Chapter 2
Introduction to Geometric Design

Abstract This chapter provides an introduction to geometric design. It introduces
various popular mathematical methods used for shape representation in geomet-
ric design. It also discusses the role of interactive design and parametric design to
enhance the processes involved in a geometric design problem. Furthermore, this
chapter discusses the use of design optimization to carry out automatic design for
function.

2.1 Introduction

Geometric design concerns with the mathematical description and analysis of shape.
Geometric design draws upon the fields such as algebra, geometry, numerical anal-
ysis and computer programming. Let us consider the process involved in the design
of a new engineering product. Often such a process starts with a definition of a tem-
plate shape where the requirements in terms of the product’s geometric shape and
its functionality are specified. This process then proceeds through a sequence of it-
erative activities to seek an optimal design. Today, this process of ‘automatic design
for function’ relies on the increased use of computers. Although geometric design
based on the extensive use of computers does not automatically provide the solu-
tion to a given design problem, it can increase the efficiency of the design process.
Thus, the main processes of geometric design involve the efficient description of the
geometric shape and the integration of the shape with functional analysis. For this
purpose, for geometric design, a mathematical method which can generate complex
geometries and can relate to the functionality of the object at an early stage of the
design process is desirable.

Over the past 40 years, the use of geometric design methods has grown explo-
sively. Today, virtually all computer-based design tasks commence with the use of
Computer Aided Design (CAD) systems to create detailed geometric models. These
models serve as the point of departure for diverse analysis tools, such as compu-
tational fluid dynamics (CFD), stress analysis, geophysical data exploration, and
computational electromagnetics or acoustics. Due to the increase in the power of
computer hardware, industries such as those related to aerospace, automotive and
electronics make more and more integrated use of CAD and analysis. This provides
a ‘virtual laboratory’ for assessing performance characteristics (such as structural
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strength or aerodynamic drag) that otherwise would require expensive and time-
consuming physical experimentation.

As mentioned above as part of the process of geometric design, the functional
properties of the object being created are analyzed by solving the field equations
governing the physical process(es) under consideration. One major difficulty en-
countered here is the linking of complicated surface geometry to analysis [1, 2].

With the assimilation of CAD systems and analysis tools in the major industrial
processes, an integrated approach is certainly desirable. However, the need for a
systematic way of considering the relationship between geometry and the functional
aspects of the geometric model becomes paramount [3].

A mathematical method which can generate complex geometries and can relate
to the functionality of the object at an early stage of the design process is desir-
able. Furthermore, it will be an added advantage if such a method can create a
parameterized representation of the object as the variation of the parameters that
will then enable the creation of alternative descriptions of the geometry in question
while maintaining the functional relations. Such alternative models are necessary
for design optimization where the best available design candidate is chosen out of a
possible range of designs.

2.2 Mathematical Methods for Shape Representation in
Geometric Design

In geometric design, it is common practice to represent geometry of complex shapes
in terms of polynomial functions of two parameters. The nature of the surface ob-
tained using such polynomial-based methods usually depends on the type of poly-
nomial chosen. Examples of such surfaces are Bézier surfaces [4], B-splines [5],
rational B-splines [6] and non-uniform rational B-splines (NURBS) [7, 8].

A typical bicubic patch in its parametric form can be described as

3 3
pu,v) =" aju'v/, wuvel0 1], (2.1)

i=0 j=0

where p is a vector of the Cartesian coordinates of points on the surface, # and v are
parametric coordinates, and the a;; are vector coefficients that determine the shape
of the surface patch.

The bicubic patch was first introduced in 1963 by Ferguson [9], where the co-
efficients a;; in Eq. (2.1) can be expressed in terms of the vectors p, p,, p, and
Puv at the four corner points of the surface patch. The terms p, and p, are taken to
be tangents to the surface in each parametric direction and p,, is termed the twist
vector. The effect of the twist vectors is not intuitively obvious and in his original
work Ferguson set them to zero. Ferguson patches are thus expressed in terms of
positional and derivative information at the patch corners and can be considered
to be obtained from Hermite polynomial interpolation between the corner points.
A Ferguson patch can be interpreted as a specific form of the more general Coons
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patch [10]. The main difference between a Coons patch and a Ferguson patch is that

the former is obtained by interpolation between the boundaries of arbitrary form

while the latter can be obtained by using parametric cubic boundary curves.
Another common type of surface patch is the so-called Bézier patch,

