering isP⊃U andU ⊂ P we can apply the recomposition.

14.13.⋆ [Sect. 14.9] Consider a subband decomposition withI = Z, U = Z andP =

Z(4). Explicitly write the distortion–free and the alias–free conditions.

The frequency domains are

Î = R/Z , Û = R/Z , P̂ = R/Z(1/4)

and the cells are

A = [I/P) = [Z/Z(4)) = {0,1,2,3} ,

B = [U/P) = A ,

A⋆ = [P⋆/I⋆) = [Z(1/4)/Z) = {0, 1
4, 2

4, 3
4} .

HenceN = M = 4 and there is acritical sampling.
The distortion–free and the alias–free conditions in the frequency domain are

given by (14.108), namely

D( f ) = G( f )Q( f ) = 1, G( f )Q( f −λ ) , λ 6= 0 (S14.12)

where

G( f ) = [G0( f ),G1( f ),G2( f ),G3( f )] , Q( f ) =





Q0( f )
Q1( f )
Q2( f )
Q3( f )



 .

Hence

D( f ) =
3

∑
i=0

Gi( f )Qi( f )

G( f )Q( f −λ ) =
3

∑
i=0

Gi( f )Qi( f −λ )

whereλ ∈ A⋆, λ 6= 0 and, therefore,

λ =
1
4
,
2
4
,
3
4

.
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14.14.⋆⋆ [Sect. 14.9]Consider a subband decomposition withI = Z, U = Z(2/3) and

P = Z(4). Explicitly write the distortion–free and the alias–free conditions.

The frequency domains are

Î = R/Z , Û = R/Z(3/2) , P̂ = R/Z(1/4)

and the cells are

A = [I/P) = [Z/Z(4)) = [Z/Z(4)) = {0,1,2,3} ,

B = [U/P) = [Z(2/3)/Z(4)) = {0, 2
3, 4

3, 6
3, 8

5, 10
3 } ,

A⋆ = [P⋆/I⋆) = [Z(1/4)/Z) = {0, 1
4, 2

4, 3
4} .

Hence,M = |A|= 4, N = |B|= 6 and there is anoversampling.
The distortion–free and alias–free conditions are the sameas in the previous

problem with the difference that nowGi( f ) have period 1 andQi( f ) have period
3/2.

14.15.⋆⋆ [Sect. 14.9]Consider a 2D subband decomposition with (see Problem 14.10)

I = Z
2, U = Z

2 andP = Z
1
2(2,2). Explicitly write the distortion–free and the alias–free

conditions.

The frequency domains are

I = R
2/Z

2 , U = R
2/Z

2 , P̂ = R
2/Z

1
2(F,F) ,

whereF = 14. In fact, in Sect. 5.3 we have seen that the reciprocal of the quincunx
latticeZ

1
2(d1,d2) is the quincunx latticeZ1

2(F1,F2) with F1 = 1/(2d2).
We have to evaluate the cellsA = B = [Z2/Z

1
2(2,2)) and A⋆ = [P⋆/I⋆) =

[Z1
2(1/4,1/4)/Z

2). The cell A = B has been evaluated in the solution of Prob-
lem 14.10 and is given by

A = B = {(0,0),(0,1),(0,2),(0,3),(1,1),(2,1),(3,1),(3,2)} . (S14.13)

Considering that|A|= |B|= 8, we have acritical sampling. For the evaluation of the
cell A⋆ we use the technique of Proposition 3.6. Then, we evaluate a cell of [R2/Z

2),
which may be the squareC0 = [0,1)× [0,1) and, therefore, the intersection is

A⋆ = C0∩Z
1
2(1/4,1/4) .
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We find (see Fig.S14.5)

-

6

0 1
4

2
4

3
4 1

1
4

2
4

3
4

1

f1

f2

Fig. S14.5Evaluation of the cell
A⋆ as the intersection of the
fundamental parallelepipedC0 =
[0,1)× [0,1) of the latticeZ

2 and
the latticeZ

1
2(

1
4 , 1

4)

A⋆ = {(0,0),(2
4,0),(1

4, 1
4),(3

4, 1
4),(0, 2

4),(2
4, 2

4),(1
4, 3

4),(3
4, 3

4)}

which consists ofM = N = 8 2D frequencies.
The distortion–free and alias–free conditions are given bythe general formulas

(14.108), that is,

D( f ) = G( f )Q( f ) = 1, G( f )Q( f −λ ) , λ 6= 0

whereG( f ) is a row vector(1×8) andQ( f ) is a column vector(8×1). The in-
dexes of the entries are given by the cellA which, in (S14.13), is written with the
lexicographical order. Then, for instance, we have

G = [G0,0,G0,1,G0,2,G0,3,G1,1,G2,1,G3,1,G3,2] .

The distortion–free condition can be written as

D( f ) = ∑
(i, j)∈A

Gi, j( f )Qi, j( f ) = 1 .

Analogously, we have the alias–free condition

∑
(i, j)∈A

Gi, j( f )Qi, j( f −λ )

whereλ ∈ A⋆ with λ = (0,0) omitted.

14.16.⋆⋆ [Sect. 14.9]Write the IRC condition for the subband decomposition architec-

ture obtained by imposing that the cascade of theP→ I interpolator followed by theI → P

decimator be equivalent to theN–inputN–output identity onP (see Tab. 14.1).

The inversesubband architecture consists of the cascade of (Fig.S14.6)
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x g(·)-
P

yq(·)-
I

=-
P

INδP(·)-
P

-
P

y-
I

d(t0) -
P

d̃(t)

Fig. S14.6Illustration of the IRC condition in subband architecture

1) anN–input one–output interpolator onP→ I with impulse response (see (14.89))

g(t0) = [g0(t0), . . . ,gN−1(t0)] ,

2) a one–inputN–output decimator onI → P with impulse response

q(t0) = [q0(t0), . . . ,qN−1(t0)]
′ .

From the decomposition/recomposition of QIL tfs (see Sect.6.11, Theorem 6.6)
cascade of these two blocks is equivalent to a filter onP with impulse response
given by theI → P down–sampled version of the convolution

d(t0) = q∗g(t0) =

∫

P
dp q(t0− p)g(p) , t0 ∈ I (S14.14)

whered(t0) is anN×N matrix.
The IRC condition is that the down–sampled versiond̃(t), t ∈ P, of this matrix is

theN–inputN–output identity onP, that is,

d̃(t) = q∗g(t) = IN δP(t) , t ∈ P . (S14.15)

14.17.⋆⋆ [Sect. 14.9]Write the IRC condition of the previous problem in the frequency

domain (see Tab. 14.1).

In the frequency domain the overall response given by (S14.14) becomes

D( f ) = Q( f )G( f ) , f ∈ Î = R
m/I⋆ .

TheI → P down–sampling ofd(t0) becomes thêI → P̂ up–periodization, with rela-
tion

D̃( f ) = ∑
λ∈[P⋆/I⋆)

D( f −λ ) , f ∈ P̂ = R
m/P⋆ .

The FT of the impulseδP(t) is 1. Hence, the IRC condition in the frequency
domain isD̃( f ) = 1 and, more explicitly,
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∑
λ∈[P⋆/I⋆)

Q( f −λ )G( f −λ ) = IN .

14.18.⋆⋆ [Sect. 14.9]Consider a subband decomposition withI = Z, U = Z(2/3) and

P = Z(4). Explicitly write the polyphase matrixgπ (t).

Given the high–rate impulse responsesgi(t0), t0 ∈ I , the polyphase matrix is the
M×N matrix defined by (14.127). In order to write this matrix, we have to evaluate
the integersM, N and the shiftsτi . These are obtained from the cells

A = [I/P) = {0,1,2,3} , B = [U/P) = {0, 2
3, 4

3, 6
3, 8

3, 10
3 } .

Then,M = |A|= 4, N = 6 and{τ0,τ1,τ2,τ3}= {0,1,2,3}. Hence

gπ(t) =





g0(t) g1(t) g2(t) g3(t) g4(t) g5(t)
g0(t +1) g1(t +1) g2(t +1) g3(t +1) g4(t +1) g5(t +1)
g0(t +2) g1(t +2) g2(t +2) g3(t +2) g4(t +2) g5(t +2)
g0(t +3) g1(t +3) g2(t +3) g3(t +3) g4(t +3) g5(t +3)





wheret ∈ Z(4).
Note that thejth row of the polyphase matrix is obtained from the S/P conversion

onZ→ Z(4) of the jth impulse responseg j(t0), t0 ∈ Z.

