
Chapter 2
Physical Simulation

Without the understanding of the laws behind the physical behaviour of objects by
means of interaction, a realistic simulation within a virtual environment cannot be
achieved. The fundamental principles of the subject rely on the theories of classical
and continuum mechanics. Therefore, in the following a review the physics govern-
ing the motion and deformation of bodies is given. The notations of the physical
properties are based on [5, 13] and [14] which also give a good introduction, but
have broader perspective in the concepts of classical mechanics.

Since the book at hand is not meant to give a complete introduction, it is advised
to complement the knowledge by additional literature for a full understanding. The
book has to focus on the principles required for the simulation of deformable objects
respectively textiles.

For detailed introduction to the concepts of linear respectively for nonlinear elas-
ticity which will be a part of this chapter, the books of Gould [6] and Bonet [3]
besides the ones mentioned above can be recommended.

2.1 Elementary Units and Principles

The motion of rigid bodies was one of the first physical phenomena that was scien-
tifically investigated and marks to some extent the beginning of physics. Before this
point, all observations and experiments were more dedicated to answer questions on
a philosophical level. It started with Galileo Galilee in the late 16th century, who
mainly studied the motion of objects in free fall. He experimentally proved that ob-
jects of different mass will fall within the same time as long as the resistance of
the surrounding medium is negligible. Moreover, he found that a body on a level
surface will continue its movement in the same direction at constant speed unless
it is disturbed. The latter finding, the principle of inertia, was a great progress in
the understanding of motion. Galileo also derived a relationship between the square
of the elapsed time to the distance. Although Galileo made many contributions to
science, the actual founder of classical mechanics which is the basis of the work is
Sir Isaac Newton. He established by his findings and by those of his predecessors
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8 2 Physical Simulation

a mathematical basis and presented the groundwork for classical mechanics by his
publication of the Philosophae Naturalis Principia Mathematica.

2.1.1 Conventions

In the following the motion of a body in time will be deduced analytically. First
of all, to describe the movement the position of the body is needed, denoted by r
being a vectorial parameter (indicated by boldface letters) and expressed in a general
coordinate system with its time parameter t . For now, it is assumed that the body has
a negligible size. By observing the positional change of the body in an infinitesimal
time step one arrives at the differential of r(t) given by

ṙ = dr
dt

which leads to the current velocity measured in [m
s ].

Further, it can be seen that the introduction of the body mass as a quantitative
measure of the inertia is an immediate result of Galileo’s principle. For example:
given an object with a certain velocity, a change in this physical value can only be
achieved if a force is applied. This force is required to overcome the inertia and thus
leads to the following relationship between force in [N] and mass in [kg] (inertia):

F = d

dt
(mṙ) = dp

dt
≡ ṗ (2.1)

In words, a change of the (vectorial) velocity in time requires a force acting on the
body. The latter equation constitutes Newton’s second law of dynamics. At the same
time, another quantity is introduced, the (linear) momentum p. It is mathematically
expressed by the product of mass and velocity. The common notation ṗ denotes the
differential change in time of p which is equivalent to the impulse [ kg·m

s ] being the
integral of a force w.r.t. time. The momentum can be seen as mass in motion, e.g. to
stop a body with a high momentum, a high force will be needed.

In classical mechanics, constant mass over time is normally assumed, simplifying
the previous formula to

F = m
d ṙ
dt

= mr̈ (2.2)

This results in the rate of change in velocity over time, the acceleration [ m
s2 ]. The

basic relationship between force and acceleration given by the latter equation is
considered to be the fundamental principle of Newtonian dynamics. The principle
will later on be used as a basis for the physical simulations. A second-order differ-

ential equation F = m · d2

dt2 r is created which has to be solved numerically for the
acceleration. Equation (2.1) additionally provides an important concept namely the
principle of conservation of linear momentum. The law says that at vanishing net
force, i.e. F = 0, the momentum is conserved.
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With the linear momentum, a quantity is given describing the motion of an ob-
ject. Furthermore, an object can also feature a rotational motion. This rotation is
described by the angular momentum L relative to an origin O. It is defined by

L = (r − O) × p (2.3)

The rate of change in time of the angular momentum leads us to

τ = dL
dt

= d(r − O)

dt
× p

︸ ︷︷ ︸

ṙ×mṙ=0

+(r − O) × dp
dt

= (r − O) × F (2.4)

which is called torque. Similarly to the linear momentum, (2.4) yields the principle
of conservation of the angular momentum, which states that the angular momentum
is conserved if the torque τ = 0.

2.1.2 Energy and Conservation

With the brief introduction of important vectorial units and their relationships, the
current mechanical state of a system can be given in terms of forces and velocities.
However, these quantities are only the result of a more basic quantity, namely the
energy being inherent in a mechanical system. Energy is an abstract term for a scalar
quantity to be associated with the system. Nevertheless energy can be categorised in
different forms which will be illustrated in the following. In the field of mechanical
and structural engineering, the potential energy is the most pronounced nature of
energy. Typically in balanced mechanical systems, the biggest quantity of the energy
is generally conserved in the potential form, e.g. due to its own weight, as there is no
movement. The weight corresponds with the gravitational quantity of the potential
energy V . It is defined by the mass m of the body and its height h relative to the
ground, respectively to the origin along the line of action of the gravity within the
inertial system. Therefore it can be described by

V = m · g · h (2.5)

It should be noted that the formula is just an approximation, as the introduction
of the gravitational acceleration g is only sufficiently accurate at ground level. The
previously shown relationship is also a special case of potential energy, i.e. in a more
general form (independent of its physical nature) it can be written as a scalar field

V :
{

R
3 → R

r �→ V (r)
(2.6)

which maps the object coordinates to an energy level. A fundamental aspect is the
preservation of energy governing all known natural phenomena. It states that the
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total energy of a physical (closed) system is always conserved and thus constant
through all state transitions of the system.

The term closed in this context has the meaning of complete isolation from out-
side such that energy can neither drain nor flow in. A direct result of this basic
principle is the conservation of the momentums already introduced above in (2.1)
and (2.4). The conservation of energy is not only a physical requirement but also
a tool allowing to define the solution of a physical problem mathematically which
will be made use of later.

Another term in this topic is the work produced inside a system. It is in contrast
to the “common” energy-term used to define the quantities needed or produced in
mechanical processes where a force is acting. Since in a system being in an equilib-
rium such a process cannot start without external influence, a form of mechanical
energy has to be provided over a time or a path which is then normally expressed
in the terms of work. Work is therefore achieved by applying an external force F
during a displacement or along a path S. Therefore the formal definition of work
measured in (N m) Wab along the path is

W =
∫

S

F · ds (2.7)

The work in only one dimension is observed first, generated in the movement from
point a to b. If one looks at an object and inserts the resulting force (2.2) into the
above equation, the following formula for the work can be obtained.

Wab =
∫ b

a

mr̈ · ds = m

∫ b

a

d ṙ
dt

· ds = m

∫ b

a

d ṙ
dt

· ṙdt =
∫ b

a

ṙd ṙ (2.8)

= m

2

∫ b

a

d

dt
(ṙ2) dt = m

2
(ṙ2

b − ṙ2
a ) (2.9)

From this result it can be seen that the work solely depends on the scalar quantity
mṙ2 which is computed at the points a and b. This specific quantity being the prod-
uct of mass and its squared velocity is called the kinetic energy of a mass point. It is
different from the potential energy by being preserved in the motion of the body. It
is therefore also known as the motion energy due to the velocity. With the previous
observation expressed in formula (2.9) it is said that the work done can be defined
as the difference of kinetic energy at the two points. It simply be written as

Wab = Tb − Ta (2.10)

Although the path is not explicitly given in the formula, the work done still depends
on it. Thus another consideration has to be taken into account: if all arbitrary paths
as illustrated in Fig. 2.1 taken from a to b lead to the same amount of work done,
the force and the system are said to be conservative.

One can arrive at an equivalent conclusion by describing a conservative force by
using a closed path. If the work done on an arbitrary path from a to b and back
to a vanishes, then the force satisfies the conservation condition. This will always
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Fig. 2.1 Examples of
physical paths connecting two
points

be true for a homogeneous gravitational field. But adding a dissipative component
like friction to the same field would break this condition, as the force gets a positive
component that does not vanish. Formally, with aforementioned property

∮ b

a

Fds = 0 (2.11)

holds. If one uses the conclusions of the “fundamental theorem of calculus” and
the “gradient theorem” force can be expressed by a scalar field. An essential and
sufficient condition for the existence of such a scalar field is the independence of
the path. Then, the scalar function w.r.t. position fulfils the condition of the potential
field of (2.6), and one obtains the following relation

F = −∇V (r) (2.12)

One should note that the negative sign is physically motivated by V being an energy.
To be more precise: In vector calculus the gradient is defined as the steepest increase
of a function and to obtain the physical property of energy conservation, the force
must always be opposing the direction of increase of energy. Thus, it follows for the
work

Wab =
∫ b

a

−∂V

∂s
ds = Va − Vb (2.13)

As one can see from the equation above, the work is independent of the choice
of field origin, as it does not change the value. Combining the results of (2.10)
and (2.13), one gets

Tb − Ta = Va − Vb

or equivalently

Tb + Vb = Va + Ta (2.14)

The result can be seen as a mathematical proof for the energy conservation since the
net energy, given by E = T + V , is retained in a conservative potential field.

As a consequence discovered by Euler and Lagrange, given a particle with known
velocity and position at start and further the end position, then the actual path is
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uniquely determined by the energy E and its conservation. This allows to find a
path that minimises the time-integral of the energy E along the path. The particular
path which minimises the integral called action is then the path chosen by nature.
This observation is known as principle of least action.

But for some problems of mechanics, the work function (2.13) is not only de-
pendent on position but also on time. Therefore the scalar field is not conservative
anymore and the law of energy conservation does not hold. Hamilton extended the
procedure of Euler and Lagrange such that it is applicable for the latter case. The
procedure uses the same start and end positions but determines further the time from
start to end of the motion. Hamilton’s formulation of least action is given by

δ

∫ t2

t1

(T − V )dt = 0 (2.15)

which assert that the action assumes its minimum for motion taken by the particle.
The principle of least action paved the way for a variational approach to the motion
of an object which will be further discussed in the continuum mechanics in Sect. 2.2.