P, v) =Y > pijBim@)Bj,(v), u,vel0,1], (2.2)

i=0 j=0

where the p;; are the Cartesian coordinates of the vertices or the ‘control points’
which form a characteristic polyhedron with an (m + 1) x (n 4 1) rectangular array
of points. The B ,, (1) and B; ,(v) are known as Bernstein basis functions and are
defined by

Bin(u) = (1= )", 23)
’ i!m—1)!
and similarly for B; ,(v). A Bézier surface approximates the characteristic poly-
hedron, and interactive surface design is achieved by moving the control points.
The bicubic Bézier patch, for which m, n = 3, is essentially a reformulation of the
Ferguson patch [9].

An alternative to the Bézier patch is the B-spline surface, which is also defined in
terms of the characteristic polyhedron [11]. B-spline surface patches permit the use
of more control points in the characteristic polyhedron whilst retaining low order ba-
sis functions. They are obtained by replacing the Bernstein basis functions B; ,, (1)
and B; ,(v) in Eq. (2.2) by the B-spline basis functions N; ;(u) and N;;(v). The
B-spline basis functions are defined recursively by the following formulae:

1 ifti <u,v=<tiqy,
N; = 24
i1 () {0 otherwise, 24
(u—1;) (Tipk —u)
Nix(u) = ——Njj-1(u) + ————Nit11-1(10), (2.5)
' (tiph—1 + 1) (tivk —tiv1)

and similarly N ;(v). The parameters k and [ control the degrees (k — 1) and (I — 1)
of the resulting polynomials in # and v, and thus also control the continuity of
these curves. The #; and ¢; are called knot values and they relate the parametric
variables u and v to the p;; control points. The functions N; 1 (u) and N; 1 (v) switch
between the values 1 and 0 depending on the values of u and v. These B-spline
basis functions are non-zero only over a given finite interval and enable the effect
of a control point on the surface shape to be localized. Another advantage of the
B-spline formulation is its ability to preserve arbitrarily high degrees of continuity
over the complex surface patch. These characteristics make the B-spline surfaces
popular for use in an interactive modeling environment.

The B-spline formulation was extended to non-uniform rational B-splines
(NURBS) by Versprille [12]. The term rational refers to the ratio of the polyno-
mials that characterizes this approach, i.e. a NURBS surface is the ratio of the two
B-spline functions [13, 14].



12 2 Introduction to Geometric Design

A NURBS surface is defined as
>0 =0 p; Wi Bix@)Bji(v)
> im0 2 j—o wi.j Bik@)Bj(v)

The surface has (m + 1) x (n + 1) control points r; i and weights w; ;. Assuming

S(u,v)=

(2.6)

the degrees of basis functions along « and v axes to bek—1and/—1 respectively,
the number of knots is (m +k + 1) x (m +1+ 1). The non-decreasing knot sequence
istg <t} <--- <ty along the u direction and so < s <--- < s,4; along the v
direction with the parameter domain in the range: ty_1 < u < fy,41 and s5;_] <v <
Sn+1. If the knots have multiplicity k& and [ in the u and v directions, respectively,
the surface patch will interpolate the four corners of the boundary control points.

Like the rational B-splines NURBS are infinitely smooth in the interior of the
knot span provided the denominator is not zero; and at a given knot NURBS are at
least CK~1=" continuous with knot multiplicity 7, which enable them to satisfy dif-
ferent smoothness requirements. NURBS also share properties such as the ‘convex
hull’ property, ‘local support’ and invariance under standard geometric transforma-
tions [14]. Additionally, the weights w; ; act as extra degrees of freedom influencing
the local shape, i.e. if a particular weight is set to zero, then the corresponding ra-
tional basis function is also zero, and its control point does not effect the NURBS
shape. The spline is attracted towards a control point more if the corresponding
weight is increased and less if the weight is decreased. Moreover, NURBS also
form a common mathematical framework for both implicit and parametric forms,
i.e. in principle they can represent analytic functions such as conics and quadratics
as well as free-form shapes.

The spline based definition for curves and surfaces forms the basis for many of
today’s geometric design systems. However, to create a given object, the chosen
geometric design system may use a variety of analytic descriptions for curves and
surfaces, or the system may use a combination of analytic forms and spline based
functions to perform operations, such as union, difference and intersection [15].
Furthermore, some geometric design systems use variational modeling schemes in
which the basic spline functions are manipulated using physically based relations,
such as force and energy [16].

