
2

The Laplace Equation and Wave
Equation

Introduction

In this chapter we introduce the central linear partial differential equations of the
second order, the Laplace equation

(0.1) �u D f

and the wave equation

(0.2)

�
@2

@t2
��

�
u D f:

For flat Euclidean space Rn, the Laplace operator is defined by

(0.3) �u D @2u

@x21
C � � � C @2u

@x2n
:

The wave equation arose early in the history of continuum mechanics, in a
mathematical description of the motion of vibrating strings and membranes. We
discuss this in �1. The analysis, based on an appropriate version of Hamilton’s
stationary action principle, generally produces nonlinear partial differential equa-
tions, of a sort that will be studied more in Chaps. 14–16. The wave equation
described by (0.2), which is linear, arises as a “linearized” PDE, describing such
vibratory motion, as will be seen in �1.

In this chapter we consider the Laplace operator on a general Riemannian man-
ifold and emphasize concepts defined in a coordinate-independent fashion. Also,
more generally than the wave equation (0.2) on the Cartesian product of a spa-
tial region with the time axis, we consider natural generalizations defined on a
manifold endowed with a Lorentz metric.

Before defining the Laplace operator on Riemannian manifolds, we devote two
sections to some first-order operators. In �2 we discuss the divergence operator ap-
plied to vector fields, and in �3 we generalize the operations of covariant derivative
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128 2. The Laplace Equation and Wave Equation

and divergence from vector fields to tensor fields. These concepts play important
roles in the study of the Laplace and wave equations.

In �4 we define the Laplace operator acting on real- (or complex-) valued func-
tions on a Riemannian manifold M, and in �5 we write down the wave equation
for functions on R �M and discuss energy conservation. In �6 we extend energy
identities in a way that leads to proofs of results on finite propagation speed for
solutions to such a wave equation.

In �7 we extend the notion of the wave equation from R � M to a general
Lorentz manifold. We extend the notion of energy conservation. To a solution
of the wave equation is associated a second-order tensor field, the “stress-energy
tensor,” and the law of conservation of energy can be expressed as the vanishing
of the divergence of this field, as is shown in �7. One can pass from such a “local”
conservation law to an integral conservation law via the divergence theorem, for
a certain class of Lorentz manifolds, namely those with a timelike Killing field.
We derive the phenomenon of “finite propagaton speed” for solutions to the wave
equation as a consequence of such a conservation law.

In �8 we consider a more general class of hyperbolic equations. To solutions
we can still associate a tensor with some of the properties of a stress-energy tensor,
but the energy conservation law may not hold, and instead we look for “energy
estimates.”

The Stokes formula used in �2 to derive the divergence theorem is a special
case of a more general Stokes-type formula, which we discuss in �9. This more
general formula is used in �10 to produce a variant of Green’s formula for the
Laplace operator acting on differential forms. In these sections we also make use
of the notion of the “principal symbol” of a differential operator, as an invariantly
defined function on the cotangent bundle.

In �11 we look at Maxwell’s equations for the electromagnetic field. We show
how they can be manipulated to yield the wave equation. This mathematical fact
will be further exploited in Chap. 6. We deal with Maxwell’s equations in the
framework of relativity and work with the electromagnetic field on a general
Lorentz 4-manifold.

Though we discuss some qualitative properties of solutions to the Laplace
equation and the wave equation, such as Green’s identities and finite propagation
speed (in the case of the wave equation), we do not tackle the question of existence
of solutions in this chapter, except for the very simplest case, namely the nD 1

case of (0.2), treated in �1. In the case of such equations on flat Euclidean space,
Fourier analysis provides an adequate tool to construct and analyze solutions, and
this will be developed in the next chapter. Then functional analytical methods,
centered on the theory of Sobolev spaces, will be developed in Chap. 4 and ap-
plied in subsequent chapters. As we will see in Chap. 6, energy estimates, such as
those derived in �8 of this chapter, in concert with Sobolev space theory, form the
principal tools for existence theorems for linear hyperbolic equations. Existence
of solutions to nonlinear hyperbolic equations, which requires somewhat more
subtle analysis, will be studied in Chap. 16.
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1. Vibrating strings and membranes

The problem of describing the motion of a vibrating string was one of the earliest
problems of continuum mechanics, producing a partial differential equation. Such
a PDE can be derived by a procedure similar to that described in �12 of Chap. 1,
using a stationary action principle. To carry this out, we need formulas for the
kinetic energy and the potential energy of a vibrating string.

Suppose our string is vibrating in Rk ; say its ends are tied down at two points,
the origin 0 and a vectorLe1 2 Rk , of lengthL. We suppose the string is uniform,
of mass density m (i.e., total mass mL). The motion of the string is described by
a function u D u.t; x/; t 2 R; x 2 Œ0; L�, taking values in Rk and satisfying
u.t; 0/ D 0; u.t; L/ D Le1 for all t . Then the kinetic energy at time t is given by

(1.1) T .t/ D m

2

Z L

0

jut .t; x/j2 dx;

and the integral
R t1
t0
T .t/ dt is given by

(1.2) J0.u/ D m

2

“

I��
jut .t; x/j2 dx dt;

where I D .t0; t1/; � D .0; L/.
As for the potential energy at a given time t , we will use the law that the

potential energy in a small piece of string is a function of the degree that the
string has been stretched, namely,

(1.3) V.t/ D
Z L

0

f
�
ux.t; x/

�
dx

for a function

(1.4) f W Rk �! R:

