
Chapter 2
Analysis of Linear Systems

2.1 The Linear Centralizer and Linear Normalizer of a Square
Matrix

Assume that systems (1.1a), (1.1b) are linear, i.e., f (x) = Ax (respectively, F(x) =
Ax),

dx(t)

dt
= Ax(t), t ∈ R, (2.1a)

x(t + 1) = Ax(t), t ∈ Z, (2.1b)

where x ∈ R
n, and A ∈ R

n×n is said to be the dynamic matrix (which is assumed to
be constant) of the linear system: a notation common to both (2.1a) and (2.1b) can
be adopted:

Δx(t) = Ax(t), t ∈ T,

where Δx(t) = dx(t)
dt

if T = R and Δx(t) = x(t + 1) if T = Z. Symbol IC(Ax)

(respectively, ID(Ax)) denotes the set of all first integrals of system (2.1a) (respec-
tively, system (2.1b)).

Assume also that system (1.2) is linear, g(x) = Bx,

dx

dτ
= Bx = g(x), (2.2)

where B ∈ R
n×n is constant. As well known,

x = eBτ y (2.3)

is the unique solution of system (2.2) at time τ ∈ R, starting from the initial condi-
tion x(0) = y, with y ∈ R

n.
A one-parameter group of linear transformations is given by x = Q(τ)y, if

Q(τ) ∈ R
n×n satisfies Q(0) = E, Q(τ1)Q(τ2) = Q(τ1 +τ2) and Q−1(τ ) = Q(−τ).
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The family of linear transformations given in equation (2.3) qualifies as a one-
parameter group of linear transformations from R

n to R
n: eB0 = E, eBτ1 eBτ2 =

eB(τ1+τ2) and (eBτ )−1 = e−Bτ . Given any one-parameter group of linear transfor-
mations x = Q(τ)y, there exists a constant matrix B ∈ R

n×n such that Q(τ) = eBτ .
This matrix can be computed by B = dQ(τ)

dτ
|τ=0. As a matter of fact, Q(τ) = eBτ

is obtained by integrating the following differential equation by the initial condition
Q(0) = E:

dQ(τ)

dτ
= lim

T →0+
Q(τ + T ) − Q(τ)

T
=
(

lim
T →0+

Q(T ) − E

T

)
Q(τ)

=
(

dQ(τ)

dτ

∣∣∣∣
τ=0

)
Q(τ) = BQ(τ).

Example 2.1 Consider the one-parameter family of rotations in R
2 given by Q(τ) =[ cos(τ ) − sin(τ )

sin(τ ) cos(τ )

]
. Clearly, Q(0) = E and

Q(τ1)Q(τ2) =
[

cos(τ1 + τ2) − sin(τ1 + τ2)

sin(τ1 + τ2) cos(τ1 + τ2)

]
= Q(τ1 + τ2);

therefore, Q(τ) is a one-parameter group of linear transformations. Then, Q(τ) =
eBτ , with

B = dQ(τ)

dτ

∣∣∣∣
τ=0

=
[

0 −1
1 0

]
.

Using (2.3) as a change of coordinates, one can rewrite systems (2.1a), (2.1b) in
the new y-coordinates, as follows:

dy(t)

dt
= e−BτAeBτ y(t), (2.4a)

y(t + 1) = e−BτAeBτ y(t). (2.4b)

From Theorem 1 of [37] (see, also, [52]), for Q ∈ R
n×n, the equation Q = eBτ ,

with the requirement that B and τ are real, has a solution (not necessarily unique,
also when τ is fixed) if and only if det(Q) �= 0 and each Jordan block of Q corre-
sponding to an eigenvalue with negative real part occurs an even number of times.
This shows that only a subset of the linear transformations from R

n to R
n can be put

into form (2.3), for some real τ . Moreover, since eBτ = E + Bτ + O(τ 2), with E

being the n × n identity matrix and O(τ 2) denoting second and higher order terms,
for τ close to 0, transformation (2.3) is close to the identity transformation and (see
the subsequent Sect. 6.2), for the transformed system (2.4a), (2.4b) one has

e−BτAeBτ = (
E − Bτ + O

(
τ 2))A(E + Bτ + O

(
τ 2))

= A − (BA − AB)τ + O
(
τ 2). (2.5)



2.1 The Linear Centralizer and Linear Normalizer of a Square Matrix 31

Definition 2.1 The linear transformation (2.3) is a linear symmetry of sys-
tems (2.1a), (2.1b) and system (2.2) is its infinitesimal generator if

e−BτAeBτ y = Ay, ∀y ∈ R
n, ∀τ ∈ R. (2.6)

If (2.6) holds, by abuse of notation, also the infinitesimal generator (2.2) is called
a linear symmetry of systems (2.1a), (2.1b); briefly, Bx is called a linear symmetry
of Ax.

Remark 2.1 If (2.6) holds, then e−Bτ eAteBτ = eAt (respectively, e−BτAteBτ = At ),
∀τ ∈ R, ∀t ∈ T (t ≥ 0, in the discrete-time case if det(A) = 0).

Definition 2.2 Given x0 ∈ R
n, the orbit of systems (2.1a), (2.1b) passing through

x0 is the set of the points x described by x = eAtx0 if T = R (respectively, x = Atx0
if T = Z), when t ∈ T varies from −∞ to +∞ (from 0 to +∞, in the discrete-time
case if det(A) = 0).

The meaning of relation (2.6) is that any orbit x(t) = eAtx0 (respectively, x(t) =
Atx0) of systems (2.1a), (2.1b) is mapped into an orbit y(t) = eAty0 (respectively,
y(t) = Aty0) of the same systems (2.1a), (2.1b) by the linear transformation (2.3)
generated by system (2.2), y = e−Bτ x and x0 = eBτ y0, while preserving the time
parameterization along the orbit:

y(t) = e−Bτ x(t) = e−Bτ eAtx0 = e−Bτ eAteBτ y0 = eAty0, if T = R,

y(t) = e−Bτ x(t) = e−BτAtx0 = e−BτAteBτ y0 = Aty0, if T = Z.

Example 2.2 Let A = [ 0 1
−1 0

]
and B = [ 1 1

−1 1

]
; since eAt = [ cos(t) sin(t)

− sin(t) cos(t)

]
, At =[ cos( π

2 t) sin( π
2 t)

− sin( π
2 t) cos( π

2 t)

]
, eBτ = eτ

[ cos(τ ) sin(τ )

− sin(τ ) cos(τ )

]
, it is easy to check that e−Bτ eAteBτ =

eAt and e−BτAteBτ = At .

The following definition and most of the following properties are standard (see,
e.g., [13, 18, 34]).

Definition 2.3 (2.3.1) Given two square matrices A,B ∈ R
n×n, the Lie bracket (it

is often called matrix commutator) of A and B is

[A,B] := BA − AB. (2.7)

(2.3.2) The linear centralizer Lc(B) of B is the set of all matrices A such that
[A,B] = −[B,A] = 0 (see, also, Definition 1.3 at p. 10).

Letting g(x) = Bx, f (x) = Ax and F(x) = Ax, one finds that [f (x), g(x)] =
[A,B]x, �F(x), g(x)	 = [A,B]x; if [A,B] = 0, then A and B commute under the
matrix product (briefly, A and B are commuting), and vice versa. In addition,

[A,B] = 0 ⇐⇒ [
A�,B�]= 0.
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Remark 2.2 If [A,B] = 0, then eAteBτ = eBτ eAt = eAt+Bτ , for all t, τ ∈ R.

Theorem 2.1 Relation (2.6) holds if and only if [A,B] = 0, i.e., if and only if A

and B are commuting.

Proof By (2.5), condition [A,B] = 0 is certainly necessary for relation (2.6) to
hold. Since e−BτAeBτ y|τ=0 = Ay,∀y ∈ R

n, equality (2.6) holds if and only if

∂

∂τ

(
e−BτAeBτ y

)= 0, ∀y ∈ R
n,∀τ ∈ R. (2.8)

In this way,

∂

∂τ

(
e−BτAeBτ y

) = −e−BτBAeBτ y + e−BτABeBτ y = −e−Bτ (BA − AB)eBτ y

= −e−Bτ [A,B]eBτ y.

Since e−Bτ is invertible for all B and τ , equality (2.8) holds if and only if
[A,B] = 0. �

Thanks to Theorem 2.1, the following definition is equivalent to Definition 2.1.

Definition 2.4 The linear transformation (2.3) is a linear symmetry of sys-
tems (2.1a), (2.1b) and system (2.2) is its infinitesimal generator if [A,B] = 0.