2.2.1 Schemes for Geometry Model Representation

Various geometry representation techniques have been developed to represent two-
dimensional or three-dimensional geometric shapes. Popular representation tech-
niques include: Boundary Representation (B-Rep), Constructive Solid Geometry
(CSQG), feature based representations and variational geometry.

B-Rep Approach In a B-Rep approach, a shape is represented by the boundary
information such as faces, edges and vertices, i.e. B-Rep represents geometry in
terms of boundaries and topological relations.
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CSG Approach The CSG approach models geometric shapes using a set of ‘prim-
itives’ such as cubes, cylinders or prisms. Complex shapes are built from the prim-
itives through a set of Boolean operations (e.g. union, difference and intersection).
Most CSG systems in use today offer quite a variety of primitive solids, ranging
from various types of spheres and ellipses, boxes and cones, and solids defined by
swept or extruded curves. The CSG modeling approach has several inherent limi-
tations of which the most notable limitation is the non-uniqueness of a CSG repre-
sentation. This non-uniqueness of representations makes recognition of shapes from
their CSG representation extremely difficult.

Feature Based Approach In the feature based representation, a part is built from a
set of feature ‘primitives’. Examples of features include holes, slots and ribs. A fea-
ture based design approach allows a user to use features stored in a feature library.
It provides a means for building a complete CAD database with the features right
from the start of the design. However, this approach suffers from the difficulty of
there being a limited number of available feature primitives. It is difficult to satisfy
various design needs, and in the event that the features interact with one another,
new features may arise that can cause complication with the analysis process. Fea-
ture based design allows a designer to bridge the gap between units of the designer’s
perception of forms and data in geometric models. In this scheme of representation,
shapes are described in the way the designer understands them [17].

Variational Approach The concept of using variational geometry in geometric
design started as early as 1981. Instead of defining a geometric model with respect
to a set of characteristic points in R3, dimensions are treated as constraints limiting
the permissible locations of these points. Many schemes for variational design have
been suggested, e.g. [18-21].

Many of these schemes use a physical analogy in which a chosen functional is
used to minimize the elastic energy satisfying certain interpolation constraints im-
posed on the mechanism by which the surface is created. The method of Partial
Differential Equations [22-24] which is discussed in this book falls into this cate-
gory.

It is important to note that the modeling scheme we choose forms an integral
part of the geometric design process. To be useful within a given application area,
the range of shapes that can be represented by a given scheme should be adequate.
Moreover, the scheme should be user friendly, i.e. the model representation scheme
should be well suited for ‘interactive design’.

2.3 Enhancing Geometric Design Using Interactive and
Parametric Design

In the early days of geometric design, design applications were carried out in
‘batch’, i.e. a complete task (or job) was first defined by the user and then sub-
mitted to the computer. The computer processed the complete job without further
interaction from the user and then produced an output.
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Most of the existing geometric design systems, if not all, make heavy use of inter-
active graphics techniques rather than batch techniques. Thus, the user can interact
with the computer via input devices such as the mouse and keyboard.

2.3.1 Techniques for Interactive Design

As discussed above, in geometric design, it is common practice to describe the ge-
ometric models by means of spline based methods. There exist many techniques
for interactive design using such methods. Perhaps the most basic case is the use of
Bézier patches in which the displacement of a control point results in the change in
the shape. This technique has also been applied to B-splines to control the shape of
the surface patch locally. Applying the above technique to an isolated control point
frequently leads to results with an unpredictable effect on the resulting shape of
the surface. Designers usually face the questions of choosing which control points
to move in which direction [25]. In principle, it is possible to produce large-scale
changes to the shape of the surface by moving more than one control point. How-
ever, such interactive manipulations often result in undesired bumps or wiggles
within the surface patch.

As far as interactive design methods using NURBS are concerned, an initial sur-
face is created via specification of a control polygon. The initial shape is then refined
into the final desired shape through interactive adjustments of control points and
weights and possibly addition and deletion of knots. The knot insertion algorithm
[26], the control point insertion algorithm [27] are all complementary elements for
interactive shape refinements. However, such refinement processes are often consid-
ered to be tedious and very unpredictable [28]. For example, to adjust the shape of
a surface should a designer move a control point, or change a weight?