This is known as Hooke’s law. The case of an “ideal” string (where the force
exerted by a small piece of string is proportional to the amount by which it has
been stretched) is

(1.5) f .y/ D �.jyj � a/2;

where the unstretched string has length aL < L and � > 0 is a given constant.
The term accompanying (1.2) in the expression for the action is

(1.6) J1.u/ D
“

I��
f

�
ux.t; x/

�
dx dt:
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The stationary condition according to Hamilton’s principle is

(1.7)
d

ds
.J0 � J1/.u C sv/

ˇ̌
sD0 D 0;

for all v 2 C1
0 .I ��;Rk/. A simple computation gives

d

ds
J0.u C sv/

ˇ̌
sD0 D

“

I��
mutvt dx dt

D �
“

mvut t dx dt;

(1.8)

where the last identity is obtained by integration by parts. Furthermore, also inte-
grating by parts, we have

d

ds
J1.u C sv/

ˇ̌
sD0 D

“
f 0�ux.t; x/

� � vx.t; x/ dx dt

D �
“ n @

@x
f 0�ux.t; x/

�o � v.t; x/ dx dt:
(1.9)

Note that

(1.10)
@

@x
f 0.ux.t; x// D f 00.ux/uxx;

where f 00.y/ is the k�k matrix valued function of second-order partial derivatives
of f W Rk ! R, and uxx takes values in Rk . In other words,

(1.11)
d

ds
J1.u C sv/

ˇ̌
sD0 D �

“

I��
f 00.ux/uxx � v dx dt:

Combining (1.8) and (1.11), we see that the stationary condition (1.7) is equivalent
to the partial differential equation

(1.12) mut t � f 00.ux/uxx D 0:

If f .y/ is a second-order polynomial in y, that is, of the form

(1.13) f .y/ D aC b � y C Ay � y;

where a 2 R; b 2 Rk , andA is a real, symmetric, k�k matrix, then f 00.y/ D 2A,
and the PDE (1.12) becomes

(1.14) mut t � 2Auxx D 0:
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The example (1.5) does not satisfy this condition, and the resulting PDE is not
linear. Let us rewrite this PDE, setting

(1.15) u.t; x/ D xe1 C w.t; x/;

so that w.t; 0/ D 0 and w.t; L/ D 0 in Rk . Then

(1.16) J1.u/ D K1.w/ D
“

'.wx/ dx dt;

where ' W Rk ! R is given by

(1.17) '.y/ D f .e1 C y/;

and the corresponding PDE for w is

(1.18) mwt t � ' 00.wx/wxx D 0:

The linearization of this equation is, by definition, obtained by replacing '.y/
by its quadratic part, that is, by the terms of order � 2 in its power series about
y D 0:

(1.19) '0.y/ D a0 C b0 � y C 1

2
A0y � y;

where a0 D '.0/ D f .e1/; b0 D ' 0.0/ D f 0.e1/, and A0 D ' 00.0/ D f 00.e1/.
For one reason why the term “linearization” is appropriate, see Exercise 4 at the
end of this section. If ' is replaced by '0 in (1.16), the stationary condition yields
the linear PDE

(1.20) mwt t � A0wxx D 0
�
A0 D ' 00.0/

�
:

In the case of an ideal string (1.5), this linearized PDE is readily computed to be

(1.21) mwt t � 2�.I � aP /wxx D 0;

where P is the orthogonal projection of Rk onto the orthogonal complement of
e1. (Compare the calculations (1.43)–(1.47) and (1.51)–(1.55) below.) Recall that
we are assuming 0 < a < 1.

For this linear equation, we can write w D wb C w#, where wb is parallel to
e1 and w# is orthogonal to e1. The equation (1.21) decouples, and we have

(1.22) mwbt t � 2�wbxx D 0
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as the equation for the longitudinal wave wb and

(1.23) mw#
t t � 2�.1 � a/w#

xx D 0;

as the equation for the transverse wave w#. Both of these equations are cases
(with different values of c) of the wave equation

(1.24) vt t � c2vxx D 0:

Here c is identified with the propagation speed for solutions to (1.24), for the
following reason. Namely, for any C 2-functions fj of one variable,

(1.25) v.t; x/ D f1.x C ct/C f2.x � ct/

is a solution to (1.24). Conversely, the general solution to (1.24) on .t; x/ 2 R�R,
satisfying the initial conditions

(1.26) v.0; x/ D g.x/; vt .0; x/ D h.x/;

can be expressed in the form (1.25). Indeed, a solution to (1.24) in the form (1.25)
satisfies these initial conditions if and only if

(1.27) f1.x/C f2.x/ D g.x/ and cf 0
1.x/ � cf 0

2.x/ D h.x/:

This implies f 0
1.x/ C f 0

2.x/ D g0.x/, so we can solve algebraically for f 0
1 and

f 0
2 ; thus we can set

f1.x/ D 1

2
g.x/C 1

2c

Z x

0

h.s/ ds;

f2.x/ D 1

2
g.x/ � 1

2c

Z x

0

h.s/ ds:

(1.28)

That the solution (1.25) so produced is the only solution to (1.24) satisfying the
initial conditions (1.26) is a special case of a uniqueness result proved in �5.

One can arrange that the boundary condition

(1.29) v.t; 0/ D v.t; L/ D 0

be satisfied by taking g and h that satisfy

(1.30) g.s/ D g.s C 2L/ D �g.�s/; h.s/ D h.s C 2L/ D �h.�s/:

This is a special case of the method of images, discussed further in Chap. 3, �7.
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Whenever one has the linear equation (1.14), if A is a positive-definite matrix,
one can diagonalize A and construct solutions as above. Constructing solutions
for the equation (1.12), or (1.18) in the nonlinear case, is much more difficult;
Chap. 16 gives some results for this problem.

