Chapter 2
Analysis of Linear Systems

2.1 The Linear Centralizer and Linear Normalizer of a Square
Matrix

Assume that systems (1.1a), (1.1b) are linear, i.e., f(x) = Ax (respectively, F(x) =
Ax),

dx(r)
— = Ax(1), teR, (2.1a)
x(t4+1) = Ax(t), teZ, (2.1b)

where x € R”, and A € R"*" is said to be the dynamic matrix (which is assumed to
be constant) of the linear system: a notation common to both (2.1a) and (2.1b) can
be adopted:

Ax(t) =Ax(t), teT,

where Ax(1) = %X if T =R and Ax(r) = x(r + 1) if T = Z. Symbol ¢ (Ax)
(respectively, .#p(Ax)) denotes the set of all first integrals of system (2.1a) (respec-
tively, system (2.1b)).

Assume also that system (1.2) is linear, g(x) = Bx,

dx
— = Bx=3g(x), (2.2)
dr

where B € R"*" is constant. As well known,
x=ebTy (2.3)

is the unique solution of system (2.2) at time t € R, starting from the initial condi-
tion x(0) = y, with y € R".
A one-parameter group of linear transformations is given by x = Q(1)y, if

Q(v) e R satisfies Q(0) = E, Q(11) Q(12) = Q(r1+ 1) and ' (1) = Q(~1).

L. Menini, A. Tornambe, Symmetries and Semi-invariants in the Analysis 29
of Nonlinear Systems,
DOI 10.1007/978-0-85729-612-2_2, © Springer-Verlag London Limited 2011


http://dx.doi.org/10.1007/978-0-85729-612-2_2

30 2 Analysis of Linear Systems

The family of linear transformations given in equation (2.3) qualifies as a one-
parameter group of linear transformations from R” to R": eB0 = E, efrefn2 =
eB@+™) and (eB7)~! = e~ B7. Given any one-parameter group of linear transfor-
mations x = Q(t)y, there exists a constant matrix B € R"*" such that Q(r) = e®7.
This matrix can be computed by B = % |r=0. As a matter of fact, Q(t) = e5?
is obtained by integrating the following differential equation by the initial condition

0(0)=E:

40w _ QT - 0m _ ( G E)g(f)
dr T—0t T T—0t T
d
=< A )Q(r)=BQ(r).
T =0

Example 2.1 Consider the one-parameter family of rotations in R? given by Q(t) =
cos(t) —sin(r) _

[sin(r) c0s() ]- Clearly, Q(0) = E and

cos(ty + ) —sin(t; + 1)

sin(t; + 1)  cos(ty + 1)

0@ Q) = [ ] = 0(t1 + 1);

therefore, Q(7) is a one-parameter group of linear transformations. Then, Q(7) =

€ , W lth
=0 [ }

Using (2.3) as a change of coordinates, one can rewrite systems (2.1a), (2.1b) in
the new y-coordinates, as follows:

_do(r)
T dt

B

WO _ =Bt gebr y(t), (2.42)
dr
vyt +1) =e BT AeBTy(1). (2.4b)

From Theorem 1 of [37] (see, also, [52]), for O € R"*", the equation Q = eBr,
with the requirement that B and t are real, has a solution (not necessarily unique,
also when 7 is fixed) if and only if det(Q) # 0 and each Jordan block of Q corre-
sponding to an eigenvalue with negative real part occurs an even number of times.
This shows that only a subset of the linear transformations from R” to R" can be put
into form (2.3), for some real t. Moreover, since e?” = E + Bt + 0(z?), with E
being the n x n identity matrix and O (%) denoting second and higher order terms,
for t close to 0, transformation (2.3) is close to the identity transformation and (see
the subsequent Sect. 6.2), for the transformed system (2.4a), (2.4b) one has

e B7Ae?" = (E — Bt + O(¢?))A(E + Bt + 0(?))
=A— (BA—AB)t +0(<?). (2.5)
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Definition 2.1 The linear transformation (2.3) is a linear symmetry of sys-
tems (2.1a), (2.1b) and system (2.2) is its infinitesimal generator if

e BT AeBTy = Ay, VyeR" VreR. (2.6)

If (2.6) holds, by abuse of notation, also the infinitesimal generator (2.2) is called
a linear symmetry of systems (2.1a), (2.1b); briefly, Bx is called a linear symmetry
of Ax.

Remark 2.1 If (2.6) holds, then e “B7eA’eB™ = ¢4’ (respectively, e BT A’eB™ = A?),
vVt eR,Vt €T (¢t >0, in the discrete-time case if det(A) = 0).

Definition 2.2 Given xo € R”, the orbit of systems (2.1a), (2.1b) passing through
xo is the set of the points x described by x = e’ xg if T = R (respectively, x = A’ xg
if T=7), when t € T varies from —oo to +00 (from 0 to +00, in the discrete-time
case if det(A) =

The meaning of relation (2.6) is that any orbit x(t) = e’ xo (respectively, x () =
A'xq) of systems (2.1a), (2.1b) is mapped into an orbit y(t) = edt Yo (respectively,
y(t) = A'yp) of the same systems (2.1a), (2.1b) by the linear transformation (2.3)
generated by system (2.2), y = e 87x and xg = e87yg, while preserving the time
parameterization along the orbit:

y(t) =e Bix(r) =e BreAxg = e BTeMeBTyy = ey, if T=R,

yt)=e Bix(t)y=e BTAxg=e BT A BTy = Alyy, ifT=2Z.

Example 2.2 Let A = [ é] and B = [ ' ]1] since eA! = [ cos(r) Sin(’)], Al =

—sin(t) cos(t)
[ cos(51) sin(% t)] [ cos(t) sin(t)
—sin(5 1) cos(51) —sin(t) cos(t)

Al and e~ BT ATeBT = A7,

], it is easy to check that e BTeAlefT =

The following definition and most of the following properties are standard (see,
e.g., [13, 18, 34]).

Definition 2.3 (2.3.1) Given two square matrices A, B € R"*" the Lie bracket (it
is often called matrix commutator) of A and B is

[A,B]:= BA — AB. 2.7

(2.3.2) The linear centralizer £,(B) of B is the set of all matrices A such that
[A, B] = —[B, A] =0 (see, also, Definition 1.3 at p. 10).

Letting g(x) = Bx, f(x) = Ax and F(x) = Ax, one finds that [ f(x), g(x)] =
[A, Blx, |F(x),g(x)] =[A, Blx;if [A, B] =0, then A and B commute under the
matrix product (briefly, A and B are commuting), and vice versa. In addition,

[A,B]=0 <= [AT.BT]=0.
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Remark 2.2 If [A, B] =0, then e eBT = eB7eA? = eAT+BT forallt, 7 € R.

Theorem 2.1 Relation (2.6) holds if and only if [A, B] =0, i.e., if and only if A

and B are commuting.