2.1.3 Multibody Systems and Constrained Motions

Having formulated a framework for deducing the laws governing the motion of
a single body and introduced the important physical quantities, it is now time to
generalise the mechanics to multibody systems (MBS). As the name implies, these
systems are consisting of many bodies or mass points, that are acted upon by a
common force. In the following, it is first looked at simple point mass systems to
find the fundamental properties before moving on to the generalised MBS.

To apply the principles introduced in the previous sections to point masses, it is
necessary to distinguish between external and internal forces. External forces are
acting on each mass point individually, whereas the internal forces are created by
the relation between different point masses like it is shown in Fig. 2.2. This leads to
a motion equation for a mass point different from the one mi as in (2.1)

∑

j

Fji

︸ ︷︷ ︸

internal

+ Fe
i

︸︷︷︸

external force

= ṗi (2.16)

Apparently, in case of i = j the inner force has to be Fjj = 0 meaning that a particle
mass exerts no force on itself. By summing up all moments one gets the total mo-
ment in which the Newton’s second law (2.2) can be inserted to obtain the equation
for all mass points.

d2

dt2

∑

i

miri =
∑

i

F ext
i +

∑

i

∑

i �=j

Fij (2.17)
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Fig. 2.2 An example of
force-relationships between
point-masses

Presuming further the validity of the third law (actio et reactio) for the relational
force between the particles, then Fji = Fij holds and all inner forces vanish. In
physics, this assumption is also known as the principle of weak interaction and is
valid for many materials, especially those which are treated in this work. Similarly,
one can reduce the left hand side of the term by condensing the masses to the centre
of gravity R. This is an equivalent definition obtained by creating the weighted
average.

R =
∑

i miri
∑

i mi

=
∑

i miri

M
(2.18)

Consequently, a simplified motion equation is obtained for the centre of masses.

M
d2

dt2
R =

∑

i

Fe
i (2.19)

Finally, external forces are solely affecting the centre of masses of a MBS for which
the weak interaction holds. Analogously, one can extend this statement to moments
which yields

P ≡
∑

i

pi = M
dR
dt

(2.20)

From the latter equation it follows that the total moment is preserved if no external
forces are acting on the MBS.

Coming now to the work done within a MBS: by naturally treating the total work
as the sum of the work done by all mass points. The work of (2.7) is adopted and
extended by the force relation. This leads to an expression for the total work

Wab =
∑

i �=j

∫ b

a

Fji · dsi +
∑

i

∫ b

a

F ext
i · dsi (2.21)
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2.1.4 Constraints

After deducing the inner forces and their influence on the total motion of a MBS,
the computation of the motion of a system is possible by the formulas introduced
beforehand. Nevertheless, the class of systems which can be simulated is quite small
since we have no ability to restrict the motion to an allowable space. As an example,
consider the case of a pearl necklace. The pearls not only have to follow the law of
inertia, their motion is also constrained by the chain that might be fastened to some
points. Such constraints have to be regarded in the computations. In this example,
two problems become visible which have to be considered appropriately. First, it
might happen that the coordinates of some or all n particles are not independent
anymore, e.g the distance between particles representing a rigid body have to remain
constant. Formally, particles i and j have to obey the condition

r2
i − r2

j = l2
ij (2.22)

Thus the coordinates are related to each other by the constraint and the motion of
each particle in space cannot be solved individually. With the introduction of so-
called generalised coordinates qi one can circumvent the problem. The generalised
coordinates are used to derive the 3n particle coordinates by employing functions
of qi

ri = ri (q1, q2, . . . , q3N−k, t) ∀i = 1,2, . . . ,N (2.23)

where the generalised coordinates are not necessarily coinciding with spatial di-
mensions. Depending on the problem and its constraints, a transformation, e.g. ex-
pressing particle positions in polar coordinates, could be beneficial in solving the
motion of the entire system. In general, there are different types of constraints that
can be categorised. The first and easiest to handle is the holonomic (Greek: holistic,
integrable) constraint which can be expressed by functions of the form

f (ri , t) = 0

One example of this type has been given by (2.22) for a rigid body. Its solution can
be found by the general coordinates. Constraints that cannot be expressed by such
functions and are therefore not directly dependent on positions are consequently
called nonholonomic. These typically require to solve a differential equation in the
first place. An example for such a constraint would be a rolling disk on a plane,
where the movement of centre of the disk depends on the velocity at the stationary
contact point (Fig. 2.3). Further categorisation is being made by time-dependency,
namely rheonomous (Greek, in flow) for variable in time and scleronomous for
time-independent constraints.

Besides the dependency of coordinates, another problem becomes visible when
constraints are given for a motion. The forces induced by the constraints are not
a priori known. Therefore, it cannot simply the equation of motion be solved as
these forces are only reactions upon the movement. But it is known that the con-
straint forces are holding the system within the allowable range, respectively within
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Fig. 2.3 Rolling disc on a
curved path with gravity

the configuration space of our system, being the set of all admissible coordinates
ri aggregated to tuples in R

3N .
It is further a (compatible) virtual displacement defined as an infinitesimal

change in the configuration namely in the positions (or generalised coordinates)
of the system that is consistent with the constraint equations at a fixed time t , i.e.
displacements are perpendicular to the constraints. The displacement δr is called
virtual to distinguish it from a real displacement caused by the change of (dynami-
cal) forces and constraints within a time step dt .

If it is supposed having a system which resides within a state of equilibrium such
that the net force Fi = 0 vanishes on all particles i, and when further the virtual
displacement is added to the system, then the positional change δr does no work as
the system is in an equilibrium. Therefore, one can write for the work

∑

i

Fi · δr = 0 (2.24)

Equation (2.24) is known as the principle of virtual work which implies that virtual
displacements δr on systems in equilibrium do no virtual work.

The force Fi can also be written as the sum of dynamical (external) and constraint
force:

Fi = F(d)
i + F(c)

i (2.25)

Together with a virtual displacement, one gets for the entire system

∑

i

F(d)
i · δri +

∑

i

F(c)
i · δri = 0 (2.26)

As consequence of the virtual work principle it can be seen that the right term has to
be zero as the allowed virtual displacements are orthogonal to the constraint forces.
Therefore the separation of the net force in the dynamic and constraint component
can be omitted. Moreover, since the system is in equilibrium state, it is also known
as a consequence of the previous observations on Newton’s 2nd law of dynamics
that these forces are then equal to the counteracting forces created by ṗi . Resulting
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in
∑

i

(ṗi − Fi ) · δri = 0. (2.27)

The vanishing sum of the differences between acting forces and time-derivative mo-
menta is often referred to as the principle of D’Alembert. It allows to compute the
motion without considering the constraint forces as they are eliminated. Although
the solution to both problems of constraints has been found, a valid virtual displace-
ments with respect to the virtual work is still needed. Therefore, a transformation in
generalised coordinates is required. According to the given mapping in (2.23), the
following transformation rule for the variation of the positions

δri =
∑

j

∂ri

∂qj

· δqj (2.28)

is obtained. Inserting into (2.27) leads to

∑

i

∑

j

(ṗi − Fi ) · ∂ri

∂qj

· δqj = 0 (2.29)

The terms of ṗi and Fi are split up to have a closer look at the individual compo-
nents. The latter term can be used to define a generalised force being

Qj =
∑

i

Fi · ∂ri

∂qj

(2.30)

Note that a generalised force is a dimensionless quantity.

2.2 Continuum Formulation

In the previous chapters the essential physical equations that govern the motion of
bodies in classical mechanics have been defined. It was always assumed that the
bodies are rigid and treated as idealistic point masses. But these equations can-
not describe the behaviour of bodies with spatial dimension being furthermore de-
formable. This is the point where the continuum formulation comes in.

First of all, one has to define what continuum actually means. Looking at an
object in at the atomic level, the object typically appears as a conglomerate of atoms
enforced to stay in a lattice structure with gaps in it. But from a macroscopic point
of view, there are no gaps visible and object’s material is perceived to be continuous.
When it is discussed about large scale behaviour of an object, the material is treated
as a continuum and associate with each material point a spatial coordinate related
to a physical quantity. As consequence, there are no gaps between those material
points and one can compute the derivatives of these quantities as the limit of the
medium at the specified point.
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For example, obtaining the density of an object at a point x, the volume V can be
shrinked to an infinitesimal small region and, assuming the existence of the limit of
mass occupying the volume element and the volume itself, leading to

lim
�V →0

�m

�V
= ρ(x)

As result, the physical laws that were introduced in the case of point masses to
the continuum can be applied. Nevertheless, the laws are not completely describing
the behaviour of the continuum, since the equations are only accounting for single
points. Therefore geometric deformations and material response due to the change in
the continuum are not considered by these formulas. For completeness, it is needed
to address these properties by adding equations defining the geometric deformation
with respect to the undeformed state.

2.2.1 Internal Strains

Given the reference configuration for the body by Ω being a manifold in R
3 with

boundary and define a twice continuously differentiable mapping

x :
{

Ω × R → R
3

X, t �→ x(X, t)
(2.31)

onto the deformed state x of the body. Under the assumption of having no gaps and
no overlaps (i.e. no self-intersections), it can be concluded that x is continuous and
the mapping has to be bijective as the deformation cannot degenerate. The locations
denoted X are often referred to as material coordinates.