Now we look at the higher-dimensional case, of a vibrating membrane. Let
� be some open region in Rn. We consider vibrations of � in Rk , with k � n.
Define the inclusion j W Rn ,! Rk by

j.x1; : : : ; xn/ D .x1; : : : ; xn; 0; : : : ; 0/:

This time suppose the boundary of � is tied down. The motion of the membrane
is described by a function u D u.t; x/; t 2 R; x 2 �, taking values in Rk and
satisfying u.t; x/ D j.x/ for x 2 @�. We suppose the membrane is of a uniform
substance, with mass density m. The kinetic energy at a given time t is then

(1.31) T .t/ D m

2

Z
�

jut .t; x/j2 dx;

parallel to (1.1), and the integral
R t1
t0
T .t/ dt D J0.u/ is again given by (1.2), with

� now an n-dimensional domain. As for the potential energy, we will again work
under the hypothesis that it is a function of the “stretching” of the membrane, of
the form

(1.32) V.t/ D
Z
�

f
�
ux.t; x/

�
dx;

where, for each .t; x/ 2 R ��,

(1.33) ux.t; x/ 2 L.Tx�;Rk/ � L.Rn;Rk/

is the x-derivative, and

(1.34) f W L.Rn;Rk/ �! R

is a given smooth function. Again
R t1
t0
V.t/ dt D J1.u/ is given by (1.6), the

stationary action principle takes the form (1.7), and the variation of J0.u/ is given
by (1.8). The variation of J1.u/ is also given by a formula of the form (1.11).
More precisely, if we set

(1.35) f D f .y/; y D �
y�j

� 2 L.Rn;Rk/;

then (1.11) holds, with the interpretation

(1.36) f 00.ux/uxx � v D
kX

�;�D1

nX
i;jD1

@2f .ux/

@y�i@y�j
u�xixj

v� ;
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where u D .u1; : : : ; uk/; v D .v1; : : : ; vk/ 2 Rk . With this notation, the PDE
obtained for u is again of the form (1.12).

As in (1.15)–(1.17), we can concentrate on the deviation of u from the map
j W � ! Rk . Set

(1.37) u.t; x/ D j.x/C w.t; x/;

so the boundary condition becomes w.t; x/ D 0 for x 2 @�; then the PDE for w
is of the form (1.18), again interpreted as in (1.36), with

(1.38) '.y/ D f .j C y/;

for y 2 L.Rn;Rk/. As before, we have the linearized PDE

(1.39) mwt t �Awxx D 0; A D ' 00.0/;

where, for w D .w1; : : : ; wk/,

(1.40)
�
Awxx

�� D
kX

�D1

nX
i;jD1

@2'.0/

@y�i@y�j
w�xixj

:

We can regard A as defining a symmetric bilinear map

(1.41) A W L.Rn;Rk/ � L.Rn;Rk/ �! R:

There are a number of different forms the potential energy function f .y/ can
take, depending on the physical properties of the membrane. In a number of mod-
els, one has f .y/ D  .y�y/, a function invariant under conjugating y�y by an
orthogonal n � n matrix. These models have the form

(1.42) f .y/ D ‰
�
Tr g1.y�y/; : : : ;Tr gK.y�y/

�
;

where g` W R ! R is smooth and, for a self adjoint matrix z D y�y; g`.z/
is defined by the spectral representation; g`.z/vj D g`.�j /vj for vj in the
�j -eigenspace of z. There is no loss in generality in assuming g`.1/ D 0.

To compute the linearized PDE when f .y/ is given by (1.42), start with

g`
�
.j � C y�/.j C y/

� D g`.I C j �y C y�j C y�y/

D g`.1/I C g0
`.1/.j

�y C y�j C y�y/

C 1

2
g00
` .1/.j

�y C y�j /2 CO.kyk3/:
(1.43)
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If .1=2/� D Tr j �y D Tr y�j; � D Tr y�y, and 	 D Tr.j �y C y�j /2, we
obtain

'.y/ D f .j C y/ D ‰.0/C
X

@`‰.0/
�
g0
`.1/.� C �/C 1

2
g00
` .1/	

�

C
X 1

2
@`@m‰.0/g

0
`.1/g

0
m.1/�

2 CO.kyk3/:
(1.44)

Thus the purely quadratic part, which yields the linearized PDE, is

'0.y/ D
X
`

@`‰.0/
�
g0
`.1/Tr y�y C 1

2
g00
` .1/Tr.j �y C y�j /2

�

C
X
`;m

1

2
@`@m‰.0/g

0
`.1/g

0
m.1/

�
Tr.j �y C y�j /

�2

D A Tr y�y C B Tr.j �y C y�j /2 C C
�
Tr.j �y C y�j /

�2
:

(1.45)

As in the case of the linearized equations of the vibrating string, the resulting
linear PDE decouples into an equation for the components of w orthogonal to the
space Rn � Rk in which� sits and an equation for the components of w parallel
to this space. For the orthogonal component w#, since j �w# D 0 in this case, we
can replace '0.y/ by

(1.46) '#.y/ D A Tr y�y; y 2 L.Rn;Rk�n/:

In this case, we have

(1.47)
@2'#

@y�i@y�j
D 2Aıij ı��:

Hence the linearized equation for the orthogonal (or transverse) wave is

(1.48) mw#
t t � 2A�w# D 0;

where� is the Laplace operator on Rn:

