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2 Solutions to problems of Chapter 2

Problems of Chapter 2

2.1. x[Sect. 2.1]Assuming that a continuous—time sigsé) is the mathematical model
of an electrical voltage, find the physical dimensions of thie¥dhg quantities: area, mean
value, (specific) energy and (specific) power.

Denoting a physical dimension 1y, one gets

[s(t)] =V, [areas)| =V s, [m] =V, [E = V25, [R] = V2.

2.2.x[Sect. 2.2]Show that therea over a perioaf a periodic signal defined by (2.17a)
is independent .

It is sufficient to prove that

| — /:’”" S(t) dt = /O " st

To this end we divide the intervdiy,to + Tp) into the intervalsty,0), [0, T,) and
[Tp,to+Tp). Then we obtain the three contributions

Ilz/tos(t)dt:—/otos(t)dt

0

|2=/Tp S(t) dt

0

to+Tp to to
I3=/ s(t) dt:/ s(t'+Tp) dt’:/ s(t') dt’ = —1y
0 0

Tp
where we have introduced the change of vari#lbtet — T, and used the periodicity
S(t' + Tp) = s(t’). In conclusion = I>.

2.3.xx[Sect. 2.2]Show that thenean value over a periddr a periodic signal, defined
by (2.17b), is equal to theean valualefined in general by (2.10).
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We prove that
lim — /T s(t) dt = = /Tp S(t) dt (s21)
T—o 2T -7 o Tp 0 '

We use the fact that the limit &5— oo is equal to the limit ohT, asn — o

im = [ styd=tim —— [ st
im o [ s —nmﬁ.[nTp s

= lim ! 2n ‘Tpst dt = ‘Tpst dt

2.4.x[Sect. 2.3]Using the functions () and rectx) write a concise expression for the
signal

s(t)=3 forte (-5,1), s(t)=t forte (2 4), s(t) =0 otherwise

The signal, shown in Fig.S2.1, has the following expression

S(t) =3[L(t+5) —L(t—1)] +t[L(t—2) — 1(t — 4)]

t+2 t—3
=3 rect<6) +t rect(2> .
where we have used the identity rg¢fT ) = 1(t +T/2) — 1(t — T /2).

s(t)

-

-5 1 2 4

Fig. S2.1 Representation of the signal of the problem

2.5.x[Sect. 2.3] Find the extension, duration, area and energy of the signataif-P
lem 2.4.

It results
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e(s): (_571)U(2a4) ) D(S) =6+2=8
aregs) =18+6=24 | Es:54+%5:2731)8

The smalled interval containirgfs) is (—5,4) and the corresponding duration is 9.

2.6.x[Sect. 2.3]Find the energy of the causal exponential with= 2 +i275.

More generally, we note that for the signal
s(t) = 1(t) e™

it results
Ist)2=1(t)e”, a=20p.

If o < O the signal has the finite enerfy = —1/a, otherwiseEg = +co.

2.7.x[Sect. 2.3]Write a mathematical expression of a triangular puigée determined
by the following conditionsu(t) is even, has duration 2 and energy 10.

Considering in general a real amplitu8le > 0, the expression is
t .
u(t) =Ao (1—[t]) rect(é) = Aotriang(t)

where triangt) is the function defined by (2.29). The corresponding enesgy, i=
A%2 =10. ThenAg = /15.

2.8. x[Sect. 2.3]An even-symmetric triangular pulsét) of duration 4 and amplitude 2
is periodically repeated according to (2.16). Draw the quid repetition in the following
casesTp =8, Tp =4 andT, = 2.

Fig.S2.2 shows the pulsgt) and its periodic repetition

. 1 w
repr, u(t) = repr, tr|ang(2> = k:Zmu(t —KTp)
with T, = 2, T, = 4 e T, = 8. Note that forT, > D(u) = 4 the repetition terms do

not overlap, while forT, < 4 they overlap. In particular, foF, = 2 the repetition
gives a constant signal of amplitude 2.
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u(t) &
2
2 2 t

repg u(t) 4
0 8 t

repy u(t) 4
4 6 t

rep u(t) 4
,,,,,,,, Yole .
2 4 t

Fig. S2.2The signals of the problem

2.9.xx[Sect. 2.3] Write the derivativer'(t) of the rectangular pulse(t) defined by
(2.26). Verify that the integral af (t) from —co to t recovers (t).

The impulse is

rit) =A~Ao rect(tDtO> =AoL{t—t1) —Ao 1(t—tp)

wheret; =to—D/2 andty =to+D/2. Considering that (see (2.34))@}/dt = o(t),
we obtain
r'(t) =Ao Ot —t1) —Ag O(t —t2).
Next, we note that the delta function has unit area and
t1+¢&
/ ot—ty)dt=1, £>0.
t

1—€&

This is the key to prove that the integralrdft) givesr (t).
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2.10.%x[Sect. 2.3] write the first and second derivatives of the rectified sinusoidal
signal
S(t) = Ao | cosant| .

We note that the signalt) has periodly = 17/, that is half of the period of the
non rectified signal (Fig.S2.3). The ordinary derivatives(j is

cosant| .
dt)=— |cosaxt] sin apt
®) Aoty cosant “o
. T T
—Aoay Sinwpt , —§+2kn< wot<§+2kn
= . 3
Aot Sinant , g+2kn< wot<§n+2kn

and is continuous almost everywhere, except in
tk=1to+kTp with tg= %To

where it has an amplitude jump o3 wy. Hence, in the second derivative we have
to add impulses ity of area 2qwy, that is,

+00
§'(t) = Ao X |cosat| +2A0n S S(t—t) .

k=—00

—-

A

() &

ANINAANANA

Fig. S2.3The rectified sinusoidal signals and its first and second derastiv

Y
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2.11.%x[Sect. 2.3]Find the (minimum) period of the signal

s(t) =2 cos% wot +3 sin%1r wot .

We let

2 .4
s(t)y=2 cosg ot 43 sing wit 2 si(t) +s(t)

and first we find before the periods of the two terms. Wigh= 271/ we find
thats, (t) has period%To ands,(t) has periocﬁTo. The common period is therefore
Tp = 2To. This technique will be seen in detail in Sect. 3.6.

2.12.%x[Sect. 2.4] Show that the (acyclic) convolution of an arbitrary sigrél) with
a sinusoidal signaj(t) = Ag cos(wot + @) is a sinusoidal signal with the same period as
y(t).

The convolution is

S(t) = yxx(t) = Agcos[an(t —u) + @] x(u)du,

where we can use trigonometric formulas to obtain

—+-co
s(t) = Ao cog wot + @) /_oo coswpu x(u) du

. +°° .
—A03|n(abt+%)[ sinapu x(u) du.

Therefore, the convolution has the following structure

A1 cog ot + @) + Az sin(wot + @) = Bo cog ant + @+ o)
whereAs, Az, Bg and 3y are constants.
2.13.x[Sect. 2.4] Show that the derivative of the convolutisft) of two differentiable

signalsx(t) andy(t) is given bys = X' xy = xxy'.

We write the convolution expression

s(t) = /Ho X(t—u)y(u) du.

—00
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Then, taking the derivative with respectttand, assuming that order of integration
and derivative can be interchanged, we find

$t) = [ X(t—u)y(u) du.

J —00

2.14.x %% [Sect. 2.4]Evaluate the convolution of the following pulses:
x(t) = A rect(t/2D),  y(t) = A exp(—t?/D?) .

Hint. Express the result in terms of the normalized Gaussian distributio

1
(D(X):Lm \/?Te‘%yz dy.

The convolution is

0= xt dumAA, [ e PR g el
s(t) = X(t —u)y(u) du= e u u=
(t) /40 (t—u)y(u) 1 2./th \ﬁy

/3
D - (t+D)
— 2 A A/ e /2 dy.
N ¥ (t-D) y

Considering thaf? = [°_ + [, = [, — [2, we finally obtain
V2(t+D) V2(t—D)
o(52) = (%52)]

2.15.x[Sect. 2.4] Evaluate the convolution of the signals

 —AIAD
s(t) =+v2m 7

X(t) = Ap sinc(t/D),  y(t) = Ay &(t)+Ag 8(t—2D) .

In general, if one of two signals is given by impulses

N

V) =y ASE-t)

n=1
we use the property (2.41), that &, —t;) xs(t) = s(t —t;). Hence
N

xxy(t) = z A X(t—t).

n=1
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2.16.% %% [Sect. 2.4] Evaluate the (cyclic) convolution of the signal
X(t) = repr, rect(t/T) ,

with x(t) itself (autoconvolution). Assumg, = 4T.

We apply definition (2.44) wity = —2T = —T,/2
Tp/2
s(t) = / X(u) x(t —u) du

—Tp/2

In this integralu € (—%Tp, %Tp) and in this interval the periodic repetition is present
only with the zeroth term, that is(u) = rect(t/T). If t € {—3T,, 3T} alsox(t —
u) =rect((t —u)/T) and then

To/2 u t—u
s(t) _/pr/z rect(?) rect(T> du
T/2 t—u
=/t rect(_l_> du, te(—3Tp 3Ty

Continuing the assumption thiak (—3Tp, 3Tp) we find

t+3T —3T<t<0
s(t) =9 —t+3iT 0<t<3T and —iTp<t<iT,
0 elsewhere.

In conclusion, we have a triangular shape in a period, whietexpress in the form
=Ttri ! T T,
s(t) = trlang(f) ; —5Tp<t<3Tp.

But, the convolution of periodic signals is periodic witletsame period. Hence, to
have theexpression for any, we have to write

s(t)=repr, T triang(%) .

2.17.x[Sect. 2.5]Show that the Fourier coefficients have the same physio@nsions
as the signal. In particular, &t) is a voltage (volt), als&, must be expressed in volts.

If [s(t)] = Vitresults:[S] =s1-V.s=V.
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2.18.%[Sect. 2.5]Starting from the exponential form of the Fourier series assiming
areal signal, prove (2.49a) and (2.49b). Note that in this c&sis real.

If S(t) is real, the real and the imaginary partshfwe have the symmetry
Rn:R,n, Xn:—xfn~
Then

[ -1
S(t) — RO+ Z 31 é2mFt+ Z 31 einmFt
n=1

n=—oo

=Ry+ nZl [Rn (eiZHnFt _|_e—i2rmFt) FiX, (einmFt _ efiZHnFt)}

and (2.49a) follows from Euler’s identities. To prove (b}%ve letS, = |S,|€29%.
Then

St) = S+ z [Sné'ZmFt_,'_gsefiZnnFt}
n=1
=S +20 i |S]|ei(2nnFt+argSn)
n=1

=SH+2 z |Sh|cog2mFt+argS,) .
n=1

Note thatS) = Ry is real.

2.19.%[Sect. 2.5] Show that ifs(t) is real and even, then its sine-cosine expansion
(2.49a) becomes amly cosine expansion

We prove the statement by absurd. If in (2.48a}~ 0, the signal is not even for the
presence of the termé& sin(2nkFt).

2.20.% % x [Sect. 2.5] Assume that a periodic signal has the following symmetry:
S(t) = —s(t—Tp/2) .

Then, show that the Fourier coefficieris are zero fom even, i.e. theeven harmonics
disappeartint: use (2.50).
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Consider the signad(t) 2 s(t—3Tp), and use (2.50). Then

. 1 .
in _ SZH e—|2n2nF2Tp _ SZn e—|2nn _ SZn~

But by the symmetry hypothesis we also obt&fiy = —S,, and we conclude that

SZn: —SZnZO-

2.21.%x[Sect. 2.5]Evaluate the mean value, the root mean square value and theiFouri

coefficients of the periodic signal
s(t) =repr. |rect L Ao (1-— 1t
L To To

in the cased, = 2Tp and Ty = To.

We use the definitions for periodic signals, (2.17b) andg®)1Considering that
with Tp = 2To and T, = To, we haveT, > 3To, so that the terms of the repetition do

not overlap and

t It 1 1

The mean value results

1 1

1 /3% 1 /2™ ( |t> 3, To
T, :7/ st)dt == 1-— ) dt==Ay —.
rns( p) Tp 7%1_') () Tp 7%TPAO TO 4 Tp

The rms value is given by

1 (3T PR, 7}
PS<T>:{Tp /Z%Tp|s(t)|2dt} {35

The Fourier coefficients are given by

3 T
S= ZAO T7p
Ao [sin(rmFTp)  1—cos(rmFTo)
Sh= To { 2mmF 2m2n2F 2T, ’ n#0.

For T, < 3T, the terms of the repetition overlap and the evaluation issncompli-
cated. In any case the preliminary step is the signal evatluat a period.
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2.22.x[Sect. 2.5]Check Parseval's Theorem (2.51a) for a sinusoidal signal (se@Exa
ple 2.1).

We must verify that

+00

1 [lotT
T—p/° shPdt= S ISP

. tO n=—oo

for the signals(t) = Ag cos(2mfot + ¢o). The direct evaluation in the time domain
gives

=

to+T, 1/f
! /0 ’ |s(t)[2 dt = fo / OA% co(2rrfot + ¢o) dt = = AZ.
0

Tp 'tO

N

On the other hand, considering that
s(t) = }Aoei% g2miot . }Aoe‘i"’o 2ot
2 2 ’
the Fourier coefficients are
1 . 1 )
Si=5Me®,  Sy=JAei® §=0 n#il

Hence
+00 1

> S =18+ =5A8

2.23.x[Sect. 2.5]Evaluate the Fourier coefficients of the signal

s(t) = repr, {5 (t_%Tp) —é(t—ng)}

and find symmetries (if any).

The Fourier coefficients are given by

1
1 /2™ 1 3 ,
== S(t—>Ty,)-o(t—2T, —i2mFt gt
= TP/—%TD{ < 4 p> ( 4 p)} ¢

where we can use sifting property (2.41). We get
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o1 o3
S, :Ti [e|2rmF4Tp B e|2rmF4Tp}
p

1 [efi2rm/4 . efi2rm/4}

In conclusion

.2
Sm=0, Smi1 =1 T (_1)m+1’ m=cZ
p

The symmetry is the absence of even harmonics and in facighalserifies the
symmetry of Problem 2.20.

2.24.x[Sect. 2.6]Find the physical dimension of the Fourier transfdgf) when the
signal is an electric voltage.

In (2.55b) the exponential is adimensional and then theratédas the dimensions
of the signal|g =V, multiplied by a time[dt] = s. HencdS(F)] =V -s.

2.25.xx [Sect. 2.6] Show that ifs(t) is real, thenS(f) has the Hermitian symmetry.
Hint: use (2.55).

Consider the FT

wheres(t) = s(t). Hence

S(f) = /w S (t) e 2 it — {/j s(t) €27t dt}* —S(=f)

J —00

which states the Hermitian symmetry.

2.26.%x[Sect. 2.6]Prove rule (2.60a) on the product of two signals.

Lets(t) = xxy(t). Then, writing the convolution and the FT in an explicit forwe
obtain
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S(f) = /+°° U+m X(U) y(t — u) du} g2t gy

Now, in the exponent we write=t —u-+u

400

. oo .
X(U) gi2mfu {/ y(t _ U) elZﬂf(tu)dt} du

+00 . +o00 e
:/ x(u) e7|27rfu {/ y(t/) e—|2rrft dt/} du (t/ —t_ u)

0

where we have used the variable chahgai =t’.

2.27.xx[Sect. 2.6] Prove that the produa(t) = x(t) y(t) of two strictly band-limited
signal is strictly band—limited with

B(s) = B(x) +B(y) .

Hence, in particular the band gf(t) is 2B(x).

Proceeding in the frequency domain the product becomes wletion, that is
S(f) = X« Y(f). If the extension of the FTs are given respectively by theriral
[—Bx, Bx] and[—By, By], the extension of their convolutid®( f ) is [—(Bx+By), Bx+
By]. Here, we have used the rule on the extension of convolutiovepl in Sect. 2.4
in the time domain (see (2.39)).

2.28.x[Sect. 2.7]Evaluate the Fourier transform of the causal signal
st)y=1t)e¥T, T>0

and then check that it verifies the Hermitian symmetry.

We obtain

o | T
_ —t/T —i2mft _
) /o & et T

We immediately prove th&&*(f) = S(—f). In fact

.
S =1y ~ S0
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2.29.x[Sect. 2.7]Prove the relationship

1 1
S(t) cos 2tfgt —— 5>S(f—fo) + 5 S(f + o), (2.2)

calledmodulation rule

Applying the Euler formulas, we obtain:
1 2mfot | L it
s(t) cos(2mfot) = és(t) germiot 4 és(t) g <o
Hence, the desired relation is obtained using the frequshifing rule (2.59b).
2.30.%[Sect. 2.7]Using (2.112) evaluate the Fourier transform of the signal

s(t) =rect(t/T) cos 2tfot .

Then, draw graphicall( ) for foT = 4, checking that it is an even real function.

Considering the FT pair (2.64) and using thedulation ruleof the previous prob-
lem, we obtain

S(f) = ZT[sinc((f — o) T)+sinc((f + fo) T)]

T[sinc(fT —4) +sinc(fT +4)].

NI NI

By inspection we see th& f) is a real and even function.

2.31.%x[Sect. 2.7]Using the rule on the product, prove the relationship

1(t) cos 2tft —F— % 8(F — fo) +3(f + fo) +

1 1
i —fo) im(f+fo)]

The product in the time domain becomes the convolution irfréuency domain.
Keeping in mind that

a(t) = cos(2mfgt) —— A(f):%é(fffo)Jr%é(erfo)
bt) =1(t) — B(f):%é(f)Jr% :
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Then,s(t) = a(t)b(t) has FT

+oo

sH= [ A(f=A)BA)dA
1 e
_ Z/,m [B(f—A — o) S(A) + B(f — A + o) 5(A)] dA

+1 /W (5(F = A — o) e 4 8(f — A + fo) o] A
2 ) Vi2m Oi2m
Finally, we use four times the sifting properfy.’ &(u—A)g(A)dA = g(u), which
gives
1 1
1
1) 2{i2n(ffo)+i2rr(f+fo)

2.32. %% [[Sect. 2.7] Thescale changésee Sect. 6.5) has the following rule
s(at) —— (1/jal) S(f/a)  a#0. (23)

Then, giving as known the pairét2 LN e*"fz, evaluate the Fourier transform of the

Gaussian pulse
A 1/t\2
u(t) = Toro exp{—5(5> } .

We first evaluate the scale factar

2
2 o t 2
e_% (%) —e n(\/fw) :e_n(%) = a=V27ro.

Applying the scale change rule, we get the Fourier pair

Ao _l(L)Z F 22522
e 2\o —— Age .
V2mo

2.33.xx [Sect. 2.7]Evaluate the Fourier transform of the periodic signal

s(t) = repr, rect(%) .

The evaluation of the Fourier coefficients
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1

T, .
S 1 /2 P S(t) efl27mFt dt

:TTJ *%Tp
:i/D/Z o i2mFt gy
TpJ-p/2

gives
Sy =FDsinc(nFD).

Applying the rule (2.67) for a periodic signal rule, we obtai

+Zm F D sinc(nFD) &(f —nF).

n=—oo

2.34.%x[Sect. 2.7]Prove the Fourier pair

triang(%) = rect(zt—D) < - llDl) —7 . D sin@(fD)

where the signal is thigiangular pulseof duration 2D.

We can apply FT definition and integrate by parts, or we caageize thafs(t) is
the convolution of two rectangular pulses. We develop tai®ad possibility, noting
thats(t) = 1/Dxxx(t), where

t
X(t) = rect(6> .
Then, recalling thaX (f) = D sind fD) we obtainS(f) = D sin¢(fD).

2.35.x%x [Sect. 2.7]Consider the decomposition ofeal signal in an even and an odd
components

S(t) = se(t) +So(t) -
Then, prove the relationship

st) —2I-0f), st)——j0f).

For the even part cf(t) we obtain:

Splt) = 5 [5(0)+ (1))~ Z[S(N) +S(-1)].

If s(t) is real, we have the Hermitian symme8{—f) = S*(f). Then
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5 1
Sp(t) —— 3 [S(F)+S(F)]=DS(f).

For the odd part o§(t) we proceed analogously.

2.36.x[Sect. 2.12]Evaluate the Fourier transforms of the discrete signals

(Ao M= =&l _ Ao n=-10,1
s(nT) = {0 otherwise’ (nT) = {0 otherwise

and check tha®, (f) andS;(f) are a) periodic with perio#f, = 1/T, b) real and c) even.

Using definition (2.91b) we get

+oo

Sl(f> — z T S_]_(nT) efizrrfnT — T [AO efiZT[fT +A0 ei2r[f0T] — 2T A) COS(ZTTfT)
n=—o
+o0 .
S(f)= 3 Ts(nT)e M =T Ag+2T Ag cos(2mtfT).
N =—oco

We can see thef () andS(f) have periodm, = 1/T, and are real (as usual we
supposég real) and even.

2.37.%[Sect. 2.12]with the signals of the previous problem check the Parsevaréne
(2.97).

We have to prove that
00 2 f0+Fp 2
Ea= 3 TlamP= [ |s(n)Paf
n=—oo 0
wherefy is arbitrary, and we chooslg = 0. In the time domain
+o00
Eq = z T |51(nT)|2 =2T A%

n=—oo

In the frequency domain, using the result of the previoubler, we get

Fp Fo
/O ISu(f)2 df :/O 4T2 A2 co2(2mfT) df — 2T A

Analogously, we can proceed for the second signal.
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2.38.x[Sect. 2.12]Show the relationship

. g 1 f )
sinc(nkpT) —— — rep:- rect{ — |,
(nFoT) £ e, (FO
illustrated in Fig.2.41 foFgT = % Hint: show that the inverse Fourier transform off$ is

s(nT).

The inverse transform is

3Fp . iR 1.
snT)= [, S(f)e'Z"f”Tdf:/l = 2T gt — sinc(nTHhy) .
—zFp -3k Fo

2.39.%x[Sect. 2.15]Apply the Sampling Theorem to the signal
s(t) =sinc(Ft), teR

with F = 4 kHz.

We have to evaluate the spectral extensiors(bf, that is, the extension d(f).
Recall the rule thag(t) = x?(t) — Y(f) = X+ X(f) and consequently the extensions
are relate ag—By,By) = (—2By,2By). Extending this rule to their powey(t) =
x3(t), we have(—By,By) = (—3By,3Bx). In our cases(t) = sinqFt) has spectral
extension(—3F, F) and hence the extension $f) is (— 3F, 3F). The Sampling
Theorem states that we can samgilg (correctly for the reconstruction) with, =

3F = 12k samples per second.
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Problems of Chapter 3

3.1. x[Sect. 3.2]Check that the additive set of complex numbé&rsis an Abelian group.

It is immediate to verify thatC, +) satisfies to properties required by general defi-
nition of group; particularly the identity element is thengolex number 6-i0.

3.2.x[Sect. 3.2]Prove the relations

Z(2) + Z(4) = Z(2), Z(3)+R=R.

The two relations are particular cases of a general statentieat is, ifJ C K, then
alwaysJ+ K = K. In fact, if j € J, thenj € K and j + K = K, from the group
properties.

3.3. xxx[Sect. 3.2]Prove the relations

Z(3) + Z(5) = Z(1), Z(6)+Z(9) = Z(3) .

We want to prove the relatiofi(3) + Z(5) = Z(1). From the definition of the sum
we obtain:
Z(3)+7Z(5 ={3n+5m|nme Z} .

This set coincides with s@(1) = Z. In fact, every integek can always be expressed
in the form 314 5m, with n andm opportune integers. To proof this, we divide the
integerk by 3. In this way we have to consider three different cases:

k=3n=3n+5-0
k=3n+1=3(n—3)+5-2
k=3n+2=3(n+4)+5-(-2).

Analogously, to provée.(6) + Z(9) = Z(3), we write:
Z(6)+Z(9) ={6n+9Im|nmeZ} ={3(2n+3m) |n,me Z} .

This set coincides with sé&(3). In fact, every integek can always be expressed in
the form 24 3m (by expression 2+ 3m), with n andm opportune integers.
A general result on the sufTy) + Z(T>) is given by Theorem 3.7.



Solutions to problems of Chapter 3 21

3.4.x[Sect. 3.2]Prove the relations

[0,2+Z(2) =R, [0,3)+Z(2)=R.

The proof of[0,2) + Z(2) = R is immediate. In fact, the se{6,2) + m, with me
7(2) from a partition ofR. Analogous is the proof of the second relation.

3.5. x[Sect. 3.2] Verify that C* is an Abelian group, where the operation is the ordinary
multiplication between complex numbers.

If aandb are complex numbers also b is a complex number. The identity ©*
is the complex number % 1+i0. In fact, 1. s= a. Finally, for everya £ 0, we can
find a complex number /g, such thag-1/a= 1.

3.6. %x [Sect. 3.2] Verify that the 2D sefZ} consisting of the integer pai(sn,n), with
m, n both even or both odds a subgroup oRZ.

We limit ourselves to verify the closing property with respw the addition, that is,
for all aandb belonging tdZ3(ds, dz), a-+band belongs t@3(dy,dz) € Z3(dz,dy).

In fact, leta = (mad1, Nadz), b = (Mydh, Npdy) € Z3(dq,dy), thena+b = ((ma +
my) d1, (Na+Np) d2) € Z3(dy,dz). Now for the pairg(ma,na) and (my, ny) we find
four possibilities:(ma, na) even,(my,np) even, etc.. Examining these possibilities
we realize that in all the four cases the integegst my,, Ny + Ny are both even or
both odd; henca+b € Z3(dy,dy).

3.7.%x xx[Sect. 3.3] With reference to representation (3.27), find the correspandi
upper-triangular representatidtint: Use Proposition 3.1.

The normalized lower—triangular and upper—triangulaebdsave respectively the

form
1 0 i c
G'_[b i}’ G“_{o 1}

where 0< b < i and 0< ¢ < i. According to Proposition 3.1, the two matrices must
be related by

Gu=GE=G; {eﬂ 912} (S31)
€1 €x»
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whereE is an integer matrix with déf = +1. Since deG, = detG, =i, in this
case dek = 1.
Explicitly writing (S3.1), we find the conditions

e =i eip==C i(b+921)=0.

[ &

and det = 1 gives the condition

Hence

iexo+bc=1. (S32)

In conclusion, for given,b, the integerc is found as the solution of thieteger
equation(S3.2) under the condition€ ¢ < i.
For instance, with = 5, b = 2 the equation is

5e+2c=1

which has the solution= 3, 5o = —1.

3.8.x[Sect. 3.5] Check that the seA = [0,1) U [6,7) U[12,15) is a cell of R modulo
Z(5).

First we note that the sets

Ac=[0,1)+5k , Bx=[6,7)+5k , Cy=[1215)+5k
respectively withkk = 0, k = —1, k = —2, give a partition of the interva0,5), that
is,

AgUB_1UC 1 = [0,5) .

Then,A = AgUByUCy andA+ 5k, k € Z give a partition ofR. In fact

Foo +oo
U A+5k= [J (AUBUCK)
k=—o k=—o0

+o00 +00

= (J (AUB1UG2)= |J [Bk,5+5k)=R.

k=—o0 k=—00
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3.9. %% [Sect. 3.5]Verify the relationshiflo/Po) + [Po/P) +P =g for Ig =R, Py = Z(2)
andP = Z(10).

From (3.33) one gets
[R/Z(2))+Z(2) =R, [Z(2)/Z(10)) + Z(10) = Z(2) .
Combining the two relations, one obtains

[R/Z(2)) +{[2(2)/2(10) + Z(10))} = [R/Z(2)) +[Z(2)) = R .

3.10.%[Sect. 3.6]Find the periodicity of the continuous signal
s(t) = Ao cos 2tfit + Bg sin 2rtfat, teR

for f1/f, = 3/5 andfy/f, = /2/5.

The signal is

S(t) = Ao cos 2tfit + Bg sin 2rfat 4 s1(t) + (1), teR
where minimum periods of (t) ands,(t) are, respectively

1 1

To=—, To=-+.
pl fj_’ p2 f2

The possible periods akeTy; andh Ty, for all k,h € Z. For f1/f, = 3/5 the mini-
mum common period is
3Tp]_ - 5Tp2

and theperiodicityis Z(3Tp) = Z(5Tp). For f1/ f, = v/2/5 we haveTp; /Ty = 2/v/5
ands; (t) ands,(t) have not a common period and the periodicity becofes

3.11.x %% [Sect. 3.6]Find the periodicity of the discrete signal
s(t) = Ao cos 2tfit + By sin 2rtfat, teZ(2)

for f1 =1/7 andf, = 1/4.

Let
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s(t) = Ag cos 2tfit + By sin 2mfat 4 s1(t) + (1), teZ(2).

The period ofs;(t), interpreted as continuous signal, would be 7, but the gesfo

a signal defined ofi(2) must be a multiple of 2 and so the minimum period is 14.
The period ofsy(t), interpreted as continuous signal, is 4, which is admissildo
for a signal defined ofZ(2). Hence the period of sustit) is 28 and the periodicity
is Z(28).

3.12.x[Sect. 3.6]Find the minimum period of the discrete signal
st) =si(t)S(1), teZ(3d

wheres; (t) has periodlp; =9 ands;(t) has periodly, = 12.

Itis immediate to check tha{t) = s(t) has the same period ef(t), that is, Ty, =
12. The period of a produsft) y(t) is the common period cf; (t) andy(t). Hence,
the period ofs(t) is given by thdeast common multiplef 9 and 12, that is, 36.

3.13.xx [Sect. 3.8] Verify that any logarithmic function, lqg is an isomorphism from
(Rp,-) onto (R, +).

According to Definition 3.3 it is sufficient to note that
at) =logy(t) :Rp— R

is aninvertible map In fact, the inverse map is
al(uy=b":R—Rp

for everypositive real b

3.14.% % x[Sect. 3.9] Prove that ifG; e G, are both subgroups of a gro@ the sum
G1 + G2 and theintersection G N G are subgroups db.

The unionG; U G; is not a group, in general, as we can check for the @ai= Z(5)
andG; = Z(3).

We limit ourself to verify, in both cases, the closing prdfes with respect to the
group operationt-.

LetD=G1+ Gy ={a+blac Gy, be Gy}. Consideredy + by, ap+by € D,
with a;,ap € G1 andby, by € Go. Then



Solutions to problems of Chapter 3 25

(a1+ bl) + (a2+b2) = (a1+a2) + (b1—|— bz) eb
sincea; +ax € Gy eb; +hy € Gy.
LetGi1NGy, ={alac Gy, ac Gy} and letag,ap € G1 NGy, with ag,a € G1
andaz,a; € G, we obtain

a;+ay e Gy, a;+a € Gy

and hencey +ax € G1NGy.

3.15.xx [Sect. 3.9]Evaluate
Z(T1) NZ(T2) N Z(T3) and  Z(Ty)+7Z(T2) + Z(Ta)

for Ty = 0.018, T, = 0.039, T3 = 0.045.

We first find a common submultiple @1, T,, T3, which is given byTg = 0.001. Then
Z(Ty) =Z(18To),  Z(To) =7Z(39To),  Z(Ts) = Z(45To).
From (3.72a) we obtaif(T1) N Z(T,) = Z(234Tp) and
(Z(T2) NZ(T2)) NZ(T3) = Z(1170Tp) = Z(1.17) .
From (3.72b) we obtaifl(T;) + Z(T2) = Z(3Tp) and

(Z(Ty) + Z(T2)) + Z(T3) = Z(3To) = Z(0.003) .

3.16.%x [Sect. 3.9]Reconsider Problem 3.13 and Problem 3.14 using Theorem 3.7.

The application of Theorem 3.7 to Problem 3.13 states tlegbéiniodT,, is obtained
by solving the equation

Z(Tp) = Z(Tp1) N Z(Tp2) -

In the specific case, witfp = 1/ f1, for f1/f, = 3/5, the equation is
Z(Tp) =Z(To)NZ (2 To) =Z(3To) .