Proof By (2.5), condition [A, B] = 0 is certainly necessary for relation (2.6) to
hold. Since e ~#7 AeBTy|,_y = Ay, Vy € R", equality (2.6) holds if and only if
d

B—(e_BTAeBTy) =0, VyeR'VreR. (2.8)
T

In this way,

3
8—(e*BfAeB’y) =—eB"BAeB Ty + e BT ABeBTy = —e BT (BA — AB)eB7y
T

=—eB7[A, BleBTy.
Bt

Since e~ °" is invertible for all B and t, equality (2.8) holds if and only if
[A, B]=0. 0

Thanks to Theorem 2.1, the following definition is equivalent to Definition 2.1.

Definition 2.4 The linear transformation (2.3) is a linear symmetry of sys-
tems (2.1a), (2.1b) and system (2.2) is its infinitesimal generator if [A, B] = 0.

Remark 2.3 The Lie bracket of two square matrices enjoys the following properties,
with A, B, C € R™" (which can be proven by simple substitution):

(2.3.1) [A, B] = —[B, A] (skew-symmetry);

23.2) [@B + BC, A] = a[B, A] 4+ B[C, A] and [A,aB + BC] = «a[A, B] +
BIA, C], with «, B € R being constants (bi-linearity);

(2.3.3) [A,[B,CI1+[B,[C, Al +[C,[A, B]] =0 (the Jacobi identity).

By the skew-symmetry (Statement (2.3.1) of Remark 2.3),
Ae Z£.(B) < BeZ(A),

although, in general, .Z,(B) # Z.(A).

Another useful property is the invariance of the matrix Lie bracket to linear trans-
formations, meaning the fact that, for any invertible Q € C, letting A= Q’] AQ and
B=0Q7'BQ, one has

[A, B]=07"[A, BIQ. (2.9)
Some key facts about the linear centralizer of a square matrix are reviewed next,

since such properties are of great importance in the sequel.

Lemma 2.1 The linear centralizer £.(A) of A € R"*" is a finite dimensional vec-

tor space over R. The dimension r of £.(A) satisfiesn <r < n?.
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Proof Tt is easy to see that the bi-linearity (2.3.2) implies that .%.(A) is a vector
space over R: if My, My € Z.(A), then a1 M| + aaM» € £.(A), Va1, as € R being
constant. The fact that .%.(A) is finite dimensional is obvious, since .Z.(A) is a
subspace of R"*". As for its dimension r, the upper bound comes from the case
A = aE, with « being a (possibly zero) constant and E being the identity matrix; in
such a case %, (A) = R**" whence r = n?. As for the lower bound, in view of (2.9),
assume that A = block_diag{/, ..., Jp} is in the Jordan form, with Jordan blocks

J; of dimension r;; then, ]l.o, e Jl.r"_1 are linearly independent over C. Therefore,

in case of real eigenvalues, the n matrices
block_diag{Jlo, 0,....0},..., block_diag{Jlr'_l, 0,....0},...,
block_diag{0, ..., 0, JI(,)}, ..., block_diag{0, ...,0, J,r,"fl} (2.10)

commute with A and are linearly independent, whence r > n. In case of com-
plex eigenvalues, a similar reasoning can be made by considering the real Jor-
dan form (for a definition of the real Jordan form see the proof of the subsequent
Lemma 2.5). Il

As for the choice of a basis of .Z.(A), it can be useful to take some of its elements
in a simple way; therefore, note that the identity matrix £ = A° can always be
included in the basis of .Z;(A), whereas A can be included except for the trivial case
A = 0. More in general, if A9 AL AmL withm < r, are linearly independent
over R, then, with no loss of generality, one can assume that the first m elements
of a basis of Z.(A) are My =E, M| = A .. M,_;=A""1. A more powerful
result is the subsequent Theorem 2.2, which is proven by means of the two lemmas
below.

Lemma 2.2 Let J =block_diag{Ji, ..., J,} be a Jordan matrix whose p Jordan
blocks J;, of dimension r;, have distinct real eigenvalues A1, ..., \p. Then, all the
matrices commuting with J are of the form

B =block_diag{Bi, ..., By}, (2.11)
where B; € R"i*"i and B; J; = J; B;.

Proof The proof of the fact that matrix B in (2.11) commutes with J is trivial.
To show the converse, assume that B commutes with J and partition it in blocks
according to the dimensions 7;:

Bl,l Bl,p
B=| : : ©|. B eRTY
By1 ... By,

By looking at the diagonal blocks of BJ — JB, it is easy to see that BJ = JB
implies, for each i € {1, ..., p}, that B; ; J; = J; B; ;, whence that matrices B; ; have
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the property of matrices B; in (2.11). By looking at the off-diagonal blocks, it is
easy to see that BJ = J B implies that

Bi jJj=1JiBij, Yi#]j. (2.12)

Consider the chain of generalized right eigenvectors of J;, v; =ey,..., USIES érj
(with e, being the hth column of the r; x r; identity matrix), that satisfy J;v; =
Ajvr, Jjvp = Ajvp +vp—1, h=2,...,r;, and the chain of generalized left eigen-
vectors of J;, namely u}— = éiruz = érTl_ that satisfy u,—('—Ji = Aiu,;r + “IIH’
k=1,...,r,—1, u;lr Ji = )\iu;: (with ¢y being the kth column of the r; x r; identity
matrix). Equation (2.12) left multiplied by u;lr and right multiplied by v gives

1 1
0 0

Ai[0 ... 01]B; ; : =x4[0 ... 01]B;; e (2.13)
0 0

which, since A; # A, implies that the entry of the first column and of the last row
of B; j is zero. The equation similar to (2.13) obtained using v, instead of v; im-
plies that the entry of the second column and of the last row of B; ; is zero. Using
iteratively v, with increasing h instead of vy, one obtains that the last row of B; ;
is zero. In the same manner, the equations similar to (2.13) obtained using u,j with
decreasing k instead of u;'[— imply that the first column of B; ; is zero. The procedure
can be repeated using in the proper order all the u,;r and vy, to prove that B; ; = 0.0

Lemma 2.3 Let J be a Jordan block of dimension r relative to a real eigenvalue.
Then, the dimension of Z.(J) is r and {J°, J', ..., J"~VY is a basis of Z.(J).

Proof The statement is equivalent to saying that the set of the matrices that commute
with a Jordan block coincides with the set of all upper triangular Toepliz matrices,
i.e., all upper triangular matrices such that, for a given i € {0, ..., r — 2}, the entries
in position (k, k+h), k € {1, ..., r —h}, are equal. Assume that A € R™*" commutes
with J, i.e., AJ = JA. Taking into account the two entries in positions (r — 1, 1)
and (r,2) of AJ — JA, one derives that, for them to be zero, it is necessary and
sufficient that the entry A, ; of A is zero. Considering the three entries in positions
r—2,1),(r —1,2) and (r, 3) of AJ — J A, one concludes that it is necessary and
sufficient that A,_1 1 and A, > are zero. Then, iterating on %, which decreases from
r — 2 to 0, considering all the entries in positions (k + h, k), k € {1,...,r — h} of
AJ — J A, one obtains that it is necessary and sufficient that all the entries A; ; such
that i — j = h + 1 are zero. Therefore, A is upper triangular. Analogously, for each
he{l,...,r—1},theentries in positions (k, k+h), ke {1,...,r —h},of AJ —JA,
which must be zero, show that it is necessary and sufficient that all the entries A; ;
such that j —i =h — 1 are equal, i.e., A is Toepliz. O
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Results analogous to Lemmas 2.2 and 2.3 can be proven for the case of a matrix
A having some complex eigenvalues, so that the following theorem holds in the
general case.