Despite the recent advent of sophisticated devices for 3D interaction, the above
mentioned techniques for interactive surface design and manipulation can be diffi-
cult for a designer to use effectively. To overcome this problem, techniques which
allow ‘physically based’ manipulation have been introduced. Many authors have
suggested the use of ‘constraint based interface’, where some of the design param-
eters have some form of physical relevance.

For example, Terzopoulos and Watkin describe simple interactive sculpting using
viscoelastic and plastic models [29]. Celniker and Gossard [30] describe an interest-
ing prototype system for interactive free-form design based on the finite-element op-
timization of energy functionals. Thingvold and Cohen [31] proposed a deformable
B-spline whose control points are mass points connected by elastic springs and
hinges. Celniker and Welch [30] investigated deformable B-splines with linear con-
straints. Furthermore, for design using NURBS, free-form deformable models were
introduced by Terzopoulos et al. [32]. Such models were further developed by Pent-
land and Williams [33], Platt and Barr [34]. A similar technique for real time design
using deformations is discussed by Borrel and Rappoport [35].

Terzopoulos and Qin, on the other hand, describe a model for interactive de-
sign in which they use a generalized form of NURBS called Dynamic NURBS or
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D-NURBS. The D-NURBS model is governed by dynamic differential equations
which, when integrated numerically through time, continuously evolve the control
points and weights in response to applied forces [36].

Unlike models based on the direct manipulation of surfaces, the behavior of de-
formable models are governed by ‘physical’ laws. The result is that such models
respond to the user interactions in a natural and somewhat predictable way. Many
existing geometric design systems use these techniques. However, as far as surface
manipulations in such systems are concerned, the initial surface is often provided as
a pre-defined geometry model obtained from scan-data, for example, on which only
small scale manipulations are allowed to be carried out.

An important point to note in the existing mathematical models which allow in-
teractive manipulations of surfaces is the large number of design parameters often
involved. In the development of effective mathematical models, for the purpose of
interactive design, much effort has been put into trying to reduce the number of de-
sign parameters associated with the chosen model. Moreover, much effort has been
concentrated towards choosing design parameters with a readily apparent physical
meaning. Thus, the use of ‘parametric design’ has recently been very popular.

2.3.2 Parametric Design

One of the requirements for geometric design systems is the ability to parameterize
the shape of objects. In parametric design, the basic approach is to develop a generic
description of an object or class of objects, in which the shape is controlled by the
values of a set of design variables or parameters. A new design, created for a partic-
ular application, is obtained from this generic template by selecting particular values
for the design parameters so that the item has properties suited to that application.

The design of a wide range of manufactured products conforms to this general
pattern, ranging from engine components to such objects as aircrafts. If a product’s
geometry is composed of standard geometric ‘constructs’ such as circles, ellipses,
cylinders, etc., then the parameterizations of its shape is relatively straightforward.
However, for most products at least some parts of their shape are composed of free-
form surfaces which, although they may constitute a small fraction of the total sur-
face area, can, nevertheless, be very important functionally.

Many geometric design systems can handle the parameterizations of ‘standard’
shapes, though for objects with complicated shapes, commercial systems often fail,
owing to the inability of the geometry modeling package to parameterize such
shapes. Particular problem areas include the generation of surfaces which do not
conform to standard, limited descriptions.

The inherent problem with the mathematical models which are used to describe
the geometry of a given model is the nature of their complexity. This is particu-
larly problematic when design has to be carried out from ‘scratch’ in an interactive
environment. Thus, a mathematical model which can model and parameterize the
geometry in terms of small set of shape parameters and, also, enable a quick inter-
action with the geometry is desirable.
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2.4 Use of Optimization Techniques in Geometric Design

A typical demand in a practical geometric design task may be to minimize or max-
imize an objective function without violating a set of constraints. In order to im-
prove a design by applying methods of computational optimization, it is necessary
to express the design objective and constraints of the optimization problem by an
appropriate mathematical formulation. A general formulation of the optimization
problem can be written as

min{ f(x) | x; <x<x,; g(x) =0; h(x) <0}, xen", 2.7)
with

f the objective function;

X vector of n design variables;

g vector of p equality constraints;

h vector of g inequality constraints;

x; and X, lower and upper bounds for the design variables.
The design variables and the constraints form the feasible design space
Xx€R"|x =x=<x,; g(x)=0; h(x) <0, (2.8)

which describes the design space.