Remark 2.3 The Lie bracket of two square matrices enjoys the following properties,
with A,B,C ∈ R

n×n (which can be proven by simple substitution):

(2.3.1) [A,B] = −[B,A] (skew-symmetry);
(2.3.2) [αB + βC,A] = α[B,A] + β[C,A] and [A,αB + βC] = α[A,B] +

β[A,C], with α,β ∈ R being constants (bi-linearity);
(2.3.3) [A, [B,C]] + [B, [C,A]] + [C, [A,B]] = 0 (the Jacobi identity).

By the skew-symmetry (Statement (2.3.1) of Remark 2.3),

A ∈ Lc(B) ⇐⇒ B ∈ Lc(A),

although, in general, Lc(B) �= Lc(A).
Another useful property is the invariance of the matrix Lie bracket to linear trans-

formations, meaning the fact that, for any invertible Q ∈ C, letting Ã = Q−1AQ and
B̃ = Q−1BQ, one has [

Ã, B̃
]= Q−1[A,B]Q. (2.9)

Some key facts about the linear centralizer of a square matrix are reviewed next,
since such properties are of great importance in the sequel.

Lemma 2.1 The linear centralizer Lc(A) of A ∈ R
n×n is a finite dimensional vec-

tor space over R. The dimension r of Lc(A) satisfies n ≤ r ≤ n2.
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Proof It is easy to see that the bi-linearity (2.3.2) implies that Lc(A) is a vector
space over R: if M1,M2 ∈ Lc(A), then α1M1 +α2M2 ∈ Lc(A), ∀α1, α2 ∈ R being
constant. The fact that Lc(A) is finite dimensional is obvious, since Lc(A) is a
subspace of R

n×n. As for its dimension r , the upper bound comes from the case
A = αE, with α being a (possibly zero) constant and E being the identity matrix; in
such a case Lc(A) = R

n×n, whence r = n2. As for the lower bound, in view of (2.9),
assume that A = block_diag{J1, . . . , Jp} is in the Jordan form, with Jordan blocks

Ji of dimension ri ; then, J 0
i , . . . , J

ri−1
i are linearly independent over C. Therefore,

in case of real eigenvalues, the n matrices

block_diag
{
J 0

1 ,0, . . . ,0
}
, . . . ,block_diag

{
J

r1−1
1 ,0, . . . ,0

}
, . . . ,

block_diag
{
0, . . . ,0, J 0

p

}
, . . . ,block_diag

{
0, . . . ,0, J

rp−1
p

}
(2.10)

commute with A and are linearly independent, whence r ≥ n. In case of com-
plex eigenvalues, a similar reasoning can be made by considering the real Jor-
dan form (for a definition of the real Jordan form see the proof of the subsequent
Lemma 2.5). �

As for the choice of a basis of Lc(A), it can be useful to take some of its elements
in a simple way; therefore, note that the identity matrix E = A0 can always be
included in the basis of Lc(A), whereas A can be included except for the trivial case
A = 0. More in general, if A0,A1, . . . ,Am−1, with m ≤ r , are linearly independent
over R, then, with no loss of generality, one can assume that the first m elements
of a basis of Lc(A) are M0 = E,M1 = A0, . . . ,Mm−1 = Am−1. A more powerful
result is the subsequent Theorem 2.2, which is proven by means of the two lemmas
below.

Lemma 2.2 Let J = block_diag{J1, . . . , Jp} be a Jordan matrix whose p Jordan
blocks Ji , of dimension ri , have distinct real eigenvalues λ1, . . . , λp . Then, all the
matrices commuting with J are of the form

B = block_diag{B1, . . . ,Bp}, (2.11)

where Bi ∈ R
ri×ri and BiJi = JiBi .

Proof The proof of the fact that matrix B in (2.11) commutes with J is trivial.
To show the converse, assume that B commutes with J and partition it in blocks
according to the dimensions ri :

B =
⎡
⎢⎣

B1,1 . . . B1,p

...
...

...

Bp,1 . . . Bp,p

⎤
⎥⎦ , Bi,j ∈ R

ri×rj .

By looking at the diagonal blocks of BJ − JB , it is easy to see that BJ = JB

implies, for each i ∈ {1, . . . , p}, that Bi,iJi = JiBi,i , whence that matrices Bi,i have
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the property of matrices Bi in (2.11). By looking at the off-diagonal blocks, it is
easy to see that BJ = JB implies that

Bi,j Jj = JiBi,j , ∀i �= j. (2.12)

Consider the chain of generalized right eigenvectors of Jj , v1 = ē1, . . . , vrj = ērj

(with ēh being the hth column of the rj × rj identity matrix), that satisfy Jjv1 =
λjv1, Jjvh = λjvh + vh−1, h = 2, . . . , rj , and the chain of generalized left eigen-
vectors of Ji , namely u�

1 = ê�
1 , . . . , u�

ri
= ê�

ri
that satisfy u�

k Ji = λiu
�
k + u�

k+1,
k = 1, . . . , ri − 1, u�

ri
Ji = λiu

�
ri

(with êk being the kth column of the ri × ri identity
matrix). Equation (2.12) left multiplied by u�

ri
and right multiplied by v1 gives

λj [0 . . . 0 1]Bi,j

⎡
⎢⎢⎢⎣

1
0
...

0

⎤
⎥⎥⎥⎦= λi[0 . . . 0 1]Bi,j

⎡
⎢⎢⎢⎣

1
0
...

0

⎤
⎥⎥⎥⎦ , (2.13)

which, since λi �= λj , implies that the entry of the first column and of the last row
of Bi,j is zero. The equation similar to (2.13) obtained using v2 instead of v1 im-
plies that the entry of the second column and of the last row of Bi,j is zero. Using
iteratively vh with increasing h instead of v1, one obtains that the last row of Bi,j

is zero. In the same manner, the equations similar to (2.13) obtained using u�
k with

decreasing k instead of u�
ri

imply that the first column of Bi,j is zero. The procedure
can be repeated using in the proper order all the u�

k and vh to prove that Bi,j = 0. �

Lemma 2.3 Let J be a Jordan block of dimension r relative to a real eigenvalue.
Then, the dimension of Lc(J ) is r and {J 0, J 1, . . . , J r−1} is a basis of Lc(J ).

Proof The statement is equivalent to saying that the set of the matrices that commute
with a Jordan block coincides with the set of all upper triangular Toepliz matrices,
i.e., all upper triangular matrices such that, for a given h ∈ {0, . . . , r −2}, the entries
in position (k, k+h), k ∈ {1, . . . , r−h}, are equal. Assume that A ∈ R

r×r commutes
with J , i.e., AJ = JA. Taking into account the two entries in positions (r − 1,1)

and (r,2) of AJ − JA, one derives that, for them to be zero, it is necessary and
sufficient that the entry Ar,1 of A is zero. Considering the three entries in positions
(r − 2,1), (r − 1,2) and (r,3) of AJ − JA, one concludes that it is necessary and
sufficient that Ar−1,1 and Ar,2 are zero. Then, iterating on h, which decreases from
r − 2 to 0, considering all the entries in positions (k + h, k), k ∈ {1, . . . , r − h} of
AJ −JA, one obtains that it is necessary and sufficient that all the entries Ai,j such
that i − j = h + 1 are zero. Therefore, A is upper triangular. Analogously, for each
h ∈ {1, . . . , r −1}, the entries in positions (k, k+h), k ∈ {1, . . . , r −h}, of AJ −JA,
which must be zero, show that it is necessary and sufficient that all the entries Ai,j

such that j − i = h − 1 are equal, i.e., A is Toepliz. �
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Results analogous to Lemmas 2.2 and 2.3 can be proven for the case of a matrix
A having some complex eigenvalues, so that the following theorem holds in the
general case.

Theorem 2.2 Let A ∈ R
n×n. There exist linearly independent M0, . . . ,Mn−1 ∈

Lc(A) over R, which are pairwise commuting, i.e., [Mi,Mj ] = 0. If there are no
Jordan blocks of A corresponding to the same eigenvalue, then Lc(A) has dimen-
sion n and {M0, . . . ,Mn−1} is a basis of Lc(A).

Proof If A has only real eigenvalues, in view of (2.9), assume that A is in the Jordan
form as in the proof of Lemma 2.1. It is easy to see that the matrices in (2.10), which
are linearly independent and belong to Lc(A), are pairwise commuting, whence
they constitute the set {M0, . . . ,Mn−1}. To see that, when for each eigenvalue of A

there is just one Jordan block, such a set is indeed a basis of Lc(A), in the case of
real eigenvalues it suffices to consider Lemmas 2.2 and 2.3 to see that the n matrices
in (2.10) actually generate the whole Lc(A). In case of complex eigenvalues, a
similar reasoning can be made by considering the real Jordan form (see also the
proof of the subsequent Lemma 2.5). �

Corollary 2.1 If the Jordan form of A has not two Jordan blocks corresponding to
the same eigenvalue, then {A0,A1, . . . ,An−1} is a basis of Lc(A).