14.19.⋆⋆ [Sect. 14.9] Consider the subband decomposition of the previous problem.

Explicitly write the polyphase matrixGπ ( f ) in the frequency domain in terms of the origi-

nal frequency responses.

We have remarked that thejth column of the polyphase matrix is obtained from the
S/P conversion of the impulse responseg j(t0), t0 ∈ I = Z. Then, we have to apply
the theory of S/P conversion in the frequency domain developed in Sect. 7.5 and, in
particular, relation (7.31).

Now, in this conversiong(k)
j (t) = g j(t +k), k = 0,1,2,3, are the polyphase com-

ponents. This writing implies two operations

1) a shift of−k ong j(t0), giving g̃(k)
j (t0) = g j(t0 +k),

2) aZ→ Z(4) down–sampling.

In the frequency domain 1) gives

G̃(k)
j ( f ) = G j( f )ei2π f k
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and 2) gives

G(k)
j = ∑

λ∈[P⋆/I⋆)

G̃(k)
j ( f −λ )

whereP⋆ = Z(1/4) andI⋆ = Z. Hence,λ ∈ {0, 1
4, 2

4, 3
4} so that

G(k)
j ( f ) =

3

∑
m=0

G̃(k)
j ( f −m/4) .

In conclusion

G(k)
j ( f ) =

3

∑
m=0

G(k)
j ( f −m/4)ei2π( f−m/4)k .

This relation, withk = 0,1,2,3, gives the four entries of thejth column of the 4×6
matrixGπ( f ).

14.20.⋆⋆ [Sect. 14.10] Consider a 2D subband decomposition with (see Prob-

lem 14.10)I = Z
2, U = Z

2 andP = Z
1
2(2,2). Explicitly write the the polyphase matrix

gπ (t). Hint: use the lexicographical order (see Sect. 7.6).

In order to solve this problem, we have to find the cellsA = [I/P) andB = [U/P),
which give the cardinalitiesM = |A| andN = |B| and the indexes. In (14.126) and
in (14.127), the entries of the polyphase matrixgπ(t) are written as

g( j)
m (t) = gm(t + τ j) (S14.16)

wherem is the column index, given by the cellB, and j is the row index withτ j

given by the cellA.
In this specific case, the cells are equal and given by (see (S14.10))

A=
n

B = {(0 ,

0

0),(0 ,

1

1),(0 ,

2

2),(0 ,

3

3),(1 ,

4

1),(2 ,

5

1),(3 ,

6

1),(3 ,

7

2)}

where in the second line we have indicated a naturaln which is in correspondence
with the elements of the cell. This natural number can be usedfor both m and j
in notation (S14.16). In such a way, we can handlegπ(t) as an ordinary 8×8. For
instance, we have that

g(5)
3 (t) = g3(t + τ5) = g3(t +(2,1)) , t ∈ Z

1
2(2,2)

represents the 3rd elements of the 5th row of the matrix.
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14.21.⋆ [Sect. 14.12] Prove that (14.147)D( f ) verifies the conditionD( f − F) =

−D( f ), which implies that in the impulse responsed(nT0) is zero forn even.

Given that 2D( f ) = Q2
0( f )−Q2

0( f −F), the functionQ0( f ) has periodF0 = 2F .
Hence

2D( f −F) = Q2
0( f −F)−Q2

0( f −2F)

= Q2
0( f −F)−Q2

0( f ) = 2D( f ) .

In the time domain we have

(−1)nd(nT0) =−d(nT0) .

Then, forn even d(nT0) =−d(nT0)→ d(nT0) = 0.

14.22.⋆ [Sect. 14.12]Prove relation (14.149) on the Synthesis filters of Choice II.

It is convenient the introduction of auxiliary signals and the application of simple
FT rules. We let

a(nT0) = g0(−nT0)

b(nT0) = a((n−1)T0) = a(nT0−T0)

c(nT0) = b∗(nT0)

d(nT0) = (−1)n c(nT0) = ei2πFnT0 c(nT0) = g1(nT0) .

Then, the corresponding FTs are

A( f ) = G0(− f )

B( f ) = A( f ) e−i2π f T0 = G0(− f ) ei2π f T0

C( f ) = B∗(− f ) = G∗0( f ) e−i2π f T0

D( f ) = C( f −F) = G∗0( f −F) e−i2π( f−F)T0

= G∗0( f −F) e−i2π( f−F)T0(−1) = G1( f ) .
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14.23.⋆⋆ [Sect. 14.16] Prove that with the impulse response given by (14.161), the
kernelθ(u0, t0) of the corresponding PI transformation is specified by

h(b,a) = Kba,

whereKba are the entries ofK . Prove also that the extension ofh is given by

θ(h) = {B×A+(t, t)|t ∈ P}.

It is convenient to express the relation between the kernelθ(u0, t0) and the polyphase
matrix qπ(t) in the general case. Recall that the polyphase matrix is the result of
two polyphase decompositions applied toθ(u0, t0) with u0 = u+b, b∈B, u∈P and
t0 = t +a, a∈ A, t ∈ P.

We can start from the first of (14.67), namely

qb(t0) = θb(−t0) = θ(b,−t0) ,

and note thatqb(t0) identifiesθ(u0, t0) by means of PI. In fact, we have

θ(b+ p, t0) = θ(b, t0− p) = qb(−(t0− p)) .

Next, we decomposet0 ast0 = a+ t, in order to get

θ(b+ p, t +a) = qb(−(t +a− p))
∆
= qba(−(t− p))

whereqba(t) is the(b,a) entry of the matrixqπ(t). In conclusion, the general rela-
tion is

θ(b+ p, t +a) = qba(−(t− p)) .

In the specific case of (14.161) we get

θ(b+ p, t +a) = M KbaδP(−(t− p))

which clearly shows that the kernel is identified by the matrix K = [Kba].
The extension of the kernel is obtained by noting thatδP(−(t− p)) 6= 0 only for

t = p∈ P. Hence

e(θ) = {(b+ t,a+ t) | a∈ A,b∈ B, t ∈ P}
= {(b,a)+(t, t) | a∈ A,b∈ B, t ∈ P}
= {B×A+(t, t) | t ∈ P} .
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Problems of Chapter 15

15.1.⋆ [Sect. 15.8] Prove the mirror symmetry in the frequency domain, as stated by

(15.44).

The proof is not immediate. It is convenient to introduce some auxiliary signals,
namely

a(n) = g∗(−n) ,

b(n) = a(n−1) = g∗(−(n−1)) ,

c(n) = (−1)nb(n) = ei2πn/ab(n) = g1(n) .

Then the application of elementary FT rules gives

A( f ) = G∗( f ) ,

B( f ) = e−i2π f A( f ) = e−i2π f G∗( f ) ,

C( f ) = B( f + 1
2) = e−i2π( f+ 1

2)G∗( f + 1
2) ,

where ei2π f/2 =−1.

15.2.⋆ [Sect. 15.9]Using the orthogonalityG0⊥G1 in Proposition 15.4, prove the or-

thogonalityΦΦΦ0⊥ΨΨΨ0 in Proposition 15.5. In other words, prove thatψ(t−k) andϕ(t−k′),

k,k′ ∈ Z, are orthogonal using (15.53).

In the inner product

αkk′
∆
= 〈ψ(·−k),ϕ∗(·−k′)〉=

∫

R

dt ψ(t−k)ϕ∗(t−k′)

we use (15.46) and (15.47). Hence

αkk′ = ∑
n,n′

g1(n)g∗0(n
′)
∫

R

dt ϕ(−1)
n/2 (t)ϕ(−1)∗

n′/2 (t)

= ∑
n,n′

g1(n)g∗0(n
′)
∫

R

dt ϕ(−1)
n/2 (t−k)ϕ(−1)∗

n′/2 (t−k)

whereϕ(−1)
n/2 (t) = ϕ(−1)

n′/2 (t − n/2− k). Then, by substitutingm = n+ 2k andm′ =

n′+2k, we obtain
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αkk′ = ∑
m,m′

g1(m−2k)g∗0(m
′−2k′)

∫

R

dt ϕ(−1)(t−m/2)ϕ(−1)∗(t−m′/2)

= ∑
m,m′

g1(m−2k)g∗0(m
′−2k′)δm.m′ ,

= ∑
m,m′

g1(m−2k)g∗0(m
′−2k′) = 0 m′ 6= m .