For f1/f, = v/2/5 we find
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Z(Ty) = Z(To) NZ (‘f To> = {0}.

Analogously in Problem 3.14 we obtain
Z(Tp) = Z(2)NZ(T) N Z(4) = Z(28)
whereZ(2) is inserted to impose that the periodicity of a signalZd) must be a

subgroup ofZ(2).

3.17.x %% [Sect. 3.9]Find the periodicity of the discrete sinusoid
s(t) = A cos(2mtfot + ¢o),  t e Z(T)

consideringfp as a parameter.

Let To = 1/ fop be the period of the corresponding continuous signal. Themperi-
odicity of the discrete signal is given by

Z(Tp) = Z(To) NZ(T) .

So, if T/To =T fy is rational, we lefl /To = N1 /Ny, with N; andN, coprime. Then
we obtainZ(Ty) = Z(NoT) = Z(N1To). If T /T is irrational, therZ(Tp) = {0} and
the signal is aperiodic.
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Problems of Chapter 4

4.1.x[Sect. 4.1] Explicitly write (4.12a) withlp = R andP = Z(T,) and (4.12b) with
lo=R, P=Z(Ty) andPy = Z(}T). Then, combine these formulas.

Equation

/|o dt s(t) = /IO/P du pgp s(u—p)

with lg = R andP = Z(T,) becomes

+o00 Tp +00
/W s(t)dt:/o T su—KT)dt.

k=—o0

The latter equation can be proved by partitioniRgnto the intervalskTy, (k+
1Tp), ke Z.
Equation

dt s(t) = / du s(u—p)
lo/P lo/Po pg[%/P)

with Ip = R andP = Z(Ty) andP, = Z(3T,) becomes

Tp Tp/3
/ s(t)dt:/ Z s(u—p)du
0 0 P<{0.3Tp. 5T} (S41)
To/3
- /O [s(u) +S(u— 1Tp) + s(u— 2T,)] dit

where[Py/P) = {0,1Tp, £T,}. In this case we assume theft) has periodT, and
we partition the interval0, Tp) into [0, 3Tp), [3Tp, $Tp) and[5Tp, Tp). Hence

T i1 27, T
/"s(t)olt:/3 ps(t)o|t+/3 ps(t)o|t+/ " st)dt
0 0 3o Tp

and with a change of variable we obtain (S4.1).
Note that the signad(u) + s(u— %Tp) +s(u— %Tp) becomes periodic of period
1Tp and then its formulation ofy/Py = R/Z(3Ty) is correct.

4.2. %« [Sect. 4.1]Explicitly write the multirate identity (4.13) withy = Z andP = Z(5).
Then, prove the identity in the general case starting from2§4.1
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With 1o = Z and P = Z(5), the cell[lp/P) = {0,1,2,3,4} has cardinalityN = 5.
Then the multirate identity

[ st) = = F [ dustu+p) (S42)
lo N o) /P
becomes
+00
3 sm=g z / du s(u-+ p)
4
} 5s(u+ p)
5p=0u€Z(5
= Z Z S(5k+p) .
—=0k=—00

In the latter summation, the signal values are summed sepamver the sets
Z(5),Z(5)+1,...,7Z(5) + 4 and then the 5 sums are combined.

To prove relation (S4.2) in general, we note thatand P are lattices. Then,
(4.12b)ecomes

/dts d(Io) pgps(u—p)
- 3 dw ) [, ¢p -]

where dlp)/d(P) = 1/N. Then the multirate identity follows, considering that the
integrals ofs(u) and ofs(u— p) coincides for the property of the Haar integral (see

(4.2)).

4.3.x[Sect. 4.2] Show that the ordinary integral ov& verifies the general properties
of the Haar integral.

The check is immediate. For instance, the property

/+°° S(t+to) dt = /w s(t’) dt/

—00 J —00

is obtained with the change of varialtfe=t +to.
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4.4. x[Sect. 4.2] Show that the Haar integral ovgl(T) verifies the general properties
of the Haar integral.

The Haar integral oveL(T) is given by

dt s(t T 9nT)
/Z(T) n:z—oo

and clearly it is a linear functional. Moreover the otherpmdies

ZTS( nT) = ZTs(mT
+ZOOTsz(nT kT) = ZTs(mT ,

n=—o m=—oo

can be proved by an index change.

4.5. % xx [Sect. 4.3] Prove the identity

oo T, +®
[w s(t)dt:/o S st-nT)dt

which is a particular case of (4.12a) figr= R andP = Z(Tp).

It results

Tp
S{t—nT,) dt = / S{t—nT,) dt

With the change of variable— nT = u, one gets

S [Pstontydi= 5 [ P sudu= [ st dt
Z 0 P n:zoo

n=—o —nTp —c0

where we have considered that the sequence of intdrvalf , —nTp+Tp), NE€ Z,
forms apartition of R.

4.6. % [Sect. 4.3] Using (4.6), explicitly write the integral of a signéh,t,), € R x
7(d). Then, evaluate the integral of the sigséi, tp) = e (@) fort;,t, > 0 ands(ty, tp) =
0 elsewhere.
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It results

+00 —+
| — / dt; / dt S(t, to) — / [ ds(tl,nd)] dts .
R Z(d) —® | n=—o

The signal isseparableass(ts,t2) = si(t1) S2(t2) and therefore

+oo +oo
|:L sty dud 5 s(nd)

n=—oo

z/ e dt;d Z)e*“d =11l
0 L
where -
|1:/ el di; =1
0
1

I, = Z)e*“d: Z(e*d)”: — .
e e 1-—ed

4.7.%%x[Sect. 4.5]Prove that the inner product of an even real signal and an add re
signal onZ(T)/Z(NT) is zero.Hint: consider the casé$ even and\ odd separately.

Letx(t), y(t),t € Z(T)/Z(NT), wherex(nT) is real and even ang{nT) is real and
odd. Then their inner product is given by

09 = [ SOV

ForN = 2M + 1 odd, we can choose as cell of integrationMT,...,0,...,MT}.
Hence

M M
xy=T 3% X(nT)y(nT):T{X(O)V(OH > [X(nT)y(nT)+X(—nT)y(—nT)]}
n=-M n=—Mm

wherey(0) = 0, x(—nT)y(—nT) = —x(nT)y(nT). Hence,(x,y) = 0.

ForN = 2M we choose the cefl—(M — 1)T,...,0,...,MT}. Note thaty(0) =
0, but alsoy(MT) = 0. In fact, for the periodicityy(MT) = y(MT — 2MT) =
y(—MT) = —y(MT). Then proceeding as in the case dfodd, we prove that

(xy)=0.
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4.8. %+ [Sect. 4.5] The abstract definition of thedjoint of an operatoi is formulated
through the inner product as an operafor such that

(LPy) = 6 L), Wxyela(l). (S43)

It can be shown that this condition uniquely defihé from £ [7].
Prove condition (S4.3) through the kernels, where the kerh&l* is given by (4.47).

Let h(t,u) be the kernel of. Then, the first inner product is explicitly

(LX) = /Idt {/Idu h(t,u)x(u)} Vi(t) .

The second inner product is

(%L y]) :/Idt X(t) {/ldu h*(t,u)y(t)}* .

The equality follows after use of (4.47) and interchandingith u in the second
inner product.

4.9. %% [Sect. 4.5]Prove that the operatose = 3(J+J_) andLo = 3(J—J_) are
idempotent and orthogonal to each other.

The square ofg is given by
LE=3(P+72+79_+73)

where, considering the meaniritf,=J, 72 = J, andJJ_ = J_. Hence L2 = Lg
and analogously]% = Lo. The proof of the orthogonality,g Lo = 0, is similar.

4.10.xx [Sect. 4.5] Prove the identity of the inner productlin(l)
(L[x, KIX]) = (x, L7 KIx])

whereL andX are arbitrary operators dmp(1) and £* is the adjoint ofC. Hint: use the
abstract definition of the adjoint reported in Problem 4.8.

The abstract definition of adjoint is (see Problem 4.8)

(LI,y) = (6 L7) -
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With y = K[x] we obtain the identity.

4.11.x[Sect. 4.6] Show that class (4.55) consists of orthogonal functions.

The check is based on propertyNth root of the unity and explicitly

N—-1 ei2r[mk/N _i2mmk/N N-1 eizrr(mfn)/N k ]__ei2rr(m—n)
k; ¢ ZKZO{ } :m207 m#n'

4.12.xx [[Sect. 4.6] Show the orthogonality of the cardinal functions (4.54).

The check in time domain is difficult. In the frequency domaim can use the Par-
seval Theorem (see Sect.5.7), which gives

[ lt) vo(t) = [ Fu(F) ()
| |

wherelm(f) is the Fourier transform ofin(t)

ym(t) 7, Im(f) :% rect(li) e—i2nmf/F7 feR.

By evaluating the second integral we obtain

1 . 1

E sinc(m—n) = E Omn
and this proves the orthogonality.

4.13.xx [Sect. 4.6] Show that cross—energies verify the inequality

0 < Exy Eyx < ExEy .

Let Exy = (x,y) be the inner product of(t) andy(t), t € I. Then
Exy Eyx= [Exy|* > 0.
Next, from the Schwartz inequality (4.41) one gets

Exy Ep= [(%Y)]? < [IXII? [lyll* = Ex Ey
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where the equality holds if and only if the signalandy are proportional.

4.14.x %% [Sect. 4.6]Using the inequality for complex numbers
|z+Z| < 2|7 (S44)

prove the Schwartz—Gabor inequality (4.42). Note that #h4Bthe equality holds if is
real.

Using the norm and inner—product notations, we have to pittate
(%, Y) + (31> < 4l|x][[ly]f? - (545)

In fact, using (S4.4)
[%,Y) + (%, <2(x,y) - (S46)

Hence, using the Schwartz inequality in (S4.6)
(¥ 1% < [IX[lylI? (S47)

we obtain (S4.5). The equality holds in (S4.6)x{y) is real and in (4.7) if/(t) =
K x(t). Combination of these two conditions state tias real.

4.15.x[Sect. 4.6] Formulate a basis on a finite grolfy P starting from the impulse
O /p-

If I =K/Pis afinite group, the impulse is given by

ar= {5 1ok (s48)

and has periodicity?. Then using (S4.8) we see by inspection that the functions

O /p(t—u), ue [K/P) (S4.9)

form an orthogonal basis for the cldsgK/P).

4.16.xx [Sect. 4.8]Find the extension and duration of the signal

iy t—nTp)
X(t) = rect , te R/Z(T,
0= 5 et 2(Ty)

whered is a positive real number. Discuss the result as a functieh of
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The extension of thath term is
&= (—3dTp—nTp, 3dTy+nTy) = +nTp
whereey = (—3dT,, 3dTy). Then, the extension oft) is the periodic interval
&) = &0+ ZU(Ty)

Ford < 1 the intervals are disjoint. Fat> 1 the intervals overlap are[x) = R.

4.17.x[Sect. 4.9]Prove the following relations for the minimal extension of theguct
and the sum of two signals

€o(xy) = en(X) Nen(y),
eo(X+Y) C ep(x) Uen(y) -

We recall that theminimal extensiomf a signals(t), t € | is given by thesupport
of s(t), that is, the setp(s) = {t € | | S(t) # 0}. Then, the first relation follows
from the fact thats(t) = x(t)y(t) # 0, if and only if bothx(t) # 0 andy(t) # 0.
The second is proved by noting thatxft) = 0 and yt) = O for a givent, then
S(t) = x(t) +y(t) = 0. Then, for the complemem of the minimal extension we
have

&(X+Y) D& (x) UB(Y) -

4.18.xx [Sect. 4.9] The signalx(t) andy(t), defined onR/Z(10), have the following
extensions
e(x) =[0,1) +7Z(10), e(y) =1[0,2) +7Z(10) .

Find the extension of their convolution.

From (4.72) it results
e(xxy) =[0,3) +Z(10)

4.19.xx[Sect. 4.9] Consider theself-convolution &) = xx X(t), t € R/Z(Ty) of the
signal

X(t) = E’ rect(t_d_:;rp), t € R/Z(Tp) -

n=—oo

Find the extension as a function of the paramdter
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We have found that the extension efx) is given by ey + Z(Tp), whereEg =
(—%dTp, %dTp). Then, applying the rule on the extension of convolution

e(s) =e(X) +e(x) = [eo + Z(Tp)] + [€0 + Z(Tp)]
=(e0+€o) +Z(Tp)
whereeg + ey = (—dTp,dT,). Hence,
&(s) = [~dTp, dTp] +Z(Tp)
Clearly, ford > % it resultse(s) = R.
4.20.xx [Sect. 4.13]Prove that (4.122), wher®; form a system oM orthogonal pro-

jectors, defines akl—ary reflector, that is an operator with the propeBY = J. Hint: first
evaluateB? using the orthogonality of th®;, then evaluaté3® = B2 B, etc.

We first evaluaté3?, which is given by
B2 _ Mil PPy, ) = MZ:Ti W, 2
i,7=0 =
where we have used the propertigsP; = §; P? = & Pi. Analogously
B3 _R2p MilTi P, @) = Mz)lg;i w3
i,7=0 =

Proceeding in this way we obtain
M-1 . M-1
BM = %:Piw“;”“ = %:Pi =7
i= i=

whereW,\;'\’Ii = 1 and we have used the second of (4.118).
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Problems of Chapter 5

5.1.x[Sect. 5.2] Write and prove the orthogonality conditions (5.11) for=
Z(T)/Z(NT).

Considering that
| = Z(T)/Z(Ty) , | = Z(F)/Z(Fp) with To=NT,F=1/T,, F,=NF

and lettingt = nT and f = kF, the orthogonality conditions (5.11) become
"o T g2nkN
Z}T 2N = &, 12y (KF)
n=

N-1
> F 2N = &) 1)z (NT) .
o

Next, recalling that

NT ke Z(N)
O2F)/zNF) (KF) = {0 k¢ Z(N)
it is sufficient to prove the relation
N-1 d2TKON _ {N ke Z(N)
n; 0 k¢ Z(N) .

Now, if k is multiple of N, all the summation terms are unitary and their sum gives
N. If kis not a multiple ofN, we can use the identity

N-1 "
&

which gives 0 forz = &27%"N_The proof of the second relation is similar.

1-AN
1-z°
5.2.x[Sect. 5.3]Show that the 1D LCA groups @&, i.e.,R, Z(T) andO), verify relation

(5.21).

The check is an immediate consequence of (5.30). For instammnsidering that
Z(T) C R, whereZ(T)* = Z(4) andR* = O, it follows thatZ(T)* > R*.
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5.3.xx[Sect. 5.3]Starting from the general definition (5.18) of reciprocabye relation
(5.21).

We have to prove that, K C J, thenK* > J* with

Kr={f|fteZ, vteK}

JF={f|fteZ , vted}={f|fteZ,VteKandvt € (J\K)},
whereJ\K denotes the set of the poinighat do not belong t&. Hence

foed* <« foteZ,viteK andVvte (J\K)
= fotecZ,VtecK <+ fyeK*.

5.4.x0[Sect. 5.3]Find the reciprocals of the following groups
R+Z(2), Z(6)+Z(15), Z(12NZ(40), ONZ(3).

From (3.72) and (5.30) one gets
R+Z(2) =R -0
Z(6)+7Z(15) =7Z(3) —— Z(1/3)
7,(12) N 7,(40) = 7Z(120) —— 7(1/120)
0ONZRB) =0 —~ > R.

5.5. xx x[Sect. 5.3] Prove that twaationally comparablegroups] andK satisfy the
relations
(J+K)*=J"nK*, @NK)* =J"+K*.

In the class of the groups & the reciprocal is given by (5.30). Then, for the relation
(J+K)* =JI*nK* we find

foG(J-l—K)* fotGZ,VtE(J-f—K)
fotr + foto € Z , Vi1 € J, Vi, € K
fotr € Z,Vt1€J and fotr, € Z , Vi, e K

fo e (J*NK*).

1ot
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The second relation is obtained by applying the first refetthe paird* e K*. In
fact
(J+K)* =) NnK)*=InK

hence
JNK)*=J"+K*.

For the multidimensional groups &™ the proof is similar. Recall that in theD
case the produdit meansfit; + - - + fmtm.

5.6.xx[Sect. 5.4]For anyn € Z, find the result of the application of the operafst on
asignals(t), t € I (3" denotesh applications of the operatdf).

From the graph (5.36) we have
Ft=3, =7, F=7, F=7

where

e Jis theidentityoperator,
« J_ is thereflectoroperator, giving the reverse sigrsgh-t),
e J_ givesthe reverse F§—f).

For ¥° we find ¥*F = JF = 7, etc. For a generin € Z we can use the periodicity
ofperiod4,e.0.5 =F=F,F ' =F 8F =7,

5.7.x[Sect. 5.5]Prove Rule 11a of Tab. 5.2 using Rule 10a.

Assume as known the rule on convolution (Rule 6a of Tab. 312¢n, Rule 11a
Xy" (1) —— X(f) F{y' (~1)}
can be proved as follows. The FT yf(—t) is given by (see Rule 4b)
Fy (-0} = [dty (0 e @ [ary-net) —ve(r).
[ [

Hence Rule 11a
Xxy* (1) —— X () Y*(f)

is proved.
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5.8. [Sect. 5.5] Write the Poisson summation formula witk= Z(To), U = Z(NTo) and
P=0.

The general formula (5.46) requires to specify the grdgpgdy andP and the cor-
responding reciprocals. In the specific case we have

|o:Z(T0), Uo:Z(NTo), P:Z(OO):@

and
1

G-z, U-z(gR). PR (R-1T.

Therefore the arguments of the summations are
u=nNTo € Z(NT), A =kF e Z(F)/Z(FRy) withF =Fy/N
and considering that(dlp) = NTo, we obtain
+o0

N-1
= k
NTo E s(NNTp) k:§ S(kF)

n=—oo

where the signad(t) is defined inZ(To) and the transforn®( f) onR/Z(Fy).

5.9.xx[Sect. 5.5]Evaluate the sum of the series

S Traw

using Poisson’s formula (5.4@)lint: considers(t) = exp(—a [t]), t € R as the signal.

Relation (5.46) states the equality between the sum of twieselhen, if we are
not able to calculate the first one, we try to calculate thes@éone, or vice versa.
Now, using the Fourier pair

_ealtl T gy ___ 20
st)=e S = 2 niy
the Poisson formula gives
400 + +00
S TedT= Y a z:E > %
Lo W 0%+ (21KF,) a &, 1+b%k

whereb = 2miFp/a.
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The last summation is of very difficult evaluation, while first is easy because
it is related to the geometric series. We get

00 00 1
aT (25 e 1| =2(2YyY ——~ -1

whereaT = 2m/b. Hence, recalling thaf,,_, A" = 1/(1—A), for |A] < 1, one
obtains

1 _m( 2 N1
k;) 1+b2k2  4b \ 1—exp(—2m/b) 2

5.10.x[Sect. 5.5] Evaluate the Fourier transform of a periodic signal definedkon
instead ofR /Z(Tp), starting from its Fourier series expansion.

See Chap. 2, eq. (2.67). In alternative, observe thaRarn R/Z(T,) down-—
periodization is involved and apply the Duality Theorem &fa@. 6.

5.11.x[Sect. 5.6]Find the symmetries of the signal

st)=i2rt 1(t) e ™, teR.

Considering the presence of step function, even, odd, Hiemand anti—-Hermitian
symmetry are excluded. Then, we consider real and imagsyarynetries. Letting
o = a+ib, the signal is written in the form

s(t) = i2mt 1(t)e*[cogbt) +isin(bt)]
— 2t 1(t)e™ sin(bt) + 27t 1(t)e* cogbt)

and we see that the signal becoimaginarywhenb = 0.

5.12.%x[Sect. 5.6]Decompose the signal of the previous problem into symmetric com-
ponents, according to Symmetries 1, 2 and 3.

Symmetries 1
{S(t)+$(—t)} —int sgrt e

{s(t) — s(—t)} =inte
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where sgi) is the signum function. Symmetries 2  Letting=a+ib

0 s(t)] = % [s0) +5'(0)] = 2 1(t) & * sin bt)
i0[s(t)] = % [s(t) —s*(t)} —i2mt 1(t) e cos(bt) .
Symmetries 3
$(t) = 3 [s) +5'(-0)] = im et
San(t) = % [s(t) fs*(ft)] —int ealt-ibt sgn(t) .

5.13.% % x [Sect. 5.6] Decompose the signal

s(t) = sinay (t;—t") ., teRJL(5T,),N=5
p

into even and odd componenss(t) andsy(t).

5.14 . x x[J[Sect. 5.6] Calculate the Fourier transforms of the signs(ls, s.(t) and
So(t) of the previous problem. Then, check that they verify theesponding symmetries,
e.g.,S(f) must be real and even.

Assume as known the pair
sing <'IE) , t e R/Z(5Tp) AN Tp rect(Tpf) , f € Z(F)
p

where 3T, = 1. Then we get

s(t) = sing (t_—rto) AN S(f) =Tp rect(fTp) g 127ttt , feZ(F)
p



42 Solutions to problems of Chapter 5
whereS(f) has the Hermitian symmetry. Moreover
1 . )
s) —To S(f)= 5Ty rect(Tpf) [ 2o+ g27Me)
= Tp rect(Tpf) cos(2mfty) , f € Z(F)
whereS;(f) is real and even. Analogously

St) ——  S(f) =iT, rect(Tyf) sin(2mfty) , f € Z(F)

whereS,(f) is imaginary and odd.

5.15.%[Sect. 5.7]Prove the following rule on the extension of the correlation

&(Cxy) = e(x) + [—e(y)] -

We recall that the correlatiotyy(t) is equal to the convolution of with y* , where
y_ is the reverse version of, that is,y_(t) = y(—t) (see (5.56). Then, the rule
follows from the rule on the extension of the convolution.

5.16.xx [Sect. 5.7] Compute the correlation of the signals

X(t) = Ao rect((t/T)) , y(t) = Bo exp(—|t]|/T) , teR.

Using definition (5.56) one gets

—00

oM = [ xu-1y ()

wherey(t) is real and even. Then

+o0 _ _
Cy(T) = Boexp<T|u> Aorect<TTu> du.

Subdividing the integral appropriately, one gets

T+3T
CiAmen(d) d o
Cxy(T) = fro,:th AoBoexp(¥) du+f0”?T AoBoexp(—¥) du —IT<T<3T
fTOf%T AoBoexp(—¥) du T>3T.

Finally, the explicit evaluation gives
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||
ny(T) = {Zexp(—T) AOBOTl(%)T |T| 2 %T
2A0BoT[1—exp(—3) ()] Tl <35T.

5.17.% xx[Sect. 5.7] Calculate the energy spectral density of the two signals of the
previous problem and verify their symmetries.

The Fourier transforms of the signals are respectively

. 2BoT
Then, using (5.59), one gets
. 2A0BoT?
Cy(f) = X(F)Y*(f) = W;ﬂ)?smm) .

Considering the symmetry rules of Tab. 5.3, we find that tls<spectral density
Cxy(T) isreal andeven

5.18.x[Sect. 5.8] Show that by substituting the expressionSpfgiven by the first of
(5.70) in in the second, we actually obtain

To avoid a conflict in symbolism, we rewrite the inverse FT7(h) as

.1 N-1 "
P
Then, replacing the equation §f given by (5.70a), one gets
) N—1 N—1 vk LN ONZL
TN 2y & TN 2 2

where the last summation givdsfor n = mand 0 forn # m, that is,N o, Hence

Sn= isnénmzsrm
n=0
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5.19.4xx [Sect. 5.8]Starting from (5.65) we can “prove” thatl continuous—time signals
are constant valuedndeed

) Nt
e|2rrft _ <e|2rr) _ 1ft =1
Therefore o
s(t):/ S(f)df —areqs) 1

Try to explain this paradox.

The mistake is in the first passage. In fa= 1 if and only ifa € Z, whereas in
the exponentiaft € R.

5.20.x[Sect. 5.8]Calculate the Fourier transform of the signal
te®1t), tcR,a>0

and then apply the Symmetry Rule.

Integrating by parts one gets

00 ) 1
f :/ te—(a+|2rrf)t _
s = |

=y <R

Then the application of Symmetry Rule (5.37) yields

5.21.xx [Sect. 5.8] Calculate the Fourier transform of the discrete signal
et tez(T),a>0

and then apply the Symmetry Rule.

We apply the definition of FT oh= Z(T), which is given by a summation. Then,
we subdivide the summation in such a way that the obsolete\wcomes explicit,
we get

S(f) _ z T efomT efi2r[fnT + z T eanT e7i27rfnT.
n=

n=—oo



Solutions to problems of Chapter 5 45

Then, the substitutiorg = e~ 9T 2T gndz, = eaT-127T give

S(f):zTil‘+niT22”—T.

Considering the sum of the geometric series, one obtain

T +L7T7T 179_2(11—
1-z 1-z! = 1-2e9Tcos2tfT e 20T’ (S51)

feR/Z(Fy),  Fp=1/T.

f) =

Note that the two series are convergent becansgz| < 1. Hence, we have ob-
tained the Fourier pair

sty=e M tezT) —Io 1), feR/Z(F)

with §(f) given by (5.1). The symmetric pair &t), t € R/Z(Fp)

St), teR/Z(Fy) —— s(—f), feZ(T)

with S(t) given by (S5.1) and(—f) = e lfl.

Remark. In general, after the application of the Symmetry Rule itaewenient to
change some symbols. In the specific case, in the symmetrithpaignal domain
turns out to beR /Z(Fp), which is a symbol consolidated for the frequency domain
and it will be convenient to repladg, with Tp,.

5.22.%x[Sect. 5.8] Referring to 3. of Tab. 5.4, define tltempatibility conditionof a
sinusoidal signal on the domai$T) andZ(T)/Z(NT). In particular, determine in which
domains the frequencf = %5 + is compatible.

The discrete signal(t) = cos(2mfot),t € Z(T) is periodicif fo T = T /Tp is rational,
To = 1/ fo being the period of the continuous sinusoids. Only in thiedae signal
can be represented on the proper quotient gio(p) /Z(NT). If foT is irrational,
the representation must be doneZiT).

WhenT /Ty is rational, the minimum periodp, is given by theleast common
multiple betweenly andT, as stated by

Z(Tp) = Z(To) N Z(T) . (352)
In the specific case wherfg = 45 + one finds

Z(Tp) =Z(BT)nz(T)
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whose solution iF, = 39T.
In conclusion, no compatibility is required for the repnesgion onZ(T), while
onZ(T)/Z(Ty) the periodT, must be chosen according to (S5.2).

5.23.x[Sect. 5.8] Starting from the Fourier pair (5.73), evaluate the Foutri@nsform
of the even and odd parts sft). Note in particular thae(t) = %exp(fa|t|).

The pair is

s(t):l(t)e*“t,teRLS(f):ﬁlzm” feR.

Considering the rulg(—t) -, S(—f), for the even part we find

1 1
Selt) = 5 [s(t) + ()] —— S(f) = S[S(F) + (- 1)]
and hence
1 1 1 1 a
SN =38 +S=01=3 | grzmr T a—iznt T aZy(2nf)2”
Analogously for the odd part we find
1 1 1 1 i2mtf
S =380 -S=NHl=3 a+i2nfa—i2rrf}az+(2rrf)2'

5.24.%x[Sect. 5.8]Evaluate the area of the signal

s(t) = Ao sinc(Fot) , teR.

The evaluation in the time domain requires to use tablestefmls, whereas in the
frequency domain it is immediate using the rule ggpa= S(0)

aregs) = §0) = % rect<|:f0> o % .

5.25.x[Sect. 5.8] Evaluate the Fourier transform of tiesen partandodd partof the
signal
st)=1t)te ™, teR,a>0.
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We start from the Fourier pair

F 1

_ —at
st)y=1t)te ™, teR ariont feR.
Then, from (5.53) one gets
F a F —i2mf
() a2 +4m?f2’ () aZ+4m?f2’

Remark. This problem is identical to Problem 5.23, but the solutiotoivs a
different approach.

5.26.%[Sect. 5.8] Evaluate amplitude and phase of the Fourier transform of thelsign

si(t) = Ao rect(?) ,tER, S(t) = Ao repg {rect(%)] ,t € R/Z(10) .

The Fourier pairs are

_ t—to F Ao (FN o
Sl(t)—AOreCt< T > ——S(f)=% S|nc<F>e 0
1

teR F= T feR
solt) = o rep (%) | 2 su() — 3m0 sinea) e 4
t € R/Z(10) f €2(1/10) .
The amplitude and the phase of the FTs are given by

SL(F)| = (Ao/F) [sinc(f/F)|,  arg[Si(f)] = —2mfto+a(f)
S2(f)[ = 3A0 [ sinc(3f)| o arg[S(F)] = —4nf + B(f)

wherea (f) =0 for sind f/F) > 0 anda () = mfor sinq f /F) < 0. Hence

a(f):{% 1€ (OF) +Z5(2F)} U{(-F.0)+ 2, (2F))

whereZ] (2F) = {0,2F,4F,...} andZg (2F) = {...,—4F,—2F,0}. Analogously,
one gets the phag#( f) (given bya(f) for F = %).
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5.27.%x[Sect. 5.8] Evaluate the Fourier transform of the signal
s(t) =rect(t/T) sin 2mfot, teR

in two different ways: 1) using Rule 6b and 2) using the Euler fdamand then Rule 5b.

The signak(t) is given by the product of the signals

X(t) = rect(%) , y(t) = sin(2mfot)

whose FTs are respectively

1

X(f)=T sinc(T f) and Y(f):j

[8(F = fo) — &( + fo)] -
From the rule on convolution in the frequency domain (6b df. T2) one gets
S(F) = X+ Y(f) :/Id/\ XA Y(f—A).
After a single substitution, the use sifting propertyof the impulse gives
S(f) = %{sinc[T(f — fo)] - sinc[T(f + fo)]} .

The generalization of this result is

S(t) = x(t) sin(2mfgt) —— S(f) = % X(f—fo) = X(f+ fo)] .

However, the evaluation through Eulero’s formulas is senplsing the rule

s(t) 2ot — gt — fy) .

5.28.x[Sect. 5.8] Write Parseval's theorem in the cdse Z(T)/Z(10T).

Considering that

| = 2(T)/Z(10T) 225 = 7(F)/Z(10F),  F =1/(10T).

Parseval’'s theorem (5.43)
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2 _ 2
Jatist = [af s,
becomes . .
> TSN = 3 FISKE).

5.29.x[Sect. 5.8] Write decomposition (5.77) for the causal exponential signal

st)=1t) e ¥, teR.

First, we write the Fourier pair

_ 3t F _ 1
st)y=1t) e >, teR — S(f)_3+i2r[f’fER

Then, note that a singularity at the origin is not presenttheadlecomposition gives
1
V9+ 42’
S = / S(f)df =0.

{0}

IS(f)| = As(f) = arg[S(f)]:Bs(f):—arctanénf

Hence, (5.77) becomes

cos|2mft — arctang mif | df, teR.

+o0 2
st :/ __c
®) Jor \/9+4m2f2 3

5.30.%x [Sect. 5.8] Write decomposition (5.77) for the signal

st)=5+1(t) e, teR.

The problem is very similar to the previous one, but in thisecéhe FT has an
impulse at the origin

F 1

— —3t -
s(t)=5+1t)e ™, teR —— gf) 55(f)+3+i2nf’f€R'

Then
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1 2
AS(f):Sé(f)"’_\/Wa Bs(f):—arctané if

S= [ sifdi=5.
{0}
and decomposition (5.77) gives

Foo 2 2
—_— cos{ant — arctan§ rof | df | teR.

S(t) =5+
(®) Jor \/9+4m2f2

5.31.%x[Sect. 5.8] Write decomposition (5.77) for the discrete signal

sinT)=2+(1/3)", nTezT).

