Chapter 2
Principles of Interference

2.1 Coherence of Optical Waves

The word ‘coherence’ describes the ability of radiation to produce interference
phenomena and the notion of coherence is defined by the correlation properties
between the various quantities of an optical field. The optical coherence is related
to the various forms of the correlations of the random processes (Born and Wolf
1984; Mandel and Wolf and Wolf 1995). The interference phenomena stems from
the principle of superposition, which states that the resultant displacement (at a par-
ticular point) produced by two or more waves is the vector sum of the displacements
produced by each one of the disturbances. It reveals the correlations between light
waves. The degree of correlation that exists between the fluctuations in two light
waves determines the interference effects arising when the beams are superposed.
The correlated fluctuation can be partially or completely coherent. A polychromatic
point source on the sky produces a fringe packet as a function of an applied path
length difference. This fringe packet has an extent referred to as the coherence
length,

c A2
lc = B = H = CT¢, (21)
where Av is the effective spectral width, ¢ the speed of light, and
_ A2 1 2.2)
T A T A '

the coherence time.

The coherence time is defined as the maximum transit time difference for good
visibility, V of the fringes. It is pertinent to note that the visibility, a dimensionless
number lying between zero and one, is the attribute of interference fringes describ-
ing the contrast between the bright and dark interference regions. Mathematically,
it is a complex (phasor) quantity whose magnitude quantifies the fringe contrast,
and phase describes the position of the fringes with respect to a phase center. The
coherence time is the evolution time of the complex amplitude; a factor less than
unity affects the degree of coherence. In order to keep the time correlation close to
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32 2 Principles of Interference

unity, the delay 7 must be limited to a small fraction of the temporal width or coher-
ence time. The visibility falls to approximately zero when the pathlength difference
exceeds the coherence length, /., which measures the maximum path difference for
which the fringes are still observable. Or equivalently, the visibility approaches zero
when the relative time delay exceeds the coherence time. An interferometer based on
amplitude division, is generally used to measure the temporal coherence of a source,
where it compares a light wave with itself at different moments in time, t.; this
type of coherence properties encode the spectral content of the intensity distribu-
tion. The classical Michelson interferometer is an example of such a method, while
the spatial coherence describes the correlation between two light waves at different
points in space, for example the Young’s double slit experiment. An astronomi-
cal interferometer measures spatio-temporal coherence properties of the radiation
emerging from a celestial source. The measured interferometric signal depends on
both structural and spectral contents of the celestial body concerned.

2.1.1 |Interference of Partially Coherent Beams

The Fig.2.1 is a sketch of a Young’s set up where the wave field is produced by
an extended polychromatic source. In this, a screen (&) with pin-holes at positions
P (r;) and P;(r,) separated by, h, is placed at a distance, d, from the source, S. The
complex disturbance produced at a receiving point, P(r), on a second screen (B)
situated at distances s; and s;, respectively, from the pin-holes P (r;) and P,(r2),
is expressed as,

U(rv l) = Kl U(rls[ - Zl) + KZU(I'Z,Z - ZZ)& (23)

where U(r, t) represents the associated analytical signal, t; = s1/c and t, = s2/¢
the transit time of the light from P;(r;) to P(r), and from P,(r;) to P(r), respec-
tively, and K ;=1 » the constant factors that depend on the size of the openings and on
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Fig. 2.1 Coherence of the two holes P;(r;) and P,(r;) illuminated by an extended source o
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the geometry of the arrangement, i.e., the angle of incident and diffraction at Py (r;)
and P;(r3); the refractive index of the medium between the screens are assumed to
be unity.

The complex valued constants are given by,

0
K, :/ 1O g, (2.42)
p, IAS]
0
Ky ~ / )f(_ 2 is,. (2.4b)
Py LAS2

in which 6(;— ») are angles indicated in Fig. 2.1 and x the inclination factor.
These factors K and K> are inversely proportional to s; and s5. Since the sec-
ondary wavelets from P;(r;) and P,(r) are out of phase with the primary wave
by a quarter of a period, K; and K, are imaginary numbers. If the pin-holes are
small and the diffracted fields are considered to be uniform, the values | K ;| satisfy
KYK, = KK = KiK. The diffracted fields are approximately uniform, that
is, K; and K, do not depend on 6; and 6,. In order to derive the intensity of the
light at P(r), by neglecting the polarization effects, one may assume that the averag-
ing time is effectively infinite which is valid assumption for true thermal light. The
observable intensity (or power), /(r,t) at P(r) is defined by the formula,

I(r,t) = (U, ) U*(r,1)). (2.5)
It follows from (2.3, 2.5),

I(r.0) = | K1 > (U@ — 1) *) + [ K2 (JU(r2. 1 — 1))
+K1K;(U(l'1,t —tl)U*(l'z,t —12))
+KTK2(U(I'2,Z—Zz)U*(rl,l—ll)). (2.6)

