Chapter 2
Splitting of the Main Problem into Four
Sub-cases

2.1 Introduction

Each of Chaps. 2-5 of this book is self-contained. Therefore the definitions in the
different parts of the book may sometimes appear with different signs.

The concept of Table Algebra was introduced by Z. Arad and H. Blau in [AB] in
order to study in a uniform way properties of products of conjugacy classes and of
irreducible characters of a finite group.

Definition 2.1 A Table Algebra (A, B) is a finite dimensional, commutative al-
gebra A with identity element 1 over the complex numbers C, and a distinguished
base B={b; =1, by, ..., bt} such that the following properties hold (where (b;, a)
denotes the coefficient of b; in a € A, a written as a linear combination of B; and
where R* denotes R™ U {0}, the set of non-negative real numbers):

(D) Foralli, j,m,bib; = >om 8ijmbm with §;,;, a nonnegative real number.
(II) There is an algebra automorphism (denoted by ~) of A, whose order divides
2, such that b; € B implies that b; € B. (Then i is defined by b; = b;.)
(IIT) Hypothesis (IT) holds and there is a function g : B x B — R™ (the positive
reals) such that

(b, bibj) = g(bi, by) - (bi, bjby),
where g(b;, by,) is independent of j for all i, j, m.

B is called the table basis of (A, B). Clearly 1 € B, we always use b to de-
note base element 1, and B? to denote B \ {b1}. The elements of B are called the
irreducible components of (A, B), and nonzero nonnegative linear combinations of
elements of B with coefficients in R are called components. If a = Z;: 1 Ambm 1s
a component (A, € R*) then Supp{a} = {b;,|Am # 0} is called the set of irreducible
constituents of a. An element a € A is called a real element if a = a.

Two Table Algebras (A, B) and (A’, B') are called isomorphic (denoted B = B’)
when there exists an algebra isomorphism ¥ : A — A’ such that ¥/ (B) is a rescal-
ing of B’; and the algebras are called exactly isomorphic (denoted B =, B’) when
¥ (B) = B’. So B =, B’ means that B and B’ yield the same structure constants.
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Proposition 2.2 of [AB] shows that if (A, B) is a Table Algebra, then there exists
a basis B’, which consists of suitable positive real scalar multiples b, of the ele-
ments b; of B, g(b!, b;) =1 for any b;, b;. € B’. Such a basis B’ is called a normal-
ized basis. Now Supp(b; b, ---b; ) consists of the corresponding scalar multiples
of Supp(b;, b;, - - - b;,), for any sequence iy, 12, ..., i, of indices. So in the proof of
any proposition which identifies the irreducible constituents of a product of basis
elements, we may assume that B is normalized.

Suppose that B is normalized. It follows from (III) and [AB, Sect. 2] that A has
a positive definite Hermitian form, with B as an orthonormal basis, and such that

(a,bc) = (al;, c)

forall a, b,c € RB.

It follows from Sect. 2 in [AB] that there exists an algebra homomorphism f from
A to C such that £(B) € R™. For an element b € B, f(b) is called the degree of b.

Each finite group G yields two natural Table Algebras: the Table Algebra of con-
jugacy classes (denoted by (ZC(G), CI(G))) and the Table Algebra of generalized
characters (denoted by (Ch(G), Irr(G))).

Both Table Algebras arising from group theory have an additional property: their
structure constants and degrees are non-negative integers. Such algebras were de-
fined in [B1] as Integral Table Algebras (denoted ITA).

Each of the elements of a Table Algebra is contained in a unique table subalgebra
which may be considered as a table subalgebra generated by this element. So it is
natural to start the study of Integral Table Algebras from those which are generated
by a single element. Normalized Integral Table Algebras (denoted NITA) generated
by an element of degree 2 were completely classified by H. Blau in [B].

The finite linear groups in dimension n < 7 have been completely classified.
See Feit [F]. Representation theory and properties of finite groups are heavily used
for the proofs. For n = 2,3, 4 see Blichfeldt [BI]. For n = 5 see Brauer [Br]. For
n = 6 see Lindsey [L]. For n =7 see Wales [W]. In order to generalize these results
to Normalized Integral Table Algebras, the authors began to classify Normalized
Integral Table Algebras (A, B) generated by a faithful nonreal element of degree 3
and without nonidentity irreducible elements of degree 1 or 2 in [CA], and arrived
at the following theorem:

Theorem 2.1 Let (A, B) be NITA generated by a nonreal element bz € B of degree
3 and without non-identity basis element of degree 1 or 2. Then b3bz = 1 + bg and
one of the following holds:

(1) (A, B) =, (Ch(PSL(2,7)), Irr(PSL(2,7)));

2) b% = b4 + bs, where by € B and bs € B;

3) b% = b3 + bg, where bg € B is a nonreal element;
) b% = c¢3 + bg, where c3,bg € B and c3 # b3, b3.

The purpose of this chapter is to investigate NITA generated by a nonreal element
b3 that satisfies one of the conditions (2), (3) and (4) in Theorem 2.1. The following
theorem is proved:
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Main Theorem 1 Let (A, B) be a NITA generated by a nonreal element bz € B
of degree 3 and without non-identity basis element of degree 1 or 2. Then b3bz =
1 4 bg, bg € B and one of the following holds:

(1) There exists a real element bg € B such that b% = b3 + bg and (A, B) =,
(Ch(PSL(2, 7)), Irr(PSL(2,7))).

(2) There exists by, bs € B such that b3 = by +bs, (b3bg, b3bg) =3 and (b3, b3) = 3.

(3) There exists bg, b1y, b15 € B, where bg is nonreal such that

b3 = b3 + b, b3be = b3 + bys, b3be = bg + b1

and (b3bg, b3bg) = 3. Moreover if bio is real, then (A,B) =, (CH(3 -
Ag), Irr(3 - Ag)).

(4) There exists c3,bg € B, c3 # bz, b3, such that b% = ¢3 + bg and either
(bsbg, bsbg) =3 or 4.

When (bsbg, b3bg) = 3. If c3 is nonreal, then (A, B) is exactly isomorphic to
(A(3-Ag-2), B3p) (see Theorem 2.9). If c3 is real, then (A, B) is exactly isomorphic
to the NITA (A(7 -5 - 10), B22) of dimension 22 (see Theorem 2.10).

Proof The theorem follows from Theorem 2.1 and Theorems 2.2, 2.7, 2.9 and 2.10
below. O

2.2 Two NITA Generated by a Non-real Element of Degree 3
not Derived from a Group and Lemmas

Here we give two examples of NITA not induced from group theory, which has
either 32 or 22 basis elements. The NITA of dimension 32 contains a subalgebra
which is strictly isomorphic to the algebra of dimension 17 of characters of the
group 3 - Ag, we denote it as (A(3 - Ae - 2), B32), where its basis is B3.

For Bs; there are three table subsets: {1} € C € D C B, where

C = {1, bg, x10, b5, c5, g, X9},
D =CU/{c3,¢c3,d3,d3,c9, Cy, bs, bs, y5, Y15},
B3, = D U {b3, b3, 13, X6, X6, 56, by, by, x15, X15, 115, d9, y3, 23, 23}

From the equations below one can check that B3, has the following table subsets:
{1} ©C C E=CU{rs,se, t15,do, y3} < B3a. The table subsets £ and D are two
maximal table subsets of B3;.

The structure algebra constants of C:

b2 =1+ x9 + x10 + bs,
bscs = cg + bg + xo,
bscg = c5 + cg + bg + x9 + x10,
bsbg = ¢5 + cg + bg + x9 + x10,
bsxg = cg + ¢5 + bg + bs + x9 + x10,
bsx19 = cg + bg + x9 + bs + 2x0,
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C§=1+X9+X10+65,
¢scg = bs + cg + bg + x9 + x10,
csbg = bs + cg + bg + x9 + x19,
¢5x9 = bg + cg + b5 + ¢5 + x9 + x10,
c5x10 = bg + cg + x9 + ¢5 + 2x10,

b§= 1 4 bs + ¢5 4 cg + 2bg + x9 + 2x70,
bgxg = b5 + c5 + 2cg + bg + 2x9 + 2x10,
bgx10 = b5 + c5 + 2c3 + 2bg + 2x9 + 2x10,

¢ = 1+bs+cs+2cs + by + x9 + 2x10,
cgbg = bs + c5 + cg + bg + 2x9 + 2x10,
cgx9 = bs + ¢5 + cg + 2bg + 2x9 + 2x19,
cgx10 = bs + ¢s5 + 2¢g + 2bg + 2x9 + 2x19,

x5 =1+ bs+cs + 2cg + 2bg + 2x9 + 2x10,
xX9x10 = bs + ¢5 + 2¢g + 2bg + 2x9 + 3x10,

x120 =14 2bs + 2¢s5 + 2cg + 2bg + 3x9 + 2x10.

The structure algebra constants of D (since C € D we will not repeat the equa-
tions of C as shown above):

c3c3 =1+ bg,
C% =c3+ l_76,

c3d3 = X9,

c3d3 = Co,

c3bs = c3+ s,

c3bg = bg + x10,

c3c9 =d3 +C9 + Y15,
€3C9 = €3 + X9 + X10,
c3y15 = bg + 2y15 + ¢,
c3y15 = bs + ¢5 + cg + bg + x9 + x10,
c3bg =¢34+ bg + y15,
c3x10 = b + c9 + y15,
c3bs = yis,
€3€5 = Y15,
€3cg = y15 +C9,
c3x9 = y15 + c9 + dj,
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dydy =1 +cs,
di = d3 + be,

d3bs = cg + x10,

d3be = d3 + y15,

dzco = bg + x9 + x10,
d3C9 = c3 + y15 + c9,
d3y1s = bs + c¢5 + cg + bg + x9 + x10,
d3y15 = 2y15 + bg + c9,
d3bg = c9 + yis,
d3x10 = y15 + be + C9,
d3bs = y1s,

dscs = yis,

dzcg = y15 + be + ds,
d3x9 = Y15+ 3 + Co,

bebg = l:l—bs + ¢5 4+ cg + bg + x9,
bg = 2bs + Y15 + Co,

becog = 2y15 + 2¢9 + bg,

beco = bs + ¢5 + cg + bg + 2x9 + x19,
beyis = bs + ¢s5 + 2cg + 2bg + 2x9 + 3x10,
beyis = 4315 + be + ¢3 + d3 + 209,

bebs = bg + y15 + c9,

becs = yis + be + co,

becg = d3 + be + 2y15 + c9,

bebg = c3 + bg + c9 + 2y15,

bexg = 2y15 + be + 209,
bex10 = 3y15 + ¢3 +d3 + c9,

v15¥15 = 1+ 3bs + 3¢5 + Scg + Shg + 6x9 + 6x10,
Yis = 9915 + 4bs + 263 + 2d3 + 6Co,
yisbs = 3y15 + be + 3+ d3 + 2co,
y15¢5 = 3y15 + b + 3 + d3 + 2c9,
Yiscg = 5y15 + €3 + d3 + 2bg + 3¢9,
yisbg = 5y1s5 + ¢3 + d3 + 2be + 30,
Y15X9 = 615 + 2b6 + d3 + ¢3 + 3¢,
Y15%10 = 6y15 + 3bg + 3 + d3 + 4o,
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c9C9 = 1+ 2cg + 2bg + 2x9 + 2x10 + ¢5 + bs,
¢ =3J15 +d3 + C3 + 2bs + 2o,
c9y15 = 6y15 + 2bg + ¢3 + d3 + 3¢9,
co¥15 = 2bs + 2c5 + 3cg + 3bg + 3x9 4 4x10,
c9bs = 2y15 + be + c9,
c9cs = 2y15 + be + co,
cobg = 3y15 + d3 + be + 2c9,
cogcg = 3y15 + be + ¢3 + 209,
c9x9 = ¢3+ 2c9 + 3y15 + d3 + 2bs,
cox10 = ¢3 + 2c9 + 4y15 + d3 + bs.

From the equations one can see that C and D are table subsets of Bj3,. Fur-
thermore, the NITA subalgebra ({D), D) of dimension 17 is strictly isomorphic to
(CHQ3 - Ag), Irr(3 - Ag)) while our NITA of dimension 32 is not induced from a
finite group G.

The following equations describe other products of basis elements in B3;:

b3by =1+ bg,
b3 = c3 + bs,
b3r; = 3 + b,

bsxe = c3 + y15,

b3xe = bsg + x10,

b3se = c3+ yi15,

b3bg = y15 + c9 + ds,

b3by = x9 + cg + x10,
b3x15 = bg +2y15 + c9,
b3x15 = bs + ¢5 + bg + cg + x9 + x10,
b3t;s = b + 9 + 215,

bydy = co + yi5 + d3,

b3ys = ¢y,
b3z3 = X9,
b3z3 = ¢y,

bzbg = b3 + x6 + x15,
b3x10 = x¢ + x15 + bo,

bszbs = x5,
bszcs = x5,
bzcg = x15 + bo,

b3xg = 73 + by + x15,
bycz = r3 + se,

b3cz = b3 + X,
b3dz = by,
bzd; = dy,

bico =115 +do + y3,
b3c9g = bg + X15 + 23,
b3be = r3 + 115,
b3be = b3 + x15,
b3y1s = s6 + 215 + d,
b3y15 = X6 + 2X15 + bo,
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}’32 =1+ bg,

13X = €3 + Y15,

r386 = bg + x10,

r3bg = dz + o + yis,
r3x1s5 = bg + ¢9 + 2y15,
r3t1s = bs + c¢5 + bg + cg + x9 + x10,
r3dg = cg + x9 + X10,
r3y3 = X9,

7323 = C9,

r3bg = s¢ +r3 + 115,
r3X10 = S¢ + t15 + do,
r3bs =115,

r3cs =115,

r3cg = t15 +do,

r3xg =115 +do + y3,
r3c3 = b3 + Xg,

r3d3 = by,
r3cg = by + X15 + 23,
r3be = Xx15 + b3,

r3y15 = Xg + 2X15 + bo,

x¢ = 2be + y15 + co,

xeXe =1 +bg +bs + ¢5+ g + xo,

X656 = 2be + C9 + Y15,

x6bg = be + 2¢9 + 215,

x6bg = bs + ¢5 + x10 + bg + cg + 2x9,
X6x15 = 4y15 + bs + 2c9 + d3 + c3,
X6X15 = bs + ¢5 + 2bg + 3x10 + 2c8 + 2,
Xot15 = €3 + d3 + 29 + 4y15 + be,
x¢dy = bg + 2C9 + 215,

x6y3 =d3 + Y15,

X623 = X10 + 3,

X623 = d3 + y15,

xebg = b3 + x¢ + 2x15 + bo,
xe6x10 = bg + b3 + 723 + 3x15,

xebs = x¢ + bg + x15,

X6C5 = X6 + by + x15,

Xecg = X6 + b + 2x15 + 23,

Xex9 = 2bg + x¢ + 2x15,

X6C3 =13+ 115,

X6C3 = b3 + X5,

xed3 = z3 + X15,

xed3 = y3 + 15,

X6c9 = 2t15 + 2dy + s6,

X6C9 = 2X15 + X¢ + 2bo,

xebe = 256 + 115 + do,

xebe = 2% + by + X15,
X6y1s =13 +4t15 + 56 + 2do + y3,
X6¥15 = b3 + 73 + X¢ + 4X15 + 2bg,
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s¢ = 1 +bs +cs + bg + cg + xo,
s6by = be + 2¢9 + 215,
s6X15 = €3 + d3 + bs + 2C9 + 415,
set15 = bs + ¢5 + 2bg + 2cg + 2x9 + 3x10,
sedy = bs + c5 + 2x9 + bg + cg + x10,
S6y3 = €§ + X10,
5623 = d3 + y15,
sebg =13 4 56 + 215 + do,
s6X10 =13+ y3 +do + 3115,
sebs = s6 +do + 115,
s6Cs = S¢ + t15 + do,
s6cg = y3 + S¢ +do + 2115,
s6X9 =S¢ + 2dg + 2115,
s6c3 = b3 + X135,
sed3 = 23 + X1,
56C9 = X6 + 2bg + 2x15,
sebe zg)_c(s—i-bg + X15, .
s6y15 = b3 + 23 + 4X15 + X6 + 2bo,

bobg =1+ bs + ¢5 + 2bg + 2cg + 2x9 + 2x10,
b§ = d3 + c3 + 2bs + 2c9 + 3y1s,

box15 = 6y15 + 3¢9 + d3 + 2bg + ¢3,
boxis = 2bs + 2cs5 + 3cg + 3bg + 4x10 + 3x9,
botis = d3 +¢3 + 615 + 3¢9 + 2bs,

bodg = ¢3 + d3 + 2bs + 2¢9 + 3315,

boyz = ¢3 + Y15 + Co,

bozz = bg + x9 + x10,

boz3 = c9 +c3 + Y15,

bobg = 73 + x6 + 2bg + 3x15,
box10 = 73 + b3 + 2bg + x6 + 4x15,

bobs = xg + by + 2x5,

bocs = bg + 2x15 + X6,

bocg =r3 +t15 + 2bg + x6 + 215,

boxg = 2bg + 3x15 + 23 + b3 + 2xe,

boc3 =15 +do + 3,

boc3 = z3+ by + X5,

body = b3 + by + x5,

body =r3 4+ t15 + do,

bocg = r3 4+ y3 + 256 + 2dg + 3t1§,

bycg = b3 + z3 + 2x¢ + 3x15 + 2bo,

bobe = s + 2dy + 2115,

bobe = 2bg +2x;5 + X, )
byy15 = 615 + b3 + 23 + 2X6 + 3by,
boyis = r3 4+ y3 + 2s¢ + 6115 + 3do,
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x125 = 2c3 + 2d3 + 4bg + 6¢9 + 915,
x15X15 = 1 4+ 6x9 + 3b5 4 3¢5 + 5bg + Scg + 6x19,
x15115 = 4be + 6Co + 9y15 + 203 + 2d3,
x15dy = €3 +d3 + 2be + 3¢9 + 6)15,
X15y3 = b + C9 + 215,

X1523 = bg + c9 + 215,

X1523 = bs + ¢5 + bg + cg + x9 + x10,

x15bg = b3 + 73 + 2x6 + Sx15 + 3bo,
x15x10 = b3 + 23 4+ 3x6 + 4bg + 6x15,

x15b5 = 73 + b3 + x6 + 2b9 + 3x15,

Xx15¢5 = b3 + 73 4+ x6 + 2bg + 3x15,

x15¢8 = b3 + 23 + 2x6 4+ 3bg + 5x15,

X15x9 = b3 + 23 4+ 2x6 + 3bg + 6x15,

x15¢3 =215 + 56 + do,

X15€3 = 2X15 + X6 + bo,

x15d3 = X6 + 2X15 + by,

x15d3 = 56 + 2115 + do,

X15¢9 =13 + y3 + 286 + 6115 + 3dy,

X15C9 = b3 + 23 + 3bg 4 2% + 6X15,

x15be = r3 +s6 + y3 + 2do + 4115,

x15b6 = b3 + 23 + 2bg + 4X 15 + X6,
x15y15 = 2y3 +2r3 + 4se + 6do + 9115,
X15Y15 = 223 + 9x15 + 2b3 + 4X¢ + 6bg,

t125 =14 5bg + 5¢g + 3b5 + 3¢5 + 6x10 + 6x9,
t1sdg = 2bs + 2¢5 + 3bg + 3cg + 3x9 + 4x10,
1153 = bs + c5 + bg + cg + x9 + x10,
11523 = bg + co + 2y15,
tisbg =r3 + y3 + 5t15 + 256 + 3do,
t15x10 = 13 + y3 + 4do + 356 + 6115,
t15bs =13 + y3 + s¢ + 2dg + 3115,
t5¢c5 =13 4+ y3 + 56 + 2dy + 3115,
t15¢8 = r3 4+ y3 + 256 + 3do + Sti5,
f15X9 =r3 + y3 + 3dg + 2s6 + 6115,
t15¢3 = X6 + bg 4 2X135,
fhisd3 = xe + by + 2xi5,
t15¢9 = b3 + 23 + 3bg + 2X6 + 6X15,
tisbe = b3 + 23 + X6 + 2by + 4X15,
t15Y15 = 2b3 + 223 + 4X¢ 4 6bg + 9X 15,
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d3 =1+ bs + cs + 2bg + 2cg + 2x9 + 2x10,
doys = x9 + bg + x10,
dozz = c3 4+ c9 + y15,
dobg = y3 + s¢ + 2dg + 3115,
dox10 = y3 + 13 + S + 2dg + 4115,
dobs = 56+ do + 2115,
docs = s¢ + do + 2115,
docg =13 + 56 + 2dy + 3115,
doxg =13 + y3 + 256 + 2dy + 3115,
docy = bg + z3 + X135,
dodz = b3 + b9 +x15,
doco = b3 + 23 + 2X6 + 2by + 3115,
dobg = ):66 + 3bg + 2x15, B
doy1s5 = bz + z3 + 2x6 + 3bg + 6X15,

yi=1+cs,

v323 = d3 + bg,

y3bg =dy + t15,
y3X10 = 86 + 115 + do,

y3bs = t1s,

y3cs =15,

y3cg =56 + 115 + ¥3,

y3xX9 =115 +do + 13,

y3c3 = by,

y3d3 = x¢ + 23,

v3cg = bz + bg + X5,

y3be = Xi5 + 23,
Y3Y15 = X6 + bg + 2x15,

72373 =1 +cs,
23 =ds + b,
z3bg = by + X1,
23X10 = X6 + by + X5,
23bs = Xis,
73C5 = X15,

73¢8 = X6 + X15 + 23,
23X9 = b3 + by + X15,

73¢3 = by,
73¢3 = do,
23d3 = s6 + 3,

z3d3 = 73 + x¢,
23¢9 = b3 + bg + x15,
23C9 =r3 +dg + 15,
z3be = 23 + x15,
23bs = y3 + 115,
2315 = X6 + bo + 2x15,
23¥15 = 6 + 215 + do.
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Now let us see the following example of NITA of dimension 22, which sat-
isfies b% =r3 + sg, r3 is real, denoted as (A(7 - 5 - 10), Byy), where By =
{1, bg, x10, bs, 5, €8, X9, 73, ¥3, S6, 115, do, b3, b3, 16, 16, b15, b15, ¥9, Yo, X3, X3}. The
interesting thing is that this example also contains table subsets:

{1} CCCEC B,

where C and E are as defined in the previous example of dimension 32. In particular
both examples of dimensions 22 and 32 each contain the same sub-table algebra of
dimension 12 generated by the basis E. Also E is a maximal table subset of B»;.
The equations of products of the basis elements of C and E are as in the example of
A3 - Ag - 2,32) described above

b3l;3 =1+ bg,
b% =r3+ S¢,

b3te = bg + x10,

bite =r3 + 115,
b3bis = 2115 + s6 + do,
bibis = bg + x10 + b5 + ¢5 + 8 + x9,

b3yg =t15 +dg + y3,

b3y9 = cg + X9 + x10,
bixz = dy,

b3x3 = x9,

b3bg = b3 + 16 + b5,
b3x1p = bis + 16 + yo,

b3bs = bs,

bics = bys,

bicg = b5 + y9,
b3xg = bi5+ yo +x3,
b3ry = b3 + t,

b3y3 = Yo,

byse = b3 + bis,
b3tis = 2b15 + 16 + Y9,
b3dy = b5 + yo + X3,
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tote = 1 + bs + c5 + bg + cg + xo,
t62 =256 + t15 + do,

teb1s = 2bg + 2cg + bs + ¢5 + 3x10 + 2x9,
teb15s = c3 + bg + 4t15 + y3 + 2do,
tey9 = bg + b5 + c5 + cg + 2x9 + x10,
t6y9 = s¢ + 2do + 2115,

t6x3 = X10 + ¢,

t6X3 =115+ y3,

t6bg = b3 + 2b15 + 16 + Yo,
t6x10 = 3b15 + o + b3 + X3,

tebs = bis + 16 + Jo,

tecs = bis + 16 + Yo,

tecs = 2b1s5 + 16 + yo + X3,

texg = 2b15 + 16 + 259,

ters = bi5 + b3,

tey3 = bis + x3,

t6s6 = 216 + b1s + yo,

tet1s = 2y9 + x3 + b3 + i + 4bs,
tedy = 2y9 + 2b15 + I,

bisbis = 1 + 3bs + 3¢5 + 5bg + 5¢3 + 6x10 + 6x9,

b%S =2r3 + 2y3 + 4s¢ + 6dy + 9115,
bi1syo = r3 + y3 + 256 + 3dy + 6115,
bi5y9 = 2bs 4 2c5 + 3bg + 3cg + 3x9 + 4x10,
bi5x3 = 56 + 2115 + do,
bisx3 = c5+ cg + x9 + bg + x10 + bs,
bisbg = 5b1s + 3y9 + x3 + b3 + 216,

b1sx10 = 6b1s5 + 4y + b3 + x3 + 3fs,
bisbs = b3 + x3 + 16 + 2y9 + 3by5,
biscs = 3bys + 2y9 + b3 + x3 + 16,
biscg = 5bys5 + 3y9 + x3 + b3 + 21,
bisxg = 6b15 + 3y9 + x3 + b3 + 2s,
bisr3 = 2bis + 16 + Jo,
bisy3 =2bis + yo + 16,
bisse = 4b15 +2y9 + b3 + X3 + 16,
bistis = 9bis + 6y9 + 2b3 + 2x3 + 4t
bi1sdg = 6b15 + 3y9 + b3 + X3 + 216,
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¥9y¥9 = 1+ bs 4+ ¢5 + 2bg + 2cg + 2x9 + 2x0,
¥a =r3+y3+ 2s6 +2do + 315,

Yox3 =r3 +dy + 115,

Y9X3 = bg + x10 + X,

yobs = 16 + 2y9 + 3b15 + X3,

Y9x10 = I6 + 2y9 + b3 + x3 + 4b1s,
yobs =16 + yo + 2bs5,

yocs =g + yo + 2bs,

yocg = 3b15 + b3 +2y9 + 16,

Yox9 = 216 + 2y9 + 3b15 + x3 4 b3,
yor3 = bis + yo + X3,

yoy3 =bi5 + b3 + yo,
Y986 = 2b1s5 + 16 + 2o,

yotis = 6b1s5 + 216 + b3 + 3y9 + X3,
yody = 3b15 + 2t6 + b3 + 2y9 + X3,

x3x3 =1+4cg,
X§ =6 + 3,

x3bg = b5+ yo,
x3x10 = b15 + 16 + Yo,
x3bs = bys,

x3cs = bys,

x3cg = x3+ bis -I-l%,
x3x9 = b3 + y9 + b5,
X3r3 = Y9,

X3y3 = X3 + 16,

x356 = b1s + X3,
x3115 = 2b15 + 16 + Yo,
x3dy = b5 + b3 + yo.

If we define a Table Algebra (A, B) for R, S C B,
RS ={USupp(R-S)|r € R,s € S},

then: Cbz * Cbs = Cr} = Cc3 x C¢3 = C, C is an identity. (Cb3)? = C¢3,
Chs x Ccz = Cr3, Chs % CZ3 = Cbs and Ch3Crz = C¢s. For the definitions of
abelian table algebra, quotient of table algebra and its basis and the sub-table alge-
bra generated by an element b € B denoted by (b) = By, see [AB] and [B1]. The
definitions of a linear and faithful element b € B can be also found there.

One can derive from Table 2.1 that By, = |J;2, Bb} = |2, Bb, and bs is a
faithful element of B3y that generates Bzp. Also the quotient table algebra with
basis B3/ C is strictly isomorphic to the Table Algebra induced by the cyclic group
Z¢ of order 6.

One can derive from Table 2.2 that By, = (J_; Bb, = |72, Bb} and bs is a
faithful element of B,; generates By;. Also the quotient table algebra with basis
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Table 2.1 NITA (AG3 - Ag - 2), B32)

The powers of b3

Constituents of the powers

Basis of quotient of B3,/ C

b2 c3, bg C ={1, b, x10, bs, cs, cg, X9}
b% r3, 86, 15 Cb3 = {b3, x¢, x15, by, 73}

bg 53,5@&15,59 CBSZ{BSN\_CGJEIS,B%ZS}

bg 53,56,&5,59,2,3 Crz ={rs3, t15,do, y3, S}

b§ 1, bg, x10, bs, c5, €8, X9 Ces ={c3, e, y1s, o, d3}

b} b3, x¢, x15, b9, 23 C&3 = {3, bs, y15. 0o, d3}

bs c3, b, yi5, €9, d3

b3 r3, 6. 115, do, y3

b0 &, be, y1s, €, d

Table 2.2 NITA (A(7-5 - 10), B2)

The powers of b3 New constituents of the powers Basis of quotient of B3,/ C
b3 r3, 56 C ={1, bs, x10, bs, ¢5, c3, co}
b3 b3, 16, bis Chs = {b3, 16, bis, 39, 13}

b3 1, bg, x10, bs, cs, ¢3, X9 Cr3 ={r3, s¢, 115, dg, y3}

b3 b3, 1, b1s, y9, X3 Cbz ={b3, 1, b15, y9, X3}

b8 73, 56,115, d9, Y15, V3

bl b3, 16, bis. yo, X3

By, /C is strictly isomorphic to the Table Algebra induced by the cyclic group Z,
of order 4.
In order to prove the Main Theorem 2.1, the following fact is frequently used:

Lemma 2.1 Letey,,, fi,Un, vy € B_ such Ehat emem = fmfm. Then (epuy, enity,) =
(emun, emitn) = (fmVn, fimVn) = (fmVn, fmvn).

Proof (1) follows from (epitn, emitn) = (emem, ttnitn) = (fin fon tinitn) = (finttn,

Smttn).
Note that (#1313, bg), (5454, bg) < 1, and we obtain (2). O

Lemma 2.2 Let b3, 13,54 € B, b3l_)3 =1+ bg. Then (bats, b3t3), (b3sa, b3sg) < 2.
If (b3t3, b3t3) = 2, then 1313 = 1 + bg.

Proof If (b3x4, b3xs) > 3, then (x4X4, bg) > 2 for b3b3 = 1 + bg, a contradiction.
(1) follows. . B
If (b3c3, b3c3) =2, then (b3b3, c3c3) = 2. (2) follows from b3bz = 1 + bg. [l
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2.3 NITA Generated by b3 and Satisfying b§ = by + bs

In this section, we shall investigate NITA generated by b3 and satisfying b% =by +
bs, and obtain the following theorem:

Theorem 2.2 Let (A, B) be a NITA generated by a nonreal element bz € B of
degree 3 and without non-identity basis element of degree 1 or 2. Then byby =
1 + bg, by € B. Assume that b = by + bs, by € B and bs € B. Then (bsbs, bg) =1,
(b3, b3) =3 and (b3bs, b3bg) = 3.

Now we start to investigate NITA satisfying
b3b3 =1+ bg, 2.1
b3 = by + bs. 2.2)
Proof Based on the above equations, one may set

b3by = bz + by, some by € N*B. (2.3)

Since (b4bs, bg) < 1, we have that (b3bs, b3bs) =2, by € B and
bsby=1+bg+c7, wherec; € N*B. (2.4)
O

Collecting the above equations, checking the associative laws for basis elements
and making the necessary calculations and assumptions, we have the following
lemma.

Lemma 2.3 The following equations always hold:

b3by = b3 + bo,
babsy=1+bg+c7, c7€ N*B,
b3bs = bz +x12, x12€N*B assumption,
b3bg = b3 + bg + x12 calculating b§1;3 =b3 (b31;3),
bsc1=bg + f12, fi2 € N*B assumption,
babg = b3 + by + x12 + f12 calculating b3(bsbs) = (b3ba)bas,
bybg = bs + b3bg calculating b3 (b3bs) = (b3b3)by,
bsybs =bg 4712, z12€N*B assumption,
53b9 =c7+bg+ 712 calculating l;%b;; = 53 (53b4),

b§ =14c7+bg+7120+ 53)(12 calculating (b353)b3 = (b3bg)l_73,
bsc7 = bs + Z12 + b3 f12 calculating (b3b3)c7 = (b3b7)bs,
b5159 = bg + b3Z12 calculating (53b4)l;5 = 53 (b4l;5),

boby =1+ bg — z12+ Z12 + b3 fia + bax12  calculating (bsbs)bg = bs(bsbs).
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Proof Based on the known equations, checking associative laws one by one and
making necessary assumptions, one can easily obtain the equations above. The proof
of the last equation follows from

(b4b4)bg = bg + bg + bgcy
=bg+1+c7+bg+Z12+baxia+bg + 212+ b3 12,
b4(bsbg) = babs + (bsb3)bo
= babs + b3bg + bobg
= by + z12 + ¢7 + bg + Z12 + bobo.

Obviously (b5l;5, bg) < 3, c¢7 is either ¢3 4 ¢4 or irreducible.
If ¢7 € B, then there exist c¢3, c4 € B such that ¢; = ¢3 + c¢4. First we have the
following lemma:

Lemma 2.4 There exists no NITA generated by by and satisfying b3bz = 1 + bg,
b%=b4+b5 and ¢7 = ¢3 + c4.

Proof By the assumption, we have that
baby =14 bg +c3 + c4. (2.5)
Then
b3by = byby + bsby
=14 c3+c4 + bg + babs,

b3(b3bs) = b3bs + bbg
=1+ bg + bsby.

Hence (c3, b3bg) = (ca, b3bg) = 1. Therefore

bzcz = by, (2.6)
bica =dz + by, someds € B, d3 # b3. 2.7

Now one has (b3ds, ca) = 1. Then
bydy =c4 +ds, somedse B, (2.8)
from which (b3b3, d3d3) = 2 follows. Hence

dydy =1+ bs. 2.9)
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By (2.5), we have that (bsc3, bg) = 1. Let
bsc3=bs+y3, ygseN*B. (2.10)

Si_nce (b3l_73)C3 =c3+c3bg, 53 (b3c3) = 53[)9, one has that 531)9 = c3 + c3bg. But
(C4, b3b9) = 1. Then (64, C3b8) =1 and so (C4C3, bg) = 1. Thus

c3c4 = x4 +bg, some x4 € B. 2.11)
By (2.10) we have that
2 < (bac3, bycz) = (baby, ¢3) = (1 + ¢34 ¢4 + bs, ¢3),
which implies that c% equals one of
1+ bg, 1+ c¢3 + x5, 14 ¢4+ y4, 1+ 2¢4.

By (2.11), we know that c% cannot be 1 4+ c4 + y4 or 1 4+ 2¢4. And by (2.6),
c% # 1+ bg. Hence
3 =14c3+xs. (2.12)
Therefore (bscz, bacs) = (c3, bsbs) =2, which implies that ys € B.
By Lemmas 2.3, (2.8) and (2.9), we have
b3(b3b3) = b3 + b3bg = 2b3 + by + x12,
b3(b3) = b3bs + b3bs = b3 + by + bsbs,
(b3d3)ds = cad3 + dsds.
Hence b3bg = by + b3bs, and by € Supp{cads + dsds).
Assume that by € Supp{dzds}. By (2.8), it follows that
dyds =bo+b3+13, Il3€B,
b3bs = cads + 13,
so that b3bg = by + I3 + c4d3, which implies that bg € Supp{b3/3}. Hence I3 = bs.

So (dszds, b3) = 3, which implies that (bads, ds) = 2, a contradiction to (2.8). Thus
by € Supp{csds} and

c4d3 = b3 + by. (2.13)
Thus (d3ds, cﬁ) =2, we may assume that

cj=1+bg+ f7, some f; € N*B. (2.14)

Then c4 & Supp{caxs}. Otherwise, cs4 € Supp{caxs}, which implies that x5 €
Supp{ci}, and so f7 = x5 + x2, a contradiction.



26 2 Splitting of the Main Problem into Four Sub-cases
Since

C§C4 = c4 + Cc3C4 + X5C4
= ¢4 + x4 + bg + c4x5,
c3(c3cq) = c3bg + c3x4,
we have that
c3bg + c3xq4 = cq4 + x4 + bg + c4x5.

But the left hand side of the above equation contains two ¢4 by (2.11). Hence ¢4 = x4
by c4 & Supp{caxs}. Therefore

c3cq4 = bg + ¢y, (2.15)
which implies that (cﬁ, c3)=1and
cﬁ=1+b3+03+e4, some e4 € B.
Now we have the following equations:
byci = by + b3bg + bicy + bsey
= 2b3 + 2bg + x12 + bzey,
by (2.7) and (2.13) ca(b3ca) = cabg + cads
= caby + by + b3.

Then c4bg = b3 + b9 + x12 + bzeq. Since d; € Supp{cabg}, one has that d; €
Supp{x12} or bzey. )

If d3 € Supp{x12}, then d3 € Supp{b3bsg}, which implies that b3d3 = 1 + bg. Thus
b3 = dz, which implies that bibs = c4 +ds, a contradiction. Hence ds € Supp{bzes},
e4 € Supp{bsds}. Therefore by (2.8) e4 = c4 and

by (2.7) 3 =1+ c3+cs+bg =baby,
c4bg = b3 +d3 + 2bg + x12.