The domains are

Now, on the quotient group= R/Z(Tp) the decomposition (5.74) requires a choice
of a cellP. With the choiceP = [—3 Fp, 3 Fp) one gets

iz={0}, T=(03F), 1-=(-3F0).

The corresponding decomposition, given by (5.77), results

S(t) = sﬁ/OjFp 2AS(f) cos2mft + Bs(f) df,  tez(T)

where

= f)df
o=/, 80

takes into account a possible impulsefat 0. For the evaluation of the FT it is
required a preliminary decomposition of the signal in therfa(t) = sp(t) +s1(t),
whereso(t) =5 — S(f) =50z, (f), and

Si(f) = Jf T <1)n gi2nfnT 7 4 g2nfT
3 Y

N=—o0

s 1 -n 00 1 n 1 1
=T A Zn+T () Zin—T:T -+ -1
nzo(3> nZo 3 1-3z 1-1z1

HenceS = 5, while for f € (0, +) one gets
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As(F)=IS(f)=Is(f)l,  Bs(f) =argS(f) =argS(f).

The evaluation of the amplitude and phase is long and tedious

5.32.%x[Sect. 5.8]Show that on the discrete domaiT) the signako(nT) = 2, with
za complex constant, is a filter eigenfunction.

The input—output relation of filters dA(T) is
+00 ~+o0
y(nT) = Z Tg(nNT —mT)x(mT) = Z TgkT)x(nT —KT).
m=—oo

k=—0c0

The input signak(nT) = 2" gives

YT = 3 TokT)Z k= 26(2).
k=—00
where .
@)= 5 Tgkmz*. (S53)
k=—00

In conclusion, one gets the respoyseT ) = G(2) xo(nT) and thereforeg(nT) =
Z"is an eigenfunction with eigenval@z). As we shall see in Chap.11, the function
G(z) is thez—transfornof the impulse response.

5.33.x[Sect. 5.8] Explain why sinusoids are not filter eigenfunctions, althoughre-
sponse to a sinusoid is still a sinusoid.

The response ofreal filter with frequency respons&(f) to the signalx(t) =
Ag cos(2mfot + ¢o) is (see Sect. 2.8)

y(t) = Ao |G(fo) cos(anot+¢o+argG(fo)) .

Hence, the condition of proportionality(t) = A x(t) is not verified. Ultimately,
this is due to the fact that a sine sigrsétl) is not separable that is,As(t — u) #

S(t) s(—u).

5.34.% x x[Sect. 5.8] Show that in the case of a continuous sigs@), t € R, the
constant term in the composition (5.77) is given by the so caltedinuous componefgee
Sect.2.1)
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[i Lo
S):T@oo E T S(t)dta

provided that the limit exists and is finite.

Suppose that the limit

T—o0

= lim — . d
K= li
exists withK finite. T hen,s(t) can be expressed as
T

S(t)=K+v(t),teR where lim 3 v(t)dt=0.
T—w 2T -T

Hence, in the frequency domain we h&{d) = K 8(f) +V(f), with f € R, where
V() does not contain an impulse fi= 0. Then

[ sf)df=k.
o=/, 80

5.35.%[Sect. 5.8] Write decomposition (5.74) in the cake= R/Z(T,) and then write
the signal decomposition (5.77).

For signals defined oR /Z(Tp) the frequency domain 5= Z(F) with F = 1/T,.
Then, decomposition (5.74) gives

I,={0}, I, ={F2F3F...}
and (5.77) becomes
St) =S+ i 2F A(nF) cos[znnFHﬁs(nF)} . teR/Z(Ty)
n=1

with i
S= df S(f) =F S0) .
{0} ) )

5.36.*[Sect. 5.8]Write decompositions (5.74) and (5.77) in the chseZ(T)/Z(Tp).
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The frequency domain is
I'=7Z(F)/Z(F,) with F=1/Ty, Fp=NF.
ConsideringN = 2M + 1 odd, a cell ofZ(F) is given byZ(Fp) &
P={-MF,...,—F,0,F,...,MF} .
Then, decomposition (5.74) holds for
I,={0}, I,={F2F ... MF}

and (5.77) gives

S(t) = 50+sz1 2F As(nF) cos|2mFt+Bs(nF)|,  t € Z(T)/Z(Tp)
n=1

with S = F S(0).

5.37.x % x[Sect. 5.8] The decomposition into “positive” and “negative” frequencies
(5.74) is not unique. Prove that, for=Z(T) andl = R/Z(Fp), in place of the decomposi-
tion indicated in (5.74) we can consider the alternative dezusition

-~ 1 ~ 1
+:(O,§Fp), I_:(éFlme) .

The alternative is explained by the fact that the frequenitiehe domairR /Z(Fp)
are moduloZ(F,). Thus, e.g., the negative frequeney}lFp is equivalent to the

positive frequency-:Fp -+ Fp = 3F,.

5.38.x[Sect. 5.8]Lets(t), t € R, be a signal with the limited spectral extensis) =
(—B,B). Find the spectral extension sf(t), t € R.

In the frequency domain the produsit) - s(t), t € R becomes the convolutioBx
S(f), f € R. Considering the rule on the extension of convolution, gibg (4.73),
one gets

e(S) +e(S) = (—B,B) +(—B,B) = (—2B,2B) .
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5.39.xx [Sect. 5.8]Find the spectral extension of the signal

s(t) = Ag sinc(t/To) , teZ(T), To=T/10.

The FT ofs(t) is given by

1
S(f) = 10T Ao repg, rect(10T f) , Fp= T
The extension of re¢10f T) is the intervaky = (—2;Fp, 55Fp) . Since the repetition
terms do not overlap, the spectral extension is given byehetition of the interval

€. Hence
&(S) = eo+ Z(Fp) = (—35Fp: 36Fp) +Z(Fp) -

5.40.%[Sect. 5.8]Find the spectral extension of the signal

s(t) = Ag sin®(2mfot) cos(4mfot),  teR/Z(To), To=1/fo.

It is convenient to use Eulero’s formulas, which gives tH®Wing decomposition

S0 = Ag g2mfot _ g-i2mfot \ 3 garfot 4 gt
o 2i 2
_ % (eiZHSfot _ 3d2m8lot | gg2miot _ gg-i2miot | gg-i2mfot _e—i2n5fot) .

Hence, considering that
gt L5, (f—nf) (S54)

one gets the Fourier transform

S(f):% &) (f —5f0) — 38r) (T —3fo) + 40k (f — fo)

—462<|:)(f+f0)+35’Z(|:)(f+3f0)—5z(|:)(f+5fo) .
Finally, considering that
(91, (f —nfo)) = {nfo} (S55)

the spectral extension is given by
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€o(s) = { —5fp, —3fo, —fo, fo,3fo75fo} -

5.41.%x[Sect. 5.8] Prove that the spectral extension of the previous signal does no
change if the domain/periodicif§/Z(To) is replaced byR /Z(2To).

First we note that the signal hasinimum period § = 1/ fo, but every multiple of
To is anadmissible perioaf the signal, in particular. In the new representation
S(t), t € R/Z(2Tp) the previous relations hold with (S5.4) replaced by

2mfgt  F
e 0 —>62(%f0)(f—nfo)
but (S5.5) still hold and therefore the spectral extensimegscthot change.

In the theory ofelementary transformationsf Chap.6 the chang®/Z(Ty) —
R/Z(2Tp) is called adown—periodizatiorand the corresponding transformation in
the frequency domain of the forfx fp) — Z(% fo) is calledup—samplingNow, the
Z(fo) — Z(% fo) up—sampling multiplies the values of the B[t ) at the frequencies
f € Z(fo) andfills with zero valueshe FTS(f) at the frequencieg fo & Z(fo).
Hence, the spectral extensiafter a down—periodization does not charayed this
is a general statement.

5.42.%[Sect. 5.9]Show that in 1D case the rule on the coordinate change becomes

s(at) —— (1/[al) S(f(a))

wherea is an arbitrary non zero real number.

In the generaimD case the rule on coordinate change is

F 1
s(at —S@a* f
wherea is a regulam x m real matrix anda* is the inverse transpose af In the
1D casea becomes a scalaranda* becomes 1a, wherea + 0 because the matrix
ais supposed to be regular. Moreovefaplis the absolute value of the determinant
of a, which becomega| in the 1D case.

5.43.% %% [Sect. 5.10]Prove that (5.97), whe® is hexagonal, yields (5.101).
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tr 4 t, 4
By
C B B, —»B’
D K H A - H A
ty T ty
BS Bl B
E F

Fig. S5.1Decomposition of the hexagon

The hexagon of Fig.5.17 can be seen as the union of the réetBRGEC and four
rectangular triangles (Fig. S5.1). The rectangle is eitlic—Bg, B3] x [—Bz,By]
where B; is the length of the horizontal edges. The correspondingatar func-
tion is

G( fl, fz) = reci( f1/283) I'ECI( fz/ZBz) .
Hence (see (5.98))

grect(tl,tz) = 2B3 sin(ZBng) 2B, Sianthz) .

As regards the triangles, it is convenient to start from tiengle HAB shifted to
origin and denoted by H'AB’ in Fig.5.1. The lengths of thesmand of the altitude
are respectivelyd = By — Bz. The indicator function of H'A'B’ is

_J1 0< f1 <B,0< R, <By(1-f/B)
f)= )
Q(f) {0 elsewhere.

Then, the indicator functions of the four triangles are gitw (listed clockwise)

Qi+ (f1, f2) = Q(f1—Bs, f2)
Q4 (f1, f2) = Qo (f1,—f2) = Q(fr — B3, —f2)

S56
Q(f1.f2) = Qus(— 1 —12) = Q(— f1 B3 — ) (536)
Q_(f1,f2) =Qpy(—f1,f2) =Q(—f1—Bg3, f2) .

Hence, it is sufficient the evaluation of the inverse FTQof ), which is given by
B Ba(1-f1/B) , _
Q(tl,tz) = / df, {/ 2 1 df, e|2nf2t2} el27'[f1t1
0 Jo
= /Bdfl i {eiZ"BZ(P f1/B)ta _ 1} g2ty
0 i2mty

1 . B . 1 .
- eIZITthz i eIZH(Btl—thz) 1| —- eIZTIBtl -1
2t { i211(Bty — Byto) [ } 2ty { }
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which can be written in the form

q(ty,tp) = % [sinc(Btl — Batp) €7MButB22) _ ginc(BYy) ei"Btl} . (s57)

Next, using (S5.6) we find

O+ (tr, 1) = q(ty, tp) €271
Qs (tr,t2) = q(ty, —tp) €231,

Considering thaQ(f1, f2) is real and

Q (f1,f2) =Quy(—f1,—f2) =Q} (—f1,—f2)
Qi (f1,f2) =Qu(—f1,—f2) =Q} (—F1,—f2).
From the rules’(t) =, S(—f) we get
0y (t1,t2) + 0 (t1,t2) = 200 (t1,t2)
q+—(tl7t2) + q—+(tl7t2) = 2|:| q+—(t17t2)
and the contribution of the four triangles is given by
Otr(t1,t2) =20 {04+ (t1,t2) + G4 (t1,2) }
20 {[q(tlth) +q(t1, —t2)] emBatl} :

Using (S5.7) we find

O {[Q(tl,tz) +9(t1, —t2)] einBstl}

= T [sinc(B4t1 — thz) ein(B4t1+th2) — sinc(B4t1 + thz) ein(B“tl*thZ)
2

where
B;=B+2B3=B;+Bs3.

Hence

B . .
Or(t1,t2) = > {SII’]C(B4I1 — Baty) SII’][T[(B4t1 + thz)} —
2
—sinc(Baty + Batz) sin[rr(Baty — thg)]}
We can check this result by applying the rule
otr(0,0) = aredGyr)

where the area of the four triangles is (see Fig.5BB2 In fact, to solve the inde-
terminacy afty,tz) = (0,0) we note that sin@®) = 1 and sirfx) = x+ O(x%). Hence
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B
[7T(B4tl — Bato) — m1(Baty — thz)] =2BB,.

t1,t —
gtr( 1 2)—>2m2

We recall the symbols

e B; andB; as in the figure,

e Bs half of horizontal edges,

e B=B; —Bs,

e B, = B+ 2B3 = By + B3 and write the final result
ghexagor{tl,tz) =2B3 sin(2B3T1) 2B, sind2Baty)+

B . .
+ {smc(B4t1 —Batp) sin[(Baty + Bota)]—
27ty

—sinc(Baty + Bato) sin[71(Baty — Bgtz)}}
whereB; andB, are defined as in the figurBg is half of the horizontal edges,

B=B; —BsandBs = B; +Bs.

5.44 %% [Sect. 5.10]Prove that (5.97), whef® is circular, yields (5.102).
Hint: use the Bessel function identity [1]61L xJ(cx) dx = %Jl(c).

We apply the theory of signals and FTs witleiecular symmetrywhich states that

if the signal has the form
S(tl,tz) =g (\ / tf —|—t2) (85.8)

also its FT has the form

S(fy, ) =G <, [f2+ f2> : (S59)

The functiongy(a) andG(b) are related by the Hankel transform (see (5.87)). In the
present case, the FT is given by (S5.9) with

_J1 O<b<B
G(b)f{o b>B.

The corresponding inverse Hankel transform is

g(a) = 21 / " db b G(b) Jo(2rzab)
0 (S510)
_ 271/0 db b b (2mab) .
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The suggested identity gives

1 B
g(a) = 27182/ xJ(21max) dx = — J; (2rmaB)
Jo a

and (5.102) follows.
5.45.%x [Sect. 5.10] Consider the Fourier transform of the pyramidal signal given by

(5.103). Evaluate the value at the origin P{YRD). Hint: to evaluate the indeterminacy®
use the expansion gix) = x —x%/6 4+ O(x*).

Expression (5.103) is indeterminate fof, f2) = (0,0) and therefore we use the
suggested expansion, which gives

Then
7} 47'[2( fl — f2)2 — 47'[2( fl —+ fz)

PIR(fy, f2) — —¢ T,

—

wl s
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Problems of Chapter 6

6.1.xx[Sect. 6.2] Consider theR — R tf with following input—output relation
y(t) =e?mMh3(),  teR

wherefp > 0 is a constant frequency.
Check if the tf 1) isreal, 2) is shift-invariant 3) isinvertible

This tfis not a real tf In fact, if X(t) is a real valued signay(t) is complex. This tf
is not periodically invariantIn fact, if we shift the input signal, we obtain the signal

Y1(t) — ei27'[f0t x2(t _ tO)

which is not the shifted versioy(t —to). But, if we restrictip to Z(To), whereTp =
1/fo, we can write

ya(t) = €202t —to) = y(t —to),  Vio € Z(1/fo).

Hence, the proposed tf geriodically invariantwith periodicity Z(1/ fo). Finally, it
is clear that the above i not invertibleowing to the presence of a quadratic term,
which makes it not possible to recover the input signal.

6.2.xx[Sect. 6.2] Consider thek — R tf with input—output relationship

yt) =e @), teR

wherea > 0. Determine when the tf isonditionally invertibleand express the inverse tf.

We first consider the relation
Yo(t) =x(t)
where the possibility of the recovery »ft) from yp(t), without ambiguity, requires
that x(t) is real and nonnegative. If this is the case, the recovenpbtailed as
X(t) = v/Yo(t).
Next, considering that /!l > 0 for everyt € R, the condition is still given by
X(t) > 0 and the recovery is obtained as

x(t) = /y(t) ealtl = 21y D) (S61)

In conclusion, the tf is conditionally invertible for theasls ofreal nonnegative input
signals The inverse ft iR — R with input—output relation given by (S6.1).
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6.3. xx[Sect. 6.2]Prove that the set of shift invariance defined by (6.8) of Défini6.3
is always an Abelian group.

Lety = T[X] be the input—output relation and

M ={plyp="TXpl}

the set of shift—invariance. We have to prove thapy 0 € [1 (this is evident), 2)
if pe Mthenalso—-pell,3)if p,qe I, thenalsop+qe .

These properties follows from the fact that the input anghoutlomaind ansuU
are Abelian groups. The input—output relation is exphcitl

y(t) = Tx() | t] vxel, VteU (S6.2)

whereJ is the class of the input signals. Nowgfe 17, theny,(t) = T[x,] and more
explicitly
yt—p) =Tx(-—p)[t—p]. (S63)

Now, to prove that alse-p € 1, we use the fact that (S6.2) and (S6.3) holds simul-
taneously, and we let (Fig.S6.1)

A x(u)  X(u-p) A X(U+p) XU
Up Uo+p u Up—p W u
A yt)  yt-p) A yit'+p) Vit
to to+p t ty—p t t/

Fig. S6.1lllustration of symbols for the proof in the problem

X(u)=x(u—p)=xp(u), U=u-p
yit) =y(t—p)=yp(u), t'=t—p.

Then

X(U) =X(U + p) = X_p(U)
y(t') =t{t'+p) =y_p(t')
With these notations (S6.3) becomes
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yit') = T | 1]
and (S6.2) gives
yit'+p) =TX(-+p) [t'+p].

The last two relations state that als@ € 7.
In a similar way we can prove that,if g € I'1, alsop+q € I1.

6.4. x[Sect. 6.4]Find the kernel of th& — R linear tf with input-output relation

y(t):/ij(u)du, teR.

The kernel is given by
h(t,u) =1(t —u), t,ueR
where 1x) is the unit step function. In fact
y(t) = /R du h(t, u) X(u) = / :” 1(t — u)x(u) du
where

1 u<t
1(t7u):{0 u>t .

Hence

6.5. xx [Sect. 6.4]Find the kernel of th& — Z(T) linear tf with input—output relation

y(t) = /_too X(u) du, teZ(T).

We can write

t +oo
y(t) = / X(u) du = / 1t-uxu)du, tez(T) |
so that the kernel resultgt,u) = 1(t —u) with t € Z(T), u € R. the only difference
with respect to the previous exercise is in that the kerndefined ovefZ(T) x R
instead oveR?.
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6.6. % [Sect. 6.4]Explain why a transformation with input—output relation
y(t) =AXt)+B,

whereA andB are constants ari8l# 0, is not linear.

The transformation does not satisfy ttendition of additivity

6.7.xx[Sect. 6.4]Explain why the transformation that gives the conjugate of aai
not linear, although if it satisfies additivityx; +X2)* = Xj + X5.

The transformation does not satisfy ttendition of homogeneity

6.8.xx[Sect. 6.4] Find the impulse response of the- | linear tf with input—output
relation

y(t) = X(t) cosct +X(t —tg) Sin cwot .

The termx(t) coswot corresponds to a window with kernel cagt & (t — u), while
the termx(t — To) sin apt corresponds to the cascade of a delaypokith a window
with kernel sinant 9 (t — u). Hence, the overall kernel is:

h(t,u) = cos(wot) d (t —u) +sin(aot) & (t —To—u), t,uel.

6.9.x*[Sect. 6.4]Find the model of the operation that, starting from a sigiigl t € I,
gives its even and odd parts.

The tf has one input and two outputs and therefore the kéifbal) is a 2x 1 matrix
and the the input—output relationship results Fig.S6.2

Ye(t)

Fig. S6.2Transformation that gives the odd and even part
even part of a signal X(t)
h(t,u) Yo(t)
: - odd part
[
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YE(t)} :/d {he(t,u)}
{w@) A ot | -

Yolt) = [duhelt,w) xW) = 5 [x©) +x(-0)]
Yolt) = fdu(t,u) x(6) = 3 [x(0) ~x(~1)].

taking into account that, in order to obtaift) from x(u), we must let (t — u) in
the integrand and, to obtaii—t) from x(t) we must let (t + u). The kernel of the

Its:
tf results . he(t,)] L[ (t—u)+d(t+u)
(t,u) = [ho(t,u)} L‘j(t—u)—é(ﬂru)} .

that is,

2

6.10.% % x [Sect. 6.4] Show that necessary and sufficient conditions for a linear teto b
real is that its kernel is real.

The proof of the sufficient condition is trivial: ¥(u) andh(t,u) are real alsg(t) is
real.

To prove the necessary condition we must apply on the inptdal signal
X(u) = & (u—up), which gives the output(t) = h(t, ug). From the definition ofeal
tf the output of a real input signal must be real. Heg(te¢ = h(t,up) must be real
YUp.

6.11.x[Sect. 6.4]Find the equivalent tf of the cascade of a filter(T ) followed by a
delay ofto = 5T.

To identify the kernel we can apply the impulse at the ingu) = &1 (u— o),
Ug € Z(T). After the filter we obtain the signa(t — up) and hence, finallyg(t —
to— Up). Thus, the kernel results:

h(t,u) =g(t—u—tp), t,ueZ(T).

6.12.x[Sect. 6.5]Prove the rule on the scale change in the frequency domaim give
(6.31) in the casé=Z(T).

Lettingy(t) = x(at), t € Z(T /a), we obtain:
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400 )
Y(f) =% ;y<n;) e s feR/Z(@R), Fp—

n=—o

1

T

Therefore it results:
+00

Y=Y gx(nT)e*iz"f”

n=—oo

[

T
a

:ax<;) , feR/Z(ak).

6.13.x[Sect. 6.5] Find the time domair, and the frequency domalig after a scale
change witha = % in the cases: = R/Z(10) andl = 7Z(3)/Z(12).

Sincea = % < 1, a time—scale occurs and thus, frorm: R/Z(10) we obtainl, =
R/Z(25). On the other hand, in the frequency doméis Z () we obtainl, =

Z (2%) and therefore a frequency compression occurs.
Similar considerations can be made in the second casenoigai

6.14.x[Sect. 6.6] Classify theR — R tfs with input—output relations

yi(t) = 1x(t)), y2(t) = x(t) 1(x(t) —Ao) ~ with  Ag>0.

The transformations amgonlinearsince neither homogeneity nor additivity condi-
tions are satisfied (see Sect. 6.2). Also, the tfraegnoryless
We rewrite the input—output relationships in a more expfimim

ya(t) = 1x(t)) = {1 . X(t)>0

0o , elsewhere

vol0) =) 1(x0) o) = {5 K e

From the former relation we obtain on the output a unitarpai@n those intervals
wherex(t) > 0 and a zero signal on those intervals whet¢ < 0; hencey(t) is a
binary signal. From the latter relation we obtain on the atithbe input signal when
it is greater thay, and zero elsewhere.

Notice that in both cases we assume t&} is a real signal.
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6.15.xx [Sect. 6.6] Show that the dual of a Volterra tf is still a Volterra tf.

We can easily obtain (assuming to operate over groufy of

Yl(f):/rd/\ Uuolt/lolueizﬂft ha(t, u) ém“} X(A)

:/I;d/\ Ru(f,2) X(A)

Yo(f) :/Fd/\l /Td)\z [/udt /ldul /Iduz o2t

ho(t, ug, up) €27P1t @272tz | X (X1) X(A,)
:/Ad/\l/Ad)\g Ro(f, A1, A2) X(AD) X(A2),  feU.
| |

We proceed in the same way f#(f), Ya(f), ... Thus, we deduce that the dual
transformation is still a Volterra transformation with kets hy, hy, ... which are
obtained as Fourier transforms of the corresponding kereslcept the sign of
arguments, which must be changed (see (6.75a)).

6.16.x[Sect. 6.8] Calculate the response of the QIL ling&(T) — R tf, with the im-
pulse response
g(t) =rect(t/T —1)

to the signak(t) = exp(—2|t|/T).

Using the input—output relationship for the QIL tf (see @)Ywe obtain:
y(t):/ du g(t —u) x(u), teR
Z(T)

i t—nT nT
= Y Trect| — -1 —l2—
3 e -1)e( 2T )

The final result can be expressed as the following step fomcti

yt)=Te 2K tekT+iT, kT+3T), keZ.

6.17.%[Sect. 6.8] Find the domain of the kernel of dn— U QIL linear tf, with | =
7(6)/Z(30) andU = Z(9)/Z(90).
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The sum of two quotient groups is by definition (see (3.79))

D=1+U=1g/Si+Uo/S 2 (lo+Uo)/(S1+S) .
Thus withl = Z(6)/Z(30) andU = Z(9)/Z(90) we find

D = (Z(6) + Z(9)) / (Z(30) + Z(90)) = Z(3) /Z(30) .

6.18.%x[Sect. 6.8] Find the kernel of the linear tfs given by the cascade of two QIL
linear tf: Z(T) — Z(3T) with kernelgs (t) andZ(3T) — Z(6T) with kernelgx(t). Is the
result a QIL linear tf?

Applying (6.18a), which gives the kernel of the cascade af bwear tfs, over the
domainsly = Z(T), I = Z(3T), I3 = Z(3T) we obtain

400
h(6mT,nT) = z 3T g(6mMT—3KT) g1(3kT —nT)
K=—00
400
= z 3T (6MT—nT —mT) g;(mT).
K=—00

The transformation is still QIL, because the kernel depedg on the difference
t3—t1,t3 € Z(6T),t1 € Z(T).

The positive answer to the equivalence of the cascade to H.tEquld be ob-
tained directly from the Principle of Composition (see Sé@), since the domains
of the cascade satisfy

IiNlaNiz=11Nl3. (64)

6.19.x % x [Sect. 6.8]Repeat the previous problem with— Z(T) andZ(T) — R.

The kernel results:

400
hit,uy= 5 Tat-—kT)gu(kT—u), tueR,

K=—00

and cannot be expressed in the folnf,u) = g(t — u). Hence, the tf is not QIL.
This is in agreement with the Principle of Composition (seetS/.2) which for the
equivalence to hold requires that condition (6.4) whichdssatisfied in this case.
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6.20.x [Sect. 6.8]Find thedomain complexitpf a QIL Z(10)/Z(30) — R /Z(45) tf.

Taking into account thdZ(10) + R = R andZ(30) + Z(45) = Z(15) the domain of
the impulse response resuRgZ(15). Hence, referring to (6.48) we obtain

Z(10) #R=R ,  7(30) # Z(15) # Z(45)

so that the domain complexity és= 3.

6.21.xxx[J[Sect. 6.8]Find thedomain complexitpf aZ3(dy,dz) — Z3(2d1,d2) QIL
tf. (for the evaluation of the sum of two lattices, see Chap.16).

The lattices) = Z3(dy,dz) andK = Z3(2dy,d,) are shown in Fig.S6.3 and we can

J=74(dy, dp) K = 73(20y,dp)

o 4 to 4

2dy . ) ) ) .

2dy ty 2d; 151

Fig. S6.3The lattices of the problem

see by inspection that they amet ordered that isJ » K andK % J. For instance,
the point(ds,dy) belongs tal but not toK and the poin{0,3d;) belongs toK but
not toJ. This is sufficient to establish that tlemain complexitys 2.

However, we can explicit the relation

J#JI+K #£K

which requires to evaluate the sum. The slirmK (and also the intersection) can
be found with the Mathematk@aprocedurdenn4. m[4], which gives:
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Sum and intersection of two lattices

GivenJ first lattice basis an# second lattice basis, the proceddesro3 finds sum lattice
basisC and intersection lattice badix

matrices 2 x 2.

LS [
C=GCLD(J,K) = {(1) ﬂ D= lerm(J,K) = {g ‘2‘}
Determinant check
d(J)d(K) = d(C)d(D) 2.6=1-12 (12=12

In conclusion, the sum of the two latticeslis- K = Z2 and is different from both
J andK.

6.22.x[Sect. 6.9] Show that the cascade of two down—samplers is a down-sampler.
Consider the case — Z(T) — Z(5T) as an example.

Let us consider in general two samplerslgn- 1, — I3, where the sampling con-
dition imposed; D |2 D I3. The first sampling has kernd|, (t> —t;) and the second
has kerneB, (t3 —t2). Hence, from the cascade formula, we obtain the kernel

hita,ty) = [ diz8,(ta—12)8, (tz— o)
2
= o,(ts—t), tieli,tgels
so that, the equivalent tf dn — I3 is ideal and sincé& D |3 it is a sampler.
6.23.%x [Sect. 6.9] The cascade of two impulse tfs with domalgs- I, — I3 is not, in

general, an impulse. For instance, the dom&@ins Z(T) — R do not lead to an impulse
tf. Explain why.

The input output relationship has again the form (6.51).S\we need to find the do-
mainD = | +U. Considering thaZ(30) + Z(45) = Z(15), it resultsD = R /Z(15).
Therefore

y(t) = /R sy Bz (WX, T R/Z(45).
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A this point we could write the explicit form of the integréddut this is not con-
venient. In fact, it is convenient to observe that the impws R/Z(15) can be
decomposed into two impulses &17Z(30) (see (4.85))

Or/z(15)(t) = Or/z(30) () + Or/z(30) (t — 15) .

Then, we can use the sifting property of the impulse, whidhuke simplify the
input—output relationship into the form

y(t) = x(t) +x(t—15) .

In general, the kernel of the cascade is given by
h(ts,t2) = /| dt &,+15(t3 —t2) Ay 11, (t2 —ta)
J12

whereas the kernel of tHe — I3 impulse tf is

b (t1,t3) = O 415(ta —t1) .

The two kernels are equal only in particular cases.

6.24. % xx [Sect. 6.10]Prove that the inverse of a/Z(Tp) — R down—periodization
is given by the cascade of a window Bwhose shape is the indicator function of the cell
[0,Tp), followed by anR — /R /Z(T,) up—periodization.

The down—periodizatioR /Z(T,) — R has input—output relation(t) = x(t), t € R,
wherex(t) is a periodic signal with periodicity,. We observe that the inverse tf is
not given directly by the up—periodizatidh— R /Z(Tp), becausg(t), even down—
periodized, is equal tr(t) and hence it is periodic (its periodicity is simply ignored
on the quotient group) and the direct application of thequbriation could not be a
convergent signal.

The multiplication performed by the window gives the signal

u(t) = w(t)x(t) = {é(t) : ; {8% :

which turns out to be actually periodic. The successiveiegipbn of the periodiza-
tion R — R/Z(T,) produces the signal
+o00
X(t) = z u(t —kTp)

k=—00

where the terms of the periodization do not overlap and th{ i) we find
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K(t) =u(t) =x(t) te[0,Tp)
Sincex(t) is by construction periodic with periodicifi, the relationship obtained

guarantees the equality ft) to the original signal oveR.

6.25.% x [1[Sect. 6.10] Prove that the inverse of A(T) — R up—sampling is given
by the cascade of a filter di with frequency respons@(f) = rect(fT), followed by an
R — Z(T) down—sampling.

Consider the scheme of Fig.S6.4. TheT ) — R up—sampling gives

X(u)

x(u) Y Y Xo(u)
) T R PO l )

Fig. S6.4TheZ(T) — R up—sampling and its inverse transformation

y(t) = EZT X(nT)d(t—nT) .

The filter followed by theR — Z(T) down-sampling gives

Xo(t) =gxy(t) = ) T x(nT)g(t—nT)

nezZ

K(mMT) = xo(MT) = EZ T x(nT)g(mMT—nT).

The impulse response of the filter is

g(t) = (1/T)sinqt/T).

Hence
1 m=n

0 m=£n

andX{mT) = x(nT). Then we have recovered the original signal.

Tg(MT—nT) =sindm—n) = {

6.26.x x [I[Sect. 6.10] The down-sampling of a periodic signsit),t € R/Z(10)
with sampling periodly = 3 cannot be formulated as &)yZ(10) — Z(3)/Z(10) down—
sampling becausg(3) 5 Z(10). Nevertheless a sampling, with sampling perigd-= 3, is
possible. Formulated this operation.
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The down—sampling of the typ®/Z(10) — Z(T)/Z(10) implies the condition that
Z(10) is a subgroup ofZ(T). The trick to find a correct down—sampling, where
the period isTo = 3, lies in the introduction of afR/Z(10) — R/Z(30) down—
periodization (which is only conceptual without a signaldification). Then we
have the cascade of

1) R/Z(10) — R/Z(30) down—periodization
2) R/Z(30) — Z(3)/Z(30) down—sampling.