The field was assumed to be stationary. One may shift the origin of time in all these
expressions. Therefore,

(U(ry,t —t)U*(r1,t — 1)) = (U1, ) U™ (ry, 1)) = 1(ry,1), 2.7
(U(ra,t —=t2)U*(r2,t —t2)) = (U(r2,1)U*(r2,1)) = I(r2,1), (2.8)

and if one sets T = f, — 1, then

(U(ry,1 —tl)U*(l'z,t —1)) = (U(r1,t + ‘L')U*(l'z,t)>, (2.9a)
(U*(r1,t —11)U(ra, 1 —12)) = (U*(r1,t + 1)U(ra,1)). (2.9b)

The coherence function (Zernike 1938) relates the wave fields received at two
neighboring (which is considered to as relative to the distance from the source)
points in space. Equation (2.9) is called the mutual coherence function and repre-
sents a temporal complex cross-correlation between the functions U(ry, ¢ — #1) and
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U(rp,t — t) during the time interval 7. Such a function depends on the time delay,
7[= (s2 — s1)/c], as well as on the separation between Py and P,. In a stationary
field, I' depends on #; and t, only through the difference t; — #, = t; therefore, by
defining the mutual coherence function, I'(ry, r3, 7), as,

C(ry,rait1,t) = I'(ry,12,7)
— (U(r1,t + 1)U (02, 1)). (2.10)

At a point where both the points coincide, the self-coherence reduces to ordinary
intensity. When t = 0,

F(l'l,l'l,o) = I(rl,l), (2113)
[(r2,r2,0) = I(r2,1). (2.11b)

To note, the self-coherence function characterizes the interference effects given by
the following equation,

C(r,7) = (U@, 0)U(r,t + 7)) = |A(r,1)|> e 277
o0
B 4/ Pler,v)e™?"dy, 2.12)
0

where f(r, v) is the power spectrum of the complex light field, ® = 2z v, and v the
frequency. By denoting /1, (r,1) = |K;|?>(|U(rj,t — ;)|?), in which j = 1,2, one
derives the intensity at P(r),

I(r,t) = Il(r,t) + Ir(r,t) +2 |K1K2| N [F (1'1,1'2, ‘L')] . (2.13)

The term |K|?I(r;,t) is the intensity observed at P(r) when the pin-hole at
Py (r;) alone is opened (K, = 0) and the term |K,|?1(ry, t) has similar interpreta-
tion. These intensities may be denoted as, I (r, ¢) and I, (r, t) respectively, i.e.,

Li(r,1) = |[Ki|*11(r.1) = |K1°T (r1,11,0), (2.14a)

I(r.1) = |Ka2 | I(r, 1) = |K3|*T (r2.72,0). (2.14b)
The complex degree of (mutual) coherence of the light vibrations, y(r, rz, 7), of
an observed source is a normalized correlation function between the complex fields
at the points P;(ry) and P,(r2),

I'(ry,r2,7)

\/F(rlvrlvo)\/r(r27r27 O)
['(ry,ra, 1)

T Lo vh)

y(ri,r2,7v) =

(2.15)
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To note, The normalized form of I'(r, 7), known as the complex degree of self-
coherence describing the correlation of vibrations at a fixed and a variable point of
the light is given by,

oo’I\‘(r r,v)e 2"V dy
reo  Jo 0
L, 0) / B, r. v)dv
0

y(r, 1) = (2.16)

in which f‘\(r, v) is referred to as the self-spectral density of the two beams.
The complex degree of coherence, y(ry, r2, T), measures both the spatial and the
temporal coherence and is characterized by the following properties:

it is a function with a maximum value at the origin for r = 0,
the degree of coherence of the vibration is given by the Cauchy-Schwarz’s in-
equality,! 0 < |y(r;,r2,7)| < 1, and

e the modulus of the complex degree of coherence is proportional to the contrast or
visibility of the interference fringes, therefore, by measuring this one may obtain
information about the quality of the source of the interference system.

In general, two light beams are not correlated but the correlation term,
U(ry,t)U*(ra,t), takes on significant values for a short period of time and
(U(ry,t)U*(rz,t)) = 0. Time variations of U(r, t) are statistical in nature (Mandel
and Wolf 1995). Hence, one seeks a statistical description of the field (correlations)
as the field is due to a partially coherent source. Depending upon the correlations
between the phasor amplitudes at different object points, one would expect a defi-
nite correlation between the two points of the field. The effect of |y (r;, r3, 7)| is to
reduce the visibility of the fringes. There are three following operating regimes for
the interference system as a function of the value of |y (r1, r2, 7)|:

=1 completely coherent,
ly(r1,r2,7)| 3 <1 partially coherent, (2.17)
=0 incoherent superposition.