Proof The proof follows from the proof of Theorem 2.2, taking into account that
the minimal polynomial of A has degree n and, therefore, that {A0,A1, . . . ,An−1}
is a set of n linearly independent matrices that pairwise commute. �

Theorem 2.3 Assume that {A0,A1, . . . ,An−1} is a basis of Lc(A). Then, any pair
B1,B2 ∈ Lc(A) is commuting.

Proof Since {A0,A1, . . . ,An−1} is a basis of Lc(A), B1 and B2 can be written
as B1 = ∑n−1

i=0 a1,iA
i and B2 = ∑n−1

j=0 a2,jA
j , for some constants a1,i , a2,i ∈ R.

Therefore, [B1,B2] =∑n−1
i=0

∑n−1
j=0 a1,ia2,j [Ai,Aj ] = 0. �

Example 2.3 Let J = [ J1 0
0 J2

]
, with J1 and J2 being Jordan blocks of dimension

two and three, with real eigenvalues λ1 and λ2, respectively. Then, the following
matrices belong to Lc(J ), are linearly independent over R, and are commuting:

{[
J 0

1 0
0 0

]
,

[
J 1

1 0
0 0

][
0 0
0 J 0

2

]
,

[
0 0
0 J 1

2

]
,

[
0 0
0 J 2

2

]}
.

Furthermore, if λ1 �= λ2, then they constitute a basis of Lc(J ).
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Example 2.4 Consider matrix

A =
⎡
⎣ 1 0 0

−1 2 0
−1 1 1

⎤
⎦ ,

which is semi-simple with two coincident eigenvalues; Lc(A) has dimension r = 5
and one of its bases is⎧⎨

⎩
⎡
⎣1 0 0

0 1 0
0 0 1

⎤
⎦ ,

⎡
⎣1 0 0

1 0 0
0 0 0

⎤
⎦ ,

⎡
⎣0 −1 1

0 −1 1
0 0 0

⎤
⎦ ,

⎡
⎣0 0 0

0 0 0
1 0 0

⎤
⎦ ,

⎡
⎣1 0 0

0 1 0
0 1 0

⎤
⎦
⎫⎬
⎭ .

There exist three linearly independent and commuting elements of Lc(A) over R,
which can be constructed from the Jordan form of A,

⎡
⎣ 1 0 0

−1 2 0
−1 1 1

⎤
⎦=

⎡
⎣1 0 0

1 −1 0
2 −1 1

⎤
⎦
⎡
⎣1 0 0

0 2 0
0 0 1

⎤
⎦
⎡
⎣ 1 0 0

1 −1 0
−1 −1 1

⎤
⎦ ,

as follows:

M0 =
⎡
⎣1 0 0

1 −1 0
2 −1 1

⎤
⎦
⎡
⎣1 0 0

0 0 0
0 0 0

⎤
⎦
⎡
⎣ 1 0 0

1 −1 0
−1 −1 1

⎤
⎦=

⎡
⎣1 0 0

1 0 0
2 0 0

⎤
⎦ ,

M1 =
⎡
⎣1 0 0

1 −1 0
2 −1 1

⎤
⎦
⎡
⎣0 0 0

0 2 0
0 0 0

⎤
⎦
⎡
⎣ 1 0 0

1 −1 0
−1 −1 1

⎤
⎦=

⎡
⎣ 0 0 0

−2 2 0
−2 2 0

⎤
⎦ ,

M2 =
⎡
⎣1 0 0

1 −1 0
2 −1 1

⎤
⎦
⎡
⎣0 0 0

0 0 0
0 0 1

⎤
⎦
⎡
⎣ 1 0 0

1 −1 0
−1 −1 1

⎤
⎦=

⎡
⎣ 0 0 0

0 0 0
−1 −1 1

⎤
⎦ .

Such three matrices pairwise commute, but they do not constitute a basis of Lc(A).

A nice consequence of Theorem 2.2 is that if matrix A is semi-simple with dis-
tinct (possibly, complex) eigenvalues, then {A0,A1, . . . ,An−1} is a basis of Lc(A).

Theorem 2.4 Assume that A is semi-simple with distinct eigenvalues; let Q ∈ C
n×n,

det(Q) �= 0, be such that Ã = Q−1AQ is diagonal. Then, B̃ = Q−1BQ is diagonal
for all B ∈ Lc(A); furthermore, any B = QB̃Q−1, with B̃ diagonal, is an element
of Lc(A).

Proof By (2.9), if B ∈ Lc(A), then B̃ ∈ Lc(Ã) for all Q ∈ C
n×n such that

det(Q) �= 0. If A is semi-simple with distinct eigenvalues, then {A0,A1, . . . ,An−1}
is a basis of Lc(A), whence a basis of Lc(Ã) is {Ã0, Ã1, . . . , Ãn−1}. If B ∈
Lc(A), then there exist μ0,μ1, . . . ,μn−1 such that B =∑n−1

i=0 μiA
i , whence B̃ =
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∑n−1
i=0 μiÃ

i , which implies that B̃ is diagonal. Vice versa, if B̃ is diagonal, then
B̃ ∈ Lc(Ã), whence B ∈ Lc(A). �

If A is semi-simple, but with some coincident eigenvalues, and [A,B] = 0,
then B̃ = Q−1BQ need not be diagonal also if Ã = Q−1AQ is diagonal (see also
Lemma 1.4 at p. 26).

Example 2.5 Let A = [ 0 1
−1 0

]
; since A is semi-simple with distinct eigenvalues (±i),

any B ∈ Lc(A) can be written as

B = μ0A
0 + μ1A

1 = μ0

[
1 0
0 1

]
+ μ1

[
0 1

−1 0

]
=
[

μ0 μ1
−μ1 μ0

]
, μi ∈ R.

Letting Q = [ 1
2

1
2

1
2 i − 1

2 i

]
, one has Ã = Q−1AQ = [ i 0

0 −i

]
. Therefore, Q jointly diago-

nalizes all elements of Lc(A):

B̃ =
[

1 −i
1 i

][
μ0 μ1

−μ1 μ0

][ 1
2

1
2

1
2 i − 1

2 i

]
=
[
μ0 + iμ1 0

0 μ0 − iμ1

]
.

It is now possible to prove two lemmas that are very important in the sequel.

Lemma 2.4 Any matrix A ∈ R
n×n can be decomposed as A = As + An, where

As ∈ R
n×n is semi-simple, An ∈ R

n×n is nilpotent and As,An commute under the
matrix product. Such matrices As and An can be expressed as polynomials in A,
whence any matrix B that commutes under the matrix product with A also commutes
with As and An.

Proof It is sufficient to bring A into its complex Jordan form, A = QJQ−1, where
det(Q) �= 0 and J = block_diag{J1, . . . , Jp}, with Ji being a Jordan block with
eigenvalue λi ; if A has complex eigenvalues, then matrix Q has to be chosen so that
its two block columns Qi and Qj containing two corresponding chains of gener-
alized eigenvectors of A relative to λi and λj = λ∗

i , respectively, satisfy Qj = Q∗
i .

Then, in the new coordinates, letting

Ji,s = diag{λi, . . . , λi} and Ji,n =

⎡
⎢⎢⎢⎣

0 1 . . . 0
...

...
. . .

...