(1.49) �v.x/ D @2v

@x21
C � � � C @2v

@x2n
:

If A > 0, we can rewrite (1.48) in the form

(1.50) vt t � c2�v D 0:

The equation (1.50) is typically called “the wave equation.” As in (1.24), c is the
propagation speed for waves satisfying (1.50); we will discuss this further in �6.
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The construction of solutions to (1.50), satisfying initial conditions of the form
(1.26), is not as elementary for n > 1 as the construction for n D 1 given by
(1.25)–(1.28). In Chap. 3, we will give a construction, valid for � D Rn, using
Fourier analysis. A symmetry trick similar to (1.30) will work if � is a rectan-
gular solid in Rn, though not for general bounded regions �. The existence and
uniqueness of solutions to the wave equation (1.50) for such more general � are
proven in Chap. 6.

The equation for the components of w parallel to the plane Rn of � � Rk , in
this case, has a somewhat different form, as we now compute. Note that this case
is the same as considering the entire linearized PDE for the case k D n. Then
j is the identity map, so the linearization is of the form (1.39)–(1.40), with '.y/
replaced by

'b.y/ D A Tr y�y CB Tr.y C y�/2 C C
�
Tr.y C y�/

�2
D .AC 2B/Tr y�y C 2B Tr y2 C 4C

�
Tr y

�2
;

(1.51)

since Tr y�y D Tr yy� and Tr y2 D Tr .y�/2, for a real n � n matrix y. If we
denote the sum of the three terms on the last line in (1.51) by

 0.y/C  1.y/C  2.y/;

then, as in (1.47),

(1.52)
@2 0

@y�i@y�j
D .2AC 4B/ıij ı��:

Also, a brief computation gives

(1.53)
@2 1

@y�i@y�j
D 4Bı�j ı�i

and

(1.54)
@2 2

@y�i@y�j
D 8Cı�iı�j :

Now, when ' is replaced by  0, the differential operator of the form (1.40) is
.2A C 4B/�, similar to the computation giving (1.48). When ' is replaced by
 1 C  2, the differential operator becomes

�
Lw

�� D 4B

nX
�;i;jD1

ı�j ı�iw
�
xixj

C 8C

nX
�;i;jD1

ı�iı�jw
�
xixj

D .4B C 8C /
X
j

wjx�xj
:

(1.55)
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We can write this as

(1.56) Lw D .4B C 8C / grad div w;

where the divergence of the vector field w D .w1; : : : ; wn/ is

(1.57) div w D
X
j

@wj

@xj
;

and, as before, the gradient of a real-valued function on Rn is

(1.58) grad u D
� @u

@x1
; : : : ;

@u

@xn

	
:

Thus the linearized PDE for vibration in the plane of � is

(1.59) mwt t � .2AC 4B/�w � .4B C 8C / grad div w D 0:

The situation where k D n represents a vibrating elastic solid, and the equation
(1.59) is known as the equation of linear elasticity.

In linear elasticity it is common to linearize about an unstrained state. One
writes (1.59) as

mwt t � 
�w � .�C 
/ grad div w D 0I


 D 2A C 4B and � D 8C are called Lamé constants. For more on this, see
[MH].

We will concentrate primarily on linear equations in this chapter, indeed,
on scalar equations like (1.50). Methods of Chap. 16 will yield results on non-
linear equations of the form (1.12), in any number of x-variables, under a
“hyperbolicity” assumption, which is that, for some C > 0,

(1.60)
kX

�;�D1

nX
i;jD1

@2f .y/

@y�i@y�j
�i�j ���� � C j�j2j� j2;

for � 2 Rn; � 2 Rk . A sufficient, though not necessary, condition for this to hold
is that f be a strongly convex function of y. For example (in the case k D n),
(1.60) holds for

(1.61) f .y/ D a Tr y�y C b Tr y2

whenever a > max.0;�b/, but such f is strongly convex only if a > jbj.
The notions of divergence, gradient, and Laplacian given above are for the

case of Euclidean space Rn. All these notions extend to more general Riemannian
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manifolds. The Laplacian will be defined in such a way as to generalize the
identity

(1.62)
Z

Rn

.�u/v dx D �
Z

Rn

grad u � grad v dx;

for u; v 2 C1
0 .R

n/, which follows from the definition (1.49) by integration by
parts. A further identity that generalizes to the case of Riemannian manifolds is

(1.63) �u D div grad u;

which for a real-valued function on Rn follows immediately from the definitions
of div, grad, and � given above.

We will discuss extensions of these concepts to Riemannian manifolds in the
next few sections, starting with the notion of divergence in �2. Then we will derive
a number of properties of solutions to wave equations, in ��5–8, and also discuss
an extension of the wave equation (1.50) from the case R � Rn to Lorentz mani-
folds. The problem of proving existence of solutions will be tackled only in later
chapters.

We will state here more precisely what the basic existence problem is. In the
case of one of the wave equations produced above, say

(1.64)
@2u

@t2
��u D 0;

we desire to find u satisfying this PDE, given initial conditions

(1.65) u.0; x/ D f .x/; ut .0; x/ D g.x/:

If @� ¤ 0, we also need to impose a boundary condition. There is in particular
the Dirichlet condition

(1.66) u.t; x/ D 0; for x 2 @�;

in the case of a membrane tied down along @�, as discussed above. There are
other boundary conditions that arise in other situations, such as the Neumann
boundary condition described in �5, and others mentioned in subsequent chap-
ters. We also can replace (1.64) and (1.66) by nonhomogeneous equations, that is,
replace the zeros on the right by given functions.