In the first case, the system is operating in the coherent limit, and the vibrations at
P;(r;) and P;(r;) may said to be coherent. In the second case, the vibrations are
said to be partially coherent and the source operates with partial degree of coher-
ence. In the case of interferometry, two different polychromatic self-luminous point
sources are often considered to be spatially coherent if the fringe packets produced
on a detector fall in the same scanning region of the applied path length difference.
This coherence is known as partial coherence, which applies to extended sources.

! The modulus of the inner product of two vectors is smaller than or equal to the product of the
norms of these vectors, i.e., for x, y in an inner space |{x, y)| < |x||y| and the equality holds if
{x, y} is a linearly dependent set.
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Such a coherence is a property of two waves whose relative phase undergoes random
fluctuations which are not enough to make the wave completely incoherent. The
third case describes that the system operates in the incoherent limit and the super-
position of the two beams do not give rise to any interference effect.

The (2.13) for I(r, t) can be recast in,

I(r.t) = Li(r.t) + L. t) + 2L O)VL@E OR [y, 0)] . (2.18)

This (2.18) is the general interference law for stationary optical fields. In order to
determine the light intensity at P(r) when the two light waves are superposed, the
intensity of each beam and the value of the real term, y(ry, r2, t), of the complex
degree of coherence must be available.

2.1.2 Source and Visibility

The intensity at the point of superposition varies between maxima which exceeds
the sum of the intensities in the beams and minima, which may be zero. The exact
pattern depends on the wavelength of the light, the angular size of the source, and
the separation between the apertures or slits. The resolution of an interferometer
depends on the separation between the slits and is dictated by the spacing between
the maxima, which is known as the fringe angular spacing. If one of the apertures
is closer to the light source by a half of a wavelength, a crest in one light beam
corresponds to a trough in the other beam; hence, these two light waves cancel
each other, making the source disappear. The light source reappears and disappears
every time the delay between the apertures is a multiple of the wave period. If the
apertures are kept sufficiently wide, the source is resolved. When the light emitted
by a source o is quasi-monochromatic with a mean frequency v, it has a spectral
range, Av < v; hence, the complex degree of coherence turns out to be,

y(ry,ra, 1) = |p(ry, ra, 7)| ! [y, 1) —27¥7] (2.19)

with
®D(ry,r2,7) =270t + arg[y(ry,ra, 7). (2.20)

To note, the normalized complex degree of self-coherence is given by,

y(x, 1) = |y(r, 7)| ! [2ED)-2701],

where ®(r, 1) = 2nvot + argl[y(r, 1)].
If |y(r1,ra, 7)| = 0, (2.18) becomes,

I(r,t) = I;(r. 1) + Ly(r.1), (2.21)
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in which /1 (r, ), I(r, t) are the intensities of the light in each arm of the interfero-
meter. When the vibrations add up in intensity at P(r), the vibrations are said to be
incoherent. The intensity at a point, P(r), in the case of |y(r1,r2, 7)| = 1 is,

I(r,t) = I1(r,t) + Ix(r,t) + 2/ 11 (r, 1)/ I2(r, 1)

x |y(ry,r2, 7)| cos [P(r1, 12, 7) — ], (2.22)

where
_ 27 (s — 81)

A

withk = 2nv/c =2m/ )_L, i as the mean wave number, v the mean frequency, v the
mean wavelength, and the argument ®(ry, r3, 7) — 4§, in which § arises from the path
difference, 51 and s, two optical path lengths, and ®(ry, r2, T) contains information
about the source.

The visibility function, V), is related to brightness morphology that an interfero-
meter measures and indicates the extent to which a source is resolved on the baseline
used. It is the modulus of the degree of coherence, y(ry, r2, T), at the spatial fre-
quency vector, u(= u, v), i.e., (projected) baseline vectors.” The spatial frequency
coordinates depend on the separation of the telescopes projected in the direction of
observation,

8 =2nvt = ic(s2 — 51),

B B

wy = =2 = _"2]:0; (2.23a)
B B

v = _;0 — _"27:0, (2.23b)

where B is the baseline vector and A the wavelength of observation.

Both B and A are linear quantities and must be expressed in the same units. The
orientation of fringes is normal to the baseline vector and the phase of the fringe pat-
tern is equal to the Fourier phase of the same spatial frequency component. To note,
a spatial fringe pattern is a 2-D signal as a function of the image coordinates with
fringes along one coordinate enveloped by an Airy disk, while a temporal fringe pat-
tern is a 1-D signal as a function of OPD enveloped by the Fourier transform of the
spectrum. Figure 2.2 depicts the snapshots and the corresponding intensity curves
of two beam interference fringes obtained from a circular source with various spac-
ings of pin-holes. As the source becomes small compared to the fringe spacing, the
visibility approaches unity, while the latter approaches zero as the former becomes
very small compared to the source; source extent is equal to the fringe spacing or
multiples thereof.