Furthermore

bic = by + b3bg + bca + bycs
= b3+ b3+ by + x12 + d3 + bg + by,
(b3ba)bs = b3bs + boby
= b3 + by + babo,
(b3c4)ca = cabg +dzcy
= cabg + b3 + by.
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Thus
bybg = b3 + d3 + 2bg + x12 = c4by.

Hence by (2.6) (b3c3)ca = bocs = b3 + d3z + 2bg + x12. But by (2.7) (b3ca)cz =
c3bg + c3ds.
Since d3 & Supp{c3ds}, we have that d3 € Supp{c3by}

c3d3 = by,
c3bg = b3 +d3 + by + x12. (2.16)

Therefore (bzcs, c3dz) = 1, so (bzds, c%) = 1. By (2.8) and (2.12), we have that
(b3cz3, xs5) = 1, which implies that x5 = ds. Consequently ds is real. Then

bady = c4 + ds = bds,
c% =14c¢3+ds.
Moreover (b3, d3) = (b3ds, b3d) =2. So
d3 =1+ 2by or by + bs.
Since (2.9) implies that d3 is nonreal. So
d3 =by + bs.
By (2.8), we may state that

53d5 26?3 4+urp, upp € N*B.

Then
byc3 = by + bycs + byds
=b3+bo+d3+up,
(b3c3)es = c3bo.
Thus

c3bg =b3 +d3z + by +uis.

Hence x12 = u by (2.16) and so b3ds = d3 + x1». Since C4c§ =4 + c3c4 + dscy
and c3(c3ca) = c3c4 + c3bg by (2.15), we have that

c3bg = c4 + cads.
Now, by cﬁ = b4154, we have that

6363 =c3+ cg + c3c4 + c3bg

=c3+ 14 c3+ds+cas+ bg+ ca+ cads,
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(c3b4)bs = babs + ysbs
=1+4c3+cy+bg+ byys.
So
bays = c3 + c4 + ds + cads.

We know that yg is irreducible, then (c4b4, yg) = 1. But (bsacs, bacs) = 4. Hence
(cabg — yg, cabs — y3) = 3, which is impossible for L{(B) = {1} and L,(B) = @.
The lemma follows. O

Now we begin to investigate NITA such that ¢; € B is based on the value of
(bsbs, bg).

Lemma 2.5 There exists no NITA such that ¢c; € B and (bsbs, bg) = 3.

Proof Tt is easy to see that (bshs,bg) = 3 implies that (b3bs, b3bs) = 4. By
Lemma 2.3, we may assume that

xp=x+y+z, x,y,2€B,
53b5=b3+x+y+z,
bibg = b3 +bg+x+y—+z.

From the last equation above, one has that bg is contained in B3x, b3 y and 1531.
Hence no one of x, y and z has degree 3. Therefore

X12 = X4 + Y4 + 24,
byxs =r4+bg, somers€ B,
53y4 =54+ bg, somesy€ B,
bsza =ta + bg, some 14 € B.
Furthermore, b3x4, b3ys4 and b3z4 have exactly two constituents. Let
b3x4 =bs+r7;, somer; € B,
b3ys =bs+s7, somesy € B,
b3z4 = bs +1t7, somet; € B.
Since
b3(b3x4) = b3bs + b3ry
= b3x4 + y4 + 24 + b3ry,
b3(b3x4) = b3bg + b3rs
= b3+ bo + x4 + y4 + z4 + b3ra,
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we have that b3r7 = bg + b3ry. By the same reasoning we have that bzs7 = bg + bzsy
and bs3t; = by + b3t4. Hence r7, 57, t7 € Supp{b3bg}.
If 7, s7 and 7 are distinct, then
bibg =by+1r7+5s57+1t7+ey, someep€ B,
a contradiction. Hence at least two of r7, s7 and #; are equal, without loss of general-

ity, let 7 = s7. Then (b3x4, b3ys) = (53)64, l_73y4) =2. Thus r4 = s4. By Lemma 2.3,
we have

by =1+4bg+c7+z12+2rs +14.

So z12 =2r4 + t4. Lemma 2.3 implies that

b3bg = c7 + bg + 2r4 + ta.
Then (bsby, ra) = (b, b3rs) > 2, a contradiction, from which the lemma follows. [J
Lemma 2.6 There exists no NITA such that c; € B and (b5l;5, bg) =2.

Suppose that (bsl;5, bg) =2. Let
b5l;5=l+2bg+dg, some dg € N*B.

Since (b3bs, b3bs) = (b3b3, bshs) = 3, by Lemma 2.3, we have that xj = x + y
and

153b5=b3+x+y,
b3bg =b3+bg+x +y.

Thus bg € Supp{bsx}, Supp{bsy}, which implies that degrees of x and y are > 4.
We have three possibilities: (f(x), f(y)) = (4,8), (5,7), (6,06).

We shall divide the proof into three propositions, Propositions 2.1, 2.2, 2.3 from
which the lemma follows.

Proposition 2.1 There exists no NITA such that bsbs = 1 + 2bg + dg and
(f(x), fF(y)=(4,8).

Proof Assume (f(x), f(y)) = (4, 8). Then x12 = x4 + yg and we may set

bixs =bg+x}, x,€B,

b3ys =bg+yi6. yi6 €N'B, (2.17)
Then

b§=1+67+3b8+x2+212+)’16-
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Hence
(b3b3)* =2+ 5bs +c7 + X} + Z12 + Y16,
b%li% = baby + babs + babs + bsbs
=1+ bg + 7 + babs + babs + 1+ 2bg + ds,

s0 z12 +dg = x; + y16.
Now we have two cases, x, € Supp{ds} or x} & Supp{ds}.

Case I Suppose that x, € Supp{z12}. Then there exists sg such that
212 = X, + 53,
Yi6 = dg + ss.
Since (bsbs, bsbs) = (bsbs, bsbs) = 3, we have that sg € B and
b3bg = ¢7 + bg + x'4 + 5s.

Hence by € Supp{b3x}}, which means that (b3X}, b3x}) = 2. So (b3x}, b3x}) =2.
Since b3xs = bg + xy, we may set b3x; = a3 + bg and b3x) = x4 + eg, for some
az,eg € B.

Suppose that bzaz = xi + Is5, for some /5 € B. Then

by(b3x}) = b3bg + b3a3
=c7+bg+ x4+ 53+ x4+ s,
b3(b3x}) = b3xs + baes
= bg +x£ + l_73eg.
Hence
byes = c7 + 53 + X, + 5.

Therefore eg € Supp{bsc7}. Let bsc; = bo + eg + e4, es € B. By (b3b3)az =
b3(b3az), we obtain

asbg = bg + bsls.

Since (asbs, azbg) = (a3az, b) = (b3bs, b3) =4, we have that (bsls, b3ls) = 3.
So (b3ls, bsls) = 3. Let

b3ls = eg + a3 + fa,
where a3, B4 € B. Obviously a3 # bs3.
b3(bses) = byc7 + b3bg + b3xy + bsls
=2bg + 3es +e4 + b3 + 2x4 + ys + a3 + B,
(b3b3)es = es + esbs.
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Then
egbg = 2bg + 2eg + e4 + b3 + 2x4 + ygs + a3 + B4.
Hence eg € Supp{bﬂ)g}, which implies that eg = yg. Hence bzc7 = bg + yg + es, so

that ¢7 € Supp{b3ys}, which implies that c; € Supp{y16} = {ds, ss}, a contradiction.
Case II NITA satisfying x € Supp{ds}.
If x) € dg, then dg = x; + X (x) maybe real). Then
bsbs = 1 + 2bg + x}, + X}

Hence yj6 = X 4 z12 and

b3 =14 c7+3bg 4+ x) + X4 + 212 + 212, (2.18)
bsyys = bg + X, + 712, (2.19)
bobg = 1+ 3bg + x, + z12 + X + b3 f12, (2.20)

by (2.17). Therefore (ys, b3xy) = 1. Let
b3xXy = yg + 14, b3xy = x4+ js, Wherets, js € B. (2.21)
Since
b3(bsbs) = b3 + 2b3bg + b3x) + b3 X,
= 3b3 + 3bg + 2x4 + 3yg + t4 + x4 + Js,
bs(b3bs) = bsbs + bsxs + bsyg
= b3 + x4 + y§ + bsxa + bsys,
we have that
T4bs + Jgbs = 2b3 + 2bo + 2x4 + 2ys + 14+ Js.
Since
x}(b3bs) = b3x) + box)
= x4 + jg + boxy,
(b3x})bs = ygbs + tabs,

we have that x4 € Supp{b4yg} or Supp{tsb4}.

We assert that x4 € Supp{bsts}. Otherwise x4 € Supp{bsys}, and yg € Supp{bsx4}.
But by € Supp{bsx4} by Lemma 2.3, a contradiction. Hence x4 € Supp{b4t4}, which
implies that t4 € Supp{bsx4}. Therefore

byx4 =t4 +bg+r3, rzeB. (2.22)
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Since

b3 (babg) = b3bs + b3(b3bo)

= b3 + x4+ yg + b + b3(b3bo)

= b3 4+ x4 + y§ + b + b3c7 + b3bg + b3z12

=b3 + x4+ ys+ b9+ bo+ fi2+ b3+ x4+ ys + by + b3z12,
ba(b3bs) = babs + baxs + bays + babg

= b3+ bo + 14 + by + 3 + bayg + b3 + by + x4 + y3 + fi2,
(b3ba)bg = b3bg + bgbg

= b3 + x4 + y3 + bo + bgbo,

we have that

x4bg = bg + 212 + b3y,
bgbg = b3 + x4 + yg + by + y12 + b3212,
bays +bo +t4 +1r3 = x4 + y3 + b3212.

We continue the proof based on 74 = x4 or t4 # x4.
Subcase I There exists no NITA such that #4 = x4.

If t4 = x4, then (x4,b3x)) = 1 by b3x; = yg + 14, which implies that x} €
Supp{b3xs} = {bg, x;}. And bty = byxy = bg + x. Hence x is real and

bsbs = 1+ 2bg + 2x}, (2.23)
b3x4/¥ = x4 + 3. (2.24)
Thus
b3(b3xy) = b3ys + b3xy
=bg + x4+ Z12 + bg + xJ,
(b353)x£1 = xf‘ + xébg.
So
x:‘bg = xé" + 2bg + z12.
Since

b3(bsbs) = b3 + 2bsbg + 2b3x

= b3 4+ 2b3 + 2bg + 2x4 + 2yg + 2x4 + 23,
bs(b3bs) = b3bs + X4bs + ygbs

= b3 + x4 + yg + X4b5 + ygbs,
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we have that x4b5 + ygbs = 2b3 + 2bg + 3x4 + 3yg. Since b3 € Supp{xsbs} and
bz € Supp{ygbs}, there are exactly two possibilities:

X4bs = b3 + by + ys, y8bs = b3 +bo + 3x4 + 2ys,
X4bs = b3 + bg + 2x4, Y8bs = b3 + bg + x4 + 3y3.

If X4b5 = b3 + bg + yg and ygbs = b3z + bg + 3x4 + 2yg, then (ygbs, x4) = 3,
which implies that (b5x4, yg) = 3, a contradiction.

If X4b5 = b3 + bg 4+ 2x4 and ygbs = b3 + bg + x4 + 3yg, then (x4bs5, x4) = 3.
So (x7, bs) = 2. It follows that (x3,x7) > 5, which is impossible for either x4 =
14+bg+ry,r7 € Borxagxs =14 bg+rs+r3, r3, rq € B. Hence Subcase I follows.

Subcase II There exists no NITA such that 4 # x4.

If t4 # x4, by bayg + by + t4 + 13 = x4 + y3 + b3Z12, we have that r3 + t4 + bg is
a part of 3712, x4 + yg is a part of b4y and b3 + x4 + y§ + bg + y12 + 13 +ta + bg
is a part of bgby.

If by € Supp{ylz}l then there exists 3 € B such that y;» = h3 + bg. So
bzc7 = h3 + 2bg, b3hz contains c¢7, which is impossible for L,(B) = . Hence
by & Supp{y12}.

Since (bgby, bg) = 3, so (bgbg, by) = 3, which implies that (b3z12, bg) =2 and
there exists x1; € N*B of degrees 11 such that

b3z1p = 2bg + t4 + r3 + x11,
bayg = x4 + yg + bo + x11.
The following leads to a contradiction based on the zjp representation. Since

(z12, 212) = 2, we have that 71, = o + 8, where (f (@), f(8)) =(3,9), 4,8), (5,7)
or (6, 6).

Step 1 There exists no NITA such that z12 = a3 + Bo.
If z12 = a3 + Po, then bz (a3 + Bo) =r3 + t4 + bg + x11, b3z = bg and

b3(b3a3) = c7 + by + @3 + fo,
(b3b3)as = a3 + asbs.
Thus
a3bg = c7+ bg + Po,

which implies that (w3bg, a3bg) = 3. Hence (303, b%) = 3. It follows that az@3 =
1+ x:‘ + )Eg by the expression bg (see (2.18)), which contradicts Theorem 2.1.

Step 2 There exists no NITA such that z12 = a4 + Bs.
If 210 = aq4 + Bg, then bz (ag + Bg) = r3 + 14+ 2bg + x11. Since by € Supp{bz s},
we have that

b3y =r3 + by, b3Bs = ta + by + x11.
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Let [)3)’3 = a4 + es5. Then

b3(b3as) = b3by + b3r3
=c7+bg +ay + fs + a4 + es,
&4(b3b3) = a4 + aabs,
which means that aq4bg = ¢7 + bg + Bs + e5. Since B3yg =aq+ B + )_cj‘ + bg, we

have that bsog = yg + y4, Y4 € B.
Since

b3(b3as) = b3yg + b3ys

= bg + g + g + Xy + b3y,
(b3b3)as = o + aabsg

=2ay4 + c7 + bg + Bg + es,

we have that X 4+ b3ys = a4 + ¢7 + es, which implies that X = 4. But by (2.21)
byx) = jg + x4, jg € B and b3a4 = by + r3, a contradiction.

Step 3 There exists no NITA such that 715 = a5 + 7.
If 212 = a5 + B7, then

b3(@s + B7) = 2bg + 13 + 14 + 2bg + x171.

We need a sum of d_egree 6 to make up bzas for bg € Supp{bzas}.
If r3 € Supp{b3B7}, then b3rz contains an element of degree 2, a contradiction.
Hence r3 € Supp{bzas}. We may set

bias =bg +1r3+ 83, 83 € Supp{x11}.

Furthermore b3r3 = @s + da, for some dy € B. It follows that r373 = 1 + bg. Now
we have that (a5as, bg) =2 and

2b3 4 x4+ ys + by = b3(b3b3) = r3(b373) = r3as + rady,
from which the following holds:
r3as + r3dy = 2b3 + x4 + yg + bo.
Comparing the two sides, the following equations hold:

r3ds = b3 + b,
r3as = b3 + x4+ ys.

Therefore
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b3(r3as) = b3bs + x4b3 + ygbs
=1+4bg+bg+xy+bs+as+ 7+,
o5 (133;’3) = wsas + dsas.
Since (asas, bg) =2, we can only have that
asds = 1 +2bg +x; + Xy,
dsas = bg + a5 + B7.

Hence d4 = x}, or X}. So birs =as + x} or as + X.

If byry = as + Xy, then r3 € Supp{bsx;} = {ys. 14} by (2.21), a contradiction.
Hence b3rs = a5 + x}, which implies that r3 € Supp{b3x}} = {x4, jg}, a contradic-
tion.

Step 4 There exists no NITA such that z12 = a6 + B6.
If z12 = ag + B6, then

b3(a6 + Be) = 2bg + t4 + 13 + x11.

Hence o # Bs. Without loss of generality, let 3 € Supp{bzag}. We may set bzrz =
a6 +d3, which implies that 373 = 1+ bg. Therefore we have the following equation:

aers + dsry = (b3i3)rs
= (b3b3)b3
=2b3 + by + x4 + ys.

It is easy to see that we cannot sum up dsr3, a contradiction. Proposition 2.1 fol-
lows. U

Proposition 2.2 There exists no NITA such that (f(x), f(y)) =(5,7).

Proof Tf (f(x), f(y)) = (5,7), that is to say, x;» = x5 + y7, and
b3bs = b3 + x5 + y7,
b3ibg = b3 + bg + x5 + y7.
So we may set
53)65 =bg+e7, e;eN*B,
b3xs =bs+e19, eio€N'B,
bsy; =bs +y13, y13€N*B,
b3y; =bs+yis, yie €N'B.
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Hence

b3(b3bs) = b3bs + b3bg + b3xs + byy;
=14bg+c7+bg+ 212+ bg +e7+bg + y13,
(b3b3)bs = bs + b3,
(b3bs)by = b3 + b3xs + by y7
= by + 3bs + €10 + Y16,
(b3b3)bs = bs + bsbs,

and one has that

by =14 c7+e7 4 3bs + 712 + V13,
bsbg = by + 2bs + e10 + yi6.

On the other hand,

(b3b3)> =14 2bg + 1+ 7+ e7 + 3bg + Z12 + Y13,
b3b3 =1+ by + c7 4 bg + 212 + bg + 212 + 1 4 2bg + ds,

which implies that z1 +dg = e7 + y13.

Step 1 There exists no NITA such that e7 & Supp{z12}.
Suppose that e7 & Supp{z12}. Since e7 & Supp{dg}, there exist a3z € Supp{z12},
84 € Supp{dg} or a4 € Supp{zi12}, g3 € Supp{dg} such that

e7 =03 1+ g4 Or a4 + g3.

Substep 1 There exists no NITA such that e7 = a3 + g4.
If e7 = a3 + g4, then there exist z9 € N*B and h4 € B such that z;p = a3 + z9
and dg = g4 + h4. Furthermore,
babs = a3 + 79 + bs,
bybg = ¢7 + bs + @3 + 7o,
bixs = bg + a3 + ga,

Hence

bya3 = x5 +1i4, i4€ B,
bzaz = by,
which is impossible for (b3a3, b3az) = 1 and (b33, b3az) = 2.

Substep 2 There exists no NITA such that e; = a4 + g3.
If e7 = a4 + g3, then there exist zg € Supp{N*B} and hs € B such that Zj, =
o4 + 28, dg = g3 + hs. Hence
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bixs = g3+ a4 + bg,
bsbs = 1 +2bg + g3 + hs,
byy7 = bg + 73 + hs.
So there exists 4 € B and_ng € N*B such that b3g3 = x5 + 1 and_b3h5 = y7 + ng.
Hence g3gs = 1 + bg and b3ly = g3 + mg. Here mg € B, otherwise l414 will contains
two bg, which is a contradiction.
Since
b3(b3b3) = 2b3 + by + x5 + y7,
(b383)83 = 83x5 + &3l4,

it follows that g3l4 = b3 + b9 and

g3%s = b3 + x5 + y7 = b3bs. (2.25)

We assert that Supp{ng} N {b3, x5, y7, 14} = . Obviously y7 & Supp{ng}. By the
expressions of b3hs and b3bs, we have that b3 & Supp{ng}. If x5 € Supp{ns}, then
hs € Supp{l;3x5}, a contradiction. If I4 € Supp{ng}, then hs € Supp{l;3l4}, a contra-
diction. Since

b3(bsbs) = b3 + 2b3bg + b3 g3 + bshs

=3b3 + 2by + 2x5 + 2y7 + x5 + la + y7 + ng,
(b3bs)bs = bs(b3 + X5 + 7)

= b3 + x5 + y7 + X5b5 + y7b5,

it holds that

bsxs + bsy; =2b3 + 2bg + 2x5 + 2y7 + l4 + ng. (2.26)

Now we assert that (bs5y7,b9) = 1. In fact, it follows from that bsby =
by 4+ bzas + b3zg by Lemma 2.3 and (b3aa, y7) = 0, (b3zg, y7) = 1. Therefore
(bsXs, b3) = (bsxs, bg) =1 and (bsy7, b3) = (bsy7, bo) = 1.

By (2.25), (g3x5, b3bs) = 3, so (b3g3, bsxs) = 3. By (2.26), bsxs cannot contain
three multiples of a constituent of degree 3 or two multiples of a constituent of
degree 6. Then the common constituents of b3g3 and bsxs are degree 5 or 4, since
b3 g3 can now only have constituents of degree 5 and 4. From (b3 g3, b5Xxs) = 3 and
(2.26), we have that bsxs must contain 2xs and some element v4 of degree 4 from
l4 + ng. This leads to

bsxs = b3 + bg + 2x5 + v4,

a contradiction for the left hand side having degree 26.
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Step 2 There exists no NITA such that e7 € Supp{z1>}.
If e7 € Supp{z12}, then there exists ws € B such that 712 = e7 + ws. So y13 =
ds + ws and

bixs = bg + e7, (2.27)
byy7 = bs +ds + ws, (2.28)
babs = ws + e7 + by, (2.29)
b3by = W5 + ¢7 + &7 + bs. (2.30)

Since (babs, babs) = 3, we have that e7, ws € B. By Lemma 2.3
bsbg = by + bze7 + byws. (2.31)

Since y7 € Supp{bsws}, bg € Supp{bzws}, and x5 € Supp{bsze7}, we may set

bsws = y; +vg, vg€N*B, (2.32)
b3ws =bg +dg, dg€N*B, (2.33)
byc1 =bo + f12, fr2€N*B, (2.34)
bze; = x5 +hig, hige N*B, (2.35)
bze7 =bg+g12, g12€ N*B. (2.36)

Case 1 There exists no NITA such that either vg or dg is reducible.

It is easy to see that when either vg or dg is reducible, this will imply that the
other one is also reducible. Let dg = d3 + g3. Then

bzws =d3 + g3 + bg.
It is easy to show that d; # g3. Hence we may set
bydy = ws + 84,
b3g3 = ws + Y,

which implies that d3(23 = g383 = 1 + bg. If §4 = Y4, then b3d_3 = b3g3, (b3c?3,
b3g3) =2, which implies that d3 g3 = 1 + bg. Thus g3 = d3 and bz ws = bg + Zgi, SO
that (b3g3, ws) = 2, a contradiction. Hence 84 # 4. We calculate b§b3 = b3dzdz =
b3g3g3. We have that

(b3b3)b3 = 2b3 + by + x5 + y7,

(b3d3)d3 = wsd3 + 8ads,

(b383)83 = wsg3 + Yags.
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It is easy to see that

S4d3 = Y483 = b3 + by,

wsd3 = wsg3 = b3 + x5 + y7.

On the other hand, we have that
wsws = 1 + 2bg + ug,
b3(g3v4) = b3(d384) = b3b3 + b3bg
=14bg+c7+e7+ ws+bs,

(b3g3)Ya = Ws s + Yua,
(b3d3)84 = w584 + 5484,

so that
w54 = wsdy = e7 + ws + bg,
Vals = 8484 = 1 + bg + ¢7.
Hence 4, 84 € Supp{wsws}. Therefore
wsws = 1 + 2bg + 84 + V¥4.

But (ggd_3, wsws) = (g3ws, d3ws) = 3. We have that 1 € Supp{gﬁg}, which implies
that g3 = d3, a contradiction.

Case 2 There exists no NITA such that vg and dg are irreducible.

Suppose vg and dg are irreducible. VV_C assert that fi, is irreducible. Otherwise,
let f1o =r 4+ s. Suppose that ¢; € Supp{bsr}, which implies that f(r) > 4.
By Lemma 2.3, one has that

bgc7 = e7 + ws + bg + b3 fia,
bobg = 1+ dg + 3bg + e7 + ws + b3 fia.
Subcase 1 ws is not real.

If ws is real, then y; 4+ vg = baws = b3ws = bg + dg by (2.32) and (2.33), a
contradiction.

Subcase 2 f1; & B.

By the expression bgc7, we have that ws € Supp{bgf_lz}. If fi, is irreducible,
then f12 € Supp{bsws} = {y7, vg} by (2.32), a contradiction. So f1, is reducible.
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Subcase 3 ¢7 is not real.
If e7 is real, then there exists an element u7 € N*B by (2.27) and (2.30), such
that
bze7 = x5+ by + u7.

Hence (e%, bg) > 2, so (e7bg, e7) > 2. By the expressions of bgc7 and bg, we have
that (e7bg, c7) = 1, (e7bg, bg) > 2. Thus there exists an element x19 € N*B of de-
gree 19 such that

e7bg = 2e7 + 2bg + ¢7 + x19.
On the other hand, from (2.27) and (2.30), we have that

b3(b3e7) = byxs + b3bo + b3uz
=bg+e7+c7+e7+ s + by + biur,
(b3b3)e7 = e7 + bge;
=3e7 + 2bg + c7 + x19.

Then ws + bsu7 = e7 + x19. Since the right side is real, we have that ws €
Supp{b3u7} by Substep 1, which implies that there exists a constituent  of u7 such
that ws € Supp{Egt}. Then ¢ € Supp{b3zws}, so t = y7 or vg. It follows that u7 = y7.
By (2.28) implies that

ws + Ws + bg + dg = Ws + b3y7 = €7 + x19,
a contradiction.
Subcase 4 Case 2 follows.

By Subcases 1, 2, 3, we have that e; and ws are not real, and f1, is reducible.
Note that bgc7 is real, by the expression bgcy, we have that b3 flz contains ws and 7.
Hence there exists a constituent r of f1> such that b3r contains w5, which implies
that r € Supp{b3ws}. Therefore r = y; or vs.

If r = y7, then b3y; = bg 4+ dg + w5 by (2.28). But (2.34) means that b3y; con-
tains c7, a contradiction.

If r = vg, then there exists s4 such that fijo = vg + s4. Since ¢7 € Supp{b3s4} by
(2.34), we have that e7 &€ Supp{b3s4}. So e7 € Supp{b3vs}. Hence there exists a basis
element as of degree 5 such that

b3vg = ws + e7 + ¢7 + as, 2.37)
b3s4 = c7+cs, (2.38)
b3c7 = vg + 54 + bog. (2.39)

Checking b3 (bsbs) = bs(b3bs), this implies that

bsxs + bsy7 = 2b3 + 2bg + x5 4+ y7 + b3dg. (2.40)
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We assert that dg € B. In fact, if dg & B, then dg = 2x4 or x4 + y4.

If dg = 2x4, then b3y7 = bg + 2x4 + ws by (2.28). Hence (b3x4, y7) = 2, which
is impossible.

If dg = x4 + y4, then b3y7 = bg + x4 + y4 + ws by (2.28). Let b3xg = y7 + ps
and b3y4 = y7 + g5. By (2.40), it holds that

bsxs + bsy; =2b3 4 2bg + x5 + 3y7 + p5 + gs.
But (bsxs, b3) = (bsxs, bg) = 1. So it is necessary to find elements from the right

hand side of the above equation such that their sum having degree 13 yields bsxs.
This is impossible. Therefore dg € B.

Since
b3(b3ws) = b3y7 + b3vg
= bg +d3 + ws + c7 + w5 + e7 + as,
b3(b3ws) = b3bg + b3ds
= ws + c7 + e7 + bg + b3ds,
then

bsde = dg + ws + as. (2.41)

Now we assert that ¢s and es5 are nonreal. Otherwise, dg, vy, € Supp{bzas} by
(2.37) and (2.41). So 1 € Supp{bsas}, a contradiction. Hence c5 and as are non-
real, and ¢s5 = as by the expression bé. Hence b3ds = dg + ws + ¢5. Associated
with (2.38), we have that (b3cs,de) = (b3Cs, s4) = 1, which implies that (b3cs,
bzcs) = 3. Furthermore (b3cs, b3cs) = 3. Let

bics = vg + 83 + A4.
Thus we may set b383 = ¢5 + As. Then 8383 = 1 + bg, and
b3(8383) = b3 + babg
=2b3 + by + x5 + y7,
(b383)83 = C583 + A4d3.
We have that
A483=b3+by and 583 = b3 + x5+ y7. (2.42)
Furthermore
b3(A483) = b3bs + b3bg
= 1+ 2bg + ¢7 + s + &7,
(b383)Ag = c5 Ay + AsAy.
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It follows that

AsAy=14+bg+c7; and c5A4 = bg + W5 + &7 = babs.
Hence (b3cs) Ay = b3(cs5Ag) = b3 (bsbs) = by(b3bs). But

ba(b3bs) = babs + baXs + bay7 = b3 + b + baXs + bay,
(b3cs) Ay = vgAg + 83 A4 + AgAs.

So b3 is a constituent of one of ng_4, 83A_4 and A4 A4. Then one of vg, 63 and
A4 is a constituent of b3A4. On the other hand &3 € Supp{bz A4} by (2.42). But
b3 A4 contains at most two constituents, a contradiction. Subcase 4 follows, which
concludes Step 2. Consequently the proposition follows. g

Proposition 2.3 There exists no NITA such that (f(x), f(y)) = (6, 6).
Proof 1f x12 = x¢ + ys, then
b3bs = b3 + x6 + Y,
bibg = b3 + bg + x6 + Y6.-
Assume that
bsxe = bg + h19, forsome kg € N*B,
53)’6 =bg+i19, forsomeijgeN*B,
b3xg = bs + g13, for some g13 € N*B,
b3ys = bs + f13, forsome fi3 € N*B.
Therefore,
by =14 c7+3bs +hio+i10+Z12.
By the above equations and Lemma 2.3, one has that
(b3b3)* =2+ c7 + Sbg + hio +i10 + Z12,
b3b3 = baby + babs + bsby + bsbs
=2+45bg + c7+ 212 + 212 + dg.
Hence

dg + z12 =hio +i0.

We assert that dg cannot be totally contained in one of /1o and i19. Otherwise,
without loss of generality, assume dg is contained in k9. Then Ao contains an
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element of degree 2, a contradiction. Thus dg must be reducible and cannot be con-

tained in one of &g and i1o. For dg, there are four possibilities:
dgs=c3+ds, c4+ds, c4+c4, and 2c4.

Step 1 There exists no NITA such that dg = ¢3 + ds.

If d3g = c3 + ds, then ¢3 + ds + z12 = h10 + i10. Without loss of generality, let

hig=c3+ h7y, ito=ds +is.
Then z1p = h7 +i5 and

b3xe = c3 + hy + b,
byye = ds +is + bg,
bybs = bg + is + h7,
bsby = c7 + by + is + h7,
b} =1+ c7+3bs +c3 +hy +ds +is + hy +is.

(2.43)
(2.44)
(2.45)
(2.46)
(2.47)

Hence c3 is real. By (2.45) and (154175, 54b5) =3, we have that h7 € B. Set bzcz =

X6 + u3, u3z € B by Lemma 2.2. Thus (b3c3, b3cz) = 2 so that

c3=1+bs.
Moreover,
(b3c3)e3 = x6c3 + u3cs,
b3c3 = b3bs = b3 + b3bg
= 2b3 + bg + x¢ + y6.
Hence

c3u3 = b3 + x¢ or bz + yg,

c3x6 = b3 + bg + y6 or bz + by + xg.
If c3u3 = b3 + x6, c3x6 = b3 + by + yg, then c3 € Supp{izxg}. But

(b3b3)(c3) =24 5bg +c7 +¢3 +ds + hy + hy +is + s,
(b3C3)(l;3C3) = XeX6 + Uszxg + uzxe + 1 + bg.

Note that 13x¢ + i13x6 contains two c3, and so we come to a contradiction. Therefore
c3u3z = bz + yg, c3xe = bz + bg + x¢. Let bauz = c3 + we. Then uzuz =1+ bg by

Lemma 2.2 and
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(c3b3)b3 = b3xe + b3us
=bg+c3+ h7+c3+ wsg.

Since ¢3(b3b3) is real, it follows that 47 and wg are real. Since

(b3uz)cs = 3 + cawe
=1+ bg + c3we,
(b3c3)uz = Xous + it3u3
= 1+ bg + xeu3,
b3(c3u3) = b3bs + b3 ys
=14bg+bg+ds+is,
we have that
c3we = Xeu3 =ds + is + bs.

Since c¢3, weg are real, is is also real by the above equation. By (2.43), (2.44) and
(2.46), one has that

bsis =y + bo,
bsh7 = bg + x¢ +1g, for some lg € N*B.
Considering c%u 3it3, we have that
(c3u3)(c3it3) = bsbs + b3ye + b3je + Y6
=14 bg + 2bg + 2ds + 2i5 + ey,
3 (uzit3) = 2 4 5bg 4 7 + 3 + 2is + 2h7 + ds.

Comparing the number of elements of degree 5, we come to a contradiction. Step 1
follows.

Step 2 There exists no NITA such that dg = 2¢4.
If d3 = 2c4, then 2c4 + z12 = hio + i10. There exist hg and i such that zjp =
he + ig. Since (bsbs, bybs) < 4, we obtain that hg, ig € B. Furthermore

b3xe = bg + c4 + he, b3y = bs + ca + 6.
Thus b3cq = x6 + y6. Then we can set
cﬁ:l+b8+g7, g7 € N*B.

Since bsbs = 1 + 2bg + 2ca, (c4bs, bs) = 2. Furthermore, (c4bs, c4bs) > 5.
Hence

C421=1+b3+6‘4+63
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and (c4bs, cabs) = 5. There exists t19 € B such that
c4bs = 2bs5 + t19.
Since
b3(bsbs) = b3 + 2bsbs + 2b3cy
= 3b3 + 2bg + 4x6 + 4ys,

bs(b3bs) = bs(b3 + X + o)
= b3 + x¢ + y6 + X6bs + Yebs,

we have that bsxe + bsye = 2b3 + 2bg + 3x6 + 3y6. On the other hand,

53(641)5) = 21;3175 + 133t1() =2b3 4+ 2x6 + 2v6 + 133[10,
(b3ca)bs = Xebs + Yebs = 2b3 + 2bg + 3x6 + 3.

Hence b3r19 = 2bg + x6 + Yo, from which it follows that (b3bg, t;9) = 2. Therefore
(b3bg, b3bg) = 5. But (b3bg, b3bg) =4 by Lemma 2.3 and hg, ic € B, a contradic-
tion.

Step 3 There exists no NITA such that dg = ¢4 + da.
If dg = c4 + d4, then there exist hg, ig € N*B such that g = c4 + hg, i10 =
ds +i6, 2120 = he + ig and

b3xg = c4 + he + bs, (2.48)
byye = ds + ig + bs, (2.49)
babs = bg + i + hg, (2.50)
bibg = c7 + bg + ig + he, (2.51)
b3 =1+ c7 4 3bg + c4 + he +dy + i6 + he + is. (2.52)

By (2.50) and (babs, bybs) = 3, we have that ig, hg € B. Now we may set

bica =x6+26, 26 € B, (2.53)
bids = ys+ ps, pe€ B. (2.54)

Substep 1 /¢ and ig are nonreal.
If he is real, then there exist ez and f3 such that

bshe = bo + X6 + €3,
bzez = f3 + he.

Thus e3ez = 1 + bg by Lemma 2.2. Since
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b3(e3e3) = 2b3 + by + x6 + ys,
(bze3)ez = hees + fies,

hence
f3€3 = b3 + x6 or b3 + ye,
hees = b3 + bg + yg or b3 + bg + x.
Therefore
b3(f3¢3) = b3bz + bsxe or b3bs + b3 ye
= 1+2bg 4+ c4+ hg or 1 + 2bg + dy + i,
f3(03é3) = fa(he + f3)
=14 bg+ f3he.
Thus

fahe =bg + ca + he or bg + ds + ie.

On the other hand, one has the following equations:

(b3b3)he = he + hebs,
(b3he)b3 = (€3 + x6 + bo)b3
= b3by + bzxg + b33
=7+ 2bg +3hg +ig + s+ f3.

Then
hebs = ¢7+ ¢4+ 2bs + 2he + is + f3, (2.55)
which implies that /¢ and f3 are real.
Now let us calculate (b3b3)(e3e3):
(b3b3)(e3e3) = 2+ Sbg + ¢7 + ¢4 + dy + 2he + 2is,
(b3e3)(b383) = (he + f3)°
=hg+2fshe + f3
= 1 + hZ + 3bg + 2c4 + 2hg or 1 + hZ + 3bg + 2dy + 2ie.
Comparing the number of elements of degree 4, we have that c4 = d4, a contradic-

tion.
Symmetrically, we can prove that ig is nonreal.
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Substep 2 There exists no NITA such that dg = c4 + d4 and he, is are nonreal.
Since (b3b3)ca = ¢4 + cabg and bz (b3ca) = bixg + b3zg = ca4 + he + bg + b3 26,
we have that

c4bg = bg + he + b3z,

Since hg is nonreal and c4bg is real, hg € Supp{l;3z6}. By (2.53), there exists rg €
N*B such that

byze = ca + he +13.
By (2.51), there exists o3 such that
b3ﬁ6 =bg + 76 + 3.