With such a mapping the degree of deformation the body has undergone can
be estimated. The deformation quantities, the internal strains, create corresponding
internal stresses opposing the deformation. The internal strain at point x with the
infinitesimal change of length ds is identified by the mapping (deformation). Ob-
serving the squared length, one gets

(ds)2 = (dx(X, t))2 =
3

∑

i=1

3
∑

j=1

〈

∂

∂Xi

x(X, t),
∂

∂Xj

x(X, t)

〉

dXi · dXj (2.32)

In order to reflect the strain with respect to the reference configuration, the reference
length denoted by dS has to be consider, thus it follows

(ds)2 − (dS)2 =
3

∑

i=1

3
∑

j=1

(〈

∂

∂Xi

x(X, t),
∂

∂Xj

x(X, t)

〉

− δij

)

dXi · dXj (2.33)
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whereas δij is the kronecker-delta, being one iff i = j and zero otherwise. Substi-
tuting the term on the right hand side with

(ds)2 − (dS)2 ≡ 2εij dXi · dXj (2.34)

To omit the summation over the repeated indices, the Einstein summation conven-
tion is introduced. The εij are the components of Green’s strain tensor εG at a
point x given by

εij = 1

2

(

∂xk

∂Xi

∂xk

∂Xj

− δij

)

(2.35)

Remark: The strain tensor is strongly related to the metric tensor. For each vector
pair of the embedding space the metric tensor creates a positive definite, symmetric
bi-linear form with which one can measure lengths or angles in Riemannian man-
ifolds. Here, we measure length changes under our mapping x(X, t) which can be
interpreted as a local deformation of an manifold in the Euclidean space R

3. More-
over, the strain tensor is by definition symmetric.

Another notation of the strains is typically created by expressing the deformation
in displacements ui with respect to the reference configuration. Consequently, we
can write for the position

xi = ui + Xi,
∂xi

∂Xj

= ∂ui

∂Xj

+ δij (2.36)

Insertion into (2.35) gives

εij = 1

2

(

∂ui

∂Xj

+ ∂uj

∂Xi

+ ∂uk

∂Xi

∂uk

∂Xj

)

(2.37)

Components εii on the diagonal are an estimate for the elongation in the coordinate
directions, whereas the others are the shear components. A diagonalisation of the
strain-tensor is possible by computing the eigenvectors with its associated eigen-
values. The eigenvectors determine the directions of the principal strains describing
the volume or surface change. Therefore, the mean volume change is estimated by
1
3 tr(εG).

The latter tensor can be further linearised by omitting the nonlinear terms. As a
result we obtain Cauchy’s-strain tensor C with its components

Cij = 1

2

(

∂ui

∂Xj

+ ∂uj

∂Xi

)

(2.38)

The benefit of Cauchy’s tensor is that it can be computed more efficiently due to
its linearity. But at the same time the simplification induces errors for large strains
so it should only be used for small strains. Moreover, it does not account for ro-
tations of the frame of reference and is thus variant under rotations. Although the
tensor exhibits some drawbacks, its simplicity in computation mostly outweighs the
aforementioned problems. With a special treatment of the situation the drawbacks
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are kept minimal. As the tensor depends on the orientation of the local frame of
reference, the local deformation is separated into two transformations. The first is
determined by the rigid rotation of the frame of reference and the other by the defor-
mations given by the Cauchy tensor. This approach of separating the rotations from
the strain determination is referred to as co-rotational formulation and is often
favoured for real-time finite element simulation systems [7, 12].

2.2.2 Mechanical Stresses

With the strain tensor a measure for deformation at an arbitrary point within a con-
tinuous medium is obtained. As the strains are a result of acting forces, the forces
which act on a continuous body has to be described. These fall into the categories
of internal and external forces. The latter is further divided into surface forces and
body (or volume) forces. Body forces act on the distribution of mass inside the body,
e.g. gravity, while surface forces act on the boundary, e.g. contact forces. The for-
mer category of internal force is created by the resistance of the material against
deformation. Hereby, the force is termed stress or traction acting on the surface
element of an infinitesimal volume dV . Therefore the stress vector t depends on the
surface orientation and yields a pressure (force density) as unit. It is defined by

t(n) = lim
�S→0

�F(n)

�S
(2.39)

where �S denotes the surface element, n its orientation and �F the force acting on
it. The vector t · n is the stress in direction of the surface normal n and is conse-
quently called normal stress. The stress component perpendicular to the normal is
called shear stress. Since the third law of Newton should also hold for the stresses,
it follows that t(−n) = −t(n). In general, the stress vector is not restricted to normal
direction. By analysing the dependency between normal and stress vector, one can
create a mapping from any surface vector to the resulting stress.

Therefore an infinitesimal tetrahedron as shown in Fig. 2.4 is considered and
the stress vectors t(ei ) according to the surface elements �Si oriented with respect
to the Cartesian basis ei are denoted. The motion of tetrahedron has to obey the
second law of Newton such that all stresses acting on the surfaces are related to the
acceleration a as follows

t(n)�S + t1�S1 + t2�S2 + t3�S3 + F(e)ρ�V = aρ�V (2.40)

From a special case of the Gauss divergence theorem, it follows that the total vector
area of the closed surface is

�Sn − �S1e1 − �S2e2 − �S3e3 = 0 (2.41)

Thus it can be written for the surface elements

�Si = (n · ei )�S with i ∈ {1,2,3} (2.42)
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Fig. 2.4 Tetrahedron with
surface stresses in Cartesian
coordinates

The volume �V of the element is computed by the formula

�V = �h

3
�S (2.43)

where �h denotes the distance between the origin and the slant face. Substituting
(2.41) and (2.42) in the initial formula (2.40) of the acting forces and dividing by
�S leads to

t =
3

∑

i=1

(n · en) + ρ
�h

3
(a − f) (2.44)

Shrinking the tetrahedron by �h → 0 yields the limit

t =
3

∑

i=1

(n · ei )ti (2.45)

The result can be rewritten as a tensorial relationship whereas the stress-vectors ti
are identified with the columns of the stress tensor. Consequently, an equivalent
tensor notation of the latter equation is obtained if n is extracted

t = n · σ (2.46)

σ ≡ ei · ti (2.47)

each component of the tensor is given by

σij = ti · ej (2.48)

This notation is possible as the stress tensor defines a property being independent
of n. Another expression of the stress tensor is given by the separation of the or-
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Fig. 2.5 Correspondence of
stress components to surface
elements

thogonal components of ti . We can write

ti = σi1e1 + σi2e2 + σi3e3 (2.49)

= σij ej (2.50)

from which it follows that

σ = ej ti = σij eiej (2.51)

The entries σij represents the force per unit area on an surface element perpendicular
to the ith coordinate and the j th coordinate direction (see Fig. 2.5). Equation (2.46)
is known as Cauchy-stress formula and the tensor σ is termed Cauchy-stress ten-
sor. By using the principle of conservation of angular momentum, it can be proven
that the tensor needs to be symmetric (cf. [13]).

Similar to the strain tensor, the stress tensor can be diagonalised and the esti-
mation of the eigenvectors yields the principal stresses where the value of diagonal
elements σii > 0 indicate tension and σii < 0 indicate pressure. Analogously to the
estimation of mean volume change in the strain vector, the mean pressure is given
by 1

3 tr(σ ).
The stress tensor σ now allows to describe the internal forces in a body. With f

being the body force per unit mass, it follows for the total body force
∫

Ω

ρfdV (2.52)

Moreover, with t as surface force per unit area, the traction field of the body is given
by

∫

∂Ω

tdS (2.53)
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Cauchy’s formula (2.46) yields the relationship to the stress tensor
∫

∂Ω

n · σ dS (2.54)

By making use of the divergence theorem leads to
∫

∂Ω

n · σ dS =
∫

Ω

∇ · σ dV (2.55)

The latter equivalent notation allows to formulate the principle of conservation of
linear momentum for a continuum

∇σ + ρf = ρ
∂2u
∂t2

(2.56)

In order to achieve a static equilibrium of the forces, the displacements have to reach
a constant value which lets the derivatives of u vanish. In Cartesian coordinates, it
is obtained

∂σji

∂xj

+ ρfi = 0 (2.57)

2.2.3 Constitutive Equations

The degree of deformation is reflected in the strain tensor and the actual forces act-
ing on a volume element is determined. Next, it is needed to relate the deformations
to the forces and thus to define a function describing the response of the material in
terms of stresses to the corresponding strains. The so-called response function C is
a general description of the desired correspondence

σ = C(ε) (2.58)

The above equation is termed constitutive equation and may consider various in-
fluences, e.g. thermal conductivity, affecting the response and thus the stresses. If
the response of the material is the same at every material coordinate, the mate-
rial is homogeneous otherwise heterogeneous. Moreover, if the stress in the ma-
terial depends on the strain direction, the material is said to be anisotropic. If the
behaviour differs only in orthogonal strain directions, the material is orthotropic
(or exhibits orthogonal anisotropy). A material being indifferent to the direction of
strain is called isotropic.

The theory of linear elasticity considers only ideally elastic materials. A de-
formed body, under isothermal conditions, is ideally elastic if it recovers its shape
completely when external forces are removed. As a consequence, it restricts the re-
sponse function to a simple one-to-one mapping of the strains to the stresses and
C is sufficiently described by a fourth-order tensor with 81 coefficients in total.
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This restriction is also known as the generalised Hooke’s Law which also linearly
approximates nonlinear stresses at small strains by the assumption of constant stiff-
ness. Hence, it follows

σij =
3

∑

k,l=1

Cij,klεkl (2.59)

for the stress components.
Since the strain and stress tensors are symmetric by definition, only six compo-

nents remain free. A reduction of the coefficients is introduced by the Kelvin-Voigt
notation leading to the single index notation:

σ1 = σ11, σ1 = σ22, σ1 = σ33, σ4 = σ23, σ5 = σ13, σ6 = σ12 (2.60)

ε1 = ε11, ε1 = ε22, ε1 = ε33, ε4 = 2ε23, ε4 = 2ε13, ε4 = 2ε12 (2.61)

The notation now yields the matrix C ∈ R
6×6

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

σ1
σ2
σ3
σ4
σ5
σ6

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

=

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

C11 C12 C13 C14 C15 C16
C21 C22 C23 C24 C25 C26
C31 C32 C33 C34 C35 C36
C41 C42 C43 C44 C45 C46
C51 C52 C63 C54 C55 C56
C61 C62 C73 C64 C65 C66

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

ε1
ε2
ε3
ε4
ε5
ε6

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

(2.62)

Additional simplification is employed by having an idealised relationship in the
work done with respect to the strain. A so-called hyperelastic material does not
absorb the energy that is induced by the strains and releases the energy completely
at recovery.

For such hyperelastic materials, the number of free coefficients of C is reduced
to 21. Additional orthotropy or isotropy reduces the number further to 9 or 2 coeffi-
cients respectively.