2 The projected baseline is defined as the projection of the baseline vector onto the plane, which is
perpendicular to the line-of-sight of the source.
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Fig. 2.2 Tllustration of the influence on the spatial coherence (on the contrast C) of h, the distance
between the holes, and a, the semi-diameter of a circular source, in the Young’s two-hole experi-
ment, assuming d = 1 m (distance of the source) and a wavelength of 600 nm. For a between
0.1 and 0.4 mm (top simulation), h=1mm; for h between 1 and 4 mm (bottom simulation),
a = 0.1 mm. The corresponding intensity curves of the two beam interference fringes obtained
from the circular source changes with the various spacings of holes and the size of the holes, being
zero when ‘@’ X ‘h’ = 0.3 (constructive fringe for ‘a’ x ‘h’ < 0.3 and destructive fringe for
0.3 < ‘@’ x ‘h’ < 0.6). Courtesy: Luc Damé

The function, y(ri,rs,7), can be approximated to y(ry,rs,0)e "2"V% for
7 K 7.. The exponential term is nearly constant and y(ry,rz,0), measures the
spatial coherence. Let ®(ry, r3), be the argument of y(ry, 12, 7), thus,

I(r1,r2,7) = I1(r,t) + Lx(r,t) + 2/ 11(x, 1)/ I2(r, )

x R [Iy(rl, r2,0)| ¢’ [“’(“”2)‘2’“‘”1] . (2.24)
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The (2.24) illustrates the Young’s experiment. For a quasi-monochromatic optical
source, |y(ry,ra, )| is nearly constant (amplitude of fringe envelope) and the
phase, ®(ry, r, 7), when is considered as functions of t, varies slowly compared
to cos2xvt and sin2wvt. If the openings at Py(r;) and P,(rz) are sufficiently
small, the intensity distributions of the light in the vicinity of P consist of an almost
uniform background (no intensity envelope due to diffraction by a finite aperture)
Ii(r,t) 4+ I»(r,t) in which a sinusoidal intensity distribution is superimposed with
constant amplitude 2,/71(r,t)+/I2(r,t)|y(r1, 12, T)|. The intensity maxima and
minima near P(r) are, therefore given by,

Imax = 11(1', Z) + 12(1" Z) + 2\/ 11(1', Z) V 12(1',[) |)/(l'1,l'2,l')| ’
Imin - 11(1', Z) + 12(1', Z) - 2\/ 11(1’,[) V 12(1',[) |)/(l'1, I, T)| . (225)

The modulus of the fringe visibility is estimated as the ratio of high frequency
to low frequency energy in the average spectral density. In the vicinity of zero path
length difference, the visibility of the fringes V(r), at a point P(r) in terms of the
intensity of the two beams and of their degree of coherence is estimated as,

I max — I min
V(r) = e _min
(r) I max + I min

211 (r,t)/I(r,1)

Li(r,1) + D(r,1)

= |y(r1,r2, 7)| (2.26)

in which 7 is a possible delay between the signals transmitted by the two sub-
apertures of the interferometer; for a zero time shift t such a correlation normally
yields the maximum value, and if T < 1/Av, the visibility turns out to be,
V(r) = [y(ry,r2,0)].

For the special case that both openings transmit an equal power and /;(r,?) =
I>(r, 1), the visibility function V = |y(ry, r2, T)| equals the modulus of the complex
degree of coherence, with secondary sources at Py and P,. Although this expression
provides a contrast as a function of the location P(r), it should be noted that this
contrast is not a function of the size and shape of the collectors. According to the
Schwarz’s inequality, one finds |y (ry, ra2, T)| < 1, hence from (2.24), it is derived as,

[I1(r,t) + L(r,0)]*  if cos[®(r;,rp,7) —8] =1,

i(.0) — L O if cos [0ty rs.7) — 8] = —1. (2.27)

I(r,t) = {

The resulting amplitude at P(r) in certain cases is equal to the sum of the ampli-
tudes (vibration in phase). It can also be equal to the difference of the amplitudes
(vibrations in anti-phase). The (2.24) can be recast in the form,