15.3.⋆⋆ [Sect. 15.9]Prove the recurrence

pm(t, t ′)+ rm(t, t ′) = pm−1(t, t
′)

of the projector kernels.Hint: prove the equivalent relationPm+Rm = Pm−1 and use the

propertys= Pm−1[s] for everys∈Vm−1.

For simplicity, we consider the casem= 0. If s−1 ∈V−1, from the idempotency of
P−1 we haves−1 = P−1[s−1] (P−1 is the identity onV−1). Considering thats−1 has
the unique decomposition

P0[s−1]+R0[s−1] = s−1 ,

we can write
P0[s−1]+R0[s−1] = P−1[s−1]

for everys−1 ∈V−1. This states the relationP0 +R0 = P−1.

15.4.⋆ [Sect. 15.10]Prove the relations of Mallat filters in the frequency domain

G(m)
0 ( f ) = G∗0(2

m f ) , G(m)
1 ( f ) = G∗1(2

m f )

that is, prove (15.61) starting from (15.60).

It is convenient to letu = n2m in the impulse responses (15.60), that is,

g(m)(u) = 2−mg∗(−u2−m) , u∈ Zm .

Then, we apply the rule on scale change

s(at)
F−−−→ 1
|a| S

(
f
a

)

with s(t) = 2−mg(t) anda =−2−m, g(m)(u) = s∗(at). We find

G(m)( f ) = G∗(2m f ) .
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15.5.⋆ [Sect. 15.10]Evaluate Mallat filters in the case of the discrete sinc basis defined

in Example 14.5.

We first deduce the discrete sinc basis (14.46) from the frequency reponses of ideal
filters onZ(T).

We start from continuous–time ideal low–pass filter with response (Fig.S15.1)

q(t) = 2BA0 sinc(2Bt)
F−−−→Q( f ) = A0 rect

(
f

2B

)
, t, f ∈ R .

Then, we want to constructN frequency responses obtained by cosine modulations
with frequenciesfk. Hence, we get the response

gk(t) = q(t) cos(2π fkt) = 2BA0 sinc(2Bt) cos(2π fk)

Gk( f ) = 1
2Q( f − fk)+ 1

2Q( f + fk) = 1
2A0

[
rect

(
f − fk
2B

)
+ rect

(
f + fk
2B

)]
.

The conditions are

1) the bands of filtersGk( f ) are disjoint,
2) the frequenciesfk are equally spaced,
3) theN filters provide a partition of the intervals(1

2,−1
2).

Considering that the extension ofGk( f ) is

-

6

fF0

A0Q( f )

B−B

-

6

f

G0( f )

0 f0 f1− f0 f2 f32B 4B 6B 8B

-

6

f

G1( f )

0 f0 f1− f1 f2 f32B 4B 6B 8B

-

6

f

G2( f )

0 f0 f1 f2 f3− f2 2B 4B 6B 8B

-

6

f

G3( f )

0 f0 f1 f2 f3− f3 2B 4B 6B 8B

Fig. S15.1For the deduction of discrete sinc filters withN = 4
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(− fk−B,− fk +B)∪ ( fk−B, fk +B)

the solution is (see Fig.S15.1 withN = 4)

B =
1

4N
fk = B+2Bk=

1
4N

+k
1

2N
, k = 0,1, . . . ,N−1 .

We also want that theGk( f ) are normalized, that is,
∫

R

d f |Gk( f )|2 = 1
4A2

04B = 1−−−→A0 = 2
√

N

and the amplitudes of thegk(t) becomes

2BA0 =
1√
N

.

Finally, the impulse response of the discrete filters are obtained fromgk(t), t ∈R,
by anR→ Z down–sampling, that is,

gk(n) =
1√
N

sinc
( n

2N

)
cos(2π fkn) ,

in agreement with (14.46).
Finally, we apply the above result to get the Mallat filters. For N = 2 the impulse

responses are

gk(n) =
1√
2

sinc(n/4) cos(2π fkn) , k = 0,2

with f0 = 1/8, f1 = 3/8, and the frequency responses are depicted in Fig.S15.2

G0( f ) =
√

2 rep1[rect(4( f − f0))+ rect(4( f + f0))]

=
√

2 rep1 rect( f )

G1( f ) =
√

2 rep1[rect(4( f − f1))+ rect(4( f − f1))] .

Then, we get the Mallat filters as

-

6

f

G0( f )

2B−2B

-

6

f

G1( f )

2B 4B

Fig. S15.2The frequency responses of discrete sinc filters withN = 2
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G(m)
0 ( f ) = G0(2

m f ) , G(m)
1 ( f ) = G1(2

m f ) .

15.6.⋆ [Sect. 15.10] Prove Proposition 15.14 of Appendix A.Hint: write the global

kernel ofg1 followed byg2 and realize that it is a sampled version of a convolution.

The kernels of the interpolatorg1(t) and of the decimatorg2(t) are respectively

h1(t2, t1) = g1(t2− t1) , h2(t3, t2) = g2(t3− t2)

with t1 ∈ Zm, t2 ∈ R, t3 ∈ Zm+1. Hence, the application of the kernel–composition
rule gives

h12(t3, t1) =
∫

R

dt2 g2(t3− t2)g1(t2− t1) .

With the changet3− t2 = u one gets

h12(t3, t1) =
∫

R

du g2(u)g1(t3− t1−u) .

and we see that the global tf is LQI with impulse response

g(t) =
∫

R

du g2(u)g1(t−u) , t ∈ Zm .

On the right–hand side we have the convolution ofg2(t) andg1(t) on R, but on the
left–hand side the timet is restricted toZm. This means that the convolution onR is
R→ Zm down–sampled, as shown in Fig.15.38.

15.7.⋆⋆⋆ [Sect. 15.11]Evaluate the mother waveletψ(t) in the case of Example 15.2

with roll-off α = 1.

With a roll–off α = 1, we can take advantage of significant simplifications. The
band isB = 1, the expression ofΦ( f ) is simple (Fig.15.3), i.e.,

Φ( f ) =

{
cos
(π

2 f
)

| f |< 1
0 | f |< 1

and the scaling function becomes

ϕ(t) =

∫ 1

−1
cos
(π

2
f
)

ei2π f t d f =

∫ 1

−1
cos
(π

2
f
)

cos(2π f t) d f

=
4 cos(2πt)
π(1−16t2)

.
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-

6

f

Φ( f )

1−1

-

6

f

P( f )

1
2− 1

2

-

6

f

P( 1
2 ( f−1))

2−2

-

6

f

Φ( 1
2 f )

2−2

-

6

f

Ψ( f )

2−2

Fig. 15.3 Evaluation of the
Fourier transformΨ( f ) of the
mother wavelet starting from the
Fourier transformΦ( f ) of the
scaling function

The functionP(1
2 f ) is

P(1
2 f ) = Φ(1

2 f )Φ( f ) cos
(π

4 f
)

cos
(π

2 f
)

and has extension. Furthermore, accoding to (15.70), we have

ψ(t) =−2
∫ 2

0
Φ(1

2 f )P(1
2( f −1))cos

[
2π f (t− 1

2)
]
d f .

The integration gives explicitly

ψ(t) =
−64t3 +96t2−38t +(6t−3)cos(4πt)+

[
−16t2 +16t−3

]
sin(4πt)+3

16
√

2πt(4t−1)(2t−1)(t−1)(4t−3)
.

The scaling function and the mother wavelet are illustratedin Fig.15.4.
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Fig. 15.4The scaling functionϕ(t) and the mother waveletψ(t) of the problem
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15.8.⋆⋆ [Sect. 15.14]Find the set ofadmissible shifts Dm = Dm
Z

N, where the dilation
matrixD is the first matrix in (15.90), that is,

D =

[
1 1
1 −1

]
.