The two remaining free coefficients denoted by λ and μ of isotropic materials
are named Lamé-constants. These constants can be indirectly obtained by experi-
mentally measuring the engineering parameters of Young or elastic modulus E and
Poisson’s ratio ν or transverse contraction. The latter opposes the material compres-
sion and ranges from −1 < ν < 1

2 . The former shows the resistance force according
to the tension. The Lamé-constants are then deduced from the previously measured
parameters with

λ = Eν

(1 + ν)(1 − 2ν)
and μ = E

2(1 + ν)
(2.63)

A special type of linear, isotropic materials (being nonlinear in geometric con-
figuration with Green’s tensor) are the St. Venant-Kirchhoff materials with the
relation

σ = λtr(ε)I + 2με (2.64)
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Table 2.1 Mechanical properties of elastic materials

Mechanical property Symbol Characteristic Unit

Elastic modulus E Linear slope of σ N/mm2

Poisson ratio ν Ratio of transverse contraction strain –

Shear modulus G Resistance against shearing N/mm2

Bulk modulus K Resistance against compression N/mm2

and their hyperelastic energy function is given by

V = λ/2tr(ε)2 + με2 (2.65)

By modelling the stress-strain relationship with the St.Venant-Kirchhoff material
and the generalised Hooke’s law, the constitutive equation becomes very simple.
The symmetric matrix is given by

C =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

2μ + λ λ λ 0 0 0
λ 2μ + λ λ 0 0 0
λ λ 2μ + λ 0 0 0
0 0 0 2μ 0 0
0 0 0 0 2μ 0
0 0 0 0 0 2μ

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

(2.66)

An additional factor affecting the material behaviour is the dependence of the
stress response on the strain rates ε̇. Such behaviour is justified by the fact that
materials have decreasing stresses under constant strains (stress relaxation). The
latter behaviour is also known as creep. Another behaviour of some materials in
situations of periodic load and unload can be experimentally observed. Here, the
anomaly is that the stresses lag behind the strains. The presence of one of these ef-
fects classifies the material to be visco-elastic. Models considering such phase-shift
behaviour are described in the impulse response of the material (in stresses) with re-
spect to a strain unit pulse. A history of strains is required to perform the frequency
decomposition of the strain signal yielding the temporal stress response. Therefore,
proper modelling demands a considerable amount of computation time and storage
which makes a precise model not yet suitable for real-time simulation. The inter-
ested reader might look into [10] for a comprehensive view. Nevertheless, ignoring
the deformation history still allows to simulate some aspects of such materials.

2.2.4 Energy Principles and Variational Approach

As illustrated in Sect. 2.1.2, quantities of the energy and the work done define the
motion of a dynamical system which obeys the principle of least action. In the fol-
lowing the estimation of these quantities will be extended to continuous bodies.



2.2 Continuum Formulation 25

For a continuum, the total work done is contributed by the external We and in-
ternal Wi work. The former contribution is given by a distributed force field f(x)

acting on the continuum (per unit volume) with its displacement field u(x). Thus
work done by this force field equals

We = −
∫

Ω

f · udV (2.67)

assuming the external forces or moments being independent of the actual displace-
ment. The external work We equals the potential energy and its negative sign indi-
cates that the work is performed on the body.

Besides the external work internal work is exoressed by the integration of stresses
as function of the strains. Firstly, the internal work is given

U0 =
∫ εij

0
σij ds (2.68)

at unit element with an actual strain εij . The quantity is also often referred to as
strain energy density. With the existence of such a scalar function U the stresses
are said to satisfy the energy equation and are conservative. This implies that the
work done depends only on the initial and the final strain. Differentiation of the
function leads to

σij = ∂U0

∂εij

(2.69)

The existence of U0 is often assumed, e.g. for hyperelastic materials, even under
large deformations and nonlinear elasticity. Finally, to obtain the total work done in
the body integration over the whole domain Ω is needed to get

Wi = U =
∫

Ω

U0 dV (2.70)

Furthermore, it can be concluded for a body being in equilibrium under consid-
eration of D’Alembert’s principle as in (2.27) that

Wi + We = δWi + δWe = 0 (2.71)

holds true for the system, where δW = Fδu denote the work done by actual forces
in moving through virtual displacements δu.

A body Ω which is not only subject to a distributed body force f(x) as before
but also a traction field t(s), yields the total energy of the system regarding virtual
displacements

δWi + δWe =
∫

Ω

σij δεij dV −
(∫

Ω

δudV +
∫

∂Ω

t · δudS

)

= 0 (2.72)

The total energy of the system will be denoted by

Π(u) = Wi(u) + We(u) (2.73)
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Consequently, a description of the energy residing in a body has been found. With
the variation of the displacement field, it is now tied in with the Hamilton principle
of least action to determine the motion or configuration respectively according to
the formula (2.72).

2.2.4.1 Hamilton’s Principle

When one recalls the procedure of Hamilton of varying the tentative path of a par-
ticle such that the time-integral of the difference in kinetic and potential energy
reaches a minimum, one will see that the procedure is applicable here as well.
Hence, it expresses the body forces in terms of kinetic and potential energy in or-
der to find the displacement which leads to a minimum of the aforementioned time
integral.

Let the path of each portion of the body be defined as function u(x, t) within a
time interval between t1 and t2. The variation of the path by a virtual displacement
needs to satisfy the following condition

δu(x, t1) = δu(x, t2) = 0 for all x (2.74)

The condition is crucial to regard the tentative path passing the start- and endpoint
in addition to any admissible variation. Furthermore, from the virtual displacement
it yields

δΠ =
∫

Ω

f · δudV −
∫

∂Ω

t · δudS −
∫

Ω

σ : δε dV (2.75)

for the work Π done on the body at time t δu.
The formula departs from (2.72) in sign change which is reasoned by the obser-

vation of the work done on the body and not in the system. The operator: denotes
the dyadic product between tensors defined by

σ : ε = σij εij (2.76)

Considering further the work done by change of momentum through the variation
of u, one obtains

∫ t2

t1

(∫

Ω

ρ
∂2u
∂t2

·δudV −
[∫

Ω

(f ·δu−σ : δε) dV +
∫

∂Ω

(t ·δu) dS

])

dt = 0. (2.77)

With partial integration and using the boundary conditions of δu it leads to

−
∫ t2

t1

(
∫

Ω

ρ
∂u
∂t

· ∂δu
∂t

dV

︸ ︷︷ ︸

kinetic energy:=T

+
∫

Ω

(f · δu − σ : δε) dV +
∫

∂Ω

(t · δu) dS

︸ ︷︷ ︸

potential energy:=Π

)

dt = 0

(2.78)



2.3 Numerical Simulation 27

Thus, the terms yield the Hamilton’s Principle of least action mathematically ex-
pressed by

δ

∫ t2

t1

(T − V )dt = 0. (2.79)

With the transformation into the latter principle, the solution in terms of displace-
ments is found w.r.t. the forces f and t one may apply. These may arise when em-
ploying gravitational and interaction (constraint) forces, respectively. The forces on
the border induced by a traction field are related to the contact problem which will
be discussed in Chap. 3.

2.3 Numerical Simulation

With the equations derived so far it is possible to describe and compute the me-
chanics of a continuum, but the positional variation in the object in terms of dis-
placements requires to find a finite subspace of functions defined on the domain
fulfilling the boundary conditions of the problem. To find a solution to a problem
with complex domain would be impractical or even impossible. It is therefore not
only convenient but also necessary to have rather an approximate than the exact
solution.

2.3.1 Discretisation and Solution

The idea in finding a numerical solution to the stated variational problem is to reduce
the solution function space V to finite dimensional subspace V0 with dimension n.
The so-called Ritz method yields an approximation Un composed by elements ϕi of
basis of the subspace Vo and appropriately chosen coefficients ci :

u(x) ≈ Un(x) =
n

∑

i=1

ciϕi(x) (2.80)

If Π(u) defines the functional and the approximation is of interest then u has to be
substituted with Un such that the variational problem of δΠ = 0 becomes

δΠ = ∂Π

∂c1
δc1 + · · · + ∂Π

∂cn

δcn (2.81)

From the definition of basis elements it follows that the derivatives are linearly in-
dependent

∂Π

∂ci

δci = 0, ∀i = 1, . . . , n (2.82)
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Another method in reducing the problem is the transformation into a so-called
weak form. Since the solution space was reduced by the subspace elements, the so-
lution of the initial problem might not lie in the approximation space. Here the weak
form comes into play by reformulating the problem in an alleviated form. Instead of
enforcing the approximation solve the exact differential equation of δΠ = 0, it has
just to satisfy the equation in weighted integral

∫ 1

0
w(x) δΠ(Un)

︸ ︷︷ ︸

≡R

dx = 0 (2.83)

where w(x) is a weight function and δΠ(Un) �= 0 the residual R in the differential
equation. The new formulation is equivalent to the original problem if (2.83) is
satisfied for all suitable w(x) and sufficiently smooth solution.

To define an appropriate subspace, the original domain Ω is decomposed into a
finite sub-domain Ωe which are usually represented by triangles or tetrahedrons de-
pending on the dimensionality of the manifold. These elements simplify the finding
of appropriate basis functions to fulfil the needs of the Ritz method. The decom-
position of the domain of problem into elements with the definition of appropriate
weight functions is called Finite Element Method. Each element of the sub-domain
is transformed to the reference element which is used here to solve the equation on a
simple domain. The weight functions within each element are represented by inter-
polation functions forming the subspace basis. Those functions interpolate between
nodes the assigned value of the approximated function.

In the following the problem will be formulated on such an element. For simplic-
ity, it will be observed on a tetrahedral element of unit length in Cartesian coordi-
nates. Further, the support is chosen by linear interpolation functions

ψ1 = 1 − ζ − ν − ξ (2.84)

ψ2 = ζ (2.85)

ψ3 = ν (2.86)

ψ4 = ξ (2.87)

to describe a position x in an element by local coordinates ζ, ν, ξ ∈ [0,1]. The inter-
polation condition ensures continuity of the function across the borders of elements
which requires that

ψe
i (xe

j ) = δij (2.88)

is satisfied, where xe
j is the position of the j -th node in the e-th element.