I(r,1) = [11 (6, 1) 4 Io(r, 1) 4+ 2/T1(r, 1)/ To(r, ) cos [B(r1, 2, T) — 5]]
x|y(ry,r2, )|+ (1 — |y(ry, 12, 0)) [[1(r, 1) + I1(r,1)]. (2.28)
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The first term arises from coherent superposition of the two beams of intensi-
ties |y(ry,ra, 7)|11(r,t) and |y(ry,ra, 7)|12(r, 1) and of relative phase difference
®(ry, a2, 7) — 8 and the second term arises from incoherent superposition of the two
beams of intensities, [1 — |y (ry,r2, 7)|]/1(r, ¢) and [1 —|y(ry, r2, T)|]12(r, t). Thus,
the light which reaches P(r) from all other pin-holes may be regarded as mixture of
coherent and incoherent light beams, with intensity in the ratio,

Lo ry, I,
no_ ly(era, o) , (2.29)
Iincoh 1 —|)/(l'1,l'2, T)l
Icoh
= |y(ry,r2,7)], (2.29b)
Itot
where 1o = Leon + Lincon-
The first zero of the intensity pattern for an interferometer is given by,
A
9,-,1, = E rad. (230)

2.1.3 Power-spectral Density of the Light Beam

The power-spectral density refers to the power of a signal or time series as a function
of a frequency variable associated with a stationary stochastic process® having units
of power per frequency (watts per Hz). It is given by the Wiener—Khintchine theorem
(see Appendix B). The power-spectral densities are statistical measures, which can
be estimated from real data by averaging over the results from many measurements.
They can be specified as one-sided functions of positive frequencies, or as two-
sided functions of positive and negative frequencies. Optical power densities are, in
general, one-sided and can be measured with an optical spectrum analyzer. In the
case of ergodicity, temporal coherence is found to be linked to the power spectral
density of the source. Following (1.21), one may write,

/ U (x,t + 1)UL (v, 1)dt = / U (v, 1)dt
S o~ .
« [/ Ugf) (r, l))e—t2:11}(t+1:)dv:|
—0Q
S o~ .
= / Ugf)(r, V)e VT
—0o0

x [/ Ui, t)e_'z’”’dt:| (2.31)

3 A stochastic process, concerns a sequence of events governed by probability theorem. It is a
family of interdependent random variables that evolve over time (Papoulis 1984); there is some
indeterminacy in its future evolution described by probability distributions. Some basic types of
stochastic processes include (1) Markov processes, (2) Poisson processes (for instance, radioactive
decay), and (3) time series, with the index variable referring to time.
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After dividing both sides by 2T, (2.31) can be recast in,

1 [ 1 [ . N '
ﬁ/ UL (et + UL (v 0)dt = ﬁ/ 09 (e, 0)T0* (ke v)e 27y,
- - (2.32)

The smoothing operation is applied to the right hand side quantity by taking
ensemble average over the ensemble of the random function U ('),

<U(’)(r,t+r)U(’)(r,I)>: / T(r, v)e 277y, (2.33)

—00

in which the function f‘(r, v) known as the power-spectral density of the optical
disturbance, and is given by,

~ Ur(r.v)U%(r.
Frv) = tim | L7EVUFEY)

2.34
T—o00 2T ( )

To note, for an analytical signal U(t) associated with U (r,¢), the self-
coherence function, I'(r, 7) (see 2.12). A similar procedure may be followed in
the case of the spatial coherence,

o0
U(Tr) (rq, v)U(Tr)* (rz,v)e 2™V .
o0

(2.35)

After applying the smoothing operation to the right hand side quantity, the en-
semble average is given by,

o0
/ U (1,1t + UL (xa,1)dt = /
—00

o0
(U (r1,t + U (1, 1)) = / f(rl,rz, V)e 2Ty, (2.36)

—0o0

in which the mutual spectral density or cross-spectral density of the light vibrations
at P;(ry) and P5(rz), ['(ry, ra, v) is given by,

Ur(r1,v)U%(r2,v)
2T

L(ri.ro,v) = Jim (2.37)

According to the Hermitian property, f(rz, ry,v) = r* (ry,r2,v); hence, the
cross-spectral density function or the cross power spectrum, I'(ry, rp, v) of the light
vibrations at points r; and r; is defined by,

(U*(r1,v)U(r2,v)) = T(r1, 12, 0)8 (v — V'), (2.38)

in which &’ is the Dirac delta function and the ensemble average () is taken over the
different realizations of the field.
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The (2.37) implies that the cross-spectral density function, f(rl,rz, V), is a
measure of the correlation between the spectral amplitudes of any specific fre-
quency component of the light disturbances at the points P;(r;) and P, (r2). When
these points, coincide, the cross-spectral density function, f‘\(rl, ry, V) turns out to
be a function of one frequency, thus represents the spectral density of the light,
T p(r,v). For a signal represented by U(r,t) and associated with U )(r, 1), the
spectral representation of the mutual coherence function can be derived following
(1.21 and 2.36),

o

[(ri,r2,7) = 4/ T(ry, 12, v)e 2774y, (2.39)
0

rr® (r1,rp) and rd )(rl, ;) denote its real and imaginary parts, i.e.,
C(ry,ra,7) = V[T (ry, 12, 7)] + I [T(rg, 12, 7)), (2.40)

the relation between them can be connected by a Hilbert transform (Papoulis 1968).
Thus, the correlation between the real and imaginary part of I'(ry, r2, 7) is given by,