A check can be made in the frequency domain, where the wiRfi§(10) —
Z(3)/7(10) down-sampling would give thé&(1/10) — Z(1/10)/Z(1/3) peri-
odization with the wrong relation

+o00
Y(mip) = > X(mgp—k3) .

k=—00

Instead, the cascade 1), 2) give&@/10) — Z(1/30) interpolator with relation

1
Xo (ki) = {gx (k) (<2

and az(1/30) — Z(1/30)/Z(1/3) periodization with relation
+o00

Yikd) = 3 Xolkd-md).

m=—oo

6.27.x[Sect. 6.13]Find the dual of &(T) — Z(NT) down-sampling and write the
corresponding input—output relation.

Froml = Z(Tg) — U = Z(NTo) it follows
I=R/ZINR) »U =R/Z(F) , Fe=rk

therefore the dual of the down—samplifigTo) — Z(NTp) is the up—periodization
R/Z(NF) — R/Z(F:). From the general relation (6.80), that is,

Y(h= S X(f-p .
peUg/15)

taking into account that
pe Ug/15) = [Z(Fe)/Z(NF)) = {0, Fc,..., (N = 1)Fc}

we obtain
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Y(f) = NfX(f _KR), feR/Z(F).
k=0

In this relationshipX(f) has periodicityN k., while Y (f) has periodicityF, that is,
N times smaller.

6.28.xx [Sect. 6.13] Consider theR/Z(20) — R/Z(60) down—periodization. Find a)
the impulse response, b) the impulse response of the dual tf, andieptheoutput relation
of the dual tf.

The impulse response of an impulsé - U is given by the impulse oh+U. Since
itis
R/Z(20)+R/Z(60) = R/Z(20)

the impulse response & 7o) (V). Taking into account that
I=2%@3R), U=%ZF) k=%

and also that +U = Z(Fp), the impulse response of the dual g, (f)-
Since we are dealing witi(Fy) — Z(%Fo) up—sampling, the relation results
explicitly (see (6.57)):

[3X(kR)  KkeZ(3)
Y (kFo) = {o kg Z(3).

6.29.%[Sect. 6.14]Find the dual tf of &(3T) — Z(5T) interpolator/decimator.

The filter can be decomposed into the cascade of (3 ) — Z(T) interpolator;
2) a filter onZ(T); 3) aZ(T) — Z(5T) down—sampler. Hence, the dual tf is the

cascade of:

1) aR/Z (%) — R/Z (%) down—periodization,
2) awindow onR/Z (4
3) aR/Z (%) — R/Z (&) up—periodization.

= ~—

6.30.%[Sect. 6.14] Find the Fourier transform of the output of a window Brwith
shape and input signal given by, respectively:

w(t) =rect(t/T), x(t)=1(t)e ® with a=1/T.
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The output signal results:

_ 1
t—xtwt—e‘atltlth—{em 0<t<3T = teR.
y(t) =X w(t) 1 ) 0 elsewhere

Hence, applying the definition of a transform Bngiven by (5.65a), we obtain:

1_e7(%+irrfT)

6.31.x[Sect. 6.15] Restate the axiomatic derivation of (6.88) for a discrete fitier
Z(T).

On the discrete time—domain the integral (6.51) becomesna&tion, namely

y(t) = g T g(t—nT) x(nT) . (S65)

n=—oo
For the proof we decompose the input signal into impulses
+o0 foo

X(t) = Z TX(NT) &7 (t —nT) 4 z Xn(t), teZ(T).

N=—o0 N=—o0

and we take into account the response of the filter to the isegir)(t) is given,
by definition, by the impulse respongé). Then, the response to tiéh impulse

results

Xn(t) =T X(NT) &y1)(t —nT) e, T x(nT)g(t—nT).

The overall response is obtained from the superpositiomci eontribution. Then,
(S6.5) follows.

6.32.x[Sect. 6.15] Prove the decomposition into sinusoidal components (6.90b) for a
real filter with areal input.

Sinceg(t) andx(u) are real G(f) andX(f) have the Hermitian symmetry
G(—f)=G*(f), X(—f)=X*(f).

On the other hand, the output signal results
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—+oo

yt) = |  G(f)X(f)e* " df

_/ e|27'[ft G(—f)X(—f)e‘iz’m}df
where the two terms are complex conjugate, so that

— 20 / G(f)X(f) &2t df |

Hence, letting
G(f)=Ag(f)d?%(D  X(f)=Ax(f) e

we get

_ /Ow 2A6(f) Ax(f) cos(2nft+¢e(f)+¢x(f)) df

This result holds if the input signal has no continuous conemb (see Sect. 2.1).

In the presence of a continuous componggtwhich gives as Fourier transform

Xod(f), we need to add the teny Ag(0), which yields the continuous component
of the output signal.

6.33.x[Sect. 6.15] Find the impulse response of a discrete ideal filterZgm) with

pass—band

1 1

The frequency response can be expressed in the form:

G(f) = rep:, rect(sz) feR/Z(Fp) .

Hence, taking the inverse FT according to (6.31b), we obtain

1

o(t) =2Bsinc(2BY),  teZ(T), T==".
p

6.34. [Sect. 6.15]Calculate the output of a discrete time filter with impulse response
g(nT) =1o(n)a", areal

when the input is a generic sinusa\d cos(2mfot + ¢o).
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We evaluate the frequency respoi@&d ) and hence we take into account that filters
eigenfunctions are the signaig(t) = €2 with eigenvaluess( f)

Xo(t) = 27t M vty — G(f) &2t .
Decomposing the input signal in the form
X(t) = Ag cos 2ot = 3 Age?™ 1 1 pge 2t
we find
y(t) = 1 Ag@% G(fo) 2 4 I Ager 90 G(— ) e 2
= O AE€% G(fo) €2 = Ay |G(fo)| cog2rTfot + do+ Bo)

where By = argG(fo) and we recalled that the filter ieal, so that the frequency
response has Hermitian symme@y— fo) = G*(fo).
In this specific case it results

1
1—aexp(—i2mfT)

G(fy=Y Tade 2™ —=T1
2

Hence

1 1
 |1-aexp(—i2mft)] 1+a2—2acos2tfT

- B y _ a1 @sin2mfT
argG(f) = —arg(1—aexp(—i2nfT)) = —tan ™ 7 — =

G(f)]

from which, lettingf = fo, we can obtain the expressionydt). With fT = % and
a= 3 one gets

IG(fo)| =0.571,  Bo=—0.33rad=—19.1°.

6.35. %+ [Sect. 6.15]Prove that the impulse response of the ideal band—pass filter with
the rhomboidal frequency response of Fig.6.49 is given by (s&0@})

g(tl,tz) = B1B; singBit; — Bgtg) sino(Bltl + Baty) COS(ZT((foltl + foztz)) s

Wherefo = (f()]_, fog) = (381,382).

See the solution of Problem 8.20
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Problems of Chapter 7

7.1.xx[Sect. 7.1] Show that an exponential modulator on a latticeith a frequency
A € P*is a PIL tf with periodicityP (P is a sublattice of andP* is the reciprocal oP).

The input—output relation of an exponential modulator is
y(t) =?ix(t), ted. (S7.1)
The condition for a PIL with periodicitf is
yt+p) =yt), peP
wherey(t) is given by (S7.1) and
y(t+p) =2 Px(t+p).
If we apply a shift ofp € P at the input, the response is the signal
y(t) =e*x(t—p).
For the periodicity this response must be thehifted version of(t), that is,
y(t—p) =P x(t—p).
Now, the condition/(t) = y(t — p) implies that
d2TAPt _ 2\t _ q-i2mp _ g
On the other hand, the reciprocalf®f is defined by
JF={A|*™P=1 pel}.

Hence, the conclusion.

7.2.xx[Sect. 7.3] Apply Theorem 7.3 to the case/Z(3) — R/Z(5) and discuss the
result by considering the signals in the cascades.

Considering that

J=R/Z(3), K=R/Z(5), J+K=R/Z(1), JINK=R/Z(15)
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we find the decomposition of Fig.S7.1.

o [ oo . - ) o)
R/Z(3) R/Z(5) R/Z(3) R/Z(1) R/Z(5)
E—R/Z(5)+R/Z(3)=R/Z(1)
T W Yalt)
T RzZO R/Z(15) R/Z(5)

Fig. S7.1Application of Theorem 7.3

Then, theR/Z(3) — R/Z(5) impulse tf can be decomposed in the two equivalent
cascades
1) anR/Z(3) — R(1) up—periodization, followed by aR /Z(1) — R/Z(5) down—
periodization
2) anR/Z(3) — R/Z(15) down—periodization, followed by dR/Z(15) — R/Z(5)
up—periodization.
Considering that the down—periodizations are irrelevanttie signals, we find re-
spectively the relations

yi(t) = i X(t—K) =X(t) +x(t—1)+x(t—2),
K=0
yo(t) = ki v(t —5k) = 2%x(t —Bk) =Xx(t) +x(t —5) +x(t — 10) .

k=

Now, x(t) has period 3 and therefore
X(t—=5)=x(t—5+3)=x(t—2), X(t—10) = x(t —10+9) =x(t—1)

which states thatx(t) = y1(t), that is, the two decompositions have the same input—
output relations.
The signals in the decompositions are illustrated in Fi2S7
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AL
LA
AAAAAn

x(t) 4

X(t—2)=X(t—5)

1 t

Fig. S7.2 The signalx(t — 2) andx(t — 5) coincide because of the periodicity. The same is for the
signalsx(t — 1) andx(t — 10)
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7.3.xx[Sect. 7.4] Consider aZ — Z(To) interpolator with impulse responggt) =
(1/10Tp) sind(t/10Tp), t € Z(To) followed by an EM with frequency = 1/(5Tp). Apply
Noble Identity NI6.

The Noble Identity NI6 is shown in Fig.S7.3 in the specificecabthe problem. Let

X(t) u(to) y(to) X(t) v(t) y(to)
———{T g0 = () Tal) —
Z(T) Z(To) Z(To) Z(T) Z(T) Z(To)

g2mtg g2mt

Fig. S7.3Application of Noble Identity N16

T = NTp. Then the relations in the first cascade are

u(nTo) =T 5 g(nTo—KT)x(KT)
keZ

y(nTo) = €2 y(nTy) = €2™5u(nTo) .
In the second cascade

v(nT) = 22T x(nT) = 2™N/Sx(nT)

y(nTo) =T 5 gx(nTo—KT)Vv(KT)
keZ

where _ |
o) (NTo) = g(nTo) e 2o — g(nTy) e 27™/5

= 1TlTo sinc(l%) g 12m/5

Note that ifN is a multiple of 5 the exponential modulator in the seconatads
becomes irrelevant and we havearierlessmodulation.

7.4.xxx[Sect. 7.4]Consider a — K down—sampler followed by & — J up—sampler.
Prove that the cascade is equivalent to a modulatat with the carriery(t), t € J given
by the indicator function oK multiplied by the amplificatiordy = d(K)/d(J) of the up—
sampler.

We have to prove the cascade of Fig.S7.4 is equivalent to aulatod with relation

y(t) = y(t) x(t) (S7.2)
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l u}((t) T y(to) x(t)

Fig. S7.4lllustration of the statement of the problem

wherey(t) = Agnk (t),t € J, with n(t) =1 fort € K andn (t) fort ¢ K.
Let us consider a preliminary cask= Z, K = Z(3), where the down—sampling
relation is
u(3n) =x(3n), 3neZ

and the up—sampling relation is

_ [ 3u(k) ke Z(3)

Then, the global relation is

3x(k keZ(3
y(k) = {OX( ) k§ZE3§

which can be written in the form (S7.2).
In the general case the relations are

u(t) = x(t), tekK y(t) = {Qou(t) thteK
and globally
y(t) = {Q"X(t) : ;ﬁ (S73)

whereAq = d(J)/d(K) is the amplification of the interpolator. Relation (S7.3ths
explicit form of (S7.2).

7.5. [Sect. 7.5]L Study the S/P and P/S conversion<iio) /P — Z(T) /P with T =5To
andP = Z(15Tp). Write all the cells involved and the frequency domain refasghips.

The S/P conversion converts a discrete periodic sigftaly), with period T =
15Ty, into 5 discrete periodic sighakg(n5To), with periodT, = 15Tg. The relation
is the same as in the aperiodic case, that is,

Xi(n5Tp) = X(iTp + n5Tp) , i=0,1234.

The cell in this decomposition &= Z5(Ty) = {0, To, 2Tp, 3Tp, 4To}. The reciprocal
cellis
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A" =[J/15) = [2(1/(5T0))/Z(1/To))
=[Z(F)/Z(5F)) = {0,F, 2F, 3F,4F,5F }

whereF = 1/(5Tp). The domain/periodicities in the frequency domain are
I'=P"/I§ = Z(Fo) /Z(15F0),  J=P"/% = Z(Fo)/Z(3Fo)

whereFy = 1/(15Tp).
The frequency—domain relation of the S/P is still given by8{J with the cell
[J*/1") replaced byA* = [J5/15) = Zn(F), that is,

)(I(f) — Z éZTT(ff)\)iTox(f _)\)
AEA*

4
— eiZT[(f—SF)iTox(f —SF)
2,

wheref € J = Z(Fo) /Z(3F0).
The relations of the P/S conversion can be obtained in aaimihy.

7.6.xx[Sect. 7.7] Explicitly write the parallel decomposition of dn= 7Z(2) — U =
Z(5) QIL tf, choosing as inner domairk= Z(6) andK = Z(10).

The parallel architecture consists of

1) aZ(2) — Z(6) SIP converter with generatér= [I /J) = {0, 1,3},
2) aZ(6) — Z(10) QIL with 3 inputs and 2 outputs, and
3) aZ(10) — Z(5) P/S converter with generat8r= [U /K) = {0, 5}.

The impulse respongVvo) is defined ol +U = Z(2) +Z(5) = Z and in the par-
allel architecture becomes the matrix

o) — | 0¥ Goa(V) goz(V)}_l{ (G(V) 9v=1) gv=2)1 " g7y
g

~lg(v) g11(v) @12(v) | 3[9(v+5) g(v+4) g(v+3)

wherev € Z(2).

7.7.xx[Sect. 7.7] In the previous problem suppose that the impulse response of the
Z(2) — Z(5) QIL tf is given by
g(n) = Ag sindn/10), nez.

Find the frequency response of the corresponding 5-input ub#{10) — Z(5) QIL
parallel architecture.



Solutions to problems of Chapter 7 83

We rewrite the impulse response in the form
g(n) = Ag singnB), neZ, B=1/10.
The corresponding frequency response is (see Tab.11.1))
G(f)=Aoreprect f/B), f e R/Z(1)
The elementgpa(V),v

€
lowed by aZ(1) — Z(2) d
and theR/Z(1) — R/Z(3

Z(2) are obtained frong(v),v € Z by shifts ofa— b fol-
ownsampling. The shifts giv@pa( f) = G(f)e 127 (a-P)
) periodization gives
~ ~ . . 1
Goal( f) = Gral ) + Goa( f — §) = G(1)e 2T @b) 1 G(f — f)e 2 ~2)aD

witha—b=0,1,2,—5,—4, 3.

7.8.%xx[Sect. 7.7] Consider aZ(3) — Z(5) QIL tf and its parallel decomposition ob-
tained withd = Z(15), K = Z(25). Explicitly write the matrixg(v) of decomposition (7.42)
and show that its elements are a circulant replica of the elenodiie first row.

The parallel decomposition is illustrated in Fig.7.24. Tim@ulse responses in the
decomposition are given by (7.42), that is,

Oba(V) = (1/M)g(v+b—a), v=J+K, ach, beB

where
J+ K =2%Z(15)+7Z(25) = Z(5), M =d(J)/d(l)=5

A=1[1/3) = [Z(3)/Z(15)) = {0,3,6,9,12}
B=[U/K) = [Z(5)/Z(25)) = {0,5,10, 15,20} .

The elements of the matri(v) are
Oba(V), acA, beB.

To write the matrix in a standard form it is convenient todet 3i andb = 5j, with
i,j =0,1,2,3,4. Hence

Oba(V) = %g(wb—a) —gji(V) = ég(v+5j —3i)

wherej is the row index and the column index. We have
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rgoo(V) Q10(V) G20(V) Q30(V) Qao(V)
1 [902(V) 912(V) G21(V) G1(V) Gar(V)
g(v) = c go2(V) 912(v) G22(v) 932(V) Qa2(V)
Go3(V) 013(V) Ge3(V) g33(V) Q43(V)
LJoa(V) Q1a(V) Q2a(V) G3a(V) Qaa(V)
rog(v) g(v+5) g(v+10) g(v+15) g(v+20)
1| 9v=3) 9(v+2) g(v+7) g(v+12) g(v+17)
=g | 9v=6 gv-1) g(v+4) g(v+9) g(v+14)
gv—-9) g(v—4) 9g(v+1) gv+6) g(v+11)
Lg(v—12) g(v—7) 9(v-2) g(v+3) g(v+8)

Now, the original impulse respongévo) is defined orl +U = 7Z(3) + Z(5) = Z(1)
and the elementg;i (v) are defined oiZ(5). All the 5x 5= 25 impulse responses
gij(v) = %g(v+ 5j — 3i) can be obtained from polyphase decompositiog(®),
Vo € Z(1) given bygk(v) = g(v+Kk), k= 0,1,2,3,4 and appropriate delays @f{5).
For instancey(v—6) = g(v—10+4) = ga(v—10) andg(v+17) = g(v+15+2) =
O2(V+15).

7.9.x % x[Sect. 7.10] Prove the orthogonality condition of the perfect time-lirdite
OFDM.

We can prove the orthogonality condition using the efficachitecture of Fig.7.42.
We have to prove that the cascade modulator/demodulatquigadent to thevl x M
identity onZ(T). Now, in this case the P/S converter followed by the S/P caere
is equivalent to the identity and, in the proof, can be drabpe

It remains the cascade of the IDFT followed by the DFT, which the inverse
of each other and therefore are equivalent to the identity.
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Problems of Chapter 8

8.1. x[Sect. 8.1] Explicit the Nyquist criterion fol = Z(T) andU = Z(Tp) with T =
NTo.

The Nyquist criterion is expressed by (8.14) for a pair of doral, U with | C U.
Now, the dual of

| =7(T), U=2%(T), with T=NT (s81)

are respectively
I=R/Z(F), U=R/Z(F) with Fe=1/T,Fo=1/To=NF.
We also havd*/Ug = Z(F:)/Z(Fo). Therefore, the Nyquist criterion on the do-
mains (S8.1) becomes
N-1
z G(f —kR)=1. (S82)
K=0
The frequency respon$®( f) has period~ and the periodic repetitioR /Z(Fy) —
R/Z(F.) leads to a perioff;, which isN times smaller thafy. For the interpolating
functiongo(to),to € Z(Tp) the condition is

wrm={s  nio (s83)

8.2.x[Sect. 8.1] Verify that an interpolating filter, whose frequency respo@é ),
f € R has arisosceles triangle shap®ver (—F, F;), satisfies the correct interpolation con-
dition.

The check in the frequency domain must be done according1@)&hat is

g G(f —KFy) =1. (S84)

k=—00

If the frequency respong8(f) is isosceles triangle shaped betweeR. and F,
then the graphical check of (S8.4) is immediate (the heighhe triangle must
equal 1).

The check in the time domain follows from (S8.3), that is
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go(nT)—{é 2;8

The inverse transform d&(f) is
gt)=Tsin¢(Rt), teR, FR=1/T (S85)

and then the interpolating functiam(t) = g(t)/T actually verifies eq. (S8.4), re-
calling that sin¢0) = 1 and sin¢k) = 0 fork # 0

—+o0
Y G(f-kk)=1, feR/ZL(R), F=

k=—00

(S86)

= =

8.3. xx x [Sect. 8.1] Consider the frequency resporséf), f € R, defined forf > 0,
as follows

1 0< f<3FR(1-r)
G(f)=q a(f) IRQ-n<f<ir@+r), oO0<r<i1
0 f>3F(1+r)

and extended by the even symmetry fox: 0.
Find the conditions on the functiom(f) such thaiG( f) verifies the Nyquist criterion
(S8.6).

The Nyquist criterion requires that
~ A g
G(f) = Z G(f —kRk)=1.
k=—00

Considering the periodicity of(f), we only need to verify thaG(f) =1 in a
period, qs—%Fc < f< %FC. Furthermore, recalling thad(f) is even and, conse-
quently,G(f) is even too, the check can be limited to half a period, that is

G(f)=G(f)=1, O0<f<iF(l-r).
The extension o6(f) is
e(G) = (—3Fc(1+71), 3Fc(1+7)) C (-Fe,R)
and hence in the considered inter{al%Fc] the summation includes only two terms

(Fig.S8.1) )
G(f)=G(f)+G(f —F).

ForO< f < %Fc(l— r), the term centered iR; gives no contribution and then



Solutions to problems of Chapter 8 87

G(f) G(f—F)

Fig. S8.1Example ofevenroll—-
off with respect to the coordinate it
pair (3Fc, 3). A

—

1FRc(1-1) ik 1Fe(1+1)

G(f)=G(f)=1, 0<f<iF(1l-r).
For%Fc(l— r<f< %Fc, both terms produce a roll-off and precisely
G(f)=a(f)+a(f-F)=a(f)+a(Fe—f),

where we have used the fact tlegtf ) is even. Hence the following condition on the
junction must be imposed

a(f)+a(Fe—f)=1.

To improve the interpretation of this condition, we intreduthe function
BA)=a(A+3F)—3, (S87)

which has to verify the conditio(A) = —3(A), that is the functior8(A) must be
odd.
From eq. (S8.7) we can conclude tlesery roll-off that is an odd function with

respect to the point of coordinate%FC, %) leads a characteristic which verifies the
Nyquist criterion.

8.4.xx[Sect. 8.4]In Fig.8.13 the transform
S(f) =Ao exp(—|f|To), feR.

is drawn. Calculate its periodic repetiti®(f), f € R/Z(F;). Recall that it is sufficient to
perform the evaluation over a period, [8sF;).

We need to compute

SN= 3 Si—KkR)= 3 Al K,

K=—o00 k=—0c0



88 Solutions to problems of Chapter 8

Restricting the computation to the céll, ;) and partitioning the summation, we
find

S(f) =Y AgeITKRlTo L 5 A eI T+kRlTo

_ iAOe(f*kFc)To N iAoemkFc)To
k=1 K=

where, keeping in mind thdte [0, ;) in the first summation, it results— k. < O,
whereas in the second it resufts- ki > 0. Then, using the identities:

K a K 1
= — P> S p—
kzl 1-a’ kZO 1-a’
we find:
—FcTo 1
_ o © T,
S(f) =A™ e+ Ae " fEOF).

8.5. x[Sect. 8.4] Find the minimum sampling frequency (for a perfect reconstragtio
of the signal:
s(t) = Ag siné(Fot),  teR,

with Fp = 2 MHz.

From the notable transform
Ao sind(t) —2— Aotriang(f),
by applying a scale change, we have:
. Ay f
s(t) = Ag siné(Fgt 7 f) = — trian () .
(t) = Ao (Rt) —— ) F, tang{ =
Hence, the spectral extensiond&s) = (—Fp, Fp) and the band = Fy. The con-

dition F; > 2B stated that the minimum sampling frequencyis= 2Fy = 4Ms/s
(Ms/s=megasamples per second).

8.6.xx[Sect. 8.4]Find the alias—free condition (8.34) for the signal
S(t) = Ao sinc(Fot) cos(2mfot),

with Fyp = 2 kHz andfy = 1 MHz.
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The Fourier transform of the signsit) is

S(f) = 220 {rect(f%fo) +rect<f4|:_0fo>} ,

and then the spectral extension is given from

&(S) = (—fo— 3Fo, —fo+ 3F0) [ J(fo— 5Fo, fo+ 3Fo)

which is included in the celCy = [—fp — %Fo, fo+ %Fo). Then the Fundamental
Sampling Theorem can be applied with

Fe > 2fo+ Fo = 2002k9's.

However this form of sampling is poorly efficient since theamere of the spec-
tral extension is mig(S) = 2Fy = 4kHz. Considering the schemes of up/down—
sampling of Sect. 8.7 we can confine the sampling frequen2ifge- 4 ks/s.

8.7.x%xx [Sect. 8.4]Show that, if the hypotheses of the Fundamental Sampling Theore
are verified, the energy of samples equals that of the signal:

400

> TisemP= [ soPar.

n=—o

Observing that the signal has limited extens&) C (—3Fc, 3Fc) 2 ¢y, from
Parseval’s theorem we obtain:

e [ P at= [ CisnPar— [ [sinar.

Still, applying Parseval’s Theorem on the domairs Z(T), I
ergy of the down—sampled signal results:

=R/Z(F;), the en-

—+o00 —+o00

Esc:/co|3:(f)|2df:n;mk;w/COS(f—nFc)S*(f—kFc)df.

If the alias—free conditions are verified, we obtain

and hence

+oo
Ee= Y /CO|S(f—nFC)\2df.

n=—oo

But, inside the cell, we hav&(f —nF;) =0,n# 0. Thus
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Ex— [ IS(1Fdf =Es.
Co

8.8. x[Sect. 8.7]Find the spectral extension of the signal
s(t) = Ag sinc(Fgt) cos(2mfot).,

with fo = 10F. Then express the efficieney; that can be achieved withdirect down—
sampling.

The Fourier transform of the signal results:

s =32 (-2 reer( 1)+ (1- 12 e £}

and hence the spectral extension is

e(S) = (—fo—Fo, — fo+ Fo) J(fo— Fo, fo+ Fo) , fo=10R .
Considering the cell (see Problem 8.6)
Co=(—fo— 5Fo,—fo+ 15F0) J (fo— 15 Fo, fo+ 5 Fo) »
and down—sampling with. = misCq = 2 Fy > 2B = 4F, the efficiency results

2B 10

15~ misCy — 11

8.9. x[Sect. 8.7]Referring to the sampling of Fig.8.22, find the interpolatingdtion.

From Fig.8.22, the frequency response of the interpoldiitey results

B f—fo f+fo 1 _7
Q(f)rect< 3 )Jrrect( = ), F—EFC, fo—4Fc,

whereF; is the sampling frequency. The corresponding impulse resps

q(t) = F singFt) €2 + F singFt) e 2ot
= 2F sinqFt) cog2rtfot),

where F = 1/T is the sampling frequency. Hence the interpolating fumctesults:
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Go(t) =T q(t) = sinc(%) cog2rot) .

8.10. %% [Sect. 8.7]Find the smallest cell dR moduloZ(F;) containing the extension
e(S) = (—23 kHz, —19 kH2z) U (19 kHz 23 kHz)

and then calculate the efficiengy;.

Bimodal cell ofR moduloZ(2F) have the following general structure
c” = —CnUCp with Cy=(mF, (M+1F), meN (S88)
and the alias—free condition can be limited to positive dietries:
e(S;) CCh=(mF, (m+1)F).
Hence we have to chooseandF such that
(19kHz23kH2) C (mF, (m+1)F) (S89)

from which we get the constraift > 4 (kHz). With such constraint, feasible values
for mF are
F,2F, 3F, 4F <19,

among which we choosé~4 From (S8.9) we obtainE < 19 < 23 < 5F, which has
the minimal solutiorFy = 2 = 4.6kHz.

Hence, the minimal sampling frequencyRs= 2Fy = 9.2 ks/s; and, being the
bandwidthB = 8 kHz, efficiency resultgs = 8/9.2 = 86.9%.

8.11.% xx[Sect. 8.7]Consider a bimodal symmetric spectrum with the extension indi-
cated in (8.70). Evaluate the smallest €&licontaining such extension, for any value of the
ratio fo/B.

As in the previous problem, bimodal cells have the struciuf§8.8), so it is suffi-
cient to impose the alias—free condition on the positivgdency mode, that is

(fo, fo+B) CCn= (MF, (M+1)F), (S810)

whereB represents the band akds half the sampling frequency, so that efficiency

results
2B B

nsi:ﬁzf-
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Minimizing cells means finding the minimuf which is consistent with (S8.10).

Itis evident that iffo = mF, then we must consider the c€l, = (mF, (m+1)F)
with F = B and, in this case, we obtain unitary efficiency. For a genfgritis better
to setmin (S8.10) and examine the result, which leads to the caniti

mF<fy,, (M+1)F>f+B. (S8104)

On the fg, F plane, these two conditions with the identity sign set twwed
(Fig.S8.2), which meet in the poifinB B). Then, we realize that equations (S8.10)

0 a\'\aé\“g
o

B |
m+1

1 >

mB (m+1)B fo

Fig. S8.2Lines that determine the possible choices of the sampling freyuzh

are verified in the points of the angular sector given fronsé¢hvo lines and having
abscissd > mB. The minimum sampling semi frequency in this sector is

fo+B
m+1’

Fo= fo > mB.

Considering that wherip grows, efficiency decreases, it will be better to use the
fixed value ofmuntil we will achieve the valu¢gm+ 1)F, and then pass tm+ 1.

Fo

B 2B 3B 4B 5B 6B fo

Fig. S8.3Minimun sampling frequency of a signal with a bimodal spectrum

From a practical point of view, we can proceed like this:
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1) givenfp andB, we compute the least value wfverifying fo > B, that is
my = integer part offy/B,
2) we compute the minimum sampling frequency as

f0+B

FO:moJrl'

In this way, on the fo, Fg) plane we obtain a piecewise behavior betwegB and
(mo+ 1)B with Fy varying betweer andB(my+ 2) /(mp + 1) (Fig.S8.3).

Note that iffo > B then, the frequencly doesn’t moves aside froBivery much
and efficiency becomes nearly unitary.

8.12.xx x [Sect. 8.7]Referring to Fig.8.23, suppose that the sigs(a), t € R, is real.
Show that the signals in the lower branch of the block diagreenite conjugate of those in
the upper branch and in particuk(t) = §;(t).

The scheme is shown in Fig.S8.4. The impulse responses filténe in the scheme

O] Ta() —

a R Z(T) Z(T) %

s(t) +C §(t)
R R

O I gy — %qumJ

Fig. S8.4Sampling/interpolation foreal band—pass signals implemented wéthmplefilters

are _
qi(t) = B singBit) €2t i=12

If the input signal isreal, then its spectral extension is symmetric with respect to
the origin, so that we can chooBg = B; and f, = — f1. With this choiceqg; (t) and
gz2(t) become complex conjugate

Ga(t) = qi(t) -

Now, writing down the input—output relationship, we dedtitat, withs(t) real, it
resultssy(t) = si(t), and then, in the two branches, all the corresponding signal
are conjugate among them. Then, in the end, signal recoerype done from the
superior branch only, according to
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§(t) = &(t) + 5 (t) = 20s,(t) .

We thus obtain the simplified scheme of Fig.S8.5.

s(t) si(t) s1(nT) 51(nT) 5(t) §(t)
—— () | —— —{lau) 20[) —
R R Z(T1) Z(Ty) R R

Fig. S8.5 Simplification of the scheme of the previous figure

We observe that in these schemes the input and output sigmeatsal, whereas
intermediate signals areomplexand the two filters areomplex Applying the
methodology of the Modulation Theory, the scheme can bestoamed into a
scheme with botleal components and signals (Fig.S8.6).

We recognise thag(t) is the positive frequency componentsif), denoted in
Modulation Theory as. (t); this signal can be expressed as (see analytic signal, in
Sect.9.10)

2(t) = 25 (t) = S(t) +i (1)

where §(t) is the Hilbert transform in the signal bandwidth. In the sokeof
Fig.S8.6 the signals and the componentraed.

s(t)
O e B e %-Tqmj‘
s(t) + 8t)
1ac) J

Fig. S8.6 Sampling/interpolation foreal band—pass signals implemented wital components ;
q(t) is an ideal band—pass filter, with the same band as the signaand therefore irrelevant, and
q(t) is the filter that gives the Hilbert transforg(t) of s(t)

|
|

ac-)

8.13. %+ [Sect. 8.8] Consider a discrete signalt), t € Z(To), with extensione(S) =
(—B,B) +Z(Fp) andB = 3 Fy. Find the minimum sampling frequency.

