
Preface

Hereditary systems (or systems with delays, or systems with aftereffect) are sys-
tems, which future development depends not only on their present state but also
on their previous history. Systems of such type are widely used to model processes
in physics, mechanics, automatic regulation, economy, biology, ecology etc. (see,
e.g., [6, 8, 9, 11, 25, 92, 97, 119, 120, 122, 123, 131, 152, 178, 189, 210, 263]). An
important element in the study of such systems is their stability. As it was pro-
posed by Krasovskii [149–151], stability condition for differential equation with
delays can be obtained using appropriate Lyapunov functional. By that the con-
struction of different Lyapunov functionals for one differential equation allows to
get different stability conditions for the solution of this equation. However the con-
struction of each Lyapunov functional required a unique work from its own author.
In 1975, Shaikhet [226] introduced a parametric family of Lyapunov functionals,
so that an infinite number of Lyapunov functionals were used simultaneously. This
way allowed to get different stability conditions for considered equation using only
one Lyapunov functional. At last in the 1990s the general method of Lyapunov
functionals construction was proposed by Kolmanovskii and Shaikhet for stochas-
tic functional-differential equations and developed later consistently for stochastic
difference equations with discrete time and continuous time, for partial differential
equations [40, 125–130, 132–140, 177, 182, 194–199, 228–231, 233, 234, 236, 238–
241, 244, 245]. The method was successfully applied to stability research of some
mathematical models in mechanics and biology [24, 28–30, 235, 242, 246, 247].

Stability theory for stochastic differential equations (both without delays and
with delays) is well studied (see, e.g., [13, 14, 82, 87–89, 97, 109, 112, 119, 120,
122, 123, 180, 181, 189]). Difference equations, which arise as numerical analogues
of differential or integral equations as well as independent mathematical models of
dynamical systems with discrete time, have also enjoyed a considerable share of re-
search attention [5–9, 12, 15, 50–54, 58, 62, 66–73, 96, 99, 111, 115–118, 121, 124,
161, 162, 186, 207, 211, 212, 214, 251, 270, 276].

In this book, consisting of ten chapters, the general method of Lyapunov func-
tionals construction for stochastic difference Volterra equations is expounded.

Note that the term “Lyapunov functional” is used here not as a “function of func-
tions” only but in some more wide sense as a “function of trajectories” or as a
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“function of solutions of equations”. Taking into account that our general method of
Lyapunov functionals construction can be applied not for difference equations with
discrete time only but also for differential equations and for difference equations
with continuous time the use here the term “Lyapunov functional” is defensible.

Introductory Chap. 1 presents basic definitions, Lyapunov type theorems, formal
procedure of Lyapunov functionals construction and some useful lemmas.

In Chap. 2 the procedure of Lyapunov functionals construction, described in
Chap. 1, is used for p-stability investigation of a simple stochastic difference equa-
tion with constant coefficients. It is shown that different ways of Lyapunov func-
tionals construction allow to get different conditions for asymptotic p-stability of
the zero solution of this equation.

Chapter 3 generalizes the material from Chap. 2, by applying the procedure of
Lyapunov functionals construction to obtain conditions for stability of stochastic
difference equation with stationary coefficients. Four different ways of Lyapunov
functionals construction are shown. In addition, asymptotic behavior of the solution
is studied by characteristic equation.

In Chap. 4 via the procedure of Lyapunov functionals construction different types
of sufficient stability conditions are obtained for linear equations with nonstationary
coefficients.

In Chap. 5 some important features of the proposed method of Lyapunov func-
tionals construction are considered. In particular, the necessary and sufficient con-
dition for asymptotic mean square stability of the zero solution of stochastic linear
difference equation and sufficient stability conditions for the difference equation
with Markovian switching are obtained.

In Chap. 6 the general method of Lyapunov functionals construction is used to
get asymptotic mean square stability conditions for systems of stochastic linear dif-
ference equations with varying delays. Sufficient stability conditions are formulated
in terms of existence of positive definite solutions of some matrix Riccati equations.

In Chap. 7 the procedure of Lyapunov functionals construction considered above
is applied to different types of nonlinear stochastic difference equations and to dif-
ferent types of stability: asymptotic mean square stability, stability in probability,
almost sure stability.

Chapter 8 studies asymptotic behavior of solutions of stochastic difference
Volterra equations of the second kind. For that the general method of Lyapunov
functionals construction is used as well as the resolvent representation of solutions.
In particular, linear and nonlinear equations are considered with constant and with
variable coefficients.

In Chap. 9 it is shown that after some modification of the basic Lyapunov type
theorems the general method of Lyapunov functionals construction can be applied
also for difference equations with continuous time that are enough popular with
researches. Some of the previous results are reformulated for such equations and
some peculiarities of its investigation are shown.

In Chap. 10 a capability of difference analogues of differential equations to save a
property of stability of solutions of considered differential equations is discussed. In
particular, sufficient conditions on discretization step, at which a property of stabil-
ity is saved, are obtained for some known mathematical models: inverted pendulum,
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Nicholson’s blowflies equation, predator–prey model, for integro-differential equa-
tion of convolution type.

The bibliography at the end of the book does not pretend to be complete and
includes some of the author’s publications [226–247], his publications jointly with
coauthors [11, 24, 28–30, 40, 60, 80, 125–141, 148, 153, 177, 182, 194–199, 215,
248–250] as well as the literature used by the author during his preparation of this
book.

The book is addressed both to experts in stability theory as well as to a wider
audience of professionals and students in pure and computational mathematics,
physics, engineering, biology and so on.

The author will appreciate receiving useful remarks, comments and suggestions.
The book is mostly based on the results obtained by the author independently or

jointly with coauthors, in particular, with the friend and colleague V. Kolmanovskii,
with whom the author is glad and happy to collaborate for more than 30 years.

Leonid ShaikhetDonetsk, Ukraine
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