Thus there exists y3 such that b3z = hg + y3. Hence oz = 1 4+ bg by Lemma 2.2.
Since

bz(azaz) = 2b3 + bg + x6 + s,

(bzaz)az = heas + y3a3,
we have that

v303 = b3 + x¢ or b3 + ye,
hea3 = b3z + bg + yg or b3y + bg + x¢.

Hence
b3(y3a3) = b3bz + b3xg or b3bs + b3 ye
=1+42bg+c4+ hgor 1+ 2bg +ds + i,
v3(b3@3) = y3he + va73
= 1+ bs + y3he.
Therefore
)/3/;6:b8+64+h6 or bg +d4 +ig.
Since

(b3b3)(a3@3) = 2+ 5bs + ¢7 + ca + da + 2he + 2,
(b303) (b3@3) = (he + y3)(he + 73)

= hehe + y3he + V3he + y373

= 1+ 3bg + 2c4 + he + he + hehe

or 1 4 3bg + 2dy + i + i + hehe,
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comparing the number of degree 4, we come to ¢4 = ds, a contradiction. So Sub-
step 2 follows.

Step 4 There exists no NITA such that dg = c4 + C4.
If dg = c4 + ¢4, then bsbs = 1 + 2bg + c4 + ¢4. And (2.48), (2.49), (2.50), (2.51),
(2.52), (2.53) and (2.54) still hold with dy = ¢4. Thus

b3(bsca) = byxe + b3ze,
= c4 + he + bg + b37,
b3(b3ca) = b3 Y6 + b3 s
=c4+ i+ bg + b3 p.
Then
he + b3ze = i6 + b3 pe. (2.56)
Substep 1 There exists no NITA such that kg = i.

If hg = ig, then it follows from (2.48) and (2.51) that there is a3 € B such that
b3he = by + x6 + a3,
b3he = by + ys + 3.
It is easy to see that a3 # B3. Since z12 = hg + he, this means by Lemma 2.3 that
bsbg = x6 + Y6 + 3bo + a3 + B3.

Thus (bsby, bsbg) = 13.
By Lemma 2.3, we have that

bobg = 1+ 3bg + c4 + C4 + he + he + b3 f12.
But bsbs = 1 + 2bg + c4 + ¢4. Since (bobo, bg) = 3, we have that
13 = (bsby, bsbo) =9 + (ca, b3 f12) + (4, b3 f12).
We conclude that (c4, b3 f12) = (€4, b3 f12) = 2. Thus
(b3ca, f12) = (b3ca, f12) =2.
From (2.53) and (2.54), it follows that
(x6 + 26, f12) = (¥6 + P6, f12) =2.

Since x¢ # y¢ by (b3b3, bshs) =3 and z¢ # X6, Y6 # pe by Lemma 2.2, it fol-
lows that f1» = 2z¢ anEI 26 = P6. Hence_b3C7 = by + 2z¢ by Lemma 2.3. Therefore
(b3c7,b3c7) =5 and (b3zg, ¢7) = 2. So b3z = 2¢7 + c4. But

bgc = bg + he + he + 2b3ze = bg + he + he + 4c7 + 2c4,



2.3 NITA Generated by b3 and Satisfying b% =by + bs 49

This is impossible for bgc7 is real and ¢4 is not real.

Substep 2 There exists no NITA such that kg # is.

Suppose that hg # ig. By (2.56), it follows that (b3 ps, he) = (pe, b3he) =
(i, b3z6) = (b3i6,26) = 1. But by € Supp{bshe} by (2.51) and (c4,bsps) =
(¢4, b3z6) = 1 by (2.53) and (2.54). By (2.56), (2.51) and (2.54), there exist 33,
z3 and vg € N* B such that

byhe = by + pe + 83, (2.57)
bize = i6 + ¢4 + vs, (2.58)
b3pe = he + c4 + vs. (2.59)

Hence b383 = hg + y3, some y3 € B. Therefore (b3y3, b3y3) > 2. It follows that
8383 =y3p3=1+bsg

by Lemma 2.2.
Since

(b3b3)ca = cu + cabs,
b3(b3ca) = b3y + b3 pe
= c4 +ig+bs + he + ca + vg,

we have that c4bg = c4 + he + l_'6 + vg + bg. Then (cabg, cabg) > 5. Let c4c4 =
1+ bg +r7, re N*B and ry is real. By (2.52) and ¢4 is not re_al, we haye that r7 = ¢y
and then (ca4bg, c4bg) = 5. Consequently vg € B. By b3(8383) = (b383)83, we have
that

33y3 = b3 + x6 or b3 + ye,
83h6 = b3 + by + ye or b3 + by + X¢.
Without loss of generality, let 833 = b3 + x¢. Then
14 2bg + b3 = (8383)(y373) = (8373)(83)3) = b3b3 + b3Xe + b3x6 + X636
=14 3bg + c4 + ¢4 + he + he + x6X6.
It holds by (2.52) that
XeXe =1 +2b8+C7+i6+l_'6.
Furthermore (bsbs, x6Xg) = 5. On the other hand, the following equations hold:

b3(bsbs) = b3 + 2b3bg + bzca + b3ca
= 3b3 4+ 2bg + 2x6 + 2y6 + X6 + 26 + Y6 + P6,
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(b3bs)bs = b3bs + Xebs + Jebs
= b3 + x6 + Y6 + X6b5 + Ysbs.

Hence
Xebs + yebs = 2b3 + 2bg + 2x¢ + 2y6 + 26 + Pé- (2.60)

It is proved that (bsbs, x6%g) = 5. By the above equation and (bsxs, b3) =
(bsys, b3) = 1, we can only have that

bsxe = b3 + by + x6 + Y6 + 26 or b3 + by + x6 + y6 + ps,

bsye = b3 + bg + x6 + y6 + pe or b3 + bg + x6 + Y6 + Z6-

Hence

b3 (bsie) = b3bs + b3bg + b3xe + b3ye + b326
or b3b;3 +l;3b9 + b3xe + 153y6 + 133p6
= 1+bg+c7+bg+he+ie+ca+he+bs
+ ¢4 +ig+ by +ig+cq + vy
or 1 +bg + c7 4 bg + he + ig + c4 + he + b
+ &4 + i + bg + he + ¢4 + Dg,
(b3bs)xe = b3ie + X6 + Yoo

:E4+}_l()+b8+1+2bg+C7+i6+l_'6+y6)E(,.
Therefore
y6f6=264+h6+b8+176+vg or ¢4 + Ca + he + bg + g + 0.

If yex6 =2c4 + he + bg + l_'6 + vg, then (c4x6, y6) = 2. Hence (c4x¢, cax6) > 5,
a contradiction. Therefore

y6i6:6‘4+54+h6+b8+]_16+1_)8. (2.61)

Thus (c4x6, y6) = 1.
Consider the following equations:
b3(csc4) = b3 + babg + bzcy
= 2b3 + b9 + x6 + Y6 + bo + f12,
(b3ca)Cq = Caxe + C4z6,

(b3C4)cq = cay6 + c4ps-



2.3 NITA Generated by b3 and Satisfying b% =by + bs 51

By the expression x¢Xe, we have that (xg, cax¢) = 0. Consequently, (x¢, c4z6) = 1
by the above equations. Since bzc7 = bg + f12 and L1(B) = {1} and L>(B) =0, so
the constituents of f; are of degrees larger than 3. Since (c4x¢, b3) = (€426, b3) =1
by (2.53), (caxe, caxs) =4 and it is proved that (c4x¢, ys) = 1, we have that

Caxe =b3 + ys+bo+ g6, 86 <€ B.

Consequently c4z6 = b3 + x6 + by + f6, where f12 = f6 + g and fo € N*B.
Let b3g6 = c7 + x11 and b3 fs = ¢7 + y11, X11, y11 € N*(B). Then

b3(C4x6) = b3b3 + b3ys + b3bg + b3 g

=1+bg+ ¢4 +ig+bg+c7+bg+he+ig+c7+xi1,
¢a(b3xe) = Caca + Cahe + Cabg

= 1+ bg + ¢7 + Cah + ¢4 + he +i6 + Vs + bs,
b3(Caze) = b3bs + b3xe + b3bg + b3 fe

=1+bg +c4 + he + bg + c7 + b + he + is + ¢7 + Y11,
¢4(b3z6) = Cacq + Calg + Cavs

=1+ bg + c7 + Caig + C4vg.

Hence

E4h6+58=b8+z6+67 + x11, (2.62)
Cai + Cavg = ¢4 + he +2bg +1 +he +c7 4+ yi1. (2.63)

We assert that vg # bg. Otherwise, if vg = bg, then (c4bg, bg) =2. So (b2, ca)=2,
a contradiction by (2.52). Hence vg € Supp{x1} by (2.62). Let x1; = vg + x3, then
it follows by (2.62) that

Cahe = bg +i6 + 7 + X3.

By (2.63), we have that Eﬁ € Supp{54176 +cqvg}. So (cahe, ic)>1or (Cahg, v3) > 1.
The l_atter case will lead to vg = bg, a contradiction. Hence (c4hg, ig) > 1. Thus
ie = ig and (c4he, ig) = 1. Furthermore,

xeXe = 1+ 2bg + c7 + 2is.
And it follows by (2.49) and (2.51) that
byie =by + ys + 23, somez3 € B.
Thus

b3(x6Xxe) = b3 + 2b3bg + bzc7 + 2bs3ig
=3b3 + 2bg + 2x6 + 2y6 + bg + g6 + fo + 2b9 + 2y6 + 223,
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x6(b3xg) = x6C4 + X@f_l(, + xebg

= b3 + y6 + bo + g6 + x6he + x6bs.

Then xehe + x6bg = 2b3 + 2bg 4 2x6 + 3y6 + f6 + 2bg + 223.

By the expression yexe¢ and vg # bg, we have that (bgxe, ys) = 1. Hence
(x6he, v6) = 2 and so (X¢ Ve, he) = 2. Again by the expression ygXe, we have that
he = hg. Now (2.48) implies that xg € Supp{bshe}. Then pg = x¢ by (2.57). Con-
sequently b3cqa = x¢ + yg, from which we have (bcy, bsxg) = 1. Thus ¢4 = &4 by
(2.48). Step 4 follows. This completes the proof of Lemma 2.6. O

Therefore (bsbs, bg) = 1 and (b3bs, bsbs) = 2. Consequently by Lemma 2.3
we have xj» € B and (bsbg, bsbg) = 3. Thus Theorem 2.2 holds. Furthermore, in
Lemma 2.3 we proved that ¢7 € B.

2.4 General Information on NITA Generated by b3
and Satisfying bg = b3 + bg and bg = c3 + bg

Since the structure of NITA generated by b3 and satisfying b% = b3 + bg and b% =
c3 + bg are related, we investigate them simultaneously. Some results are written in
the same proposition. The purpose of this section is to prove (3) and (4) of the Main
Theorem 1. The following lemmas will be useful during our investigation.

Lemma 2.7

(1) If b3 = b3 + be, then b3bg = bg + b3be;
2) Ifb% = ¢3 + bg, then there exists an element x¢ € B such that bycz = b3 + x¢
and ¢3¢3 = | + bg. Furthermore, b3bg = x¢ + b3bg and c3bg = bg + b3 xe.

Proof (1) follows from (b3b3)b3 = b3b3.
(2) Since b3 € Suppibscs}, (bsbs,c383) > 2. But (b3bs, c3¢3) < 2, so (b3bs,
c3c3) =2 and

c3c3 =1+ bg, 53C3 =b3+x¢, x¢€B.

Checking (b3l33)b3 = b%l;3 and c3(c3C3) = b3 (536’3), one has (2). O

Lemma 2.8 If (b3bs, b3bg) > 4, then any constituent of bzbg and b3bg is either b3
or of degree > 3 and (b3zbg, bsbg) =4, 5.

Proof Since (b3bg, b3) = 1, the degree of the sum of the remaining constituents of
b3bg must be 21.

On the other hand, any constituent y, of b3bg must have degree > 4. Otherwise,
n =3 and b3y3 = 1 + bg, which implies that b3 = y3, a contradiction. Il
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Theorem 2.3 There exists no NITA generated by bz and satisfying b% = b3+ bg or
b3 = c3 + be and (b3bs, b3bg) = 2.

Proof Since bsbs = 1 + bg and (bsbs, b3bg) = 2, we may assume that b3bg = b3 +
b>1, where by; € B. By Lemma 2.7, one has that

b3 + ba1 = be + b3bg or x + b3be,
which is impossible. O

Theorem 2.4 There is no NITA generated by b3 and satisfying b% = b3 + bg or
b3 = c3 + b and (bsbg, b3bg) =5.

Proof (1) There is no NITA satisfying b% = b3 + bg and (b3bg, b3bg) =5.

By b2b3 = (b3b3)b3, we have that b3bg = bg + b3bs, which implies that bg €
Supp{l;3b6}._But by e Supp{l;3 be}. We need a sum with degree 7 of two constituents
to make up b3bg, which is impossible by Lemma 2.7.

(2) There is no NITA satisfying b% =3 + bg and (b3bg, b3bg) =5.

By Lemma 2.7 and (b3bg, b3bg) =5, we may assume that

(A) b3bg = b3+ x6 + x4 + ya + 27,
(B) b3bg = b3 + x6 + x4+ y5s + 26,
(C) b3bg = b3+ x6+ x5+ y5 + 25.

Since

b3(b3c3) = b3bs + xeb3,
l_7§63 =c3c3+ 6356
= 1+ bg + c3bs,

we have that b3xg = c3bs.

Since (c3bg, c3bg) = (bzbg, b3bg) =5 by Lemma 2.7 aI}d C3b_g = bg + b3xg
by Lemma 2.7, we have (b3x¢, b3xs) = 4. Furthermore, (b3x¢, b3xs) = 4. But
(b3x6, bg) = 1. We may assume

c3bg = byxe = bg + m3 +n3 + va,
where m3, n3, v4 € B and m3, n3, vs are distinct. We may assume
c3m3 = bg —i—m;‘, m%‘ € B,
c3n3 = bg + l’l;.

Hence (c3m3, c3m3) =2. So mymsz = 1 + bg. Moreover,

(c3C3)m3 = m3 + m3bg,



54 2 Splitting of the Main Problem into Four Sub-cases

(c3m3)C3 = C3be + c3m3
= b +m3 + 13 + V4 + C3m3.
Then
m3bg = bg + i3 + U4 + C3m3,

which implies that m3n3 = 1 4 bg. So m3 = n3, a contradiction. Il

Theorem 2.5 There exists no NITA generated by by and satisfying b% = b3 + bs,
(b3bg, b3bg) =4.

Proof Since b3bg = bg + §3b6 by Lemma 2.7 and by assumption that (b3bs,
b3bg) = 4, then bg € Supp{bsbe} and (b3bg, b3bg) = 3. But bz € Supp{b3bg}. Thus
there exists p7 € B such that

bsbo=b3+bs + p7,  bsbg=b3+be+bs+ p7
Hence
(b3b3)bg = bg + b3,
b3(b3bg) = b3b3 + b3bs + b3bg + b3 p7
=1+ bg + b3+ bg + p7 + b3 + b + bg + p7 + b3 p7.
Consequently, bg =14 b3 + b3 + p7 + p7 + 2bs + be + b3 p7. On the other hand,
(b3b3)? = 1+ 2bg + bZ,
b3b3 = b3bs + b3bg + b3be + bebe
=1+ bg + b3 + bg + p7 + b3 + bg + p3 + bebs.

We have that bg =b3 +53 + p7+ p7+bs +b656~ Hence b656 =1 +56 + bg +53p7.
Since

b2be = bsbe + bebs
= b3bg + 1 + bg + bg + b3 p7,
b3(b3bg) = b3bs + b3bg + b3 p7
=1+ bg + b3 + b + bs + p7 + b3 p7,
it holds that h3bg = b3 + p7 + bg. Now the following equations follow:
b3(b3be) = b3 + b3bs + b3y
= b3 + b + b3 + bg + bg + p7 + b3 p7,
(b3be)b3 = b3 + b3 p7 + bsbs
= b3 + b + b3 + bg + bg + p7 + b3 jp7.
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Then 2?6 + p7 + b3p7 = 2be + p1 + b3 D7- Si_nce be is nonreal, we have that
(b3 p7, bs) = 2, a contradiction to the expression b3bg. The theorem follows. Il

Theorem 2.6 There exists no NITA satisfying b% =c3 + bg, (b3bg, b3bg) =4 and
c% =r4+ 5.

Proof Let us investigate Sub-NITA generated by c¢;. By assumptions, we have
that (b3b3, b3b3) = (C3E3, 6‘353), hence b3b3 = 6'353. Therefore (C3E3, b%) = (b3b3,
b%) =4, thus (c3bg, c3bg) =4, a contradiction to Theorem 2.2. O

2.5 NITA Generated by b3 Satisfying bg = l_)3 + b¢ and bg
Nonreal and b € B is Real

Now we discuss NITA satisfying the following hypothesis.

Hypothesis 2.1 Let (A, B) be a NITA generated by a nonreal element by € B
satisfies bibs =1 + cg and b% = b3 + be, where bg € B is nonreal. Here we still
assume that L(B) =1 and Ly (B) = . In this section, we use the symbols b;, c;, d;
to denote elements of B with degree i, where i > 2.

By the associative law and Hypothesis 2.1, we have b3(b3b3) = (b%)l_73, b3 +
cgby = E% + b653, SO

cgby = 56 + b653.

Hence (b3bg, cg) = (b3cs, ]56) =1, s0
b3bg = cs + bo,

therefore byg € B since (b3cg, bycg) = 3. B
Now we shall deal with the case bjg = b1p € B.

Lemma 2.9 Let (A, B) satisfy Hypothesis 2.1 and bio = b1o € B, then

1) b3be = cs + bio;

2) 53b6=b3+b15,where b5 € B;

3) bzcg =b3 +be +bis;

4) b3bio =bi5+ be + C9, c9 € B;

5) b3bis =2b1s + be + c9;

6) bz =2bs + Co + bis;

7) becg = b3 4 2bys5 + bg + co;

8) bebg = l+cgs+x+y+z+w,wherex,y,z,w e B, |x+y+z+w|=27,and
the degrees of x,y,z and w > 5. Moreover,x +y+z+w=x+y+z + w;

9) cg=142c+2b1o+x+y+z+w;
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10) b3bis=hbyg+cg+x+y+z+w;
11) (cob3, c9) =1 or (becg, cy) > 1.

Proof We have seen that

cgbs = bg + bebs (1)
and

bibg = cs + b, (2)
where by is real. So we obtain (b3bg, b3bg) = 2 and consequently we obtain

b3bs = b3 + bys, (3)
where b15 € B. Hence by (1)

cgb3 = b3 +I;6+b15. 4)

By the associative law and (2), (3), we have b3(b3be) = (b3be)b3 and b3 + bisbz =
cgbs + b1obs, so by (4) and Hypothesis 2.1 we have

bisbs = bys + b3bio. )

_ Ifx € B and (b15b3, x) = (b5, b3x), so |x| > 5, Vx € B. So every constituent of
bibyo has degrees > 5. Since by is real, the constituents of b3b1g also have degrees
> 5, so by the associative law and Hypothesis 2.1 and (4), (2):

(b3b3)cg = (b3cs)bs,
cs + 3 = b3bs + bebs + bysb3,
3 =1+cg+big+b3bys. (6)
By the associative law and Hypothesis 2.1 and (2):
(b3b3)(b3b3) = b3b3,
1+ 23 + ¢ = b3bs + b3be + bebs + bebe,
¢z =2b1o + 8 + bebe; N
so we get
1 = (b3b15, b10) = (b1s. b3b1o).
By (2),
(b3b10. be) = (b3bs, b1o) = 1.

b3b1 have constituents of degree > 5 as we have proved. Therefore

b3b1o = bis + b + Co (3
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where c9 € B. So by (5),

bsbis = 2b1s + be + c9. )
By the associative law and Hypothesis 2.1 and (2), (3), (4):

(b3)be = (b3be)b3,
b3be + b2 = cgbs + biobs,

consequently
bE = 2be + bys + Co.
Now
b3(b3b) = (b3b3)bs,
b2 + byisbz = b + bebs.
Thus
cgbe = b3 + 2b15 + bg + co.
So
(bebs. cg) = (bs, becg) = 1.
Since
(b bg) = 6 = (bsbs. bsbe).
hence

bebg=1+cg+x+y+z4+w
where x, y, z, w € B. Therefore by (7), (6)
g=1+2cs+2bio+x+y+z+uw,
and
bsbs=big+cg+x+y+z+w.
So (b3bis, m) = (b3, bis), so [m| > 5, hence
lx, [yls 1zl lw] = 5.
By (8),
(b3cy, b1o) = (b3b1o, co) =1,
hence

bzcg=b1p+a,
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where « € N*B. By the associative law and Hypothesis 2.1:

(b3)co = (b3co)bs,
cobs + cobg = b1obs + abs = bys + bg + ¢9 + abs;

hence (cobs, C9) > 1, 0r (beco, C9) > 1. By (9) we conclude that either (C9153, c9) =1
or (becg, cg) > 1. O

We start to investigate the case (C9b3, c9) = 1 of Lemma 2.9.

Lemma 2.10 Let (A, B) satisfy Hypothesis 2.1. Assume that byg = b1g € B and
(cob3, c9) = 1. Then we have the following:

1) b3zcog =bi15+c9g+c3,c3,c9 € B

2) bebio = 3b15 + b3 + c3 + 9, bis € B;

3) cgbis =5b15 + b3 + ¢3 4 2bg + 3¢o;

4) bzcsz = cy;

5) bics =b9,l;9 =bg € B;

6) b3cg =bg + bio + bg, by = by, bg =bg € B;

7) ¢3bg =bio + bs;

8) bebis =4bys5 + bg + b3z 4¢3 + 2¢9;

9) c3¢3 =1+ bsg;

10) I;()b6:1+Cg+b9+b8+6'5+b5,05+b5265+b5;
11) ¢§ =1+ 2cg +2b1g + by + bg + bs + cs;

12) b3bis = byo + cg + by + bs + bs + cs;

13) bgb1s =2cg + 3b19 + 2bg + 2bg + bs + c5;

14) cgb10 = 2cg + 2b19 + 2bg + 2bg + b5 + cs;

15) becy = b1o + cg + 2by + bg + bs + cs;

16) by =1+ 2cg + 2b1o + 3bg + 2bg + 2bs + 2cs.

Proof By5)inLemma 2.9, (b3cy, b1s) = (co, b3b1s) = 1. So by the assumption in
the lemma, (b3c9, c9) =1, hence

b3éo = bi5 + c9 + c3, 1
where c3 € B. By the associative law and Hypothesis 2.1 and 4) in Lemma 2.9

(b3)b1o = (b3b10)b3,
b3b1o + beb1o = b1sb3 + bebs + Cobs;

by 2),4),5) in Lemma 2.9 and (1),
beb1o = 3b15 + b3 + ¢35 + co. 2

By the associative law and Hypothesis 2.1 and 5) in Lemma 2.9:
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(b3b3)b1s = (b3bis)bs,
cgbis + bis = 2bysbs + bybe + cobs;

by (1) and 2), 5) in Lemma 2.9,

cgbis = Sbys + by + &3 + 2be + 3¢o. 3)

By (1),
(c3b3, c9) = (b3cy, c3) =1,
hence
c3by = c9. (3"
So
(c3b3, c3b3) = (b3C9, c3) =1,

hence

c3b3 = by. “)
By the associative law and Hypothesis 2.1 and (3)
&3(b3) = (3b3)bs,
¢3b3 + E3b6 = cobs,
hence
cobs = by + 3bs. 5)

By (1) and (4) in Lemma 2.9, (cob3,b19) = (b3b10,C9) = 1, (b3c9, b3cy) =
(b3C9, b3Co) = 3, hence

cob3 = by + bio + bg, (6)
where bg € B. So
c3bg = b1 + bg. 7
By the associative law and Hypothesis 2.1 and 4) in Lemma 2.9:
(b3b3)b1o = (b3b10)b3,
bio + csb1o = bi5b3 + bebs + Cobs,
by 1), 10) in Lemma 2.9 and (6)
cgbio=cg + X+ 3+ 7+ W+ bg. (8)

bio, cg are reals, so if bg # bg, then (cgb1o, bg) # 0, and without loss of generality
X = bg, so x = bg and by 8) in Lemma 2.9 and without loss of generality y = bg,
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so by (8) (cgbio, bg) = 2, hence (cgh10, bg) = 2, so without loss of generality 7 =
bg, hence z = bg and by 8) in Lemma 2.9 without loss of generality w = bg then

(cgb10, bg) = 3, a contradiction. Hence bg = bg. In the same way by = bg.
By the associative law and 2), 6) in Lemma 2.9:

(b3)b3 = (bsb3)bs,
2bgb3 + E9b3 + bisbz = bybs + bysbs,
and by Lemma 2.9 and (6)
beb1s =2cg +3bjo+bg+bo+x+y+w+z.
By the associative law and the Hypothesis 2.1 and 4) in Lemma 2.9:
bio(b3b3) = (b3b10)b3,

bio + cgbio = b3bis + babe + bico;

by (6) and 1), 10) in Lemma 2.9
cgbio=2cs +2b1o+x+y+z+w-+bg+ bog.
By the associative law and 2), 3), 6) in Lemma 2.9 and (3):
cg(bsbg) = (b3cg)bs,

bycg + biscs = bzbs + bg + bisbs,

beb1s = 4b15 + b + b3 + C3 + 2¢9.
By the associative law and (1), (4), (6) and Hypothesis 2.1:

(b3)C9 = (b3Co)b3,
b3o + beCo = bisbs + cobs + c3b3,
beco =b1g+cg+x+y+z+w+ bo.
By the associative law and 1) in Lemma 2.9 and (2):
(b3be)bro = (beb10)b3,
cgbio + bl = 3bisbs + b3bs + c3b3 + cobs,

by (4), (6), (10) and Hypothesis 2.1

bty =14 2cg + bo + 2b1o + 2x + 2y + 2z + 2w.

)

(10)

(1)

(12)

By (2), (bsb10, beb1o) = 12. But by 8) in Lemma 2.9 and (12) (bbs, b3,) = 10, so

we obtain, without loss of generality,

x = bog.

13)
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By (4) and that by = by, (c3b3,é3b3) = (b3,3) = 1, but by (3') (c3,b3) =
(c3b3, &3) = 0, so by Hypothesis 2.1

(&3,b6) = 1. (14)
Hence
(c3c3, c303) =2,
SO
c363=1413. (15)
By (4)

(c3b3, c3b3) = (33, b3b3) =1,
therefore by hypothesis #3 # cg. By (12), (13) and 9) in Lemma 2.9

(bl c§) = 18 = (cgb10, csbio).
So by (8) we conclude that, without loss of generality,
y =bs. (16)

So by (13), (16) and 8) in Lemma 2.9, we obtain |z| = |w| =5, set z = b5 and
w =cs. By (7),
(€3be, E3be) = (G3¢3, bobe) =2,
so by (15) and 8) in Lemma 2.9 and by (16) tg = bg. So c3¢3 =1 + bg. By 8), 9),
10) in Lemma 2.9 and (10), (11), (12), (13), (16), (9)
bobe = 1+ cg + by + bg + cs + b,
C§= 1+ 2cg + 2b1o + by + bg + bs + cs,
b3bis = b1+ cg + b + bg + bs + cs,
beb1s = 2cg + 3b1o + 2bg + 2bg + bs + cs,
cgb1o = 2cg + 2b1g + 2by + 2bg + bs + cs,
beCy = b1o + cg + 2bg + bg + bs + cs,
b}y =1+ 2cg +2b1o + 3bg + 2bg + 2bs + 2cs.

O

Lemma 2.11 Let (A, B) satisfy Hypothesis 2.1. Assume that byg = b1 € B and
(cobs3, c9) = 1. Then we obtain the following equations:

1) b3bg =bi5+ Co + c3;
2) cacg =c9 +bis;
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3) b3bg = b5+ Co;
4) b3cs =bis;
5) bzbs =b;s;
6) bebs =bis+ be + c9;.
7) becy = 2b15 + 2¢9 + bg;
8) c3bg =c3+bis;
9) bebg =2by5 + bg + 2c9;
10) becs = bis + be + co;
11) bebg = 2b15 + be + c3 + c9;
12) ¢3b10 = b15 + b + c9;
13) c3c9 = b5+ C9 + b3;
14) c3bg = c3 + b + b1s;
15) c3bg = bys5 + b3 + co;
16) c3b15 =2bj5 + bg + Co;
17) bgbis = 5bis + b3 + c3 + 2be + 3co;
18) bgcg =3b1s + 2c9 + be + b3.

Proof By)5), 6),12), in Lemma 2.10
(b3by, c3) = (b3c3, bo) =1,
(b3by, c9) = (b3c9, bo) =1,
(b3bo, bis) = (b3bis, bo) =1,
then
b3bg = b5+ 9 + C3.
By the associative law and 1), 4) in Lemma 2.10 and Hypothesis 2.1,
(b3c3)by = (b3b3)cs,
Cob3 = c3 + ¢3¢,
SO
c3cg =co + bis.
By 6), 12) in Lemma 2.10,
(b3bg, bis) = (b3bis, bg) = 1,
(b3bs, c9) = (b3c9, bg) =1,
then
b3bg = b5 + Co.
By the associative law and 2) in Lemma 2.9 and 10) in Lemma 2.10:
(bsbe)b3 = (b3be)bs.
b3 + cgb3 + bobz + bgbs + c5b3 + bsbz = b3bg + by5bg,

(D

2)

3)
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by 2), 3) in Lemma 2.9 and (3), (1) and 8) in Lemma 2.10:

SO

By the associative law and Hypothesis 2.1 and (5) and 5) in Lemma 2.9

by (5)

csb3 + bsbz =2b;s,

csbz = bys,
bsb3 = bis.

(b3)bs = (b3bs)b3 = b3bys,
b3bs + bebs = 2bys + be + co,

(b3bs, b3bs) = (bsbs, bsb3) = 1.

So b3bs = by, therefore

bebs = b5 + be + co.

By the associative law and 4), 7) in Lemma 2.10:

(b3¢3)be = (C3b6) D3,
cobg = b1ob3 + bgbs,

by 4) in Lemma 2.9 and by (3)

By the associative law and the Hypothesis 2.1 and 5) in Lemma 2.10:

becy = 2by5 + 289 + bg.

(b3)cs = (b3e3)bs,  bscy + becs = bobs,

so by (1) and 4) in Lemma 2.10

becz =c3 + bis.

10), 13), 15) in Lemma 2.10,

SO

(beby, b1s) = (bebis, by) =2,
(bebo, be) = (by, bebe) = 1,
(beby, c9) = (bsCy, by) =2,

bebg = 2by5 + bg + 2cg.
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By the associative law and Hypothesis 2.1 and (4):
(b3)cs = (b3cs)bs, bscs + bges = bysbs,
by 5) in Lemma 2.9

bscs + bcs = 2bys + be + co,

(csh3, csb3) = (csbs, csb3) =1,
so bycs = bys, hence by 7), 10), 13), and 15) in Lemma 2.10

becs = bis + be + co,
(bebsg, c3) = (becs, bg) =1, (bebs, be) = (bs, bebe) = 1,
(bebs, c9) = (bg, beco) = 1, (bebs, b1s) = (bebis, bs) =2,

SO
bebg = 2b15 + bg + ¢3 + c9.

By the associative law and 1) in Lemma 2.9 and (8)
c3(b3be) = (c3b6)b3, c3cg + c3bio = €3b3 + bisbs,
by (2), 4) in Lemma 2.10 and 5) in Lemma 2.9
c3b1o = bis + be + co.
By the associative law and 4), 9) in Lemma 2.10:
(c3¢3)b3 = (c3b3)c3, b3 + bgbz = coc3,

by (3)
c3c9 = bis + C9 + b3.

By the associative law and 6) in Lemma 2.10 and (13)

(b3cg)cz = (c3¢9)b3,

bocs + biocs + bges = bisbs + Cobs + b3;
by (12) and 5) in Lemma 2.9 and 1) in Lemma 2.10 and Hypothesis 2.1

bycs + bscs + bis + be + cg = 2bysb + c9 + bis + co + ¢3 + b3 + b,
bocs + bgcy = 2bys + cg + ¢3 + b3y + bg;

by 5), 7), 9) in Lemma 2.10

(10)

(1)

12)

(13)
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(bgcs, b3) = (c3b3, bg) =0,
(bgc3, c3) = (bg, c3¢3) =1,

(bgcs3, bs) = (bg, c3bg) = 1.
So
bgcs = c3 + bg + bis, 14
hence
bycs = bys + b3 + co. (15)
By the associative law and 2) in Lemma 2.9 and 7) in Lemma 2.10:
c3(b3be) = (c3b6)b3, c3b3 4 c3bis = biobs + bgbs,
by 4) in Lemma 2.10 and 4) in Lemma 2.9 and (3):
c3bis = 2by5 + be + Co. (16)
By the associative law and 9) in Lemma 2.10:
(c3b15)¢3 = (c363)bis, 2b15¢3 4 beC3 + Cocs = bis + bgbis,
by (16) and (8), (13)
bgbys = 5bis + b3 + c3 + 2bs + 3co. (17)
By the associative law and (13) and 9) in Lemma 2.10:
(c3¢3)c9 = (c309)c3, ¢9 +bgcg = bi5¢3 + Coc3 + bics,
by (13), (16) and 4) in Lemma 2.10:
co + bgco =2bys + bg + co + bys + co + b3 + co,

then
bgco = 3b15 + 2c9 + bg + b3. (18)
O

Lemma 2.12 Let (A, B) satisfy Hypothesis 2.1. Assume that bio = bio € B and
(cob3, c9) = 1. Then we obtain the following equations:

1) c3¢9 =b1o+ by +cs;

2) c3bis =bs+ c5 + cg + bg + bg + byg;

3) 3 =23+ be:

4) bysb1s =1+ 3bs + 3cs + Scg + 5bg + 6bg + 6b1;
5) b25 =9bys + 4bg + 2b3 + 2¢3 + 6co;
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6) biob1s = 6bys + 3bg + b3 + &3 + 4¢o;
7) cob1s =2bs + 2¢5 + 3¢y + 3bg + 3bg + 4bqp;
8) cobis = 6b15 + 2bg + b3_+ ¢3 + 3¢9;
9) ¢ =3b15+ b3 + &3 + 2b6 + 2Co;
10) c9c9 = l_+268 + 2bg + 2b1o + ¢5 + b5 + 2bg;
11) cgcog =3b15 + b + c3 4+ 2c9;
12) bgcg = l;é + 2¢9 + 3515 + c3 + 2bg;
13) c9bio = b3z + 2c9 + 3b15 + c3 + 2bg;
14) bsco = 2bys + bs + c9;
15) ¢sc9 =2bi5 + be + co;
16) bs =bs, cs = cs;
17) c3bs =bs;
18) C3C5 = [)15.

Proof By 2), 12), 15) in Lemma 2.11, (c3¢9, b1g) = (c3b10, c9) = 1, (c3¢C9, bg) =

(c3by, c9) =1, (c309, cg) = (c3¢8, c9) = 1, then
¢3¢9 = b1 + bg + cg.
By the associative law and 3) and 14) in Lemma 2.11:
(b3bg)cz = (c3b3)b3, biscs + Coc3 = c3b3 + bebs + bysbs,
by 5), 12) in Lemma 2.10 and (1) and 1) in Lemma 2.9
c3bis =bs+c5+ cg + bg + by + byo.
By the associative law and (1) and 1) Lemma 2.10:
(b3cg9)cs = (c3C9) b3, biscs + coc3 + 5 = biobs + bobs + csbs;
by 1), 13), 16) in Lemma 2.11 and 3), 4) in Lemma 2.9
c% =3 + be.
By the associative law and 2) in Lemma 2.9 and 8) in Lemma 2.10:

(b3be)b1s = (bebis)bs,
b3bys + bsbys = 4bysbs + bebs 4 b3bs + c3b3 + 2c9b3.

(D

2

3)

By 6), 5), 12) in Lemma 2.10 and 1) in Lemma 2.9 and Hypothesis 2.1, we obtain

that
bisbys =1 4 3bs 4 3cs + Scg + Sbhg + 6bg + 6b.