0 0 . . . 1
0 0 . . . 0

⎤
⎥⎥⎥⎦ ,

one has Ji = Ji,s + Ji,n, with Ji,s semi-simple and Ji,n nilpotent. Let As =
QJsQ

−1 = Qblock_diag{J1,s , . . . , Jp,s}Q−1 and An = QJnQ
−1 = Qblock_diag

{J1,n, . . . , Jp,n}Q−1. Obviously, As is semi-simple and An is nilpotent. Moreover,
in case of A having complex eigenvalues, thanks to the choice of Q required above,
it is easy to verify that As and An are real. Now, to show that As and An can be
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written as polynomials in A, it is sufficient to show that Js and Jn can be written
as polynomials in J . Taking into account the expression of the kth power of a Jor-
dan block, it is easy to see that if Ja and Jb are two Jordan blocks of dimensions
na ≥ nb , relative to the same eigenvalue λ, then letting Ja,s = λE (where E has di-
mensions na × na), Ja,n = Ja − Ja,s , Jb,s = λE (where E has dimensions nb × nb)
and Jb,n = Jb − Jb,s , the equations Jb,s = ps(Jb) and Jb,n = pn(Jb) hold neces-
sarily, for any pair of polynomials ps(s) and pn(s) such that Ja,s = ps(Ja) and
Ja,n = pn(Ja). Now, let Jmin be a Jordan matrix with the same minimal polynomial
of J , but without repeated eigenvalues (obtained by selecting from J just one Jordan
block of highest dimension for each eigenvalue) and let D a diagonal matrix with
the same diagonal as Jmin; let N = Jmin − D. The structures of J and Jmin imply
that if there exists a pair of polynomials ps(s) and pn(s) such that D = ps(Jmin)

and N = pn(Jmin), then Js = ps(J ) and Jn = pn(J ) hold necessarily. The existence
of ps(s) and pn(s) is ensured by Theorem 2.2 with A = Jmin and by Lemmas 2.2
and 2.3 (see also the beginning of the proof of Lemma 2.3). Hence, it is proven that
As and An can be written as polynomials in A, and therefore that any matrix B that
commutes under the matrix product with A also commutes with As and An. Clearly,
if matrices As and An can be expressed as polynomials in A, then As,An commute
under the matrix product. �

Remark 2.4 The decomposition A = As + An, with As being semi-simple and An

being nilpotent is not unique; in general, there are many such decompositions with
As and An that do not commute under the matrix product. But, as stated in [34,
Lemma 14 at p. 104], if one requires that As and An commute, then such As and
An are unique. As an example, take

A =
⎡
⎣1 1 0

0 1 1
0 0 2

⎤
⎦ ;

clearly,

As =
⎡
⎣1 0 0

0 1 0
0 0 2

⎤
⎦

is semi-simple,

An =
⎡
⎣0 1 0

0 0 1
0 0 0

⎤
⎦

is nilpotent and A = As + An, but

AnAs − AsAn =
⎡
⎣0 0 0

0 0 1
0 0 0

⎤
⎦
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is not zero: it is easy to verify that neither As nor An can be expressed as a polyno-
mial function of A. Bringing A in the Jordan form,

A =
⎡
⎣1 −1 −1

1 0 −1
1 0 0

⎤
⎦
⎡
⎣2 0 0

0 1 1
0 0 1

⎤
⎦
⎡
⎣ 0 0 1

−1 1 0
0 −1 1

⎤
⎦ ,

and then letting

As =
⎡
⎣1 −1 −1

1 0 −1
1 0 0

⎤
⎦
⎡
⎣2 0 0

0 1 0
0 0 1

⎤
⎦
⎡
⎣ 0 0 1

−1 1 0
0 −1 1

⎤
⎦=

⎡
⎣1 0 1

0 1 1
0 0 2

⎤
⎦ ,

An =
⎡
⎣1 −1 −1

1 0 −1
1 0 0

⎤
⎦
⎡
⎣0 0 0

0 0 1
0 0 0

⎤
⎦
⎡
⎣ 0 0 1

−1 1 0
0 −1 1

⎤
⎦=

⎡
⎣0 1 −1

0 0 0
0 0 0

⎤
⎦ ,

one concludes that A = As + An, AnAs − AsAn = 0; as a consequence, since

⎡
⎣2 0 0

0 1 0
0 0 1

⎤
⎦ = 2

⎡
⎣1 0 0

0 1 0
0 0 1

⎤
⎦− 2

⎡
⎣2 0 0

0 1 1
0 0 1

⎤
⎦+

⎡
⎣2 0 0

0 1 1
0 0 1

⎤
⎦

2

,

⎡
⎣0 0 0

0 0 1
0 0 0

⎤
⎦ = −2

⎡
⎣1 0 0

0 1 0
0 0 1

⎤
⎦+ 3

⎡
⎣2 0 0

0 1 1
0 0 1

⎤
⎦−

⎡
⎣2 0 0

0 1 1
0 0 1

⎤
⎦

2

,

one finds that As = 2A0 − 2A1 + A2 and An = −2A0 + 3A1 − A2.

Lemma 2.5 For any matrix A, there exists an invertible Q ∈ R
n×n, det(Q) �= 0,

such that Ã = Q−1AQ can be uniquely decomposed as Ã = Ãs,n + Ãn, where
Ãs,n ∈ R

n×n is normal, Ãn ∈ R
n×n is nilpotent and Ãn, Ã

�
n and their powers

Ãi
n, (Ã

�
n )i , i ∈ Z

≥, commute with Ãs,n under the matrix product.

Proof It is sufficient to proceed as in the proof of Lemma 2.4, but considering real
Jordan blocks instead of (complex) Jordan blocks. In particular, choose Q so that
Ã is in the real Jordan form, i.e., a Jordan form in which each pair Ji , Jj of Jordan
blocks of the same dimension ri = rj corresponding to λi = α + iβ and λj = λ∗

i =
α − iβ , α,β ∈ R, is substituted by a single block of dimension 2ri that is the sum of
a block-diagonal matrix whose ri diagonal blocks are

[ α β

−β α

]
and a matrix having

the only 2ri − 2 non-zero elements, which are equal to 1, in positions (k,h), where
h = k + 2. �
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Example 2.6 Let

A =

⎡
⎢⎢⎣

1 1 1 1
−1 1 0 0
0 0 1 1
0 0 0 1

⎤
⎥⎥⎦

=

⎡
⎢⎢⎢⎣

− 1
2 − 1

2 0 1

− 1
2 i 1

2 i −1 0

0 0 1 −1
0 0 0 1

⎤
⎥⎥⎥⎦

⎡
⎢⎢⎣

1 + i 0 0 0
0 1 − i 0 0
0 0 1 1
0 0 0 1

⎤
⎥⎥⎦

⎡
⎢⎢⎣

−1 i i 1 + i
−1 −i −i 1 − i
0 0 1 1
0 0 0 1

⎤
⎥⎥⎦ .

Then,

As =

⎡
⎢⎢⎢⎣

− 1
2 − 1

2 0 1

− 1
2 i 1

2 i −1 0

0 0 1 −1
0 0 0 1

⎤
⎥⎥⎥⎦

⎡
⎢⎢⎣

1 + i 0 0 0
0 1 − i 0 0
0 0 1 0
0 0 0 1

⎤
⎥⎥⎦

⎡
⎢⎢⎣

−1 i i 1 + i
−1 −i −i 1 − i
0 0 1 1
0 0 0 1

⎤
⎥⎥⎦

=

⎡
⎢⎢⎣

1 1 1 1
−1 1 0 1
0 0 1 0
0 0 0 1

⎤
⎥⎥⎦

is semi-simple, but it is not normal, and

An =

⎡
⎢⎢⎢⎣

− 1
2 − 1

2 0 1

− 1
2 i 1

2 i −1 0

0 0 1 −1
0 0 0 1

⎤
⎥⎥⎥⎦

⎡
⎢⎢⎣

0 0 0 0
0 0 0 0
0 0 0 1
0 0 0 0

⎤
⎥⎥⎦

⎡
⎢⎢⎣

−1 i i 1 + i
−1 −i −i 1 − i
0 0 1 1
0 0 0 1

⎤
⎥⎥⎦

=

⎡
⎢⎢⎣

0 0 0 0
0 0 0 −1
0 0 0 1
0 0 0 0

⎤
⎥⎥⎦

is nilpotent, with A = As +An; by construction, such matrices As,An are commut-
ing. Consider the real transformation represented by

Q =

⎡
⎢⎢⎣

1 0 0 1
0 1 −1 0
0 0 1 −1
0 0 0 1

⎤
⎥⎥⎦ ;
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then,

Ã = Q−1AQ =

⎡
⎢⎢⎣

1 0 0 1
0 1 −1 0
0 0 1 −1
0 0 0 1

⎤
⎥⎥⎦

−1⎡
⎢⎢⎣

1 1 1 1
−1 1 0 0
0 0 1 1
0 0 0 1

⎤
⎥⎥⎦
⎡
⎢⎢⎣

1 0 0 1
0 1 −1 0
0 0 1 −1
0 0 0 1

⎤
⎥⎥⎦

=

⎡
⎢⎢⎣

1 1 0 0
−1 1 0 0
0 0 1 1
0 0 0 1

⎤
⎥⎥⎦ ,

whence Ã = Ãs,n + Ãn, with

Ãs,n =

⎡
⎢⎢⎣

1 1 0 0
−1 1 0 0
0 0 1 0
0 0 0 1

⎤
⎥⎥⎦ , Ãn =

⎡
⎢⎢⎣

0 0 0 0
0 0 0 0
0 0 0 1
0 0 0 0

⎤
⎥⎥⎦ ;

clearly, Ãs,n is normal, Ãn is nilpotent, and matrices Ãs,n, Ãn (respectively,
Ãs,n, Ã

�
n ) are commuting.