Theorem 2.2 Let A € R"™ ", There exist linearly independent My, ..., M,_| €
Z:(A) over R, which are pairwise commuting, i.e., [M;, M;] = 0. If there are no
Jordan blocks of A corresponding to the same eigenvalue, then £,(A) has dimen-
sion n and {My, ..., M,_1} is a basis of Z.(A).

Proof If A has only real eigenvalues, in view of (2.9), assume that A is in the Jordan
form as in the proof of Lemma 2.1. It is easy to see that the matrices in (2.10), which
are linearly independent and belong to .Z,(A), are pairwise commuting, whence
they constitute the set {My, ..., M,,_1}. To see that, when for each eigenvalue of A
there is just one Jordan block, such a set is indeed a basis of .Z;(A), in the case of
real eigenvalues it suffices to consider Lemmas 2.2 and 2.3 to see that the n matrices
in (2.10) actually generate the whole £.(A). In case of complex eigenvalues, a
similar reasoning can be made by considering the real Jordan form (see also the
proof of the subsequent Lemma 2.5). O

Corollary 2.1 If the Jordan form of A has not two Jordan blocks corresponding to
the same eigenvalue, then {A°, A, ... A"} is a basis of Z.(A).

Proof The proof follows from the proof of Theorem 2.2, taking into account that
the minimal polynomial of A has degree n and, therefore, that {A?, A!, ... A"1}
is a set of n linearly independent matrices that pairwise commute. U

Theorem 2.3 Assume that {AO, Al A”_l} is a basis of £.(A). Then, any pair
By, By € £.(A) is commuting.

Proof Since {AO, Al,...,A”’l} is a basis of Z.(A), By and B, can be written
as B = ZL—OI a1 ;A" and By = Z?;éag,jAf, for some constants aj ;,as; € R.
Therefore, [B1, B2l = Y1y f;;(l)al,,»az, JIAT ATl =0. O

Example 2.3 Let J = [{)1 g], with J; and J being Jordan blocks of dimension

two and three, with real eigenvalues A1 and X,, respectively. Then, the following
matrices belong to .Z.(J), are linearly independent over R, and are commuting:

L6 ol [6 ol o al o 2]}

Furthermore, if A1 # A, then they constitute a basis of 2. (J).
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Example 2.4 Consider matrix

1 00
A=|-1 2 0],
-1 1 1

which is semi-simple with two coincident eigenvalues; .. (A) has dimension r =5
and one of its bases is

1 00 1 00 0 -1 1 0 0 O 1 00
o140,/ 0 0,{0O -1 1},/{0 0 O,{0 1 O
0 0 1 0 0 0 0 0 O 1 00 010

There exist three linearly independent and commuting elements of .Z,.(A) over R,
which can be constructed from the Jordan form of A,

1 0 0 1 0 O 1 0 0 1 0 O
-1 2 O0|l=|1 -1 OO0 2 O 1 -1 0],
-1 1 1 2 -1 1[0 0 1][-1 =11
as follows:
1 0 O[T 0o O] 1 0 O] 1 0 0
Mo=|1 -1 0|0 O O 1 -1 of=|1 0 0],
|2 =1 1[0 0 Of[—-1 -1 1] (2 0 0
[1 0 o0][o 0o O] 1 0 O] 0 0 0
Mi=|1 -1 0|0 2 O 1 -1 0|l=|-2 2 0Of,
|2 -1 1|0 0 Of[—-1 —1 1] | -2 2 0
1 0o oO][0o 0 O] 1 0 O] 0 0 0
My=|1 -1 0|0 0 O 1 -1 0|=]|0 0O O
|2 =1 1[0 0 1f[-1 -1 1] -1 -1 1

Such three matrices pairwise commute, but they do not constitute a basis of .Z(A).

A nice consequence of Theorem 2.2 is that if matrix A is semi-simple with dis-
tinct (possibly, complex) eigenvalues, then {A°, A, ..., A"~} is a basis of .Z,(A).

Theorem 2.4 Assume that A is semi-simple with distinct eigenvalues; let Q € C"*",
det(Q) # 0, be such that A= 0 'AQis dlagonal Then, B = 0~ 'BQ is diagonal
for all B € £.(A); furthermore, any B = QBQ~!, with B diagonal, is an element
of £:(A).

Proof By (2.9), if B € Z.(A), then B € Z.(A) for all Q € C"*" such that
det(Q) # 0. If A is semi-simple with distinct eigenvalues, then (A9 AL, ... AT
is a basis of .%.(A), whence a basis of .Z.(A) is {A°, Al A” N IfBe
%.(A), then there exist ug, i1, ..., n—1 such that B = Z —0 M,A whence B =
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Z::é ,u,ui", which implies that B is diagonal. Vice versa, if B is diagonal, then
B € Z.(A), whence B € Z,(A). O

If :4 is semi-simple, but with some coincidgnt eigenvalues, and [A, B] = 0,
then B = Q' BQ need not be diagonal also if A = Q~'AQ is diagonal (see also
Lemma 1.4 at p. 26).

Example 2.5 Let A = [31 é]; since A is semi-simple with distinct eigenvalues (£1),

any B € Z,(A) can be written as

40 1, (10 0 1|_|[wmo m _
B=poA"+ 1A —M0|:O e 2y ol = —u wol wi € R.

1

1 ~ .
Letting Q=2 % ] onehas A=Q 'AQ = [(') Pi]. Therefore, Q jointly diago-
51 1

nalizes all elements of Z.(A):

. 1 1 .
B Lo =il mo m|{2 2 |_|Hkotin 0
Loi = o] ki —1i 0 po —ipr |’

It is now possible to prove two lemmas that are very important in the sequel.

Lemma 2.4 Any matrix A € R"" can be decomposed as A = Ay + A, where
As € R™" is semi-simple, A, € R"*" is nilpotent and Ay, A,, commute under the
matrix product. Such matrices Ay and A, can be expressed as polynomials in A,
whence any matrix B that commutes under the matrix product with A also commutes
with As and A,,.