1 [® R /
S[C(r1,r2,7)] = —P/ Mm’, (2.41)
T Jso -1
I (% S[C(r1, 7
R e M Y e42)
7 ) -1

where P stands for the Cauchy principal value at t = 7.
The coherence function, |I"(ry, r3)| considered as a function of 7, is the envelope
of R[I'(ry, r2)],

R[C(re,r2,0)] = 20U (1,1 + OUP(r2,1))
o0
= 2/ L(ry,ra,v)e 2%y, (2.43)

o

and |y (ry,r2)| is the envelope of the real correlation factor,

N[ (ry, 2, 7)]
[T (r1,r1,0)0(r2, 12, 0)]/2

(r) (r)
— (U (l'l,l + t)U (r27l)> ) (244)

[<U(r)2(r1, 1)) (U(r)z(rz, l)>]1/2

Ry@rnrz, 7)) =

The (2.44) shows that the real part of I'(ry, r3, 7) is equal to twice the cross corre-
lation function of the real functions U ) (ri,t) and U ™) (ra,1).
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2.1.4 Mutual Intensity

Under quasi-monochromatic condition, the time delay, 7 that is introduced between
the interfering beams must also be small compared to the coherence time . of the
light, i.e., T < 7. Thus, by invoking (2.15, 2.19, and 2.39) one obtains,

IT(ry, 12, 7)| /2020 = /T (r, 1) I5(r, 1) |y(r1.ra, T)| € 201720
o0
=4 / L (r1,rp, v)e 2707y, (2.45)
0

If the time delay is so small that [(v — V)t| <« 1 for all frequencies for which
|f(r1, rp,v)| is appreciable, i.e., if |[t| < 1/Av, a small error is introduced if the
exponential term of the integrand in (2.45) is replaced by unity. The mutual coher-
ence function, as well as the complex degree of coherence are expressed as,

F(rl’ ra, T) ~ |J(l'1, r2)|ei(g’(l‘1,r2)—2nf;t)

= J(ry,rp)e 27T, (2.46a)
y(ri,ry, v) |M(l'1,r2)|€i(w(rl’r2)_2nh)

= u(ry, rp)e 2T, (2.46b)
with

J(ry,r2) = T'(ry,r2,0) = (U(ry, 1)U (r2. 1))
= (Al(l'l,l)A;(l'z,l)). (2.47)

as the mutual intensity of the light at the apertures P;(r;) and P, (r3),

(e T2) = y(r1.12,0) 12,0
1,12) = y(ry,r2,0) =
VI (r1,r1,0)y/T(r2,12,0)
_ J(ry,r2) _ J(ry,r) (2.48)
VI ) /I, r2) (6 0) /I t)
the complex coherence factor of the light, and
W(ry,r2) = @(ry.1r2,0) = arg {y(r1,r2,0)} = arg {u(ry,r2)}, (2.49)

the phase.

The mutual intensity, J(ry,ry) is regarded as a phasor amplitude of a spatial
sinusoidal fringe, while p(rq,r2) is a normalized version of J(rj,r;) having the
property, 0 < |u(ry,rp)| < 1. If the coherence length of the light is much greater
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than the maximum pathlength difference (for vacuum) encountered in passage from
the source to the interference region of interest, i.e., Av < v, i.e.,

2

|Ag| = | |—i<3’<< (2.50)
=i =Sl =50 S ax '

the interference law (2.24) can be recast in,

I(r,t) ~ I1(r,t) + Ip(r,t) + 2/ 11(r,t)/ I2(r, 1) | (ry, r2)| cos(¥(ry, rp) — 8).
(2.51)

Equation (2.51) represents the basic formula of the quasi-monochromatic the-
ory of partial coherence. The complex coherence factor, p(ry, rp) is often called
the complex visibility; it fulfills the condition || < 1. Although complex, it can
be measured from recorded intensities by varying z. Given the positions of the
secondary point sources, the complex visibility holds information about the light
source, which is valid only if the assumptions of quasi-chromaticity and point-like
collectors or pin-holes are satisfied. When 7;(r, ¢) and I5(r, ) are constant in the
case of a quasi-monochromatic light, the observed interference pattern has constant
visibility and constant phase across the observation region. The visibility in terms
of the complex coherence factor is,

2 11 (r,t)\/I2(r, 1)

v=_"Thwn+ Loy Hrer)
u(ry,ra) otherwise.