The following definition extends the concept of linear symmetry to the concept
of linear orbital symmetry, in the continuous-time case.

Definition 2.5 Assume T = R.
(2.5.1) The linear transformation (2.3) is a linear orbital symmetry of sys-

tem (2.1a) and system (2.2) is its infinitesimal generator if

[A,B] = μA, (2.14)

for some constant μ ∈ R. When (2.14) holds, by abuse of notation, also the infinites-
imal generator (2.2) is called a linear orbital symmetry of system (2.1a); briefly, Bx

is called a linear orbital symmetry of Ax.
(2.5.2) The linear normalizer Ln(A) of A is the set of all matrices B such that

[A,B] = μA, for some constant μ ∈ R.

Remark 2.5 The linear orbital symmetry introduced in Definition 2.5 maps an orbit
of system (2.1a) into an orbit of the same system, but the time parameterization
along the orbit is not preserved when μ �= 0, as can be seen in the following. If B is
a linear orbital symmetry of A, then

BA = AB + μA = A(B + μE),

with E being the n × n identity matrix; left multiplying such an equation by B ,

B2A = BA(B + μE) = A(B + μE)2,
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and iterating such a process, one concludes that

BhA = A(B + μE)h, ∀h ∈ Z
≥. (2.15)

Hence,

e−BτA =
+∞∑
h=0

(−τ)h

h! BhA =
+∞∑
h=0

(−τ)h

h! A(B + μE)h

= Ae−(B+μE)τ ,

from which

e−BτAeBτ = Ae−μτ . (2.16)

This shows that dx
dt

= Ax is transformed by the linear change of coordinates

x = eBτ y into dy
ds

= Ay, where ds
dt

= e−μτ , with s being the new time variable cor-
responding to the new time parameterization of the system thus transformed.

Example 2.7 Let A = [ 0 1
0 0

]
and B = [ 1 0

0 3

]
; B is a linear orbital symmetry of A,

because [A,B] = −2A. Then, e−BτAeBτ = e2τA.

The following theorem, which can be easily proven by means of (2.9), shows that
the concepts of linear symmetry and linear orbital symmetry do not depend on the
particular coordinates chosen.

Theorem 2.5 Let Ã = Q−1AQ and B̃ = Q−1BQ, with Q being an invertible
square matrix. Then,

[A,B] = μA ⇐⇒ [
Ã, B̃

]= μÃ,

namely

B ∈ Ln(A) ⇐⇒ B̃ ∈ Ln

(
Ã
)
.

Theorem 2.6 Let A be semi-simple with distinct eigenvalues. Then, Ln(A) =
Lc(A).

Proof If n = 1, then Ln(A) = Lc(A) = R, and the theorem holds. Assume n ≥ 2.
By definition Lc(A) ⊆ Ln(A); hence, if Ln(A) ⊆ Lc(A), then the theorem is
proven. By Theorem 2.5, it can be assumed that

A = block_diag

{
λ1, . . . , λnr ,

[
α1 β1

−β1 α1

]
, . . . ,

[
αnc βnc

−βnc αnc

]}
,

with nr + 2nc = n, λi ∈ R, λi �= λj if i �= j , and αi,βi ∈ R, βi �= 0, and αi + iβi �=
αj + iβj , if i �= j . Under this assumption, it is now shown that AM − MA = μA
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implies μ = 0, whence that M ∈ Ln(A) implies M ∈ Lc(A). In the simpler case
nc = 0, when A has no complex eigenvalues, it is easily seen that all the diagonal
elements of AM − MA are structurally equal to zero; this, in view of the fact that
at least one eigenvalue λi of A is not zero, implies that μ = 0. As for the general
case, if nr > 0 and there is a real eigenvalue λi �= 0 of A, then the equality μ = 0
follows as above from the fact that the ith diagonal element of AM − MA is zero.
Otherwise (i.e., if nr = 0, or nr = 1 and λ1 = 0), consider the 2 × 2 diagonal block
of AM − MA whose upper left element is in position (nr + 1, nr + 1) and impose
that it is equal to the same block of matrix μA, to obtain

[
β1L2 β1L1
β1L1 −β1L2

]
=
[

μα1 μβ1
−μβ1 μα1

]
,

where L1 = Mnr+2,nr+2 − Mnr+1,nr+1 and L2 = Mnr+2,nr+1 − Mnr+1,nr+2. Then,
since β1 �= 0, the two equations β1L1 = μβ1 and β1L1 = −μβ1 imply μ = 0. �

The following Theorem 2.7 shows that the linear normalizer Ln(A) and the lin-
ear centralizer Lc(A) ⊆ Ln(A) of A are closed under the Lie bracket operation;
in particular, since B1,B2 ∈ Ln(A) implies [B1,B2] ∈ Lc(A), by the analysis of
the subsequent Sect. 6.2 and taking into account the subsequent Theorem 2.9, one
concludes that Ln(A) is a Lie sub-algebra of the Lie algebra of matrices over R,
and Lc(A) is a Lie ideal of Ln(A).

Theorem 2.7 If B1x and B2x are two linear orbital symmetries (possibly, linear
symmetries) of Ax, then [B1,B2]x is a linear symmetry of Ax.

Proof From [A,B1] = μ1A and [A,B2] = μ2A, with μ1 and μ2 being (possibly,
equal to zero) real constants, one finds that (taking into account the Jacobi iden-
tity (2.3.3) reported in Remark 2.3):

[
A, [B1,B2]

] = −[B1, [B2,A]]− [
B2, [A,B1]

]= [B1,μ2A] − [B2,μ1A]
= −μ1μ2A + μ1μ2A = 0. �

In particular, the following theorem shows that, if A is semi-simple with distinct
eigenvalues and B1 and B2 commute with A, then [B1,B2] = 0 (i.e., B1 and B2 are
commuting).

Theorem 2.8 Let A be semi-simple with distinct eigenvalues. Then, all elements of
Lc(A) are commuting, i.e., if B1,B2 ∈ Lc(A), then [B1,B2] = 0.

Proof By the invariance of the matrix Lie bracket to linear transformations, assume
that A is diagonal, with distinct eigenvalues. Then, all B ∈ Lc(A) are diagonal, but
two diagonal matrices B1,B2 are necessarily commuting. �
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Example 2.8 Let A = [ 1 2
0 3

]
, which is semi-simple with distinct eigenvalues. A basis

of Lc(A) is given by A0 and A1. Let B1 and B2 be two elements of Lc(A), then

B1 = a1

[
1 0
0 1

]
+ a2

[
1 2
0 3

]
=
[
a1 + a2 2a2

0 a1 + 3a2

]
,

B2 = a3

[
1 0
0 1

]
+ a4

[
1 2
0 3

]
=
[
a3 + a4 2a4

0 a3 + 3a4

]
.

Clearly, [B1,B2] = 0, for all ai ∈ R.

The following theorem shows that Ln(A) has the structure of a finite dimensional
vector space over R, similarly to Lc(A).

Theorem 2.9 The linear normalizer Ln(A) of A is a finite dimensional vector
space over R of dimension n ≤ r ≤ n2.

Proof If B1,B2 ∈ Ln(A), then there exist two constant μ1,μ2 ∈ R such that
[A,B1] = μ1A and [A,B2] = μ1A; by the bi-linearity of the Lie bracket operation,
one finds that

[A,α1B1 + α2B2] = α1[A,B1] + α2[A,B2] = (α1μ1 + α2μ2)A, ∀α1, α2 ∈ R,

and, therefore, that α1B1 + α2B2 ∈ Ln(A). Since Ln(A) ⊆ R
n×n, its dimension

satisfies r ≤ n2. In addition, since Lc(A) ⊆ Ln(A), the dimension r of Ln(A)

satisfies r ≥ n. �

Clearly, Lc(A) ⊆ Ln(A). Determining the linear centralizer Lc(A) (respec-
tively, the linear normalizer Ln(A)) of A is equivalent to solving a set of n2 al-
gebraic (linear for each fixed μ) equations having the entries of B (respectively,
the entries of B and the real number μ) as unknowns, as detailed in the following
example.