The latticeD = D1Z
2 is the quincunx latticeZ1

2(1,1). In fact, with elementary op-
erators onD1 we find

D1 =

[
1 1
1 −1

]
→
[

1 2
1 0

]
→
[

2 1
0 1

]
∆
= D

where the latter is the canonical basis ofZ
1
2(1,1) (see (3.22)). The powers ofD1 are

D2
1 =

[
2 0
0 2

]
= 2I2 , D3

1 = D2
1D1 = 2D1

and in general
D2k

1 = 2kI2 , D2k+1
1 = 2k D1 .

Then,D2k = D2k
Z

2 is the separable latticeZ(2k,2k) andD2k = D2k
Z

2 is the quin-
cunx latticeZ

1
2(2

k,2k).

15.9.⋆⋆ [Sect. 15.14]Consider the dilation matrix given by (15.91). Prove that, ifϕ(t)

andψ(t) are respectively a 1D scaling function and a mother wavelet, then the 2D scaling

function isϕ(t1)ϕ(t2), and the 2D mother wavelets are given byϕ(t1)ψ(t2), ψ(t1)ϕ(t2)

andψ(t1)ψ(t2).

We refer to Proposition 15.13, where in the 1D case the basisΓΓΓ is given by (15.89)

ΓΓΓ = ΦΦΦ0∪ΨΨΨ0

where (see (15.26))ΦΦΦ0 = {ϕ(t−n) | n∈ Z} and (see (15.49))ΨΨΨ0 = {ψ(t−n) | n∈
Z}. Considering the separability, the 2D basis is given by

ΓΓΓ 2 = ΓΓΓ ×ΓΓΓ = [ΦΦΦ0∩ΨΨΨ0]× [ΦΦΦ0∩ψψψ0]

= (ΦΦΦ0×ΦΦΦ0)∩ (ΦΦΦ0×ΨΨΨ 0)∩ (ΨΨΨ0×ΦΦΦ0)∩ (ΨΨΨ0×ΨΨΨ0) .

This gives the decomposition of the basisΓΓΓ in the orthogonal subfamilies (15.88).
The familyΦΦΦ0×ΦΦΦ0 is the basis ofV0 with scaling functionϕ(t1)ϕ(t2), the family

ΦΦΦ0×ΨΨΨ0 is the basis ofW(1)
0 with mother waveletϕ(t)ψ(t), etc..
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Problems of Chapter 16

16.1.⋆ [Sect. 16.3] Explicitly write (16.30) and (16.31) for the gratingG2 of Exam-

ple 16.4.

The gratingG2 has the followingreducedrepresentation (see (16.14))

G2 = Gr =




1 0 0
a d2 0
b 0 d3



=

[
I O
E F

]
, R×Z

2

where

E =

[
a
b

]
F =

[
d2 0
0 d3

]
. (S16.1)

The reciprocalG⋆
r has representation (see the relation below (16.25))

G⋆
r =

[
1 −E′F⋆

O F⋆

]
=




1 −aF2 −bF3

0 F20
0 0 F3



 , O×Z
2

whereF2 = 1/d2 andF3 = 1/d3. Hence,G⋆
r is a 2D lattice inR3 with coordinates

f1 =−amF2−bnF3 , f2 = mF2, f3 = nF3 , m,n∈ Z .

The dual ofGr is Ĝr = R
3/G⋆

r .
The referenceseparablegrating isG0 = R×Z(d2,d3) with reciprocalG⋆

0 = O×
F⋆ = O×Z(F2,F3).

Using (S16.1) in (16.25) we get

aE =




1 0 0
a 1 0
b 0 1



 , a−1
E =




1 0 0
−a 1 0
−b 0 1



 , a′E =




1 a b
0 1 0
0 0 1



 , a⋆
E =




1 −a −b
0 1 0
0 0 1



 .

The explicit form of coordinate changes is

s0(v1,v2,v3) = s(v1,av1 +v2,v1 +bv3)

s(t1, t2, t3) = s0(t1,−at1 + t2,−bt1 +v3)

S( f1, f2, f3) = S0( f1 +a f2 +a f3, f2, f3)

S0(λ1,λ2,λ3) = S(λ1−aλ2−aλ2,λ1,λ3)

where(v1,v2,v3) ∈ R×F = G0 with F = Z(d2,d3), (t1, t2, t3) ∈ G2, (λ1,λ2,λ3) ∈
Ĝ0 = R×R/Z(1/d2)×R/Z(1/d3), ( f1, f2, f3) ∈ Ĝ2.
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16.2.⋆⋆ [Sect. 16.4]Write a reduced basisGr of a gratingG with signatureR2×Z
2.

Then, find all subgroups ofG with signatureR×Z
3.

With reference to the general reduced basis given by (16.14a), in this specific case
we have

Gr =

[
I O
E F

]
=





1 0 0 0
0 1 0 0

e11 e12 f11 f12

e21 e22 f21 f22





whereei j and fi j are real numbers. In particular, thefi j can be chosen such that (see
(16.19)) detF = f11 f22− f12 f22 > 0.

To find all the subgroups ofG with signatureR×Z
3, we apply Theorem 16.1

with
p = 2, q = 2, a = 1 .

Then the bases of these subgroups are obtained from (16.38),that is,

J = Gr K

where the first two rows ofK are real and the last two rows are integer. Hence

K =





r1 r2 r3 r4

s1 s2 s3 s4

m1 m2 m3 m4

n1 n2 n3 n4





with r i ,si real andmi ,ni integers.

16.3.⋆⋆ [Sect. 16.4]Find all 1D subgroups of the gratingRZ(2,1) (see (3.26)).

The gratingRZ(2,1) has representation

G =

[
1 0
2 1

]
, H = R×Z

and consists of the points ofR
2

(t1, t2) = {r,2r +n | r ∈ R,n∈ Z} .

The subgroups may be found by inspection. We have:

1) the subgratings obtained by restrictingn from n ∈ Z to n ∈ Z(M), which have
representations
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J =

[
1 0
2 M

]
, H = R×Z

and can be symbolized asRZ(2,M).
2) the sublattices obtained by restricting alsor from r ∈ R to r ∈ Z(d), which have

representation

L =

[
d 0
2d M

]
, H = Z

2 .

with points
(t1, t2) = {md,2md+nM |m∈ Z,n∈ Z} . (S16.2)

3) the 1D group inR2 obtained by restrictingn from n∈ Z to n∈ O, that is, with
points

(t1, t2) = {r,2r | r ∈ R} .

4) 1D groups inR (degenerate lattices) obtained by restricting in (S16.2)n from
n∈ Z to n∈O, that is, with points

(t1, t2) = {md,2md |m∈ Z} .

Of course, the trivial groupO2 is a subgroup of the given grating.

16.4. [Sect. 16.6]Find the aligned bases of the 2D lattices starting from the bases

G =

[
3 1
1 2

]
, J =

[
6 13
2 6

]
.

We first evaluate

H = G−1J =

[
2 4
0 1

]
.

Since d(H) = 2 we find that the sublatticeJ is 2 times sparser thanG. The Smith
decomposition gives

H =

[
2 4
0 1

]
=

[
1 0
0 1

][
2 0
0 1

][
1 2
0 1

]
= E1 ∆∆∆ E2

and the aligned bases are

G0 = GE1 =

[
3 1
1 2

]
, J0 = JE−1

2 =

[
6 1
2 2

]
, J0 = G0diag[2,1] .

Consequentially:j1 = 2g1 andj2 = 1g2.
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16.5.⋆ [Sect. 16.10]Check that the kernels of zero and integral–reductions are respec-
tively

h(u;u0,v0) = δV(v0)δU (u−u0) , h(u;u0,v0) = δU (u−u0) .

The zero–reduction isU×V→U linear transformation with input–output relation

y(U) =
∫

U
du0

∫

V
dv0 h(u;u0,v0)x(u0,v0)

=
∫

U
du0

∫

V
dv0 δU (u−u0)δV(v0)x(u0,v0) .

Then, by applying twice thesifting properties, we can drop the integrals by setting
u0 = u andv0 = O, thus getting

y(u) = x(u,O) .