By the associative law and 2) in Lemma 2.9 and 13) in Lemma 2.10:

4)
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(b3be)b1s = b3 (bebs),
bsbis + bis = 2cgbs + 3b19b3 + 2bobs + 2bghs + bsbz + csbs;

by 3), 4) in Lemma 2.9 and 1, 3), 4), 5) in Lemma 2.11
b}s = 9b1s + 4bg + 2b3 + 3c3 + 6c9. (5)
By 4), 12), 13) in Lemma 2.10 and 12) in Lemma 2.11 and 5) in Lemma 2.9:

(biobis, b3) = (b1o, bisbis) =6, (b1obis, be) = (b15be, b1o) =3,
(b1ob1s, b3) = (b1sb3, bio) = 1, (b1ob1s, €3) = (brocs, bis) = 1,
(biobis, bacs) = (bishs, biocs) =4,

so (biobis, c9) = 4. Hence
biob1s = 6b1s + 3bg + b3 + &3 + 4¢9. (6)
By the associative law and 4) in Lemma 2.10 and 16) in Lemma 2.11:
(b3¢3)b15 = b3(c3D15), cobis = 2b15b3 + b3bg + b3co;
by 6), 12) in Lemma 2.10 and 1) in Lemma 2.9:
cob15 =2bs 4+ 2¢5 4 3cg + 3bg + 3bg 4 4b1p. 7
By 4) and Lemma 2.10 and (2) we get:

(b383)b1s = (€3b15)b3,
cobys = bsbs + csby + cgbs + bghs + bobs + bigbs;

by 1), 3),4),5) in Lemma 2.11 and 3), 4) in Lemma 2.9,
cobis = 6b15 + 2bg + b3 + &3 + 3¢o. (8)
By the associative law and 4) in Lemma 2.10 and (1):
(b3&3)co = b3(T3c0),  c5 = biobs + bobs + csbs;
by 3), 4) in Lemma 2.9 and 1) in Lemma 2.11
¢ =3bis + b3 + 3 + 2bg + 20o. 9)
By the associative law and 4) in Lemma 2.10 and 13) in Lemma 2.11:

(b3c3)cg = b3(c309), c9Cy = b3by5 + b3cy + b3b3;
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by 6), 12) in Lemma 2.10 and Hypothesis 2.1:
c9Co =14 2cg + 2bg + 2b1o + c5 + bs + 2bg. (10)
By the associative law and 4) in Lemma 2.10 and 2) in Lemma 2.11:
(b3c3)cs = (c3¢8)b3, cocg = Cob3 + bisbs;
by 1) in Lemma 2.10 and 5) in Lemma 2.9:
cocg = 3b15 + bg + c3 + 2co. (11)
By the associative law and 5) in Lemma 2.10 and 13) in Lemma 2.11:
(b3c3)cg = (c309)b3, byco = bisbs + Gobs + b3;
by 5) in Lemma 2.9 and Hypothesis 2.1 and 1) in Lemma 2.10
bocg = b3 + 2c9 + 3b1s + 3 + 2bg. (12)
By the associative law and 4) in Lemma 2.10 and 12) in Lemma 2.11:
(b3¢3)b10 = (¢3b10)b3, cob1g = bisb3 + beb3 + Cobs;

by 2) and 5) in Lemma 2.9 and 1) in Lemma 2.10

cob1g = b3 + 2c9 + 4by5 + c3 + be. (13)
By (2),
(¢3bs, bis) = (bs, c3b15) =1, (c3cs, bis) = (¢s, c3bis) = 1.
So
c3bs =bis, (14)
c3cs = bs. (15)

Hence by 4), 5) in Lemma 2.10 and the associative law:

(¢c3bs)b3 = (b3cs)bs, (c3c5)bs = (b3c3)ces,

bisbz = c9bs, bisbz = cocs.
By 5) in Lemma 2.9 we get:

bscg = 2b15 + be + co, (16)
csco = 2bys + bg + co. (17)
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By the associative law and 12) in Lemma 2.10 and 5) in Lemma 2.11:

(b3b15)bs = (b3bs)bis = bisbis,
biobs + cgbs + bobs + bgbs + b2 + csbs = bisbys,

so0 bs is real and so cs is real. So by (14), (15) c3bs = bis, c3bs = bys. O

Lemma 2.13 Let (A, B) satisfy Hypothesis 2.1. Assume that bio = bio € B and
(cob3, c9) = 1. Then we obtain the following equations:

1) bscg = c5 + cg + bg + bg + byg;

2) bsbg = c5 + cg + bg + bg + b1;

3) bsbg = big + cg + bg + bg + bs + c5;

4) bsbig = cg + bg + bg + bs + 2b1;

5) b2 =1+big + bo + bs;

6) cs5bs =bg + cg + by;

7) cgbg = bs + c5 + cg + bg + 2bg + 2b10;

8) cgbg =2bg + 2bg 4 2b1o + bs + c5 + cg;
9) b3 =1+ bs + cs + 2cg + 2bg + 2bg + 2b10;
10) b2 =1+ bs + ¢5 + cg + 2bg + by + 2b10;
11) bgbg = bs + c5 + 2cg + bg + 2bg + 2b1p;
12) bgb1o = bs + ¢5 + 2¢c3 + 2bg + 2by + 2b);
13) cscg = bs + cg + bg + bo + bio;

14) csbg = bs + cg + bg + bg + b1o;

15) ¢sbg =b1o + cs + bg + bg + bs + ¢5;

16) c¢sbig =bg + cg + bg + ¢5 + 2b1p;

17) C§=1+b9+b10+65;

18) bsbis =3bis + b + b3z + ¢3 + 2¢9;

19) ¢sbis = 3b1s5 + be + b3 + ¢3 + 20v;

20) byob15 = 6b15 + 3¢9 + b3 + 2bg + C3;

21) bgbiy = bs + c5 + 2cg + 2bg + 2bg + 3b.

Proof By the associative law and Hypothesis 2.1 and 12) in Lemma 2.10:
bs(b3b3) = (b3bs)bz = bisbs,
bs + bscg = bisbs = big + cs + by + bg + bs + cs.

Thus
cgbs = c5+ cg + bg + bg + b1p. (D

By the associative law and 9) in Lemma 2.10 and 18) in Lemma 2.12:
(c3¢3)bs = (c3b5)c3, bs + bsbg = bisc3;
by 2) in Lemma 2.12

bsbg = c5 + cg + bg + bg + b1p. )
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By the associative law and 5), 12) in Lemma 2.10 and 18) in Lemma 2.12:

(b3c3)bs = (c3b5)b3,
bobs = b1sbs = b1 + cg + by + bg + bs + cs. 3)

By the associative law and 1) in Lemma 2.9 and 5) in Lemma 2.11:
(b3be)bs = (b3bs)be, cgbs + biobs = bisbe;
by (1) and 13) in Lemma 2.10:
bsbiog = cg + bg + by + bs + 2by. 4
By the associative law and 12) in Lemma 2.10 and 5) in Lemma 2.11:

(b3b15)bs = (b3bs)bis,
b1obs + cgbs + bobs + bgbs + bg + csbs = bysbys;

so by 4) in Lemma 2.12 and (1), (2), (3), (4),
bg—f-csbsz1+b5+2b9+b10+b8+08,
and by (2), (4), (3), (1),
(b3, b10) = (bs. bsbio) =1, (b3, bo) = (bs, bsbo) = 1.
Therefore

b§=1+b1o+b9+b5, )
c5bs = bg + cg + bo. (6)

By the associative law and Hypothesis 2.1 and 3) in Lemma 2.11:
(b3b3)bg = (b3bg)bs, bg + cgbg = b15b3 + cob3;
by 6), 12) in Lemma 2.10, we obtain
cgbg = bs + 5 + cg + bg + 2bg + 2bq. (7N
By the associative law and Hypothesis 2.1 and 1) in Lemma 2.11:
(b3b3)bg = (b3b9)b3, by + cgbg = b1sb3 + cobz + c3b3;
by 5), 6), 12) in Lemma 2.10 we obtain

by + cgbg = b1o + c8 + by + bg + b5 + ¢5 + by + b1o + bg + bo.
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By 5) in Lemma 2.10 and 15) in Lemma 2.11 we obtain

cgbg = 2bg + 2bg + 2b1g + bs + ¢5 + cg,
(b3¢3)bg = (c3by)b3, b} = bisbs + b3bs + cobs;

by 12) in Lemma 2.10 and Hypothesis 2.1 and 6) in Lemma 2.10:
b} =1+ bs + cs5 + 2c5 + 2bg + 2bg + 2byo.

By the associative law and 9) in Lemma 2.10 and 14) in Lemma 2.11:

(c3c3)bg = c3(c3bg), bs + bi = ¢33 + c3bg + c3bis;
by 7), 9) in Lemma 2.10 and 2) in Lemma 2.12:

b§ =1+ bs + cs5 + cs + 2bg + by + 2.
By the associative law and 9) in Lemma 2.10 and 15) in Lemma 2.11:
(c3¢3)bg = (¢3b9)c3, bg + bgbg = b15c3 + b33 + Coc3;

by 1), 2) in Lemma 2.12 and 5) in Lemma 2.10:

bg + bgbg = bs + c¢5 + cg + bg + by + b1 + bg + b1o + by + cg,
bgbg = bs + c5 + 2cg + bg + 2bg + 2by.

By the associative law and 9) in Lemma 2.10, 12) in Lemma 2.11:
(c3¢3)b10 = (C3b10)C3, b1 + bgbio = biscs + becs + ocs,
so by 1), 2) in Lemma 2.12 and 7) in Lemma 2.10:

bgb1o = bs + ¢s5 + 2cg + 2bg + 2bg + 2b1.
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®)

9

(10)

(1)

(12)

By the associative law and Hypothesis 2.1 and 4) in Lemma 2.11, 12) in Lem-

ma 2.10:
(b3b3)cs = (b3cs)bs,
¢s + cscg = bisby = b1 + cg + by + bg + bs + cs,
¢scg = by +cg + by + bg + bs.
By the associative law and 9) in Lemma 2.10 and 2), 18) in Lemma 2.12:
(c3¢3)c5 = (c3c5)C3,
¢5 + csbg =bisc3 = bs + ¢5 + ¢cg + bg + by + bo.
csbg = b5 4 cg + bg + bo + byp.

13)

(14)
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By the associative law and 5), 12) in Lemma 2.10, 18) in Lemma 2.12:
(b3c3)es = (c3¢5)b3,
bocs = byshy = b1o + cg + by + bg + bs + cs. (15)
By the associative law and 1) in Lemma 2.9 and 10) in Lemma 2.11:
(b3be)cs = (becs)bs,
cgcs + biocs = bisbs + bibg + b3co.
By 6), 12) in Lemma 2.10 and (13) and 1) in Lemma 2.9 we get:
bio + cg + by + bg + bs + biocs = bio + ¢g + by + bg + bs + ¢5 + s + bio
+ by + b1o + D,
biocs = ¢5+ cg +2b1o + bo + bs. (16)
By the associative law and 10) in Lemma 2.10, 10) in Lemma 2.11:
(bebe)cs = be(becs),
¢5 + cscg + bocs + bges + c% + bscs = bebys + bebe;
by (13), (15), (14), (6) and 10), 13) in Lemma 2.10:
¢z =1+bg+bi+cs. (17)
By the associative law and 18) in Lemma 2.12 and (5):
c3b2 = (c3bs)bs,
¢34 biocs + bocz + bscz = bisbs;
so by 12), 15) in Lemma 2.11 and 17) in Lemma 2.12:
bsbys = 3bys + b + b3 + c3 + 2c9. (18)
By the associative law and 18) in Lemma 2.12 and (17):
(cD)e3 = (esc3)es, ¢3 + bycs + biocs + csc3 = byscs;
so by 12), 15) in Lemma 2.11 and 18) in Lemma 2.12:
biscs = 3bis + be + bz + ¢3 + 2co. (19)
By the associative law and 4) in Lemma 2.11 and (15):
(b3cs)bg = b3(csbo),
b15bg = b3bg + cgb3 + bsbz + c5b3 + bobs + biobs;
by 3),4) in Lemma 2.9 and 1), 3), 4), 5) in Lemma 2.11:
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bisby = bys + Co + b3 + be + b5 + 2bys5 + 2b15 + 289 + &3 + b,
bisbg = 6bys + 3o + b3 + 2be + C3.
By the associative law and 5) in Lemma 2.10 and 4) in Lemma 2.9:
bio(b3c3) = (biob3)cs,
bioby = bisc3 + becs + Cocs,
b1obg = bs + ¢5 + cg + bg + by + b1o + bg + cg + by + b1o,
biobg = bs + ¢s + 2cg + 2bg + 2bo + 3b1o.

O

This completes the investigation of 11) in Lemma 2.9, subcase (c9b3, c9) = 1. Thus
we have the remaining case that (b3c9, c9) = 0. In the remainder of this section, we
deal with the investigation of 11) in Lemma 2.9, subcase (bgco, C9) > 1.

Lemma 2.14 Let (A, B) satisfy Hypothesis 2.1. Assume that bio = bio € B and
(bgcg, c9) > 1. Then we obtain:

1) bscg=bio+x+s,s€B,|x+s|=17, 5| =s];
2) (csbis, c9) = (cgcg, bis) =2

3) beCo =3cy + b5+ be + 16, t6 € N*B;

4) cgbio=2cg +2bjo+2x+y+z+w+s;

5) bebis=3bjo+2cs+x+y+z+w+x+s;

6) bsco=bis+e+0,¢,0€B,|e+0]=12;

7) b6b10:b3+3b15_+§+9_;

8) cgbis =5b15+2bg +2c9 + b3+ +6.

Proof By the associative law and Hypothesis 2.1 and 10) in Lemma 2.9:
(b3)bis = (b3bis)bs,
bsbis + bb1s = biobs + csb3 + b3 (x +y +z 4+ w).
So by 5), 4), 3) in Lemma 2.9,
bebis = b3 +be+b3(x +y +z+w). (1)
By the associative law and Hypothesis 2.1 and 4) in Lemma 2.9:
(b)b1o = (b3b10)b3,
b3b1o + beb1o = bisbs + bebs + Cobs;
by 4), 5), 2) in Lemma 2.9:

beb1o = b3 + 2b15 + b3¢. )
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By the associative law and (2) and 4) in Lemma 2.9:

(b3b10)be = (beb10)b3,
b2 + bisbe + beCo = b3 + 2b15b3 + (b3b3)cy.

So by 5), 6) in Lemma 2.9 and Hypothesis 2.1:

2bg + 9 + bis + b3 + b + b3 (x + y + z + w) + becy
253 + be +4l;15 + 2bg + 2¢9 + c9 + cgcy,
beCo + b3 (x 4+ y + 7 4+ w) = 3b1s5 + 2c9 + cgco. (3)

By the associative law and 6), 7) in Lemma 2.9:
(bg)cs = (bocs)bs,

2becs + Gocs + biscs = bybg + 2b15be + b + cobe;
by 7), 2), 6) in Lemma 2.9 and (3), (1)

cgbis = b3 + 2be + Co + bis + b3 (x + y + 2+ w). )
By the associative law and Hypothesis 2.1:

(b3b3)cy = (b3c9)b3, cg + cocg = (b3co)bs,
but by 5) in Lemma 2.9,
(b3cg, bis) = (co, b3bis) = 1.

So

c9 + cocg = b1sbs + a1 bs3;

hence by 5) in Lemma 2.9 we obtain that:
cocg = 2b15 + bg + a1 b3. 5
Hence
(cgeg, bis) > 2. (6)
By 10) in Lemma 2.9,
(b3x, bis) =1, (b3y,bis) =1, (b3z, bis) =1, (b3w, bis) =1.

So by (3),
(beCo, bis) > 1. @)
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By (6), (csb1s, c9) = 2, so by (4),

(b3(x +y +z+w), ) #0.

Hence one of b3x, b3y, b3z, and b3w contains cCy; thus, without loss of generality,
we may assume that

(b3x, c9) #0. ()
By the associative law and Hypothesis 2.1 and 4) in Lemma 2.9:

(b3b3)b1o = (b3b10)b3,
bio + cgbio = bisbs + bebs + cobs;
by 10), 1) in Lemma 2.9
cghio=2c8 + b1o+x + y+ 2+ w + b3éo. )
By (8) and 4) in Lemma 2.9, (b3c9, b1o) = (b3b10, C9) = 1, (b3cy, X) # 0; so
bsco=bjg+x+a, ac€N*B. (10)

Then (b3x, ¢9) = (b3c9, X) # 0. By (9) since cg, b1g, x + ¥ + z + w are reals then
b3cg is real. By 10) in Lemma 2.9, (b3x, b15) = 1; therefore

b3x =9 + bis + B, 1D
where 8 € N*B. So |x| > 8. Hence by (10)
3 < (b3cg, b3cg) <5.
Thus
3 < (b3b3, coé9) < 5.
So by Hypothesis 2 < (c9co, cg) < 4. Thus
2 = (c9, cocy) = 4. (12)

If (cgbis, ¢9) > 4 then by (4), we have that (b3(x + y + z + w), ¢9) > 3. Since
1 + (cs, bisb15) = (1 + cs, bisb15) = (b3b3, bisb15) = (b3b1s, b3b1s) = 6 by 10)
in Lemma 2.9, we have that (cgbys, b1s) = 5. Hence we obtain, without loss of
generality, by (11) that

b3y =cy9 + b5+ B, b3z =7C9 + b5+ Bo.

So the degrees of x, y and z are all larger or equal to 8, but [x + y 4+ z + w| =
27; hence |x| = |y| = |z| =8 by (11) and (b3cy, x) = (b3co, y) = (b3c9,2) =1, a
contradiction to (10). If (cgb15, c9) = 3. Then by (5) and (12)

cgc9 = 3b15 + bg + 2co + ¢3, (13)
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where 3 € B. By (4), (b3(x + y + 2 + w), &9) =2, s0 by (3) (beCo, cg) =2 and by
10), 6) in Lemma 2.9, (beco, bg) =1, (b3(x +y + z + w), b15) =4, so by (3), (13)
(b6Co, b1s) = 2. Hence

beco = bg + 2C9 + 2by5s. (14)
So by (3),
b3(x +y + 2+ w) =4bi15 + 2c9 + c3.
Then we obtain, without loss of generality, that the only possibility is
x = bg, y = by, z=bs, w = cs,

when bg, b, bs, cs5 are reals. So

b3bg =bys + co, (15)
b3bg = bys + c9 + c3, (16)
b3bs =bys, a7
bycs = bys. (18)

So (b3cg, bg) =1, and by 4) in Lemma 2.9, (b3cg, b1g) = 1. Thus
bzcg =b1o + bg + bo. (19)
So by the associative law and Hypothesis 2.1
(b3)co = (b3co)bs,
cobs + cobg = b1obs + bgbs + bobs.

Therefore by (15), (16), (14) cob3 = bys5 + C9 + 3 which contradicts the assumption
in the lemma, we conclude that (cgb5, ¢9) < 2 and by (8) and (4),

(cgbis, o) =2. (20)
By (4)

bs(x+y+z+w),co)=1, (21

and by (3), (12) we obtain 3 < (b66‘9,C9) <5, by (20) (c809,b15) = 2. So by
(3) and that (b3(x +y+z+w), b1s) =4 we get (bgCo, bys) = 1. And by 6) in
Lemma 2.9, (bgCo, bg) = 1. So (bgCo, co) = 3. Then by (3), (21), (cgco, c9) = 2. So
(cg, cocg) = 2, and by Hypothesis 2.1 (cocy, b3b3) = 3. Thus (b3c9, bycg) = 3. So
by 4) in Lemma 2.9 and (10), we obtain that

bzcg =bjo+x +s5, (22)
s € B. Also
beCy = 3co + bys + be + 6, (23)
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where g € N*B, tg # b, bg. By (9) and (22),

cgbio=2cg +2bjo+2x +y+z4+w+S. (24)
By the associative law and 5) in Lemma 2.9:

(b3)bis = (b3bis)bs,
b3bis + bebis = 2b15b3 + bebs + cobs;

by (22) and 1), 10) in Lemma 2.9:
bebis =3b1o+2cs+x +y+z+w+x +S. (25)

By the associative law and Hypothesis 2.1 and 5) in Lemma 2.9:
Since bi5(b3b3) = b3(b15b3), then

cgb1s = 4bis + 2bg + 29 + b3 + b3co. (26)
By (22) and 5) in Lemma 2.9:
byco =bis +¢ +6, 27
where ¢,0 € B, |[¢ + 6| = 12, so by (26)
cgb1s = 5bys + 2be + 29 + b3 + & + 6.
By the associative law and Hypothesis 2.1 and 4) in Lemma 2.9:
(bDb1o = b3 (b3b1o),
b1ob3 + biobs = bisbs + bebs + cobs;
so by (27) and 5), 2), 4) in Lemma 2.9:
bbio = b3+ 3b1s+E+6.

O

Lemma 2.15 Let (A, B) satisfy Hypothesis 2.1. Assume that big = b1 € B and
(b3¢9, c9) = 0. Then (becg, co) > 1 is impossible.

Proof We assume that our assumption is possible. By Hypothesis 2.1 and 10) in
Lemma 2.9 and the associative law:

(b3b3)b1s = b3(b3bs),
bis + cgb1s = b3b1g + bzcg + bax + by + b3z + baw.
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By 3), 4) in Lemma 2.9, 8) in Lemma 2.14:

bis + 5bis + 2be + 269 + b3 + & +6
= bis + bg + Co + b3 + bs + bis + b3x + b3y + b3z + b3w,
4b15 +co + € + 60 = b3x + b3y + b3z + byw. (D
By 10) in Lemma 2.9, and 1) in Lemma 2.14:
(b3x, bis) = (bisb3, x) = 1, (b33, bis) = (b3bis, y) = 1,
(b3Z,b15) = (bisb3,2) =1, (b3, bis) = (b3bis, w) = 1,

(b3x, c9) = (b3cg, x) = 1,50 x = x. If otherwise two of x, y, z, w have degrees > 8,
this is impossible. Then

b3x =c9 + bys, ()

and then x = xg. So |y +z+ w| =19, and also we get 5 < |y|, |z|, |[w| <9 and also,
without loss of generality, |y| =5, hence y = ys, so

b3ys = bis. 3)
So

|z +w|=14. 4)
By 1) in Lemma 2.14 and the fact that x = xg, we obtain that

b3cg = b1p + xg + 59. 5)
So by the associative law and Hypothesis 2.1 and (5):
(b3)co = b3(b3c9),
cobs + bgco = babig + b3xg + sob3.

Then by (2) and (6), 3) in Lemma 2.14, 4) in Lemma 2.9:

bis + &+ 0 + 39 + bis + be + t = b15 + be + o + b15 + Co + sob3,
soby =& + 0 + Co + I. (6)

If |z] =5, then by (4) |w| =9, hence z = 75, w = wy. So

byzs = bys,

bswg =bi5+¢+6. 7

So by (6)
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(b3e, 59) = (¢, b3sg) = 1, (b36, 59) = (8, b3sg) = 1,
(b3e, wo) = (&, b3wg) =1, (030, wo) = (0, b3wg) = 1.
Hence
bse = s9 + wo, ®)
b30 = s9 + wo, )

and hence ¢ = g¢, 8 = 06, by 4) in the Lemma 2.14 59 = 59. So by the associative
law and Hypothesis 2.1:

£6(b3) = b3(E6b3),
56[73 + g6bg = s9b3 + wobs;
so by (6), (7)
&6b3 + E6be = 6 + 06 + Co + 6 + b1s + &6 + 6,
b3 + Ebs = 266 + 206 + Co + Te + b15.

By 6) in Lemma 2.14 (gb3, Co) = (g6, b3co) = 1 and (86b3, 8) = 1, where § = g6
or g, S0 g¢b3 = 8 + c9 + m3, SO t_ﬁ =m3 + k3, and (bsm3s, &¢) = (bzgg, m3) = 1.
Therefore

(b3m3, bym3) = (b3b3, m3m3) > 1.

In (6) we get
(b3m3, s9) = (m3, b3so) =1,

then

(b3m3, bym3) = (b3b3, m3m3) = 1,
a contradiction.

If |z] = 6 then by (4) |w| =8, hence z =7, w = w. So
b3ze = b15 + €3, b3wg = b15 + 0.

So (e3b3,26) = (£3,b326) = 1, hence (e3b3,e3b3) > 1. By (6), (sob3,e3) =
(s9,b3z6) = 1, hence b3esz = s9, so (e3b3, e3b3) = 1, a contradiction. If |z| =7
then by (4) |w| =7, so

1=z, w=w or ZI=w,
b377 = b5 + ¢, (10)
bzw7 = b5 + bg. (11)

So (b3e6, 27) = (g6, b3Z7) = 1. By (6) (b3e6, 59) = (g6, b3s9) = 1, hence
byee =77 + 59 + ma,

a contradiction. O
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Consequently, 11) in Lemma 2.9 subcase (bgco, c9) > 1 is impossible and we
have only the case (b3cg, c9) = 1. We can now state Theorem 2.7.

Theorem 2.7 Let (A, B) be a NITA generated by a nonreal element bz € B satisfy-
ing bsbs =1+ cg and bg = b3 + bg, where bg € B is nonreal and satisfying Hypoth-
esis 2.1. Then b3bg = cg + b1 and if bio = big then (A, B) = (CH(3Ag), Irr(3Ag)).
(A, B) is a Table Algebra of dimension 17: B = {1, b3, 153, c3,C3, bg, 56, c9, C9, bys,
1;15, bs, cs, bs, cs, bo, b1g} and B has an increasing series of table subsets {b1} C
{b1, bs, cs, bg, c3, by, b1o} C B defined by

1) b3l;3 =1+4cg;
2) b3 =b3 + be;
3) bscs =by;
4) b3c3 =cy;
5) b3be = cg + bio;
6) bibg =b3 + bs;
7) bzcog =bg + by + bs;
8) b3cg =bi5+co+c33
9) b3bis =2b1s + be + co;
10) b3bis =big + cg + by + bg + bs + cs;
11) b3bs = b;s;
12) b3cs =bys;
13) b3bsg = b15 + ¢9;
14) bzcg = b3 + be + bis;
15) b3bg =b15 + c9 + ¢35
16) bsbig=bis + be + Co;
18) C% =3 + bg;
19) c3bg =c3+ bis;
20) c3bg = b1o + bs;
21) c3c9g = b3 + bis + c9;
22) c3¢9 = cg + bg + b1o;
23) e3bis =bs5 +¢5 +cg + bg + bo + bio;
24) c3b1s =2bys5 + be + co;
25) c3bs = bys;
26) c3cs = bis;
27) c3bg =c3 +l_76 + b1s;
28) c3c3 =c9 + bis;
29) c3bg =bis5 + b3 + co;
30) ¢3b10="b1s5 + be + c9;
31) bebs =1+ cg + bg + bg + c5 + bs;
32) becg = 2bys + 2C9 + bg;
33) beCo = b1o + cg + 2bg + bg + bs +c5;
34) beb1s = 2cs + 3b1o + 2bg + 2bg + bs + cs;
35) bebis = 4b1s + be + b3 + ¢3 + 2093
36) bebs = b1s + b + cv;
37) becs = bis + be + cv;



2.5 NITA Generated by b3 Satisfying b3 = b3 -+ bg

38) bgbg = 2b15 + bg + ¢3 + co;

39) becg = bz + 2b15 + bg + co;

40) beby = bg + 2co + 2b;s;

41) beb1o = 3b1s + b3 + c3 + co;

42) b2 =2bg + Co + bys;

43) cgcg =1+ 2cg + 2bg + 2b1g + c5 + bs + 2bg;
44) c9b15 =2bs + 2c5 4 3cg + 3bg + 3bg 4 4bqp;
45) cobis = 6b1s + 2bg + b3 + &3 + 3¢9;

46) c9bs = 2b15 + be + c9;

47) cocs =2bys + bg + co;

48) cobg = 3bys5 + b3 + bg + 2co;

49) cocg =3b1s +c3 + be + 2co;

50) cobg = b3 + 2c9 + 3b15 + ¢3 + 2bs;

51) cobig = b3 + 2cg + 4b15 + ¢3 + be;

52) ¢ =3bys+ b3 + &3 + 2be + 2Co;

53) bisbis = 1 + 3bs + 3cs + Scg + 5bg + 6bg + 6b1;

54) b25 = 9bys + 4bg + 2b3 + 2¢3 + 6co;

55) bisbs = 3bis + be + b3 + C3 + 2Co;

56) biscs =3bis + bg + bz + €3+ 2co;

57) bisbg =5bis + b3 + ¢3 + 2be + 3¢9;

58) biscs = Shis + b3 + ¢3 + 2be + 3¢9;

59) bisbg = 6b15 + 3¢9 + b3 + 2be + C3;

60) bisbig =6b1s + 3bs + +b3 + c3 + 4c9;
61) b2 =1+ big+ bo + bs;

62) bscs = bg + cg + bo;

63) bsbg = cs5 + cg + bg + bg + b1p;

64) bscg =c5 + bg + by + b1g + c3;

65) bsbg = cg + ¢5 + bg + bs + bg + bio;

66) bsbiy = cg + bg + bg + bs + 2bjo;

67) ¢z =1+4bo+bio+cs;

68) c¢5bg = bs + cg + bg + bo + bio;

69) cscg = bs 4 cg + bg 4+ bo + byo;

70) csbg = bg + cg + bs + c5 + bg + bio;

71) csbio = bg + cg + bg + c5 + 2b10;

72) b =1+ bs + cs + cs + 2bs + by + 2b10;
73) bgcs = bs + c5+ cg + bg + 2bg + 2byp;
74) bgbg = bs + c5 + 2cg + bg + 2bg + 2b1;
75) bgbig = bs + ¢s5 + 2cg + 2bg + 2bg + 2b19;
76) C%z 14 2cg + 2b19 + bg + bg + bs + c5;
77) cgbg = bs + c5 + cg + 2bg + 2bg + 2b10;
78) cgb1o = 2cg + 2b1o + 2bg + 2bg + bs + cs;
79) bob1o = bs + c5 + 2cg + 2bg + 2bg + 3b10;
80) b3 = 1 + bs + cs5 + 2cs + 2bs + 2bg + 2b1o;
81) biy =1+ 2cg +2b1o + 3bo + 2bg + 2bs + 2cs.

81
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Proof The theorem follows by Lemmas 2.9-2.15. 0

In this section, we do not have information about what NITA satisfying b1y non-
real. But we conjecture:

Conjecture 2.1 There exists no NITA satisfying Hypothesis 2.1 and bibg = cg +
big, where by is nonreal.

2.6 NITA Generated by b3 Satisfying b§ = c3 + bg, c3 # b3, 133, bg
Non-real, (b3bs, b3bg) =4 and c; =r3 + 56

Now we discuss NITA satisfying the following hypothesis.

Hypothesis 2.2 Let (A, B) be a NITA generated by a nonreal element by € B
satisfying b% = c3 + bg, c3 #£ b3, b3, bg nonreal, (bibg, b3bg) =4 and c% =r3+S6.
Here we still assume that L(B) = 1 and L,(B) = 0.

In this section, we are not able to classify NITAs satisfying Hypothesis 2.2, but
we have the following theorem.

Theorem 2.8 There exists no NITA satisfying Hypothesis 2.2 and c3 generates a
sub-NITA isomorphic to one of the four known NITAs in the Main Theorem 1.

Proof By assumptions we have that (1) bsbs = 1 + by = ¢3¢3; (2) b% =c3 + bg;
(3) (b3bg, b3bg) =4 and (4) c% =r3+ 6.

Step 1 There exists no NITA satisfying hypotheses (1) to (4) and containing a NITA
strictly isomorphic to (Ch(PSL(2, 7)), Irr(PSL(2,7))).

By [CA], (Ch(PSL(2,7)), Irr(PSL(2,7))) the sub-NITA generated by c3 which
is of dimension 6 and has base elements: 1, c3, ¢3, S¢, b7, bg. Moreover, we have the
following equations:

(al) c3bg =c3 + 56 + b7 + bs,
(a2) s3 =1+ 256+ by + bg,
(a3) c¢3s6 =3+ b7 + bs.

It follows by (1) that (b3cs, b3c3) = (b3l_73, c3¢3) =2, hence we obtain equation
(ad): bzcz = b3 + t¢, where 15 € B. By the associative law and equations (al) and
(a4), we have

(b3b3)3 = C3 + C3bg = C3 + C3 + 56 + b7 + bs,
(b3¢3)b3 = l;% + bate = C3 + bg + bst.

Then we get be = s6, s0 bg is real. Moreover we have equation (a5): bate =
c3 + s¢ + b7 + bg. By (b3b3)b3 = b%bg, we arrive at b3bg = tg + b3sg. Now by
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(3) we obtain equation (ab): bise = b3 + x + y, where distinct b3, x and y such
that x + y is of degree 15. Hence we have equation (a7): bsbg = b3 +1s + x + .
Therefore by (a2), (a3), (a5) and (a6)

b3se = (c3 + 56)S6 = €356 + 5656 = C3 + by + bg + 1 + 256 + b7 + bg,
b3(b3se) = b3 (b3 + % +3) = 1 + bg + b3x + b3y.

So b3x + b3y = c3 + 2s¢ + 2b7 + bg, but by (a7), the left hand side of this equation
contains two bg, and the right side only one, a contradiction.

Step 2 There exists no NITA satisfying hypotheses (1) to (4) and containing a sub-
NITA generated by c3 which is a NITA of dimension 17, 32 or 22.

By [CA], we see that for the NITAs of dimensions 17, 32 and 22, one can find
new base elements: bs, cs, s¢, X3, bg and by such that the following equations hold:

(al) c3bg =c3+ 5¢ + bys,
(a2) se56 =1+ b5+ cs5 + bg + xg + by,
(a3) c356 = bg + b1o.

Suppose b33 = b3 + t5, where tg € B. Then by hypothesis and equatlon (al)
it follows that (b3b3)6‘3 =c3+c3bg=c3+C3+ 56 + b15, (b3C3)b3 b + b3t6 =
¢3+bg +b3t6 We get s6 = be and equation (a4): b3t = ¢3+b15. Hence b3 +b3bg =
(b3b3)b3 = b? b3 bycs + b35s, and we obtain the equation (a5): b3bg = g + b356.
Now by (3) we obtain equation (a6): b356 = b3 + x + y, where distinct b3, x and y
such that x + y is of degree 15. Hence we have equation (a7): b3bg = b3 +1g+x +y.
Therefore

b2se = (c3 + 56)s6 = €356 + 5656 = bg + b1o + 1 + bs + cs5 + bg + x3 + bo,
b3(b3se) = b3(b3 + X +3) = 1 + bg + b3 + b3¥.

So b3x + b3y =1+ b5 + ¢5 + bg + xg + bg, which implies xg = bg by (a7), a
contradiction. This concludes the proof. d

2.7 Structure of NITA Generated by b3 and Satisfying
b2 = c¢3 + bg, c3 # b3, b3, (b3bg, b3bg) = 3 and c3 Non-real

In this section we classify NITA generated by b3 and satisfying b% =c3 + bg, c3 #
b, b3 and c3 nonreal and (b3bg, b3bg) = 3. First, we state Hypothesis 2.3.

Hypothesis 2.3 Let (A, B) be a NITA generated by a nonreal element bz € B
such that b3bs =1 + bg and b% =c3+ be, c3,bg € B, ¢3 # b3, c3 # ¢3 and (b3bg,
b3bg) =3.
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Lemma 2.16 Let (A, B) be a NITA satisfying Hypothesis 2.3. Then ¢3¢3 = b3by =
1 + bg and b3bg = b3z + x¢ + vi5 and c3bg = c3 + y6 + 215, where bg, x¢, y15 € B,
and there exist r3, s¢, U3, Vg, W3, 26 € B such that

b3 =r3 + s6, b3ry = b3 + xe, b3se = b3 + yis,
bzcz =u3 + vg, bsuz = c3 + ye, b3ve = c3 + 215,
bz = w3 + z6, bzwz = c3 + s, b3ze = c3 + z15.

Proof 1t is obvious that (bz, b%) =2.S0 b% =r3 + s¢ Or r4 + s5. Hence

b§53 = 531’3 + E3S5 or 1531’4 + E3S6,
(b3b3)b3 = b3 + b3bg
=2b3 + x6 + y15-

Since b3 € Supp{53r3} and Supp{Egsﬁ} or by € Supp{53r4} and Supp{153S5}, the first
part of the lemma follows.