The application of the Ritz method to a tetrahedral subspace element Ωe with
four nodes leads to

ue(x) =
4

∑

i=1

ce
i ϕ

e
i (x) =

4
∑

i=1

ue
i ψ

e
i (x) (2.89)
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locally approximating the displacement u. Thus, it can be written for u and δu in
matrix form by the use of interpolation functions

u =
⎛

⎝

ux

uy

uz

⎞

⎠ = ψe�e, δu =
⎛

⎝

δux

δuy

δuz

⎞

⎠ = ψeδ�e (2.90)

where

ψe =
⎡

⎣

ψ1 0 0 ψ2 0 0 . . . ψn 0 0
0 ψ1 0 0 ψ2 0 0 . . . ψn 0
0 0 ψ1 0 0 ψ2 0 0 . . . ψn

⎤

⎦ (2.91)

�e = [

u1
x u1

y u1
z u2

x u2
y u2

z . . . un
x un

y un
z

]

(2.92)

δ�e = [

δu1
x δu1

y δu1
z δu2

x δu2
y δu2

z . . . δun
x δun

y δun
z

]

(2.93)

To transform the potential Π of (2.78) in vector form on the element, the stress-
strain-relationship has to be expressed in Kelvin-Voigt notation and replaced strain
by the displacement. Thus, it follows

ε = Du (2.94)

with

ε = (

εxx εyy εzz 2εxz 2εyz 2εxy

)T (2.95)

DT =
⎡

⎢

⎣

∂
∂x

0 0 ∂
∂z

0 ∂
∂y

0 ∂
∂y

0 0 ∂
∂z

∂
∂x

0 0 ∂
∂z

∂
∂x

∂
∂y

0

⎤

⎥

⎦ . (2.96)

The matrix form is obtained for the motion equation (2.56) of Newton’s second law

�T σ + f = ρ
∂2u
∂2t

(2.97)

Thus it results from the principle of the virtual displacement as in (2.72) and the
strain-stress-relation (2.62) on the reference element, that

∫

Ωe

[

(Dδu)T C(Du) + ρδuT ∂2u
∂t2

]

︸ ︷︷ ︸

=Keue+Meüe

dV −
∫

Ωe

(δu)T f
︸ ︷︷ ︸

=fe

dV −
∫

∂Ωe

(δu)T t
︸ ︷︷ ︸

=Qe

dS = 0

(2.98)

where each integrand is evaluated with respect to the subspace basis 〈ψi〉. Since
(2.98) must hold under all admissible virtual displacements, the matrices can be
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computed and the coefficients assembled for ue in one matrix given by

Ke
ij =

∫

Ωe

(Dψi)
T C(Dψj )dV (stiffness matrix)

Me
ij =

∫

Ωe

ρψT
i ψj dV (mass matrix)

f e
i =

∫

Ωe

ψT
i fdV, Qe

i =
∫

∂Ωe

ψT
i tdS, Fe := fei + Qe (external force vector)

Considering further the time-dependency of u, the evaluation yields a dynamical
system

Meü(t) + u̇(t) + Keu = Fe (2.99)

To find the global solution to the problem, it is needed bring the nodes of the
elements into correspondence. With the identification of element nodes ue

i with a
global node, a global linear system is obtained. Here, the local value of the node ue

i

is substituted by a global value Um at each element. The complete system follows
from the initial variational problem (2.81) and the assembly:

δΠ =
M
∑

I=1

∂Π

∂UI

δUI = 0 (2.100)

with M being the number of global nodes and Π the sum of the potential energy
functions Πe of the N elements.

Π =
N
∑

e=1

Πe (2.101)

2.3.2 Textile Simulation Model

While earlier interactive simulators of textiles were mostly modelled by a linear
spring particle system, a great improvement was made by employing a non-linear
differential equation system allowing to express the physical laws by a particle sys-
tem. With the approach of Baraff et al. [2] it is now possible to simulate the non-
linear material behaviour in large time steps without loosing numerical stability.
This approach is the basis of the numerical computations used in our VR system. In
the following the representation of a textile and its simulation will be explained in
analogy to the FE method.

Since the basis of the approach is a particle system, i.e. a discretisation of the
continuous material, the two dimensional manifold embedded in R

3 describing the
textile is condensed into mass points. A triangulation as it shown in Fig. 2.6 pre-
serves the topology of the textile and determines the mechanical relations of the
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Fig. 2.6 Representation of a
textile by a particle system
with mass lumping

Fig. 2.7 Strains resulting in
triangle deformation

particle system by linear elements. Each triangle represents a part of the original
continuous surface and the associated vertices store the physical quantities, e.g.
energy and inertia. With these quantities, the vertices become particles, i.e. small
masses governed by the equation of motion (2.2). All in all, a particle has a mass
m and a time-dependent position denoted by x(t) with its time-derivatives as ve-
locity ẋ(t) and acceleration ẍ(t), respectively. By combining all positions of the n

particles, we get a single vector r ∈ R
3n.

Now, according to the equation of motion together with the inner forces written
as a potential the following equation for the complete particle system is obtained

r̈ = M−1
(

−∂V

∂r
+ F

)

(2.102)

where M is the matrix of all particle masses and F denotes external forces. Within
the generic potential V in (2.102), the material behaviour model is hidden, i.e. it
models the tensile, shear and bend stresses in dependence of the strains. The tensile
and shear stresses inside each triangle corresponding to a fraction of the textile are
determined. To calculate the strains, the particles ri , i = 1, . . . ,3 of each triangle are
associated with a reference configuration wi in a two dimensional space. Figure 2.7
shows a triangle in (reference and deformed) configuration with the local vectors u
and v. The axes of this space correspond to the dominant directions inherent to
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the manufacturing process of woven fabrics. The mapping of weft direction vector
into R

3 is denoted by U and the warp direction corresponds to V respectively. The
positions ri of the deformed triangle can then be used to calculate the deformed unit
warp and weft vectors in three dimensional space for this triangle by solving the
linear equation

(U V) · (w2 − w1 w3 − w1)
︸ ︷︷ ︸

:=A∈R2×2

= (r2 − r1 r3 − r1) (2.103)

substituting the reference positions with the constant matrix A and inverting leads
to

⇔ (U V) = (r2 − r1 r3 − r1) · A−1 (2.104)

the strains can directly associated with the deformed axis vectors

⇒ ε11 = ‖U‖ − 1 εvv = ‖V‖ − 1 (2.105)

For shearing, the strain is given by

ε12 = ε21 = 〈U,V〉
‖U‖‖V‖ (2.106)

With the strain components constant over a triangular element, the stresses occurring
in such an element can be derived. With the assumption of having a conservative
energy, the strain energy function is formulated by

Um(ε) =
∫ εm

0
σm(s) ds with m ∈ {11,12,22} (2.107)

In a triangle element, ε depends on the particle positions. It follows for the work Ue

done on a triangle from (2.70)

Ue = |A|
2

∑

m

∫ εm

0
σm(s) ds (2.108)

with |A|
2 being the area of the triangle in the reference configuration.

As the textile is modelled as a two-dimensional manifold an additional work
function Ub has to be defined accounting for the stresses caused by out-of-plane
deformations, termed bend forces.

The integration of bend energy within the simulation model, require additional
constitutive equations necessary to reflect such stresses. The approach to consider
these stress is made by defining out-of-plane strains in terms of curvature. The the-
ory of plates or shells provides different possibilities of representing the bend en-
ergy within a plate or (curved) shell, but the in-plane stresses will be considered
first. Consequently, the potential defined by

V e := Ue
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The forces Fi occurring at each particle can be computed by (2.69) and with ε as
function of position ri , one gets

Fi = −∇V e = −|A|
2

∇V e(ε) (2.109)

= −|A|
2

·
∑

m

σm(εm)

(

∂εm

∂ri

)T

(2.110)

For the numerical time-integration, which will be discussed in the next section,
the evolution of force Fi w.r.t. to the particle position rj is required. Therefore,
derivation leads to

∂Fi

∂rj

= −|A|
2

∑

n

∑

m

∂σm(εm)

∂εm

∂εn

∂rj

εm

∂ri

(2.111)

+
∑

n

σm(εm)
∂2εn

∂Pi∂Pj

with n ∈ {11,12,22} (2.112)

2.3.3 Optimised Force Calculations

Since these calculations are quite expensive in terms of floating point operations,
Volino et al. proposed in [15] to easier to compute force calculations the following
formulas modelling tensile behaviour.

ε11 = ‖U‖ − 1 ε12 = ‖U + V‖√
2

− ‖U − V‖√
2

(2.113)

ε22 = ‖V‖ − 1 (2.114)

for the strain tensor. The initial formulation differs only for shear strain from (2.106)
and (2.105) by being dependent on the length of U and V. It is justified by having
better accuracy at large deformations. For real-time simulation, the strain calcula-
tions had to be even further reduced in complexity by

ε̂11 = UT U − 1

2
ε̂12 = UT V = ‖U‖‖V‖ cos∠U,V (2.115)

ε̂22 = VT V − 1

2
(2.116)

With such a simplification, the costly square roots are avoided and the new functions
are differentiable everywhere. However, with these formulas one gets a nonlinearity
in ε11 and ε22 whereas in the ε12 component linear relation w.r.t. ‖U‖ and ‖V‖.
Therefore, the latter is only applicable if the strain stress functions given by σ are
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reparameterised accordingly.

∫ ε(x)

0
σ1(s)ds =

∫ ε̂(x)

0
σ̂ (s)ds + C (2.117)

⇔ σ̂ (ε̂) = ∂

∂ε̂

∫ ε(x)

0
σ(s)ds (2.118)

= σ(ε(x))
∂

∂ε̂
ε(x) (2.119)

= σ(ε(x))
∂

∂x
ε(x)

∂

∂ε̂
x, with x = ε̂−1(ε̂) (2.120)

As an example of for remapping from the accurate ε11 strain component given
by (2.113) to the simple ε̂11 in (2.115), one has to set x to |U| and thus it follows for
the stress value

σ̂11(ε̂11) = σ11(
√

2ε̂11 + 1 − 1)
√

2ε̂11 + 1

The calculation of bending forces follows the approach of Volino et al. described
in [17]. The basic idea of the computations is to use the discrete differential opera-
tors given by the mesh parametrisation to determine the curvature of the underlying
smooth surface discretised by the triangles.