Analogously, the integral–reduction has input–output relation

y(u) =

∫

U
du0

∫

V
dv0 h(u;u0,v0)x(u0,v0)

=
∫

U
du0

∫

V
dv0 δU (u−u0)x(u0,v0)

where we apply the sifting properties with respect tou0 to get

y(u0) =

∫

V
dv0 x(u,v0) .

16.6.⋆ [Sect. 16.10]Check that the kernels of the hold and delta–increases are respec-
tively

h(u,v;u0) = δU (u−u0) , h(u,v;u0) = δU (u−u0)δV(u) .

These elementary dimensionality increases areU →U ×V linear transformations
having the general input–output relation

y(u,v) =

∫

U
du0 h(u,v;u0)x(u0) .

With the first kernel we find

y(u,v) =
∫

U
du0 δU (u−u0)x(u0) = x(u)

and with the second kernel
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y(u,v) =
∫

U
du0 δU (u−u0)δV(v)x(u0)

= x(u)δV(v) .

In both cases we have applied the sifting property.

16.7.⋆ ⋆ ⋆ [Sect. 16.12] Consider theZ
p
a(d1,d2) → Z(ad1) reading of Proposi-

tion 16.14. Prove the following statements (recall thata andp are relatively prime):

1) the abscissa of the first pixel of linen is given bymnd1, wheremn = µa(nb), with µa(x)
the remainder of the integer division ofx by a;

2) the number of pixels of linen is given by

Mn = ρa(M−1−mn)+1

whereρa(x) denotes the integer part ofx/a
3) mn andMn have perioda;
4) the number of pixels in a period isM.

For instance, witha= 5,b= 2 andM = 13 we findm0 = 0,m1 = 2,m2 = 4,m3 = 1,m4 = 3

andM0 = 3, M1 = 3, M2 = 2, M3 = 3, M4 = 2 and the sum ofMN is M = 13.

1) The points of the normalized latticeZp
a are given by

x = am+nb, y = n m,n∈ Z

wheren represents the line index (we considerm,n≥ 0). With n fixed, the ab-
scissas of the pixels are spaced bya and the abscissa of the first pixel is given by
the smallest nonnegativex = am+nb. This is expressed asµa(x) = µa(nb).

2) In linen the pixels have abscissas

mn,mn +a,mn +2a, . . . ,mn +(Mn−1)a

wheremn +(Mn−1)a≤M−1, that is,

M−1−mn

a
≥Mn−1 .

Hence
Mn = ρa (M−1−mn)+1 . (S16.3)

3) mn = µa(nb) has perioda becauseµa((n+a)b) = µ(nb), and so is forMn.
4) We first remark thatµa(nb) in a single period hasa distinct values: 0,1, . . . ,a−1

(a andb, in fact, are relatively prime). Then we let

M = aM0− j with 0≤ j ≤ a−1
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and we see from (S16.3) thatMn can assume in a period only the valuesM0 and
M0− 1 and, more specifically,a− j values equal toM0 and j values equal to
M0−1. Hence, the number of pixels in a period is

(a− j)M0 + j(M0−1) = aM0− j = M .

16.8.⋆⋆ [Sect. 16.12]Show that in the 3D→1D reading with lattice (16.93) and exten-

sion (16.94) the period of the fieldsQk is given byL = ai (recall thata, p,q andi,b have no

common factor).Hint: the period is given by the smallest integerk > 0 such that the lattice

coordinates result(x,y) = (0,0), which represents the position of the first pixel of the field

Q0.

From (16.97) we find that condition(x,y) = (0,0) implies that

am+ pn+qk= 0, in+bk= 0 .

Since i andb are relatively primes, the second condition requires thatk must be
multiple of i, sayk = ik0. Then,n =−bk0 and the first condition becomes

am+k0(−pb+ iq) = 0 .

A solution is k0 = a and thenkmin = ia. Note that, by assumption,b and q are
relatively prime andp andq cannot have in common the factora.

16.9.⋆ ⋆ ⋆ [Sect. 16.12] Continuing the previous problem, show that the number of

lines in a period isNa and the number of pixels isMN.

The position of the linescnk in the fieldQk is determined by the vertical coordinate
y according toynk = (ni+kvd2), where

0≤ ni+kb< N . (16.4)

The lines are vertically spaced ofid2 and have a periodi. Now, the fields in a period
Q0,Q1, . . . ,Qi−1 contain exactlyN pixels. In fact, with the constraint (16.4), wherei
andb are relatively primes,ynk spans without superposition the set{0,d2, . . . ,(N−
1)d2} of cardinalityN (see Fig.16.30). But the period of the fields isia, where we
find a times the periodic pattern of the lines in a period. Hence, the number of lines
in a field period isNa.

For the evaluation of the number of pixels in a field period, itis convenient to
consider the global projection of a field period on thet1–axis, after the application
of the composite shifts, and use conditions (16.95), which ensure that the projection
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points fall onZ(ad1). In the projection, the room for a line isD1 = Md1 and for the
aN lines in a field period the global room isaNMd1, which contains exactlyNM
equally spaced ofad1.

16.10.⋆ [Sect. 16.13]Find the Fourier analysis of theR×Z(d2,d3)→R reading, where

the composite shift matrixA is given by (16.85)

The dual domains arêU = R andV̂ = Z(F2,F3) with F2 = 1/d2, F3 = 1/d3. The
reciprocal of matrix (16.85) is given by

A−1 =




1 D1/d2 MD1/d3

0 1 0
0 0 1



 ⋆−−−→ A⋆ =




1 0 0

D1/d2 1 0
MD1/d2 0 1



 .

Then,M ′=
[

D1/d2

MD1/d2

]
and (16.103), wheref ∈R is scalar,M ′ f =(D1/d2 f ,MD1/d2 f )

andµ(V) = µ(Z(d1,d2)) = F1F2, gives

Y0( f ) = F1F2 X
(

f , D1
d2

f , MD1
d2

f
)

, f ∈ R .

16.11.⋆⋆ [Sect. 16.13]Find the Fourier analysis of theZ1
2(d1,d2)→ Z(2d2) reading,

where the composite shift matrix is given by (16.87) withM odd.

The dual groups areJ = Z
1
2(F1,F2), U = Z(F1), V = Z(F2) with F1 = 1/(2d1),

F2 = 1/(2d2) andM is a scalar given byMd1/d2. Then (16.103), where d(V) = F2,
gives

Y0( f ) = F2 X
(

f , Md1
d2

f
)

, f ∈ Z(F1) .

16.12.⋆⋆ [Sect. 16.13]Find the Fourier analysis of the writing operation of Fig.16.24.

The first operation is a hold increaseU →U×V with relation (see (16.74))

xh(u,v) = y0(u) , (u,v) ∈U×V

which becomes a delta increase with relation
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Xh(λλλ ,µµµ) = Y0(λλλ )δV̂(µµµ) , (λλλ ,µµµ) ∈ Û×V̂ .

The second operation is a window with shapeη0(u,v) given by the indicator func-
tion of the extension of the signalx0(u,v) (see Fig.16.24). The relation is

x̃0(u,v) = η0(u,v)xh(u,v)

which becomes a convolution

X̃0(λλλ ,µµµ) = N0∗Xh(λλλ ,µµµ)

=
∫

Û
dλλλ ′

∫

V̂
du′ N0(λλλ ′,µµµ ′) Xh(λλλ −λλλ ′,µµµ−µµµ ′)

=
∫

Û
dλλλ ′

∫

V̂
du′ N0(λλλ ′,µµµ ′) Y0(λλλ −λλλ ′) δV̂(µµµ−µµµ ′)

=
∫

Û
dλλλ ′ N0(λλλ ′,µµµ) Y0(λλλ −λλλ ′)

whereN0(·) is the FT ofη0(·) and we have used the sifting property of the impulse.
The final operation is a coordinate change with matrixA−1 with relation

x̃(t) = x0(A−1(u,v) with t = A−1(u,v)

which becomes a coordinate change with matrix(A−1)∗ = A′ and a multiplication
by µ(A−1) = detA (see Sect. 6.5). Hence

X̃(f) = detA X0(A′(λλλ ,µµµ)) with f = A′(λλλ ,µµµ) .
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Problems of Chapter 17

17.1.⋆ [Sect. 17.2]Starting from the Fourier transformL( fx, fy) of a source 2D image,

write explicitly the Fourier transformLQ( fx, fy) of the framed image.