Since b3bs = ¢3¢3 = 1 + by, it follows that b3c3 = uz + ve or ua + vs and bycz =
w3 4 z6 or waq + z5. The second and third parts of the lemma follow from (b3 b3)cz =
(b3c3)b3 = (b3c3)bs. O

Lemma 2.17 Let (A, B) satisfy Hypothesis 2.3. Then there are nonreal base ele-
ments Xx¢, y15, X15 and real basis elements r3, ¢, do, X10, t15 such that the following
equations hold:

b353 =1+ bg,

b3¢3 = b3 + X,

b3bg = b3 + x6 + x15,
b3be = b3 + X15,

bicz =r3 + s,
byss=c3+yis,
b3y15 = X6 + 2X15 + by,
bsbg =r3 +1s,

b3tis = be + C9 + 215,

c3c3 =1+ bg,

356 = by + %15,

c3bg = c3 + bg + y15,
C3X6 =13 + 115,

€3y15 = be + Co + 2515,
c3t15 = X6 + bg + 2x15,
c3X15 = 2x15 + X6 + by,

b} = c3+ bs,

b3xe = c3 + y15,

b3xe = bg + x10,

b3ce = ¢3+ yis,

b3ry = c3 + bg,

b3x10 = x6 + x15 + bo,

b3yis = s6 + 2115 + do,
b3x1s = b+ 2y15 + co,

c3r3 = b3 + X,

3 =33+ be,

c3X6 = b3 + x15,

c3x10 = be + y15 + co,
c3bg =3+ Y15,

€3x15 = 2115 + s6 + do,
c3bg = bg + x10,
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r3c3 = ¢3 + Xg,

r3x¢ = c3 + yis,

r3be = X15 + b3,

r3X15 =bg + c9 + 215,
r3x10 =S¢ + t15 + do,

xg =2bg + yi5 + co,

b2 = 2be + y15 + Co,
bexe = 256 + t15 + do,

sebe = 2x6 + x15 + by,
§6C3 = b3 + x15,
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r3by = c3 + b,

r3y1s = X6 + 2x15 + bo,
r3bg = s6 +13 + 115,

xebg = b3 + x6 + 2x15 + by,

bexe = 2x6 + by + x15,
bebg = c3 + bg + c9 + 215,

sebg = r3 + sg + 2t15 + do,

bgy1s =c3 + 2be + 2c9 + 4y15 + I;gdg.

Proof By Hypothesis 2.3 (b3bs, b3bg) = 3. Then the following equations hold by

Lemma 2.7:

b3by =1+ b,
b% =c3 + bg,

Let b3x¢ = c3 + y15, then

c3c3 =1+ bg,

[)36‘3 = b3 + x¢.

(b3b3)c3 = c3 + c3bs,
(b3c3)bs = b3 + bsxe

Hence

=c3+be+c3+y1s.

c3bg = c3 + b + y1s.

Therefore y15 € B by Lemma 2.7.

Let c3X¢ = b3 + x15, x15 € N*B. Since (¢3¢3)b3 = (b3C3)c3, it follows that x5 €

B and

b3bg = b3 + x6 + x15

by b2b3 = (b3b3)bs. Since yi5 € B, s0 (b3x6, b3x6) = (b3xg, bzxg) = 2. Thus
y 03

b3xe = bg + x10, X10 € B.

Since b3¢3 = (b3¢3)b3 and b3b3 = (b3b3)bs, one has that

c3be = bg + x10,

bbe = b3 + x15.
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By Lemma 2.16, there exist w3, z¢, 13, S € B such that
3 = w3 + 26, w3C3 = ¢3 + bg, 76C3 =3 + y1s,
bzcy =r3 + s6, b3rs = w3 + z, b3se = w3 + z15.
By Lemma 2.16 again, it follows that
r3cz = bz + xe, C356 = b3 + x5,
r3bz = c3 + bg, b3sg = c3 + yis.

Thus (c3r3, c3r3) = 2, which implies that r3r3 = 1 + bg.
Since

(b3r3)c3 = w3c3 + 26C3
=2c3 + bg + y15,
(b3¢3)r3 = r3bs + r3xe
= c3 + b + 136,

which implies that r3x¢ = ¢3 + y15.
We assert that x is real. In fact,

b3(r3¢3) = b3bs + xeb3
=14 bg + bg + x10,
(b3r3)C3 = €303 + beC3

=14 bg + bg + x10,

so it follows that xq is real.
Since

b3(w33) = c3b3 + bebs
= b3 4+ x6 + b3 + x15,

(b3¢c3)ws = r3ws + Sews,
we have that
r3ws = b3z + xg, w36 = b3 + x15.

Consequently bywy =r3 + s6. B
Now we have that (b3b3)w3 = (b3w3)b3 and

w3bg = w3 + 26 + 215.

Then wiws =1 + bg.
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Since
(b3b3)* = 1 + 2bs + b3,
b3b3 = (c3 + be) (€3 + be)
=1+ bg + c3bg + 3b6 + bebg
= 1+ 3bg + 2x10 + bebs.
SO

b3 = 2x10 + bs + bebg.

By b3bs = (b3be)b3, we have that x10+bsbs = 1+ b3%15. Then (b3x10, x15) = 1.
But (b3x19, x6) = 1. There exists bg € B such that

b3x10=x6 + x15 +bg, by € N*B.

It is easy to see that b3x1( cannot have constituents of degree 3 and 4 by L1 (B) =
{1} and Ly(B) = 0. Thus by € B.

Since
(b3xe)b3 = b3bg + b3x19
= b3 + x6 + x15 + X6 + x15 + bo,
(b3b3)x6 = x6 + Xobs,
we have

xebg = b3z + x¢ + 2x15 + bg.

Multiplying both sides of the equation xjo + bghg = 1 4+ b3X15 by b3, we have
that

b3x10 + (b3be)bs = b3 + b3 x5,
o)
X6 + X15 + by + bebs + beX15 = c3X15 + beX1s.

Hence

c3X15 = 2x15 + X6 + bo.

Now checking the associative law of (b3¢3)be = (C3b6)b3, (r3r3)X6 = (F3x6)13

and (r3b3)xe = (r3x6)b3, we obtain

bexe = 2x6 + by + x15,

r3y15 = Xg + 2x15 + bo,

b3yis = x6 + 2x15 + bo.
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Hence
¢3315 + beyis = b31s = b3(b3¥15) = baXe + 2b3%15 + b3bo.
Since (b3, bg) = (b3Xe, x10) = (b3X15,bg) = (b3X15, x10) = (b3bo, x10) = 1
and (b3bg, bg) = 0, we have that
(c3y15s +beyis, bg) =3 and  (c3y15 + beYis, x10) = 4.

From the degrees, we know that (c3yis5,x10) < 1. If (¢c3y15,x10) = O, then
(bey15,x10) = 4, so bex1o = 4y15. But (bgx19,c3) = 1, a contradiction. Hence
(c3y15, x10) = 1 and (bex10, y15) = (bey15, X10) = 3.

Since (c3x10, c3x10) = (b3x10, b3x10) = 3 and (c3x19, bg) = 1, there exists cg €
B such that

c3x10 = be + y15 + c9.
Then

(b3c3)x6 = b3xe + X2

=c+yi5+ xg,
(b3xe)c3 = c3bg + caxyo

= c3 + be + y15 + bs + y15 + C9,
(c3¢3)bs = be + bebs,
(€3bg)c3 = bges + x10¢3

=c3+be + yi5 + y15 + b + c9,
(e3bg)c3 = ¢3+ be + 3215,

which implies that

x% = 2b6 + y15 + c9,
bebs = ¢34+ b + c9 + 2y1s,
3715 = bg + o + 215.
Since
(b383)* = (b3 + %6)°
= b3 + 2b3%e + ¢
= 203 + 3bg + 3315 + 0o,
b33 = 33 + c3%6 + W3be + beZe

=c3 +l_7(, + ¢34+ Y15 + bews + beZe,
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but (w3bg, c3) = 1, we have that
w3bs = c3 + 15,
beZe = 2bs + Y15 + Co.
Since
(b373)be = E3b + bg
= w3 + 715 + b,
(b3be)F3 = b3r3 + X1573
= w3 + 26 + 13X15,

and (15%,26) = 2, we have that (r3x15,26) = 1. Hence (r3z¢,Xx15) = 1. But
(r3z6, b3) = 1 by b3r3 = w3 + z¢. Thus

r3z6 = b3 + xis.
From the following equations
b3(w3bs) = b3(c3 + y15)
= b3 + x6 + x6 + 2x15 + b9,
(b3w3)bs = r3bg + sbe.
and (r3bg, r3b6) = (b3be, b3bs) = 2, (r3bs, b3) = 1, we obtain
r3bg = b3 + x1s, s6b6 = 2x6 + x15 + bo.
By (b3c3)r3 = (c37r3)b3 and c3(w3bg) = (c3bg)ws, we have that
356 = bg + x10, w3y15 = be + 9 + 2y1s.

Since (73bg, F3bg) = (373, b3) = (b3b3, b3) = (b3bs, b3bg) = 3 by Lemma 2.16
and (73bg, 5¢) = (r3bg, r3) = 1, there exists t;5 € B such that

r3bg =5 + 73 + 11s.
Since
(w3bg)rs = w3r3 + 2673 + 21573
= b3 + x6 + b3 + x15 + 13215,
(r3w3)bg = b3bg + xebs
= b3 + X6 + X15 + b3 + X6 + 2x15 + bo,
(r3bg)ws = Sew3 + r3w3 + f15w3

= b3 + x15 + b3 + x¢ + w3tys,
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we have that
r3Z1s = X + 2%15 + bo,
w3t15 = X6 + by + 2x15.
Since
(b3r3)bs = c3bg + bgbs
=c3+be+y15+2y15+bs + c3+ c9,
(b3bg)rs = r3bs + rxe + raxis
=c3+be +c3 + y15 + r3x1s,
(r3bg)bs = r3b3 + seb3 + f15b3
=¢34+ b+ c3 + yi15 + bafis,
we have that w3 = ¢3, z¢ = bg, 215 = y15 and
r3X15 = be + c9 + 215,
bitis = bg + o + 2¥15.

Furthermore, b3r3 = ¢3 + bg, and we have that (b33, 73) = 1. But (b33, r3) = 1;
hence r3 = r3. Moreover 73 + 5S¢ = b3w3 = b3cz = r3 + s¢, which implies that s¢ =
S¢. Therefore 15 is real by the expression r3bg, and

c3t15 = Xg + Co + 2X15.
Now we have that 715 € Supp{c3x¢}. Thus
C3x6 =13 +115.
Since
(c3r3)be = b3be + Xebs,
(r3be)c3 = bzcs + caxis
=13+ 56 + C3x15,
(c3be)r3 = r3bg + r3xio
=713+ 586 +115+13x10

and (r3x10, 56) = 1, we have s € Supp{c3x15}. But (c3x15, t15) = (c3t15, X15) = 2.
Let

c3xis =2t15+ 56 +do, do €N'B.
Then r3x10 = s6 + t15 + do and by (c373)be = (c3b)r3 we obtain that

53[76 +)f(,l;6 =r3+ ¢+ t15+ 56 + t15 + do.



2.7 Structure of NITA Generated by b3

Furthermore dy is real for r3 and x¢ are real, and
bsbg =r3 + 115,
x6bg = 256 + t15 + do.
Since
(b3b3)bg = b + bebs
=be + c3 + be + c9 + 2y15,
b3(b3be) = b3 + byx1s
= c3 + b + b3xis,
(b3be)b3 = r3bs + t15b3
= c3+ b + b3ts,
we have that
b3x15 = be + 2y15 + 9,
bitis = bg + Co + 2315.
Since
b%x(, = c3x6 + bexg
=r3+1ti5+ 256 + 115 + do,
(b3x6)b3 = b3c3 + b3yis
=713+ 56 + b3yis,
we have that

b3y1s =2t15 + 56 +do.

Since (b3y15, b3y15) = (b3Y1s, b3y15) = 6, we have that dg € B.
Checking the associative law of (b3b3)s¢ = (b356)b3, we have

sebg =r3 + s¢ + 2t15 + do.
Since

(b3b3)y15 = y15 + bsyis,
(b3y15)b3 = b3se + 2b3t15 + bydo
= ¢34 Y15 + 2b6 + 2¢9 + 4y15 + bado,

it follows that bgys = c3 + 2bg + 2co + 4y15 + b3do.
This completes the proof of the lemma.
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Remark 1t always follows that (c3c9, y15) = 1 by Lemma 2.17. So (c3c9, c3¢9) > 2.
In the following, we shall investigate the expression c3cg.

Lemma 2.18 There exist no xa, y3 € B such that c3co = x4 + y3 + y15.
Proof 1f there exist no x4, y3 € B such that

c3c9 = x4 + y3 + Y15,

then there exists z3 € B such that c3x4 = ¢9 + z3. Furthermore, there is ys € B such
that ¢3z3 = x4 + y5. Thus z3z73 = 1 4+ bg. By Lemma 2.16 we have that
c3(z323) = ¢3 + c3bg
=2c3+ bs + 15,

73(€323) = 23X4 + 23Y5.

It must follow that z3x4 = 2¢3 + b, which implies that (z3¢3, x4) = 2, a contradic-
tion. O

Lemma 2.19 There exist no x5, y7 € B such that czc9 = x5 + y7 + y15.
Proof If some x5, y7 € B such that c3c9 = x5+ y7+ y15. Then (¢c3x5, ¢9) = 1. There
are three possibilities:

(D c3x5 =09 + 2x3,
(D c3x5 =c9 +x3 + y3,
(L) ¢3%5 = o + vo.

It is easy to see that (I) will lead to a contradiction.
If (IT) follows, then c3Xs = c9 + x3 + y3. Set c3X3 = x5 + z4, €3y3 = X5 + 14,
where z4, t4 € B. Hence
c3(c3x3) = C3x5 + C324
=c9 + X3+ ¥3 + C324,
(c3¢3)X3 = X3 + X3bs.
Therefore (x3y3, bg) = 1, which implies that y3x3 = 1 + bg. So y3 = x3, a contra-
diction.
If (III) follows, then
c3(c3xs) = 3¢9 + C3Y6
= yi5 + X5 + y7 + C36,

(c3¢3)X5 = X5 + Xs5bg.
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Hence Xsbg = yi5 + y7 +¢3y6. Therefore (bgyis, X5) = 1. By Lemma 2.17, we have
that (x5, b3dg) = 1. Since (b3dy, y15) = 1, we may set

b3dy = x5 + yi15+e7, e7 €N*B.

If e7 = m3 + ng4, then bsng = do + p3, some p3 € B. Let B3p3 =ny4 + z5, some
z5 € B. Then p3 p3 = 1 + bg. Furthermore,

b3(p3p3) = b3 + b3bg
= 2b3 + x¢ + x15,
(b3p3) p3 =n4p3 +25p3.

Note that b3 € Supp{nap3} and b3 € Supp{zs p3}, we come to a contradiction.
If e7 € B, then b3dg = X5 + y15 + e7. Let b3xs = do + us.
We assert that ug € B. Otherwise, let ug = r3 + s3, where r3, s3 € B, then

b3r3 = x5 + ugy.
Hence r3r3 = 1 4+ bg. Moreover,
b3(r3r3) = b3 + bsbg
=2b3 + x¢ + x15,
r3(b3r3) = r3xs +r3ua,

which is impossible for b3 € Supp{r3xs} and b3 € Supp{rsuas}.
Now we have that

b3(c3xs) = b3Co + b3 e,
(b3c3)Xs = b3Xs + xo¥s
=do + ug + x¢x5.

If do, ug € Supp{];3y6}, then 53)’6 =dy + ug + t3. Let b3t3 = y¢ + p3. Hence
113 = 1 4 bg. Moreover,

b3(1313) = 2b3 + x6 + X15,
13(b313) = B3y + 13 p3.

So 13y = b3 + x15. But 3 = (53y6, 153y6) = (36, I3y6) = 2 by Lemma 2.1, a con-
tradiction.

If ug € Supp{bsye}, do € Supplbsco} or ug € Supp{bsco}, dy € Supp{b3ye}.
If the former one follows, then there exists a g3 such that

b3cg =t15 +do + g3.

Hence co € Supp{b3do}, a contradiction.
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If ug € Supp{b3co}, dy € Supp{b3ye}, then
bydg = y15 + y6 + 6,

where rg € N*B. But dy is real, b3dy = X5 + y15 + €7, a contradiction. This com-
pletes the proof. d

Lemma 2.20 There exist no mg and ng such that c3c9 = y15 + mg + ng.

Proof Tf there exist mg and ne such that c3c9 = y15 + me + ne. Then mg # b, be,
ne # be, bg by Lemma 2.17 and c3m¢ has three possibilities:

@D c3meg=cCo+x3+y3+23, x3,¥3,23 distinct
(D) c3meg=c9+x3+ys, x3andyse€ B,
(D) c3me=co+x4+ys, xsandyseB.

Suppose (I) follows. We may assume that c3x3 = mg + r3, where r3 € B. Then
X3 + x3bg = x3(c3c3) = (X3¢3)C3 =mgC3 +r3c3 =c9 + X3 + y3 + 23 + r3¢3.

Hence y3 € Supp{x3bg}, which implies that x3 = y3, a contradiction.
If (I) follows, then (c3x3, c3x3) = 2, from which x3x3 = 1 + bg follows. Also

we may set c3m3 = x3 + tg, where g € B. Hence

(c3¢3)X3 = X3 + x3bs,

c3(c3x3) = came + c3m3

= X4+ J5 + co + X3 + Ie.

Therefore x3bg = x4 + y5 + Cco9 + t6. We have that (x3bg, x3b3) = 4. But by
Lemma 2.8, (x3bg, x3bg) = (b3bg, b3bg) = 3, a contradiction.

If (IIT) follows, set c3x4 = mg + pe, Where pg € B. By ¢3(c3meg) = (c3¢3)me,
one has that

mebg = y15 +me + g + pe + C3Ys.

Hence (bg_yls, me) = 1. By the expression bgy;s5 in Lemma 2.17, (g, 133d9) =1.
But (y15, b3dg) = 1. There exists gg € N* B such that

bsdy = yi5 + 6 + ge. (2.64)
If g6 € B, then ¢ = 273 or g6 = w3 + u3. If the first one holds, then (bzdy, 73) =2
and (b3z3, dg) = 2, which is impossible. So the second one follows. Consequently

bzws = dg. Hence

w3 + wibg = w3(b3b3) = b3(baws) = bady = y15 + 1ig + w3 + u3.



2.7 Structure of NITA Generated by b3 95

We can see that wsuz = 1 + bg. Then ws = u3, a contradiction. Hence pg € B. It
follows by Lemma 2.17 and (2.64) that

bgy1s = Sy1s + 2c9 + 2be + c3 + me + qe-
Since
c3(bado) = c3y15 + c316 + €396
= b + Co + 2315 + x4 + ys5 + 9 + 36,
(c3b3)do = b3do + x6dy
= Y15 +me + ge + xedo,

we have that (c3qge, mg) > 1. Hence (c3me, gg) > 1, a contradiction to our assump-
tion. This completes the proof. O

Lemma 2.21 There exists no NITA such that (c3c9, c3c9) > 4.

Proof The proof is given in three steps.
Step 1 The following equations hold:

(i) c3c9=y15+y3+23+w3+us,
(il) 309 =Yy15+ y3 +y3 + Y6,
(i) c3c9 =y15+y3+ ya4+ s,
(iv) 309 =y15+ y4 + 24 + wy.

For any z € Supp{c3co} \ {715}, it is sufficient to prove that (c3c9, z) = 1. Other-
wise (c3c9, ) > 2. Since c3c9 — Y15 is of degree 12, one has that (c3c9, z) =2 and
z is of degree 6. So c3c9 = y15 + 226, €326 = 2C9. Hence

26 + Z6bg = (c3¢3)76 = C3(c326) = 2¢3C9 = 2y15 + 4Z6.

Thus zgbg = 2y15 + 32_6. Consequently (bgyis, z¢) = 2. By the expression bgbg in
Lemma 2.17, z¢ # bg, be and the expression bgy;s in Lemma 2.17, we have that

bydy = y15 + 276,
bgyis = 5y15 + 2c9 + 2be + 3 + 2%6.

Therefore b3z = 2do.
Since

(b3b3)dy = do + bgdy,
b3(b3dy) = b3y1s + 2b376
= 56 + 2t15 + 5do,
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it follows that bgdg = s + 2115 + 4dg. Consequently,
bg(b3z6) = 2bgbg
= 25¢ + 4t15 + 8do,
(b3bg)z6 = b3z6 + X626 + X1526
= 2do + x6Z6 + X1526-
Then x¢z6 + X1526 = 256 + 4115 + 6dy. We have exactly three possibilities:

(D) x6z6 =4do, X1526 = 286 + 4t15 + 2do,
(II) x6z6 = s6 + 2115, X1526 = 86 + 2115 + 6do,
(III) xez6 = 256 + t15 + do, X1526 = 3t15 + S5dy.

The first case implies that
[)3 (x6Z6) = 41;3(19
= 4y15 + 8%,
(b3x6)Z6 = bsZe + X10%6
= 2y15 +3Z6 + X10Z6-

So x1026 = 2y15 + 5Z¢. Thus (2626, X10) = 5, a contradiction.
The second and the third cases mean (z¢dy, x15) = 6 and (zedy, x15) = 5, respec-
tively. This is impossible.

Step 2 No NITA satisfies either (i), (ii) or (iii).
Itis s_ufﬁcieznt to show that y3 € Supp{czco}. If y3 € Sup[_){C36‘9}, then c3y3 = ¢9.
Hence (b3y3, b3y3) = (53y3, E3y3) =1 by Lemma 2.1. Let b3y3 = g9, 89 € B. Then

bico = b3(C3y3) = (b383)y3 = b3y3 + T6y3 = 8o + Xo V3.
Since (15, b3cg) = 1, we have that bzcg = g9 + 115 + 3, some o3 € B. Therefore
(b3cy, b3cy) = 3. But (b3cg, bzcg) = (c3c9, c3¢9) by Lemma 2.1, which is impossi-
ble for (c3c9, c3¢9) > 4.

Step 3 No NITA satisfies (iv).
If (iv) holds, then there exists m3 such that c3y4 = c9 +m3. Thus c3m3 = y4+ ks,
some k5 € B. So (c3m3, cam3) = 2, which implies that mzm3 = 1 4 bg. Hence
m3y4 + msks = c3(m3m3) = c3 + c3bg = (c3¢3)m3 = 2¢3 + bg + y15,

which is impossible for ¢3 € Supp{m3zys} and Supp{msks}. The lemma follows. [

Lemma 2.22 There exists no NITA such that (c3cg, c3cg) = 2.
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Proof If (c3cy, c3cg) = 2, then c3c9 = y15 + b12, b12 € B and ¢3¢ = x19 + x17,
X17 € B.

Since ¢3(c3c9) = €315 + C3b12 = bg + ¢y + 2y15 + C3b12, we have that bgcg =
be + 2y15 + ¢3b12. On the other hand, since

9 + bgcg = (c303)c9 = c3(C3¢9) = c3(X10 + X17) = b + y15 + €9 + €3X17,

we have that bgcg = be + y15 + c3X17. By the expression bgyis in Lemma 2.17,
(bgco, y15) = 2. Hence V15 € Supp{C3)E17}, which implies that x17 € Supp{C3)_115}.
By the expressions of c3bg and c3xjo in Lemma 2.17, (c3y15,b8) = (315,
x10) = 1. There exists 19 € N*B such that ¢3y;5 = x17 + bg + x10 + t19, Some
t10 € N*B. The expression c3yjs in Lemma 2.17 means that (c3y;s, c3y1s) = 6.
Hence (c3y15, c3¥15) = 6. So 19 = x3 + y3 + z4. This leads to yi5 € Supp{c3y3}, a
contradiction. The lemma follows. Il

Lemma 2.23 c3c9 =d3 + ¢c9 + yi5.

Proof First, by the previous lemma in this section, we know that (c3c9, c3¢9) =3
and c3cg is a sum of irreducible base elements of degree 3, 9 and 15. So we may
assume that czcg = d3 + y9 + y15, where d3, y9 € B. Then c3dz = Co. Checking the
associative law for c3 (C3673) = (C3E3)d_3, it follows that

dsbg = yo + 1.
Since
be(b3xe) = bebg + bex10
=3+ bg + c9 + 2y15 + bex10,

(bexe)b3 = 2b3xg + b3bg + b3x15
= 2¢3 + 2y15 + b3bg + b + 2y15 + v,

we have that
bex10 = b3bg + c3 + 2y15.

Since (c%)d_g, = E3d_3 + E@d_3, C3(C3£?3) = 6359 and X10 € Supp{C3c_'9} by Lem-
ma 2.17, we obtain xjo € Supp{56d3}. So (b6x10,a73) = 1. Furthermore (b3by,
d3) = 1. Thus

bzdz = by.
Therefore
b3by = b3(b3d3) = (b3b3)ds = d3 + d3bg = d3 + yo + s,
which implies that
biby = d3 + Jo + y1s,
bexi0 = d3 +¢3 + Yo + 3y1s.
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Since (r3b3)ds = co + beds and (b3d3)r3 = r3bg, we have that co € Supp{r3bo}.
But yi5 € Supp{r3bo} by Lemma 2.17. Thus there exists m3 € B such that

’"359 =m3 + c9 + y15.
Hence by € Supp{r3cy}. But (r3¢9, x15) = 1 by Lemma 2.17. Therefore
r3cg =n3 +bg +x15, n3 € B.

By r3 real, it follows that

r3n3 = co.
Furthermore,
r3(r3co) = r3xis +rabg + r3ns
= b + Co + 2315 + Co + Y15 + 13 + Co,
r3¢o = €9 + bgco,
so that

bscy = bg + 2¢9 + 3315 + m3.

Hence (bgys, c9) = 3.

By the expression bgys in Lemma 2.17, we have (133d9, c9) = 1. From the
expression b3t15 in Lemma 2.17, one has that (t15, b3cg) = 1. Hence there exists
u3 € B such that

bicg =u3z +do +115.
Thus b3u3 = cy. Moreover,
c3bg = (b3d3)c3 = b3(c3d3) = b3co = i3 + do + 115.
Thus u3c3 = 159.
Since
c3(b3usz) = c3cy
=d3+ 39+ yi5,
(b3¢3)it3 = bits + Xeit3,
we have that
bsuz =y and uzxe=yis+ds.
Hence
3y9 = c3(b3uz) = b3(uzc3) = bsby.

Since (x19, b3bg) = 1 by Lemma 2.17, one has that (xig,c3y9) = 1, so (o,
c3x19) = 1. Therefore y9 = c9 by the expression c3xig (see Lemma 2.17). The
lemma follows. O



2.7 Structure of NITA Generated by b3 99

Lemma 2.24 A NITA generated by c3 is isomorphic to the algebra of characters of
3-A6: (Ch(3- A¢), Irr(3 - Ag)). Furthermore, we have all the equations of products
of base elements in the table subset D listed in Sect. 2.2.

Proof By Lemmas 2.17 and 2.23 the sub-algebra generated by c3 satisfies the fol-
lowing equations:

c3c3 =1+ bs, 3 =33+ be, c3be = ¢3+ yis,

c3be = bg + x10, x10 real, c3x10 = be + co + y15, c3y15 = b + C9 + 2315.

Changing c3 into b3, bg into be, Y15 into b1s, x19 into b1g, we can see that the above
equations are the same as those in Hypothesis 2.1 and Lemma 2.9. Hence the NITA
generated by c3 is exactly the Table Algebra of characters of 3 - A¢ by Theorem 2.7.
Of course, we have equations of products of base elements in the table subset D
listed in Sect. 2.2. g

Now we continue our calculations, and we shall construct a new NITA which is
not derived from groups.

Theorem 2.9 If c3 is nonreal, (b3bg, b3bg) = 3. Then the NITA generated by b3
with b% = c3 + bg is isomorphic to the NITA in (A3 - Ag - 2), B32), the NITA of
dimension 32 in Sect. 2.2.

Proof By Lemma 2.24, we may say that we have found a table subset: D = {1, bg,
X10, bs, c5, c8, x9, ¢3, C3, d3, d_g, c9, C9, bg, 156, Y5, y15}. To prove that the NITA is
isomorphic to NITA of dimension 32 in Sect. 2.2, it is sufficient to find all the basis
elements outside D and the remaining expressions of all products of basis elements.
Until now we have found many products of basis elements in Lemmas 2.16, 2.17
and 2.23. It remains to find the rest of them. In order to make the proof read easily,
we shall divide it into several steps:

Step 1 b3bg = y15+c9 +d3, bsdz = by, b3bg = x9+ cg + x10, b3dy = Cg +d3 + Y15,
b3dz =dy, b3cg = bg + x15 + z3, b323 = c9, b3X15 = b5 + ¢5 + bg + cg + x9 + x10,
b3z3 = x9, b3y3 = Cy.
Since by Lemma 2.17
b3x10 = c3x10 + bex10
= be + co + y15 + 3y15 + 3 +d3 + co,
(b3x10)b3 = x6b3 + x15b3 + bob3

= c3+ y15 + be + 2y15 + ¢9 + b3bg,
we have that b3bg = y15 + c9 + d3. Furthermore, b3d3 = bg. So

b3by = (b3d3)b3 = b3d3 = c3ds + beds = x9 + cg + x10.
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Set b3dz = yo. Since bzds = bo, then yg € B. And
b3yo = (b3d3)bs = byds = c3d3 + beds = Co + d3 + Jis.

We have that (b3y15, y9) = 1. But b3y15 = 56 + 2t15 + do, thus dg = y9 and 53(13 =
dy.
Since (b3x15, c9) = (b3bg, cg) = 1, there exists z3 € B such that

b3co = 139 + X15 + 23.

Hence b3z3 = c9.
Since

b§56 = 6356 + b6l;6
=bg+x10+ 1+ bg + bs + c5 + cg + x9,
(b3be)b3 = b3bs + b3¥is
=1+ bg + b3x1s,
we have that
b3x15 = bs + c5 + bg + cg + x9 + x10.
Now we have
b%ég = ¢3C9 + bgCy
= ¢g + x9 + x10 + 2x9 + bg + x10 + ¢cg + bs + ¢s,
(b3C9)b3 = b3by + b3 15 + b3z3
= cg + x9 +x10 + b5 + ¢5 + bg + cg + x9 + x10 + b323,
which imply b3z3 = x9.

Step 2 bzcg =t15 +do + y3, y3 real, d3xe = t15 + y3, c3bg =115 + dy + y3, c3y3 =
by, b3y3 = c9 and bgt1s5 = r3 + y3 + 5t15 + 256 + 3do.
We have that

bico = b3(d3¢3) = (b3C3)d3 = bads + ¥3d3 = dy + Xods.

Hence (b3cy, dg) = 1. But by Lemma 2.17 (b3t15, ¢9) = 1. Then there exists y3 € B
such that

bicg =115+ do + y3, d3xe =115 + 3.

Consequently b3y3 = ¢g. Since bzcg = (d3¢3)b3 = (b3d3)c3 = 53159, we have that

c3bg = t15 + do + y3.
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Consequently c3y3 = by. Since
b§C9 = c3¢9 + bgcy
=d3 + Co + yi5 + b + 2¢9 + 2J15,
(b3c9)b3 = b3tis + bady + b3 y3
= bg + Co + 2¥15 + d3 + Co + Y15 + b33,

then b3y3 = 9.
Since we have that

(b3b3)t15 = t1s + bgtis
(b3t15)b3 = b3bs + b3co + 2b3 315
=r3+1t15+do+ y3 + t15 + 256 + 4t15 + 2do,
so bgt15 =r3 + y3 + 5t15 + 256 + 3dy, which implies that y3 is real.

Step 3 b3dy = ¢y + y15 + d3, r3t;5s = bs + ¢5 + bg + ¢3 + x9 + x10, 3d9 = cg +

X9 + X10-
Since

b3y1s = c3y15 + beyis
= bg + Co + 2315 + €3 + d3 + bg + 269 + 4515,
(b3y15)b3 = b3se + 2b3t5 + badoy
= &3+ 15 + b3do + 2bg + 289 + 4315,

then bzdg = C9 + y15 + d3.
Since r32bg = (r3bg)r3 and r32x10 = (r3x10)r3, we have that
r3tis = bs + ¢5 + bg + cg + x9 + xj0,

rady = cg + X9 + X10.

Step 4 r3d3 = bg and r3bg = d3 + ¢c9 + yi5.
There are three possibilities: r3d3 = t9, m3 + ng, ma + ns. Thus

r32d3 =d3 + d3bg
=d3+co+ yi1s,
(r3d3)r3 = r3tg
or msr3 + nets
Oor myrs + nsrs,

If r3d3 = m3 + ng, then m3r3 = ¢ and r3ng = dz + yi5. But r3y15 = x¢ + 2x15 +
bg. Hence ng = x¢, so that (r3xg, d3) = 1, a contradiction.
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If r3d3 = my + ns, then myry = d3 + ¢o and r3ns = y15. But (r3j15,n5) = 0,
a contradiction. Hence r3d3 = f9 and r3t9 = d3 + ¢9 + y15, which implies that
(r3915,19) = 1. Then 19 = bo.

Step 5 x¢y15 = r3 + 4115 + s¢ + 2dy + y3, bgx15 = bz + 73 + 2x6 + Sx15 + 3bo,
bgbg = 73 4+ x6 + 2bg + 3x15, bgdo = y3 + 56 + 2dy + 3115, y3bg = dy + 115 and
bebg = 56 + 2dg + 2t15 and bex15 =13 + S6¢ + y3 + 2dg + 4115.

The above equations follow from ngé = (bsxe)xe, (b3b3)x15 = (b3x5)b3,
(b3b3)bg = b3by)bs, (b3b3)dy = (b3do)bs, (b3b3)y3 = (b3y3)b3, bibg = (b3bo)b3
and b%xw = (b3x15)b3.

Step 6 c3do = 59 + 23 + X15, bedy = X + 3[;9 + 2X15, 23¢3 = do.
Since

b3dy = c3dy + bedo,
(b3do)b3 = b3ds + b3co + b3y
= 2bg + 3%15 + 23 + X6,

and (c3x15,dy) = 1, from which Step 6 follows.

Step 7 bgx15 = bz + 23 + 2x6 + 5x15 + 3b9, baxg = 73 + bg + x15, b3cg = x15 + bo,
b3bs = x15 and b3cs = x15.
By Lemma 2.17 and Step 1, we have

(b3x15)b3 = bgb3 + 2y15b3 + cobs = b3 + x15 + X6 + 2x15 + bg + bg + x5 + 73,
(b3b3)x15 = x15 + bgx1s,

hence
bgx1s = b3 + 73 + 2x6 + Sx15 + 3bg.

Consequently, we have the following equations:

bibs = b3 + 2b3bs + 2b3x10 + b3bs + bacs + bics + bxo
= 3b3 + 2x¢ + 2x15 + 2x6 + 2x15 + 2bg + b3bs + bycs + bycg + bzxg,
(b3bg)bg = b3bg + xebg + x15bg
= b3 + x6 + x15 + b3 + x6 + by + 2x15 + b3 + 73 + 2x6 + S5x15 + 3b9,

which imply that
bibs + bycs + biycg 4+ b3xg = 4x15 + 2bg + Z3.
By the expression b3 x5 in Step 3, it can be easily shown that Step 7 follows.

Step 8 r3bs =115, r3¢5 =15, r3cg = 115 + do, r3x9 = 115 + d9 4 y3 and r3y3 = x9.
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Since

b§r3 =r3 4+ 2r3bg + 2r3xjo + r3bs + rycs + r3cg + r3xo
=r3+2r3 4 2s¢ + 2t15 + 256 + 2t15 + 2dy + r3bs + r3cs + r3cg + r3xo,
(r3bg)bg = r3bg + bgse + bgts
=r3+ ¢+ ti5+1r3+ 56 +2t15 + do + 13 + y3 + 5t15 4 256 4 3do,

it holds that
r3bs 4+ racs =racg + r3xg = 4t15 + 2do + y3.

But (3115, x9) = 1. The first four equations follow from the above equation. Conse-
quently, r3y3 = xg9.

Step 9 3¢9 = l;g + X154+ 23, 1323 = C9, X6 Y15 = 53 + 73 4+ X6 +4x15 + 259, X6C9 =
2t15 + 2dg + 56, X6Xx10 = by + b3 + 23 + 3x15, X6X6 = 1 + bg + bs + ¢5 + cg + X9,
x656 = 2bg + o + 15 and x6Co = 2|5 + X6 + 2bo.

Since r%bg = (r3b9)r3, we have the first equation, from which the second equation
follows. The rest of the equations follow from associativity of (c3bg)xe = bg(c3Xs),
(dsbg)xs = bg(dzxs), (b3xe)xe = (b3xe)Xe, (b3c3)xe = (b3xe)cs, (b3ca)xg =
b3 (c3x6) and (r3c3)co = r3(c3c9), respectively.

Step 10 xgy3 = d3 + y15.
Ejy known equations, we have that (x¢y3, ¥15) = (x6y15, ¥3) = 1 and (x¢y3,d3) =
(x6d3, y3) = 1, from which Step 10 follows.