when Iy(r,1) # 2(r.0), (5 5p)

Such a complex coherence factor is usually called visibility by the astronomers. If
the complex coherent factor, (ry, r2), turns out to be zero, the fringes vanish and
the two lights are known to be mutually incoherent, and in the case of w(ry,r3)
being 1, the two waves are called mutually coherent. For an intermediate value of
u(ry, rp), the two waves are partially coherent. The spectral degree of coherence,
(ry,ra, v), at frequency v of the light at the points, Py (r;) and P, (r2), is given by,

i_‘\(1'1, r2, V)
\/f(l'l T, V) \/f(l'za ra, V)

The term [i(ry, ra, v) is also referred as the complex degree of spatial (or spec-
tral) coherence at frequency at v (Mandel and Wolf and Wolf 1976, 1995).

A(ri,ra,v) = (2.53)

2.1.5 Propagation of Mutual Coherence

In order to derive the propagation laws for the cross-spectral density function and for
the mutual coherence function, the well known Huygens—Fresnel principle for prop-
agation of monochromatic light is elucidated to begin with. The notations relating to
the laws for these functions are illustrated in Fig. 2.3. Assume that a wavefront with
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Fig. 2.3 Geometry for

propagation laws for the

cross-spectral density and

for the mutual coherence i

arbitrary coherence properties emerges from an optical system lying on a surface, A,
which intercepts the beam from an extended source ¢ and propagates to a surface, B.
Knowing the values for the mutual coherence function, I'(ry, 12, 7) (see 2.10), all
points P(ry) and P(r;) on the surface A, one may determine the values of this co-
herence function,

[(ry.rh. 1) = (U]t + 1)U*(r). 1)), (2.54)

for all points at Q(r}) and Q(r}), on the surface B. Here, U(r), ) and U(r}, ) are
the respective complex light disturbances at Q; (r), and Q,(r}), and U(r}, v) and
U(r), v) the corresponding spectral amplitudes.

The refractive index of the medium between A and B is considered to be unity. It
is found that to a good approximation, the coherence functions depend on time delay
7 only through a harmonic term (see 2.46a, b). Following the Huygens—Fresnel
principle (see Sect. 1.4.1), the complex amplitudes at the points Q; (r}) and Qa(r}),
are expressed in terms of the complex amplitudes at all points on the surface B,

U(rﬁ,tﬂ)=/X1(K)U(r1,z+c—s—1)ds1, (2.55a)
A 1 C
U*(ry.1) =/—X2(K)U* (rz,t—s—z) ds,, (2.55b)
A 52 c

in which y; and y, are the inclination factors, s; and s, the distances P1Q; and
P,Q, respectively.

If the effective spectral range of the light is sufficiently small, one may replace
these factors by 1 = y1(k), y2 = xa(k), where k = 2wv/c, and v denotes the
mean frequency of the light. By plugging (2.55) into (2.10), the mutual coherence
function on the surface B is given by,

* —
F(7i’7£’t)://Q_X2F<7157277:_S2 sl)dsldsz. (2.56)
aJa S1 82 c
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The (2.56) represents the propagation law for the mutual coherence function at
points Qi (r}) and Q»(r}) of the surface B in terms of the mutual intensity at all
pairs of points on the surface A. Under quasi-monochromatic conditions, one may
write,

r (71, Far— 2= Sl) — J(F1, F)el®627s) (2.57)
The (2.56) can be recast as,
*
J(F1.15) = // K12y, F)e®250 ds, d's,. (2.58)
aJa S1 52

Equation (2.58) relates the general law for propagation of mutual intensity. When
the two points Qq (71) and Q2 (7}) coincide at Q(#') and T = 0, the intensity distri-
bution on the surface B is deduced as,

') = //—VI(“)I("Z);/ (rl,rz, ”C;Sl) Y125 dsidss, (2.59)
AJA

5152

in which y is the correlation function (see 2.15).
The (2.59) expresses the intensity at an arbitrary point P(r’) as the sum of surface
contributions from all pairs of elements of the arbitrary surface A.

2.2 Van Cittert—Zernike Theorem

The van Cittert—Zernike theorem (van Cittert 1934; Zernike 1938) deals with the
field correlations generated by an extended incoherent quasi-monochromatic source.
It relates the complex visibility function of the fringes to a unique Fourier compo-
nent of the impinging brightness distribution. The modulus of the complex degree
of coherence in a plane illuminated by an incoherent quasi-monochromatic source
is equal to the modulus of the normalized spatial Fourier transform of its brightness
distribution.