Proof 1t is sufficient to bring A into its complex Jordan form, A = QJ Q_1 , Where
det(Q) # 0 and J = block_diag{Ji,..., Jp}, with J; being a Jordan block with
eigenvalue A;; if A has complex eigenvalues, then matrix Q has to be chosen so that
its two block columns Q; and Q; containing two corresponding chains of gener-
alized eigenvectors of A relative to A; and A; = A7, respectively, satisfy Q; = Q7.
Then, in the new coordinates, letting

o1 ... 0
Jis =diag{A;,...,A;} and Ji,=|- - I

0 0 ... 1

0 0 0

one has J; = Jis + Ji,n, with J;; semi-simple and J;, nilpotent. Let A, =
0J;0~ ! = Qblock_diag{J; ..., Jps}Q ! and A, = 0J, 0~ = Qblock_diag
{(J1nse.os Jp,n}Q_l. Obviously, A; is semi-simple and A, is nilpotent. Moreover,
in case of A having complex eigenvalues, thanks to the choice of Q required above,
it is easy to verify that Ay and A, are real. Now, to show that A; and A, can be
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written as polynomials in A, it is sufficient to show that J; and J, can be written
as polynomials in J. Taking into account the expression of the kth power of a Jor-
dan block, it is easy to see that if J, and J, are two Jordan blocks of dimensions
ng > np, relative to the same eigenvalue A, then letting J, ; = AE (where E has di-
mensions ng X ng), Jan = Ja — Jas, Jb,s = AE (where E has dimensions np X np)
and Jp , = Jp — Jp g, the equations Jp, ; = ps(Jp) and Jp , = p,(Jp) hold neces-
sarily, for any pair of polynomials ps(s) and p,(s) such that J, s = ps(J,) and
Ja.n = pn(Ja). Now, let Jyin be a Jordan matrix with the same minimal polynomial
of J, but without repeated eigenvalues (obtained by selecting from J just one Jordan
block of highest dimension for each eigenvalue) and let D a diagonal matrix with
the same diagonal as Juin; let N = Jnin — D. The structures of J and Jiyip imply
that if there exists a pair of polynomials ps(s) and p,(s) such that D = pg(Jmin)
and N = p;, (Jmin), then J; = ps(J) and J,, = p, (J) hold necessarily. The existence
of ps(s) and p, (s) is ensured by Theorem 2.2 with A = Jyj, and by Lemmas 2.2
and 2.3 (see also the beginning of the proof of Lemma 2.3). Hence, it is proven that
Ag and A, can be written as polynomials in A, and therefore that any matrix B that
commutes under the matrix product with A also commutes with A and A,,. Clearly,
if matrices Ay and A, can be expressed as polynomials in A, then Ag, A, commute
under the matrix product. g

Remark 2.4 The decomposition A = As + A,, with A being semi-simple and A,
being nilpotent is not unique; in general, there are many such decompositions with
A and A, that do not commute under the matrix product. But, as stated in [34,
Lemma 14 at p. 104], if one requires that Ay and A, commute, then such A; and
A, are unique. As an example, take

1 1 0
A=10 1 1];
0 0 2
clearly,
] 0
Ag = 1 0
|10 0 2]
is semi-simple,
0 1 0
A, =10 0 1
is nilpotent and A = A5 + A, but
0 0 0
ApAy —AA, =10 0 1
0 0 O
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is not zero: it is easy to verify that neither Ay nor A, can be expressed as a polyno-
mial function of A. Bringing A in the Jordan form,

1 -1 —-1([2 0 O 0 0 1
A=|1 0 -—-1((0 1 1((-1 1 O],
1 0 O 0 0 1 0o -1 1
and then letting
1 —1 —17[2 0 0] O 17 [1 0 1
Ag=|1 0 —-1||0 1 O||—-1 1 =10 1 1],
' r 0 0][0 0 1]L0 -1 |10 0 2
1 —1 —1][0 0 O] O [0 1 -1
A,=|1 0 —=1]]10 0 1]]—-1 1 =|0 0 O |,
1 0 0][0 0 O0OJLO0O -1 |00 0

one concludes that A = A; + A,, A, Ay — Ay A, = 0; as a consequence, since

2 0 0] 100 2.0 0 2 0 077
01 0|l=2l01 0|l=2{0 1 1|+]0 1 1],
0 0 1] 00 1 00 1 00 1
'00' 100 2.0 0 2 0 07°
00 1|==2/01o0f+3l0 1 1|=]0 1 1|,
_00_ 00 1 00 1 00 1

one finds that A, =249 —2A! + A% and A, = —2A0 + 34! — A2,

Lemma 2.5 For any matrix A, there exists an invertible Q e R™ det(Q) # 0,

such that A = Q~'AQ can be uniquely decomposed as A= As,n + A,, where

AS x € R™M s normal, A, € R™" js nilpotent and A,,,A
Al (A,T)’, i € Z=, commute with AM under the matrix product.

and their powers

Proof 1t is sufficient to proceed as in the proof of Lemma 2.4, but considering real
Jordan blocks instead of (complex) Jordan blocks. In particular, choose Q so that
A is in the real Jordan form, i.e., aJordan form in which each pair J;, J; of Jordan
blocks of the same dimension r; =r; corresponding to A; =« +if and A; =17 =
a —iB, a, B € R, is substituted by a single block of dimension 2r; that is the sum of
a block-diagonal matrix whose r; diagonal blocks are [_‘xﬂ f ] and a matrix having
the only 2r; — 2 non-zero elements, which are equal to 1, in positions (k, &), where
h=k+2. g
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Example 2.6 Let

1 11 1
-1 1 0 0
A=19o 01 1
[0 0 0 1
1 1
-z =3 0
b
0 0 1
L0 0 0
Then,
-1 1
-2 —2 0
1. 1
ASZ _fl il —1
0 0 1
L0 0 0
1 111
-1 1 01
1o o010
0 0 0 1

is semi-simple, but it is not normal, and

I»T- N —
|
=

o oy
L
DN —
L

1 T
SO oo
S o oo
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0O O|f—-1 i i 141
0O Oj—-1 -1 —i 1-—i
1 1 0o 0 1 1
0 1 0O 0 0 1
0O Of(—-1 i i 141
0 O|[—-1 —i —i 1-—i
1 0 0o 0 1 1
0 1 0O 0 O 1
0 -1 i i 141
of|-1 —i —i 1-—i
1 0o 0 1 1
0 0O 0 O 1

is nilpotent, with A = Ag + A,; by construction, such matrices Ay, A, are commut-
ing. Consider the real transformation represented by

1
0
0
0
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then,
10 0o 177'F1 11 1971 0 o 1
- . o1 -1 0 11 0 0ol]lo 1 =1
A=Q0A0=1, o | _ 0 01 1/]l00 1 =1
0 0 0 0 00 1/|l0 0 1
1 1 0 0
-1 100
1o o1 1}
[0 0 0 1
whence A = As,n + A, with
1 100 00 00
- 1100 . 00 0 0
Asn=19 01 ol° “*=lo o0 o0 1|’
0 0 0 1 00 00

clearly, As,n is normal, An is nilpotent, and matrices AS,,,,A,, (respectively,
Ag s A,;r) are commuting.

The following definition extends the concept of linear symmetry to the concept
of linear orbital symmetry, in the continuous-time case.

Definition 2.5 Assume T = R.
(2.5.1) The linear transformation (2.3) is a linear orbital symmetry of sys-
tem (2.1a) and system (2.2) is its infinitesimal generator if

[A, B] = A, (2.14)

for some constant i € R. When (2.14) holds, by abuse of notation, also the infinites-
imal generator (2.2) is called a linear orbital symmetry of system (2.1a); briefly, Bx
is called a linear orbital symmetry of Ax.