Step 11 x6bs5s = x6 + by + x15, X6¢5 = X6 + by + X15, X6C8 = X6 + bg + 2x15 + 23
and z3x¢ = x10 + Cg.
Since
b§X6 = x¢ + 2x6bg + 2x6x10 + x6bs5 + x6¢5 + x6C8 + X6X9
= X6 + 2b3 + 2x6 + 2bg + 4x15 + 2bg + 2b3 + 273 + 6x15 +
+ x6b5 + x6c5 + x6C8 + X6 + 2bg + 2x135,
(bgxe)bg = b3bg + xebg + bobg + 2bgx15
= b3 + X6 + X15 + b3 + X6 + bo 4 2x15 + 23 + X6 + 2b9 +
=+ 3x15 + 2b3 + 223 + 4x6 + 10x15 + 6b9,

we have that

xgbs + xgc5 + x6c8 = 3x6 + 3bg + 73 + 4x15.
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Table 2.3 Further calculations

Values of inner products New equations

(z3b9, bg) = (bgbg, 73) = 1
(z3x15, bg) = (bgx15,23) = 1 z3bg = by + X15

(x6X10, by) = (x6¢5, by) = (x6b5, bg) =1
(x6bs, bg) = (x6cs, bo) =1, (x6x9, by) =2 x6b9 = bs + ¢5 +x10 + bg + ¢8 +2x9

(x6bs, x15) = 2, (xex10, X15) = 3,
(x6bs, x15) = (x6cs5, X15) = 1 X6X15 = bs + ¢5 + 2bg + 3x19 + 2cg + 2x9

(x6c8, X15) = (xpX9, X15) =2

(x63, t15) = (x6d3, ti5) = (x6bs, t15) = 1

(x6c9, t15) =2, (x6y15,115) =4 Xgtis = C3 +d3 + 2o + 4315 + be
(x673, d3) = (x6¥15.23) = | X623 =d3 + yis

(x6ds, X15) = (x6bs, ¥15) = (63, X15) = 1

(x6C9, X15) =2, (X615, X15) =4 XX15 =4y15 +be +2c9 +d3 + c3

By the expression xgXx¢ in Step 9, we have that (xgbs, x¢) = (x6¢5, X6) = (X6C8,
x6) = 1. The first three equations of Step 11 follow by comparing the degrees.
Hence (x¢z3, cg) = 1. In addition to (z3x¢, Xx10) = (x6X10,23) = 1, from which the
last equation follows.

Step 12 x¢x9 = x6 + 2bg + 2x15, X6dy = be + 2¢9 + 2315, X6d3 = z3 + ¥15 and
xebg = 2¢9 + bg + 2y15. ) .

It follows from (b3z3)xe = b3(23x6), (23€3)X6 = C3(23X6), (r3¢3)d3 = r3(c3ds)
and (rgcg)l;g = (}’3[;9)6‘3, respectively.

Step 13 Based on the equations known by us, we can check the inner products of
some products of basis elements and obtain Table 2.3.

Step 14 Repeatedly considering the associativity of basis elements, we can obtain
new equations. Since the process is trivial and repeated, the concrete process is
omitted and the correspondence between the associativity of basis elements and new
equations are listed in the following table. Occasionally, we need to check the inner
products based on the old and new equations to obtain a newer equation. Table 2.4
is an explanation. g
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Table 2.4 Further calculations

Associativity checked or inner products New equations

(b3e3)ds = bs(c3ds)
(b3c3)y3 = b3(c3y3)
(b3c3)zz = (b3z3)C3
(b3¢3)z3 = b3(c323)
(b3c3)se = b3(c3s6)
(b3c3)bg = b3(c3by)
(b3c3)xis = ba(czxis)
(b3c3)tis = ba(cstis)
(b3c3)dy = b3(c3dg)
(b3c3)x10 = b3(c3x10)
(b3¢3)bs = b3(c3bs)
(b3c3)es = bz(czes)
(b3c3)cg = bz(czes)
(b3¢3)x9 = b3(c3X9)
(b3c3)co = bz(c3c9)

(s6b3, y15) =1

(s6b9, y15) = 2, (s6x15, y15) =4
(5623, ¥15) = (s6X6, ¥15) = 1

(b3d3)by = d3(b3by)
(b3d3)by = d3(b3bo)
(b3d3)x15 = d3(b3x15)
(b3d3)x15 = d3(b3x1s)
(b3d3)t1s = d3(b3t1s)
(b3d3)dy = d3(b3dy)
(b3d3)y3 = d3(b3y3)
(b3d3)z3 = d3(b323)
(b3d3)z3 = d3(b323)
(b3d3)x10 = b3(d3x10)
(b3d3)bs = b3(d3bs)
(badz)cs = b3 (dscs)
(b3d3)be = b3(d3be)
(b3dz)cs = b3 (dzcs)
(b3d3)x9 = b3(d3x9)
(b3d3)y15 = b3(d3¥15)
(b3d3)ds = b3(d3)
(b3d3)c3 = b3(d3c3)

d3s6 =73 + x15

Y356 =8 + X10

2356 =d3 + y1s

356 =d3 + yis

sé: 14+ b5+ c5+bg+cg+ x9

bose = be + 29 + 2315

s6X15 = €3 + d3 + bg + 289 + 4315
set1s = bs + cs5 + 2bg + 2cg + 2x9 + 3x19
s6dg = bs + c5 + 2x9 + bg + cg + x10
s6X10 =13 + y3 +do + 3115

sebs = 56 +dy + 115

$6C5 =56 + 115 +doy

56€8 = y3 + 56 +do + 2115

S6X9 =S¢ + 2dg + 2115

5609 = ¥o + 2bg + 2515

s6Y15 = 2bg + 4315 + 23 + X6 + b3

bobg =1+ bs + c5 + 2bg + 2cg + 2x9 + 2x10
bg =L23 + ¢34+ 2bg + 2¢c9 + 3y15

box1s = 6y15 + 3¢ + d3 4 2bg + c3

boX15 = 2bs + 2cs + 3cg + 3bg + 4x19 + 3x9
bot1s = d3 + &3 + 6315 + 3¢9 + 2bg

body = 3 + d5 + 2bg + 289 + 3315

boy3 =3+ Y15+ ¢

bozz =c9 +c3+ 15

b9z3 = bg + x9 + x10

box10 =23 + b3 + 2bg + x6 + 4x15

boco = b3 + 73 + 2x6 + 3x15 + 2bo

boco =13 + y3 + 256 + 2do + 3115

bobe = 2bg + 2x15 + Xo

boy1s = 6x15 + b3 + 73 + 2x6 + 3bg

byxg = 2by + 3%15 + 23 + b3 + 276

boy1s =r3 + y3 + 256 + 6115 + 3do

bods =r3 +t15 +do

bocs =73 + by + x15

(continued on the next page)
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Table 2.4 (Continued)

2 Splitting of the Main Problem into Four Sub-cases

Associativity checked or inner products

New equations

(b3d3)d3 = b3 (d3d3)
(badz)c3 = b3(d3c3)

(b3bs)x15 = (b3x15)bs
(b3bs)x15 = (b3X15)bs
(b3bs)t1s = (bat15)bs
(b3bs)dy = (b3d9)bs
(b3bs)z3 = (b323)bs
(b3bs)bs = b3b?
(b3bs)x10 = (b3x10)bs
(b3bs)cs = (bscs)bs
(b3bs)cs = (bscs)bs
(b3bs)x9 = (bsx9)b3
(b3bs)dz = (bsd3)b3
(b3bs)dz = (bsd3)b3
(b3bs)cg = (bsco)bs
(b3bs)cg = (bsco)bs
(b3bs)bs = (bsbe)b3
(b3bs)yis = (bsyis)bs

(bsbe)hs = (b3t15)be
(b3be)dy = (b3do)be
(b3be)y3 = (b3y3)bs
(b3be)z3 = (b323)bs
(b3be)x10 = (bex10)D3
(b3b6)bs = (bebs)b3
(b3be)cs = (becs)bs
(b3be)cs = (becs)bs
(b3b6)x9 = (bex9)b3
(b3be)d3 = (bed3)b3
(b3be)cg = (beco)bs
(b3be)be = b3b}
(b3b6)y15 = (bey15)b3

(b3d3)dy = (b3do)d3
(b3d3)x10 = (b3x10)d3
(b3d3)bs = (b3bs)d3
(b3d3)cs = (b3cs)d3

bods = b3 + by + %15
bols = z3 + by + ¥15

x2s = 2c3 + 2d3 + 4be + 6¢9 + 915
x15X15 = 1 + 6x9 + 3bs + 3cs + 5bg + +5¢g + 6x10
X15t15 = 4bg + 6¢9 + 9¥15 + +283 + 2d3
x15dy = &3 + d3 + 2bg + 3¢9 + 6315
X1523 = bs 4+ ¢5 + bg + cg + x9 + x10
x15bs =73 + b3 + x6 + 2by + 3x15
X15X10 = b3 + 23 + 3x6 + 4bg + 6x15
X15¢5 = b3 + 23 + x6 + 2bg + 3x15
x15¢8 = b3 + 73 + 2x6 + 3bg + 5x15
X15X9 = b3 + 73 + 2x6 + 3bg + 6x15
x15d3 = X6 + 2%15 + by

x15d3 = 56 +do + 2115

X15¢9 =713 + y3 + 256 + 6115 + 3dy
X15by = b3 + 23 -+ 236 + 3bg + 6%15
xi5bg = b3 + 23 + 2bg + 415 + Xg
x15y15 = 2y3 +2r3 + 4s6 + 6dg + 9115

l‘125 =1+ 5bg + 5cg + 3b5 + 3¢5 + 6x10 + 6x9
dot\s = 2bs 4 2c5 + 3bg 4 3cg 4 3x9 + 4x10
y3tis =bs 4+ ¢5 + bg + cg + X9 + x19

23115 =be +c9 +2y15

t15x10 =713 + y3 + 4do + 356 + 6t15

t1sbs =r3 + y3 + s¢ + 2dg + 3115

tisc5 =r3 + y3 + 56 + 2dy + 3115

t15cg =r3 + y3 + 256 + 3dy + St15

t15x9 =13 + y3 + 3dg + 256 + 6115

t15d3 = x¢ + bg + 2x15

t15¢9 = b3 + 23 + 3bo + 2% + 6%15

tisbe = b3 + 23 + X6 + 2bo + 4% 5

t15y15 = 2b3 + 223 + 4%6 + 6bo + 9315

d3 =1+ bs + c5 + 2bg + 2cs + 2x9 + 2x19
doxio =y3 +r3+ ¢+ 2dy + 4115

dobs = s¢ + dog + 2115

docs = s¢ + do + 2115

(continued on the next page)
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Associativity checked or inner products

New equations

(b3d3)cg = (b3cs)ds
(b3d3)d3 = (b3d3)d3
(b3d3)co = (b3co)ds
(b3d3)y15 = (b3y15)d3
(b3d3)x9 = (d3x9)b3

(x6d3)z3 = (23X6)d3
(x6d3)73 = (23X6)d3
(x6d3)z3 = (y3%6)d3
(x6d3)y3 = (y3x6)d3
(x6d3)d3 = (d3d3)xe
(x6d3)Co = (d3C9)x6
(x6d3)bs = (d3be)xe
(x6d3)be = (d3bs)x6

(r3x10, 56) = (sebg, r3) = 1

(doy1s, X6) = 2, (dobg, x6) = 1, (dycog, Xg) =2

(x6y3,d3) = (x6t15,d3) =1

(r3c3)d3 = r3(c3d3)

(%obs, bo) = 1, (byy1s, X6) = (boco, x6) =2
(x6b9, x9) = (x6X15, X9) = 2, (Xe¥6, X9) = 1

(bobg, c) =2, (boX1s, cs) = 1, (xgcs, bo) = 1

(bobg, bg) =2, (boX15,bs) =3,
(boz3, bg) = (x6bs, bg) = 1
(bobg, c5) = (x6¢5,bg) =1, (boX15,¢5) =2

(x15¢9, ¥3) = (x15b6, y3) = 1, (x15)15, ¥3) =2

(b3bs)z3 = (b373)bs
(b3bs)ds = (bsd3)bs
(b3bs)Co = (b5C9)b3
(b3b5)y15 = (bsyi5)b3

(x6t15, c3) = (bot15,¢3) = 1, (x15t15,C3) =2

(dobs, y3) = (dox10, y3) = (dyxg, y3) = 1
(doy1s, z3) = (dycs, z3) = (dycg, z3) = |
(b3b3)dy = (b3do)b3

(body, ¢3) = (doz3, ¢3) = (x15dy, c3) = 1
(dobs, y3) = (t15bs, y3) =1

(s6x10, ¥3) = (f15x10, ¥3) = (dox10, y3) =1

docg =r3 + s¢ + 2do + 3115

dods = b3 + by + x15

dyco = b3 + 73 + 2Xg + 2bg + 3X15
doyis = b3 + 23 + 2% + 3bo + 6315
doxg =r3 + y3 + 256 + 2do + 3115

Z% =ds + bg

2373 =1+bg
yi=1l+cs

y3z3 =ds + bg
73ds =73 + X6
73¢9 =13 +do +115
23bg =y3 + 115
23b6 =23+ x15

356 = Xx10 + bg

x6dy = be + 2315 + 209
x6d3 = y3 +115

Xed3 =z3 + X15

x6bg = be + 2y15 +2c9
X6Xx9 = 2bg + x6 + 2x15
bgcg =2bg 4 3x15 + x6 + b3

bobg = 2bg + 3x15 + 23 + X6

csbg = by + 2x15 + x¢

X153 = be + &9 + 2315

X1523 =be +c9 +2y15

x15d3 = 56 + 2115 + do

X15C9 = b3 + 23 -+ 3bg -+ 2% + 6%15
X15515 = 9X15 + 223 + 2b3 + 4%6 + Gbg
t15¢3 = X¢ +l;9 +2Xx15

dyys = x9 +bg +x10

dozz =c3+c9+yi5

dybg = y3 + 56 + 2dg + 3115
docy = by + 73 + X15

y3bg =do + 115

Y3x10 = S6 + 115+ do

(continued on the next page)



108 2 Splitting of the Main Problem into Four Sub-cases

Table 2.4 (Continued)

Associativity checked or inner products

New equations

(t15y3,bs5) =1

(f15y3,¢5) =1

(t15y3, c8) = (s6y3, c8) = (y3c8, y3) =1
(t15y3, X9) = (d9y3, x9) = (r3y3, x9) = 1
(boys,c3) =1

(boys.d3) =1

(b3y3, c9) = (bycy, y3) = (x15¢9, y3) =1
(x15y3, b6) = (y323, bs) = 1

(x6y3, ¥15) = (boy3, y15) = 1, (X153, y15) =2
(x6x10, 23) = (b9x10, 23) = (X15%10, 23) = 1
(x15bs,23) =1

(x15¢5,23) =1

(x6c8, 23) = (x15¢8, 23) = (2323, ¢8) = |
(b3x9,z3) = (b9x9, 23) = (X15X9,23) = |
(bocz, z3) =1

(sed3. 23) = (d3y3,23) =1

(b3co, 73) = (bocg, 23) = (x15C9, 23) = 1
(x6¥15,23) = (boyis, z3) = 1, (x15y15,23) =2
(5615, 23) = (doyi1s,z3) = 1, (t15y15,23) =2

y3bs =115

y3¢5 =115

y3cg =56 + 115+ ¥3
y3x9 =115 +do + 13
y3€3 =59

y3d3 =bo

y3¢9 = b3 + bo + %15
y3be =X15 + 23

¥3yi5 = X6 + by + 2%15
23x10 = X6 + bo + X15
z3bs = X5

73¢5 = X15

73¢8 = X6 + X15 + 23
23%9 = b3 + by + %15
z3¢3 =1byg

z3d3 =56 + 3

2315 =b3 + by + x15
23y15 = X6 + bo +2x15
23y15 =86 + 2115 + do

2.8 Structure of NITA Generated by b3 and Satisfying
bg = c¢3 + bg, c3 # b3, b3, (b3bg, b3bg) = 3 and c3 Real

In this section we discuss NITA satisfying the following hypothesis.

Hypothesis 2.4 Let (A, B) be a NITA generated by a nonreal element b3 € B of
degree 3 and without non-identity basis element of degree 1 or 2, such that:

b3bs =1+ bg

and

b3 = c3 + bs,

where b;, c;,d; € B are of degree i.

Lemma 2.25 Let (A, B) satisfy Hypothesis 2.4, then

1) 3 =1+bs,

2) bicz = b3 + x6, X6 # X6 € B,
3) bgbs = x¢ + bbs, B
4) bg + b§ = c3bg + becz + bebe,
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5) becs = xebs,
6) c3bg = bs + x¢b3,
T) (bgbz, bgb3) =3, 4.

Proof By Hypothesis 2.4, we have (b33, b3) = (c3,b3) = 1. So (b3b3,c3) =
(b3cs, bycs) > 2, hence
=1+ (1)
Furthermore, we have
byes = b3 + X. (2)

If xg = Xg, then 1 = (B3¢, b3c3) = (c%, b%), a contradiction to Hypothesis 2.4.
By the associative law (153b3)b3 = 5319% and Hypothesis 2.4, one concludes that
b3 + bgbz = c3b3 + bebs. So bgbz = x¢ + bgb3 holds by (2). By the associative law
(b3b3)* = E%b% and Hypothesis 2.4 and (1), we see that

14 2bg + b3 = (c3 + be)(c3 + be),
14 2bg + b3 = ¢3 + c3b6 + bec3 + bebs,
b} + bg = c3bg + becs + bebe.

By the associative law (beb3)b3z = 53[7% and Hypothesis 2.4 and (2), it holds that
b3y + bgby = 03153 + b653; hence

bgbs = x¢ + bebs. 3)
By Hypothesis 2.4, (bb3, b3) = (bs, b) = 1, s0 by (3)
(bgbs, bgb3) > 3,

we shall show that (bgbs, bgb3_) =3, 4._ By the associzltive law eind Hygothesis 2.4
and (1) and (2), we have that (b3)c3 = b3(b3¢3), 3 + bec3 = b3bs + xebs; thus

566‘3 = x6153. 4

By (3), (x6b3, bg) = (x6, b3bg) = 1 holds. So (x6b3, x6b3) > 2. We shall show that
(x6b3 x6b3) =2,3.If (x6b3, x6b3) =4, then xgb3 = bg + g3 + w3 + v4; hence

b3gs = x¢ + w3, b3w3z = x¢ + k3, b3vg = x6 + z6.

Therefore 1 < (b3 g3, b3w3) = (b3l;3 g3w3). We obtain w3 = g3 by Hypothesis 2.4,
hence 2 = (x6b3, w3) = (xe, bgwq) so that b3w3 = 2x¢, a contradiction by (4).
Now we can state that (bec3, becz) = (bebe, ¢ ) = 2,3. By (1), it follows that
(b6b6, b3b3) = (b6b3, b6b3) = 2 or 3. Therefore (bgbg,, b3b3) = 3 4 by (3)

By the associative law (b3C3)b3 =c3 (b3b3) and Hypothesis 2.4, we get b2
x6b3 = ¢3 + c3bg and c3bg = bg + x6b3. O
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Lemma 2.26 Let (A, B) satisfy Hypothesis 2.4 and (bgbs, bgb3) = 3, then we get:

1) beb3 = b3 + x5,

2) bgbz = x¢ + bz + x15, X6 7 Xe,

3) xebs = bg + x10 = bsc3, X6 # bs, X10 = X10,
4) xec3 =b3 + Xis,

5) b3xg =c3+ y15, B

6) bscs = bg + c3 + y15, be = be, Y15 = ¥15.

Proof By our assumption in this lemma and part 3) in Lemma 2.25, and Hypothe-
sis 2.4:

bebs = b3 + x15, ey
then

bgb3z = x¢ + b3 + x15
by (1),
(bbs. b3b3) = (bebs, bebs) = 2.

Then by 1) in Lemma 2.25,

2= (bobs, ¢3) = (bec3, boes). (2)
By 6) in Lemma 2.25,
(bec3. bg) = (c3bg, be) = 1,
so by (2)
becs = bg + x10. 3)
So by 5) in Lemma 2.25
x6b3 = bg + x10; “)

so by (1) we get that x¢ # be. By the associative law (c%)Eg = (c3b3)c3 and 1), 2) in
Lemma 2.25 and (2), it follows that

b3 + bsbg = b3cz + xgc3,
b3 + X6 + b3 + X15 = b3 + X6 + X6C3,
SO
x6c3 = b3 + X15. (5)
By (4) and 2) in Lemma 2.25:
2 = (X6b3, x6b3) = (x6b3, x6b3), (b3xe, c3) = (x6, b3c3) = 1.
Therefore

b3xe = c3 + y15. (6)
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By the associative law (b3b3)c3 = (b3c3)bs and 2) in Lemma 2.25 and Hypothe-
sis 2.4, one has
c3 + bgez = b% + xgb3,
€3+ bges =c3+bg+c3+ yis,
bgcy = be + ¢3 + yis.
bg, c3 are reals, then
be = b, Y15 =Yis.
By (3), we have x19 = X10. Il
Lemma 2.27 Let (A, B) satisfy Hypothesis 2.4 and (bgb3, bgb3) = 3, then
Lemma 2.26 holds and we get:

1) x10b3 = x15 + X6 + X9, X10 = X10,

2) x¢bg = 2x15 + b3 + x6 + X9,

3) Xisc3 =2x15 + x6 + X9,

4) y15b3 = 2x15 + x6 + X9,

5) xebe = 2x6 + X15 + Xo,

6) c3x10 =be + y15 + Y9,

7) x% =2bs + yis + yo,

8) x15b3 =2y15 + be + y9,

9) bgbe =2y15 +be + ¢3 + y9, y9 = Yo,
10) bgxis = 4x15 + 2x6 + 2x9 + b3 + yob3.

Proof By the associative law (b%)b6 = (b3bg)b3 and Hypothesis 2.4 and 1), 3) in
Lemma 2.26, we get

c3bg + b2 = b3bs + X15b3,
bg + x10 +b§ =1+ bg + x15b3.
Hence
x10 4+ b2 = 1 + X15b3. (D
By 3) in Lemma 2.26,
(b3x10. X6) = (x10, b3x6) =1,
hence by (1),
(x10b3, x15) = (b3X15, x10) = 1.
So

x10b3 = x15 + X6 + X9,



112 2 Splitting of the Main Problem into Four Sub-cases

where xg is a linear combination of B. We shall show that x9 € B. If x;0b3 has an
element of degree 3, then

1 = (x10b3, ¥3) = (x10; b3y3),
hence b3y3 = x10, a contradiction. So
x10b3 = x15 + X6 + X9, 2

where x9 € B. By the associative law and Hypothesis 2.4 and 2), 3) in Lemma 2.26,
we get

(b3%6)b3 = %o (b3b3),
bsbs + x10b3 = X6 + ¥obs,
%6 + X6bg = Xg + b3 + X15 + X15 + X6 + Xo.
Hence
Xebg = 215 + b3 + X6 + Xo. (3)

By the associative law (b3c3)bg = bz(bgez) and 1), 2), 6) in Lemma 2.26 and 2)
in Lemma 2.25, we obtain

b3bg + xebg = bebs + c3b3 + yis5b3,
X6 + b3 + x15 + 2x15 + b3 + X6 + X9 = b3 + X15 + b3 + X6 + Y15b3.
So
yisbs =2x15 4 x6 + xo. (4)

By the associative law (b3c3)bg = (b3bg)cs and 1), 2), 6) in Lemma 2.26 and in
Lemma 2.25 and (3), the following equations hold:

b3bg + xebg = Xgc3 + b3cs + Xisc3,
X6 + b3 + x15 + 2x15 + b3 + X6 + x9 = b3 + x15 + b3 + x6 + X15¢3.
So
X15¢3 = 2x15 + X6 + X9. 4)

By the associative law (b3c3)bg = c3(b3bg) and 2) in Lemma 2.25 and 1) in
Lemma 2.26 and (5), one should have

b3be + xebe = b3cs + x15¢3,
b3 + X15 + x6be = b3 + X¢ + 2X15 + X6 + Xo,
x6be = 2X¢ + X15 + Xo. (6)
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By the associative law and 5), 4) in Lemma 2.26 and 1) in Lemma 2.25, we get
(b3xe)c3 = b3(x6c3), €5 + yisc3 = b3bs + b3¥ys and yjsc3 = b3¥ys. Now by (2) it
follows that (x15bs, x109) = (b3x10, x15) = 1. So

I = (y15¢3, x10) = (¥15, €3X10)- @)

By 3) in Lemma 2.26,

(c3x10, be) = (c3b6, x10) = 1. (8

By (2) and 1) in Lemma 2.25, we have (c3x19, c3X10) = (c%, x%o) = (b3b3, x120) =
(b3x10, b3x10) = 3. Therefore by (7) and (8), the following equation holds:

c3x10 = be + y15 + ¥o. )

where y9 € B. By the associative law and 3), 5), 6) in Lemma 2.26 and 2) in
Lemma 2.25 and (9), we have that (xgb3)c3 = x6(b3c3) and

bscs + x10¢3 = X6bs + Xz,
b + 3+ yis + be + Y15 + yo = 3 + yis + g,
SO

x% =2b6 + y15 + Y. (10)

By the associative law and 3), 4), 6) in Lemma 2.26 and Hypothesis 2.4 and (9),
we have (xgb3)c3 = (xgc3)b3. Hence

bges + x10¢3 = b3 + x15b3,
be + c3 + y15 + b6 + 15 + y9 = 3 + b + x15b3,
SO
X15b3 =2y15 + be + y9. (11

By the associative law and 2), 5), 6) in Lemma 2.26 and (11) and the Hypothe-
sis 2.4, b3(bgbz) = bg (b%) holds, from which we conclude

xb3 + b3 + x15b3 = bgcs + bgbe,
¢34+ y15 + €3 + bg + 2y15 + be + y9 = be 4¢3 + y15 + bgbe,
SO

bgbe = 2y12 + be + c3 + yo. (12)
By the associative law and 1), 2) in Lemma 2.26 and (4) and 2) in Lemma 2.25:

(beb3)bs = b3(bsbs), b3bg + x15bg = 2y12b3 + beb3 + c3b3 + yobs.
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Lemma 2.28 Let (A, B) satisfy Hypothesis 2.4 and (bsbz,b3bg) = 3, then
Lemma 2.27 holds and x9c3 = x15 + d3 + dy, d3 # c3, b3, b3.

Proof By 3)in Lemma 2.27,
(c3x9, X15) = (X9, c3X15) =1,
)

C3x9 =X15 + (D

where « is a linear combination at B. We shall show that « has neither degree 4
nor two elements of degree 3. If x4 € «, then 1 < (c3x9, x4) = (x9, c3Xx4), hence
1= (xg, C3X4). So

C3X4 = X9 + m3. )
So
(c3m3, x4) = (m3, c3x4) = 1,
hence
c3m3 = y4 +ks. (3)
Hence

2 -
2 = (cams3, c3m3) = (c3, m3m3),

therefore m3ms = 1 + bg. So by the associative law and (3) and 6) in Lemma 2.26,
we get (m3m3)c3 = m3(m3c3), c3 + c3bg = ysms3 + ksm3. Hence

2¢3+ be + yi15 = yams + ksms. “4)
By (3)
(yam3, c3) = (ya,m3c3) = 1, (ksm3, c3) = (ks, m3c3) = 1;
hence by (4), we get a contradiction. If x3, y3 € «, then by (1),
1 = (¢e3x9, x3) = (x9, c3x3),
1 =(c3x9, y3) = (x9, €3¥3).
So
€3X3 = X9, €3y3 = X9,
hence

1 = (c3x3, c353) = (c3, F33).

Therefore by 1) in Lemma 2.25, x3y3 = bg + 1, so x3 = y3; then by (1) 2 =
(c3x9, x3) = (x9, c3x3), a contradiction. Therefore by (1) one of the following holds:
a)a=d3+dyorb)a=ds+djorc)a=dg+ keord) a =2dgore) a =djs.



2.8 Structure of NITA Generated by b3 115

We shall show that a) is the only possibility. Assume b) holds, then by (1) we
get c3x9 = X15 +ds + d7. So (c3ds, x9) = (ds, c3x9) = 1. Therefore c3ds = x9 + B,
where 8 = 2x3 or B = x3 + y3 or B = mg. We shall show that these possibilities are
impossible if 8 = 2x3, then c3d5 = x9 + 2x3. Therefore (c3x3, ds5) = (x3, c3ds5) =2,
S0 ¢3x3 = 2ds, a contradiction. If 8 = x3 + y3, then c3ds = x9 + x3 + y3. Hence
(c3x3,ds5) = (x3,c3d5) = 1, (c3y3,d5) = (y3,¢3ds5) = 1, so 1 < (c3x3,¢3y3) =
(c%,i3y3). Then by 1) in Lemma 2.25 x3 = y3 a contradiction. If § = mg, then
c3ds = x9 + mg, so by (1) and (6), we have (C%)ds = c3(c3ds),ds + bgds =
Xx9c3 + mec3 and bgds = X15 + d7 + mec3. So (bgxis, Lzs) = (bgds, x15) = 1, hence
by 10) in Lemma 2.27: (y9b3,ds) = 1 and by 8) in Lemma 2.27: (y9h3, x15) =
(y9, b3x15) =1, so y9153 = x15 + ds + k7, where k7 is a linear combination. When
k7 = e3 + my, then yobs = xi5 + ds + e3 + 13, hence (b3ma, y9) = (ma, b3yo) =1,
S0 b3my = yg + 13, hence (1303, m4) = (3, b3ma) = 1, therefore

t3l;3 =my4 + 15, &)

s0 2 = (133, 13b3) = (1313, b3b3), so by Hypothesis 2.4 7313 = 1 + bg. Hence by the
associative law and (5) we obtain:

(1313)b3 = (13b3)13, b3 + bgb3 = mat3 + 1513.

By 2) in Lemma 2.26, it follows that 2b3 + xg + x15 = mat3 + Ist3, SO myt3 =
2b; + x¢. Hence 5 = (mat3, mat3) = (iama, t5t3), and then mgmy = 1 + 4bg, a
contradiction. If

yobs = x15 + ds + k7, (6)

where k7 € B, then (b3cz5,_yg) = (ds, E3y9) = 1; hence bzds = Yoty where y = vg
or y = v3 + w3. When b3ds = yg + v3 + w3, then (b3v3, ds) = (b3ds, v3) = 1. Also
(b3m3, ds) =1, so 1 < (b3vs, bam3z) = (b3b3, v3m3), by Hypothesis 2.4, v3 = w3,
then

2 = (b3ds, v3) = (ds, b3v3),
SO
ESUS = zd_s,

a contradiction. When b3ds = Y9 + vg, then by the associative law and (6) and our
assumption:

(b3)ds = b3(b3ds),
dsc3 + dsbe = yobs + vebs,
X9 + 1 + dsbe = X15 + ds + k7 + vebs.
Hence

veb3 = X9 + me + 13, N
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SO (tgl;g,_v(,) = (3, b3vg) = 1, hence t3b3 = vg + p3. Therefore 2 = (batz, b313) =
(313, b3b3), Now by the Hypothesis 2.4 we get

1tz =1+ bg. (®)
Again by the associative law:
b3(1313) = t3(b313), b3 + b3bg = 1306 + 13 3;

and by 2) in Lemma 2.26, we have 2b3 + x¢ + x15 = 1306 + 13 p3, but (1306, b3) =
(1303, v6) = 1, (13p3, b3) = (13b3, p3) = 1. This means vgts = b3 + xi5, ;3p3 =
by + X6. Then by (7) and (8), it follows that 2 = (Dgt3, Vst3) = (VeVs, [313) =
(vgve, b3b3) = (vgb3, vebs) = 3, a contradiction.

Assume c) holds. Then by (1) one has that c3x9 = X15 + dg + k¢, s0 (c3dg, X9) =
(ds, c3x9) = 1; hence c3dg = x9 + Y, where y =mg ory =m3 +v3+ k3 ory =
v3+Vye0ory =vg+vso0ry =2v3+m3ory =3v3. If y =mo, then c3dg = x9 +mo,
so by the associative law and 1) in Lemma 2.26:

(€3)ds = (c3de)c3,
de + debg = x9c3 + mocs3,
de + dsbg = X15 + dg + ke + moc3,
debg = X15 + k¢ + moc3. )

We shall prove that dg # x¢, X6, k¢ 7 X6, X6- By 4) in Lemma 2.26 and our as-
sumption if dg = x¢,

1 = (c3x9, x6) = (x9, c3x6) =0, 1 = (c3x9, X¢) = (c3x6, X9) =0,

a contradiction, so dg # xg, Xe. In the same way ke # x6, X6. By (9), (bgx1s, de) =
(bgdg, x15) =1, i{l the same way (bgxis, ke) =_(bgl€6, X15) = 1_, th_en by 8), 10) in
Lemma 2.27, (yob3, x15) = (9, b3x15) =1, (y9b3,ds) = 1, (yob3, k¢) = 1. So

yobz = x15 + dg + ke. (10)
So by the associative law and 2) in Lemma 2.25:
(b3¢3)y9 = c3(b3yo),
b3y9 + yoxe = x15¢3 + dec + kecs,
X15 +ds + ke + yoxe = 2X15 + X6 + Xo -+ Xo + 1o + kec,
ds + ke + yox = X15 + X6 + 20 + 19 + keC3.

And by 3) in ]:emma 2.27,_(10) and the fact that c3dg = x9 + mo, since kg, dg #
Xg, then 1 < (kgc3, dg) = (ke, c3dg), a contradiction to the assumption that c3dg =
X9 + mog. If y = m3 + v3 + k3, then c3d3 = x9 + m3 + v3 + k3, so (cam3,d3) =
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(m3, c3d3) =1, (c3v3,d3) = (v3, c3d3) = 1. Hence 1 < (c3m3, c3v3) = (m303, c3),
then by 1) in Lemma 2.25 m3 = v3, a contradiction. If y = v3 + yg, then c3dg = x9 +

v3 + Y6, 80 (c3v3, dg) = (v3, c3dg) = 1. Hence c3v3 = dg + 13, so by the associative

law and 1) in Lemma 2.25, we obtain equations c§v3 = c3(c3v3) and

v3 + v3bg = dgc3 + 13¢3,

v3 + v3bg = x9 + v3 + y9 + 13¢3.

Hence wv3bg = x9 + yg + t3¢3. Since (#3¢3,v3) = (13, c3v3) = 1, then (v3bg,
v3bg) > 4. On the other hand, 2 = (c3v3, c3v3) = (c%, v3v3), so by 1) in Lem-
ma 2.25, 9303 = 1 + bg = b3bs. Therefore (v3bg, v3bg) = (b3, v303) = (b, b3b3) =
(bgb3, bgb3), by 2)in Lemma 2.26, (bgb3, bgb3) = 3, a contradiction. If y = v4+vs,
then c3dg = x4 + v4 + vs, so by the associative law and 1) in Lemma 2.25:

3de = c3(c3ds),

de + debg = x9c3 + v4¢3 + v5¢3.
Hence by our assumption we have dg + debg = X15 + dg + ke + vac3 + vsc3, thus
debg = X15 + k¢ + vac3 + v5C3. (11

We shall show that dg # x¢, X6, k6 # X6, X6. By 4) in Lemma 2.26, if dg = xg,
or dg = Xg, then 1 = (c3x9, x6) = (x9, c3x6) =0, 1 = (c3x9, X6) = (c3%6, X9) =0, a
contradiction. In the same way k¢ # x¢, X6. By (12) and 10) in Lemma 2.27,

(bgx1s, de) = (bgds, %15) = 1.

In the same way (bgxys.ks) = 1 and by 10), 8) in Lemma 2.27 (yob3, k¢) = 1,
(yob3,ds) =1, (y9b3, x15) = 1, 80 y9b3 = x15 + ke + de. Hence by the associative
law an 2) in Lemma 2.25:
(b3c3)yo = (b3y9)c3,
b3yg + X6 y9 = X15¢3 + kec3 + doc3,

so by 3) in Lemma 2.27 and our assumption:

X15 + ke + ds + X6 yo = 2X15 + X6 + Xo + kecs + dsc3,
ke + d + x6y9 = X15 + X6 + X9 4 V4 + U5 + X9 + kgc3.

Hence 1 = (kgc3, do) = (k¢, c3dg), a contradiction to our assumption. If y =2v3 +
m3, or y = 3vs, then c3dg = x9 + 2v3 + m3 or c3dg = x9 + 3v3. In two cases, it
always follows that (c3v3, dg) = (v3, c3dg) > 2, a contradiction. Assume then by
(1) c3x9 = X15 + 2dg. Hence (c3dg, x9) = (dg, c3x9) = 2, therefore c3dg = 2x9. So
by the associative law and 1) in Lemma 2.25, we have that (C%)dﬁ = c3(c3dg)
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de + dgbg = 2x9c3
= 2X15 + 4dg,
debg = 2x15 + 3de.