An extended polychromatic source is considered to be a mosaic of point sources,
and hence the response of a telescope or an interferometer can be taken as the sum-
mation of the response functions to all these sources. Any two elements of such a
source are assumed to be uncorrelated. This source, o, produces an electromagnetic
wave field, represented by the analytic signal, S(r’, ¢), which is a function of posi-
tion S and time ¢. Since it is a scalar quantity, it neglects polarization. This source
may be divided into elements doy, doa, . .. centered on points Sy, S», . . ., which are
mutually incoherent, and of linear dimensions small compared to the mean wave-
length A. If U(xu1,¢) and U(rpa, t) are the complex disturbances at P;(ry) and
P,(r2) due to the element do, the total disturbances at these points are,

U, t) =Y Ultw.t),  U@t) =Y Uma.1). (2.60)
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The mutual intensity, J(r;,r3), at P;(r1) and P, (r2) is given by,

J(r1,12) = (U(ry, ) U*(ra, 1))

= Y U@, OU* @2 0)) + D D (U@, OU* (W2, 1)), (2.61)
m m##n

The term (U(ry,¢)U *(r2, t)) is a measure of spatial coherence of the radiation and
is proportional to the correlation coefficient between U(ry,¢) and U *(rp, t).

The light vibrations arising from different elements of the source may be assumed
to be statistically independent (mutually incoherent) and of the zero mean value, so
that

(U@m1, OU* (tn2, 1)) = (U(Cm1. 1)) (U* (rp2, 1))
0; m#n. (2.62)

The geometrical factors required for derivation of the van Cittert—Zernike the-
orem are depicted in Fig.2.4. The field points, P;(r}) and P»(r}), on a screen A
are illuminated by a self-luminous extended but unresolved quasi-monochromatic
source, 0. Here, one assumes that the medium between the source and the screen
is homogeneous, and the linear dimensions of the source are small compared to
the distance OO’ between the source and screen. The complex disturbance due to
element doy, at a point P;— 5 in the screen is,

S e—iZn\_}(t—sm_,-/c)
Upj (1) = Am (r — %) ¢ 7 (2.63)

Smj

where the strength and phase of the radiation coming from element doy, are charac-
terized by | A, | and arg(A,,), respectively, and s,,; is the distance from the element

doy, to the point P;.
The mutual coherence function (see 2.10) of Py and P, turns out to be,

i270(Sm1—Sm2)/¢

(r1,r2,0) = Z<Am(t)A;‘n(t)>e—. (2.64)

" Sm1Sm2

Fig. 2.4 Calculation of
degree of coherence of Py (r})
and P, (r}) illuminated by o
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Considering a source with a total number of elements so large that it can be regarded
as continuous, the sum in (2.64) is replaced by the integral,

eik(s1—s2)
I'(ry,r,,0) =/I(r)—dS. (2.65)
o 5152

in which s; and s, are the distances of P (r) and P,(r}) from a typical point S(r)
on the source, respectively, ¢ = 27/ the wave number, and /(r) the intensity per
unit area of the source.

According to (2.48) and (2.65), the complex degree of coherence 1(ry, r2) is,

1 7 \? 1 -
') —— [ — —_I(r)eikG1—s2) g g, 2.66
) = e T (2n) /oslsz (e s 69
where
- £\ [ 10
1(rj)=J(rj,rj)=(Z) /JS—st, (2.67)

J
in which j = 1,2 and /(r;) the corresponding intensities at P; (r’j).

The (2.66) is the result of van Cittert—Zernike theorem. It expresses the complex
degree of coherence at two fixed points, P1(r}) and P»(r}) in the field illuminated
by an extended quasi-monochromatic source in terms of the intensity distribution
I(r) across the source and the intensity /(r;) and /(r,) at the corresponding points,
P (l'/l) and Pz(l'/z).

Let (£, n) be the coordinates of the source plane, S(r), referred to axes at O,

(x1 — &%+ (1 —n)?
2s
(x2— )2+ (2 —1n)?

2=+ (2 —E)2+ (2 —n2 s+ s . (2.68)

s1=VsP+ =2+ (n—n> s+

’

where (x;,y;) are the coordinates in the observation plane, and the term in
x;/s,y;/s,&/s,and /s are retained.
On setting,

(x1 —x2) 1 —y2)
p="—""" g=

N N

(xf +57) = (63 +53)
2s ’

(2.69a)

lI’(l‘l, 1'2) =K |: (269b)
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The quantity ¥(ry, r2) represents the phase difference 27 (OP; — OP;)/ A and may
be neglected if (OP; — OP,) < A. By normalizing, the van Cittert—Zernike theorem
(2.66) yields,

// 1€, n)e—ik(pﬁqn)dgdn
) = ¥ - en

/ ]o 16, mddn

The (2.70) states that for an incoherent circular source, the complex coherence
factor far from the source is equal to the normalized Fourier transform of its bright-
ness distribution.
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