Here, the textile treated as a regular surface being the familiar mapping of S :
P ⊂ R

2 → M ⊂ R
3 with the additional property of at least C 2-continuity. At any

point p ∈ P of the regular surface one can find a curve γ going through the point p
and sharing the same curvature ∂2

∂γ 2 S(γ (p)) as the surface at this point. Without loss
of generality, it is assumed that the coupled mapping of the curve S(γ (s)) : R → M

is arc length parameterised.
Assuming further the textile surface does not vary much in local shear strain,

the length of the first derivation of the surface curve ‖ ∂
∂t

S(γ (t))‖ is equal in length
of the derivative in parameter space ‖ ∂

∂t
γ (t)‖. This is supported by the fact that

tense threads are generally not curved and thus finding γ satisfying ‖ ∂
∂t

γ (t)‖ = 1 is
comparatively easy.

The easily found discrete differential operators by the aforementioned assump-
tions are used to compute the second derivatives of the surface in the principal and
shear direction from three and four particles respectively. Strain function related to
the curvature is then defined by

ε(γ, t0) =
∥

∥

∥

∥

∂

∂t2
S(γ (t))

∥

∥

∥

∥

t=t0

(2.121)

=
∥

∥

∥

∥

n
∑

i=1

giri

∥

∥

∥

∥
(2.122)
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Fig. 2.8 Two types of bending elements (b3) in left and (b4) in right figure

Whereas gi is the weight of the particle position ri in the discrete case. By linearis-
ing the stress function to σ(ε) = Bε we get for the bending force Fj at particle rj a
weighted sum of particle positions

Fj = − ∂

∂rj
V b(r) = ∂

∂rj

∫ ε

0
σ(s)ds = ∂

∂rj

1

2
Bε2 (2.123)

= B

∥

∥

∥

∥

∥

n
∑

i=1

giri

∥

∥

∥

∥

∥

∂

∂rj
ε (2.124)

= 1

2
B

∥

∥

∥

∥

∥

n
∑

i=1

giri

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

n
∑

i=1

giri

∥

∥

∥

∥

∥

−1

2

(

n
∑

i=1

giri

)

gj (2.125)

= Bgj

n
∑

i=1

giri (2.126)

The exposed interface of the physical simulation library allows to create bend-
ing elements associated to the particles with arbitrary weights of gi and a bending
resilience factor B . Figure 2.8 shows the two types of elements which have to be
defined on the triangle mesh accounting for bending in u-, v- and shear direction.

Finally, internal viscosity of the materials in the different contributions of to the
force (tensile, shear and bending) are computed by replacing the positional parame-
ter ri with its time derivative ṙi .

In order to provide a variety of virtual fabrics, the simulation model needs re-
trieve the material parameters from a database containing the information for the
visual and haptic rendering. For the latter, each entry features the set of strain-stress
functions accounting for the response in each parameter direction. The exact re-
sponse values are typically obtained by material tests, e.g. tensile test. For internal
representation within the computer, the functions are approximated by spline for
in-plane and as a constant factor for out-plane stresses. These functions can be dy-
namically exchanged in the numerical simulation to represent any fabric material.
Furthermore, one entry contains the density and the visual appearance of the fabric
in a bitmap. For the force feedback and the tactile rendering, coefficients of static
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and dynamic friction in several directions and roughness measurements in weft and
warp directions are residing in an entry.

2.3.4 Numerical Integration

The common method in simulating the dynamics of an arbitrary particle system is
the integration of the central force equation (2.2). One should recall that the equa-
tion defines the forces acting on the particles w.r.t. their inertia. Hence, with the
force known, one can compute the resulting acceleration of each particle. From
the mechanical point of view, all important information might be obtained, but for
the visualisation and simulation, the resulting change in position is also important.
Moreover, as the force on a particle is a function of the positions and velocities of
several particles, a system of coupled second-order differential equations has to be
solved. In general, the initial state of a particle system at time t0 is known. The po-
sition of the system at the time step ti is determined by the initial position and its
velocity ˙r(t) with t0 ≤ t ≤ ti by

r(ti) = r(t0) +
∫ ti

t0

ṙ(t)dt with r(t0) = r0. (2.127)

In the same way, the velocity at time ti is determined by the acceleration r̈ and its
initial velocity ṙ0

ṙ(ti) = ṙ(t0) +
∫ ti

t0
r̈(t)dt with ṙ(t0) = ṙ0 (2.128)

With the known mass of the particles, the acceleration is computed by (2.102). The
latter equations govern the motion of the particles and represent the aforementioned
differential equation system in integral form. By combining the positions and veloc-
ities into a single vector y, the system is reduced to first order:

y′ =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

d
dt

r0
...

d
dt

rn

d
dt

ṙ0
...

d
dt

ṙn

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

=

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

ṙ0
...

ṙn
1

m0
F0(r0, . . . , rn, ṙ0, . . . , ṙn)

...
1

mn
Fn(r0, . . . , rn, ṙ0, . . . , ṙn

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

=: f(y) (2.129)

As the state of the particle system is known at the start of the application, the latter
equation describes an initial value problem (IVP).
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2.3.5 Numerical Stability

In general, methods for solving initial value problems are only able to find an ap-
proximation to the solution. The quality of such an approximation is called consis-
tency and the speed in which the approximation is reached is called convergency.
These attributes can be associated with the used method. Furthermore, a method is
determined to be stable if for any pair of initial values in a certain distance, the
trajectories stay within a upper bound. The methods more precisely exhibit a region
of stability in the complex plane. The plane is being defined by the test equation of
Dahlquist or test problem

y′ = λy(t) with y(0) = y0 (2.130)

and λ is a complex number with negative real value. The analytical solution is
y(t) = y0e

λt . Inserting the used method into the test equation with a fixed timestep
�t , the region of stability is the set of complex numbers ξ = λ�t which leads
to a monotonic sequence of approximations. If the region contains the halfspace
{ξ ∈ C : Re(ξ) < 0}, the method is called A-stable. This means that the method is
independent of the problem y′. Hauth et al. [8] analysed the numerical stability of
the methods presented in the next paragraph.

Numerical methods to solve initial value problems can be categorised by their
features. According to the number of used supporting points the methods are sep-
arated into single-step or multistep methods. Single-step methods take only the
last solution step into account for the computation of the next time step, whereas
multistep methods also use solutions for several previous time steps. The benefit of
multistep methods is the higher order of consistency with minor additional compu-
tational effort compared to single-step methods. Methods are further characterised
by being explicit or implicit. Explicit methods employ only a priori known values
for the calculation of the next approximation. Implicit methods use values being
additionally computed within the approximation of the next time step. The latter
methods require to solve an equation system determining the relation of the addi-
tional data to the previously known. While the extended information increases the
order of consistency and convergence, implicit methods suffer in speed because of
the extra computations. As the VR system uses single-step methods the considera-
tion will be limited to such methods.

The explicit Euler-method is the most simple method to compute the numerical
solution for a initial value problem. With the choice of a time step width of �t > 0
an approximation is found for the subsequent time steps

ti = t0 + i�t with i = 1,2,3, . . . (2.131)

by the iterative equation of the next state vector

yi+1 = yi + �t · y′
i = yi + �t · f(yi ) (2.132)

Unfortunately, the simplicity of the method is bought with a drawback in accuracy
and stability, i.e. if y′

i is subject to large variations, the approximation will quickly
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diverge from the real solution. Differential equations in which y′ features a high
variability with respect to small changes in y are called stiff. Taking into account
the stiffness of such systems, the computations of the method need to advance with
very small time steps in order to be stable. As textile strain-stress functions are
mostly non-linear and of high stiffness (e.g. wild silk reaches 490 N/m at strains
of 0.7%), the method would loose its benefit of simplicity by computing too many
intermediate steps.

The disadvantage of the explicit methods makes implicit methods more favourable,
as their increased stability outweighs the additional computational effort. A variety
of implicit methods exist which use sophisticated estimates of the average slope dur-
ing �t by calculating intermediate y′

i+δ for several ti+δ . Some even go as far using
a ti+δ > ti+1. A common method among these is the implicit Euler-method. Due
to its higher order in convergence and consistency it does not suffer in stability from
stiff equations. The method differs only from the explicit scheme in its iteration rule

yi+1 = yi + �t · y′
i+1 = yi + �t · f(yi+1) (2.133)

The delicate point here is the use of the a priori unknown state yi+1 for the force
computations. Thus an estimation of the evolution of the state is being made by a
linearisation at yi . approximation. A Taylor expansion at yi yields the new iteration
rule

yi+1 = yi + �t

(

y′
i + ∂

∂yi

y′
i · (yi+1 − yi )

︸ ︷︷ ︸

�y

)

(2.134)

The substitution of the state differences by �y leads to

�y − �t
∂

∂yi

y′
i · �y = �ty′

i ⇔ (2.135)

(

I − �t
∂

∂yi

f(yi )

)

︸ ︷︷ ︸

:=M

·�y = �t f(yi )
︸︷︷︸

:=b

(2.136)

The equation with unknown state vector is now transformed into a linear equation
system, where the system matrix M and the vector b are directly given by evalua-
tion. For the solution �y it is thus necessary to invert the matrix.

Since the matrix size is of 6n × 6n which can be very big depending on the
amount of particles, a reduction by half can be made by removing the first 3n de-
grees of freedom (position) of the state vector and solve them explicitly by using
the evaluation formula r(ti+1) = �t(ṙ(ti) + �ṙ). For consistency, the derivative f
then needs to be removed from the positions as well. Despite the removal of the first
3n entries, the new derivative f̂ is still dependent on the positions, which has to be
considered by splitting the derivation w.r.t. state vector into separate terms.

Finally, it results in
(

I − �t
∂

∂ ṙ
f̂ − �t2 ∂

∂r
f̂
)

�ṙ = �t

(

f̂(r, ṙ) + �t
∂

∂r
f̂ · ṙ

)

(2.137)
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Yet the matrix still remains too big for standard linear solvers like inversion
schemes, e.g. LU-decomposition, to use in the context of real-time simulation. For-
tunately, the matrix M exhibits some nice properties which can accelerate the cal-
culations. As the matrix is symmetric and positive definite—a result of the physical
formulation—some iterative solvers exist, which can significantly reduce the effort
of finding the solution. Additionally, the sparsity of the matrix due to low interde-
pendency of the particles allows further optimisation within such solvers.