We can propose the down—-samplifigilo) — Z(2Tp) or, at mostZ(Tp) — Z(3Tp).
With the first down—sampling the spectral extension of thregad signal results

&(S) =e(S) +Z(3 Fo) = (—B,B) + Z(Fo) + Z(3 Fo) = (-B,B) + Z(3 Fo) .

The extension of the side term is
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(—B,B)+ 3Fo = (-B+ 3Fo,B+ 3 Fo) = (% Fo, 3 Fo),

which is disjointed from the central term% Fo, % Fo). Considering the symmetry,
this is enough to prove that tt#&Ty) — Z(2Tp) sampling, the side term results

(~B,B) + 3Fo = (1Fo. 32Fo)

which does not overlap the central ofieFo, 1Fo).

On the contrary with th&(Tp) — Z(4Tp) down—sampling there is overlapping.
In conclusion, the minimum sampling frequencyris= %Fo, with which we achieve
the efficiencynsi = 2B/F. = 6/7 = 85.9%.

A direct solution could be obtained from (8.79).

8.14.x % x [Sect. 8.8]Consider a discrete signal with extension
&(S) = (—B,B) + Z(Fo) - (s811)

Find the minimum sampling frequency witldaectdown—sampling at the varying 8/ Fo.

We can directly use (8.79), that is
F. > 2B, Fe= %FO (S812)

whereN is a natural number. Hence the minimum sampling frequennoybeaob-
tained finding thdargest natural N verifying (S8.12), that is&oFo > 2B. Through
the function “integer part”, we find

Nozint(%), N > 1
and the minimum sampling frequency restiisin = Fo/No. We find, in particular:
2B<Fy<4B No=1 Femin=Fo
4B <Fy< 6B No=2 I:c,min:%FO

8B < Fp <108 No=4 Fc,minzfllFO-

8.15.% x x[Sect. 8.8] Consider the down—sampling of a discrete-time signal with ex-
tension (S8.11) withB = 1% Fo. Find a scheme that, using a pre—filtering allows for down—
sampling with B samples/s.
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We observe that, in order to achieve unitary efficiency wiitleat sampling, B
must be a submultiple of the peridg of the Fourier transform of the signal to be
sampled, that is

B={%F, MeN. (S813)

As 2B = %Fo, we need to modify the signalt), t € Z(To) into the signaF'(t),t €
Z(Ty), verifying (S8.13). We have to carry out a transformatioZé&) — Z(T}),
whereTj = 1/F is determined by

Fo=11Fo

=
[

and we can choodd = 11, resulting=} = 6F.
Hence we need to apply &(To) — Z(%To), transformation, followed by a
Z(£To) — Z(%To) down—sampling. The scheme is illustrated in Fig. S8.7, wher

s(t) si(t) $10(nT) S1c(nT) () §1)
—T a() l — —1 a() J —
Z(To) Z(§To) Z( 3 To) Z( % To) Z(§To) Z(To)

Fig. S8.7Sampling/interpolation scheme of discrete signals to achieiaryrefficiency

we chose & (Tp) — Z(%To) interpolator and the signal recovery is done using a
Z(XTo) — Z(3To) interpolator, followed by &(£To) — Z(To) down—-sampler.

The analysis of this scheme can be subdivided into two partserning
1) the recovery of the signal(t) from its samples;

2) the recovery of(t) from s (t).

Point 1) must be solved using the Sampling Theorem and regjthat the alias—
free condition is verified. Such condition however is impbem (S8.13) and gives
unitary efficiency. Th&(Tp) — Z(%To) interpolating filter will be chosen so that to
verify this condition.

Now, it becomes necessary to proceed in the frequency domsidepicted in
Fig. S8.8. The transforn®( f) has period and extensior{—B,B) + Z(Fo) with
B= %Fo. The frequency respong¥ f) has period By and must be chosen in order
to preserve the shape 8{f) in (—B,B) canceling the five side terms. Therefore
Q(f) is given from the indicating function of the extensionB,B) + Z(6Fy). At
the output of this interpolating filter the transform has fia@ne extension as the
filter, hence

e(St) = (~B,B) + Z(6Fo) .

Being
2B= R =+4F with Fj=6F,

the periodic repetition, due to tH#&T;j) — Z(11T}) down—sampling, involves jux-
taposition of the side terms (which confirms unitary efficign
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S(f)
REEL 2F 3R a5, 5Fy 6Fo s
P(f)
LB 6Fo f
Si(f)
\ B 6 f
Sie(f)
) R 6Fo f
Q(f)
LB 6Fo f
Si(f)

B 6Fo 13

Fig. S8.8Fourier analysis of the sampling scheme of Fig.8.7

The frequency response of the interpolating fil@f ), indicated by the Sam-
pling Theorem, coincides witR(f). This filter allows to exactly recove®(f),
eventually, in order to recové(f ), we just have to apply &(Tj) — Z(6T;) down—
sampling where § = To.

8.16.%[Sect. 8.9] The signal
S(t) = reps, rect(t/dTp), teR/Z(Tp),

with Tp = 1 ms andd = 20%, is filtered by an ideal low—pass filter with baBgl= 3.5 kHz
and then down—sampled with &)yZ(T,) — Z(T)/Z(T,) sampling.

Find the minimum number of samples per period and write the expres§itie recov-
ered signal.

The Fourier transform of the signalt), t € R/Z(Tp) can be computed using the
Duality Theorem. From the Fourier pair

x(t)rect(t) 7, X(f) =dTpsing fdTy),
dT,
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sinces(t) is the periodic repetition of(t), thenS(f) is the sampled version &( f),
that is

Filtering s(t) with an ideal unitary filter with extensiof—Bg,Bp) we obtain the
signalx(t), t € R/Z(Tp) with transform

X(f) = {g(f) ; ;E:gg:ggg . (S815)

Hence, the spectral extensionxgf) is, by construction,

e(x) = (—Bo,Bo) NZ(F) = (-3.5,3.5)NZ(1)
={-3,-2,-1,0,1,2,3)  kHz.

The Sampling Theorem for periodic signals guaranteestieaticovery ok(t) from

the samples can be done considering 7 samples per peribds thidth a sampling
periodT; = %Tp = % ms. The expression of the reconstructed signal can be achiev
from (8.82), that is

X(t) = Zx(nT) sinay(Fet), teR/Z(Tp)

n=|

whereN =7, T = 1T, Fc = 4. This expression requires knowledge of the samples
x(nT) and, in short ofx(t). The expression ok(t) can be achieved through the
inverse transform of (S8.15), as

3 . 3 .
xt)= § FX(KF)e?™®Ft = T FSkF)e2m
kzzg k:z—S

3 ) 3
—d 3 singkd)€?™ " =d+2d  singkd) cos 2tkFt .
k=—3 k=1

8.17.xx[Sect. 8.9]Explicit the Unified Sampling Theorem for discrete periodiasity,
that is, WithZ(To) /Z(Tp) — Z(T)/Z(Ty).

The Z(To)/Z(Tp) — Z(T)/Z(Tp) down—sampling must verify the compatibility
conditionZ(To) C Z(T) C Z(Tp), which requires thaT is a multiple of To and
a submultiple ofTp,. Hence

1 1
T=NT, T=-Tp, To

Tp .
M

SN

Afterwards, we pass from MN points per periodMiopoints per period.
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In frequency we obtain th&(F)/Z(Fy) — Z(F)/Z(F;) periodic repetition with

=MNF, R = %FO:MF

1 1_
0 T

1
F:* =
Tp’FO T

and with the relationship
N-1
S(f) = 3 Sf-kR)= 5 S(f-p)
k=0 pe

whereP = [Z(F:)/Z(Fo)) = {0, F,...,(N—=1)F:}.
The alias—free condition is that the spectral extensiomefsignal is contained
in a cell of Z(F) moduloP. A reference cell can be

Co={0,F,...,(M—1)F} +Z(Fo)

leading to the following interpolating function
) M-1
qo(t)zT/ df2M o TF Y M te(Ty)
Co m=0

whereT F = 1/M (this function can be expressed through the ginp.
The reconstruction formula results

s(t) = ME:s(nT) Qo(t—nT), t e Z(To) .

n=

8.18.xx [Sect. 8.10]Prove that if the reference celp in the 2D sampling verifies the
symmetry condition
_CO = COa

then the interpolating filter igeal, i.e. with a real impulse response.

If the reference celCy verifies the symmetry conditionCy = Co, the frequency
response of the interpolator

(1 (fuf)€Co
Q““2)‘{0 (e, o) #Co

has the Hermitian symmeti@(f) = Q*(—f) and therefore the frequency response
is real, that isg(t) = g*(t), where

Alts.te) = / df, df, @2t 2to)
Co
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8.19.xx [Sect. 8.10]Consider arR? — 7Z(dy,dz) sampling and assume that the refer-
ence cellCy is a parallelogram, instead of a rectangle.

Write the frequency response of the interpolator charaeefi this cell.

In R2 — Z/(ds,d2) down—sampling a reference cBlf moduloZ(F,F;) may be the
centered parallelepiped, given by

o={a |3 a)laci-tir}
The corresponding frequency response is given by
Q(fy, f2) =
Ney(f1, f2) = { 1 f1e [_%Fla%lzl] ,foe [%Fz (1— zFill) 5%F2 <1+ 2%1)}
elsewhere.

8.20.x x x [Sect. 8.10] Consider the sampling? — Z3(ds,dz) and assume the refer-
ence cellCy is a rhombus.
Determine the impulse response of the interpolator charactibiz éhis cell.

The evaluation could be done using general formula (5.8#)atter the integra-
tion itis difficult to combine the terms into a synthetic farfa. It is more convenient
to use acoordinate changd = bf that map the rhombus into a rectangle, as shown
in Fig.S8.9 and then we apply the corresponding FT relation.

f A A2
B |R B 1 a
C A
5! f1 1 M
D y 5

Fig. S8.9Coordinate change to map a rhombus into a rectangle

Y(f) = X(bf) T y(t) = d(b*) x(b*t) . (S816)
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The coordinate change is explicitly
A1 = b1+ biofo, A2 = b1y +boofo (S817)

where the coefficientls;; can be determined by imposing that the centered rectangle
of the (A1,A2) plane is mapped into the rhombus ABCD of {lfe, f,) plane. Hence
imposing tha the vertest = (1, 1) becomes the vertex A& (F1,0) and that the vertex

B = (—1,1) becomes the vertex B (0,F,), from (S8.17) one gets

{ 1= bllFl { -1= b12|:2
1= b21|:;|_ 1= b22F2-

The solution is

o[ vl - VRl

where db*) = 1 F{F,. Now letting
1 1
X(A1,A2) = rect(é A1) reci(E A2)

which represents the indicator function of the rectandie,relationY (f) = X(bf)
gives the indicator function of the rhombus. Considerirag th

X(ug, u2) = 4sind2uy) sing2uy)
from (S8.16) one gets
y(t1,t2) = 2F1F2singFity — Fotp) sing(Futy + Fotp) = gt t2)
which represents the impulse response of the interpolBlh@n we obtain the inter-

polating function asjp(t1,t2) = d(J)y(t1,t2), where dJ) = 2d;d, andF;, = 1/(2d;),
F =1/(2d). The final result is

1 . .
go(ty,tp) = > singFity — Fotp) singFity + Fotp) .
8.21.%x[Sect. 8.11]Consider the sampling — Z(T) of the signal

st)=1t) e, tcR.

Find the sampling frequendy that ensureg\ni, = 48 dB, using a pre—filter and assuming
Fo=a/2m= 1MHz.

The energy of the signalt) is
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E:/m|e*"”|2dt:i a>0.
S 0 ZCI )

The Fourier transform results

B 1
a+i2mf

f)

and hence the signal has not limited bandwidth.
We can compute the conventional bandwidth according totiterion of negli-
gible energy (see Sect. 13.11). We have

(g S
Be 02+ (2mf)2 " “2a T

Solving, we findB; as a function ot

T A A
B; = Fotani(l—e), Fo = o (S818)

Recalling that\min = 48 dB=63095, we obtaia = 1/A = 1.584- 10°° and, from
(S8.18), the conventional bandwidth resiBts= 40168 = 40168 MHz. Hence,
in order to guarantedmin, = 48 dB we have to down—sample with frequency

F. = 2B, = 80336 My's.

8.22.xx[Sect. 8.11] As in the previous problem, but without the pre—filter (assume
u=1).

Assumingu = 1 in (8.95), we find
& =N\gg+3dB=51dB= 125893

Hence we need to impose a valgievhich is half than in the previous case, giving a
conventional bandwidtB. = 80 146- = 80146 MHz. As a consequence, the sam-
pling frequency, which without a prefix guarantees SNR etpdB dB, becomes

Fc = 160292 Mg's.
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8.23.x % x [Sect. 8.11]Evaluate the rati defined in (8.95) for the signal:

Ao

0 T

The signak(t) transform is

S(f) = % exp<—2n|;o|> .

The energy of the error outside bandwidth, that ig (—Bg, Bc) with F. = 2B, can
be computed considering (8.93) and it results

_ [ 2 e 2 AT Bc
Eel_/w IS(F)| o|f+/Bc S(DIar = 52 expl—4m )
:Esexp(—2n;°)>,

_ANT_
Es= 2, = signal energy

The Fourier transform of the error signal inside bandwidtgiven by

Ee, = f—p) G(f)
& ;OS( )

where

o | o Q2n(f—nFy) /Ry o o 2n(f+nR)/Fy _ o2rf /R
=— + ) € —e ol G(f)
Fb [;; 2;
Ay e 2mFe/fo f/Fo | o2mf
— & TeTmm (€T TR) . R=28

from which the energy can be obtained, as

Bc
B = [ [Ea(f)Pdf
Bc

After few passages, we obtain

Ee, = 2Es (exp(znl';g> B 1)2 {sinh(ZnE{j) +2n;‘j .

Hence
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5 T () ] £4(5)

The shaping oz as a function of/F is depicted in Fig.S8.10 and it asymptoti-

Fig. $8.10 Ratio in—bound
energy/out-bound energy as
a function ofF/Fo.

Fe/Fo

cally tends to 1. FoF./Fy = 1, the ratiou varies very little from 1, namely 3%.

8.24.xx [Sect. 8.11] Consider the down-sampling — Z(T) with a pre-filter (see
Fig.8.30), with

D(f)=e |lFo rect(f/Re),  G(f)=rect(f/F) .

Show that this scheme is equivalent to a filtefand find the equivalent filter.

From the frequency analysis of the scheme of Fig.8.30 warobta

Su(f) =D(f) )

—+oo

S(f)= 3 D(f —kR) S(f —kR),
k=—o00

Sif) = +z°° D(f —kFR) S(f —kFR) G(f).
Kk=—o00

Recalling that the spectral extension of the two filter{-is}F., 1F;), we have
D(f —kR)G(f) =0 fork+# 0. Hence

S(f) =D(f)G(f) (f),

which shows that the scheme is equivalent to a filter havieguency response
Q(f) =D(f)G(f). In this specific case it results
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Q(f)= exp(”) rect<f> feR
Fo Fo)’ '

8.25.x[Sect. 8.11]In theR — Z(T) sampling verify that, ife(S) € (—F,F), the in—
band energy;,, equals the out-band energy ;.

The out—band error energy is

_1F SF
2'c 2 2'c 2
gou= [ IS+ [ 7|t
*QFC QFC
The in-band error is
En(F)=S(f+F)+S(f—F),  fe(—3F.3F)

and the two terms do not overlap as soore@ C (—F¢, Fc); thenS(f +F) S*(f —
F.) =0 and

A AR 1F
5Fc 5Fc sFc

ein:/ , |S(f+FC)+S(f—FC)|2df:/ N \S(f+Fc)|2df+/ . |S(f=Fo2df.
—35kc J—5kc J—5kc

So, we find tha€;, = Eout.
8.26.%[Sect. 8.12]Consider thesampling and holdavith a fundamental pulse
t t
po(t) = cos 21_'_—0 rect(ﬁ) )

whereTy = 2dT andd = 20%. Find the frequency response of the filter that allows the
perfect reconstruction of the signal.

In general, the filter frequency response is given by (8. 102} is

Q(f) _ TQ(f) _ Trectf/F)
P(f) — R(f) — R(f)

wherePy(f) is the Fourier transform of the fundamental pulse. In therezice case,
the fundamental pulse is rectangular, whereas in the proble have

G(f) =

(S819)

t t
po(t) = cos ZT?O rect(d—_l_) , To=2dT,d=20

Applying the rule on modulation (see (2.112)), we obtain
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1 _ 1 1 _ 1
P(f) = 2demch To> dT} +2demch+TO> dT}

which, substituted in (S8.19) gives the desired frequeasponse.

8.27.xx [Sect. 8.12] A real signals(t), t € R, with bandwidthB = 4 kHz is sampled
and held withm; = 2B and then filtered with a real pass—band filter with band—pass{3
B, 3F; + B) and unitary frequency response over the band.

Find the signal expression at the filter output.

The Fourier transform of the signal obtained witeampling and holds given by
(8.106), that is

S(f) = f ViS(f —kR) . (S820)

k=—00

The subsequent filter has frequency response

B f+3FK f -3k
G(f)rect( oF )+rect( oF. )

[

Examining the spectral extension we can state that the fitess out the terms of
the weighted repetition (S8.20) fer= +3. Hence, we achieve

Y(f)=V_3S(f +3F)+VsS(f —3F) (S821)
where (see (8.105a))
Vz=dsing3d)e ™V 3=Vg
In order to find the signal expression, we compute the invieesesform of (S8.21)

and achieve _ )
y(t) =V_3s(t) e 0t 5 5(t) et

= 2dsing(3d) s(t) cog 6t — 3rd)
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Problems of Chapter 9

9.1.xx[Sect. 9.1] Consider the signal
s(t) = Agrect, (t/D) cos 2t /To

and find the decompositions into a continuous and a discontipatt in the cases: a)
D = 3Ty and b)D = 3.25T.

CaseD = 3Ty

In this case the signal has two discontinuities at 0 andt = D (Fig. S9.1) with
discontinuity sizesl; = Ag att; = 0 andd, = —Ag att, = D. The dicontinuities are
balancedd; + d, = 0), and the two decompositions coincide

sa1(t) = Aol(t) — Aol(t — D) = sga(t) = 3A0SgN(t) — 3Aosgrt —D).

5
<
e

Fig. S9.1The signal of the problem
and its decomposition fob = 3T. ‘
The discontinuities are balanced and

the two types of decompositions co- D

incide: sq1(t) = suo(t)
B M/\

-
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CaseD = 3.251

In this case the signal has only one discontinuity-atO of sized; = Ag (Fig.S9.2)
and there is no balancement. Therefore the two decompusitie different

sun(t) = Aol(t) # saa(t) = 2Agsgn(t) .

Note the presence of a dc componengi(t), whereasy(t) is free of a dc com-
ponent.

]
]
]

Fig. S9.2The signal of the problem —salt) 4
and its decomposition fdd = 3.25T.
The discontinuities are not balanced

and the two types of decompositions >
are differentsyy (t) # su2(t)
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9.2. x[Sect. 9.4]Starting from the pair (9.19), find the Fourier transform af hgnal

si(t) = Ao e /T2

We start from the known Fourier pair (see Tab. 9.2, 24)

2 2
e Tt F e i

and then apply the scale change relationship (5.93) that is
F 1 f . 1
)y —— =S(- th a=_—"—.
sta) |l <a> i
We thus obtain

st)=Ae ™ T S(f)=ATVme T, (S9.1)

9.3. xx[Sect. 9.4]Find the Fourier transform of the signal

t
sz(t):Ao/ e T qu.

We preliminarly note that the signaj(t) is the integral ofs;(t). Thus, from the
“integral in time” rule of Tab. 9.1, we obtain

1

S(f) =5+

Si() + 2 S1(0) 8(1)

whereS; (f) was derived in the previous exercise. To conclude with, we ha

1

S0 = o

AOT\/ﬁe‘”ZTZfer%AoT\/ﬁ(S(f) .

9.4. xx [Sect. 9.4]Find the Fourier transform of the signal

s(t) =t e /T2,
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From the second rule on “differentiation in frequency” obT8.1 we obtain

sh=tst) - (=~ 90

sty=e 2 L, Tyme ™"

So, we have s
S(f) = —infy/mT3e T

9.5. x[Sect. 9.4]Find the Fourier transform of the signal

s4(t) = 1(t) 2 e VT sinct .

First it is convenient to get the Fourier transformstf) = 1(t) t? e /T and then
apply the general rule on modulation (9.14b), that is

st = sty sinant 7 Su(f) = L[S(F—fo) - ST+ Fo)].
Thus we evaluate - ‘
S(f) = /0 {2 gt g-i2mft gt
Integrating by parts one gets
S(f) = (ianZ—a)‘?’ o _Il_ .
In alternative one can evaluaBf) trough the derivative rule in the frequency
(Tab. 9.1), which must be applied twice and gives
2
(—iom)?st) —T dTign .
In any case, we have
[ [ 1

S = Gt f) —ap [anf—f)_ap 7T
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9.6. x [Sect. 9.4]Find the Fourier transform of the signal

s5(t) = Ag sinc(fit) cos 2fat .

By applying the modulation rule (9.14a) we immediately abta

_AO f—1o f+fo
55(1‘)_2—fl [rect( f >+rect< f )]

9.7.xx[Sect. 9.4] The derivative of a triangular pulse is given by the sum of twai-re
angular pulses. Use this remark to find its Fourier transform frairs1.7) of Tab. 9.2.

Fig.S9.3 shows the triangular pulsg) and its derivative. Since the derivative is
the sum of two triangles, and in particular we have

Cdst) 1 t+3b) 1 t—3a
X(t) = a9t b rect(b 3 rect a .

We straightforwardly obtain

X(f) = sinq fb) ™" —sing(fa)e ™" .

Finally we evaluate the Fourier transformsgf), considering that

s(t) = /jw X(u) du,

Tl

Fig. S9.3The triangular pulse and its derivative
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and then we apply the integration rule in the time domain df Bal by recalling
thatX(0) = aredx) = 0. We obtain
1

S(f) = 5 X(f) = % sinc(fb) €® —sinc(fa) e 2| .

9.8. xx[Sect. 9.4] Prove Fourier pair 18) using the technique suggested in théopiev
problem.

Fig.S9.4 shows the trapetium pulse and its derivative. Ernivaktive can be written
as

X(t) = dj(tt) _ bia rect[:r:} —~ bia rect“)_;] ., c=1(a+h)
and its Fourier transform is
X(f) = sindf(b—a)] €2 —sind f (b—a)| e>R26—i27fC
=2isindf(b—a)] sin2nfc.
With considerations analogous to the ones of Problem 9.bisn

1
S(f) = 5 X(f)

= (a+b) sinc{f(b—a)} sinc[f(b+a)} .

Fig. S9.4The trapezoidal pulse and its derivative
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9.9. xx[Sect. 9.5]Check that for a Gaussian pulse (9.37) holds with equality sign.

Let p(t) be the Gaussian pulse and Rf) be its Fourier transform. We have to

prove that

EP/ Epl
=

(2m)?B3Dg = (S92)

wherep/(t) is the time derivate op(t) andP’(f) is the frequency derivate &f(f)
2 [Tz 0002
03— [ tlp)dt/E,
400
Bé:[m f2|P(f)2df /Ep
with

400 ) 00 )
Ep— [ IPOFdt= [ |P()PdI=Ep.
As we see, the proof of the statement lies on the evaluatiamntegrals. To this end
it is convenient to consider the normalized Gaussian pulddta FT
po(t) =e ™ T e ™ —Ry(f)

and then we will prove that the introduction of an amplitude af a scale change
does not modify the result.
We start from the integrals

1 teo 1o
— e2" =1
V2n 100

oo 1
r / e 2¥ =1
V2IT J—w

which is known from Probability Theory (the first gives themalization condition
of a normalized Gaussian probability density and the segives the variance).
Then, with a change of variable we get

/+m e ™ dy=/m/A

+00
S\ VT
B e dy= TR

Hence, considering thai(x) = Py(x), we obtain
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D3 =B =1/(4m)
Ph(t) = —2me ™ = —2ntpo(t)

too
Eyy = (2107 / 2 p3(t) dt = (2m)* D3 Epy = Epy -

—00

Substituting in (S9.2) gives

Er By _ [(2m21/(4m? (1/V2)2 _ 1
EZ (1/v2)? 4

In conclusion, the statement of the problem is proved fomthrenalized Gaussian
pulse. To prove the general case of the pulse

p(t) = Age "’

we remark that the amplitud® is compensated in the ratio. But, also a scale factor,
which gives
p(t) = Aopo(v/a/mt)

is compensated in the ratios recalling that the FT is given by
[T [T
P(f)= — —f).

9.10.xx [Sect. 9.5] Evaluate the produdqDq for the triangular pulse
p(t) = Aptriang(t/D) .

The solution requires the following integrals

/(1,),)2 dy:f%(lfy)3

[ R s =
/000 X2 siné(x) dx = !

e

We can also assun#@ = 1 since the amplitude is compensated in the proByEx;.
Considering that triang) is even and triangx) = 1 — X, 0 < x < 1, the energy of
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p(t) is given by

D 1
Epzz/ (l—t/D)Zdt:ZD/ (1—x)2dx:§D.
0 0

Analogously

+o0 D 1
|l=/ t2p2(t)dt:2/ t2(1—t/D)2dt=2D3/ R(1—x)? dx= = D3.
—00 0 0 15
Hence

1
2 2
Dg = l1/Ep= 1OD .

The FT ofp(t) is
P(f) =D sinc(fD) .

Hence e "
|2=/ fZPz(f)df:ZDZ/ 2 sind(fD) df
—00 0
2 ° 5 2 1 1
5/0 X S|nc4(x)dx_5ﬁ_%
and 1 3
2

The producBq Dy is therefore

31
ByDg=1/-——.
AT Vaom
Note thatByDq = 0.0872< 1/(4m) < 0.0796, where 1(4m) refers to a Gaussian
pulse (which gives the minimum value B§ D).

9.11.4x [Sect. 9.5]Check bounds (9.33) and (9.37) for the signal

st)=1t)ite/T,  T>o0.

Let us recall the following integral, which can be calcuthtecursively using inte-
gration by parts

+00 1 n+1
/ X"e~ T dix = (a> N,  a>0. (593)
0

Then, the energy of the signal is given by
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400 T 3 T3
Es /o te dt (2) 2! T

The root mean square (rms) duratiog of the signal is obtained applying (S9.3):
1 [t 1/T\°
2+ 42Ty~ (1 R )
D2 S/O t*e2/T dt ES(Z) a1=312.

HenceDq = +/3T. To calculate the rms bandwidth, the Fourier transform ef th
signal is required

T4
(1+ (2nT)2£2)% "

TZ

S(f) = m = |S(f)|2:

Then oo
1 /te 1 t= T4f
2 1 2 24f _ &

where, with the variable change= 2nT f, we obtain

1 T [t2 X
B2= — / d
1T E 2 ) 102

and using the integral

/dex— X +}arctarx
(1+x2)277  2(1+x2) 2
we obtain
2 1 X +}arctan< +w7i
42T | 2(1+x2) 2 o AT

HenceBq = 1/(2T mm). Now, we see that the inequality (9.33) is satisfyed. In fact

1 V31_ 1

DeBa = V3T 1= % 7w~ an

The centroid abscissa (si(t)|? is obtained from (S9.3):

1 [+ o 4 (T\*. 3
te=— [ t dt=— (=] 31==:T.
¢ ES/O € T3\ 2 2

So that

N BN

The centroid abscissa (8(f)|? is easily obtained and is
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1 pte
fcz—/ £1S(f)[2df =0
Es/-w

becauseS( f)|? is an even function ang®( f)|? = O(t %) is an integrable odd func-
tion. Then,ABy = Bq = 1/(2nT). Inequality (9.37) is verified:

31 311
ByDq = §E>ABqADq: V3

4 A
The abscissdasg anf f; can also be obtained by (9.35), but we need the derivative of
S(f) ands(t), given by

3 1+i2nTf

S(f)=—i4nT (T d(t) = (1—%) e /T1t).

Then

+eo e 1-i2nT f
Egs = f)s (1 f:—'4T5/ Bl LU BT
gs= | S(f)s'(f)d LU (1+(2nT)2f2)3d
noticing that the imaginary part of the function is odd anddeeit gives a zero and,
performing the change= 2nT f, we have

teo g X 3x 3 e
E :—'2T4/ —— _ _dx=—i2T* ~ arctanx
ss=—1e [, @™ [4(1+x2)2+8(1+x2)+8 »
3 3
_ T4 _:9+4
= —i2T 8” |4T T.
From (9.35)
_LE;SS_gT
T 2mEs 2

as previously found. Fof. we have from (S9.3)
+o0 +00 t2 ot T 2 2 T 3
= 3 — _ B /T — — _ | — —
Egs A S(t)s*(t)dt /0 (t 2>e dt (2) T<2> 0
as previously found.

9.12.x[Sect. 9.6]Find the first three derivatives of the function (9.45) anatestablish
that the damping of the correspondent pulse is of the typé 1

It is sufficient to recall the normalized expression (9.21&}

Ro(f) =rcoqf,a)
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whose first derivative is (see (9.71))

Ro(f) =P(f+3)—P(f-3)

where

Thus we have

where

The behaviors are illustrated in Fig.S9.5, which clearlgvghithatRy( f) is contin-
uous with a continuous first derivative, but discontinuoesosnd derivative. Thus,
we can apply Theorem 9.3 with= 3, and we have that the inverse FT has/&1
damping.

|
N
Q
-

Fig. 9.5 The first two derivatives
of the raised—cosindunction for
a=0.6 Ro(f) 4

/1 ]
L/

—

9.13.%x[Sect. 9.6] Find the damping of a pulse whose FT is given by the convolution
of the raised cosine transform (9.45) with reict(2F)).

The raised cosine function in frequency corresponds to segaltime with a 1t3
damping, while the rectangular function corresponds tolsepuith a ¥t damping.
Since convolution in frequency gives a product in time, #®uiting function shows
a 1/t* damping.
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9.14.%[Sect. 9.8]Find the Laplace transform of the signal

st)=1t)t2eV0  teR.

The definition gives

sp- [ et
0
Integrating by parts one gets
2 1
S(M=—"—3. a=g.
(a0+p)° To

Letting p= 0 +iw, it must beag+ o > 0 and thus the convergence region is

[ =C(—ap,+») .

9.15. %+ [Sect. 9.8]Find the Laplace transform of the signal

S(t) = 1(t) Ap cosant, teR.

The definition gives

+oo
S(p) = Ao cosapt e Pt dt .
0

By applying Euler’s formulas we obtain

S.(p) :Aoﬁ, [ =C(0,+e0).

9.16.%x [Sect. 9.8]Find the inverse Laplace transform of

__(p+1 1
S_(p)—m, pE(C(—EH“”) .

We can write
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A B . 1 .3 1 .3
= + with =4 pp=—Z—-i—, (94
P—p1  P—p PL=—3F15 =55 (94

S.(p)

from which we can obtai andB, namely

V3
A= Y=
=

Now, recalling the Fourier pairs of Tab. 9.4 and considethrag Op; = Opy = %

we obtain
s(t) = AeP 1(t) + BeP 1(t) .

9.17.x%xx[Sect. 9.8]As in the previous problem, but with convergence region gien
C(om, -}

The decomposition (9.26) holds in this case as well, but threve&rgence region
C(—oo, —%) provides a non—causal signal. In fact, in Sect. 9.7 we havedo

et L, 1
P—Po

wheregp = 0 po. Thus, from decomposition (9.26) we conclude that

p € C(—x,00)
s(t) = —A1(—t)ePt —B1(-t)eP*, teR.