(2.5.2) The linear normalizer £, (A) of A is the set of all matrices B such that
[A, B] = A, for some constant i € R.

Remark 2.5 The linear orbital symmetry introduced in Definition 2.5 maps an orbit
of system (2.1a) into an orbit of the same system, but the time parameterization
along the orbit is not preserved when u # 0, as can be seen in the following. If B is
a linear orbital symmetry of A, then

BA=AB+ uA=A(B+ukE),
with E being the n x n identity matrix; left multiplying such an equation by B,

B?A=BA(B+ nE)=A(B+ LE)?,



42 2 Analysis of Linear Systems

and iterating such a process, one concludes that

B"A=AB+pnE)", VheZ>. (2.15)
Hence,
h h
e BTA = Z it T) B'"A = Z - f) A(B + uE)"
_ Aef(BJr/AE)r’
from which
e BT AeBT = Ae7HT. (2.16)

This shows that (é—’t‘ = Ax is transformed by the linear change of coordinates

x =eB7y into g = Ay, where d‘ =e~"T, with s being the new time variable cor-
responding to the new time parameterlzatlon of the system thus transformed.

Example 2.7 Let A = [ ] and B = [ ] B is a linear orbital symmetry of A,
because [A, B] = —2A. Then, e_BTAeBT —e2TA.

The following theorem, which can be easily proven by means of (2.9), shows that
the concepts of linear symmetry and linear orbital symmetry do not depend on the
particular coordinates chosen.

Theorem 2.5 Let A = 0~ 'AQ and B = 0~ 'BQ, with Q being an invertible
square matrix. Then,

[A,Bl=pA <= [A, B]=uA,
namely

Be %(A) < B e.fn(ﬁ).

Theorem 2.6 Let A be semi-simple with distinct eigenvalues. Then, £,(A) =
Z:(A).

Proof If n =1, then .%,(A) = £.(A) =R, and the theorem holds. Assume n > 2.
By definition Z.(A) € %, (A); hence, if £, (A) € £.(A), then the theorem is
proven. By Theorem 2.5, it can be assumed that
_ . 23} ,31 Ap, ﬂnc
A —block_dlag{)»l, ces An,, |:—,31 a1i| AU |:_,3nC OlnE“ ,

withn, +2n.=n,A; e R, A; #A;ifi # j,and o;, B; € R, B; #0, and o; +18; #
aj +1iB;, if i # j. Under this assumption, it is now shown that AM — MA = uA
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implies u = 0, whence that M € %, (A) implies M € Z.(A). In the simpler case
n. =0, when A has no complex eigenvalues, it is easily seen that all the diagonal
elements of AM — M A are structurally equal to zero; this, in view of the fact that
at least one eigenvalue A; of A is not zero, implies that . = 0. As for the general
case, if n, > 0 and there is a real eigenvalue A; # 0 of A, then the equality u =0
follows as above from the fact that the ith diagonal element of AM — M A is zero.
Otherwise (i.e., if n, =0, or n, = 1 and A; = 0), consider the 2 x 2 diagonal block
of AM — M A whose upper left element is in position (n, + 1, n, + 1) and impose
that it is equal to the same block of matrix A, to obtain

|:/31L2 B1Ly i|_|:lwll Mﬁl]
BiLi —pila|  |[—upr par |’

where Ly = My, 420,42 — My, +1,n,+1 and Ly = My, 42 n.+1 — My, +1,n,+2- Then,
since B # 0, the two equations 1L = uf; and 1L = —ppfy imply u =0. O

The following Theorem 2.7 shows that the linear normalizer .%;, (A) and the lin-
ear centralizer .Z.(A) C .%,(A) of A are closed under the Lie bracket operation;
in particular, since By, By € .£,(A) implies [By, B2] € Z.(A), by the analysis of
the subsequent Sect. 6.2 and taking into account the subsequent Theorem 2.9, one
concludes that £}, (A) is a Lie sub-algebra of the Lie algebra of matrices over R,
and .Z.(A) is a Lie ideal of .Z,(A).

Theorem 2.7 If Bix and Byx are two linear orbital symmetries (possibly, linear
symmetries) of Ax, then [ By, B2]x is a linear symmetry of Ax.

Proof From [A, B1] = u1A and [A, By] = u2A, with ug and py being (possibly,
equal to zero) real constants, one finds that (taking into account the Jacobi iden-
tity (2.3.3) reported in Remark 2.3):

[A,[B1, B2]] = —[B1, [B2, Al] — B2, [A, Bil] = [B1, u2A] — [Ba, 1 A]

= —puipu2A + pipuA=0. O

In particular, the following theorem shows that, if A is semi-simple with distinct
eigenvalues and By and B, commute with A, then [B], B>] =0 (i.e., By and B; are
commuting).

Theorem 2.8 Let A be semi-simple with distinct eigenvalues. Then, all elements of
Z.(A) are commuting, i.e., if By, By € Z.(A), then [B;, B;] =0.

Proof By the invariance of the matrix Lie bracket to linear transformations, assume
that A is diagonal, with distinct eigenvalues. Then, all B € .Z.(A) are diagonal, but
two diagonal matrices By, By are necessarily commuting. O
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Example 2.8 Let A = [(1) %] which is semi-simple with distinct eigenvalues. A basis

of Z,.(A) is given by A% and A!. Let B; and B, be two elements of .Z.(A), then

_ [t o 1 2 |laita 2a
Bl_‘“[o 1]+“2[0 3}_[ 0 a1+3a2]’

B, — 10+ I 2 laz+as 2a4
2=Blg 1| T o 31T 0 a3+3aql

Clearly, [B, B2] =0, for all ¢; € R.

The following theorem shows that .%, (A) has the structure of a finite dimensional
vector space over R, similarly to .Z,(A).

Theorem 2.9 The linear normalizer £, (A) of A is a finite dimensional vector
space over R of dimension n <r <n>.

Proof If By, B, € £,(A), then there exist two constant w1, up € R such that
[A, Bi] = 1A and [A, B2] = 1 A; by the bi-linearity of the Lie bracket operation,
one finds that

[A,a1B1 + o2 B2l =a1[A, Bil+az[A, Bol = (a1 pu1 +aou2)A, Vo, oz €R,

and, therefore, that o1 B1 + ax By € %, (A). Since £,(A) C R" " its dimension
satisfies r < n2. In addition, since Z.(A) C .Z,(A), the dimension r of .%,(A)
satisfies r > n. O

Clearly, Z.(A) € %,(A). Determining the linear centralizer .£.(A) (respec-
tively, the linear normalizer .%,(A)) of A is equivalent to solving a set of n? al-
gebraic (linear for each fixed ) equations having the entries of B (respectively,
the entries of B and the real number p) as unknowns, as detailed in the following
example.