Although improved stability of implicit integration against explicit integration
has been shown, it introduces numerical damping which affects as well the phys-
ical and thus directly the haptic realism as the visual realism. But it is possible to
combine implicit and explicit Euler-method to find a balance between stability and
physical realism. As a result, we benefit from this combination named implicit-
midpoint Euler-method in achieving the improved accuracy of implicit integration
at the same as the computational speed of explicit scheme. These advantages make
the method more favourable than other popular higher-order integration methods
like BDF-2 (cf. [1]). In [16] it is further shown that with minor damping the stabil-
ity can be improved being competitive to more stable schemes and the method is
more robust to perturbations of the solution caused by collisions.

In the scheme, the ordinary differential equation system given by the state vector
yt and its first derivative y′ as defined previously is used to estimate the next time
step as follows. The time step �t is split apart into two steps by a split factor α,
named implicity factor in [16]. In the first integration step, the implicit Euler would
yield for advancing α�t in time

yt+α�t = yt + α�t · y′
t+α�t (2.138)

adding for the second half of the total time step an explicit Euler integration leads
to

yt+�t = yt + α�t · y′
t+α�t + (1 − α)�t · y′

t+α�t ⇔ (2.139)

yt+�t = yt + �t · y′
t+α�t (2.140)

The main computational effort in the method as always in implicit schemes is the
estimation of y′

t+α�t . Since the state’s derivative at α�t cannot be directly evaluated
due to its dependence on the state itself, a Taylor approximation helps to find

y′
t+α�t ≈ yt + ∂

∂y
y′
t (yt+α�t − yt ) (2.141)

Now y has to be approximated at α�t by

yt ≈ yt+α�t − α�t · y′
t+α�t (2.142)

Substituting yt obtained from (2.142) in (2.141) of at the new time step we have

y′
t+α�t ≈ y′

t + α�t · ∂

∂y
y′
ty

′
t+α�t (2.143)
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Sorting terms followed by matrix inversion yields

⇔ y′
t+α�t ≈

(

I − α�t · ∂

∂y
y′
t

)−1

y′
t (2.144)

Finally, inserting the result of y′
t+α�t in (2.140)

⇒ y′
t+α�t ≈ yt + �t ·

(

I − α�t
∂

∂y
y′
t

︸ ︷︷ ︸

:=M

)−1

y′
t (2.145)

The integration ends up nicely with a formula needing no longer values of y and y′
of an intermediate time step.

The hardest part in the simulation is now reduced to the inversion of the matrix M

introduced by (2.145). But since the matrix might contain several millions of entries,
a straight forward inversion using standard decompositions is still not suitable for
the real-time constraints. The best approach chosen is again an iterative solution of
the linear equation system of M . Provided M being symmetric and positive definite
and sufficiently small �t is determined by the following inequality equation.

α�txT ∂

∂y
ẏT x < xT · x

⇔ �t <
1

αλm
∂
∂y y′ (2.146)

Whereas λm denotes the largest eigenvalue of M . Despite the requirement of con-
servative forces yielding a symmetric matrix, the matrix M found in the integration
is far from being symmetric:

M =
(

I −α�tI

−α�t ∂ r̈
∂r −α�t ∂ r̈

∂ ṙ

)

(2.147)

The splitting of M , suggested by [4], into two terms circumvents the problem to
solve the complete matrix. This suggestion is supported by the fact that M has phys-
ical contributions by r and ṙ which are also existent in y. Therefore, a split of y into
these physical contributions yields a symmetric matrix M̂ for ṙ with

M̂ = I − (α�t)2 ∂ r̈
∂r

− α�t
∂ r̈
∂ ṙ

(2.148)

and for the upper part of the matrix M
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rt+�t = rt + �t · (ṙt + α�t r̈t+α�t ) (2.149)

Prt+�t = ṙt + �t · r̈t+α�t (2.150)

With the splitting of the linear equation given by M into a new symmetric, positive
definite M̂ an efficient solution has been found for computation of the complete
DES, whereas M̂ is an implicit Euler step for the acceleration r̈ and the other part
being an explicit Euler step for the position and velocity.

Another benefit in using an iterative solver here, is its successive approximation
to the solution. This allows us to restrict the time spent for computing one time step
by setting limits for the maximum number of iterations and the error in the com-
putation. Additional advantage is given by choosing the conjugate gradient (CG)
method. This iterative method needs less memory for each iteration compared to
others. Contrary to decomposition methods, it does not require the matrix to reside
completely in memory. Moreover, due to the speciality of our physical problem, the
matrix consists of blocks with 9 × 9 entries being different from zero where parti-
cles have direct influence on each other. These non-zero entries are related to the
elements that have been defined by the force functions in Sect. 2.3.3. But since the
elements have a very small stencil on the textile mesh, the matrix is very sparse. At
an iteration step of the CG method one can even more reduce the memory consump-
tion by computing the blocks when they are needed to for the multiplication with
the search vector. Having such small memory requirements can drastically reduce
the time for the computations due to the ability of local bookkeeping of the main
computer’s CPU.

2.3.6 Linear Solvers

In the special case of solving mechanical systems, at the last step the problem is
always reduced to a linear equation system with a system matrix M as seen above.
Independent of the used formulation (FEM or particles), the matrix is usually sparse,
symmetric, and positive definite. As a consequence, methods that take these prop-
erties into account to find the solution are of high importance. The aforementioned
conjugate gradient method based on the Krylov subspaces is such a method which
will be introduced here. Special attention will also be given to the convergence of
the method with respect to preconditioning and the error bounds.

2.3.6.1 Krylov-Subspace Methods

The (orthogonal) Krylov subspace method is a projection method for finding the
solution to a regular equation system of the form

Ax = b (2.151)
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with a regular matrix A ∈ R
n×n and b ∈ R

n. The Krylov Subspace Km is defined as

Km = Km(A, r0) = span{r0,Ar0, . . . ,A
m−1r0} (2.152)

with

r0 = b − Ax0 (2.153)

where x0 is the initial guess to the solution. The conjugate gradient method finds the
optimal approximation xm ∈ x0 + Km to the solution A−1b in terms of the orthogo-
nality condition of the projection method

(b − Axm) ⊥ Km (2.154)

with any xm ∈ x0 + Km and x0 ∈ R
n.

The CG-method requires A of (2.151) to be symmetric and positive definite.
Let v1, . . . ,vm ∈ Rn be the basis vectors of the Krylov Subspace Km and Vm =
(v1, . . . ,vm) ∈ Rn×n. It follows that V T

m AVm is regular and the resulting projection
is given by

Pm = I − AVm(V T
m AVm)−1V T

m (2.155)

For the estimator of the error vector em = A−1b − xm and the residual vector rm =
Aem we have

‖em‖ ≤ ‖A−1Pm‖ min
x∈P 1

m

‖p(A)r0‖ (2.156)

‖rm‖ ≤ ‖Pm‖ min
x∈P 1

m

‖p(A)r0‖ (2.157)

where P 1
m denotes the set of polynomials of maximal degree m for which p(0) = I

holds. In general, with m = n follows the regularity of Vm such that Pm = 0 holds
and the exact solution is found with (2.156) and (2.157). Thus, (orthogonal) Krylov
subspace methods can be seen as direct scheme to solve (2.151). But practically,
computers are of limited precision in their computations and introduce rounding
errors whereby the solution is not necessarily found in n steps. As a result, these
methods are used in an iterative manner, which is also of special interest in this
work.

2.3.6.2 Conjugate Gradient-Method

Let A ∈ R
n×n be symmetric and positive definite then it follows that for

F :
{

R
n → R

x �→ 1
2 〈Ax,x〉 − 〈b,x〉

(2.158)

the solution to Ax = b is x̂ = minx∈Rn F (x).
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The minimum of F is found by subsequently searching for local minima in des-
ignated directions p ∈ R

n. These search directions are determined by the condition
of being locally optimal w.r.t. to F , i.e. by choosing the negative gradient, and by
enforcing orthogonality Ap ⊥ Km in each step. The latter ensures that the search
directions are globally optimal w.r.t. to the space Km. The negative gradient of the
function F is

−∇F(x) = −1

2
(A + AT )x + b = b − Ax = r (2.159)

The residual vectors r0, . . . , rm lead to the search directions

p0 = r0pm = rm +
m−1
∑

j=0

αj pj (2.160)

From the orthogonality condition follows

0 = 〈Apm,pi〉 = 〈Arm,pi〉 +
m−1
∑

j=0

αj 〈Apj ,pi〉 (2.161)

and with 〈Apj ,pi〉 = 0 for i, j ∈ {0, . . . ,m − 1} and i �= j one obtains the αi from

αi = −〈Arm,pi〉
〈Api ,pi〉 (2.162)

For the computed search directions, one has to find the value λ, which minimises F

along p. Formally, the optimum is at

λopt := min
λ∈R

F(x + λp) = 〈r,p〉
〈Ap,p〉 (2.163)

In a higher Krylov space Km+1 the solution can be incrementally improved by the
formula

pm = rm + 〈rm, rm〉
〈rm−1, rm−1〉pm−1 (2.164)

λm = 〈rm, rm〉
〈Apm,pm〉 (2.165)

Finally, with the latter two equations (2.164) and (2.165) it is possible to start with a
minimal Krylov space Km and iteratively refine the solution by using a higher space
until the residual vector is below an error bound. In summary, based on the formulas
the algorithm then works as presented in Algorithm 2.1.