9.18.xxx [Sect. 9.9]Find the frequency respon& f) of areal causal filtey such that

OG(f) =rect(f/2B) .

For a real and causal filter, real and imaginary parts of teguency responsg(f)
are linked by the Hilbert transform (see Sect. 9.9), that is,

Joo
0G(f) = 711/_00 Df(i(;) A .

SincedG(f) = rect(z—fB), we have
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B B
D<G<f)>:711/85‘“ :‘%/Bﬁ‘“
B B (9.5)

f-B|"

1 1 f+B
_—[n(logB—f|—Iog|—B—f|)]_nlog ‘

Thus the frequency response of the filter is given by

f [
G(f)= rect<28> + = log

f+B
f—B|’

9.19.%[Sect. 9.9] Explicitly write the impulse responses of the ideal filters whase f
guency responses are shown in Fig.9.22.

For the low—pass filter we have

G(f) = rect<2fB> T g(t) = 2Bsinc(2BY) .
For the pass—band filter, lettinfy the center band frequency and  the band-

width, we have
B f—fo f+ fo
G(f)_rect< AT >+rect< AT )

g(t) = 2Af sinc(2A ft) 2t 4 2A f sinc(24 ft) e 127t
=4Af sinc(2A ft) cos(2rfot) .

and thus

For the high—pass filter we have

G(f):l—rect<2fB) T gt) = 5(t) — 2Bsinc(2B) .

9.20. [Sect. 9.9] Find the responses of an ideal low—pass filter when the input is: 1)
unit step and 2) a rectangular pulstnt: Use thesine integraffunction

Si(x)é/oxsm—;y)dy.

The response of a filter to the unitary step is in general goyen
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t
u(t) :/ g(a)da, teR.
Letting g(t) = 2Bsinc(2Bt), we thus obtain

u(t) :/_tw 2Bsinc(2Ba) da

1 [2mBtsiny 1 [ /28t siny =% sinv
:f/ dv=— / dv—/ —dv| .
m.J)—x \ TT | Jo \" Jo \%

By further use of the integral sine function (Fig.9.6)

o
Si(x) é/o ?dy,

we have
u(t) = 1 {Si(ZnBt) — lim Si(x)} = e Si(2mBt) +} .
T X—00 m 2
To get the response to the rectangular pyl&e with unitary amplitude and exten-
sion from 0 toT, we express such pulse as a difference of two unitary stbas, t
is,
p(t)=1(t)—1(t-T).

We then obtain

ut) —u(t—T) = %T [Si(2mBt) — Si(2mB(t — T))] .

Fig. 9.6 The function
integral sine

[u
L B B B B

0 5 10 15 20

9.21.x %% [Sect. 9.9]Show that the impulse response of the ideal phase—shifter of
Bois
g(t) = d(t) cosPBo— % sinfp .

The frequency response of an idezdl 3y phase—shifter can be written in the form
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(see (9.57b)) .
G(f) = PosIT) — cosBy+isinBosgr(f) .

By recalling that the inverse transform of gdnis i/(7t), we have

g(t) =cosPBod(t) —sinfo % .

9.22. %+ [Sect. 9.9Find the frequency response of a low—loss coaxial cable (se8))9.5

The transfer function is given by (9.56), that is,

GL(p) = exp(—+/p/pPo— plo)

wherepg andtp are real. Lettingp = i21rf one gets

VP = Viy/2nf :g(ui)\/z f=(+i)/nf, f>0.

Hence

G(f) =Gy (i2rf) = exp(—(1+1) /1Tf / po — I27Tftp) , f>0

which is in agreement with 36 of Tab. 9.2.
We now discuss the Fourier pair 36. In Angot’s book [2], p. 544 find the
Laplace pair

a 2 I3 _
ht) = ———e @/ 1(t) —=— H(p) =e VP, a>0.
(t) e (t) (P)

If we leta =1/,/po we get

1
h(t) = ————e 1/(“4Pot) 1t
(t) 2/p5 VT (t)

which gives the signal of pair 36 withg = 7fp.

9.23.x[Sect. 9.10]Show that the following is a Hilbert pair

1 cos 21Ft

s(t) = sinc(Ft), §(t) e

For the Hilbert transform evaluation it is convenient to ab® an alternative (non—
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direct) path based on the analytic signal. In fact from

v(t) = singFt) AN V(f)= érect(é)

the transform of the analytic signal is

2 f—1F
Z(f)=2-1(f)-V(f) = = rect< — ) .
By inverse transformation we obtain
o1
Z(t) = sinc(3Ft) €2,

from which the Hilbert transform is given by the imaginarytpa

B 1— cosrit

v(t) = Oz(t) = sinc(3Ft) sin(3Ft) =

9.24.%x [Sect. 9.10]Show that the following is a Hilbert pair

t 1 2t+T

T

By straightforwardly applying the definition (9.65) of Hékt transform, we have

v(t):1/+°°rect(u/'l')du_1/%T _i

m)w t—u _nf%Tt u

_ 1 1 1oL
_—E[Iog|t—§T|—Iog|t+§T\]_I—Tlog T

2t+T‘

9.25.%x [Sect. 9.10]Find the analytic signal associated to the signal

s(t) = sin@ (%) cos 2tfgt  with foT > 1.

It is convenient to evaluate the transform of the analytignal from the relation
Z,(t)=2- 1(f)V(f) and then apply the inverse transformation. From

sinc’-(%) —7 . Ttriang fT)
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where triangx) indicates the triangular function ranging fromil to 1 and with
unitary maximum amplitude, we obtain

V(f) = triang((f — fo)T) + 3 triang((f + fo)T) .
Hence
V(f)=1(f)triang((f — fo)T) + 1(f)triang((f — fo)T)
=triang((f — fo)T)
where we exploited the hypothedigl > 1 so that the first term has extension rang-
ing on positive frequencies, and the second term has ertenasnging on negative

frequencies.
By inverse transformation, we obtain

z(t) = siné (%) g2mhot
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Problems of Chapter 1d

10.1.%xx[Sect. 10.1]In the previous chapter we have seen that a discontinuous signal
onR can be decomposed into a continuous signal and a piecewise dmigtal. Find the
decomposition for a signal defined &y Z(Tp).

For an aperiodic signai(t), t € R with discontinuities, we have obtained that the
discontinuous part can be written in the form (9.2), that is,

) =3 dit-t), di=st")—s{t)
or in the form (9.3), that is,

St)="7 sdisgnt—t).

These expressions hold also for a periodic sig(tal t € R/Z(Tp), with the remark
that the periodicity implies that the discontinuities aexipdic. Hence, if in the
reference periofD, Tp) the signal is discontinuous, saytaandt, with amountsdy
anddy, respectively, we find discontinuities at the instants nT, andtz 4-nTp, with
the same amounts. Hence, eg(t) takes the form

Sa(t) =did(t—tg) +d1(t —t2), 0<t<Tp

and for anyt we have to write
—+oo
s(t) = Z [di1(t—tg — nTp) +dal(t—to— nTp)] .

n=—oo

10.2.x[Sect. 10.1]Find conditions on the signal

t t 1
= _— == = 9
s(t) = A1 repr, rect(d_l_p) +Ag repr, rect<d_|_p 2> , d =20%,

which assure that its integrg(t), defined by (10.2), is still periodic. Then, evalugte) and
its Fourier transform.

The signal can be written as

t t—To
s(t) = Arrepr, rect(z_l_o) +Azrepr, rect( T ) (S101)
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whereTy = 2dT, = 5T and is illustrated in Fig.S10.1 fa%, < 0 andA; = —Aq.
The integraly(t) of s(t), defined by (10.2), is

t
y(t) :/ sudu, toeR.
fo
The condition of periodicity for the integral is that theean value in a periodf
s(t), given by
_ 1 /Tp S(t) dt

ms = T Jo

is zero. We find

1 2T,
my = — (A12To+A2To) = =2
Tp TP

Al—‘rAz) .

Then the periodicity condition is
A=A

Under this assumption, the integsdt), obtained withy = O, is given by the peri-
odic repetition of a trapezoidal pulse, as shown in Fig.$10.

The FT ofy(t), t € R/Z(T,) can be calculated by the definition (10.4a), but it is
more convenient the application of the integration rulef th,

y(t):/tts(u)du N Y(f):%S(f), f£0. (S102)

0

For the evaluation of (f) for f = 0 we can use the rule

il |
i s t

N/

-To 0 Top 2Tp Tp

-

Fig. S10.1Signals in Problem 10.2
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Tp
Y(0) = aredy) — /0 y(t)dt = AgTo (T — 2To)

where the area is limited to a period.
On the other, for the evaluation of the F5[f) we can apply Proposition 10.1,
which gives

t .
repr, rect(2T0> =, 2Tp sind( f2Tp), feZ(F).

Hence, from (S10.1) one gets (with = —Ay)

S(f) = —Ax 2Ty sing( f2Tp) + Ap 2Tp sing( f 2Tp) e 127 o
= Ap2Tg sing(f2Tp) (—1+e 12m2T0) |

Hence, (S10.2) yields

_ _ 14 e-i2mt2T
Y(f)=A2T f2Tg) ————
( ) 2 OSIHq 0) i27f
This result can be written in the form
Y(f) = 3 A2(2To)? sind( f2Tp) sing( f Tp) e~ To

and is in agreement with the Fourier pair 9 of Tab. 10.1.
10.3.x[Sect. 10.3]Compute the Fourier coefficients of the “two waves” rectifiedisin

soid

S(t) = |cos 21t teR/Z(Tp) .

The signal is shown in Fig.S10.2 and has minimum peflige= 1/(2Fp). Letting
F = 1/T, = 2R the Fourier coefficients are given by

to+T, .
So= L skF) =+ /° "s(t)e 2t
Tp To Jio

To t
Fig. S10.2The rectified sinusoidal signal
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In this case we choosg= —3T,, which allows to remove the absolute value. Thus,
we find

1
1 30 - 1 /37 -
S —/lecos(ZnFot)e*'Z"kFtdt:TT/zl cosxe 27X gy

= Tp _QTD _érr

1 . 1 : 1
L AT ik izkeg, 1) SiNZk—1)5m  sin(Zk+1)5m
= Zn/%n(é e ) e k= k-1 (%11

=singk— 3) +singk+ 1)

where we have used the Euler formulas.

10.4.xx[Sect. 10.3]A signal with minimum periody can be represented @yZ(To),
but also oriR /Z(3Tp). Let s (t) andss(t) be the two representations, then find the relation-
ship betweer; (f) andSs(f).

The relations can be found by a separate evaluati@i(df) andSs;(f), given by

T .
SF) = [V se R, Fo=1/Ty
3T,

Ss(kF) = /0 st)e 2wt F = 1/(3T) = Fo/3.
However, a more elegant and general solution is obtaineld thé application of
elementary transformationsleveloped in Chap.6, and in particular of the Duality
Theorem. Then, we realize that the sigaglt), t € Z(3To) is given by thedown—
periodizationof s (t), t € Z(Tp). The Duality Theorem states that the corresponding
operation in the frequency domain is tid¢3F) — Z(F) up—sampling ofS(f),

f € Z(Fo). The up—sampling relation is

 [3Su(kF) ke Z(3)
Se(kF) = {o ke Z(3) .

10.5.xxx [Sect. 10.3]Using the Fourier series expansion of the signal (10.10a), prove
that the modulated signal (10.11) can be written in the form

v(t) = Jf Vo J(A) cos[2mt(fo+ kF)t] .

k=—o

The signal (10.11) can be written in the form
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V(t) = Vo [einrfot gAsin 2nFt}

where, for the second exponential, we can use the Fouriansiqn (10.10c). Hence

+Zoo Jn(A) ei2rr(%+nF)t1 .

n=—oo

v(t) =W O

The result is finally obtained considering ti3atA) is real.
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Problems of Chapter 1ﬂ

11.1.xx[Sect. 11.4] Evaluate therunning sum ynT) of the causal exponential
1p(nT)a" and its Fourier transform.

The running sum is given by

y(nT) =1pxs(nT) = f T 1o(nT —KT) s(kT)
k=—0c0
=T i skT)=T i ak.
Kk=—00 k=—0c0

In order to apply the geometric series, welet n—i. Then

o 1
— n - __ n
y(nT)=T4d _;a =Td 1-1/a

which requires thafa] > 1. For|a| < 1, the series is not convergent. Therefore the
current sum (fofa] > 1) is an exponential signal of the fory(nT) = k& whose FT
does not exist

11.2.xx[Sect. 11.4]Prove the discrete modulation rule
g 1 1
s(nT) cos(2mfonT) —— > S(f —fo) + > S(f + fo)

and apply it to the signa(nT) = 1o(nT).

The rule can be obtained by using the Euler formulas
y(nT) = s(nT) cos 2tfoT = 1 5(nT)e?™o"T 1 Lg(nT) e 12mhonT

and by subsequently applying the shifting rule in the fremyedomain.
With s(nT) = 1o(nT), it is sufficient to recall that the FU (f) of a discrete step
is given by (11.17). Then
Y(f) = 3Uo(f — fo) +3U(f — fo)
= % %/z(r,) (f = f0) + 3 O/z(ry) (f + fo)
+T 4 [cot(r(f — fo)T) +cot(m(f + fo) T+ 5T .
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11.3.xx[Sect. 11.4]Evaluate the Fourier transform of a discrete triangular pudse (
pair 14 of Tab. 11.1).

The expression of discrete triangular pulse can be writighe form

|n| _
s(nT):{l—NO n=—No,...,0,...,No
0 elsewhere

From the definition of the Fourier transform one gets

S(f) = f TnT)e 2™ fcR/Z(1/T)
k=—00

+No

|n) _iomfnT
= T (1— — | gtemin
n=ZN0 NO

N
—TaT ZO (1—”) (eiannT_,'_efiZTrfnT) .
n=1 No

Finally, considering Euler formulas, one obtains

S(fy=T+2T % <1—,\T> cog2mfnT).
A=l

0

11.4.xx[Sect. 11.4]Find the Fourier transform of the signal

g1 n=0,36,...
=)= {O elsewhere.

Hint: use Proposition 11.2.

The evaluation of the FT can be handled as done for the FT oflidezete step
signal 1(nT). An alternative evaluation can be done using the theople@hentary
tfsdeveloped in Chap.6. In fact{nT) may be regarded as the up—sampled version
of the discrete step signéuo(nST) defined onZ(3T). The factor% is due to the
fact that theZ(3T) — Z(T) up—sampling introduces an amplification of 3 times.

In the frequency domain, tf&(3T) — Z(T) up—sampling becomes tfe/ Z(Fy) —
R/7Z(3Fy) down—periodization withro = 1/3T. Therefore we obtain

S(f)=3U(f),  feR/Z(F)
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whereU (f) is the FT of the discrete step(h3T). This FT is obtained from (11.18)
with the substitution 8 — T andFy — Fp. The final result is

S(f) = % [% dR/Z(FO)(f)‘FST % COt(7Tf3T) +3T%] .

11.5.x[Sect. 11.6]Find theztransform of the signal

s1(nT) = 1o(nT) n?a".

We introduce the auxiliary signals
X(nT) = 1p(nT)a"
y(nT) =nx(nT) = 1(nT)na".
such that
s1(nT) = 1p(nT)n?a" = ny(nT) .
Now, thez-transfornx(nT), is given by

1
X(Z):Tl—iarl’ zel (|a],»)

and we apply twice rule 11 of Tab. 11.2, i.e.,

ns(nT) —2 —79 jzz) (S111)
Hence aX(2) L
z azr
Y(7)=-2 dz = (1—az1)?
1 1
- s- o

The region of convergence is stfll(|a, ).

11.6.x[Sect. 11.6]Find thez-transform of the signal

$(nT) = 1p(nT) n cos 2tfonT .

It is convenient to start from the signal

X(nT) = 1p(nT) cos 2tfpT
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and apply Rule 11 recalled in Problem 11.5.
Thez-transform of(nT) is given by (see Tab. 11.3)

1-pz1
where
B = cos2tfT .
Hence
__dX(2)
S(2) = - dz

Bz 2(1-2Bzt+z2%) —(1-BzY)(2Bz2%-2273)
-7 (1-2Bz1+z72)?
Y B-2z1+Bz?)
- (1-2Bz1+z2)02

=T

The region of convergence i$(1, «).

11.7.x[Sect. 11.6]Find thez-transform of the signal

s3(nT) =al" .

The signaks(nT) can be decomposed into causal and anticausal part in this for
s3(nT) =1p(nT)a" + Lo(—nT)a " —1—

where the termdy takes into account the fact thag(0) = 1. Then, recalling that
(see Sect. 11.5)

1

1o(nT)a" 2 a1 2€l(ale)
1

L(-nMa" —— T.——.  zel(01/fa)

Ao 20T, zeC.

The region of convergence is given by the intersection oftlihee regions and is
not empty only ifla] < 1. In this hypothesis, it is given by(|al,1/|a|). Hence

a2
S(2)=T S - "

= L= zerl (|a,1/|a]) .
l-az!l 1-az 1ta2—a(z+z 1)’ er (lal,1/]a])
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11.8.x[Sect. 11.7]Find the impulse response of the discrete low—pass filter with fre-
guency response (11.37).

We use Proposition 11.1 relating the FTB(T) to the FT onR. The Fourier pair
onRis

so(f):rect<2f8), feR T, s(t)=2Bsind2Bt), teR.
Hence
S(f):rep:prect(sz), feR/Z(F) 2 st)=2Bsing2Bt),  teZ(T).

Therefore the impulse response of the ideal band—passdilt&(T) is given by
g(nT) = 2B sing2BnT).

11.9.xx[Sect. 11.7] Show that the impulse response of the discrete Hilbert filter is
given by (11.39b).

If we consider that in the periog-3 Fp, 3 Fp) the FTG(f) of g(t) is given by

i —I<f<R
i 0<f<3F,

G(f):{

we can express its inverse FT as

o I
g(nT) :/ L ieIZTIfan.I: 7/ ielZﬂfanf
—5Fp 0

1 1
R .éFp —i2fnT i2rfnT .éFp ;
=|/0 (e _d )dfzz/o sin2rfnTdf .

Forn £ 0 we obtain

1
g(nT) = e (1—cosmnT)

while g(0) = 0. Hence

0 neven
g(nT) = i n Odd A
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11.10.x[Sect. 11.7] Show that the impulse response of the filter whose frequency re-
sponse is defined by (11.42), is given by

hy(nT) = %sinc(%n) in.

The frequency response of the filter in the periedFp, 3F,] is

0 iR <f<o0
H () = 2P
1) {2 0< f<iF,.
Hence Fo/2
hy(nT) :2/ VY g2minT ¢
0
1 i
=2~ _(e¥2" 1 n+#0
i2rmT ( ’ 7
=2 1 eiZH%nT eiZH%nTiefiZH%nT
i2rmT
. F
= }e'Z"Tp”T sinc EnT
t 2
whereF, T = 1.

11.11. % xx[Sect. 11.7] Prove that the impulse response of ttigcrete realphase
shifter of By is

_sinfo " 2 sin(fo + nm)

9(nT) = ——= -7 70
while g(0) = 0.
Considering that foff| < 1F,
i ~iho —IFp<f<0
S i
(V) gfo 0<f<3F

the inverse FT is

o= [}

1
oiBo gi27fnT ¢ +/2Fpei/30ei2nfanf '
-5Fp 0

The integrals give
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oo oifo2TEFT  dBod2TEFnT B
“omTt  kmt T 2mT 2mT
1 dho_eif 1 @M _ g-i(mpo)

T 2 mT 2
sinBp sin(Bp+mm) sinfo n
- - 1- (-1
mT + mT mT I (=1

g(nT)

andg(0) = 0. In confirmation of this result, fgBy = —% 1T, we obtain (11.39b).

11.12.[Sect. 11.8] Show that if the input to &(To) — Z(T) down—sampler is causal
with the rationalz—transform

Tz1

Oy a-EY

the equalityry = N holds for the convergence regions.

We assumey # p1, and recall that, by causality, the input convergence rego
rx=r (%,oo). Then, using the partial function expansiongfz), we find

Xo(20) = 4+ B

7' 1-
whereA = 12T andB = —A. Then

wik| >

1- 7t

Al

X(nTo) = 1p(N) [A(é)nJrB (i)n} .

After theZ(T) — Z(Tp) down—periodization witfl = NTo, the signal is

y(nT) =x(NNTp) = 1o(n)

A(3) = (3)"]

A B N

Y2(2) = Nt v =63 =)
1-(3) %" 1-(3) % ( )

In conclusion, after the down—sampling, the original p@ges- 1/3 andz, = 1/4

becomez) andZz).

Hence




138 Solutions to problems of Chapter 12

Problems of Chapter 12

12.1.xx[Sect. 12.3]Evaluate the DFT of th&(T) — Z(T) /Z(Tp) up—periodization of
the unitary rectangular pulse ¢ D) NZ(T) with D = MT < Tp,.

For the DFT evaluation, we consider the cell
J=[0,MT)NZ(T)={0,T,...,(M=1)T}.
Inside this cell, the signal is explicitly given by

1 0O>n<M-1
T) = =
w(nT) {0 elsewhere

The application of the DFT gives
M-1 ]
W(f) = Z) Te 2T f e Z(F)/Z(Fp)
n=

and, explicitly,

™™ fTeZ

W(f) = {T(l_eiZHfMT)/(l_eiZHfT) fT¢Z fe Z(F)/Z(FP) .

This result can be expressed by means ofgodic sinc functioras
W(f)=Dsingu(fT)e 2™ fcZ(F)/Z(Fp)

where
D=MT, te=3M-1T.

12.2.x[Sect. 12.3] The signaky(t) = cos2t/To, t € Z(T)/Z(To), is truncated on the
interval [0, aTo) and repeated with periol, = aTo, giving the signak(t), t € Z(T)/Z(Ty).
Find the DFT ofs(t).

The signak(t) is obtained fronsy(t) = cos 2t /To, t € Z(T)/Z(To), by the follow-
ing operations (Fig.S12.1)

1) Z(T)/Z(To) — Z(T) down—periodization,
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So(t) %(1) y(t) s(t)
w(-)

Z(T)/Z(To) Z(T) Z(T) Z(T)/Z(Tp)

Fig. S12.10perations needed for the generation of the signal

2) multiplication by an indicator functiow(t),t € Z(T), of the “discrete interval”
[0,aTo) NZ(T) (window with shapew(t)),

3) Z(T) — /Z(T)Z(Ty) up—periodization.
Denoting the signal after the down—periodization v&ift J; after point 2) we obtain
the signaly(t) = w(t)%(t) and after point 3) we get

s(t) = repr y(t) = repr, WS, teZ(T)/Z(Ty).

The Fourier transform af(t) = cos 2wt /To, t € Z(T), is given by

S(F) = 30k /z(ry) (f = fo) + 30k z(ry) (f+ o), f € R/Z(Fp)

whereF, = 1/T and fg = 1/To. The Fourier transform of(t) is obtained as the
convolution

Y(F) =WxS(f) = 2W(f — fo) + IW(f + fo), f € R/Z(Fp)

and, finally, the Fourier transfor{ f ) is obtained as the down—-sampliRgZ(F,) —
Z(F)/Z(Fp) of Y(f), that is,

SO =Y(f) =IW(f—fo)+IW(f+fo), FeZ(F)/Z(F,)  (S121)

where
1 1 1

= 1.

F:—:i
Tp aTp «

Finally, we have to calculate the R¥(f), f € R/Z(F,) of w(t). We observe that,
for the compatibility conditiona To must be a multiple of, sayaTo = MT. Then
the FT can be expressed in the form

W(f) = (MT)sinau(fT)e 2™ tc=I(M-1)T (S122)

where sing (x) is the periodic sinc function.
In conclusion, the DFT oé(t) is given by
S(f) = IMT sinau((f — fo)T)e 27~ folte

. S123
+ IMT sinay ((f + fo) T)e 2+ foke ( )
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12.3.%x[Sect. 12.3]in the previous problem suppose tlais a natural. Check that the
DFT §(f) consists of two impulses and explain why.

In (S12.2) and (S12.3) we ldh = 1/To andMT = aTp. For the check, we must
recall the definition of sing and, in particular, the following property (validif is

odd)
. my 1 me Z(M)
S'”‘“(M){ 0 mgzm) MEZ
Considering that

1 o A
FT = — foT=aFT = = a=necN
M’ 0 M’ 0 <

and indicating the frequendyby kF in (S12.3), we obtain

sinau ((f + fo)T) = sinau (KF T £ ngF T) = sinqy <kj'\:/|no)

so the transform is null except fér= + fo+mF,. This proves tha$( f) is composed
by two impulseéZ(F)/Z(Fp)(f + fo) of appropriate area.

The obtained result agrees with fact that truncating a sidas signal on an
integer number of periods and repeating it periodicallydsiealent to leave the
signal unchanged. This observation holds for every pezisidjnal.

12.4.x[Sect. 12.3]Show that the discrete chirp sigrsthT) =W has periodNT for
N even and period2T for N odd.

The following equality holds:
N)2 2 2
S((n+N)T) = Wag ™ = WE WA WY
Considering thatVjiN = WJ", we have
WEN=1, WA =w

Hence
s(N+N)T) =s(nT)W' .

If N is even,WZN = 1 and the signal has periddT. Similarly, if N is odd, it is
possible verify thas((n+2NT)) = s(nT).
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12.5.%x[Sect. 12.5]Show that the sequensgthat has a constant DCT (see Tab. 12.2)
is given by

A flsmc@N . (W) .

Take uniform weights and use identity (2.54)

For the sake of generality, we consider the DCT given by tlerse of (12.33).
Now, by lettingS, = Ag andAy = i/ ak in this relation, we obtain

2n+ 1)k Ag
Ak A04‘ Aly
; v )
where we leA\, = A1 fork> 1 and
N—-1
B (2n+ 1)k

ko1l

Next, we use the identity

No

1+2 Z cosTikx = M sinay (Mx) , M=2np+1

and we letng = N — 1 andx= (2n+1)/(2N), thus obtaining

v = M sinay <M(2n+1)) 1. M=2N-1
2N
and hence
. M(2n+1
S = % {Ao— $A1+ 3A1Msinay <(2N)ﬂ .

Finally, with uniform weights(ax = 1), we haveA, = L; thereforeAo — %)\1 =0
and3A, =1

12.6.%x[Sect. 12.5]Suppose that the DCT and the IDCT, given by (12.33), hold. Then
prove orthogonality conditions (12.35).

Relations (12.33) have the following structure

N-1 N-1
S(Zrzgpkﬁha S]:lg%BMéi
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and can be rewritten in the matrix form (see Sect. 12.6-A)
S=As, s=BS

whereA = [An] andB = [Bpy] areN x N matrices. Hence, combining these rela-
tions, we find thaB = ABS ands = BAs, and, consequently,

AB =1 and BA=I (S124)

wherel =[] is the identity matrix. (This establishes, as obvious, ahdB are
one the inverse of the other). By writing explicitly the (4R.we have

N-1 N-1

Z Ahn Bnk = d’ﬂ(v z BmkAkn = 5mn
n=0 k=0

which correspond to (12.35) as soon as we recall (12.33) wiiform weights
(ork = 1).
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Problems of Chapter 134

13.1.x[Sect. 13.4]Show that withN = 2™ the general solution of recurrence (13.19) is

U(N) = :—zLNu(Z)—i-N(IogZN—l) (S131)

with p(2) the initial condition.

As done in the book, it is convenient to |gf, = p(2™), so that from the general
formula of parallel computation one gets (see (13.20))

Hm = Zl»lmfl‘f‘zm, m>2.
This is adifference equatiori-or the first orders it gives

o = 24y + 22
Uz =2up+2° =22y 2. 2°
Us=2uz+2* =22 +3-2%

andobviouslythe general solution is
pm = 2"t g 4 (m—1)2". (S132)

However, this results can be formally provieglinduction
Finally, to get (S13.1) from (S13.2), it is sufficient to rédhat N = 2™ m=
log, N andu; = u(2).

13.2.xx[Sect. 13.4] Prove (13.22) concerning the parallel computation ofapoint
DFT.

With N = a™, a decompositioN = LM is given byL = a™ 1, M = a and then the
general relation (13.13) becomes

p(@™) =ap@™ )+ (a—1)a".
Letting um = p(@™) one gets the followinglifference equation
Um=alm 1+(a—21)a", m>2

where the initial condition igi; = p(a).
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Without entering in the theory of difference equations, \&a proceed as in the
solution of the previous problems. We write the solutiontfoe first orderam and
finally we get

tm=a""1p; + (m—1)(a—1)a". (S133)

Next, considering thati, = p(a™), (S13.3) is equivalent to (13.22).

13.3.x[Sect. 13.4] Gauss dedicated several years to compute the orbit of the asteroi
Ceres. In particular he was engaged on a 12—point DFT, andlfibeonvenient to use the
decompositions 12 3-4 and 12=3-2- 2 (Fig.13.20).

Discuss the advantage of such decompositions with respect tordwt #i2—point DFT
computation.

We consider only multiplications. The direct computation¥ = 12 would require
122 = 144 multiplications. Fronu(N) = M u(L) + (M — 1)N with the decomposi-
tionM = 3,L = 4, one gets

p(12) =3u(4) +2-12=3-16+24=T72

although we assume(4) = 4° = 16. With the decompositioM =3,L =4=2x2
one gets
p(12) =3u(4)+24, p(4)=2u(2)+4

which, with 1(2) = 0, givesu(12) = 36.
Hence, the reduction is from half to one fourth. A very relgveeduction for
Gauss, who did not have a computer!

13.4.xx[Sect. 13.8]In the previous chapter (Sect. 12.4) we have introduceddsie
DFT. Organize its numerical computation and evaluate the nupfl@perations.

Given the sequenc®, sy, . .., Sn—1, thecosineDFT is given by (12.23a), that is

N nk
SkF)=T Y puns(nT)cos2t—— .
nZO 2N
As seen in Sect. 12.4, treosineDFT is given by the standard DFT orfN2points
of an appropriate even sequence obtained from the givgroint sequence. Hence,
the computation can be done by means of\a-oint FFT and the corresponding
complexity is of 2Nlog,(2N) operations.
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13.5.%x[Sect. 13.8]In the previous chapter (Sect. 12.4) we have introduceditne
DFT. Organize its numerical computation and evaluate the nuofl@perations.

The sine DFT and IDFT ol — 1 points are defined by (12.24) and can be obtained
starting from N—point DFT and IDFT, where the signs(nT) is real and oddand
the DFTS(kF) is imaginary and oddAlso, the signal has the constraist) = 0
ands(NT) = 0 and the DFT has the same constrai®) = 0 andS(NF) = 0.

Hence, we start from areal sequesge-s(nT),n=1,...,N—1, of lengthN — 1
and we construct a vector oN2points using the above constraints and evaluate the
2N—point DFT giving an imaginary vector from which we read tine<DFT at the
frequencies=, 2F,..., (N—1)F.

The computational complexity is of\dog(2N) complex operations. Note the
direct evaluation, based on (12.24a), would req(iite- 1) real operations.
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Problems of Chapter 144

14.1.xx[Sect. 14.1]Given a generalized transform omr- U with kernels@(u,t) and
¢ (t,u), prove that the kernels of thiial transform orl — U are given by

BA, ) =0, 1),  F(f,A)=d(f,—A) (S141)

where®(A, f) and®(f,A) are respectively the FTs éfu,t) and¢(t,u). Heredualis not
intended in the sense of (14.13), but as a frequency repreisentat

From a transform paifs, S) we obtain the dual transform pd#, S)

6 @n:%méunﬁu% rel

~

qn:XM$mm§m, fel

<)

wheres§(f) andS(A) are the FTs of the signa{t) and of the transforn®(u), re-
spectively.