Example 2.9 Consider matrix A = [ 0 1
α β

]
with α,β ∈ R; such a matrix is not semi-

simple when α = −λ2, β = 2λ for some constant λ ∈ R. Letting B = [ b1 b2
b3 b4

]
, from

condition

0 = [A,B] =
[

b2α − b3 b1 + b2β − b4
b4α − αb1 − βb3 b3 − b2α

]
,

one has the following system of four linear algebraic equations:

⎡
⎢⎢⎣

0 α −1 0
−α 0 −β α

1 β 0 −1
0 −α 1 0

⎤
⎥⎥⎦

⎡
⎢⎢⎣

b1
b2
b3
b4

⎤
⎥⎥⎦=

⎡
⎢⎢⎣

0
0
0
0

⎤
⎥⎥⎦ .



2.2 Darboux Polynomials and First Integrals 45

Since the rank of the coefficient matrix of the above system is equal to 2 for all
α,β ∈ R, and matrices M0 = E and M1 = A are linearly independent over R, one
concludes that Lc(A) = spanR{E,A}. Consider now the case α = 0, β = 0. The
condition [A,B] = μA leads to

b1 = c2 + c3, b2 = c1, b3 = 0, b4 = c2, μ = c3,

with c1, c2, c3 ∈ R being arbitrary constants, which shows that Ln(A) has dimen-
sion 3. As basis of Ln(A), one can take the basis of Lc(A) (corresponding to the
choice c3 = 0) completed with the matrix B found by letting c1 = 0, c2 = 0 and
c3 = 1.

2.2 Darboux Polynomials and First Integrals

The following classical theorem, which is also used in other chapters, is stated and
proven here because its statement and proof have strong similarities with the subse-
quent results. The theorem itself can be proven directly in the discrete-time case, and
by an alternative simpler proof based on the Jordan form of A in the continuous-time
case.

Theorem 2.10 Let 	(t) = det(eAt ) if T = R (respectively, 	(t) = det(At ) if
T = Z); then d	(t)

dt
= trace(A)	(t) if T = R (respectively, 	(t + 1) = det(A)	(t)

if T = Z) and 	(0) = 1.

Proof Clearly, 	(0) = det(E) = 1 (also when T = Z and det(A) = 0). Let
vi(t) ∈ R

n be the ith column of matrix eAt (respectively, At ); then, Δvi = Avi

and vi(0) = ei , with ei being the ith column of the n × n identity matrix E. The
proof follows from the multi-linearity of the determinant in the continuous-time
case:

Δ	 = Δdet
([v1 v2 . . . vn]

)
= det

([Δv1 v2 . . . vn]
)+ det

([v1 Δv2 . . . vn]
)+ · · · + det

([v1 v2 . . . Δvn]
)

= det
([Av1 v2 . . . vn]

)+ det
([v1 Av2 . . . vn]

)+ · · · + det
([v1 v2 . . . Avn]

)
= trace(A)det

([v1 v2 . . . vn]
)= trace(A)	, if T = R,

and by the following relationships in the discrete-time case:

Δ	 = Δdet
([v1 v2 . . . vn]

)
= det

([Δv1 Δv2 . . . Δvn]
)= det

([Av1 Av2 . . . Avn]
)

= det(A)det
([v1 v2 . . . vn]

)= det(A)	, if T = Z. �

The concept of the Darboux polynomial extends the concept of polynomial first
integral and the concept of left eigenfunction for linear systems. The definition of the
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Darboux polynomial is given in the literature (see, e.g., [56, 88, 96]) for nonlinear
systems but, in view of the importance of this concept, the special properties of
Darboux polynomials for linear systems are studied in this section.

Definition 2.6 A scalar polynomial ω(x) is a Darboux polynomial (a polynomial
semi-invariant) of systems (2.1a), (2.1b) if there exists a λ ∈ R such that the follow-
ing relation holds for all x ∈ R

n:

Δω = λω, (2.17)

with Δω = LAxω if T = R (respectively, Δω = ω ◦ Ax if T = Z). The number λ is
called characteristic value.

In the subsequent Chaps. 3 and 4, the definition of the Darboux polynomial is
given for nonlinear systems, by allowing λ to be a polynomial function of x. Here,
a simple reasoning on the degree of polynomials and the linearity of systems (2.1a),
(2.1b) imply that λ is necessarily constant. Therefore, there is no loss of generality
in assuming λ constant as is done in Definition 2.6.

From Definition 2.6, a polynomial first integral is a Darboux polynomial with
λ = 0 if T = R (respectively, λ = 1 if T = Z). It is worth pointing out that, if not
empty, the set Iω of all x ∈ R

n such that ω(x) = 0, with ω(x) being a Darboux
polynomial of systems (2.1a), (2.1b), is an invariant subspace of systems (2.1a),
(2.1b), i.e., if x(0) ∈ R

n is such that ω(x(0)) = 0, then ω(x(t)) = 0, ∀t ∈ T (t ≥ 0
if T = Z and det(A) = 0), along the solutions of systems (2.1a), (2.1b). To be more
precise, by (2.17), ω(t) = eλtω(0) if T = R (respectively, ω(t) = λtω(0) if T = Z),
whence ω(t) = 0,∀t ∈ T (t ≥ 0 if T = Z and det(A) = 0), if and only if ω(0) = 0.
Clearly, the same is true for a polynomial first integral.

The following four theorems characterize the Darboux polynomials of sys-
tems (2.1a), (2.1b).

Theorem 2.11 Let T = R and Mi ∈ Ln(A), i = 1, . . . , n − 1. Assume that the
function ω(x) defined as follows:

ω(x) := det
(
Ω(x)

)
, Ω(x) = [Ax M1x . . . Mn−1x], (2.18)

is not identically equal to zero. Then, the following properties hold:

(2.11.1) relation (2.17) holds with λ = trace(A), i.e., ω is a Darboux polynomial of
system (2.1a), with characteristic value λ = trace(A);

(2.11.2) if the polynomial ω can be factorized as ω =∏
i ω

νi

i , with ωi ’s being co-
prime real polynomials and νi ∈ Z

>, then there exist constants λi ∈ R

such that
∑

i νiλi = trace(A) and such that (2.17) holds with ω = ωi and
λ = λi .

Proof Consider, first, Statement (2.11.1) of the theorem. By linear algebra, applying
Δ to ω, one finds that

Δω = det
([AΔx M1x . . . Mn−1x])+ det

([Ax M1Δx . . . Mn−1x])
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+ · · · + det
([Ax M1x . . . Mn−1Δx]);

since Δx = Ax along the solutions of (2.1a), it follows that

Δω = det
([AAx M1x . . . Mn−1x])+ det

([Ax M1Ax . . . Mn−1x])
+ · · · + det

([Ax M1x . . . Mn−1Ax]);
MiA = AMi + μiA, because Mi ∈ Ln(A), which implies

Δω = det
([AAx M1x . . . Mn−1x])

+ det
([Ax AM1x + μ1Ax . . . Mn−1x])

+ · · · + det
([Ax M1x . . . AMn−1x + μn−1Ax]),

and, therefore, by linear algebra, one concludes that

Δω = trace(A)det
([Ax M1x . . . Mn−1x])= trace(A)ω,

thus proving Statement (2.11.1) of the theorem. As for Statement (2.11.2) of the
theorem, from ω =∏

i ω
νi

i , one finds that

LAxω

ω
=
∑

i

νi

LAxωi

ωi

. (2.19)

Since LAxωi = ∂ωi

∂x
Ax, it follows that LAxωi

ωi
is a proper rational function. Since

all denominators of the rational functions LAxωi

ωi
are co-prime, such functions do

not have common poles (common roots of the denominators). Let xo be a root of
ωj : then, ωj (x

o) = 0 and ωi(x
o) �= 0, ∀i �= j ; since LAxω

ω
is constant,

∑
i νi

LAxωi

ωi

is constant only if LAxωj (x
o) = 0; then, iterating through all roots of the poly-

nomials ωi , and taking into account that each LAxωi

ωi
is proper, one concludes that

each LAxωi

ωi
is equal to a certain constant λi . Finally, equation (2.19) shows that∑

i νiλi = trace(A), taking into account that LAxω
ω

= trace(A) and LAxωi

ωi
= λi , thus

proving Statement (2.11.2) of the theorem. �

Note that Theorem 2.11 extends Theorem 2.10 (in the case T = R), because
if x(0) is chosen so that ω(x(0)) = 1, then ω(x(t)) is just the function 	(t) of
Theorem 2.10.

The next theorem is the analogous of Theorem 2.11 for discrete-time systems, but
two important differences have to be stressed: in the discrete-time case, matrices Mi

are required to commute with A and a statement analogous to Statement (2.11.2) of
Theorem 2.11 does not hold.