In the worst case the algorithm needs n − 1 steps to converge to the solution.
But such a rough estimation is certainly useless in justifying the use of the CG
method. As the projection strongly depends on the matrix A, it is important to find
the maximal iteration steps w.r.t. the chosen error tolerance εtol . With the sequence
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Algorithm 2.1 Iterative Conjugate Gradient Method
r0 ← b − Ax0 {initial guess x0 ∈ R

n, e.g. x0 ← 0}
p0 ← r0
α0 ← 〈r0,p0〉
m ← 0
while (m ≤ n − 1) ∧ (αm > εtol) do

vm ← Apm

λm ← αm〈vm,pm〉
xm+1 ← xm + λmpm

rm+1 ← rm − λmvm

αm+1 ← 〈rm+1, rm+1〉
pm+1 ← rm+1 + αm+1

αm
pm

m ← m + 1
end while

xm of approximate solutions and A being symmetric and positive, definite, the error
bound of em = A−1b − xm yields

‖em‖A ≤
(√

κ(A) − 1√
κ(A) + 1

)m

‖e0‖A (2.166)

where κ(A) denotes the condition number of matrix A respective to the ‖ · ‖2 norm.
We then get from (2.156) the upper bound for the maximal steps m to satisfy the
error tolerance ‖em‖A ≤ εtol‖e0‖A

m ≤ 1

2

√

κ(A) ln

(

2

ε

)

+ 1 (2.167)

As one can see from the above equation and (2.156) and (2.157) that the condition
number is of high importance for the speed of convergence. It is therefore desirable
to have a matrix with a low condition number in order to have an efficient method for
finding the solution to the problem. Unfortunately, one cannot influence the prob-
lem that formed the matrix to move into the desired direction. But we can find an
equivalent matrix ˜A with a reduced condition number. The transformation of a given
equation system to an equivalent system with a reduced κ is called preconditioning
and used in the CG method to decrease the number of iteration steps.

2.3.6.3 Preconditioning of the CG Method

It has been shown that the condition number is the main factor in the upper bound
at a certain precision ε for the conjugate gradient steps. Hence, the obvious idea is
to transform the problem Ax = b into an equivalent counterpart

PlAPrxp = Plb with x = Prxp (2.168)
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Algorithm 2.2 Preconditioned CG-Method (PCG)
r0 ← b − Ax0 {initial guess x0 ∈ R

n, e.g. x0 ← 0}
z0 ← P r0, p0 ← z0
α0 ← 〈r0,p0〉
m ← 0
while (m ≤ n − 1) ∧ (αm > εtol) do

vm ← Apm

λm ← αm〈vm,pm〉
xm+1 ← xm + λmpm

rm+1 ← rm − λmvm

zm+1 ← P rm+1
αm+1 ← 〈rm+1, zm+1〉
pm+1 ← zm+1 + αm+1

αm
pm

m ← m + 1
end while

such that PlAPr ≈ I holds. Evidently, methods for solving linear equation systems
are best suited to look for an approximate inverse of the matrix as preconditioner.
But to consider the requirements of the CG-method, these method must not destroy
neither the symmetry nor the positive, definiteness of the matrix. Otherwise the con-
sistency and convergence of the CG-method would not be guaranteed. Precondition-
ers leaving the properties of the matrix untouched are therefore scalings, such as the
incomplete Cholesky decomposition and symmetric splitting methods, e.g. Jacobi-
(Relaxation), Richardson- and the symmetric Gauss-Seidel-(Relaxation-) method.
The formal definition of such preconditioners can be found in [11]. The precondi-
tioner can be inserted into Algorithm 2.2 to calculate the solution based on precon-
ditioning.

2.4 Measuring Physical Properties

Finally, with the complete numerical simulation at hand, one has only to insert the
correct parameters for any material into the calculations which brings the computed
results into correspondence with reality. Therefore constitutive equations determine
the amount of experiments needed to find an adequate model of the simulated mate-
rial. Due to the fact that materials observed at small scale level are a conglomerate of
atoms in a complex crystalline structure, materials can vary in their characteristics
depending on several influencing factors forcing the structure to change. But fortu-
nately, in most cases the working range of the used materials is very limited such
that most properties remain constant. Especially, applications in mechanical engi-
neering computing static configurations of civil structures, have determined impor-
tant characteristics. Taking these properties into account (cf. Table 2.1), a sufficient
description of structures and their reaction upon forces in finding the equilibrium
can be given. In civil engineering the quantitative determination of elastic proper-
ties is possible with the measurement procedures illustrated in Fig. 2.9.
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Fig. 2.9 Measurement of elastic, shear and bulk modulus

2.4.1 Textile Parameters

In addition to the previously illustrated material properties in the section before, tex-
tile materials have a more complex nonlinear behaviour. In other words, the working
range in which the properties remain constant is very small. However, for our pur-
pose of touching and stretching textiles it is sufficient to consider only nonlinear
elasticity and omit other properties like creep or hysteresis. Contrary to materials
like iron, concrete and wood is the regular structure of a fabric, it is composited
by yarns which are themselves made of fibers. Fabrics are moreover distinguished
in being woven or non-woven. Woven fabrics exhibit preferential directions due to
their manufacturing process. More precisely, yarns are fixed in machine direction,
the warp direction. A successive lifting and lowering of some of these yarns fol-
lowed by a insertion of another yarn (“shooting”), weft direction, creates a weave
pattern. Apparently, the weave structure has a strong influence on the mechanical
characteristics of the fabric. Additionally, the yarns itself have different structures
from the assembly of fibers, e.g. they can be twisted to a single yarn or two single
yarns twisted together. Due to the complex manufacturing of fabrics, modelling tex-
tiles with linear elasticity would not reflect their real physical behaviour. Among the
various parameters affecting the material behaviour those influencing the comfort of
wearing are more important factors to the consumer. With the comfort being a very
subjective assessment of the wearer, the textile industry has coined the term “subjec-
tive hand” or “fabric hand” as a general assessment of a set of subjective properties.
A specially trained person has to assess the scale of each property in several manip-
ulative tasks in order to characterise the fabric. As the assessment needs a skilled
person to be present and is more importantly not objective, researchers correlate
these subjective characteristics with the mechanical properties.

Tests for an objective assessment have been created resembling the subjective
evaluation. With the Kawabata Evaluation System for Fabrics (KES-F) [9] named
after its inventor Sueo Kawabata, such objective evaluation was made possible and
has become the de facto standard in fabric assessment.

He constructed machines dedicated to run predefined test procedures yielding
quantities related to the fabric properties. Thus the subjective properties are trans-
formed into objective quantifiable parameters with a mechanical correspondence.
As the subjective factors are influenced by the mechanical behaviour of fabric, the
measurements taken by the machines cover all important mechanical properties,
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Table 2.2 Characteristic values obtained by the KES-F system [9]

Property Symbol Characteristic Unit

Tensility LT Linearity gfa cm/cm2

WT Tensile energy

RT Resilience %

Bending B Bending rigidity gf cm2/cm

2HB Hysteresis gf cm2/cm

Shearing G Shear stiffness gf/cm degree

2HG Hysteresis at 0.5° gf/cm

2HG5 Hysteresis at 5°

Compression LC Linearity gf cm/cm2

RC Resilience %

Surface MIU Coefficient of friction

MMD Mean deviation of MIU

SMD Geometrical roughness µm

Weight W Weight per unit area mg/cm2

Thickness T Thickness at 0.5 gf/cm2 mm

agf: gram force = 0.00980665 N

e.g. bending, tensility, shear. Table 2.2 shows the various parameters evaluated by
the machines of the KES-F.

The complete extraction of the fabric’s properties is done in four units. The first
unit as shown in Fig. 2.10(a) measures the elastic behaviour of the fabric. A speci-
men 20 cm wide and 5 cm high is placed horizontally into an attachment which fixes
the fabric at top and bottom of the machine. The attachment separates top and bot-
tom ending with a constant speed yielding a one-directional strain at constant rate.
The resulting force is plotted with respect to the strain. The strain increases until
500 gf/cm2 in resistance force has been reached. At this limit point the movement
is reversed and the recovery of the specimen is measured.

The identical setup is used in the measurement of shearing. Here, the specimen is
sheared by a parallel movement of one attachment relative to the other. During the
movement the resistance force is plotted until a shearing of 8° is reached. Analogous
to the tensility measurement, by reversing the movement the recovery of the fabric
is recorded as well. Reaching of the initial position, the machine continues to move
in the opposite direction and measures the shearing behaviour in negative angle.

With the second unit as depicted in Fig. 2.11(a), the fabric’s bend behaviour
is evaluated. A specimen of 20 cm height and 1 cm width is hanging vertically
in the machine’s attachment, fixing left and right ends. In this test, the machine
creates a curvature over the 1 cm width by moving one attachment on a circular path
around the other starting from 0 to 90 degrees. The torques produced by bending are
recorded by a sensor inside the rigid attachment.
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Fig. 2.10 (a) Specimen in shear and tensile strain. (b) Plot of tensile forces

Compression and thickness of a specimen is measured in a third unit. Two cir-
cular steel plates are pressed together to find the compressional resiliency of the
material. In the evaluation process the position is plotted with respect to the pres-
sure. The process reverses when 50 gf/cm2 have been reached. Thickness of the
material is simultaneously measured when the pressure attains 0.5 gf/cm2.

The last block is used to determine the surface features of the fabric, the geomet-
rical roughness and the friction. As the geometrical roughness is defined as the vari-
ation of the height of the surface, the machine consequently records these variations
by a probe moving over the specimen with a constant speed of 1 mm/s. The probe
itself consists of a U-shaped steel wire with a diameter of 0.5 mm which is pressed
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Fig. 2.11 (a) Defined bending of textile. (b) Moments vs. curvature graph

on the specimen surface with a spring force of 10 gf and stiffness of 25 gf/mm. To
prevent strong indentation of the probe, the specimen is kept in tension by a force of
20 gf/cm. The plotting apparatus records the thickness variation during the move-
ment for 20 s. At the same time, the friction is recorded as well. The friction probe
is constructed similar to the surface probe, it only differs in the width, by consisting
of more wires. The friction is measured as variation of the tangential force produced
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by the movement and the normal force of 50 gf. An additional filtering is used to
compute the mean values in both variations (cf. [9] for details).

With the measurements made by the KES-F, it is possible to extract the strain-
stress relationship of the material. But still, simplifications have to be introduced to
consider the measurements to be complete. Thus, we assume an orthotropic material
behaviour of woven textiles, restricting ourselves to fabrics with symmetric weave
patters, independence of the deformation modes (tensile and shearing), where the
nonlinear response is determined by the stress-strain curves obtained in each single
weft/warp and shear direction (as seen in Figs. 2.10(b) and 2.11(b)).
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