Coming up with appropriate formulations of the design objective and constraints
of the optimization problem in a geometric design application is not always a triv-
ial task. For example, due to the complex nature of most engineering problems, the
choice of the right objective function requires experience and the fundamental un-
derstanding of the design objectives. Furthermore, not all constraints can be easily
formulated in a mathematically correct way for optimization [37].

There exist a wide variety of methods for numerical optimization. The choice
of a particular method is problem specific and involves considerations such as the
computational cost of evaluating the function to be optimized and also the behavior
of the function within the design space. Generally, these methods can be divided into
two categories, i.e. those that only require the evaluation of the objective function
and those that require the evaluation of the objective function and its derivatives with
respect to the design parameters. During the process of optimization, most of the
computational effort is spent on evaluating the objective function rather than in the
optimization routine itself. Therefore, it is desirable to use a design method which
minimizes the number of design variables and therefore requires as few function
evaluations as possible.

Generally, the optimization process requires a search to be made in the parameter
space in order to find the minimum value of the objective function. (Note that, with-
out loss of generality, we can consider minimization problems, since maximizing a
function f is equivalent to minimizing — f.) Particular algorithms which are used
for minimization in numerical analysis include the downhill simplex algorithm due
to Nelder and Mead [38] and Powell’s direction set algorithm [39].
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Nearly all these gradient-based methods have the common feature that they per-
form a series of local minimizations in which the objective function f is minimized
along a straight line in the parameter space. These methods are iterative and at each
successive iteration they give a vector Xk = (1K, x0k, . x,’j ) of the n independent
design variables which is computed from the previous iterations using the expres-
sion

XK = xk 4 ohsk, (2.9)

Here s* is a direction of search and ¥ is a scalar that minimizes the one-dimensional
function F () = f(x* 4+ «*s¥). Thus, given a starting point, the algorithm moves in
a series of steps through points in the parameter space, giving a lower value of the
objective function than previously, until it finds a lowest possible local value of the
objective function. An important point to note regarding this type of methods is that
they find local minima. Thus, if a global minimum is required, multiple searches by
such methods have to be performed with different starting points.

Very often it is the case that the design space considered contains many local min-
ima, and it becomes extremely difficult to search for a global minimum using local
minimization methods. An alternative method, which is considered in this work, is
a global optimization method which uses a stochastic process known as Simulated
Annealing [40, 41]. This method probabilistically searches in every region of the
design space and therefore converges to a global minimum although not necessarily
in a finite time.

As mentioned before, the particular algorithm used for numerical optimization
must take into account the computing time needed to evaluate the objective function.
Each function evaluation must be performed and thus may be very costly in terms
of computing time.

Various approaches have been taken to perform the actual optimization. A typical
approach [42] is to consider the optimization in terms of successive linear program-
ming problems. The constraints and the objective function are linearized about the
current design variable values and this simplified problem is solved. The result is
taken as the new design variable values and the process is repeated until no further
improvements can be made. This method has the advantage of making use of the
efficient linear programming algorithms that are available. Alternatively, the search
algorithm can be based on the design sensitivities to solve the full non-linear prob-
lem, again in an iterative manner. In most design optimization, it is common that
the design variables are effectively taken as the Cartesian coordinates of points that
boundary curves of a particular form were required to pass through. However, a dif-
ferent approach to this was taken by Kristensen and Madsen [44] who described the
boundary as a weighted sum of certain specified functions, the weights being taken
as the design variables.

It should be noted that the most important aspect of shape optimization is the
choice of the design variables to be used and how the boundary shape is parameter-
ized in terms of these design variables. Choosing too many variables will consider-
ably complicate the design problem with severe implications on the computational
time required, and having too few variables may result in only trivial solutions being
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obtained [43, 45]. It is therefore a basic requirement that a wide range of boundary
shapes (which can be defined by a relatively small number of parameters) are acces-
sible to the method of optimization used.

2.5 Summary

In this chapter, we have given an introduction to the geometric design. The discus-
sions have been centered around some of the popular methods for geometry repre-
sentation such as splines. The key points to consider when developing a geometric
design system are the ability to represent a given object in an efficient way, the abil-
ity then to create alterative designs using parametric representation, and the ability
to generate an optimal design by means of careful consideration of alterative designs
in a consistent fashion via the use of numerical optimization techniques.
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