Theorem 2.12 Let T = Z and Mi ∈ Lc(A), i = 1, . . . , n− 1. Assume that the func-
tion ω(x) defined as follows:

ω(x) := det
(
Ω(x)

)
, Ω(x) = [Ax M1x . . . Mn−1x],
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is not identically equal to zero. Then, relation (2.17) holds with λ = det(A), i.e., ω

is a Darboux polynomial of system (2.1b), with characteristic value λ = det(A).

Proof Taking into account that MiA = AMi , one has

Δω = det
(
Ω(Δx)

)= det
(
Ω(Ax)

)= det
([AAx M1Ax . . . Mn−1Ax])

= det
([AAx AM1x . . . AMn−1x])= det(A)det

(
Ω(x)

)= det(A)ω(x),

as to be proven. �

By Theorem 2.6, if matrix A is semi-simple and has distinct eigenvalues, then
Ln(A) = Lc(A); for this reason, the continuous-time and discrete-time cases are
considered jointly in the next theorem.

Theorem 2.13 Consider jointly both cases T = R and T = Z. Let A be semi-simple
with distinct eigenvalues, let nr be the number of real eigenvalues of A, let nc be the
number of pairs of complex conjugate eigenvalues of A (in particular, nr +2nc = n),
and let the eigenvalues of A be ordered as

{
λ1, . . . , λnr , λnr+1, λ

∗
nr+1, . . . , λnr+nc , λ

∗
nr+nc

}
.

Then, the polynomial ω(x) defined in Theorems 2.11 and 2.12 can be factorized as
follows:

ω(x) = k ω̂1(x) · · · ω̂nr+nc (x), (2.20)

where k ∈ R is a constant, and

ω̂i(x) =
{

u�
i x, i = 1, . . . , nr ,

(u�
i x)(u�

i x)∗, i = nr+1, . . . , nr + nc,

with u�
i being the left eigenvector relative to eigenvalue λi , i = 1, . . . , nr + nc.

Proof Let Ω(x) be defined as in Theorems 2.11 and 2.12. Since one of the bases of
Lc(A) is given by {E,A, . . . ,An−1}, one has Ω(x) = Ω̄(x)T for some invertible
matrix T ∈ R

n×n, where

Ω̄(x) = [
Ex Ax . . . An−1x

]
. (2.21)

For i = 1, . . . , nr + nc, one has

u�
i Ω̄(x) = [

u�
i Ex u�

i Ax . . . u�
i An−1x

]
= [(

u�
i x
)
λi

(
u�

i x
)

. . . λn−1
i

(
u�

i x
)]

= (
u�

i x
)[

1 λi . . . λn−1
i

];
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hence, defining the (possibly, complex) matrices

U :=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

u�
1
...

u�
nr

u�
nr+1
...

u�
nr+nc

u∗�
nr+1
...

u∗�
nr+nc

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, V :=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 λ1 . . . λn−1
1

...
... . . .

...

1 λnr . . . λn−1
nr

1 λnr+1 . . . λn−1
nr+1

...
... . . .

...

1 λnr+nc . . . λn−1
nr+nc

1 λ∗
nr+1 . . . (λ∗

nr+1)
n−1

...
... . . .

...

1 λ∗
nr+nc

. . . (λ∗
nr+nc

)n−1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

one obtains

UΩ(x) = UΩ̄(x)T

= diag
{
u�

1 x, . . . , u�
nr

x, u�
nr+1x, . . . , u�

nr+nc
x,u∗�

nr+1x, . . . , u∗�
nr+nc

x
}
V T ;

taking the determinant of both sides of the above equation, one proves the theorem
with k = det(V )det(T )

det(U)
, where det(V ) �= 0 because the eigenvalues of A are distinct. �

The following theorem shows, also in the case that matrix A has repeated eigen-
values, that a Darboux polynomial can be computed by starting from every left
eigenvector of matrix A.

Theorem 2.14 Let u� be a left eigenvector of A, i.e., u�A = λu�. Then,

ω(x) =
{

u�x, if λ ∈ R,

(u�x)(u�x)∗, if λ /∈ R,

is a Darboux polynomial of systems (2.1a), (2.1b).

Proof If λ ∈ R, then

Δω(x) = Δu�x = u�Δx = u�Ax = λu�x

= λω(x),

i.e., ω(x) is a Darboux polynomial with characteristic value λ. Consider now the
case λ /∈ R. When T = Z,

Δω(x) = Δ
(
u�x

)
Δ
(
u∗�x

)= (
u�Δx

)(
u∗�Δx

)= (
u�Ax

)(
u∗�Ax

)
= (

λu�x
)(

λ∗u∗�x
)= λλ∗(u�x

)(
u∗�x

)
= |λ|2ω(x),
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i.e., ω(x) is a Darboux polynomial with characteristic value |λ|2. When T = R,

Δω(x) = (
u∗�x

)
Δ
(
u�x

)+ (
u�x

)
Δ
(
u∗�x

)
= (

u∗�x
)(

u�Δx
)+ (

u�x
)(

u∗�Δx
)

= (
u∗�x

)(
u�Ax

)+ (
u�x

)(
u∗�Ax

)
= λ

(
u∗�x

)(
u�x

)+ λ∗(u�x
)(

u∗�x
)

= (
λ + λ∗)ω(x) = 2 Re(λ)ω(x),

i.e., ω(x) is a Darboux polynomial with characteristic value 2 Re(λ). �

Remark 2.6 Let ω1 and ω2 be two Darboux polynomials of systems (2.1a), (2.1b)
with characteristic values λ1 and λ2, respectively: Δωi = λiωi , i = 1,2. Then, ω =
ω

ν1
1 ω

ν2
2 , with νi ∈ Z

≥, is still a Darboux polynomial of systems (2.1a), (2.1b), with
characteristic value λ = ν1λ1 + ν2λ2 if T = R (λ = λ

ν1
1 λ

ν2
2 if T = Z). To be more

precise, if T = R, then

Δω = ν1ω
ν1−1
1 ω

ν2
2 Δω1 + ν2ω

ν1
1 ω

ν2−1
2 Δω2 = (ν1λ1 + ν2λ2)ω

ν1
1 ω

ν2
2

= (ν1λ1 + ν2λ2)ω,

whereas, if T = Z, then

Δω = (Δω1)
ν1(Δω2)

ν2 = λ
ν1
1 λν2

2 ω
ν1
1 ω

ν2
2 = λ

ν1
1 λ

ν2
2 ω.

The second part of the next remark suggests a practical way for the computation
of first integrals for linear systems.

Remark 2.7 Following the same reasoning of the proof of Statement (2.11.2) of
Theorem 2.11, one can demonstrate the following claims. If T = R and I is a ra-
tional first integral of system (2.1a), then I can be factorized as I =∏

i ω
νi

i , with
ωi being Darboux polynomials of system (2.1a) and νi being (positive or nega-
tive) integers. Conversely, both in the continuous-time and discrete-time cases, if
ω1,ω2, . . . are Darboux polynomials of systems (2.1a), (2.1b), Δωi = λiωi , such
that

∑
i νiλi = 0 (respectively,

∏
i λ

νi

i = 1), with νi being either positive or negative
integers, then I =∏

i ω
νi

i is a rational first integral of systems (2.1a), (2.1b).

Example 2.10 Constants λi ∈ R appearing in Statement (2.11.2) of Theorem 2.11
need not be eigenvalues of matrix A. For instance, if A = [ 1 1

−1 1

]
, then

ω(x) = det
([Ax x])= det

([
x1 + x2 x1

−x1 + x2 x2

])
= x2

1 + x2
2

satisfies

Δω =
{[2x1 2x2]

[ x1+x2
−x1+x2

]= 2(x2
1 + x2

2), if T = R,

(F 2
1 + F 2

2 )|F1=x1+x2,F2=x2−x1 = 2(x2
1 + x2

2), if T = Z,
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with 2 that is not eigenvalue of A (where det(A) = trace(A) = 2).

In the next example, the concept of irreducible polynomial is needed. A poly-
nomial with real coefficients is said to be irreducible over R if it is not constant
and cannot be rewritten as the product of two non-constant polynomials with real
coefficients.