The dual kernels can be obtained by applying of the FT, thatdae specifically
(see Theorem 6.7),

~

(A, f)=0(A,—1), P(f,A)=0(f,-A) (S142)

where@(A, f) and®(f,A) are the FTs of the original kernels.
The dual transform is important in itself (as a new geneealizansform), but
also to establish properties of the given generalized fioams

14.2.xx[Sect. 14.1] Prove that, if the kernels of a generalized transfdu,t) and
¢ (t,u) are self—reciprocal, also the kernels of the dual transfé(i, f) and@(f,A) are
self-reciprocal.

The self-reciprocity condition is
6(u,t) =¢*(t,u). (S143)

Then, the application of the conjugation rule of the FT, ngns&(t) N S (—f),

gives in this casep*(t,u) AN ®*(—t,—u). Then, in the frequency domain,
(S14.3) becomes
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O, )= ®*(—f,-A)

where® and @ are the FTs ob and ¢, respectively. On the other hand, the dual
kernels found in the previous solution are given by (S14n2j, herefore,

BN, )= (f, 7).

14.3.x[Sect. 14.2] Check that the IDFT/DFT are a special case of (14.16a) and
(14.16b).

The DFT and IDFT are respectively (see Sect.5.8)
N-1
S(kF) = za Ts(nT)W K
n=

N-—-1
T =S FSKF)W"
s(nT) k; SKF)Wy

which are a special case of (14.16) with
| =7Z(T)/Z(NT), U =7%Z(F)/Z(NF)
o) =W ", () =W"
S =d(Z(F)) S(kF) = F S(kF) .

In particular, (14.16b) becomes

N-1

sinT) =5 SWK".
(nT) k;) N

14.4.5x[Sect. 14.2]Show that for the Fourier series expansion both orthogonzdity
ditions (14.6) and (14.8) hold.

The Fourier series expansion is (see Sect. 2.5)

S(t) = Ez S 2Pt e R/Z(Tp)

where
1

S=%

T _
/ stt)e ?™Ftdt,  nez.
0
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This is a special case of signal expansion Wita R /Z(Tp), U = Z(F), beingF =
1/T,. The basis functions are

Bn(to) = €2™MF0 Pn(to) =& 2MFL tg e R/Z(Tp).
The FRC is

S Fn(th) bnlto) =F 5 2™ 070 = & 17 (th —to)

nez nez

where we have used the orthogonality condition of the FR@H(T,) (see (5.11)).
The IRC is given by

T . ,

/ dto ¢ (to) Bn(to) = / P iz —nFio gt
R/Z(Tp) o

=Tpvn=(1/F) 8y

where we have used the orthogonality of the exponentialtiome. The result of
(S14.4) is in agreement with (14.18).

(S144)

14.5.xx[Sect. 14.2]Apply the expansion/reconstruction (14.22) to the signal
s(t) =sind(Ft), teR

and show that, if the sampling frequenBy = 1/T < 2F, the imperfect reconstruction
gives the projection o§(t) onto the clas$i(B). Hint: consider that the projector defined
by (14.23) is given by the cascade sampling/interpolation efRbindamental Sampling
Theorem and proceed in the frequency domain.

The FT ofs(t) is given by

S(f) = (1/F) triang(f /F)

and therefore the spectral extension4sB,B) with B = F. If the sampling fre-
quency iskFc = 1/T > 2F, the ideal interpolator with frequency respor@ef) =
rect f /F;) gives the correct reconstruction.

If Fe < 2B, we find that the FT of the reconstructed sigs(@) is given by

S(f) = Q(f f —kR S145
S(f) =Q( )ngS( ) ( )

and represents the projection$ff ) onto the subspace ab(R) of the FTs having
extension(—3F¢, $F).

Fig.S14.1 illustrates the Fi(f) in the casd~ = %F, where (S14.5) has only
two terms of aliasing
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S(f)
—F %QF F t
SM% ~
-F F K ;
&(f)
Fig. S14.1 The Fourier trans- F Fr "
forms in Problem 14.5 with, = ¢
5F Q) 4
-1F iF t
§f) 4
B b t

S(f) = Q(H)[S(F+Fe) +S(F) + S(f —Fe)] -

14.6.xx [Sect. 14.3]Consider the Mercedes Benz frame defined in Example 14.3. Ve-
rify that it is a tight frame and find the redundancy.

Lets= (so,51) € R2. Then

(sdo)=s1, (s¢1)=—Fs-3s1, (s¢2) =L 3
and )
2 2
(s.9n)P=si+(—Po—3s1) +(Poo—3s
> (—F0-39) + (P 1)
=3+ 3= 3lIslP.
Then, the frames bounds ake=B = % The redundancy is 50%.
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14.7 .5 [Sect. 14.3]Find a dual of the Mercedes Benz frame and discuss its multipli-
city.

Given the 2< 3 matrix of the Mercedes Benz frame

0 —/3/2 V3/2

?=11 ~1/2  -1/2

we have to find a % 2 matrix

air a1z
O=|ay ax
agl as2
such that
®o - {1 0} (S146)
0 1|°

This relation gives four linear equations is the six unknswn. Thus, we have
infinitely many solutions.
Lettinga;1 = X, a12 = y we solve the system (S14.6)

1 1
5\/§a31— 5\/§a21 =1
1 1
E\/éagz— é\/éazz =0

1 1
X—sap1— za31=0

2 2
Lo tag—1
y 532~ 5832 =

with respect tog, y. The solution gives the matrix

X y
O=|x-1/V3 y-1
x+1/V3 y-1
For instance, witk =1,y = 0 we get
1 0
0=|1-1/V3 -1
1+1/vV3 -1

This dual of the Mercedes Benz frame is shown in Fig.S14.2.
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to 2

bo

o S
b1 02

Fig. 14.2TheMercedes Benfzame and one of its dual

14.8.x[Sect. 14.6]Formulate Proposition 14.2 in the cdse R, U = Z(T) andP = Z.

This problem wants to stress the generality of subband dpasition, which holds
also in the decomposition of a continuous signal, with espars obtained with
| =R andU = Z, namely

S(to) = z S(nT) ¢(to—nT), teR (S147)

nez

where e
S(nT) = /_ 6(to—nT)st)dt, neZ. (S148)

The above expansion is PI with periodiciB(T). In fact, the basis functions are
obtained from the functiong(t) and6(t) with T—translations. We have

=R, U=2%T), P=%T), B=[U/P)={0}.

SinceB degenerates, in the subband architecture of Fig.14.15/@haril S/P dis-
appear and we simply have: in the Analysisfan- Z(T) decimator with relation
(S14.8) and with impulse responggty) = 6(—to) and in the Synthesis&(T) — R
interpolator with impulse respongg(to) = ¢ (to), as shown in Fig.S14.3.

— () [—  ——{T%() —

Fig. S14.3 Filter implementation of the sinc basis. The filters are ideal jmass withgo(tp) =
Jo(to) = (1/T)sindto/T)

14.9.x[Sect. 14.6] Interpret theFundamental Sampling Theore(see Sect. 8.4) as a
subband expansion dn=R andU = Z(T), where the Analysis performs tie — Z(T)
sampling and the Synthesis gives the reconstruction of the digmalthe samples.
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This problem may be viewed as a reformulation of Example .14l theorem
claims that a band—limited signs{t) with spectral extensiofB, B) can be recon-
structed from its sample valus&nT) with T = 1/(2B), as

st) =Y s(nT) sinc(t_TnT) ,  teR.

nezZ

Hence, we have (S14.7) with

on(t) :sinc< nT) and S, =s(nT). (S149)
This set of functions verifies the orthogonality conditiced Sect. 8.6). However,
the set is not complete because the expansion holds onlyafai-imited signals
of Lo(R). Now, (S14.9) verifies the Pl witR = Z(T).

The implementation according to the subband coding arcthite is a special
case of the previous problem. Note that the interpolatorédevant after the band—
limitation of the signal and, therefore, the whole arcHitee degenerates into an
R — Z(T) down—-sampler.

14.10.x% [Sect. 14.6]Formulate Proposition 14.2 in the cdse 72, U = Z? andP =
73(2,2), the quincunx lattice defined in Sect. 3.3.

The parameters are
| =72, U=7%2 P=7222).

To write explicitly the subband architecture we have to firtB = [U /P). Con-
sidering the latticé has basis

p_ 2 0|2 1] |4 2
|0 2|0 1] |0 2|”
in order to find the cell we can use the fundamental paralieésl’, determined by
the basis vector, as shown in Fig.S14.4. The parallelefgpes a celCo = [R?/P)

and, according to Proposition 3.6, the desired Ball obtained as the intersection
of Cp with the latticeU = Z2, that is,

B=27°NCy.
Thus, we find that the ceB consists of 8 points given by

B={(0,0),(0,1),(0,2),(0,3),(1,1),(2,1),(3,1),(3,2)} . (S1410)
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A
Fig. S14.4 Evaluation of the cellB: s A
ABCD is the fundamental parallelepiped C
of the latticeP = Z3(2,2); the points of 2 . TTTemmmmemTmemmIe e
the cell B are the points ofZ2 contained e
in the parallelepiped 1 L
A 1 2 3 B t

As a check, P) =8,dU)=1and thetN= (U : P) =d(P)/d(U) = 8.

Note that =U and, thenA= [I /P) has the same cardinality BsIn other words,
the filter banks are critically sampled. The Analysis caissi$N = 8 72 — 73(2,2)
decimators and the Synthesisif= 8 Z3(2,2) — Z2 interpolators.

14.11.xx[Sect. 14.6]Formulate Proposition 14.2 in the cdse 7(2,2), U = Z? and
P = Z3(2,2). Which is the main difference with respect to the previous jamot?

We have to find the celB = [U /P) andA = [I /P). In the previous solution we have
found that the celB = [Z2?/Z3(2,2)) consists oN = 8 points. Now, using the same
procedure, we find that the cellis given as the intersection of the fundamental
parallelepiped, with the input domain = Z(2,2). We find

A= Z(Z’ 2) NG = {(070)7(072)}

and the cardinality i1 =d(P)/d(l) =8/4=2.

The Analysis consists dff = 8 decimators and the Synthesishf= 8 interpo-
lators; the down—sampling and up—sampling ratios are dgyel = 2 < N = 8.
Then, the subband codingasersampled

14.12.%x[Sect. 14.7] The direct connection of the transmultiplexer architecture-c
sists of anN-input one—outpuP — U interpolator (transmitter side) and one—inp#
outputU — P decimator (receiver side). Thiex N global impulse response is the matrix

[|Gb*Gc(t)]|, teP bceB.

Note that this is a convolution between the high rate sigggls) anddz(to).to € U, sub-

sequently evaluated at the low rate arguntent® (after the evaluation oty € U, there is

aU — P downsampling). Evaluate the global frequency response (natétté connection
transmitter—receiver is equivalent to a filter By

Thedirect connectiorof the transmultiplexer architecture (without the S/P ameal t
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P/S) consists of all—input one—outpu® — U interpolator followed by a one—input
M—outputU — P decimator. The global kernel is given by

h(t',t) = /U duo Gi(t — Uo) (o —t') (S1411)

whereq isM x 1 andgis 1x M.
Since the domain ordering 3> U andU C P we can apply the recomposition.

14.13.x[Sect. 14.9] Consider a subband decomposition wits Z, U = Z andP =
Z(4). Explicitly write the distortion—free and the alias—free ditions.

The frequency domains are
I

=R/Z, U=R/Z, P=R/Z(1/4)
and the cells are

A=[l/P)=[Z/Z(4)) ={0,1,2,3},

B=[U/P)=A,

A =[P /1") =[Z(1/4)/2) = {0.3.5. 3}
HenceN = M = 4 and there is aritical sampling

The distortion—free and the alias—free conditions in tlegdiency domain are
given by (14.108), namely

D(f)=G(HQ(f) =1, G(HQ(F-A), A£0 (S1412)
where
Qo(f)
G() = [Go(F).Ga(1). Ga( 1), Ga(F)]. QD)= | 4f)
Qs(f)
Hence

3
D(f):_;Gi(f)Qi(f)

w

G(HQ(f-A) = Gi(f)Qi(f-A)

whereA € A", A # 0 and, therefore,
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14.14 .5 [Sect. 14.9]Consider a subband decomposition wits Z, U = Z(2/3) and
P = 7Z(4). Explicitly write the distortion—free and the alias—free ditions.

The frequency domains are
I

=R/Z, U=R/Z(3/2), P=R/Z(1/4)
and the cells are

A=I/P)=[2/2(4)) = [2/2(4)) = {0,1,2,3}

B=[U/P)=[Z(2/3)/Z(4) ={0.3,3.5. 8. %} ,

A =[P /1) = [Z(1/4)/Z) ={0,3,5, 3} -
HenceM = |A| = 4,N = |B| = 6 and there is anversampling
The distortion—free and alias—free conditions are the sam the previous
problem with the difference that no®;(f) have period 1 an®;(f) have period
3/2.

14.15.5x [Sect. 14.9]Consider a 2D subband decomposition with (see Problem 14.10)
| =72, U = 72 andP = Z3(2,2). Explicitly write the distortion—free and the alias—free
conditions.

The frequency domains are
| =R?/7?, U=R?/7? ~ P=R?/ZFF),

whereF = 14. In fact, in Sect. 5.3 we have seen that the reciprocaleofjtiincunx
lattice Z3(dh, dy) is the quincunx lattic&.3(F1, F>) with Fy = 1/(2dy).

We have to evaluate the cells = B = [72/73(2,2)) and A* = [P*/1*) =
[Z3(1/4,1/4)/Z?). The cellA = B has been evaluated in the solution of Prob-
lem 14.10 and is given by

A=B=1{(0,0),(0,1),(0,2),(0,3),(1,1),(2,1),(3,1),(3,2)}.  (S1413)

Considering thaA| = |B| = 8, we have a&ritical sampling For the evaluation of the
cell A* we use the technique of Proposition 3.6. Then, we evalua afdR?/Z?),
which may be the squaf@ = [0,1) x [0,1) and, therefore, the intersection is

A" =CoNZ3(1/4,1/4) .
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We find (see Fig.S14.5)

Fig. S14.5Evaluation of the cell S ommmmmmn H g
A* as the intersection of the 3
fundamental parallelepipe@y =

[0,1) x [0,1) of the latticeZ? and i . ¢ .
the latticeZ3 (3, %) 3

o
i
BN
EN[
=
fira

A* = {(050)’(%70)7(%’ %)7(%’ %)7(07%)7(%’%)7(%’%)7(%’%)}

which consists oM = N = 8 2D frequencies.
The distortion—free and alias—free conditions are givethigygeneral formulas
(14.108), that is,

D(H=G(HQ)=1, G(NQIf-A), A#0

whereG(f) is a row vector(1 x 8) andQ(f) is a column vecto(8 x 1). The in-
dexes of the entries are given by the d&lvhich, in (S14.13), is written with the
lexicographical order. Then, for instance, we have

G = [Go,0,Go0,1,Go0,2,Go.3,G1,1,G2,1,G31,G32) -

The distortion—free condition can be written as

D)= Gu(HQuj(f)=1.

(i,DeA
Analogously, we have the alias—free condition

Y Gii(f)Qi(f-2)

(i,5)eA

whereA € A* with A = (0,0) omitted.

14.16.xx [Sect. 14.9]write the IRC condition for the subband decomposition architec
ture obtained by imposing that the cascade oRhe | interpolator followed by thé — P
decimator be equivalent to ti-inputN—output identity orP (see Tab. 14.1).

Theinversesubband architecture consists of the cascade of (Fig.514.6
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TT a() | q() l? = T Indp(-) T’
d(to) i(t)
[ l P

Fig. S14.6lllustration of the IRC condition in subband architecture

1) anN-input one—output interpolator ¢h— | with impulse response (see (14.89))

g(to) = [go(to), - --,9n-1(to)]

2) a one—inpuN-output decimator oh— P with impulse response

d(to) = [do(to), -- -, AN-1(to)]" -

From the decomposition/recomposition of QIL tfs (see S@dtl, Theorem 6.6)
cascade of these two blocks is equivalent to a filtefPowith impulse response
given by thel — P down—sampled version of the convolution

d(to)=q*g(to):/Pdpq(to—p)g(p), to€l (S1414)

whered(tp) is anN x N matrix. B
The IRC condition is that the down—sampled versigh, t € P, of this matrix is
the N—inputN—output identity orP, that is,

dt) =qxg(t) =Indp(t), teP. (S1415)

14.17 .« [Sect. 14.9]write the IRC condition of the previous problem in the freqeg
domain (see Tab. 14.1).

In the frequency domain the overall response given by (34écomes
D(f)=Q(f)G(f), fel=Rm)I".

Thel — P down—sampling ofl(tp) becomes thé — ﬁup—periodization, with rela-
tion
D(f) = D(f-A), feP=R"/P*.
AePr/1%)
The FT of the impulsedr(t) is 1. Hence, the IRC condition in the frequency
domain isD(f) = 1 and, more explicitly,
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Qf —A)G(f—A)=1y.
Ae[Pr/1%)

14.18.%x [Sect. 14.9]Consider a subband decomposition witk Z, U = Z(2/3) and
P = Z(4). Explicitly write the polyphase matrigy(t).

Given the high-rate impulse responggfo), to € I, the polyphase matrix is the
M x N matrix defined by (14.127). In order to write this matrix, waevh to evaluate
the integerdvl, N and the shiftg;. These are obtained from the cells

246 8 10
A:[I/P):{Oalazas}a B:[U/P):{Ov§7§a§7§7§ .

Then,M = |A| =4,N =6 and{1o, 71, T2, T3} = {0, 1,2,3}. Hence

do(t) ou(t) 02(t) gs(t) 9a(t) gs(t)
Go(t+1) gi(t+1) go(t+1) gs(t+1) gat+1) gs(t+1)
Qo(t+2) qut+2) gt+2) gs(t+2) g(t+2) gs(t+2)
Qo(t+3) Gu(t+3) g(t+3) gs(t+3) gat+3) gs(t+3)

wheret € Z(4).
Note that theth row of the polyphase matrix is obtained from the S/P casioer
onZ — Z(4) of the jth impulse responsg;(to), to € Z.

On(t) =

14.19.%x [Sect. 14.9] Consider the subband decomposition of the previous problem.
Explicitly write the polyphase matri& () in the frequency domain in terms of the origi-
nal frequency responses.

We have remarked that théh column of the polyphase matrix is obtained from the
S/P conversion of the impulse respogéo), to € | = Z. Then, we have to apply
the theory of S/P conversion in the frequency domain deweslap Sect. 7.5 and, in
particular, relation (7.31).

Now, in this conversionyﬁk) (t) =gj(t+k),k=0,1,2,3, are the polyphase com-
ponents. This writing implies two operations
1) ashift of—k ongj(to), giving g}'@ (to) = gj(to+k),
2) aZ — 7Z(4) down—sampling.

In the frequency domain 1) gives

G(f) = Gj(f) &>
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and 2) gives
(kK _ % (k)
G'= 5 G(f-2)
AE[Pr/1%)
whereP* = Z(1/4) andl* = Z. Hence) € {0, 1,2, 2} so that

G (f) = i G (f —m/4).

m=0
In conclusion .
K K 277 f—
Gl =3 G(f—mya)d2mi-mak,
m=0

This relation, withk = 0,1, 2,3, gives the four entries of thgh column of the 4 6
matrix Gp(f).

14.20.xx[Sect. 14.10] Consider a 2D subband decomposition with (see Prob-
lem 14.10)l = Z?, U = Z? andP = Z3(2,2). Explicitly write the the polyphase matrix
gn(t). Hint: use the lexicographical order (see Sect. 7.6).

In order to solve this problem, we have to find the célls [I /P) andB = [U /P),
which give the cardinalitie® = |A| andN = |B| and the indexes. In (14.126) and
in (14.127), the entries of the polyphase magixt) are written as

g (t) = gm(t +T75) (S1416)

wherem is the column index, given by the cd, and j is the row index withr;
given by the cellA.
In this specific case, the cells are equal and given by (sek18))

A=B={(0,0),(0,1),(0,2),(0,3),(1,1),(2,1),(3,1),(3,2)}
n 0 1 2 3 4 5 6 7

where in the second line we have indicated a naturahich is in correspondence
with the elements of the cell. This natural number can be fisetioth m and j

in notation (S14.16). In such a way, we can hargl}¢) as an ordinary & 8. For
instance, we have that

oY (t) = gslt +1s) = ga(t + (2,1)),  teZ3(2.2)

represents the 3rd elements of the 5th row of the matrix.
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14.21.x[Sect. 14.12] Prove that (14.147D(f) verifies the conditiorD(f — F) =
—D(f), which implies that in the impulse resportTo) is zero forn even.

Given that D(f) = Q3(f) — Q3(f —F), the functionQq(f) has periodr = 2F.
Hence
2D(f —F) = Q§(f —F) — Q§(f — 2F)
= Qp(f —F)—Qj(f) =2D(f).
In the time domain we have
(—=1)"d(nTo) = —d(nTo) .

Then, forn even dnTp) = —d(nTp) — d(nTp) = 0.

14.22.x[Sect. 14.12]Prove relation (14.149) on the Synthesis filters of Choice II.

It is convenient the introduction of auxiliary signals ame tapplication of simple
FT rules. We let

a(nTo) = go(—nNTo)
b(nTo) = a((n—1)To) = a(nTo — To)
c(nTp) = b*(nTo)

A(f) =Go(-T)

B(f) — A(f) e7i2rrfT0 _ GO(— f) ei2rrfT0
C(f) =B*(—f) = Gy(f) e 20
D(f)=C(f —F) =Gy(f —F) e 2 -F)To

(
=Gy(f —F) e ?mMI-FTo(_1) = Gy(f).
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14.23.xx[Sect. 14.16] Prove that with the impulse response given by (14.161), the
kernel8(uo,to) of the corresponding PI transformation is specified by

h(b,a) = Kpa,
whereKy, are the entries dk. Prove also that the extensiontofs given by

0(h) = {Bx A+ (t,1)|t € P}.

Itis convenient to express the relation between the keétfe), to) and the polyphase
matrix qr(t) in the general case. Recall that the polyphase matrix isebeltrof
two polyphase decompositions appliedtaip, tg) with up =u+b, b€ B,ue P and
to=t+aacAteP.

We can start from the first of (14.67), namely

Ob(to) = Bb(—to) = B(b,~to) ,
and note thaty,(tp) identifies(up,to) by means of PI. In fact, we have
8(b+ p,to) = B(b,to— p) = Gb(—(to— P)) -
Next, we decomposg astg = a-+t, in order to get
O(b+p,t+a) = tp(—(t+a—p)) = Goa(—(t—p))

wheregp(t) is the(b,a) entry of the matrixg,(t). In conclusion, the general rela-
tion is

6(b+ p,t+a) = gpa(—(t—p)) .

In the specific case of (14.161) we get
6(b+p,t+a) = MKpadp(—(t — p))

which clearly shows that the kernel is identified by the mxatri= [Kyg).
The extension of the kernel is obtained by noting Bt (t — p)) # 0 only for
t=peP.Hence

e(0) = {(b+t,a+t)|acAbeBteP}

={(b,a)+(t,;t)J]ac AbeB,tcP}
={BxA+(t,t)[teP}.
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Problems of Chapter 1#

15.1.x[Sect. 15.8] Prove the mirror symmetry in the frequency domain, as stated by
(15.44).

The proof is not immediate. It is convenient to introduce saauxiliary signals,
namely

a(n) =g'(-n),
b(n)=a(n—1) =g’ (=(n-1)),
o(n) = (~1)"b(n) = &7™2b(n) = gi(n) .

Then the application of elementary FT rules gives

A(f) = G*(f),
B(f) IZHfA(f) IZHfG*(f)

C(f)=B(f+1)= e 23 Gr(f 4 1 1,
where &717/2 — _1
15.2.x[Sect. 15.9]Using the orthogonalitfso | G; in Proposition 15.4, prove the or-

thogonality®, L%, in Proposition 15.5. In other words, prove thiatt — k) and¢ (t — k'),
kK € Z, are orthogonal using (15.53).

In the inner product

e 2 (W —1.0°(—K) = [ dtyt-k 9" (1K)

we use (15.46) and (15.47). Hence

aw = Y aume() [ dtal 00} 3" O

n,n/

— 3 qumgs(n /dt¢n/2 8 -k

n,n/

whereg, ' (t) = ¢\, 3 (t —n/2—K). Then, by substitutingn = n-+ 2k andn =

n' + 2k, we obtain
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e = 5 qa(m—2k)go(m —2€) [ dtgVt-my2)9( "t /2)

m,m/

=3 r(m—2K)g5( — 2K) Sy
m,nY

=% qu(m—2K)gy(m —2K) = m #m.
Mt

15.3.%x[Sect. 15.9]Prove the recurrence
pm(tvt/) + rm(tvt/) = pmfl(t7t/)

of the projector kernelddint: prove the equivalent relatioy, + R = Pm_1 and use the
propertys = Pny_1[s] for everys € Vim_1.

For simplicity, we consider the case= 0. If s_; € V_1, from the idempotency of
P_1 we haves_1 = P_1[s_1] (P_1 is the identity orV_1). Considering thas_; has
the unique decomposition

Po[s_1] +Ro[s 1] =s 1,

we can write
To[S,ﬂ +fR0[S,1] = T,l[S,l]

for everys_ 1 € V_;. This states the relatidfp + Ro = P_1.
15.4.x[Sect. 15.10]Prove the relations of Mallat filters in the frequency domain
ef" (=652,  G{"(f)=G;(2")

that is, prove (15.61) starting from (15.60).

Itis convenient to leti = n2™ in the impulse responses (15.60), that is,
g™ (u) =27 Mg* (—u2™™), ucZm.

Then, we apply the rule on scale change
s(at) N ) S !
lal “\a
with s(t) = 2-Mg(t) anda= —2~™, g™ (u) = s*(at). We find

GM(f) = G*(2™Mf).
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15.5.x[Sect. 15.10]Evaluate Mallat filters in the case of the discrete sinc basiset®fin
in Example 14.5.

We first deduce the discrete sinc basis (14.46) from the &ecpreponses of ideal
filters onZ(T).

We start from continuous—time ideal low—pass filter withpesse (Fig.S15.1)

q(t) = 2BAg sing(2Bt) —— Q(f) Aorect(sz) . tfeR.

Then, we want to construdt frequency responses obtained by cosine modulations
with frequenciedy. Hence, we get the response

ok(t) = q(t) coq2mft) = 2BAy sin(2Bt) cog2rtfy)

Gi(f) = 3Q(f — fi) + 3Q(f + fi) = 3A0 {rect(fz_Bfk) +rect( f ;_Bfkﬂ _

The conditions are

1) the bands of filter&( f) are disjoint,
2) the frequencie$y are equally spaced,
3) theN filters provide a partition of the intervalg, —3).

Considering that the extension@k(f) is

ANt A

-B B b f
Go(f)4

-fo 0 o 28 fp 4 f» eB f3 8B f
G

—f1 o 2B fi 4B f, 6B f3 8B f

f
f
f
f

G
o 28 f, 4 f2 eB f3 88 f
G

1(”]
0
2(0]
0
3(f)I
0 0 2B f1 4B fa 6B f3 8B f

Fig. S15.1For the deduction of discrete sinc filters with= 4



Solutions to problems of Chapter 15 165
the solution is (see Fig.S15.1 with= 4)

= f =B 2Bk= — ke, k=01,

B=1N 4N 2N o

We also want that théy( f) are normalized, that is,
/ df[G(F)2 = 1A24B = 1— A9 = 2VN
R

and the amplitudes of thg(t) becomes

1

Finally, the impulse response of the discrete filters araiobtl fromgi(t), t € R,
by anR — Z down—-sampling, that is,

ok(n) = % sinc(%) cog(2mfyn) ,

in agreement with (14.46).
Finally, we apply the above result to get the Mallat filterst N = 2 the impulse
responses are

ok(n) = % sing(n/4) coq2mfyn), k=0,2

with fo = 1/8, f1 = 3/8, and the frequency responses are depicted in Fig.S15.2

Go(f) = V2 rep [rect(4(f — fo)) +rect(4(f + fo))]
= /2 rep rect(f)
Gi1(f) = V2 rep[rect(4(f — f1)) +rect4(f — f1))] .

Then, we get the Mallat filters as

Go(f)

—2B 2B t
Gy(f)
2B 4B f

Fig. S15.2The frequency responses of discrete sinc filters With 2
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Gy"(f) =Go(2"),  GY"(f)=Gy(2™).

15.6.%[Sect. 15.10] Prove Proposition 15.14 of Appendix Adint: write the global
kernel ofg; followed byg, and realize that it is a sampled version of a convolution.

The kernels of the interpolatgg (t) and of the decimatag,(t) are respectively
hi(to, ) =gt —t1),  ho(ts,t2) = Q2(tz —t2)

with ty € Zm, t2 € R, t3 € Zn1. Hence, the application of the kernel-composition
rule gives

hio(ta,t1) = /]R dtz g2(ta —t2) gr(t2 — t1) .

With the changés —t, = u one gets

nalta.ty) = [ dug(Wgilta—ti—u).

and we see that the global tf is LQI with impulse response

g(t):./ﬂédu QR(u)gi(t—u), t€Zm.

On the right—hand side we have the convolutiomg(t) andg (t) onR, but on the
left—hand side the timeis restricted t&Z,. This means that the convolution &is
R — Zm down—sampled, as shown in Fig.15.38.

15.7.xxx [Sect. 15.11]Evaluate the mother wavelgi(t) in the case of Example 15.2
with roll-off a = 1.

With a roll-off o = 1, we can take advantage of significant simplifications. The
band isB = 1, the expression ap(f) is simple (Fig.15.3), i.e.,

_ J cos(5f) Ifl <1
cp(f)_{ 0 fl<1

and the scaling function becomes

o (t) :/l cos(gf) g2t df = /_llcos(gf) cog2rft) df

-1
4 cog2mt)
Tn(l-162)
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<D<f>{
-1 1 T
P(f) [
Fig. 15.3 Evaluation of the - 2 f
Fourier transform@¥(f) of the P(3(f-1)
mother wavelet starting from the
Fourier transform®(f) of the
scaling function —2 2 t
(3 1) [
= 2 T
‘P(U(
2 2 1

The functionP(3f) is
P(3f) = ®(31) @(f) cos(¥T) cos(§f)
and has extension. Furthermore, accoding to (15.70), we hav
2
w(t) = _2/ o(L1)P(L(f — 1)) cos[2rtf (t — 1)] df .
0
The integration gives explicitly

oo —64t3 4+ 96t — 38 + (6t — 3) cog47tt) + [—16t% + 16t — 3] sin(47t) + 3
vy = 16v/27t (4t — 1) (2t — 1) (t — 1)(4t — 3) '

The scaling function and the mother wavelet are illustrateeig. 15.4.
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15 7\ LI L T 1T T 1T T T T ‘ T 1T ‘ L \‘ LI \7
o) [ I
. ]
05— —
o -
L I ‘ Ll 1 | ‘ I ‘ I ‘ | ‘ I ‘ Ll 1 | \‘ I i

-2 -15 ~1 -05 0 05 1 15 2

t

2 B T 1T L T 1T T 1T T T T T 1T L \‘ T 1T ]
v | ]
. ]
~1 L I ‘ Ll 1 | ‘ I ‘ I ‘ | ‘ I ‘ Ll 1 | \‘ I ]

—2 -15 -1 -05 0 05 1 15 2

Fig. 15.4The scaling functior (t) and the mother wavelef(t) of the problem
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15.8.xx [Sect. 15.14]Find the set odmissible shifts R = D™ZN, where the dilation
matrix D is the first matrix in (15.90), that is,

o=t 1],

The latticeD = D1Z? is the quincunx lattic&3(1,1). In fact, with elementary op-
erators orD; we find

1 1 1 2 2 1| a
-1 A= 8- [ 3o
where the latter is the canonical basi%é(l, 1) (see (3.22)). The powers Bf; are

D? = [g g] =2y, D} =D3D; =2D;

and in general
D*=24,,  D*'=2D;.