In this section we have concentrated on evolution equations, involving motion
with the passage of time. It is also of interest to study stationary problems, where
there is no time dependence. In other words, one looks for stationary points for

(1.67) J.u/ D
Z
�

f .ux.x// dx:
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Thus one obtains a PDE of the form

(1.68) f 00.ux/uxx D 0;

interpreted via (1.36), as the stationary condition for J.u/. In the case f .ux/ D
juxj2, this becomes the Laplace equation

(1.69) �u D 0:

A typical boundary condition is the nonhomogeneous Dirichlet condition

(1.70) u D  on @�:

The existence of a solution to this will follow from results of Chap. 5.

Exercises

1. Compare the formulas (1.22) and (1.23) for longitudinal and transverse waves. For a
piano wire, a is very close to 1. What does this imply about the relative propagation
speeds of longitudinal and transverse waves along a piano wire? Which type of waves
produce audible sounds?

2. For a function f appearing in (1.60), to be strongly convex means

(1.71)
X
�;�

X
i;j

@2f .y/

@y�i@y�j
��i��j � C0j�j2;

where j�j2 D P
�;i j��i j2. Show that this estimate implies (1.60). Prove the state-

ments made about f .y/ D a Tr y�y C b Tr y2 after (1.61).
3. Suppose more generally that f .y/ D a Tr y�y C b Tr y2 C c.Tr y/2. For what values

of a; b, and c is f strongly convex? For what values of a; b, and c does one have the
strong ellipticity condition (1.60)?

4. The following exercise relates to the choice of the word “linearization” in describing the
relation between the (1.12) and (1.20). For � � Rn, bounded with smooth boundary,
definev

F W C 2.�;Ck/ ! C.�;Ck/

by
F.u/ D f 00.ux/uxx ;

the right side defined by (1.36). Assume f is C1. Show that F is differentiable, as a
map between Banach spaces, and that

DF.j /w D Lw;

where Lw D Awxx ; A D f 00.j /, as defined by (1.40).
5. If u D u.t; x/ is a real-valued function on R � �, show that the PDE for u giving the

stationary condition for the function (1.67) can be written in the form



140 2. The Laplace Equation and Wave Equation

(1.72) div fp.ux/ D 0;

where, if f D f .p/ D f .p1; : : : ; pn/, then fp.ux/ is the vector field with components
.@f =@pj /.ux/. Compare (5.39).

2. The divergence of a vector field

Let M be an n-dimensional manifold, provided with a volume form ! 2 ƒnM .
Let X be a vector field on M . Then the divergence of X , denoted div X , is a
function onM that measures the rate of change of the volume form under the flow
generated by X . Thus it is defined by

(2.1) LX! D .div X/!:

Here, LX denotes the Lie derivative. In view of the general formula LX˛ D
d˛cX C d.˛cX/, derived in Chap. 1, since d! D 0 for any n-form ! on M , we
have

(2.2) .div X/! D d.!cX/:

If M D Rn, with the standard volume element

(2.3) ! D dx1 ^ � � � ^ dxn;

and if

(2.4) X D
X

Xj .x/
@

@xj
;

then

(2.5) !cX D
nX
jD1

.�1/j�1Xj .x/ dx1 ^ � � � ^ bdxj ^ � � � ^ dxn:

Hence, in this case, (2.2) yields the formula used in (1.57) :

(2.6) div X D
nX
jD1

@jX
j;

where we use the notation

(2.7) @jf D @f

@xj
:
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Suppose now that M is an oriented manifold endowed with a Riemannian
metric gjk.x/. Then M carries a natural volume element !, determined by the
condition that, if one has a coordinate system in which gjk.p0/ D ıjk , then
!.p0/ D dx1 ^ � � � ^ dxn. This condition produces the following formula, in any
oriented coordinate system:

(2.8) ! D p
g dx1 ^ � � � ^ dxn;

where

(2.9) g D det.gjk/:

In order to derive (2.8) , note that if coordinates y are related to x linearly, that is,
yj D P

Ajkxk , then

X
dy2j D

X
j;k;`

AjkAj` dxk dx` D
X

gk` dxk dx`;

with
gk` D

X
j

A j̀Ajk ;

provided A D .Ajk/ is symmetric. Now construct A as the positive-definite
square root of the positive-definite matrix G D �

gjk.x0/
�
. In other words, if

fvj g is an orthonormal basis of Rn with Gvj D cj vj , set Avj D c
1=2
j vj . The

transformation law forƒnA on ƒnR gives

dy1 ^ � � � ^ dyn D .detA/ dx1 ^ � � � ^ dxn
D

p
g.x0/ dx1 ^ � � � ^ dxn;

from which the formula (2.8) follows.
We now compute div X when the volume element onM is given by (2.8) . We

have

(2.10) !cX D
X
j

.�1/j�1Xjp
g dx1 ^ � � � ^ bdxj ^ � � � ^ dxn

and hence

(2.11) d.!cX/ D @j .
p
gXj / dx1 ^ � � � ^ dxn:

Here, as below, we use the summation convention. Hence the formula (2.2) gives

(2.12) div X D g�1=2@j .g1=2Xj /:
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We next derive a result known as the divergence theorem, as a consequence
of Stokes’ formula, proved in Chap. 1. Recall that Stokes’ formula for differential
forms is

(2.13)
Z
M

d˛ D
Z
@M

˛;

for an .n � 1/-form on M , assumed to be a smooth, compact, oriented manifold
with boundary. If ˛ D !cX , the formula(2.2) gives

(2.14)
Z
M

.div X/! D
Z
@M

!cX:

This is one form of the divergence theorem. We will produce an alternative ex-
pression for the integrand on the right before stating the result formally.