Example 2.9 Consider matrix A = [2 é] with , B € R; such a matrix is not semi-
simple when o = —A2, 8 = 2 for some constant A € R. Letting B = [Z; é’:], from

condition

0:[A,B]:[ bra — b3 b1+b2ﬂ—b4}

bsa —ab; — Bb3 b3 — bra

one has the following system of four linear algebraic equations:

0 a -1 0 by
—a 0 -8 « by
1 B 0 —1]|b3
0 —o 1 0 ba

[l el Ne)
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Since the rank of the coefficient matrix of the above system is equal to 2 for all
o, B € R, and matrices My = E and M| = A are linearly independent over R, one
concludes that .Z.(A) = spang{E, A}. Consider now the case « =0, § = 0. The
condition [A, B] = 1A leads to

by =cy +c3, by =cy, b3 =0, by =2, n=cs,

with ¢1, ¢3, ¢3 € R being arbitrary constants, which shows that .%;,(A) has dimen-
sion 3. As basis of .Z,(A), one can take the basis of .Z,(A) (corresponding to the
choice ¢3 = 0) completed with the matrix B found by letting c; =0, ¢c; =0 and
c3=1.

2.2 Darboux Polynomials and First Integrals

The following classical theorem, which is also used in other chapters, is stated and
proven here because its statement and proof have strong similarities with the subse-
quent results. The theorem itself can be proven directly in the discrete-time case, and
by an alternative simpler proof based on the Jordan form of A in the continuous-time
case.

Theorem 2.10 Ler w(r) = det(e?’) if T=R (respectively, w(t) = det(A?) if

T =7Z); then % =trace(A)w (t) if T =R (respectively, w (t + 1) = det(A)w (¢)

ifT=27)and w(0) = 1.

Proof Clearly, @ (0) = det(E) = 1 (also when T = Z and det(A) =0). Let
v;i (t) € R” be the ith column of matrix e4’ (respectively, A"); then, Av; = Av;
and v; (0) = ¢;, with e; being the ith column of the n x n identity matrix E. The
proof follows from the multi-linearity of the determinant in the continuous-time
case:

Aw = Adet([vl v ... vn])
= det([Avy v ... v]) +det([v) Ava ... vu]) + -+ +det([vr v2 ... Av,])
= det([Av1 vy ... v,,]) +det([v1 Avy ... v,,]) + - +det([v1 vy ... Avn])
= trace(A) det([v1 v ... vn]) =trace(A)w, iIfT=R,
and by the following relationships in the discrete-time case:
Aw = Adet([v1 v ... vn])
=det([Av] Avy ... Av,]) =det([Av] Avy ... Av,])
= det(A) det([vl v ... v,,]) =det(A)w, ifT=7Z. O

The concept of the Darboux polynomial extends the concept of polynomial first
integral and the concept of left eigenfunction for linear systems. The definition of the
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Darboux polynomial is given in the literature (see, e.g., [56, 88, 96]) for nonlinear
systems but, in view of the importance of this concept, the special properties of
Darboux polynomials for linear systems are studied in this section.

Definition 2.6 A scalar polynomial w(x) is a Darboux polynomial (a polynomial
semi-invariant) of systems (2.1a), (2.1b) if there exists a 1 € R such that the follow-
ing relation holds for all x € R":

Aw = \w, 2.17)

with Aw = Lo if T =R (respectively, Aw = w o Ax if T = Z). The number A is
called characteristic value.

In the subsequent Chaps. 3 and 4, the definition of the Darboux polynomial is
given for nonlinear systems, by allowing X to be a polynomial function of x. Here,
a simple reasoning on the degree of polynomials and the linearity of systems (2.1a),
(2.1b) imply that X is necessarily constant. Therefore, there is no loss of generality
in assuming A constant as is done in Definition 2.6.

From Definition 2.6, a polynomial first integral is a Darboux polynomial with
A =0if T=R (respectively, A = 1 if T = Z). It is worth pointing out that, if not
empty, the set .7, of all x € R” such that w(x) = 0, with w(x) being a Darboux
polynomial of systems (2.1a), (2.1b), is an invariant subspace of systems (2.1a),
(2.1b), i.e., if x(0) € R" is such that w (x(0)) =0, then w(x(¢)) =0,Vt €T (t >0
if T =7 and det(A) = 0), along the solutions of systems (2.1a), (2.1b). To be more
precise, by (2.17), w(t) = eMw() if T=R (respectively, w(t) = M w(0) if T = Z),
whence w(t) =0,Vt € T (¢t > 0if T = Z and det(A) = 0), if and only if w(0) =0.
Clearly, the same is true for a polynomial first integral.

The following four theorems characterize the Darboux polynomials of sys-
tems (2.1a), (2.1b).

Theorem 2.11 Let T =R and M; € £, (A), i =1,...,n — 1. Assume that the
Sfunction w(x) defined as follows:

w(x):= det(.Q(x)), 2x)=[Ax Mix ... M,_1x], (2.18)

is not identically equal to zero. Then, the following properties hold:

(2.11.1) relation (2.17) holds with . = trace(A), i.e., w is a Darboux polynomial of
system (2.1a), with characteristic value A = trace(A);

(2.11.2) if the polynomial w can be factorized as w = []; a)l].)i, with w;’s being co-
prime real polynomials and v; € 7™, then there exist constants L; € R
such that Zi v;A; = trace(A) and such that (2.17) holds with v = w; and
A=A

Proof Consider, first, Statement (2.11.1) of the theorem. By linear algebra, applying
A to w, one finds that

Aw = det([AAx Mix ... M,,_lx]) +det([Ax MiAx ... Mn_lx])
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+ -+ +det([Ax Mix ... M, Ax]);
since Ax = Ax along the solutions of (2.1a), it follows that

Aw = det([AAx Mix ... My_ix]) +det([Ax MiAx ... M,_ix])
+ -+ 4 det([Ax Mix ... M,_1Ax]);

M;A = AM; + u; A, because M; € %, (A), which implies
Aw = det([AAx Mix ... M,,_lx])
+ det([Ax AMix + pu1Ax ... Mn_lx])
+ -4 det([Ax Mix ... AM,,_1x + ,un_le]),
and, therefore, by linear algebra, one concludes that
Ao = trace(A) det([Ax Myx ... M,_1x]) = trace(A)w,

thus proving Statement (2.11.1) of the theorem. As for Statement (2.11.2) of the
theorem, from w = []; w;", one finds that

Laxw L axw;
— = Vi . 2.19
- Z i~ (2.19)
Since Layw; = 88‘;" Ax, it follows that L*(‘:‘“”' is a proper rational function. Since

. . . L . . .
all denominators of the rational functions %w‘ are co-prime, such functions do

not have common poles (common roots of the denominators). Let x° be a root of
j: then, w;(x?) = 0 and w; (x°) #0, Vi 75 j; si.nce LAT"‘” is constant, ), viLA#’iw"
is constant only if La,w;(x?) = 0; then, iterating through all roots of the poly-

nomials w;, and taking into account that each % is proper, one concludes that
1

each L*;fiwi is equal to a certain constant A;. Finally, equation (2.19) shows that
> viA; = trace(A), taking into account that L"wa = trace(A) and LA#;"" =;, thus
proving Statement (2.11.2) of the theorem. g

Note that Theorem 2.11 extends Theorem 2.10 (in the case T = R), because
if x(0) is chosen so that w(x(0)) = 1, then w(x(¢)) is just the function @ (¢) of
Theorem 2.10.