Example 2.11 Consider matrix

A =
⎡
⎣ 0 1 0

0 0 1
λ1λ2λ3 −λ1λ3 − λ1λ2 − λ2λ3 λ1 + λ3 + λ2

⎤
⎦ ,

with λ1, λ2, λ3 being scalars. If λ1, λ2, λ3 ∈ R, then such a matrix has three real
eigenvalues λ1, λ2 and λ3 with respective real left eigenvectors:

u1 =
⎡
⎣ λ2λ3

−λ3 − λ2
1

⎤
⎦ , u2 =

⎡
⎣ λ1λ3

−λ1 − λ3
1

⎤
⎦ , u3 =

⎡
⎣ λ1λ2

−λ1 − λ2
1

⎤
⎦ ,

which are linearly independent over R when λi �= λj , i �= j . Two linear symmetries
of Ax, such that det(Ω) �= 0, are given by Ex and A2x, thus yielding

ω(x) = det
(
Ω(x)

)= det
([

Ax Ex A2x
])

= (
λ2λ3x1 − (λ3 + λ2)x2 + x3

)(
λ1λ3x1 − (λ1 + λ3)x2 + x3

)
× (

λ1λ2x1 − (λ1 + λ2)x2 + x3
)

= (
u�

1 x
)(

u�
2 x
)(

u�
3 x
)
.

Note that if λ1 = α + iβ and λ2 = α − iβ , for some constants α,β ∈ R, β �= 0, then
the two complex factors (u�

1 x)(u�
2 x) lead to a real Darboux polynomial associated

with Ax, irreducible over R,

ω4 = (
u�

1 x
)(

u�
2 x
)

= (
2λ3α + λ2

3 + α2 + β2)x2
2 + (−2λ2

3α − 2λ3β
2 − 2λ3α

2)x1x2

+ (−2λ3 − 2α)x2x3 + (
λ2

3α
2 + λ2

3β
2)x2

1 + 2λ3αx1x3 + x2
3 ,

such that Δω4 = λω4, where λ = λ1 + λ2 = 2α if T = R (respectively, λ = λ1λ2 =
α2 + β2 if T = Z). Moreover, note that the same factor (u�

i x) appears more than
once as a factor of ω(x) in case of multiple eigenvalues.

Example 2.12 Consider again matrix A of Example 2.11 with λ1 = λ2 = λ3 = 0.
Let

M =
⎡
⎣1 0 0

0 3 0
0 0 5

⎤
⎦ .
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Clearly, Ex and Mx are two linear symmetries of Ax. Let

ω(x) = det
([Ax Ex Mx])= det

⎛
⎝
⎡
⎣x2 x1 x1

x3 x2 3x2
0 x3 5x3

⎤
⎦
⎞
⎠= −2x3

(
2x1x3 − x2

2

);

let ω1(x) = x3 and ω2(x) = 2x1x3 − x2
2 . Clearly, ω1(x) = [0 0 1]x, where [0 0 1] is

a left eigenvector of A with eigenvalue λ = 0, is a Darboux polynomial associated
with Ax, both in the continuous-time and discrete-time cases. Furthermore, since

LAxω2(x) = [2x3 −2x2 2x1]
⎡
⎣x2

x3
0

⎤
⎦= 0,

ω2 is another Darboux polynomial of the continuous-time system (not correspond-
ing to any left eigenvector), whereas since

ω2 ◦ Ax = (
2F1F3 − F 2

2

)∣∣
F1=x2,F2=x3,F3=0 = −x2

3 ,

the factor ω2 of ω is not a Darboux polynomial of the discrete-time system.

Remark 2.8 Example 2.12 shows that, although there is a strong relationship be-
tween left eigenvectors and Darboux polynomials associated with Ax, there may
exist Darboux polynomials of (2.1a), (2.1b) that are not generated by left eigenvec-
tors.

Theorem 2.15 Assume that {A0,A1, . . . ,An−1} is a basis of Lc(A). Let Ω(x) =
[A0x A1x . . . An−1x] and ω = det(Ω). Then, all linear systems Δx = Bx, with
B ∈ Lc(A), B �= 0, have ω as a Darboux polynomial.

Proof If B ∈ Lc(A), B �= 0, then B = ∑n−1
i=0 μiA

i , with μj �= 0 for at least one
index j . Let Ω̂(x) = [Bx A1x . . . An−1x] and ω̂ = det(Ω̂); assume that ω̂ �= 0,
otherwise define Ω̂ as the matrix obtained from Ω by replacing one of the last n−1
columns with Bx. By construction, ω̂ is a Darboux polynomial of Δx = Bx, and in
addition

ω̂(x) = det
([

Bx A1x . . . An−1x
])= det

([
n−1∑
i=0

μiA
ix A1x . . . An−1x

])

= det
([

μ0A
0x A1x . . . An−1x

])= μ0 det
([

A0x A1x . . . An−1x
])

= μ0ω(x),

where μ0 �= 0 by ω̂ �= 0. �

By Corollary 2.1, recall that if either A is semi-simple with distinct eigenvalues
or if A is a Jordan block, then {A0,A1, . . . ,An−1} is a basis of Lc(A).
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Example 2.13 Let A = [ 0 1
−1 0

]
; a basis of Lc(A) is {A0,A1}; hence, any B ∈

Lc(A) can be written as B = μ0A
0 + μ1A

1 = [ μ0 μ1
−μ1 μ0

]
, for constant μ0,μ1 ∈ R.

Then, letting Ω(x) = [A0x A1x] = [ x1 x2
x2 −x1

]
, one computes ω(x) = det(Ω(x)) =

−(x2
1 + x2

2). Under the assumption that μ0 �= 0, letting

Ω̂(x) = [
Bx A1x

]=
[

μ0x1 + μ1x2 x2
−μ1x1 + μ0x2 −x1

]
,

one computes ω̂(x) = det(Ω̂(x)) = −μ0(x
2
1 + x2

2) �= 0; similarly, if μ1 �= 0, letting

Ω̂(x) = [
A0x Bx

]=
[
x1 μ0x1 + μ1x2
x2 −μ1x1 + μ0x2

]
,

one computes ω̂(x) = det(Ω̂(x)) = −μ1(x
2
1 + x2

2) �= 0. This shows that all systems
having a dynamic matrix in Lc(A) share the same Darboux polynomial x2

1 + x2
2 .

Example 2.14 Let A = [ 1 1
−1 −1

]
; A is not semi-simple. The linear centralizer Lc(A)

has dimension two and Lc(A) = spanR{A0,A1}. Any B ∈ Lc(A) can be expressed
as B = μ0A

0 + μ1A
1 = [μ0+μ1 μ1

−μ1 μ0−μ1

]
, for constant μ0,μ1 ∈ R. Then, by Ω(x) =

[A0x A1x] = [ x1 x1+x2
x2 −x1−x2

]
, one computes ω(x) = det(Ω(x)) = −(x1 + x2)

2. Under
the assumption that μ0 �= 0, letting

Ω̂(x) = [
Bx A1x

]=
[

(μ0 + μ1)x1 + μ1x2 x1 + x2
−μ1x1 + (μ0 − μ1)x2 −x1 − x2

]
,

one computes ω̂(x) = det(Ω̂(x)) = −μ0(x1 + x2)
2 �= 0; similarly, under the as-

sumption that μ1 �= 0, letting

Ω̂(x) = [
A0x Bx

]=
[
x1 (μ0 + μ1)x1 + μ1x2
x2 −μ1x1 + (μ0 − μ1)x2

]
,

one computes ω̂(x) = det(Ω̂(x)) = −μ1(x1 + x2)
2 �= 0. This shows how all sys-

tems having a dynamic matrix belonging to Lc(A) have (x1 + x2)
2 as Darboux

polynomial (x1 + x2 in the continuous-time case).

Remark 2.9 Assume that the Jordan form of A has not two Jordan blocks corre-
sponding to the same eigenvalue, i.e., that A0, A1, . . . ,An−1 are linearly indepen-
dent over R; since [Ai,Aj ] = 0, by the analysis carried out in Sect. 1.6, one con-
cludes that the rows of Ω−1(x) = [A0x A1x . . . An−1x]−1 are exact one-forms.
Then, the diffeomorphism y = ϕ(x) such that ∂ϕ

∂x
= Ω−1 satisfies LAixϕ = ei+1,

with ei being the ith column of the n × n identity matrix E. This can be useful to
compute n − 1 independent first integrals of dx

dt
= Ax, when A is not semi-simple,

as illustrated in the following example.
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Example 2.15 Let

A =
⎡
⎣0 1 0

0 0 1
0 0 0

⎤
⎦ ;

then,

Ω(x) = [
A0x A1x A2x

]=
⎡
⎣x1 x2 x3

x2 x3 0
x3 0 0

⎤
⎦ .

The rows of Ω−1 are exact one-forms and yield, by integration, the diffeomorphism
y = ϕ(x), with

ϕ(x) =

⎡
⎢⎢⎣

ln(|x3|)
x2
x3

x1
x3

− 1
2

x2
2

x2
3

⎤
⎥⎥⎦ ;

it is not difficult to see that the first and last entry of ϕ(x) are functionally indepen-
dent first integrals of dx

dt
= Ax.
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