Given that ! is the volume form for M determined by a Riemannian metric,
we can write the interior product !cX in terms of the volume element !@ on
@M , with its induced Riemannian metric, as follows. Pick normal coordinates
on M , centered at p0 2 @M , such that @M is tangent to the hyperplane fxn D 0g
at p0 D 0. Then it is clear that, at p0,

(2.15) j �.!cX/ D hX; �i!@;
where � is the unit vector normal to @M; pointing out of M and j W @M ,!
M is the natural inclusion. The two sides of (2.15), which are both defined in a
coordinate-independent fashion, are hence equal on @M; and the identity (2.14)
becomes

(2.16)
Z
M

.div X/! D
Z
@M

hX; �i!@:

Finally, we adopt the following common notation: we denote the volume element
on M by dV and that on @M by dS , obtaining the divergence theorem:

Theorem 2.1. If M is a compact manifold with boundary, X a smooth vector
field onM; then

(2.17)
Z
M

.div X/ dV D
Z
@M

hX; �i dS;

where � is the unit outward-pointing normal to @M .

The only point left to mention here is that M need not be orientable. Indeed, we
can treat dV and dS as measures and note that all objects in (2.17) are independent
of a choice of orientation. To prove the general case, just use a partition of unity
supported on orientable pieces.
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The definition of the divergence of a vector field given by (2.1), in terms of
how the flow generated by the vector field magnifies or diminishes volumes, is a
good geometrical characterization, explaining the use of the term “divergence.”
There are other characterizations of the divergence operation, of a more analytical
flavor, which are also quite useful. Here is one.

Proposition 2.2. The divergence operation is the negative of the adjoint of the
gradient operation on vector fields; if X is a vector field and u a function on M ,
one compactly supported on the interior ofM; then

(2.18) .X; grad u/L2.M/ D �.div X; u/L2.M/:

The asserted integral identity here isZ
M

hX; grad ui dV.x/ D �
Z
M

.div X/u dV.x/;

provided either u or X has compact support in the interior of M . Note that

hX; grad ui D hX; dui D Xu:

In fact, we will use the divergence theorem to obtain a more general result, in
which neither u or X is required to vanish on @M . We apply (2.17) with X
replaced by uX . We have the following “derivation” identity:

(2.19) div uX D u div X C hdu; Xi D u div X CXu;

which follows easily from the formula (2.12). The divergence theorem immedi-
ately gives the following result.

Proposition 2.3. If M is a smooth, compact manifold with boundary, u a smooth
function, X a smooth vector field on M; then

(2.20)
Z
M

.div X/u dV C
Z
M

Xu dV D
Z
@M

hX; �iu dS:

We can also express the adjoint of the differential operatorX , defined by

(2.21)
Z
M

.X�u/v dV D
Z
M

u.Xv/ dV;

for v 2 C1
0 .

ı
M/, using the divergence, as follows:

Proposition 2.4. If X is a smooth vector field on M; then

(2.22) X�u D �Xu � .div X/u:
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This is equivalent to the statement that

(2.23)
Z
M

�
.Xu/v C u.Xv/

�
dV D �

Z
M

.div X/uv dV;

for u; v 2 C1
0 .

ı
M/. In fact, from (2.20) we can obtain the following more general

result.

Proposition 2.5. If u and v are smooth functions and X a smooth vector field on
a compact manifoldM with boundary, then

(2.24)
Z
M

�
.Xu/v C u.Xv/

�
dV D �

Z
M

.div X/uv dV C
Z
@M

hX; �iuv dS:

Proof. Replace u by uv in (2.20) and use the derivation identity X.uv/ D
.Xu/v C u.Xv/.

Exercises

1. Given a Hamiltonian vector field

Hf D
nX
jD1

h @f
@�j

@

@xj
� @f

@xj

@

@�j

i
;

calculate div Hf directly from (2.6).
2. IfM is a smooth domain in R2, apply the divergence theorem (2.17) to the vector field
X D g@=@x � f @=@y to deduce Green’s formula:

Z
@M

f dx C g dy D
“

M

�@g
@x

� @f

@y

	
dx dy:

3. Show that the identity (2.19) for div .uX/ follows from (2.2) and

du ^ .!cX/ D .Xu/!:

Prove this identity, for any n-form ! onMn. What happens if ! is replaced by a k-form,
k < n?

4. Relate Exercise 3 to the calculations

(2.25) LuX˛ D uLX˛ C du ^ .
X˛/
and

(2.26) du ^ .
X˛/ D �
X .du ^ ˛/C .Xu/˛;

valid for any k-form ˛. The last identity follows from (13.37) of Chap. 1; compare with
formula (10.27) of this chapter.
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5. Show that
div ŒX; Y � D X.div Y / � Y.div X/:

3. The covariant derivative and divergence of tensor fields

The covariant derivative of a vector field on a Riemannian manifold was intro-
duced in Chap. 1, �11, in connection with the study of geodesics. We will briefly
recall this concept here and relate the divergence of a vector field to the covariant
derivative, before generalizing these notions to apply to more general tensor fields.
A still more general setting for covariant derivatives is discussed in Appendix C.