The next theorem is the analogous of Theorem 2.11 for discrete-time systems, but
two important differences have to be stressed: in the discrete-time case, matrices M;
are required to commute with A and a statement analogous to Statement (2.11.2) of
Theorem 2.11 does not hold.

Theorem 2.12 Let T =Z and M; € £.(A),i =1,...,n— 1. Assume that the func-
tion w(x) defined as follows:

w(x):= det(.Q(x)), 2((x)=[Ax Mx ... M,_x],
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is not identically equal to zero. Then, relation (2.17) holds with ) = det(A), i.e., w
is a Darboux polynomial of system (2.1b), with characteristic value ). = det(A).

Proof Taking into account that M; A = AM;, one has

Aw = det(2(Ax)) = det(2(Ax)) = det([AAx M Ax ... M,_1Ax])
= det([AAx AMx ... AMn_lx]) =det(A) det(.Q(x)) =det(A)w(x),

as to be proven. O

By Theorem 2.6, if matrix A is semi-simple and has distinct eigenvalues, then
2, (A) = Z.(A); for this reason, the continuous-time and discrete-time cases are
considered jointly in the next theorem.

Theorem 2.13 Consider jointly both cases T =R and T = 7. Let A be semi-simple
with distinct eigenvalues, let n, be the number of real eigenvalues of A, let n. be the
number of pairs of complex conjugate eigenvalues of A (in particular, n, +2n, = n),
and let the eigenvalues of A be ordered as

* k
| DS TR S SR B S TR ST S &

Then, the polynomial w(x) defined in Theorems 2.11 and 2.12 can be factorized as
follows:

o) =kd1(x) - Dp,4n, (x), (2.20)

where k € R is a constant, and

R ulTx, i=1,...,n,,
wj (X) = T T o\% .
(u; x)(u; x)*, i=npy1,..., 0 + 0,
with ulT being the left eigenvector relative to eigenvalue Ai, i =1,...,n, +nc.

Proof Let £2(x) be defined as in Theorems 2.11 and 2. 12_. Since one of the bases of
Z.(A) is given by {E, A, ...,A”’l}, one has £2(x) = £2(x)T for some invertible
matrix T € R"*" where

2(x)=[Ex Ax ... A" 'x]. 2.21)
Fori=1,...,n, + n., one has
u} 2 =[u] Exul Ax ... ul A" x|
= [(t] x) 2 (] x) . 227 (1] x)]

l

= (ul—rx)[l Ai . k?_l];
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hence, defining the (possibly, complex) matrices

T ou] ] (L A At )
T , ' n—1
unr 1 )")’lr )\’nr
T n—1
I/tnr+1 1 )“nr‘i’] )\”r"l‘l
U:= , V= : ,
T n—1
unr“rnc 1 )\'nr‘"nc e ny+ne
*T * * n—1
Un,+1 Loa o Og )
*T * * . n—1
_unr+nc_ _1 )‘nr+n(. s ()“n,—y—nc) .

one obtains
URX)=URx)T
ST T T T T *T *T )
= diag{u; x, ..., Uy Xy Uy XUy XUy (X unr+ncx}VT,

taking the determinant of both sides of the above equation, one proves the theorem

with k = % , where det(V) # 0 because the eigenvalues of A are distinct. [

The following theorem shows, also in the case that matrix A has repeated eigen-
values, that a Darboux polynomial can be computed by starting from every left
eigenvector of matrix A.

Theorem 2.14 Let u' be a left eigenvector of A, i.e.,u' A=u'. Then,

u'x, ifreR,
a)(x) = T T .
(' ) x)*, freR,
is a Darboux polynomial of systems (2.1a), (2.1b).
Proof If A € R, then
Aw(x) = Au'x=u'Ax=u"Ax = u'"x

= Aw(x),

i.e., w(x) is a Darboux polynomial with characteristic value A. Consider now the
case A ¢ R. When T = Z,

Aw(x) = A(uTx)A(u*Tx) = (uTAx)(u*TAx) = (uTAx)(u*TAx)
= (AuTx)(A*u*Tx) = AA*(uTx)(u*Tx)

= ro(),
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i.e., (x) is a Darboux polynomial with characteristic value [#|>. When T = R,
Aw(x) = (T x) A" x) + (u"x) A(uTx)
= ("' x) (" Ax) + (u"x) (" Ax)
= (@ Ta) (" Ax) + (uTx) (T A¥)
= M) (") + 27 () (T x)

i.e., w(x) is a Darboux polynomial with characteristic value 2 Re(}). O

Remark 2.6 Let @ and wy be two Darboux polynomials of systems (2.1a), (2.1b)
with characteristic values A; and A, respectively: Aw; = A;jw;, i = 1,2. Then, v =
w'®y?, with v; € Z=, is still a Darboux polynomial of systems (2.1a), (2.1b), with
characteristic value A = viA; + i if T=R (A = Av‘AUZ if T =Z). To be more
precise, if T = R, then

-1 -1
Aw = v1a)'l)' wnga)l + vza)‘flw;z Awy = (VA + vzkz)wf‘a);z
= (ViA1 + nA2)w,
whereas, if T = Z, then

Aw = (A1) (Aw)”? = A5 0] w)? = A A w.

The second part of the next remark suggests a practical way for the computation
of first integrals for linear systems.

Remark 2.7 Following the same reasoning of the proof of Statement (2.11.2) of
Theorem 2.11, one can demonstrate the following claims. If T =R and [ is a ra-
tional first integral of system (2.1a), then I can be factorized as I = []; wlv i, with
w; being Darboux polynomials of system (2.1a) and v; being (positive or nega-
tive) integers. Conversely, both in the continuous-time and discrete-time cases, if
w1, wy, ... are Darboux polynomials of systems (2.1a), (2.1b), Aw; = A;w;, such
that ), v;i2; =0 (respectlvely, [T »; " = 1), with v; being either positive or negative
integers, then I =[; a) isa ratlonal first integral of systems (2.1a), (2.1b).

Example 2.10 Constants A; € R appearing in Statement (2.11.2) of Theorem 2.11
need not be eigenvalues of matrix A. For instance, if A = [_11 11], then

w(x) = det([Ax x]) = det (|:_x;1++xi2 2}) =x+x3

satisfies

X1+x2

{[le 2] 112 1 =2(x2 + x3), if T=R,
w =
(Flz + F22)|F1=x1+x2,F2=x2—x1 = 2(X12 +x%)7 ifT=17,
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with 2 that is not eigenvalue of A (where det(A) = trace(A) = 2).

In the next example, the concept of irreducible polynomial is needed. A poly-
nomial with real coefficients is said to be irreducible over R if it is not constant
and cannot be rewritten as the product of two non-constant polynomials with real
coefficients.