The relation isℓ(x,y) = wQ(x,y)ℓ(x,y) and becomes a convolution in the frequency
domain

LQ( fx, fy) =
∫

R2
dλxdλyWQ( fx−λx, fy−λy)L(λx,λy) , ( fx, fy) ∈ R

2 (17.1)

whereWQ( fx, fy) is the FT of the indicator functionwQ(x,y) of the frameQ =
[0,Dx)× [0,Dy). Considering thatwQ(x,y) = rect+(x/Dx) rect+(y/Dy), one easily
finds

WQ( fx, fy) = W1( fx) W2( fy) , (17.2)

where
W1( fx) = Dx sinc( fxDx) exp(−iπ fxDx) , (17.2a)

W2( fy) = Dy sinc( fyDy) exp(−iπ fyDy) . (17.2b)

Note that the framing operation does not change the signal domain, which is still
R

2. SoLQ( fx, fy) is a 2D continuous frequency function, asL( fx, fy).

17.2.⋆ [Sect. 17.2] Consider the 2D continuous scanning where the framed image

ℓQ(x,y), (x,y)∈R
2, is down–sampled in the formR2→R×Z(dy) to giveℓQS(x,y). Explic-

itly write the relationship between the Fourier transforms. In addition, write the expression

of the Fourier transform ofℓQS(x,y) and its inverse.

The general relation is given by (17.22). WithI⋆
S = O×Z(Fy), it gives

LQS( fx, fy) =
+∞

∑
k=−∞

LQ( fx, fy−kFy) , fx ∈ R , fy ∈ R/Z(Fy)

Next, we write the expression of the FT of the grating image and its inverse. Since
IS = R×Z(dy) andÎS = R×R/Z(Fy), from Sect. 5.9 one obtains

LQS( fx, fy) =

∫ +∞

−∞

{
+∞

∑
n =−∞

dy ℓQS(x, ndy) e−i2π( fxx+ fyndy)

}
dx

ℓQS(x, ndy) =
∫ +∞

−∞

∫ Fy

0
d fx d fy LQS( fx, fy) ei2π( fxx+ fyndy) .

(17.3)
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17.3.⋆⋆ [Sect. 17.2] Consider the 2D discrete scanning where the framed image

ℓQ(x,y), (x,y) ∈ R
2 is down–sampled in the formR2→ Z(dx,dy) to give ℓQS(x,y). Write

explicitly the relationship between the Fourier transforms. Inaddition, write the expression

of the Fourier transform ofℓQS(x,y) and its inverse.

From (17.22) withI⋆
S = Z(Fx,Fy) we obtain

LQS( fx, fy) =
+∞

∑
h=−∞

+∞

∑
k=−∞

LQ( fx−hFx, fy−kFy)

with fx ∈ R/Z(Fx) , fy ∈ R/Z(Fy)

(17.4)

that is, we have a full periodic repetition alongfx and alongfy. Considering that the
domain ofℓQS(x,y) is IS = Z(dx,dy) and that the dual domain iŝIS = R

2/Z(Fx,Fy),
the expression of the Fourier transform and of its inverse are respectively

LQS( fx, fy) =
+∞

∑
m=−∞

dx
+∞

∑
dy =−∞

ℓQS(mdx, ndy) e−i2π( fxmdx+ fyndy)

ℓQS(mdx, ndy) =
∫ Fx

=
d fx

∫ Fy

0
d fy LQS( fx, fy) ei2π( fxmdx+ fyndy) .

17.4.⋆⋆ [Sect. 17.2]Consider a general discrete scanning obtained with a general lattice

IS = Z
p
a(dx,dy). Write explicitly the Fourier transform ofℓQS(x,y) and its inverse.

Considering thatIS is a lattice and̂IS = R
2/I⋆

S, one gets

LS( fx, fy) = ∑
(x,y)∈IS

d(IS) ℓS(x,y) e−i2π( fxx+ fyy) (17.5a)

ℓS(x,y) =

∫

R2/I⋆S

dx dy LS( fx, fy) ei2π( fxx+ fyy) (17.5b)

where the integral is over a cell ofR
2 moduloI⋆

S. This cell can be the fundamental
parallelepiped ofI∗S, but the double integration can be split into two 1D integralif
we use anorthogonalcell (see Sect. 16.9).
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17.5.⋆ [Sect. 17.2]Consider the discrete scanning of a still image. Write the reconstruc-

tion of the image starting from the video signalu(mT0).

The latticed image can be recovered from discrete video signal u(mT0) as

ℓQS(x,y) = u(x/vx +y/vy) wr(x) , (x,y) ∈ Z(dx,dy) .

After this step, one needs to interpolate both horizontallyand vertically, obtaining

ℓi(x,y) =
M−1

∑
m=0

N−1

∑
n=0

ℓQS(mdx,ndy) sinc

(
x−mdx

dx

)
sinc

(
y−ndy

dy

)
.

This reconstruction refers to full discrete scanning. For adiscrete scanning on a
general lattice, we can proceed in a similar way.

17.6.⋆⋆ [Sect. 17.10]Consider the expression of the Radon transform given by (17.66).

Prove that it can be written in the form (17.67).

Relation (17.66) gives theprojectionsof ℓ(x,y), that is,

g(s0,θ) =

∫

R

dx dy ℓ(x,y)δR(xcosθ +ycosθ −s0) .

With the change of coordinates
{

x = scosθ −usinθ
y = ssinθ +ucosθ

{
s= xcosθ +ysinθ
u = xsinθ −ycosθ

whose Jacobian is 1, we obtain

g(s0,θ) =
∫

R

ds
∫

R

du ℓ(scosθ −usinθ ,ssinθ +ucosθ)δR(s−s0) .

Then, the application of the sifting property onδR(s−s0) allows dropping the inte-
gral with respect tos under the conditions−s0 = 0. Hence

g(s0,θ) =
∫

R

du ℓ(s0cosθ −usinθ ,s0sinθ +ucosθ)δR(s−s0) .
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17.7.⋆⋆ [Sect. 17.10]Show that the image of Fig.17.35 with polar representation

⌢
ℓ (r,ϕ) = rect+(1− r2) cos3ϕ

has Cartesian representation

ℓ(x,y) =
[
(x3−3xy2)/|x+ iy|3

]
rect+(1−x2−y2) .

Hint: Use identity einarg(x+iy) = (x+ iy)n/|x+ iy|n.

The polar representation

⌢
ℓ (r,ϕ) = rect+(1− r2)cos3ϕ

with r2 = x2 +y2, ϕ = arg(x+ iy), gives

cos3ϕ = ℜ[arg ei3arg(x+iy)]

= ℜ
(x+ iy)3

|x+ iy|2 =
x3−3xy2

|x+ iy|2

andℓ(x,y) takes the form indicated above.

17.8.⋆ [Sect. 17.10] Write the polar representation
⌢
ℓ (r,ϕ) of the reference image

(17.72).

In the polar representationx = r cosϕ, y = r sinϕ and hencex2 + y2 = r2. Then
(17.72) becomes

⌢
ℓ (r,ϕ) = 244!

J4(r)
r2

⌢
p (r,ϕ)

where
⌢
p (r,ϕ) = 1+Arcosϕ +Brsinϕ +Cr2cosϕ sinϕ .

17.9.⋆⋆ [Sect. 17.10]The reference image has the structureℓ(x,y) = ℓ0(x,y) p(x,y),
where

ℓ0(x,y) = J4(
√

x2 +y2)
/

(x2 +y2)

has circular symmetry and its FTL0( fx, fy) can be calculated via Hankel transform (see
Sect. 5.9). Considering that the Hankel transform ofJ4(r)/r2 is π

24(1− (2πλ )2)3 rect(πλ ),
find the FT ofℓ(x,y). Hint: p(x,y) is a polynomial and using the differentiation rule

(−i2πx)m(−i2πy)nℓ0(x,y)
F−−−−→ ∂ m+nL0( fx, fy)

∂ f m
x ∂ f n

y
.
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we can obtain the terms as(−i2πx)(−i2πy)ℓ0(x,y)
F−−−−→ ∂L0( fx, fy)

∂ fx ∂ fy
.