If X and Y are vector fields on a Riemannian manifold M; then rXY is a
vector field on M; the covariant derivative of Y with respect to X . We have the
properties

(3.1) r.fX/Y D f rXY

and

(3.2) rX .f Y / D f rXY C .Xf /Y;

the latter being the derivation property. Also, r is related to the metric on M by

(3.3) ZhX; Y i D hrZX; Y i C hX;rZY i;

where hX; Y i D gjkX
jY k is the inner product on tangent vectors. The Levi–

Civita connection on M is uniquely specified by (3.1) –(3.3) and the torsion free
property:

(3.4) rXY � rYX D ŒX; Y �:

There is the explicit defining formula (derived already in (11.22) of Chap. 1)

2hrXY;Zi D XhY;Zi C Y hX;Zi �ZhX; Y i
C hŒX; Y �; Zi � hŒX;Z�; Y i � hŒY;Z�; Xi;

(3.5)

which follows from cyclically permutingX; Y , and Z in (3.3) and combining the
results, exploiting (3.4) to cancel out all covariant derivatives but one. Another
way of writing this is the following. If

(3.6) X D XkDk ; Dk D @

@xk
.summation convention/;
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then

(3.7) rDj
X D Xk Ij Dk ;

with

(3.8) Xk Ij D @jX
k C

X
`

�k j̀X
`;

where the “connection coefficients” are given by the formula

(3.9) �`jk D 1

2
g`�

h@gj�
@xk

C @gk�

@xj
� @gjk

@x�

i
;

equivalent to (3.5). We also recall that @gk�=@xj can be recovered from �`jk :

(3.10)
@gk�

@xj
D g`��

`
jk C g`k�

`
j�:

The divergence of a vector field has an important expression in terms of the
covariant derivative.

Proposition 3.1. Given a vector field X with componentsXk as in (3.6),

(3.11) div X D Xj Ij :

Proof. This can be deduced from our previous formula for div X ,

div X D g�1=2@j .g1=2Xj /
D @jX

j C .@j logg1=2/Xj :
(3.12)

One way to see this is the following. We can think of rX as defining a tensor
field of type .1; 1/:

(3.13) .rX/.Y / D rYX:

Then the right side of (3.11) is the trace of such a tensor field:

(3.14) Xj Ij D Tr rX:

This is clearly defined independently of any choice of coordinate system. If
we choose an exponential coordinate system centered at a point p 2 M , then
gjk.p/ D ıjk and @gjk=@x` D 0 at p, so (3.12) gives div X D @jX

j at p, in
this coordinate system, while the right side of (3.11) is equal to @jXjC�j j̀X` D
@jX

j at p. This proves the identity (3.11).
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The covariant derivative can be applied to forms, and other tensors, by requir-
ing r to be a derivation. On scalar functions, set

(3.15) rXu D Xu:

For a 1-form ˛; rX˛ is characterized by the identity

(3.16) hY;rX˛i D XhY; ˛i � hrXY; ˛i:

Denote by X.M/ the space of smooth vector fields on M , and by ƒ1.M/ the
space of smooth 1-forms; each of these is a module over C1.M/. Generally,
a tensor field of type .k; j / defines a map (with j factors of X.M/ and k of
ƒ1.M/)

(3.17) F W X.M/� � � � � X.M/ �ƒ1.M/� � � � �ƒ1.M/ �! C1.M/;

which is linear in each factor, over the ring C1.M/. A vector field is of type
.1; 0/ and a 1-form is of type .0; 1/. The covariant derivative rXF is a tensor of
the same type, defined by

.rXF /.Y1; : : : ; Yj ; ˛1; : : : ; ˛k/ D X � �
F.Y1; : : : ; Yj ; ˛1; : : : ; ˛k/

�

�
jX
`D1

F.Y1; : : : ;rXY`; : : : ; Yj ; ˛1; : : : ; ˛k/

�
kX
`D1

F.Y1; : : : ; Yj ; ˛1; : : : ;rX˛`; : : : ; ˛k/;

(3.18)

where rX˛` is uniquely defined by (3.16). We can naturally consider rF as a
tensor field of type .k; j C 1/:

(3.19) .rF /.X; Y1; : : : ; Yj ; ˛1; : : : ; ˛k/ D .rXF /.Y1; : : : ; Yj ; ˛1; : : : ; ˛k/:

For example, ifZ is a vector field, rZ is a vector field of type .1; 1/, as already
anticipated in (3.13). Hence it makes sense to consider the tensor field r.rZ/, of
type .1; 2/. For vector fields X and Y; we define the Hessian r2

.X;Y /
Z to be the

vector field characterized by

(3.20) hr2
.X;Y /Z; ˛i D .rrZ/.X; Y; ˛/:

Since, by (3.19), if F D rZ, we have

(3.21) F.Y; ˛/ D hrYZ; ˛i;
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and, by (3.18),

(3.22) .rXF /.Y; ˛/ D X � �
F.Y; ˛/

� � F.rXY; ˛/ � F.Y;rX˛/;

it follows by substituting (3.21) into (3.22) and using (3.16) that

(3.23) r2
.X;Y /Z D rXrYZ � r.rXY /ZI

this is a useful formula for the Hessian of a vector field.
More generally, for any tensor field F; of type .j; k/, the Hessian r2

.X;Y /
F;

also of type .j; k/, is defined in terms of the tensor field r2F D r.rF /, of type
.j; k C 2/, by the same type of formula as (3.20), and we have

(3.24) r2
.X;Y /F D rX .rY F /� r.rXY /F;

by an argument similar to that for (3.23).
The metric tensor g is of type .0; 2/, and the identity (3.3) is equivalent to

(3.25) rXg D 0

for all vector fields X (i.e., to rg D 0). In index notation, this means

(3.26) gjkI` D 0 or, equivalently, gjk I` D 0:

We also note that the zero torsion condition (3.4) implies

(3.27) uIj Ik D uIkIj

when u is a smooth scalar function, with second covariant derivative rru, a tensor
field of type .0; 2/. It turns out that analogous second-order derivatives of a vector
field differ by a term arising from the curvature tensor; this point is discussed in
Appendix C, Connections and Curvature.