Example 2.11 Consider matrix

0 1 0
A= 0 0 1 ,
AMA2A3 —AIA3 —AA2 —A2A3 AL+ A3+ Ap

with A1, Az, A3 being scalars. If A1, A2, A3 € R, then such a matrix has three real
eigenvalues A1, Ao and A3 with respective real left eigenvectors:

A3 AMA3 AAo
up=|—-A3—»A2 |, up = —Ar—2A3 |, uz=|—A1—2A2 |,
1 1 1

which are linearly independent over R when A; # 4, i # j. Two linear symmetries
of Ax, such that det(£2) # 0, are given by Ex and A”x, thus yielding

w(x) = det(2(x)) = det([Ax Ex A%x])
= (Aar3x1 — (A3 + A2)x2 4 x3) (A A3xt — (A1 + A3)x2 + X3)
X (klkle — (A1 +22)x2 +x3)
= (u] x) (g x) (u3 x).

Note thatif A =« + 18 and Ay =« — i, for some constants ¢, 8 € R, 8 # 0, then
the two complex factors (ulTx) (usz) lead to a real Darboux polynomial associated
with Ax, irreducible over R,

01 = (u]x) (u] )

= (2h30 + A3 + o + B2)x3 + (—203a — 2A3B% — 2A307)x X2
+ (=23 — 20)x2x3 + (Ao + A3B%)x] + 2h3ax1x3 + 3,

such that Aws = Awg, where A = A1 + Ap =2« if T =R (respectively, A = A 1Ay =
o? + ,32 if T = Z). Moreover, note that the same factor (ul.Tx) appears more than
once as a factor of w(x) in case of multiple eigenvalues.

Example 2.12 Consider again matrix A of Example 2.11 with A1 = X, = A3 =0.
Let

<

Il
oo~
owo
wmoo



52 2 Analysis of Linear Systems

Clearly, Ex and Mx are two linear symmetries of Ax. Let

X2 X1 X1
w(x) = det([Ax Ex Mx]) =det| | x3 x2 3x2 = —2x3 (2x1x3 — x%);
0 x3 5x3

let w1 (x) = x3 and wyr(x) = 2x1x3 — x%. Clearly, w1 (x) =[0 0 1]x, where [0 0 1] is
a left eigenvector of A with eigenvalue A = 0, is a Darboux polynomial associated
with Ax, both in the continuous-time and discrete-time cases. Furthermore, since

x2
Laxwa(x) = [2x3 —2x2 2x1] | x3 | =0,
0

wy is another Darboux polynomial of the continuous-time system (not correspond-
ing to any left eigenvector), whereas since

— 2 _ 2
w0 Ax = (2F1 F3 - FZ)‘F|:x2,FZ:X3,F3:O = X3,

the factor w, of w is not a Darboux polynomial of the discrete-time system.

Remark 2.8 Example 2.12 shows that, although there is a strong relationship be-
tween left eigenvectors and Darboux polynomials associated with Ax, there may
exist Darboux polynomials of (2.1a), (2.1b) that are not generated by left eigenvec-
tors.

Theorem 2.15 Assume that {A°, A', ..., A" is a basis of £.(A). Let 2(x) =
[on Alx ... A”_lx] and w = det($2). Then, all linear systems Ax = Bx, with
B e Z.(A), B#0, have ® as a Darboux polynomial.

Proof If B € £.(A), B#0, then B = Z?;é wi Al with wj # 0 for at least one
index j. Let Q) =[Bx Alx ... A" 1x] and & = det(£2); assume that & #0,
otherwise define £2 as the matrix obtained from £2 by replacing one of the lastn — 1
columns with Bx. By construction, & is a Darboux polynomial of Ax = Bx, and in
addition

n—1
w(x) =det([Bx Alx ... An_lx]) =det<|:2,u,iAix Alx ... An_lx:|)
i=0
= dex{poA%s A'x . A1) = pode([A% Alx . A1)
= pow(x),

where o # 0 by @ # 0. O

By Corollary 2.1, recall that if either A is semi-simple with distinct eigenvalues
or if A is a Jordan block, then {A°, A!, ..., A"~1} is a basis of .Z.(A).
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Example 2.13 Let A = [ ° []; a basis of Z.(A) is {A°, A'}; hence, any B €

%.(A) can be written as B = uoA? + u1 Al = [_“/fl Z(;] for constant wg, u1 € R.

Then, letting 2(x) = [A% Alx] = [} 7 ], one computes w(x) = det(22(x)) =

X2 —X|
—(xf + x22). Under the assumption that g # 0, letting

A 1 HOX1 + U1X2 X2
2(x)= [Bx A x] = |:—M1X1 + 110t —x11| ,

one computes @(x) = det(!} x) = —,uo(xf + x%) # 0; similarly, if u1 # 0, letting

A 0 X1 HoX1+ m1x2
2(x)= [A X Bx] = |:xz i +M0x2:| )

one computes ®(x) = det(Q (%)) =—u1 (xl2 + x%) # 0. This shows that all systems
having a dynamic matrix in .£.(A) share the same Darboux polynomial x% + x%.

Example 2.14 Let A = [ j] Jl ]; A is not semi-simple. The linear centralizer .Z,(A)
has dimension two and .Z.(A) = spanR{AO, A'}. Any B € Z.(A) can be expressed

+
as B= oA’ +pu Al = [”ﬂﬂ‘l“ uolilm]’ for constant yo, 1 € R. Then, by 2(x) =

[A% Alx] =] 1+ ]. one computes w (x) = det(£2(x)) = —(x + x2)*. Under

X2 —X1—=X2

the assumption that po # 0, letting

5 (ko +p)xr + pix2  x1+x2
Q(x)=[Bx Alx]= ,
@ =[ ] |:—M1x1 + (o — pm1)x2  —x1 —x2
one computes @(x) = det([} x)) = —polxy + x2)? # 0; similarly, under the as-
sumption that @ # 0, letting

s o _[x1 (mo+pmoxi +pix2
$2(x) =[A"x Bx] = |:x2 —u1x1 + (o —Ml)XZ]

one computes @(x) = det(ﬁ(x)) = —u1(x1 + x2)% # 0. This shows how all Sys-
tems having a dynamic matrix belonging to .Z.(A) have (x| + x»)? as Darboux
polynomial (x; 4+ x in the continuous-time case).

Remark 2.9 Assume that the Jordan form of A has not two Jordan blocks corre-
sponding to the same eigenvalue, i.e., that AY AL AT are linearly indepen-
dent over R; since [A7, A/] =0, by the analysis carried out in Sect. 1.6, one con-
cludes that the rows of 27 1(x) = [A% Alx ... A" 1x]! are exact one-forms.
Then, the diffeomorphism y = ¢(x) such that g—f = 27! satisfies L Aix® = €it1,
with e; being the ith column of the n x n identity matrix E. This can be useful to
compute n — 1 independent first integrals of ‘3—’,‘ = Ax, when A is not semi-simple,
as illustrated in the following example.
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Example 2.15 Let

01 0
A=1{0 0 1];
0 0 O
then,
X1 X2 X3
.Q(x):[AOxAlezx]z x2 x3 0
X3 0 0

The rows of £2~! are exact one-forms and yield, by integration, the diffeomorphism
y =¢(x), with

px) = x3 ;

it is not difficult to see that the first and last entry of ¢ (x) are functionally indepen-
dent first integrals of ‘é—’t‘ = Ax.
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