The image is given as the product

ℓ(x,y) = ℓ0(x,y) p(x,y) with ℓ0(x,y) = c(|x+ iy|)

and p(x,y) = (1+Ax+By+Cxy) is a polynomial. We first calculate the Fourier
transformL0( fx, fy) of the first factor and then use the differentiation rule. Since
ℓ0(x,y) has a circular symmetry, its Fourier transform has the same symmetry

L0( fx, fy) = Γ (| fx + i fy|)

whereΓ (λ ) is the Hankel transform ofc(r), which is given by (see [6] p.145)

Γ (λ ) =
π
24

[
1− (2πλ )2]3 rect(πλ ) . (S17.6)

The functionΓ (λ ) and its two first derivatives are illustrated in Fig.S17.1.

-

6

λ

Γ (λ )

1/(2π)−1/(2π)

-

6

λ

Γ ′(λ )

1/(2π)−1/(2π)

-
6

λ

Γ ′′(λ )

1/(2π)−1/(2π)

Fig. S17.1 The function Γ (λ )
and its two first derivatives

Now, we use the FT frequency differentiation rule, that is,

(−i2πx)m(−i2πy)nℓ0(x,y)
F−−−→ ∂ m+nL0( fx, fy)

∂ f m
x ∂ f n

y
.
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LettingP(λ ) = 1− (2πλ )2 andλ 2 = f 2
x + f 2

y we find

L( fx, fy) =
π
24

Q( fx, fy) rect(π| fx + i fy|) (S17.7)

where
Q( fx, fy) =P3(λ )+6P2(λ )(−i2π fxA− i2π fyB)

+384C(−i2π fx)(−i2π fy)P(λ )
(S17.7a)

is a polynomial infx, fy. Since rect(x) = 0 for |x|> 1
2, we find thatL( fx, fy) = 0 for

| fx + i fy|> 1/(2π), that is,L( fx, fy) has a circular extension of radius 1/(2π).
Note that no singularity (delta function) is present in the boundary because the

functionΓ (λ ) is continuous atλ =±1/(2π) together with its first two derivatives,
as shown in Fig.S17.1.

17.10.⋆⋆ [Sect. 17.15]Explain why the latticeZ1
3(∆s,∆θ) cannot be used in the pro-

jection sampling.

The condition on the latticeJ for the projection sampling are

1) J must contain the periodicityP = O×R(2π),
2) J must be symmetric with respect to the vertical axis.

The latticeJ = Z
1
3(∆s,∆θ), with basis

J =

[
∆s 0
0 ∆θ

] [
3 1
0 1

]

is shown in Fig. S17.2. We realize that it is not symmetric with respect tos. For
instance, the point(∆s,∆θ) ∈ J, but the symmetric point(−∆s,∆θ) 6∈ J.

-

6

s

θ
J = Z

1
3(∆s,∆θ)

∆θ

3∆s

Fig. S17.2The lattices of the problem
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17.11.⋆⋆ [Sect. 17.15]Show that with the cell

C = (−Bs,Bs)× (−NaFa, · · · ,−Fa,0,Fa, · · · ,(Na +1)Fa)

the interpolator impulse response is given by (17.130).

It is convenient to recall the several symbols:

• impulse responseh(s,θ), (s,θ) ∈ I = R×R/Z(2π)

• frequency responseH( fs, fθ ), ( fs, fθ ) ∈ Î = R×Z(Fa), Fa = 1/(2π).

Given the cellC∈ Î , the frequency response is given by the indicator function of the
cell C

H( fs, fθ ) = ηC( fs, fθ ) , fs∈ R, fθ = nFa

and the impulse response is the inverse FT of the frequency response, that is,

h(s,θ) =
∫

Î
df ηC(f)ei2πf(s,θ)

=
∫

C
d fs d fθ ei2π( fss+ fθ θ) .

(S17.8)

Now, the cellC is separable in the form

C = (−Bs,Bs)×{−NaFa, . . . ,0,(Na +1)Fa}

and therefore
h(s,θ) = hr(s)ha(θ)

where

hr(s) =
∫ Bs

−Bs

d fsei2π fss = 2B0 rect(sBs)

and

ha(θ) =
Na+1

∑
n=−Na

Faei2πnFaθ .

LettingX = ei2πFaθ = eiθ

ha(θ) = Fa

Na+1

∑
n=−Na

Xn

and recalling the identity

n2

∑
n=n1

Xn =
(1−Xn2−n1+1)Xn1

1−X

we get
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ha(θ) = Fa
1−X2Na+2

(1−X)XNa

= Fa
1−ei(2Na+2)θ

(1−eiθ )eiNaθ .

17.12.⋆ ⋆ ⋆ [Sect. 17.15] Write the frequency response of the rhomboidal cell of
Fig.17.44 and prove that the corresponding impulse response is given by

h(s,θ) = 2FaBssinc(2Bss)+
Na

∑
n=1

4FaBn sinc(2Bns)cosnθ

whereBn = Bs(1−n/(Na +1)).

We use the general formulation presented in the solution of the previous problem.
The rhomboidal cell of Fig.17.44 consists of lines of the( fs, fθ ) plane, whose pro-
jection on thefs axis are given by

en = (−Bn,Bn) −N′a≤ n≤ N′a , N′a = Na +1

whereBn = Bs(1−|n|/N′a). The vertical abscissa is at the frequenciesnFa and, there-
fore, the cell is

C =

N′a⋃

n=−N′a

en×{nFa} .

Consequently (S17.8), withfθ = nFa, gives

h(s,θ) =
N′a

∑
n=−Na

Faei2πnFaθ
∫

en

d fsei2π fss

where ∫

en

d fsei2π fss =
∫ Bn

−Bn

d fsei2π fss = 2Bn sinc(2Bns) .

Hence

h(s,θ) = 2BsFa

N′a

∑
n=−Na

(1−|n|/N′a)e
i2πnFaθ sinc[2Bs(1−|n|/N′a)s]

which can be written as in the statement of the problem.
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Closed Form Results of the Reference Example
This part deals with the representations of an image in the context ofRadom trans-
form. It refers to Chapter 17, where the Radom transform is developed and a “Ref-
erence Example” is introduced to illustrate the sequel of ancillary functions related
to the Radom transform. Here, all the expressions of the ancillary functions are re-
ported and commented.

1) Image Cartesian representation

The Reference Example starts from the specific expression ofa 2D image given by

ℓ(x,y) = c(|x+ iy|)(1+Ax+By+Cxy) (S17.9)

where

c(r) =
J4(r)

r4 .

Eq. (S17.9) gives the image in terms of theCartesian representation.

2) Polar representation of ℓ(x,y)

⌢
ℓ (r,ϕ) = c(r)

[
1+ r(Acosϕ +Bsinϕ)+ 1

2Cr2sin2φ
]

.

3) Harmonic expansion of
⌢
ℓ (r,ϕ)

⌢
ℓ (r,ϕ) =

2

∑
n=−2

⌢
ℓ n(r)einϕ ,

⌢
ℓ −n(r) =

⌢
ℓ n(−r) (S17.10)

where
⌢
ℓ 0(r) = c(r) ,

⌢
ℓ 1(r) = 1

2r c(r) [A− iB]
⌢
ℓ 2(r) = 1

2r2c(r)− i 1
4 Cr2c(r) .

(S17.10a)

4) Angular Fourier transform of
⌢
ℓ (r,ϕ)

La(r,nFa) = 2π ℓn(r)

whereℓn(r) is given by (S17.10a).
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5) Fourier transform L( fx, fy) of the image ℓ(x,y)

See the solution of Problem 17.9.