Then,Dy = D72 is the separable latticB(2", 2¢) andDy = D*Z? is the quin-
cunx latticeZ3 (2, 2).

15.9.xx[Sect. 15.14]Consider the dilation matrix given by (15.91). Prove tha# if)
andy(t) are respectively a 1D scaling function and a mother wavelen, tie 2D scaling
function is¢(t1) ¢ (t2), and the 2D mother wavelets are given ft1) Y(t2), W(t1) ¢ (t2)
andy(ty) Y(tz).

We refer to Proposition 15.13, where in the 1D case the fassgiven by (15.89)
r=ouUY¥,

where (see (15.26po={¢(t—n) |n€ Z} and (see (15.49%o = {Y(t—n) |n¢e
Z}. Considering the separability, the 2D basis is given by

F2=T xT =[®NY¥] x [@oN ]
:(¢Do>< ¢0)ﬂ(¢0XWO)ﬁ(WOX ¢o)ﬂ(qlo><'~ljo).

This gives the decomposition of the bakidn the orthogonal subfamilies (15.88).
The family @g x @q is the basis 0¥y with scaling functiong (t1) ¢ (t2), the family

@) x Yy is the basis oWé” with mother wavelet (t) @(t), etc..
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Problems of Chapter 14

16.1.x[Sect. 16.3] Explicitly write (16.30) and (16.31) for the gratin@, of Exam-
ple 16.4.

The gratingG, has the followingeducedrepresentation (see (16.14))

1 0 0 | 0
G,=G,=|a &b O :{ ] R x Z2

b 0 dg L& F
where
Ezm F:H)Z 5’3]. (S161)
The reciprocals; has representation (see the relation below (16.25))
e I ) B
0 O Fs

whereF, = 1/d, andF; = 1/d3. Hence Gy is a 2D lattice inR3 with coordinates
fi = —amk — bnFks, fo =mk, f3=nks, mneZ.

The dual ofG, is G, = R3/G.

The referencseparablegrating isGp = R x Z(d», d3) with reciprocalGj = O x
F* =0 x Z(Fo,Fa).

Using (S16.1) in (16.25) we get

1 0O 1 0 O 1 ab 1
ag=|a 1 0|, a'=|-a 1l 0|, @&=(010, a=|0
b 0 1 -b 0 1 0 0 1 0

The explicit form of coordinate changes is

So(V1,V2,V3) = S(V1,av + Vo, Vi + bvs)
S(tl,tg,t3) = So(tl7 —aty +tp, —bty —|—V3)
S(fl, fo, f3) = Sj(f1+af2+af3, fo, f3)
S0(A1,A2,A3) = S(A1 — aAz2 —aAz, A1, A3)

where(vi,vo,v3) € R x F = Go with F = Z(dp,d3), (t1,t2,t3) € G, (A1,A2,A3) €
Gp=Rx R/Z(l/dz) X R/Z(l/dg), (fl, ]‘27 f3) € Go.
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16.2.xx[Sect. 16.4]Write a reduced basig, of a gratingG with signatureR? x 7.
Then, find all subgroups @ with signatureR x Z3.

With reference to the general reduced basis given by (1B.Irthis specific case

we have
1 0 0 0

G, — { I O] |10 1 0 O
"TIE F|  Jen e fu fio
€1 €n f fxo
whereg;j andfjj are real numbers. In particular, tifig can be chosen such that (see
(16.19)) defF = f11foo— f1ofo > 0.
To find all the subgroups o with signatureR x Z3, we apply Theorem 16.1
with
p=2, q=2, a=1.

Then the bases of these subgroups are obtained from (18188js,
\J - Gr K

where the first two rows df are real and the last two rows are integer. Hence

r rz Iz 1Ia
K — ST S S8 9
M M N My

N N2 N3 My

with ri, s real andm, n; integers.

16.3.xx[Sect. 16.4]Find all 1D subgroups of the gratifgfZ(2,1) (see (3.26)).

The gratingRZ(2,1) has representation

10
G{Z 1}, H=RxZ

and consists of the points &7
(t,t2) ={r,.2r+n|reR,neZ}.

The subgroups may be found by inspection. We have:

1) the subgratings obtained by restrictingrom n € Z to n € Z(M), which have
representations
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1 0
J{Z M], H=RxZ

and can be symbolized &Z(2,M).
2) the sublattices obtained by restricting alSoomr € R tor € Z(d), which have
representation
~|d O 2
L_{Zd M], H=12%.

with points
(t,t2) = {md,2md+nM | me Z,ne Z} . (S162)

3) the 1D group irnR? obtained by restricting from n € Z to n € ©, that is, with
points
(tg,t2) ={r,2r | r e R}.

4) 1D groups inR (degenerate lattices) obtained by restricting in (S16.8pm
ne Ztone O, thatis, with points

(t1,t2) = {md.2md| me Z} .

Of course, the trivial grou®? is a subgroup of the given grating.

16.4. [Sect. 16.6]Find the aligned bases of the 2D lattices starting from the bases

3 1 6 13
G:{l 2}’ :[2 6]
We first evaluate
14, |2 4
H=G "J= [0 1] .

Since dH) = 2 we find that the sublatticg is 2 times sparser tha@. The Smith
decomposition gives

1=lo 2= 1o 2[5 Sl 3f-eee

and the aligned bases are

GO_GEl_E é] JO_JEzl_B ﬂ Jo = Godiag[2,1] .

Consequentiallyj; = 2g; andj, = 1go.
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16.5.%[Sect. 16.10]Check that the kernels of zero and integral-reductionsesgec-
tively
h(u; uo, Vo) = v (Vo) (U — Up), h(u; uo, Vo) = &y (u—Uo) .

The zero—reduction I8 xV — U linear transformation with input—output relation

y(U) = /U dup /V dVo h(u; o, Vo) X(Uo, Vo)
:/ duo/ dvp &y (U—up) dv (Vo) X(Ug, Vo) -
u v

Then, by applying twice thsifting propertieswe can drop the integrals by setting
Up = u andvg = O, thus getting

y(u) =X(u,0) .
Analogously, the integral-reduction has input—outputieh
Y(U)Z/U duo/v dvo h(u; Uo, Vo) X(Uo, Vo)
:/U duo/\/dvoéu(u—uo)x(uo,vo)

where we apply the sifting properties with respeatigdo get

y(Uo) = /V dvo X(U, Vo) -

16.6.x[Sect. 16.10]Check that the kernels of the hold and delta-increases arecesp
tively
h(u,Vv;ug) = &y (u—up), h(u,Vv;ug) = &y (u—ug) oy (u) .

These elementary dimensionality increaseslare U x V linear transformations
having the general input—output relation

y(u,v) :/ duo h(u,Vv; ug)x(ug) .
U
With the first kernel we find
y(u,v) = /U dug dy (U —up)X(up) = X(u)

and with the second kernel
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y(u,v) = /u dup dy (u—up) dv (V) X(ug)
=X(u)dy (V).

In both cases we have applied the sifting property.

16.7.x x x[Sect. 16.12] Consider theZ{(d;,dz) — Z(ad;) reading of Proposi-
tion 16.14. Prove the following statements (recall thahd p are relatively prime):

1) the abscissa of the first pixel of limgs given bym,d;, wheremy = pia(nb), with pia(x)
the remainder of the integer division xby a;
2) the number of pixels of linais given by

Mp=pa(M—1—m,)+1

wherepa(x) denotes the integer part ®fa
3) m, andM, have period;
4) the number of pixels in a period ig.

For instance, witta=5,b=2 andM = 13 we findnyp =0,m =2, m,=4,mz=1,ny = 3
andMp = 3,M; = 3, My = 2, M3 = 3, M4 = 2 and the sum ofly isM = 13.

1) The points of the normalized latti&g are given by
X =am+ nb, y=n mnezZ

wheren represents the line index (we consisem > 0). With n fixed, the ab-
scissas of the pixels are spacedasnd the abscissa of the first pixel is given by
the smallest nonnegative= am-+ nb. This is expressed 4 (x) = pa(nb).

2) In line nthe pixels have abscissas

My, M +a,m+2a,...,m+ (Mp—1)a

wherem, + (M, —1)a< M —1, that s,

M-1-—
ikl VIS
a
Hence
Mp=pa(M—1—my)+1. (S163)

3) My = Ha(nb) has periodh becausgia((n+a)b) = p(nb), and so is foM,.
4) We first remark thati;(nb) in a single period haa distinct values: 01,...,a—1
(aandb, in fact, are relatively prime). Then we let

M =aMy— j with 0<j<a-1
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and we see from (S16.3) thil, can assume in a period only the valldgand
Mo — 1 and, more specificallya — j values equal tdMp and j values equal to
Mo — 1. Hence, the number of pixels in a period is

(@— )Mo+ j(Mo—1)=aMo—j=M.

16.8.xx[Sect. 16.12]Show that in the 3B-1D reading with lattice (16.93) and exten-
sion (16.94) the period of the field¥ is given byL = ai (recall thata, p,q andi, b have no
common factor)Hint: the period is given by the smallest intedeer 0 such that the lattice
coordinates resulix,y) = (0,0), which represents the position of the first pixel of the field

Qo.

From (16.97) we find that conditiofx,y) = (0,0) implies that
am+ pn+gk=0, in+bk=0.

Sincei andb are relatively primes, the second condition requires khatust be
multiple ofi, sayk = ikg. Then,n = —bky and the first condition becomes

am+ ko(—pb+iq) =0.

A solution iskg = a and thenknyi, = ia. Note that, by assumptiofy and q are
relatively prime ando andq cannot have in common the factar

16.9.% % x[Sect. 16.12] Continuing the previous problem, show that the number of
lines in a period isNaand the number of pixels [&IN.

The position of the linesy in the fieldQy is determined by the vertical coordinate
y according toynk = (ni+kvd), where

0<ni+kb<N. (16.4)

The lines are vertically spacedidf and have a period Now, the fields in a period
Qo,Q1,--.,Qi_1 contain exacthN pixels. In fact, with the constraint (16.4), where
andb are relatively primesynk spans without superposition the §€tdy,...,(N —
1)dz} of cardinalityN (see Fig.16.30). But the period of the fieldsaswhere we
find a times the periodic pattern of the lines in a period. Henoe nttmber of lines
in a field period iNa

For the evaluation of the number of pixels in a field periods itonvenient to
consider the global projection of a field period on theaxis, after the application
of the composite shifts, and use conditions (16.95), whitduee that the projection
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points fall onZ(ad; ). In the projection, the room for a line 3; = Md; and for the
aN lines in a field period the global room @&NMd;, which contains exact{NM
equally spaced cdd;.

16.10.%[Sect. 16.13JFind the Fourier analysis of tiex Z(d,, d3) — R reading, where
the composite shift matriR is given by (16.85)

The dual domains ard = R andV = Z(F, F3) with F, = 1/dz, F3 = 1/d3. The
reciprocal of matrix (16.85) is given by

1 Di/d, MD;y/d3 1 0 0
Al=1|0 1 0 —~ > A*=| Dy/d» 1 Of.

0 o0 1 MDi/d» 0 1
Then,M’ = MDSi%z and (16.103), wheré c R is scalarM’ f = (D1 /dxf,MD1/d> f)

andu(V) = u(Z(dy,dy)) = F1F, gives

Yo(f):Flex(f,%f,MT'zlf), feR.

16.11.x%[Sect. 16.13]Find the Fourier analysis of th&}(d;,dz) — Z(2d;) reading,
where the composite shift matrix is given by (16.87) witodd.

The dual groups aré = Z3(F1,R), U = Z(Fy), V = Z(F) with F; = 1/(2d;),
F, =1/(2dp) andM is a scalar given bild; /dy. Then (16.103), where(®) = F,,
gives

d
Yo(f) = P> X (f,Md—zlf) . fen(R).
16.12.%x [Sect. 16.13]Find the Fourier analysis of the writing operation of Fig2&s.
The first operation is a hold increade— U x V with relation (see (16.74))

Xn(U,v) =yo(u), (u,v) eU xV

which becomes a delta increase with relation
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xh(AalJ):YO(/\)%(IJ)? (A7“)EUX\7

The second operation is a window with shapgu, v) given by the indicator func-
tion of the extension of the signgj(u,v) (see Fig.16.24). The relation is

%o(u,V) = no(u,V)Xn(u,v)
which becomes a convolution
Xo(A, 1) = No*Xn(A, )
_/ dA’ /du No(A”, ') Xa(A — A", — ')
= [[aA" [ ot/ No(A" ") Yo(A ~2) & ()
= [ 92" No(A', ) Yo =2

whereNy(-) is the FT ofno(-) and we have used the sifting property of the impulse.
The final operation is a coordinate change with matrix with relation

%(t) =xo(A"Y(u,v) with t=A"1(u,v)

which becomes a coordinate change with matix!)* = A’ and a multiplication
by u(A~1) = detA (see Sect.6.5). Hence

X(f) = detA Xo(A'(A, ) with f=A"(A, ).



178 Solutions to problems of Chapter 17

Problems of Chapter 17,

17.1.x[Sect. 17.2]Starting from the Fourier transforix fy, fy) of a source 2D image,
write explicitly the Fourier transforrhg(fy, fy) of the framed image.

The relation i(x,y) = wo(x,Y) ¢(X,y) and becomes a convolution in the frequency
domain

Lo(fy, fy) = /R CAAAAWO(f— A fy— A LAy, (ffy) €2 (17.0)
whereWg(fy, fy) is the FT of the indicator functiomig(x,y) of the frameQ =

[0,Dyx) x [0,Dy). Considering thawg(x,y) = rect, (x/Dy) rect. (y/Dy), one easily
finds

Wo(fx, fy) = Wa(fx) Wa(fy), (17.2)

where
Wi (fx) = Dy sinc(fxDyx) exp(—imfxDx), (17.2a)
Ws(fy) = Dy sinc(fyDy) exp(—imf,Dy) . (17.2b)

Note that the framing operation does not change the sigmahdyg which is still
R2. SoLq( fx, fy) is a 2D continuous frequency function, lagfy, fy).

17.2.x[Sect. 17.2] Consider the 2D continuous scanning where the framed image
lo(x.Y), (x,Y) € R?, is down—sampled in the fori? — R x Z(dy) to givelgs(X, y). Explic-

itly write the relationship between the Fourier transforms.ddigon, write the expression

of the Fourier transform ofgs(x,y) and its inverse.

The general relation is given by (17.22). With= O x Z(Fy), it gives
400
k=—o0

Next, we write the expression of the FT of the grating image igminverse. Since
Is=R x Z(dy) andls =R x R/Z(Fy), from Sect. 5.9 one obtains

4o [ 4o '
Las(fx, fy) = / { > dyfos(x, ndy) e"2"(fxx+fyndy)} dx
. (17.3)

o n—=—oo

o Ry _
fosix nd) = [ [[7 dfidfy Los(f, fy) €270t b4
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17.3.%x[Sect. 17.2] Consider the 2D discrete scanning where the framed image
Lo(x,y), (x,y) € R? is down-sampled in the for? — Z(d, dy) to give fos(x,y). Write
explicitly the relationship between the Fourier transformsaddition, write the expression

of the Fourier transform ofgs(x,y) and its inverse.

From (17.22) with§ = Z(Fx, Fy) we obtain
Los(fx, fy) L —hF, fy — kR
@sl b by :Zwkzm Qb= B by =) (17.4)
with  fy e R/Z(F), fy e R/Z(F)
that is, we have a full periodic repetition alofigand alongfy. Considering that the

domain offqs(x,y) is Is = Z(dy, dy) and that the dual domain is = R?/Z(Fx, F),
the expression of the Fourier transform and of its inverseg@spectively

+00
Los(fx, fy) = z dx z Los(md, nd,) e 27 fmdct-fyndy)

— 00 dy:700

FX % :
Los(mdy, ndy) = / de/ dfy Los( fx, fy) g2n(fxmdc+fyndy)
= 0

17.4.5x[Sect. 17.2]Consider a general discrete scanning obtained with a genttice la
Is= 278 (dx, dy). Write explicitly the Fourier transform diys(x,y) and its inverse.

Considering thals is a lattice ands = RZ/Ig, one gets

Ls(fe fy) = 5 dls) fs(xy) e 2B t) (17.53)
(Xay)EIS

ls(x,y) = / | dxdy Lg(fy, fy) @270 (17.5)
R2/1%

where the integral is over a cell & modulol§. This cell can be the fundamental
parallelepiped ofg, but the double integration can be split into two 1D integfral
we use arorthogonalcell (see Sect. 16.9).



180 Solutions to problems of Chapter 17

17.5.x[Sect. 17.2]Consider the discrete scanning of a still image. Write the recenstr
tion of the image starting from the video signgmT).

The latticed image can be recovered from discrete videabigmTp) as

lQs(X,Y) = U(X/V+Y/Wy) W (X),  (XY) € Z(dx,dy) .
After this step, one needs to interpolate both horizontatlgl vertically, obtaining
M—1 N-1

txy) =% {os(mdy, ndy) sinc(Xde‘> sinc(y_d:dy> .

m=0 n=

This reconstruction refers to full discrete scanning. Falistrete scanning on a
general lattice, we can proceed in a similar way.

17.6.xx[Sect. 17.10]Consider the expression of the Radon transform given by (17.66).
Prove that it can be written in the form (17.67).

Relation (17.66) gives therojectionsof ¢(x,y), that is,

9(%0,0) = / dx dy £(x,y) Or (xcosB +ycosf — 59) .
R

With the change of coordinates

X = scosf — usinf S=xcos6 +ysinf
y = ssinf + ucosO u = xsin@ —ycoso

whose Jacobian is 1, we obtain
9(s0,0) = / ds / du ¢(scosB — using, ssinfB +ucosB) or (S— o) -
R JR

Then, the application of the sifting property dp(s— so) allows dropping the inte-
gral with respect t@ under the conditios— sp = 0. Hence

9(%0,0) = / du ¢(sgcosf — usinB, spsind 4+ ucosh) dr (s— %) -
R
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17.7.%x[Sect. 17.10]Show that the image of Fig.17.35 with polar representation
0 (r,¢) =rect.(1—r?) cos3p
has Cartesian representation
0(x,y) = [0 —3xy?)/[x+iy]] rect, (1—x2 —y?) .

Hint; Use identity &%) — (x4 iy)" /|x+iy|".

The polar representation
(r,¢) =rect, (1—r?)cos 3
with r? = x2 +y?, ¢ = argix+iy), gives

cos 3 = [[arg &339xHY)]

L (x+iy)® X3 —3xy?
S X+Hiy2 x+iy?

and/(x,y) takes the form indicated above.

17.8.x[Sect. 17.10] Write the polar representatiofi(r, ) of the reference image
(17.72).

In the polar representation= rcos¢, y = rsing and hence + y? = r2. Then
(17.72) becomes
Ja(r)

Z(I’,(P) = 244'7 6(!’74))

where _
p(r,¢) = 1+ Arcosp + Brsing +Cr?cos¢ sing .

17.9.xx[Sect. 17.10] The reference image has the structéiey) = £o(X,y) p(X,Y),
where
to(%,Y) = (VYD) [ (@ +?)

has circular symmetry and its HIp( fy, fy) can be calculated via Hankel transform (see
Sect. 5.9). Considering that the Hankel transfornd,¢f) /r? is Z; (1— (2rA)?)3rec(mmA ),
find the FT of/(x,y). Hint: p(X,y) is a polynomial and using the differentiation rule

5 0™MLo(fy, fy)
Ity

(—i2m)™(~i21y)"lo(x,y)
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we can obtain the terms &s-i2x) (—i27y)lo(X,Y) R 0tLac)fif;};y) ’

The image is given as the product
£(x.y) =Llo(xy) p(x,y) with lo(X,y) = c(]x+1iy])

and p(x,y) = (1+ Ax+By+Cxy) is a polynomial. We first calculate the Fourier
transformLo( fy, fy) of the first factor and then use the differentiation rule.c8in
£o(X,y) has a circular symmetry, its Fourier transform has the symeretry

Lo(fx, fy) = I (Ifx+ify|)

wherel™ (A) is the Hankel transform af(r), which is given by (see [6] p.145)

m

=5 [1- (271/\)2]3 rect(7i) . (S176)

r)

The functionl” (A ) and its two first derivatives are illustrated in Fig.S17.1.

r(A) 4
—1/(2m) 1en) T
Fig. S17.1 The function I" (A) r'a) 4
and its two first derivatives
—1/(2m) ) T
r’a) 4
—1/(2m) yem A

Now, we use the FT frequency differentiation rule, that is,

S 5 O™ Lo(fy 1)
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Letting P(A) = 1— (2rA)? andA? = 2 + 2 we find
m :
where
Q(fx, fy) =P3(A) +6P?(A) (—i2mfyA—i27tfyB) (51778
+384C (—i2mfy) (—i2mfy) P(A) '

is a polynomial infy, fy. Since rectx) = 0 for [x| > 3, we find thatL( fy, fy) = O for
|fx+ify| > 1/(2m), that is,L(fy, fy) has a circular extension of radiug(2m).

Note that no singularity (delta function) is present in tloaihdary because the
functionl™ (A) is continuous ah = +1/(2m) together with its first two derivatives,
as shown in Fig.S17.1.

17.10.%x[Sect. 17.15]Explain why the latticeZ3(As, A8) cannot be used in the pro-
jection sampling.

The condition on the latticé for the projection sampling are

1) J must contain the periodicity = O x R(2m),
2) J must be symmetric with respect to the vertical axis.

The lattice = Z3(As,A0), with basis

g As 0] |3 1
|0 46|01
is shown in Fig. S17.2. We realize that it is not symmetrichwigspect tcs. For
instance, the pointAs,A8) € J, but the symmetric point—As,A8) ¢ J.

J=7%(As,40)

0wy

Fig. S17.2The lattices of the problem
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17.11.%x[Sect. 17.15]Show that with the cell
C = (—Bs,Bs) X (—NaFa, "+, —Fa,0,Fa, -, (Na+ 1)Fa)

the interpolator impulse response is given by (17.130).

It is convenient to recall the several symbols:

e impulse responsk(s, 0), (s,0) € | =R xR/Z(2m)

o frequency respongé(fs, fg), (fs, fg) € I = R x Z(Fa), Fa = 1/(27).

Given the celC €1, the frequency response is given by the indicator functidhe

cellC
H(f57 fe) :r’C(va f6)7 fS€R7 f(—):nFa

and the impulse response is the inverse FT of the frequesppnse, that is,

h(s, 6) = /r df ne(f) g27(59)

(S178)
:/ df dfge2fsstfe0)
C

Now, the cellC is separable in the form
C == (_Bs, Bs) X {—NaFa7 cee ,0, (Na+ 1)Fa}

and therefore
h(s, 6) = hr(s) ha(0)
where

Bs )
h(s) = . dfs€?7sS — 2By rect(sB)

and
Na+1

ha(6) = Fae?mab
a n:ZNa a

Letting X = €270 — ¢
Na+1

_ n
ha(e) - Fa n=ZNa X
and recalling the identity
n2 1—XM—Mmtlxm
1-X

Xn:(

n=np

we get



Solutions to problems of Chapter 17 185
1 X2Na+2

T-X)X%

1— g(@2Nat2)8

ha(0) =Ry

17.12.% x x[Sect. 17.15] Write the frequency response of the rhomboidal cell of
Fig.17.44 and prove that the corresponding impulse responseeis gy

Na
h(s, 8) = 2F;Bssing(2Bss) + z 4F,B;, sin(2Bp,s) cosnb
n=1

whereB, = Bs(1—n/(Na+1)).

We use the general formulation presented in the solutioh@fptevious problem.
The rhomboidal cell of Fig.17.44 consists of lines of ttig fy) plane, whose pro-
jection on thefs axis are given by

en=(-Bn,Bn)  —Ny<n<N;,  Nj=Na+1

whereB, = Bs(1—|n|/Nj). The vertical abscissa is at the frequenciBsand, there-

fore, the cell is
Na

C= |J enx{nki}.

n=—Nj

Consequently (S17.8), withy = nk, gives

N ) )
h(S, 6) — ZN Fae|2rmFa0/ dfsel2nfss
n=—Na, €n

where 5
/ dfe?hss — / dfs€27s5 — 2B, sing(2Bys) .
€n —Bn
Hence
N )
hs6)=28F. 3 (1-In /NL) €20 Sind2B(1— [n|/NL)g]
N=—Na

which can be written as in the statement of the problem.
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Closed Form Results of the Reference Example

This part deals with the representations of an image in théeegbof Radom trans-
form. It refers to Chapter 17, where the Radom transform is deeel@nd a “Ref-
erence Example” is introduced to illustrate the sequel oflny functions related
to the Radom transform. Here, all the expressions of thdlancfunctions are re-
ported and commented.

1) Image Cartesian representation

The Reference Example starts from the specific expressiar2Bfimage given by

£(x,y) = c(|x+1iy|) (14 Ax+ By+Cxy) (S17.9)
where 3
c(r) = # .

Eq. (S17.9) gives the image in terms of tBartesian representation

2) Polar representation of /(x,y)

7(r,¢) =c(r) [1+ r(Acosp +Bsing) + 1Cr?sin2p| .

3) Harmonic expansion of ?(r, ®)

?(I’,(]J) - i ?n(r)eimp? ?m(r) = ?n(—l’) (S1710)
where Folt) = 71(r) = dre(r) [A—iB]
olf)=¢tr), 1(r) = 4re(r) [A—i
Ua(r) = grc(r) —izCrie(r) (S17109

4) Angular Fourier transform of 7 (r, )

La(nnFa) = ann(r)
where/y(r) is given by (S17.10a).
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5) Fourier transform L( fy, fy) of theimage £(x,y)

See the solution of Problem 17.9.

6) Polar representation of L( fy, fy)

By letting fx = A cosa, fy = A sina in (S17.7), we obtain

T ~

LA,a)= 54Q (A, a)rectm) (S1711)
where
Q(A,a) =P3(A) —i2mAP?(A) (Acosa + Bsina
Q0a) =F(2) ~2m P Bsina) (517113
+ (=121 )“192CP(A ) sin2x .
From Projection Theorem, the radial FT of projections isgiby
G(fs,8) = L (fs,0) = 2% rect(1rfs) Q (fs, 6) . (S1712)
7) Harmonic expression of L (A, a)
L a)= 3 La(A)e™, L a(A)=Lh(-A) (S1713)
n=-2
where
Co(A) = 2 rectm)P3(2)
0= 24
Ci(A) = %rect(m\) [—i2mAP?(A) 6(A—iB)] P2(A) (517133

L2(A) = Z%recr(m\) (—i27A )2(~96iC) P(A) .

8) Projections

The radial FT of projections is given by (S17.12), whé(afs, 0) is a polynomial
in fs of degree 6. Witlz = —i2rfs it is given by
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f57 24 Zoqn
where
Ww(0) =1,  q(6)=—6(Acosh+Bsind) 02(0) = 192Cr*sin 20
03(0) = —12 (Acosb + Bsind) a4(8) = 3+ 192C1*sin 29
0s5(8) = —6(Acosf + Bsinb)

Next, considering that

(S1714)
-1 sins
recrrfs) == £ p(s).,
(—i2mfs) " rec(mfs) —— pM(s),
we find
0s6) = S 0(0) p(s)
' 24,20 "
The derivativep" (s) of p(s) are
(1)) _ COSS _ sins
Pre =g
p@(s) = —200$+sins(2 1)
6 SI S 6
() ree)
sins 12 24 (81719)
<4 sz) =\ F s4>
2 2 sins 12 24
_ (1 2 S4>+ (5+ )
7SS6§67+87 303606'
Ts? s s

)

9) Hankel transform of harmonic expansion of 7 (r, ¢)

The harmonic expansion was evaluated in step 3). Taking #rkél transform of
the harmonics gives the harmonics of the radialG{fs, 6) of projections

FHn

g n(r) —_— Grn(fs)
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From the expressions (Sl?.lOa%(r), we see that we have to evaluate the Hankel
transforms

c(r)

More specifically,

Ho FHy Ho

rA), re(r) —— Ti(A), ree(r) —2  R(A).

roy) = 2n/0°° re(r) Jo(2mmAr) dr |
M) =2mt /O " r2e(r) w2mr)dr (S1716)
R(A) = 2m—2/0°°r3c(r)J2(2m\r)dr .
Then, the harmonic coefficients are given by (see (S17.10a))
Gro(fs) =T (fs), Gri(fs) = %(A— iB)i(fs), Gra(fs)= —i%CI’z(fs) . (81717
The first one is an ordinary Hankel transform (of order zeregig by (see (S17.6))

rA) = 2—71P3()\) rec(mmA) . (17.18)

For the evaluation of the second one, we note that in (S1th&g)erivative of (A)
is given by

00 00

r'ma) = 27'[/ r2c(r) Jy(2mAr) dr = —27'[/ rlc(r)i(2mir)dr,  (17.19)
0 0
where we have used the identi}(z) = —Ji(2). Hence, we find that
MA)=ir’'(A) = —mAP(A).

In order to evaluate the third transform, we use the ideidtitg) = (1/2)1(2) —
J1(z). We get
HA) = /\1/ rzc(r)Jl(2n)\)dr+27T—/ r3c(r) 3, (2m) dr
0 0
1 00
:—71"/\—2/3 1(2mA)dr .

22 (A)-2m A roc(r)Ji(2mA ) dr
To calculate the last integral we differentiate (S17.19)stgetting

r'(A) = —(27'[)3/ r3c(r) 3, (2 ) .

0

Hence
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NR(A) = Gk {/\ —r’(A )] = —(2m\)?m[1— (2mA )?]
—(2mA)?mP(A) .

From (S17.17), we finally obtain

Gro(A) = 2£4rect(n/\) P())

Gri(A) = Z—Zrect(n)\) [—i2mAP(A) (A—iB)|
Gra(A) = %rect(m\)24i(2m\)zp(/\) .

10) Harmonic expansion of projections

z On(s)€n? (S1720)

n=-1

wheregy(s) is the inverse FT o6y( fs).
Considering that

- 1. 1si
rect(rfs) T TTsmc(S/n) = TTLQS 2 p(s),

the inverse FT can be obtained by differentiation rule, fgme

Lo(fs) ——  Qo[p(9)+p"(s)] = o(s),
Li(fy) ——  3[Quo—iQod P'(s) = u(s).

11) Projection

From (S17.20) one gets

9(s.0) = go(s )+2591(S)e'9
= Qo [p(s) + P"(s)] + Q1oP'(s) c0SH + Qo1p'(5) Sin6 .

13) Fourier transform of the polar representation

Here we use the integrals (see [5])
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0 Ja(r) 1 207/2 porpetf 1
/0 Tcos(wr) dr = ﬁ(1—&) )"/ “rect 5 w)

/0+m Jalr) sin(wr) dr = i(l— w?)¥2wrectiw)

r3 5N
o Ja(r) 1 2\3/2 2 1
/0 = cosor) dr = - (1- @) ¥2(1- 6 rect )

in order to obtain

Ln(f) = %8(1— (2rtt,)?)¥ 2 rect rtf, )Cy (2711, )

where - 5
Poo(1— w*)? + 3( P20+ Po2) (1 — 6w?)

)=7
C1(w) = 3 po1w(1— w?) +i3prow(l— w?)
) = 1(P20— Po2) (1 — 660%) — it py1(1— 607 ,

Ca(w) =Ci(—w),  Caw)=C(~w).

13) Radial and angular FT of the polar representation

La(r, nFa) :Zn?n(r) 5 4£/r(fr, nFa) == Znﬁn(fr)

(@)= 3 Calfr)e

n=—oo

8
:%(l— (27Tfr)2)3/2 rect(rtf, ) [% poo(1— (4)2)2
—i27tfe(1— (271, )?) (procose + porsing)
+ (1—6(2mf,)?) <p2042— Po2 n pzo; Po2 cos 2+ pélsinzp) ] .

(S1721)
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