So
(bgx1s, de) = (bgds, ¥15) = 2. (12)

By 4) in Lemma 2.26, if x¢ = dg, then 2 = (c3x9, x6) = (x9, c3x6) = 0, then
de # x¢, also dg # X¢. Then by (12) and 8), 10) in Lemma 2.27: (y9153,x15) =
(y9, b3x15) =1, (y9153, &6) =2.So y9153 = x15 4 2dg. Hence by the associative law
and 2) in Lemma 2.25:

yo(b3c3) = (yob3)es,
yob3 + yoxe = x15¢3 + 2decC3,

then by 3) in Lemma 2.27, X15 + 2dg + yoxe = 2X15 + X6 + X9 + 2X9, a contra-
diction. Assume e) then by 1), c3x9 = x15 + d12 Then by 1) in Lemma 2.25, 2 =
(x9c3, x9¢3) = (x9X9, cg) = (x9X9, b3b3) = (x9b3, x9b3). So by 1) in Lemma 2.27,
(x9b3, x10) = (x9, b3x19) = 1, hence x9b3 = x10 + x17(13). By the associative law
and 1) in Lemma 2.25: (c3)x9 = (b3b3)x9 = b3(b3x9) = (c3x9)C3, X10b3 + b3x17 =
X15¢3 + di2c3. By 1), 3) and Lemma 2.27, x15 + x¢ + X9 + b3x17 = 2x15 + x6 +
x9 + dizc3, b3x17 = x15 + dizc3. Then (x5b3, x17) = (x15, b3x17) = 1 and by 2) in
Lemma 2.26 and 1), 8) in Lemma 2.27:

(b3x1s, bg) = (x15, b3bs) = 1,
(b3x15, X10) = (x15, b3x10) = 1,

(b3x15, b3x1s) = (x15b3, x15b3) = 6.

Therefore the only possibility is bsxis = bg + x10 + x17 + m3 + z3 + z4. So
(bsms, x15) = (m3, b3x1s5) = 1, a contradiction. Hence the only possibility is that
« = ds + do, hence by 1) xoc3 = %15 + d3 + do. If d3 = c3, then (c3,x9) =
(c3, c3x9) = 1, a contradiction to 1) in Lemma 2.25. If d3 = b3, then (c3b3, x9) =
(b3, c3x9) = 1 a contradiction to 2) in Lemma 2.25 in the same way. If d3 = b3, we
get a contradiction so d3 # c3, b3, bs. O

Lemma 2.29 Let (A, B) satisfy Hypothesis 2.4 and (bgbz, bgb3) = 3, then
Lemma 2.28 holds and we obtain the following:

1) dsc3 = x9, x9 # X9,

2) d3bg =x15 + X9,

3) bids = y9, yo = Y9, y9 # X9,
4) x9c3 =X15 + d3 + Xo,

5) yobs =d3 + x9 + x15,

6) dsbg =d3 + Xis,
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7) bgxis =5x15 + 3x9 + 2x6 + b3 + ds,

8) xobg = 3x15 + 2x9 + X6 + d3,

9) yisxe =4x15+ 2x9 + X6 + b3 + d,
10) bex15 =4x15 + X6 + 2X9 + b3 + d3,
11) dsyis =2x15+x6 + x9,

12) x9x15 = 6X15 + 2X6 + 3X9 + b3 + d3,

13) d3bg = x5 + X9,

14) dyd;z =1+ cg, cg # bg,

15) di = b+ y3, d3 # c3, b3, b3, y3 # b3, c3, b3,
16) b3ds = z9, z9 # y9, X9, X9, 29 = Z9,

17) y2=1+cs.

Proof By Lemma 2.28, (c3d3, x9) = (d3, c3x9) = 1, hence
dzc3 = x9. (D

By the associative law and 1) in Lemma 2.28, we have d3 (c%) = x9c3 and d3 +
dibg = x15 + d3 + dg, which leads to

dzbg = xX15 + do. )

So (bgx1s,ds) = (bgds, X15) = 1 and by 10) in Lemma 2.27, (yob3,d3) =1 =
(9, b3d3z). So

bids = y9. 3)

By the as§ociative law (153b3)c§3 = 53(1)3(33) and Hypothesis 2.4, one has dy +
d3bg = yob3. By (2), we get

yobs =d3 +dg + x15. “4)

By the associative law and Hypothesis 2.4 and (3) we have (b%)c% = (b3d3)b3 =
Yob3, d3c3 + d3bg = yob3 = d3 + do + X15. SO

dsc3 = do, &)
d3be = d3 + X15. (6)

Hence by (1) we obtain do = x9. By Lemma 2.28, we may assume
X9c3 = X15 + d3 + Xo.
By 10) in Lemma 2.27 and (4) we get
bgx15 = 5x15 + 3x9 + 2x6 + b3 + d5. 7
By the associative law and 1) in Lemma 2.25 and Lemma 2.28:

(cD)x9 = (c3x9)c3,
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X9 + x9bg = X15¢3 4+ d3c3 + X9c3.
By (1) and 3) in Lemma 2.27 and Lemma 2.28, we obtain
X9 + x9bg = 2x15 -+ X6 + X9 + X15 + d3 + xo,
SO

xobg = 3x15 + 2x9 + x¢ + d. )

By the_t associative_law and 4) in Lemma 2.27 and 2) in Lemma 2.25, we have
that y15(b3c3) = (y15b3)c3, y15b3 + yi5X6 = 2x15¢3 + X6C3 + X9¢3. Moreover by 4)
in Lemma 2.26 and 3), 4) in Lemma 2.27 and Lemma 2.28, we get

yi5bs + y1s5xe = 4X15 + 2X¢ 4+ 2X9 + b3 + X5 + X15 + d3 + Xo,
then

Yi5X6 = 4X15 + 2% + X6 + b3 + ds. &)

By the associative law and 8) in Lemma 2.27 and Hypothesis 2.4, we ob-
tain (b)x1s = (b3x15)b3, x15¢3 + bex1s = 2y15b3 + bebs + yobz, By 3), 4) in
Lemma 2.27 and 10) in Lemma 2.26 and (4), we have 2x5 + X¢ + X9 + bgx15 =
4515 4 2% + 259 + b3 + X154+ d3 + X9 + X15, S0 bex15 = 4X15 + X6 + 2X9 + b3 + ds.
By the associative law and 6) in Lemma 2.26 and (1), (6) and (8), we have
(C3b8)d3 = (C3d3)b8 = )C9bg. Hence

beds + c3ds + yisds = 3x15 + 2x9 + X6 + d3,
d3 + x15 + x9 + y15d3 = 3x15 + 2x9 + X6 + ds,
yisd3 = 2x15 + x6 + X9.

So by the associative law and (1), it follows that (d3c3)y15 = c3(d3y15) and x9y5 =
2x15¢3 + x9¢3 + x6c3. Hence by 3) in Lemma 2.27 and 4) in Lemma 2.26, we obtain
that

X9c3 = X15 + d3 + X9, Xox15 = 615 + 2X6 + 3X9 + b3 + d3.

By the associative law 1) in Lemma 2.25 and Lemma 2.28 and (1), one has that
ds(c3) = (d3c3)c3, ds + dzbs = c3x9 = X15 +d3 + X9, and d3bg = X15 + X9. Then
we have by (6) that (d?, bg) = (d3, dzbg) = 1, s0

d3 =be +ys3, (10)

hence (d3d3, dzds) = (d3,d3) = 2. Now by (1) and 1) in Lemma 2.25, we get
(d3c3, d3c3) = (dsds, c3) = 1. Hence

dydz =1+ cs, (1)
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where 8 # bg by the main theorem in [CA] so dz # c3, b3, bz. Also 3 #*
c3, b3, by, since if y3 =c3,then 1 = (d3 ,C3) = (d3C3, d3); therefore (d;d3 C3d3) =
(d3C3, d3C3) > 2, a contradiction. In the same way if y3 = b3, b3. If x9 = Xo, then
by (1) we have 1 = (c3d3, c3d3) = (5732, c%), a contradiction to 1) in Lemma 2.25
and that d32 = be + ¥3, SO X9 # X9. By (11) and Hypothesis 2.4, it holds that
1 = (d3ds, b3b3) = (d3bs, d3b3) hence d3b3 = z9. By (10) and Hypothesis 2.4, we
obtain 1 = (d2, b2 3) = (d3bs, d3b3), s0 z9 = Z9, hence zg # x9, X9. If zg = yo, then
by (3) we have 1 = (d3bs, b3d3) = (d2, b3b3), a contradiction to (10) and Hypothe-
sis 2.4; hence zg9 # y9. By the associative law and (11), (6) and (10):

(d3be)ds = be(d3ds),
di + x15d3 = be + cgb,
then

cgbe = y3 + x15d3

since cg, bg are reals and

(x15d3, y3) = (x15, d3y3) = 0.
So y3 = ¥3, by (10), (d3y3,d3) = 1, hence

2 < (d3y3. day3) = (dads, y3),

soy32=1~|—Cg. O

Lemma 2.30 Ler (A, B) satisfy Hypothesis 2.4 and (bgbs, bgb3) = 3, then Lem-
ma 2.29 holds and we obtain the following:

1) b2 =1 +2bg +2x10+ 24 + g + bs + s,

2) X15b3 = x10 + bg + cg + z9 + bs + cs, either bs, cs5 are reals or bs = cs,
3) b2 =14 bg + 79 + cg + bs +cs,

4) xex¢ =1+ bg+cg+z9 + bs +cs,

5) x3y =1+ 2bg + 2x10 + 28 + 2bs + 2c5 + 32,

6) x10%¢ = b3 + 3%15 + d3 + X9,

7) bgx10 = 2bg + x10 + Xob3 + cg + z9 + b5 + s,

8) c3y15 =x10 +bg +c8 + 29+ bs +cs,

9) c3bs = yis,

10) c3cs = yis.

Proof First we note that either b5 and c5 are reals or b5 = ¢5 holds. But in these two
cases, it always follows that b5 + ¢5 = bs + &5 = bs + cs. By 2) in Lemma 2.26 and
1), 8) in Lemma 2.27, we have (x15b3, X15b3) = 6, (xX15b3, x10) = (b3x10, X15) =1,
(x15b3, bg) = (b3bs, x15), then

Xisb3=x10+bs+x+y+z+4+w, (D)



122 2 Splitting of the Main Problem into Four Sub-cases

where |x + y + z + w| = 27. Here the case x15b3 = x19 + bg + 2x is impossible
since |2x| = 27 implies that [x| = 13.5. But x is an integer, a contradiction. By the
associative law (b3bg)b3z = bg(b3b3) and Hypothesis 2.4 and 2), 3) in Lemma 2.26,
we get

X6b3 + b3by + X15b3 = by + b3,  bg +x10+ | + bg + X15b3 = bg + b3,
14 x10 + bg + X15b3 = b3.
Thus
by =142bg+2x10+x +y + 2+ w. )
So by 4) in Lemma 2.25 and 3) in Lemma 2.26,
bi=1+bg+x+y+z+w. 3)

By the associative law (b3c3)(b3c3) = (b3b3)c3 and 1), 2) in Lemma 2.25 and Hy-
pothesis 2.4 and 3) in Lemma 2.26:

(b3 + x6) (b3 + X6) = (1 4 bg)* = 1 4 2bg + b3,
b3bs + b3Xe + bxg + x6¥6 = 1 + 2bg + bj.
So by (2) and (1) and 3) in Lemma 2.26:
xeX6=1+bg+x+y+z+w. “4)

By the associative law (xgbg)b3 = (x¢b3)bg and 3) in Lemma 2.26 and 2) in
Lemma 2.27:

2X15b3 + b3bs + Xebs + Fobsy = b} + x10bs,
then by 3) in Lemma 2.26 and (1) and (2) we have
2x10 + 2bg + 2x + 2y + 2z + 2w + 1 + bg + bg + x10 + Xob3
=1+42bg+2x10+x+y+z+w+xi0bs,
o)
2bg + x10 + X9b3 +x + y + 72+ w = x10bg. 5)

By the associative law ()E62)b3 = Xe¢(x¢b3) and 7) in Lemma 2.27 and 3) in
Lemma 2.26, we get 2bgb3 + yi5b3 + y9b3 = Xe¢bg + X¢x190. Then by 1) in
Lemma 2.26 and 2), 4) in Lemma 2.27 and 5) in Lemma 2.29, we have the equation:

21_)3 + 2x15 4+ 2X15 + X6 + X9 + d3 + X15 + X9 = 2x15 + 53 + X6 + X9 + x10X6,

SO

b3 + 3%15 + d3 + X9 = x10%6. (6)
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By t_he associative (X¢b3)x10 = b3(Xex10) and 3) in Lemma 2.26, we get bgx19 +
x120 = b3b3 4 3x15b3 4+ d3b3 + x9b3. Then by (3) and Hypothesis 2.4 and (1) and 5)
in Lemma 2.29, it follows that

2bg + x10 + Fob3 +x +y +z+w+xf,

=14bg+3x10+3bg+3x +3y+32+3w+ 29 + X9b3.

Hence
Xfo=1+2bg +2x10 + 29 + 2x + 2y + 22+ 2w. (7
By 13) and 14) in Lemma 2.29, one has that (d3ds3, b3) = (d3bs, d3bg) = 2, hence
we obtain by (2) that (b2, cg) = 1. Without loss of generality, say x = cg. By (4) and
(7), it holds that 11 < (xfo, Xxe6X6) = (x10X6, X10X6). But by (6), (x10Xs, X10X6) = 12
holds, thus we may assume y = zq. By (1), (b3, X15) = (o, b3X15) = 1 holds, where
o €{x,y,z, w} So |a| > 5. Hence z = b5 and w = c5. Hence by (1), (3), (4), (5),
(6) and (7), we obtain
¥15b3 = x10 + bg + 8 + 29 + b5 + cs,
b§ =1+ 2bg +2x10 + cg + 29 + bs + cs,
bgz 14+ bg +cg +z9 + b5 +cs,
x6x6 = 1 +bg + cg + 29 + b5 + cs,
x120 =1+2bg + 2x10 + 329 + 2¢c8 + 2b5 + 2cs5,
bgx10 = 2bg + x10 + X9b3 + cg + z9 + b5 + c5.
So by the associative law (b3%6)c3 = X6(b3c3) and 1), 2) in Lemma 2.25 and 3), 5)
in Lemma 2.26:
3 + €315 = by¥e + Xo¥e,
1+bg+c3yis=bg+x10+1+bg+cg+2z9+bs+cs,
€3y15 = X10 + bg + cg + 29 + b5 + cs.

So (c3bs, y15) = (bs, c3y15) = 1, (c3cs, y15) = (y15¢3, ¢5) = 1, hence ¢3b5 = y;s,
3¢5 = Y15. O

Lemma 2.31 Let (A, B) satisfy Hypothesis 2.4 and (bgbz, bgb3) = 3, then
Lemma 2.30 holds and we obtain the following:

1) b3zg =x9 +d3 + x15,

2) X9b3 = z9 + x10 + c3,

3) bgxio = 2bg + 2x10 + 229 + 2c8 + bs +cs,
4) b3cg = x9 + x15,

5) dzxe = x10 + cs,



124 2 Splitting of the Main Problem into Four Sub-cases

6) d3be=d3 + xis,

7) d3cg = X15 + X + d3,
8) y3d3 = x¢ + ds,

9) dsxe =yis + y3.

Proof By the associative law (b%)d3 = b3(b3d3) and 6), 4) in Lemma 2.29 and
Hypothesis 2.4, we get c3d3 + bed3 = b3zzg. Then by 1), 6) in Lemma 2.29 it follows
that

X9 + 673 + x15 = b3279. (1)

Then (b3x9,z9) = (b3z9,x9) = 1. And by 1) in Lemma 2.27, (xob3,x10) =
(b3x10, x9) = 1 holds. It follows by 4) in Lemma 2.29 and 1) in Lemma 2.25 and
Hypothesis 2.4 that (x9b3, X9b3) = (X9x9, b3b3) = (X9x9, C%) = (x9c3, X9c3) = 3.
Hence

Xob3z =z9 +x10 + ds. (2)
By 1) and 5) in Lemma 2.30, we get

(b, x3) = 18 = (bgx10, bsx10). 3)

By 7) in Lemma 2.30 and (2), we have bgx19 = 2bg +2x10+ 229+ cg +bs +c5 + ds,
then by (3) we obtain that cg = dg, so

bgx1o =2bg + 2x10 + 229 + 2¢c3 + b5 + 5. “4)

Now we have (b3cs, x9) = (b3X9, cg) = 1 by (2) and (b3cs, x15) = (b3x15,c8) = 1
by 2) in Lemma 2.30, so
b3cg = x9 + x15. (5)

By the associative law ds(c3b3) = (d3C3_)153 and 1) i_n Lemma 2.29 and 2_) in
Lemma 2.25 and (2), we see that d3(c3b3) = (d3c3)bs, d3bs + dixg = x9b3 =
z9 + x10 + cg. Hence by 14) in Lemma 2.29 we have

d3xe = x10 + cs. (6)

By the associative law (b%)d3 = (b3d3)b3 and 14) in Lemma 2.29 and (1) and
Hypothesis 2.4, it follows d3c3 + d3bg = zob3 = x9 + d3 + x15. Hence by 1) in
Lemma 2.29 it holds that:

d3b6=6z3 + Xx15. (7

By the associative law (d3d3)ds = d3(d3) and 12) and 13) in Lemma 2.29, we
have d3 + dzcg = beds + y3cz3, and get dzcg = X15 + y3cz3 by (7) E_md (dscg, Xg) =
(d3xg,cg) =1 by (6). By 12) in Lemma 2.29, (dscs, d3) = (c3, d3d3) = 1 holds,
hence

dycg = X15 + X6 + d3. (3
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Therefore

y3d3 = X + ds. )
Moreover (d3Xg, y3) = (X6, d3y3) = 1, and by 11) in Lemma 2.29, it follows that
(d3xe, y15) = 1, 80 d3x6 = y15 + y3. 0

Lemma 2.32 Let (A, B) satisfy Hypothesis 2.4 and (bgbz,bgb3) = 3, then
Lemma 2.31 holds and we obtain the following:

1) x9b3 = y9 + yi5 + y3,

2) x9d3 = y15+ €3 + Yo,

3) x15d3 = y15 + y6 + Yo,

4) cgbe =2y15+ y3 + y9 + bs,

5) z9b6 = 2y15 + 2y9 + bg,

6) x10b6 =3y15 + y3 + 3+ Yo,

7) y3be = cg + x10,

8) d3xi15 =bg + 29+ b5+ c5+ x10 + s,

9) yi5be = 2bg + 3x10 + 229 + 2¢3 + b5 + cs,
10) yobe = bg + 229 + bs + ¢5 + x10 + c3,
11) x1s5x15 =5bg + 6x10 + 629 + 5¢cg + 3bs + 3¢5+ 1,
12) bebs = y15 + y9 + bs,
13) b3y3 = X9.

Proof By the associative law d3 (C3b3)_: (d3c3)b3 = x9b3 and 1) in Lemma 2.29
and 2) in Lemma 2.25, we have that d3b3 4+ d3X¢ = x9b3 and by 3) in Lemma 2.29
that y9 + d3Xxe¢ = x9b3. Finally, we obtain

x9b3 = y9 + y15 + ¥3, (D

by 9) in Lemma 2.31.

By the associative law b3(C3cz3) = ﬂ3(b3c8) and 4), 7) in Lemma 2.31, we
get x15b3 + byxg + b3ds = xod3 + x15d3, and by 5) in Lemma 2.26 and 3) in
Lemma 2.29 and 8) in Lemma 2.27, we get 2y;5+be+ y9+c3+ y15 = xod3 +x15d3,
xod3 + x15d3 = 3y15 4+ 2y9 + bg + c3. Now from 10), 11), 1) in Lemma 2.29,
we see that (xody, c3) = (x9,dsc3) = 1 and (xods, yi5) = (x9,d3y15) = 1 and
(xgd_3, bg) = (x9, d3bg) = 0, hence

x9d3 = y15 + ¢3 + Yo, )
which gives
x15d3 = 2y15 + Y9 + be. 3)

By the associgtive law (dzd3)be = d3(d3bg) and 6), 12) in Lemma 2.29, one has that
bg + cgbg = d32 +d3x15. And by (3) and 13) in Lemma 2.29, we obtain bg + cgbe =
be + y3 +2y15 + y9 + be, hence

cgbg =2y15 + y3 + y9 + bg. 4
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By the associative law (d3b3)be = d3 (b3236) and 1) in Lemma 2.26 and 3) and
16) in Lemma 2.29, we obtain z9bg = d3b3 + d3Xx15, and hence by (3) and 3) in
Lemma 2.29, we have

29bg = 2y15 + 2y9 + bg. @)

By the associative law (x¢be)d3 = bg(x6¢d3) and 5) in Lemma 2.27 and 5) in
Lemma 2.31, we have 2x¢d3 + X15d3 + Xod3 = x10b¢ + csbs. Then by 9) in
Lemma 2.31 and (2), (3) and (4), it follows that

2y15 +2y3 + 2y15 + Y9 + bg + y15 + ¢3 + Y9 = x10b6 + 215 + ¥3 + Y9 + be.

Hence
x10b6 =3y15 + y3 + 3 + ¥s. (6)

Now we have by (4) (y3bg, cg) = (3, becs) = 1, (y3bs, X10) = (y3, bex10) = 1 by
(4) and (6), from which we get

y3be = cg + x10. @)

By the associative law (d32)b6 = d3(d3bg) and 15) in Lemma 2.29 and 6) in
Lemma 2.31, we obtain bé + y3be = d3ds + x15d3. Moreover by 14) in Lemma 2.29
and 3) in Lemma 2.30 and (7), we have

14+bg+z9+cg+bs+cs+x10+cs=1+cg+ x15d3,
bg + 29 + b5 + ¢5 + x10 + 8 = x15d3. 3

By the associative law and 5) in Lemma 2.26 and 5) in Lemma 2.27:

b3(x6be) = be(b3x6),
2x6b3 + X15b3 4 Xob3 = bec3 + y15b6.

By 2) in Lemma 2.31 and 2) in Lemma 2.30 and 3) in Lemma 2.26:

2bg + 2x10 + x10 + b3 + 29 + ¢g + bs + ¢5 + x10 + 29 + ¢ = bg + x10 + Y15b6,
yisbe = 2bg + 3x10 + 229 + 2cg + bs + cs. )

By 3) in Lemma 2.29 and 1) in Lemma 2.26:

(b3be)ds = (b3d3)be = yobe,
b3ds + ¥15d3 = yob,

by 16) in Lemma 2.29 and (8)

bg + 229 + bs 4+ ¢5 + x10 + ¢3 = yobg. (10)
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By the associative law and 8) in Lemma 2.27 and 1) in Lemma 2.26:
(b3be)x15 = be(b3x15),
byxis + X15x15 = 2y15bs + b + yobs,
so by (10), (9) and 2), 3) in Lemma 2.30

x10+bg+2z9+cg+bs+cs+x15x15 = 4bg+6x10+479+4cg+2c5+1+bg+2z9
+cg+bs+cs+bg+2z9+cg+x10+b5+cs,
X15x15 = 14+5bg +6x10+ 629+ 5cg +3bs+4cs.

By (9) and (10), we get

(bebs, yo) = (bey9, bs) =1, (bebs, y15) = (bs, y15be) =1

and by (3)
(bsbe, be) = (bs, bg) = 1,
SO
bsbs = y9 + y15 + be.
By (1)
(b3y3, X9) = (b3x9, y3) =1,
then b3y3 = Xg. O

Lemma 2.33 Let (A, B) satisfy Hypothesis 2.4 and (bgb3, bgb3) = 3, then
Lemma 2.32 holds and we obtain the following:

1) yodsz = b3+ x5 + xo,

2) zodz = b3 + X15 + Xo,

3) z9y9 =3y15 + 2bg + 2y9 + 3 + y3,

4) cgbg =2x10 + 229 + bg + cg + bs +cs,

5) yoc3 =z9 + x10 + c3,

6) Xx15x6 = 2bg 4+ 3x10 + 229 + 2cg + b5 + cs,

7) x10d3 = X15 + X6 + Xo,

8) d3xg = x10 + bg + 29,

9) y3y9 =29 + bg + x10,
10) bey9 =2z9 4+ bg + x10 + bs + ¢5 + cs,
11) x3s =9y15 + 4bs + 6y9 + 2¢3 + 23,
12) x15x6 = 3 +4y15 + b +2y9 + y3.

Proof By the associative law and 13), 3) in Lemma 2.29:

(b3d3)dsz = (b3d3)d3 = b3 (d32), yods = bebs + y3b3,
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then by 1) in Lemma 2.26 and 13) in Lemma 2.32,

yods = b3 + x15 + x9.
By the associative law and 16), 15) in Lemma 2.29:

(d3)b3 = (d3b3)ds,

bebs + y3b3 = zod3,
then by 13) in Lemma 2.32 and 1) in Lemma 2.26,

z9d3 = b3 + 15 + Xo.
By 16) in Lemma 2.29 and (1):

(b3d3)y9 = 29y9 = (d3y9)b3 = b3 + x15b3 + xob3,
by 8) in Lemma 2.27 and Hypothesis 2.4 and 1) in Lemma 2.32:
€3+ be + 2y15 + be + yo + yo + yi15 + y3 = 299,
3y15 + 2bs + 2y9 + c3 + y3 = 29)9.

By the associative law and Hypothesis 2.4 and 4) in Lemma 2.31:

(b3b3)cg = b3 (b3cs),

cg + cgbg = xob3 + x15b3,
then by 2) in Lemma 2.31 and 2) in Lemma 2.30:
cgbg = 2x10 + 229 + bg + cg + bs + cs.

By the associative law and 2) in Lemma 2.25 and 3) in Lemma 2.29:

(b3c3)ds = (byds)cs,

byds + Xed3 = yocs,
then by 16) in Lemma 2.29 and 5) in Lemma 2.31:

Y93 =29 + X190 + ¢s.
By the associative law and 7) in Lemma 2.27 and 4) in Lemma 2.26:

(x3)e3 = x6(x6C3),
2bgcs + yis5e3 + yoc3 = byxe + Xisxe,

then by (5) and 3) in Lemma 2.26 and 8) in Lemma 2.30:

(D

2)

3)

“4)

®)

2bg +2x10 + x10 + bg + 29 + cg + bs + ¢5 + z9 + x10 + cg = bg + x10 + X15%6,

X15x6 = 2bg + 3x10 + 229 + 2¢3 + b5 + 5.

(6)
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By the associative law, 9) in Lemma 2.31 and 3) in Lemma 2.26:
(X6b3)d3 = (Xed3)b3,
bgds + x10d3 = y15b3 + y3b3,
then by 4) in Lemma 2.27 and 13) in Lemma 2.32
bgds + x10d3 = 2X15 + X6 + X9 + X9,
by 13) in Lemma 2.29
x10d3 = Xi5 + X6 + Xo.
So
(d3x9, x10) = (d3x10, X9) = 1,
and by 13) in Lemma 2.29,
(d3x9, bg) = (d3bg, X9) = 1;
and by (2)
(d3x9, 29) = (d3z9, X9) = 1,
)
d3xg = x10 + bg + 29.
By the associative law and 15) in Lemma 2.29 and (1):
(d3)yo = d3(d3 o),
beyo + y3y9 = b3ds + x15d3 + xod3,
then by 16) in Lemma 2.29 and (8) and 8) in Lemma 2.32:
beyg + y3y9 = 29 + bg + 29 + bs 4 ¢5 + x10 + cg + x10 + bg + 29,
beyo + y3y9 = 329 + 2bg + b5 + ¢5 + cg + 2x10.
By 5), 6) in Lemma 2.32 and 9) in Lemma 2.27:
(bsyo, bg) = (y9, bebg) =1,
(b6y9, x10) = (¥9, bex10) =1,
(b6y9, z9) = (¥9, 29b6) = 2;
hence
y3y9 =29 +bg + x10
Therefore

beyg = 2z9 + bg + x10 + b5 + ¢5 + 3.
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By the associative law and 10) in Lemma 2.29 and 1) in Lemma 2.26:
(beb3)x1s = b3(bex1s), b3x1s + xis = 4%15b3 + Xbs + 2Xobs + b3 + d3b3,

by 8) in Lemma 2.27 and 5) in Lemma 2.26 and 1) in Lemma 2.32 and Hypothe-
sis 2.4 and 3) in Lemma 2.29:

X1s = 6y15 -+ 3b6 + 3y9 + €3 + Y15 + 20 + 2y15 + 23 + €3 + bg + Yo,
X35 =9y15 + 4bg + 6y9 + 2¢3 + 2y;3.
By the associative law and 5) in Lemma 2.27 and 1) in Lemma 2.26:

(X6be)b3 = x¢(beb3),
2x6b3 + x15b3 + Xob3 = b3Xe + X15%6,

then by 5) in Lemma 2.26 and 8) in Lemma 2.27 and 1) in Lemma 2.32:

2¢3 4 2y15 + 2y15 + be + yo + y15 + ¥3 = ¢3 + yi5 + X15%6,
X15%6 = ¢3 +4y15 + be + 2y9 + y3.
O

Lemma 2.34 Let (A, B) satisfy Hypothesis 2.4 and (bgb3, bgb3) = 3, then
Lemma 2.33 holds, and we obtain the following:

D) y3e3 =z9,

2) z9c3 =Yy9 + y15 + ¥3,

3) y3bg =y9 + yis,

4) zobg =279 + 2x10 + 2cg + bg + bs + cs,
5) 2 =14 2x10 + 229 + 2bg + 2c5 + bs + cs,
6) ci=142cg+2x10+bg+29+bs=cs,
T) cge3 =yi1s+ y9,

8) x3 =2bs +3y15 +2y9 + y3 + c3,

9) cgy3 =bg + y3 + y1s,

10) x10y3 = b6 + y3 + y1s,

11) d3y3 =d3 + xe,

12) X¢y3 =d3 + x5,

13) x15y3 = 2X15 + X6 + X9.

Proof By the associative law and Hypothesis 2.4 and 13) in Lemma 2.32:

y3(b3) = Xobs,
y3c3 + y3be = x9b3,
then by 2) in Lemma 2.31

y3¢3 + y3be = z9 + x10 + 3,
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then by 7) in Lemma 2.32
y3¢3 = 29.
By 1), 16) in Lemma 2.29 and the associative law and 1) in Lemma 2.32:
b3(c3d3) = (bsc3)ds = (badsz)c3 = zgc,
b3xg = z9c3,
then
29¢3 =Yy9 + y15 + 3.
So by (1) and 1) in Lemma 2.25 and the associative law:
2y _
y3(c3) = z9¢3,
y3 + y3bg = yo + y15 + y3.
Thus
y3bg = yo + y1s.
By (2) and the associative law and 1) in Lemma 2.25:
2y _
z9(c3) = yoc3 + y15¢3 + y3c3,
79 + z9bg = yoc3 + yisc3 + y3cs3,
so by (1) and 8) in Lemma 2.30 and 5) in Lemma 2.33:
29 + z9bg = z9 + x10 + cg + x10 + bg + cg + 29 + b5 + ¢5 + 29,
29bg =279 + 2x10 + 2¢g + bg + b5 +c¢s.

By 17) in Lemma 2.29 and 1) in Lemma 2.25 and (1):
i3 =1,
(1 + c)(1 4 bg) =23,
1+ bg +cg + cgbg =Zg,
by 4) in Lemma 2.33
25 =1+ 2x10 4 229 + 2bg + 2c5 + bs + ¢s.

By the associative law and 14) in Lemma 2.29 and 7) in Lemma 2.31:

(d3d3)cy = d3(dacs),

cs + c3 = d3¥%15 + Xed3 + d3ds,
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then by 5) in Lemma 2.31 and 8) in Lemma 2.32:
Cg+C§=b8+29+b5+C§+X10+C8+X10+68+1+Cg,
3 =1+2cg+2x10 + bg + 29 + bs + cs. (6)
By 1), 12) in Lemma 2.29 and the associative law:
d3(d3c3) = 3+ cges,
d3xg = c3 + csc3,
then by 2) in Lemma 2.32

cgcs = y15 + ¥o. (N

By the associative law and 13) in Lemma 2.32 and 17) in Lemma 2.29 and Hypoth-
esis 2.4:

b3yi =13,
(c3+bo) (1 +c3) = 53,
c3+ bg + c3cg + becg = J?g,
then by (7) and 4) in Lemma 2.32:
¢34 bg + yi5 + Yo + 2y15 4 y3 + yo + be = 13,
x5 = 2b6 + 315+ 2y0 + y3 + 3.
By the associative law and 4), 7) in Lemma 2.32 and 17) in Lemma 2.29:
()b = y3(y3be),

be + cgbe = cgy3 + X103,
2y15 + y3 + y9 + 2be = cgy3 + X103,

by 9) in Lemma 2.33, 4) in Lemma 2.32 and 15) in Lemma 2.29: (cgy3, bg) =
(33, cgbe) =1, (cgy3, ¥3) = (c8, ¥3) = L, (€33, y9) = (c8, ¥3y9) =0. So

c8y3 =be + y3 + Y15, (8)
then
x10y3 = be + y9 + yis. 9)
By the associative law and 8) in Lemma 2.31 and 17) in Lemma 2.29:
(Ddz = y3(y3d3),
d3 + dzcs = Xoy3 + da 3,
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by 7) in Lemma 2.31, 2d3 + x15 + x6 = X6y3 + d3y3, by 15) in Lemma 2.29,
(d3y3.d3) = (d3,y3) =1.So

dsys = d3 + xe, (10)
then

X6y3 =d3 +xi5. (11)
By the associative law and 6) in Lemma 2.31 and 7) in Lemma 2.32:

(d3be)ys = d3(y3bs),
dzys + x15y3 = csd3 + x10d3,
then by 7) in Lemma 2.33 and 7) in Lemma 2.31 and (10):
d3z + X6 + x15y3 = X15 + X6 + d3 + X15 + X6 + Xo,
Yi5y3 = 2X15 + X6 + Xo.
O

Lemma 2.35 Let (A, B) satisfy Hypothesis 2.4 and (bgb3, bgb3) = 3, then
Lemma 2.34 holds and we obtain the following:

(1) zox10 =3x10 + 2bg + 229 + 2cg + b5 + s,
(2) zocg =2x10 4+ 2bg + 229 + bs + c5 + cg,
(3) cgx10 = 2x10 + 2c8 + 2bg + 229 + b5 +cs,
(4) y3 =1+ 2z9+2bg +2cg + 2x10 + bs + s,
(5) x9cg =3x15 + x6 + 2x9 + b3,
(6) X9y3 =b3 + x9 + x15,
(7) X9x9 =1+ 2bg + 2x10 + 2¢g + 229 + bs + cs,
(8) x9y9 =d3 + 3x15 + 2X9 + b3 + 2Xe,
9) z9y3 =yo + 3+ y1s, )

(10) x9z9 = 3x15 + 2x9 + 2x6 + b3 + d;.

Proof By the associative law and 7) in Lemma 2.33 and 16) in Lemma 2.29:
(b3ds)x10 = b3(d3x10),
29X10 = X15b3 + X6b3 + Xob3.
Then by 2) in Lemma 2.30 and 3) in Lemma 2.26 and 2) in Lemma 2.31:
Z9x10 = Xx10 + bg + cg + 29 + bs + c5 4+ bg + x10 + 29 + X10 + C38,
29X10 = 3x10 + 2bg + 229 + 2c8 + b5 + cs. ()
By the associative law and 16) in Lemma 2.29 and 7) in Lemma 2.31:

(b3ds)cg = b3(dscy),
z9cg = X15b3 + X6b3 + d3b3.
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Then by 2) in Lemma 2.30 and 3) in Lemma 2.26 and 16) in Lemma 2.29, we get
z9¢c8 = x10 + bg + ¢ + 29 + b5 + ¢5 + bg + x109 + z9 and

z9cg = 2x10 + 2bg + 229 4+ bs + ¢5 + cs. 2)
By the associative law and 7) in Lemma 2.33 and 14) in Lemma 2.29:
(d3d3)x10 = d3(d3x10),
x10 + c8x10 = d3X15 + dsie + dsXo,

then by 5) in Lemma 2.31 and 8) in Lemma 2.32 and 8) in Lemma 2.33, it follows
that x19 + cgx10 = bg + 29 + b5 + ¢5 + x10 + cg + x10 + ¢g + x10 + bg + z9 and

cgx10 = 2x10 + 2¢3 + 2bg + 229 + b5 + ¢5. 3)
By the associative law and 3), 15) in Lemma 2.29 and Hypothesis 2.4, one has
272 .2
bydy = 3,
(¢34 b6) (b + y3) = ¥5,
c3be + c3y3 + b + bys = ¥3,

then by 3) in Lemma 2.26 and 1) in Lemma 2.34 and 3) in Lemma 2.30 and 7) in
Lemma 2.32, we have yg =bg+x10+29+1+bg+ 29+ cg+bs+cs+cg+ xi0.
So

ygz1+229+2b8+2cg+2x10+b5+C5. @)

By the associative law and 13) in Lemma 2.32 and 9) in Lemma 2.34:

(b3y3)cg = b3(y3c8),
Xocg = bebs + y3b3 + y15b3,

then by 13) in Lemma 2.32 and 1) in Lemma 2.26 and 4) in Lemma 2.27, Xgcg =
b3 + X15 + X9 4+ 2X15 + X6 + X9 and

Xocg = bz + 3X15 + 2% + Xe. (5)
By the associative law and 13) in Lemma 2.32 and 17) in Lemma 2.29:

(b3 = y3(y3b3),
b3 + cgb3 = X9y3,
then 4) in Lemma 2.31

X9y13 = b3 + x9 + x15. (6)
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By the associative law and 13) in Lemma 2.32 and (6):

(b3y3)x9 = b3(y3x9),
XgXxg = b3l;3 + b3x9 + b3X1s,

then by Hypothesis 2.4 and 2) in Lemma 2.31 and 2) in Lemma 2.30:

Xoxg =14 bg 4+ z9 + x10 + ¢8 + x10 + b3 + ¢ + 29 + b5 + 5,
Xoxg =14 2bg 4+ 2x109 + 2x10 + 2c8 + 229 + b5 + c5. (7N

By the associative law and 13) in Lemma 2.32 and 9) in Lemma 2.33:

(b3y3)y9 = b3(y3y9),
X9y9 = z9b3 + bgbz + x10b3,

then by 1) in Lemma 2.31 and 2) in Lemma 2.26 and 1) in Lemma 2.27:

X9Y9 = X9 +d_3 +x15+x6+ b3+ x15+x15 + X6 + X9 = 2x9 + 3x15 +2x6+(z3 + b3.