6) Polar representation of L( fx, fy)

By letting fx = λ cosα, fy = λ sinα in (S17.7), we obtain

⌢
L (λ ,α) =

π
24

⌢
Q (λ ,α) rect(πλ ) (S17.11)

where
⌢
Q (λ ,α) = P3(λ )− i2πλP2(λ )(Acosα +Bsinα)

+(−i2πλ )2192CP(λ )sin2α .
(S17.11a)

From Projection Theorem, the radial FT of projections is given by

G( fs,θ) =
⌢
L ( fs,θ) =

π
24

rect(π fs)
⌢
Q ( fs,θ) . (S17.12)

7) Harmonic expression of
⌢
L (λ ,α)

⌢
L (λ ,α) =

2

∑
n=−2

⌢
L n(λ )einα ,

⌢
L −n(λ ) =

⌢
L ∗n(−λ ) (S17.13)

where

⌢
L 0(λ ) =

π
24

rect(πλ )P3(λ )

⌢
L 1(λ ) =

π
24

rect(πλ )
[
−i2πλP2(λ )6(A− iB)

]
P2(λ )

⌢
L 2(λ ) =

π
24

rect(πλ )(−i2πλ )2(−96iC)P(λ ) .

(S17.13a)

8) Projections

The radial FT of projections is given by (S17.12), where
⌢
Q ( fs,θ) is a polynomial

in fs of degree 6. Withz=−i2π fs it is given by
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⌢
Q ( fs,θ) =

π
24

6

∑
n=0

qn(θ)zn

where

q0(θ) = 1, q1(θ) =−6(Acosθ +Bsinθ) , q2(θ) = 192Cπ4sin2θ

q3(θ) =−12(Acosθ +Bsinθ) , q4(θ) = 3+192Cπ4sin2θ
q5(θ) =−6(Acosθ +Bsinθ)

(S17.14)
Next, considering that

rect(π fs)
F−1
−−−→ sins

πs
∆
= p(s) ,

(−i2π fs)
n rect(π fs)

F−1
−−−→ p(n)(s) ,

we find

g(s,θ) =
π
24

6

∑
n=0

qn(θ) p(n)(s) .

The derivativesp(n)(s) of p(s) are

p(1)(s) =
coss
π s
− sins

π s2 ,

p(2)(s) =
−2coss

s2 +
sins
πs

(
2
s2 −1

)
,

p(3)(s) =
coss
πs

(
6
s2 −1

)
+

sins
πs2

(
3− 6

s2

)
,

p(4)(s) =
coss
πs2

(
4− 24

s2

)
+

sins
πs

(
1− 12

s2 +
24
s4

)
,

p(5)(s) =
coss
πs

(
1− 2

s2 +
120
s4

)
+

sins
πs2

(
−5+

12
s2 −

24
s4

)
,

p(6)(s) =
coss
πs2

(
−6+

5!
s2 −

6!
s4

)
+

sins
πs

(
−1+

30
s2 −

360
s4 +

6!
s6

)
.

(S17.15)

9) Hankel transform of harmonic expansion of
⌢
ℓ (r,ϕ)

The harmonic expansion was evaluated in step 3). Taking the Hankel transform of
the harmonics gives the harmonics of the radial FTGr( fs,θ) of projections

⌢
ℓ n(r)

Hn−−−→ Grn( fs) .
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From the expressions (S17.10a) of
⌢
ℓ n(r), we see that we have to evaluate the Hankel

transforms

c(r)
H0−−−→ Γ (λ ) , rc(r)

H1−−−→ Γ1(λ ) , r2c(r)
H2−−−→ Γ2(λ ) .

More specifically,

Γ (λ ) = 2π
∫ ∞

0
rc(r)J0(2πλ r)dr ,

Γ1(λ ) = 2π i−1
∫ ∞

0
r2c(r)J1(2πλ r)dr ,

Γ2(λ ) = 2π i−2
∫ ∞

0
r3c(r)J2(2πλ r)dr .

(S17.16)

Then, the harmonic coefficients are given by (see (S17.10a))

Gr0( fs) = Γ ( fs) , Gr1( fs) =
1
2
(A− iB)Γ1( fs) , Gr2( fs) =−i

1
4

CΓ2( fs) . (S17.17)

The first one is an ordinary Hankel transform (of order zero) given by (see (S17.6))

Γ (λ ) =
π
24

P3(λ ) rect(πλ ) . (17.18)

For the evaluation of the second one, we note that in (S17.16)the derivative ofΓ (λ )
is given by

Γ ′(λ ) = 2π
∫ ∞

0
r2c(r)J′0(2πλ r)dr =−2π

∫ ∞

0
r2c(r)J1(2πλ r)dr , (17.19)

where we have used the identityJ′0(z) =−J1(z). Hence, we find that

Γ1(λ ) = iΓ ′(λ ) =−iπ3λP2(λ ) .

In order to evaluate the third transform, we use the identityJ2(z) = (1/z)J1(z)−
J′1(z). We get

Γ2(λ ) =
1
λ

∫ ∞

0
r2c(r)J1(2πλ )dr +2π−

∫ ∞

0
r3c(r)J′1(2π)dr

=− 1
(2π)2λ

Γ ′(λ )−2π
∫ ∞

0
r3c(r)J′1(2πλ )dr .

To calculate the last integral we differentiate (S17.19), thus getting

Γ ′′(λ ) =−(2π)3
∫ ∞

0
r3c(r)J′1(2πλ )dr .

Hence
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Γ2(λ ) =
1

(2π)2

[
Γ ′(λ )

λ
−Γ ′′(λ )

]
=−(2πλ )2π

[
1− (2πλ )2]

=−(2πλ )2π P(λ ) .

From (S17.17), we finally obtain

Gr0(λ ) =
π
24

rect(πλ ) P3(λ )

Gr1(λ ) =
π
24

rect(πλ )
[
−i2πλP2(λ )(A− iB)

]
π

Gr2(λ ) =
π
24

rect(πλ )24i(2πλ )2P(λ ) .

10) Harmonic expansion of projections

g(s,θ) =
1

∑
n=−1

gn(s)einθ (S17.20)

wheregn(s) is the inverse FT ofGn( fs).
Considering that

rect(π fs)
F−1
−−−→ 1

π
sinc(s/π) =

1
π

sins
s

∆
= p(s) ,

the inverse FT can be obtained by differentiation rule, namely

⌢
L 0( fs)

F−1
−−−→ Q0

[
p(s)+ p′′(s)

]
= g0(s) ,

⌢
L 1( fs)

F−1
−−−→ 1

2 [Q10− iQ01] p′(s) = g1(s) .

11) Projection

From (S17.20) one gets

g(s,θ) = g0(s)+2ℜg1(s)eiθ

= Q0
[
p(s)+ p′′(s)

]
+Q10p′(s)cosθ +Q01p′(s)sinθ .

13) Fourier transform of the polar representation

Here we use the integrals (see [5])
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∫ +∞

0

J4(r)
r4 cos(ωr) dr =

1
7!!

(1−ω2)7/2 rect(1
2ω)

∫ +∞

0

J4(r)
r3 sin(ωr) dr =

1
5!!

(1−ω2)5/2ω rect(1
2ω)

∫ +∞

0

J4(r)
r4 cos(ωr) dr =

1
5!!

(1−ω2)3/2(1−6ω2) rect(1
2ω)

in order to obtain

Ln( fr) =
28

5
(1− (2π fr)

2)3/2 rect(π fr)Cn(2π fr) ,

where
C0(ω) = 1

7 p00(1−ω2)2 + 1
2(p20+ p02)(1−6ω2) ,

C1(ω) = 1
2 p01ω(1−ω2)+ i 1

2 p10ω(1−ω2) ,

C2(ω) = 1
4(p20− p02)(1−6ω2)− i 1

4 p11(1−6ω2) ,

C−1(ω) = C̃∗1(−ω) , C̃−2(ω) = C̃∗2(−ω) .

13) Radial and angular FT of the polar representation

La(r,nFa) =2π
⌢
ℓ n(r) , 4Lr( fr ,nFa) = 2π

⌢
L n( fr)

Lr( fr ,ϕ) =
+∞

∑
n=−∞

Cn( fr)e
inϕ

=
28

5
(1− (2π fr)

2)3/2 rect(π fr)

[
1
7 p00(1−ω2)2

− i2π fr(1− (2π fr)
2)(p10cosϕ + p01sinϕ)

+(1−6(2π fr)
2)

(
p20+ p02

2
+

p20− p02

2
cos2ϕ +

p11

2
sin2ϕ

)]
.

(S17.21)
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