By the associative law and 16) in Lemma 2.29 and 11) in Lemma 2.34: ®
(b3d3)y3 = (d3y3)b3,
293 = d3b3 + x6b3,

then by 3) in Lemma 2.29 and 5) in Lemma 2.26
29y3 = y9 +¢3 + yis. ©))

By the associative law and 13) in Lemma 2.32 and (9):

(29¥3)b3 = z9(y3b3),
yob3 + ¢c3b3 + yi15b3 = z9X9,

then by 5) in Lemma 2.29 and by 2) in Lemma 2.35 and 4) in Lemma 2.27:
29%9 = d3 + X9 +X15+ b3 + X6 +2%15 + X6+ X9 = 3X15 +2%9 + 2% + b3 +d3. (10)

0

Lemma 2.36 Let (A, B) satisfy Hypothesis 2.4 and (bgbs, bgb3) = 3, then
Lemma 2.25 holds and we obtain the following:

(1) x1508 = 5x15 + 2x6 + 3x9 + b3 + dj,

(2) x15x9 =6y15+3y9 +2be +c3+y — 3,

(3) X9x15 =3bg + 4x10 + 329 + 3¢ + 2b5 + 2cs,
4) x15y15 = 4X6 + 9X15 + 6X9 + 2b3 + 2d3,
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(5) x15Y9 = 6X15 + 2% + 3% + b3 + d3,
(6) Xoxe¢ =2z9 + x10 + bg + cg + bs +cs,
(7) x6x9 =2y9 +2z15 + be,
(8) x6y9 =2x15 + 2X9 + Xg,
(9) x6z9 =2x15 + 2x9 + x5, _
(10) xgcg =2x15 + x6 + x9 + d3,
(11) y15y9 =4x10 + 3bg + 329 + 3cg + 2¢5 + 2bs.

Proof By the associative law and 6), 7) in Lemma 2.31:
(d3bg)cg = be(d3cs),
dscg + x15¢8 = X15be + X6be + d3bs,
then by 7) in Lemma 2.31 and 6), 10) in Lemma 2.29, 5) in Lemma 2.27:
x15 + x6d3 + x15¢8 = 4x15 + X6 + 2x9 + b3 + d3 + 2x6 + X15 + X9 + d3 + x15,
X15Cg:5)615+2x6+3xg+b3+£§3. (D)
By the associative law and 8) in Lemma 2.33 and 6) in Lemma 2.31:
(d3bg)x9 = bs(d3x9),
dsx9 + Xx15x9 = x10b6 -+ bgbe + z9bs,
then by and 9) in Lemma 2.27 and 2), 5), 6) in Lemma 2.32:

Y15+ 3+ yo +x15x9 = 3y15 + y3 + 3+ y9 + 2y15 + be + ¢3 + y9

+2y15 + 2y9 + bg,
x15X9 = 6y15 + 3y9 + 2b + ¢3 + y3. ()

By 13) in Lemma 2.32 and 13) in Lemma 2.34:

b3(y3x15) = (b3y3)x15 = X9x15,
2x15b3 + X¢b3 + Xob3 = X9x15.

and 2) in Lemma 2.31 and 3) in Lemma 2.26 and 2) in Lemma 2.30:

2x10 + 2bg + 2cg + 279 + 2bs5 + 2¢5 + bg + x10 + 29 + X10 + €8 = Xox15,
X9x15 = 3bg + 4x10 + 329 + 3¢ + 2bs + 2cs. 3)

By 11), 12) in Lemma 2.33 and by (2) and 8) in Lemma 2.27 and 3) in Lemma 2.32:

(x15y15, X6) = (x15%6, y15) = 4, (x15y15. X15) = (x75. y15) =9,
(x15¥15, X9) = (x15X9, y15) =6, (x15y15, b3) = (x15b3, y15) =2,

(X15y15, d3) = (x15d3, y15) = 2.
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Then
X15y15 = 4X6 + 9x15 +6i9+21§3+2d3. 4)
By (2) and 11), 12) in Lemma 2.33 and 8) in Lemma 2.27 and 3) in Lemma 2.32:

(x15y9, X15) = (y9, x{s5) =6, (x15Y9, X6) = (X15%6, Y9) = 2,
(x15Y9, X9) = (x15X9, y9) = 3, (X159, b3) = (x15b3, y9) = 1,

(x15Y9, d3) = (x15d3, y9) = 1.
Then
X15y9 = 615 + 2X6 + 3%9 + b3 + d;. )

By the associative law and 13) in Lemma 2.32 and 12) in Lemma 2.34:

b3(y3x6) = (b3y3)x6 = X9x¢,

badsz + b3x15 = X9xg,
then by 16) in Lemma 2.29 and 2) in Lemma 2.30
229 + x10 + bg + cg + bs + ¢5 = Xoxe. (6)
By the associative law and 13) in Lemma 2.32 and 12) in Lemma 2.34:

b3(y3x6) = X9Xe,

bads + x15b3 = XoXs,
so by 3) in Lemma 2.29 and 8) in Lemma 2.27
XeX9 = 2y9 + 215 + b. @)
By the associative law and 3) in Lemma 2.29 and 9) in Lemma 2.31:

b3(dsxe) = (b3d3)x6 = X6 Y9,
b3yis + b3y3 = x6y9. 3
By 16) in Lemma 2.29 and 5) in Lemma 2.31 and the associative law:
x6(b3d3) = b3(xed3),
X629 = X10b3 + csb3,

then by 1) in Lemma 2.27 and 4) in Lemma 2.31:

X629 = X15 + X6 + X9 + X9 + x15 = 2x15 + 2x9 + X6. 9
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By (1) and 4) in Lemma 2.30 and 5) in Lemma 2.35 and 7) in Lemma 2.31:

(x6c8, X15) = (X6, C8X15) = 2, (x6c8, X6) = (x6X6, c8) =1,
(x6c8, x9) = (x6, cgx9) =1, (x6cs, d3) = (csd3, %) = 1,
then
XgCg = 2X15 + X¢ —i—xg—i—cig. (10)

By the associative law and 9) in Lemma 2.31 and 1) in Lemma 2.33:

(d3X6)y9 = (d3y9)Xe,

Y15Y9 + yoy3 = b3Xe + X15X6 + XoXe,
then by (6) and 6), 9) in Lemma 2.33 and 3) in Lemma 2.26:

Y15Y9 + 29 + bg + x10 = bg + x10 + 2bg + 3x10 + 229 + 2c3
+bs5 + ¢5 + 229 + x10 + bg + cg + bs + cs,
V159 = 4x10 + 3bg + 329 + 3cg + 2¢5 + 2bs.

O

Lemma 2.37 Let (A, B) satisfy Hypothesis 2.4 and (bgbz, bgb3) = 3, then
Lemma 2.36 holds and we obtain the following:

1) y3y15 =x10 +bg + bs +c5 + g + 29,
2) y =1+ 3bs + 6x10 + 629 + 5bs -+ 3cs + 5cs,
3) x10y15 = 6y15 + 3bs + 4y9 + c3 + 3,
4) zox10 =3x10 + b5 + ¢5 + 2bg + 229 + 2cs,
5) yoxi0 =4y15+2y9 + y3 + b +c3,
6) yocg =3yi15 + 2y9 + be + c3,
7) z9y15 =6y15 +2be + 3y9 +c3 + y3,
8) x10x15 = 3x6 + 6x15 + b3 + d3 + 4x9,
9) x10x9 =4x15 + x6 + 2x9 + b3 + d3,
10) bgxg = 2x15 + 2Xx9 + X¢,
11) bgyg =3yis5 + y3,
12) xeds = y15 + y3,
13) bgy1s = 5y15 + 2b6 + 3y9 + ¢3 + 3,
14) x1529 = 2x6 + 6x15 + b3 + d3 + 3x9,
15) x9y15 = 6x15 + 2X6 + 3X9 + b3 + d3,
16) yiscs =2bg + 5y15 + 3 + y3 + 3yo.

Proof By the associative law and 9) in Lemma 2.31 and 15) in Lemma 2.29 and
7) in Lemma 2.27:
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d3x2 = yis +2y15y3 + y3,
(bo + ¥3)(2b6 + Y15 + ¥9) = yis + 2y15y3 + ¥3,
217% + y15b6 + beyo + 2bsy3 + y3y15 + y3y9 = yfs +2y15y3 + y§,

by 3) in Lemma 2.30 and 7), 9), 10) in Lemma 2.32 and 9) in Lemma 2.33 and 17)
in Lemma 2.29:

y%5+1+Cg+y15y3=2+2b8+229+263+2b5 + 2¢5 4+ 2bg + 3x10 + 229
+2cg +bs+cs+bg+2z9+bs+c5+x10+cs. (1)

By the associative law and 11), 15) in Lemma 2.29:
@)y1s = (dsy15)ds, bey1s + y3yis = 2x15d3 + xed3 + x9d3,
so by 8), 9) in Lemma 2.32 and 5) in Lemma 2.31 and 8) in Lemma 2.33:

2bg + 3x10 + 229 + 2cg + bs + ¢5 + y3y15 = 2bg 4+ 229 4+ 2bs + 2¢5 4+ 2x10
+2cg + x10 + €8 + x10 + b3 + 29,
y3y15s =x10 + bs + bs + ¢s5 + ¢3 + 29. (2)
Then by (1),
yis = 14 3bs + 6x19 4 629 + Shg + 3¢5 + Scs. (3)
By 9) in Lemma 2.32 and 11) in Lemma 2.36 and 8) in Lemma 2.30 and (2):

(x10¥15, ¥15) = (x10, ¥i5) =6, (x10¥15, be) = (x10, Y15b6) = 3,
(x10¥15, ¥9) = (x10, Y15¥9) =4, (x10¥15, €3) = (x10, y15¢3) = 1,
(y15x10, ¥3) = (x10, y15¥3) = 1.

So
x10Y15 = 6y15 + 3be +4y9 + c3 + y3. 4)
By 16) in Lemma 2.29 and 7) in Lemma 2.33:
b3(dsx10) = (b3d3)x10 = z9X10,
Xi5b3 + X6b3 + X9b3 = z9x10,
then by 2) in Lemma 2.30 and 3) in Lemma 2.26 and 2) in Lemma 2.31:

X10 4 bg + cg 4+ 29 + bs 4 ¢5 + bg + x10 + 29 + x10 + 8 = 29X10,
29x10 = 3x10 + b5 4 ¢5 + 2bg + 229 + 2c3. )]
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Lemma 2.38 Let (A, B) satisfy Hypothesis 2.4 and (bgbs, bgb3) = 3, then bs # cs.

PVOOf Assume b5 = 55. By 2) in Lemma 2.30, (B3b5,)f15) = (b5,b3)f15) = 1,
(b3bs, x15) = (b3X15, bs) =1, then
53b5 =X15, (D
b3bs = xis. 2

By 9), 10) in Lemma 2.32 and 3) in Lemma 2.30:

(bebs, y15) = (bs, bey15) =1,
(bebs, y9) = (bs, bgyy) =1,
(bebs. bs) = (bs, bg) =1,
then
bebs = y15 + y9 + be. 3
By 4) in Lemma 2.30 and 6) in Lemma 2.33 and 6) in Lemma 2.36:

(x6bs, x6) = (bs, X6x6) =1,
(x6bs, x15) = (b5, Xex15) = 1,
(x6bs, x9) = (bs, X6x9) =1,
then
x6bs = x¢ + x15 + X9. “)
By 6) in Lemma 2.33 and 6) in Lemma 2.36 and 4) in Lemma 2.30:

(X6bs, X15) = (bs, x6X15) = 1,
(X6bs, Xo) = (Xex9, bs) =1,
(Tobs. X6) = (Yex6, bs) = 1
then
Xebs = X15 + X9 + X6. 4)
By 6) in Lemma 2.33 and 8), 11) in Lemma 2.32 and 2) in Lemma 2.30 and 3) in
Lemma 2.36:

(x15b5, x6) = (b5, X15x6) = 1,
(x15bs, d3) = (x15d3, bs) =1,
(x15bs, x15) = (bs, X15x15) =3,
(x15b5, x9) = (b5, X15X9) =2,
(x15b5, b3) = (x15b3, bs) =1,
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then

x15b5 = x6 + 3x15 + 2x9 + b3 + d3.

141

(6)

By 6) in Lemma 2.33 and 8), 11) in Lemma 2.32 and 3) in Lemma 2.36 and 2) in

Lemma 2.30:
(X15bs, X6) = (b5, x15%6) = 1,
(X15b5, d3) = (b5, x15d3) =1,
(X15bs, X15) = (X15x15, bs) = 3,
(X15bs, %9) = (¥15x9, bs) = 1,
(X15bs, b3) = (X15b3, bs) = 1,
then

X15bs = X6 + 3X15 + 2X9 + b3 + d5.
By 3), 6) in Lemma 2.36 and 7) in Lemma 2.35:
(x9bs, x15) = (xo%15, bs) =2,
(x9bs, x6) = (bs, X9x6) =1,
(x9bs, x9) = (x9X9, bs) =1,
then
x9bs = 2x15 + x¢ + Xx9.
By 3), 6) in Lemma 2.36 and 7) in Lemma 2.35:
(Xobs, X15) = (¥ox1s, bs) =2,
(x9bs, x6) = (b5, X9x6) =1,
(x9bs, x9) = (x9¥ox9, bs) =1,
then

X9bs = 2Xx15 + Xg + Xo.

(7

®)

€))

By 9) in Lemma 2.32 and 1), 2) in Lemma 2.37 and 11) in Lemma 2.36 and 8) in

Lemma 2.30

(y15bs, be) = (bs, y15be) = 1,
(yisbs, y15) = (bs, yis) =3,
(y15bs. y3) = (y15y3. bs) = 1,
(V15bs, €3) = (bs, y15¢3) = 1,
(y15bs, y9) = (bs, y15y9) =2,
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then
Y15b5 = bg +3y15 + 2y9 + ¢3 + y3.
By 11) in Lemma 2.36 and 10) in Lemma 2.32 and 4) in Lemma 2.35:

(yobs, y15) = (bs, yoy15) =2,
(y9bs, be) = (bs, yobs) = 1,
(yobs, y9) = (bs, y3) =1,
then
yobs =2yi5 + be + y9.
By 8) in Lemma 2.32,

(d3bs, X15) = (d3x15, bs) = 1,
(d3bs, x15) = (bs, d3x15) = 1,

then

d3bs = X5,

d3bs = x15.

Then by 16) in Lemma 2.29 and associative law:
b3(bsd3) = (b3d3)bs, X15b3 = z9bs,
then by 2) in Lemma 2.30,
29bs = x10 + bg + cg + 29 + b5 + cs.

By 1) in Lemma 2.37, (y3bs, y15) = (b5, y3y15) = 1, then

y3bs = yis.
Then | = (y3bs, y3bs) = (b2, y?), then by 17) in Lemma 2.29,

(b2, c8) =1,

By (1), (2) we get | = (b3bs, b3bs) = (b3b3, b2), then by Hypothesis 2.4,

(b2, bg) =1.

(10)

(1)

(12)
(13)

(14)

(15)

(16)

a7

By (2), (12) 1 = (dsbs, b3bs) = (dsb3, b2), then by 16) in Lemma 2.29 (b2, z9) = 1,

so by (16), (17), we obtain
bg:cg+b8+Z9.

(18)
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By (1) 1 = (b3bs, b3bs) = (b3b3, bsbs), then by Hypothesis 2.4,
(bsbs, bg) = 0. (19)
By (2), (4), 1 = (xg¢bs, b3bs) = (x¢b3, bsbs), then by 3) in Lemma 2.26 and (19):
(bsbs, x10) = 1.

By (13), 3 = (bgbs, bebs) = (bZ, bsbs), so by 3) in Lemma 2.30, ms = bs, or ms =
bs, in the two cases (bsbs, bs) #0or (bsbs, bs) # 0, a contradiction to (18). Il

Lemma 2.39 Let (A, B) satisfy Hypothesis 2.4 and (bgbz, bgbs) = 3, then
Lemma 2.37 holds and we obtain the following:

1) b3bs = xis;

2) b3bs = xis;

3) bebs = be + y15 + yo;

4) becs = be + y15 + yo;

5) bsxe =x15 + x9 + X6;

6) csx6 = x15 + X9 + X6}

7) x15b5 = x¢ + d3 + 3x15 + b3 + 2x9;
8) x15¢5 = X6 +d3 + 3x15 + b3 + 2x9;
9) x9bs = 2x15 + x6 + X9;

10) x9c5 = 2x15 4+ x6 + X9;

11) y15bs =be + y3 + 3y15 + 2y9 + ¢3;
12) yiscs =be + y3 +3y15 +2y9 +c3;
13) yobs =2yis5 + be + yo;

14) yocs =2y15 + b + yo;

15) d3bs = x15;

16) d3cs = X153

17) zobs = x10 + bg + cg + z9 + b5 + cs;
18) zocs =x10 + bg + cg + 29 + bs +¢5;
19) y3bs = y1s;

20) y3cs = yis;

21) c¢s5bs = cg + bg + z9;

22) bgbs = x19 + bg + cg + ¢5 + z9;
23) bgcs = x10+ bg + ¢c3 + ¢5 + 295
24) b2 =1+bs+ 29+ x10;

25) ¢2=14cs5+ 29+ x10

26) bsx1o=2x10+bs + 29 + b5 + cg;
27) cs5x10 =2x10 + bg + 29 + 5+ cg;
28) cgbs = bg + z9 +c5 + x10 + c38;
29) cges =bg +z9 + x10 + cg + bs.

Proof By 2) in Lemma 2.30, (b3bs, x15) = (b3X15, bs5) = 1, (b3cs, x15) = (b3X15,
c5) =1, then

b3bs = x15, (D
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byes = xis. 2)
By 9), 10) in Lemma 2.32 and 3) in Lemma 2.30:
(bebs, be) = (bg, bs) =1, (becs, be) = (b3, c5) =1,
(bebs, y15) = (bs, beyis) =1, (becs, y15) = (cs5, beyis) =1,
(bebs, yo) = (bs, beyo) = 1, (becs, yo) = (¢5, bey9) = 1,
then
bsbe = be + y15 + ¥9, 3)
becs = yi5 + yo + be. “)
By 4) in Lemma 2.30 and 6) in Lemma 2.33 and 6) in Lemma 2.36:

(bsxe, x6) = (bs, Xex6) = 1, (es5x6, x6) = (5, X6X6) = 1,
(bsxe, x15) = (x6X15, bs) = 1, (csx6, X15) = (x6X15, ¢5) = 1,
(bsx6, x9) = (x6X9, bs) =1, (c5x6, X9) = (x6X9, c5) =1,
then
bsxe = x¢ + x15 + X9, (%)
C5X6 = X15 + X9 + X6. (6)

By 6) in Lemma 2.33 and 8), 11) in Lemma 2.32 and 2) in Lemma 2.30 and 3)
in Lemma 2.36:

(x15b5, x6) = (b5, X15%6) = 1, (x15¢5, x6) = (c5, X15%6) = 1,
(x15bs. d3) = (x15d3, bs) = 1, (x15¢5, d3) = (x15d3, ¢5) = 1,
(x15b5, x15) = (x15X15, b5) =3, (x15¢5, X15) = (X15X15, €5) =3,
(x15b5, b3) = (bs, X15b3) = 1, (x15¢5, b3) = (c5, X15b3) = 1,
(x15b5, x9) = (bs, X15x9) =2, (x15¢5, x9) = (x15X9, ¢5) =2,
then

x15b5 = x6 + d3 + 3x15 + b3 + 2x9, (7
X15C5 = X6 + d3 + 3x15 + b3 + 2x9. (8)

By 3), 6) in Lemma 2.36 and 7) in Lemma 2.35:
(x9bs, x15) = (bs, X9x15) = 2, (x9cs, x15) = (5, X9x15) =2,
(x9bs, x6) = (b5, X9x6) =1, (x9cs, x6) = (c5, X9x6) = 1,

(x9b5, x9) = (b5, Xox9) =1, (x9c5, x9) = (c5, X9x9) =1,
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then

x9bs = 2x15 + X6 + X9, )
Xg9cs = 2x15 + X6 + X9. (10)

By 9) in Lemma 2.32 and 1), 2) in Lemma 2.37 and 11) in Lemma 2.36 and 8)
in Lemma 2.30:

(r15bs, be) = (y15b6, b5) =1, (r15¢s, be) = (y15b6, c5) =1,

(y15b5, y3) = (Y153, b5) = 1, (y15¢5, y3) = (¥15y3,¢5) = 1,
(Visbs, y1s5) = (bs, yis) =3, (yi5¢5. y15) = (V5. €5) =3,
(V15bs, ¢3) = (y15¢3, be) =1, (r15¢s, ¢3) = (y15¢3, ¢5) = 1,

(y15bs, y9) = (y15y9, bs) =2, (y15¢5, y9) = (c5, ¥15y9) =2,
then
yisbs = be + y3 + 3y15 + 2y9 + ¢3, (11)
y15¢5 = be + y3 + 3y15 + 2y9 +c3. (12)
By 11) in Lemma 2.36 and 10) in Lemma 2.32 and 4) in Lemma 2.35:
(yobs, y15) = (bs, yoy15) =2, (yocs, y15) = (cs, yoy15) =2,

(y9bs, bg) = (yobe, bs) =1, (yocs, be) = (yobe, c5) =1,
(yobs, y9) = (bs, ¥3) =1, (yocs, y9) = (cs, ¥3) =1,

then
Yobs = 2y15 + bg + yo, (13)
Y9cs = 2y15 + be + y9. (14)

By 8) in Lemma 2.32, (d3bs, x15) = (d3x15,bs5) = 1, (d3cs, X15) = (d3x15,
c¢5) = 1. Then

d3bs = x5, (15)
dzcs = X15. (16)

So by the associative law and 16) in Lemma 2.29, we get (b3d3)bs = b3(d3bs),
(b3d3)cs = ba(dscs), zobs = b3X1s, z9cs = b3X15, then by 2) in Lemma 2.30,

z29bs = x10 + bg + cg + z9 + b5 + 5, 17
29¢5 =x10 + bg + 8 + 29 + b5 + cs. (18)
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By 1) in Lemma 2.37, (y3bs,y15) = (bs,y3y15) = 1, (y3¢5,y15) = (cs,
y3y15) = 1, then

y3bs = yis, (19)
y3¢5 = Jis. (20)

So (y3,b2) = (y3bs, y3bs) = 1, ()’32,05135) = (y3bs, y3¢5) = 1, then by 17) in
Lemma 2.29, (csbs, cs) = 1. By (1), (2), (b3b3, bscs) = (b3bs, bscs) = 1. then by
Hypothesis 2.4, (c5bs5, bg) = 1. By (17),

¢sbs =cg + bg + 29. 21

By Ehe ass9ciative and H_ypothesis 2.4 and (_1), (2), it follows t_hat (b3l33)b5 =
(b3bs)b3, (b3b3)cs = (b3cs)bs, bs + bgbs = x15b3, c5 + bgcs = x15b3, then by 2) in
Lemma 2.30,

bgbs = x109 + bg + cg + ¢5 + 29, 22)
bgcs = x10 + bg + cg + bs + z9. (23)

By 5) in Lemma 2.30, (x10bs, x10) = (bs, x3)) =2, (x10¢s, X10) = (€5, X3,) = 2.
By (22) and (23), (x10bs, bg) = (x10, bsbg) = 1, (x10¢s5, bg) = (x10, c5bg) = 1. By
(17), (18), (x10bs,29) = (x10, 29b5) = 1, (x10C5, bg) = (x10, csbg) = 1, (b2, 29) =
(bs,bsz9) =1 and (cg, z9) = (c5, c529) = 1.

By (19), (20), we obtain (y3,b2) = (y3bs.y3bs) = 1, (3,¢2) = (y3cs,
y3¢s) = 1, then by 17) in Lemma 2.29 (b2, cg) =0, (c2, cs) = 0.

By (1) and (2), we see that (bsb3, b2) = (b3bs, b3bs) = 1, (b3b3, c2) = (bscs,
b3cs) = 1, then by Hypothesis 2.4, (b2, bg) = 0, (c2, bg) = 0 holds.

By (5), (6), (15) and (16), (b2, d3xe) = (bsds, bsxe) = 1, (c2, d3xe) = (c5ds,
csx6) = 1, s0 by 5) in Lemma 2.31, (b2, x10) = L, (c2, x109) = L.

By (5), (21) and (6) we have the following inner-products: (bg, X6X6) =
(bsxe, bsxe) = 3, (c2,X6x6) = (csx6,c5%6) = 3. (c3,bs) = (cs,csbs) = 0 and
(b2, cs) = (bs, bscs) = 0, then by 4) in Lemma 2.30 (b2,bs) = 1, (c2,¢s5) = 1,
hence

b§=l+b5+Z9+x10, C§=l+b5+Z9+X1o-

So (bsx10, bs) = (x10,b2) =1, (csx10, ¢5) = (x10, ¢2) = 1.

By 14) in Lemma 2.29 and (15), (16), one has bs(d3d3) = d3(bsd3), c5(d3d3) =
d_3(C5d3). Hence b5 + cgbs = )E]sd_g, cs5 4+ cgcs = 6?3)?15.

Therefore by 8) in Lemma 2.32, we have the equations cgbs = bg + z9 +
¢cs + x10 + ¢g and cgcs = bg + 79 + x10 + cg + bs. Consequently (bsxig, cg) =
(x10, b5cg) = (x10, c5c8) = 1.

Finally, we get bsx10 = cg + 2x10 + bg + 29 + bg + z9 + b5 and csx10 = 2x10 +
bs + z9 + ¢5 + 3. O



2.8 Structure of NITA Generated by b3

Theorem 2.10 Ler (A, B) be a NITA generated by a nonreal element by € B of
degree 3 and without non-identity basis element of degree 1 or 2, such that: bzbz =
1+ bg and b% =c3 + be, c3 = C3, (bgb3, bgbz) = 3. Then (A, B) is a Table Algebra

of dimension 22:

B = {b1, b3, b3, c3, bg, X6, X6, bg, X15, X15, X10, X9, X9, Y15, ¥9, d3, d3, 29,

g, bs, cs, y3}

and B has increasing series of table subsets {b1} C {b1, b, x10, 29, c8, b5,c5} C B

defined by:

1) b3bs =1+ bg;

2) b% =3+ bs;

3) b3cz = b3 + Xe;

4) b3bg = b3 + X15;

5) b3xe =c3+ yis;

6) b3xe = bg + x10;

7) b3bg = x¢ + b3 + x15;

8) bixis =2y15 + be + yo;

9) b3x10 = x15 + X6 + Xo9;
10) b3x15 =x10+ bg + z9 + cg + bs + c5;
11) b3xg9 = y9 + y15 + ¥3;
12) b3xg9 =x10 + 29 + c3;
13) b3y15 =2X15 + X6 + Xo;
14) b3yg = d3 + x15 + Xo9;
15) badz = zo;
16) b3d3 =yo;
17) b3zg = x9 + d3 + x15;
18) b3cg = x15 + xo;
19) b3bs = x15;
20) bzcs = xi1s;
21) b3y3 = xo;
22) 3 =1+bs;
23) c3bs = bg + x10;
24) c3xe = b3 + x15;
25) c3bg =bg + c3 + y1s;
26) c3x15 =2X15 + X6 + X9
27) c3x10 =be + y15 + y9;
28) c3x9 =d3 + X15 + Xo;
29) c3y15 =x10 + bg + 29 + cg + b5 + c55
30) c3y9 =29 + x10 + c8;
31) c3d3 = xo;
32) ¢3z9 =y3+ y9 + yis;
33) c3¢3 = y9 + y15;
34) c3bs = y1s;
35) c3c5 = yi1s;
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36) c3y3 = 29;

37) bg =1+ bg+z9+cs+bs+cs;

38) bgxe =2x¢ + X15 + Xo9;

39) bebg =2y15+be + y9 + 35

40) bex1s =4x15 + X6 + 2Xx9 + b3 + d3;

41) bexi0 =c3+3y15+ yo + ¥3;

42) bexg = 2X15 + 2x9 + X¢;

43) bgyis = 2bg + 3x10 + 229 + 2¢3 + bs + c¢s;
44) beyy = bg +2z9 + cg + x10 + b5 + ¢53
45) beds = d3 + x15;

46) bezg =2y15 + 2y9 + be;

47) becg = be + y3 + y9 + 2y15;

48) bebs = y15 + yo + be;

49) becs = y15 + be + yo3

50) bey3 = x10 + c8;

51) xg =2bs + yis + y9;

52) x¢x¢ =1+ bg + z9 + cg + bs + c5;

53) x¢bg = b3 + 2x15 + x6 + Xo9;

54) xexis =4yis +be + 2y9 +c3 + y3;

55) xex10 = b3 + 3x15 + d3 + x9;

56) xex15 =2bg + 3x10 + 229 + 2cg + bs + c5;
57) xex9 =2y1s5 + 2y + bg;

58) x6X9 =x10 + bg + 229 + c3 + b5 + 53
59) xgy15 =4x15 + 2X9 + X6 + b3 + d3;

60) x6y9 =2x15 + 2X9 + Xe;

61) xed3 =x10+ cs;

62) xedz = yis+ y3;

63) x6z9 =2x9 +2x15 + x6;

64) xecg = 2x15 + X6 + x9 + d3;

65) xe¢bs = x¢ + x15 + X9;

66) xecs = x15 + x9 + X6}

67) x6y3 =ds + Xis;

68) b2 = 1 +2bg + 2x10 + 29 + ¢ + bs + cs;
69) bgxig=2x10+ 229 + 2cg + 2bg + bs + cs;
70) bgxg =3x15 + 2x9 + x¢ + d3;

71) bgyis =5y15 + 2bs + 3y9 + c3 + y3;
72) bgyg =3yi5 + 2y9 + b + ¥3;

73) bgdz = x5 + Xo;

74) bgzg =2x10 + bg + 2cg + 229 + bs + c5;
75) bgcg =2x10 + 229 + bg + cg + b5 + c5;
76) bgbs = bg + z9 + ¢5 + cg + x10;

77) bgcs = bg + x10 + cg + 29 + bs;

78) bgy3 =y9 + yis; B

79) bgxi5 =5x15 4+ 2x6 + 3x9 + b3 + d3;
80) x75 =9y1s + 4bs + 6y9 + 2c3 + 2y3:
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81) x15x10 = 3x6 + 6x15 + b3 + d3 + 4x0;

82) x15x15 = 5bg + 6x10 + 629 + Scg + 3b5 + 3¢5 + 1;

83) x15x9 = 6y15 + 3y9 + 2b6 + ¢3 + y3;

84) x15x9 = 3bg + 4x19 + 329 + 3C§+ 2bs + 2cs;

85) x15y15 = 4X6 + 9x15 + 6X9 + 2b3 + 2d3;

86) x15y9 = 6X15 + 2X¢ + 3x9 + b3 + d3;

87) xi5d3 = bg +z9 + bs + ¢s + x10 + cs;

88) xi15d3 =2y15+y9+be;

89) x1529 = 2x6 + 6x15 + b3 + d3 + 3x9;

90) x15c8 = 5x15 + 2x6 + 3x9 + b3 + d3;

91) xi5bs = x6 + 3x15 + 2x9 + b3 + d3;

92) x15¢5 = X6 + 3x15 + 2x9 + b3 + d3;

93) x15y3 = X6 + 2x15 + Xo;

94) x7y =14 2bg + 2x10 + 2cg + 2b5 + 2c5 + 3z9;

95) x10Xx9 = b3 + 4x15 +d3 + 2x9 + X6;

96) x10y15 =6y15 + 3bs +4y9 + c3 + ¥3;

97) x10y9 =4y15 +2y9 + y3 + b + ¢3;

98) x10d3 = X15 + X6 + Xo;

99) x10z9 =3x10 + b5 + c5 + 2bg + 229 + 2cs;
100) xj09cg =2x10 + 2¢g + 2bg + 229 + bs + c5;
101) x10b5 = bg + 2x10 + 29 + 8 + bs;

102) x10c5 =bg +z9 + ¢5 +2x10 + ¢33

103) x10y3 = y15 + y9 + be;

104) x2 = y3 + c3 + 2bg + 3y15 + 2y0;

105) x9xg =1+ 2bg + 2x10 + 2¢8 + 229 + b5 + ¢5;
106) x9yis = 6X15 + 2X6 + 3X9 + b3 + d3;

107) x9y9 =d3 + 3Xx15 + 2x9 + b3 + 2X¢;

108) x9d3 =x10 + bg + 29;

109) x9d3 = yg + c3 + y153 .

110) x9z9 = 3x15 + 2x9 + 2x6 + b3 + d3;

111) x9b5 = 2x15 + X6 + X9;

112) x9c5 =2x15 + x6 + X9;

113) x9y3 = b3 + X9 + X15;

114) y?c =1+ 3bs + 6x19 + 629 + 5bs + 3cs + 5¢s;
115) y15y9 = 4x10 + 3bg + 329 + 3c8 + 2¢5 + 2bs;
116) y15d3 = 2x15 + x6 + Xo;

117) y1529 =6y15 + 2be + 3y9 + 3 + y3;

118) yisc8 = 2bg + 5y15 + ¢3 + y3 + 3y9;

119) y15b5s = be + 3y15 + 2y9 + 3 + ¥3;

120) yisc5 =bg +c3 +3y15 + y3 + 2y9;

121) yi15y3 =bs + bg + z9 + ¢c5 + x10 + ¢3;

122) yg = 14279 4+ 2bg + 2¢g + 2x10 + b5 + cs5;
123) yod3z = b3 + x15 + X9;

124) yozo =3y15 + 2bs +2y9 + ¢3 + ¥3;

125) yocg =3y15 +2y9 + be + c3;

149



150 2 Splitting of the Main Problem into Four Sub-cases

126) yobs =2yis5 + be + y9;

127) ygcs = 2y15 + y9 + be;

128) yoy3 =z9 + bg + X103

129) dszds =1+ cg;

130) d? =bg + y3;

131) d3z9 = b3 + x15 + Xo;

132) d3cg = x15 + d3 + X¢;

133) d3b5 =)215;

134) dscs = xjs;

135) d3ysz =d3 + xe;

136) z3 = 1 + 2x10 + 229 + 2bg + 2c5 + bs + ¢5;
137) zgcg =2x10 + 2bg + 229 + bs + ¢c5 + c3;
138) z9bs = x10 + bg + 29 + cg + bs +c5;
139) zgcs =x10 +bg + 29 +cg + bs +c5;
140) z9y3 =y9 + ¢3+ y1s;

141) ¢ =1+ 2cg + 2x10 + bg + 29 + bs + ¢5;
142) cgbs =bg +z9 + 5+ x10 + c3;

143) cges =bg +z9 + x10 + s + bs;

144) cgy3 = b + y3 + y15;

145) b2 =1+ bs + x10 + z9;

146) bscs = bg + z9 + cs;

147) bsyz = y1s;

148) 2 =1+z9+x10+cs;

149) ¢sy3 = y1s;

150) y3=1+cs.

Proof The equations hold by Lemmas 2.25-2.37 and 2.39. U
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