We have seen an expression for the divergence of a vector field in terms of the
covariant derivative. We can use this latter characterization to provide a general
notion of divergence of a tensor field. If T is a tensor field of type .k; j /, with
components

(3.28) T˛
ˇ D T˛1���˛j

ˇ1 ���ˇk

in a given coordinate system, then div T is a tensor field of type .k � 1; j /, with
components

(3.29) T˛1���˛j

ˇ1���ˇk�1`I`:
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In view of the special role played by the last index, the divergence of a tensor field
T is mainly interesting when T has some symmetry property. In �7 we will intro-
duce the stress-energy tensor, a symmetric second-order covariant tensor; raising
indices produces a symmetric second-order tensor field of type .2; 0/, whose di-
vergence is an important object.

In view of (3.11), we know that a vector fieldX generates a volume-preserving
flow if and only if Xj Ij D 0. Complementing this, we investigate the condition
that the flow generated by X consists of isometries, that is, the flow leaves the
metric g invariant, or equivalently

(3.30) LXg D 0:

For vector fields U and V; we have

.LXg/.U; V / D �hLXU; V i � hU;LXV i CXhU; V i
D hrXU � LXU; V i C hU;rXV � LXV i
D hrUX;V i C hU;rVXi;

(3.31)

where the first identity follows from the derivation property of LX , the second
from the metric property (3.3) expressing XhU; V i in terms of covariant deriva-
tives, and the third from the zero torsion condition (3.4). IfU and V are coordinate
vector fields Dj D @=@xj , we can write this identity as

(3.32) .LXg/.Dj ;Dk/ D gk`X
`Ij C gj`X

`Ik :

Thus X generates a group of isometries (one says X is a Killing field) if and
only if

(3.33) gk`X
`Ij C gj`X

`Ik D 0:

This takes a slightly shorter form for the covariant field

(3.34) Xj D gjkX
k:

We state formally the consequence, which follows immediately from (3.33) and
the vanishing of the covariant derivatives of the metric tensor.

Proposition 3.2. X is a Killing vector field if and only if

(3.35) XkIj CXj Ik D 0:

Generally, half the quantity on the left side of (3.35) is called the deformation
tensor ofX: If we denote by � the 1-form � D P

Xj dxj , the deformation tensor
is the symmetric part of r�, a tensor field of type .0; 2/. It is also useful to identify
the antisymmetric part, which is naturally regarded as a 2-form.
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Proposition 3.3. We have

(3.36) d� D 1

2

X
j;k

.Xj Ik �XkIj / dxk ^ dxj :

Proof. By definition,

(3.37) d� D 1

2

X
j;k

.@kXj � @jXk/ dxk ^ dxj ;

and the identity with the right side of (3.36) follows from the symmetry �`jk D
�`kj .

There is a useful generalization of the concept of a Killing field, namely a con-
formal Killing field, which is a vector field X whose flow consists of conformal
diffeomorphisms of M , that is, preserves the metric tensor up to a scalar factor:

(3.38) F t�X g D ˛.t; x/g ” LXg D �.x/g:

Note that the trace of LXg is 2 div X , by (3.32), so the last identity in (3.38) is
equivalent to LXg D .2=n/.div X/g or, with .1=2/LXg D Def X ,

(3.39) Def X � 1

n
.div X/g D 0

is the equation of a conformal Killing field.
To end this section, and prepare for subsequent material, we note that concepts

developed so far for Riemannian manifolds, that is, manifolds with positive-
definite metric tensors, have extensions to indefinite metric tensors, including
Lorentz metrics.

A Riemannian metric tensor produces a symmetric isomorphism

(3.40) G W TxM �! T �
xM;

which is positive. More generally, a symmetric isomorphism (3.40) corresponds
to a nondegenerate metric tensor. Such a tensor has a well defined signature
.j; k/; j C k D n D dim M ; at each x 2 M; TxM has a basis fe1; : : : ; eng
of mutually orthogonal vectors such that he1; e1i D � � � D hej ; ej i D 1, while
hejC1; ejC1i D � � � D hen; eni D �1. If j D 1 (or k D 1), we say M has a
Lorentz metric.

The concepts discussed in this section in the Riemannian case, such as the
covariant derivative, all extend with little change to the general nondegenerate
case. We will see this in use, in the Lorentz case, in �7.
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Exercises

1. Let ' be a tensor field of type .0; k/ on a Riemannian manifold, endowed with its
Levi–Civita connection. Show that

.LX' � rX'/.U1; : : : ; Uk/ D
X
j

'.U1; : : : ;rUj
X; : : : ; Uk/:

How does this generalize (3.31)?
2. Recall the formula (13.56) of Chap. 1, when ! is a k-form:

.d!/.X0; : : : ; Xk/ D
kX
jD0

.�1/jXj � !.X0; : : : ;bXj ; : : : ; Xk/C X
0�`<j�k

.�1/jC`

� !.ŒX`; Xj �; X0; : : : ;bX`; : : : ;bXj ; : : : ; Xk/:
Show that the last double sum can be replaced by

�
X
`<j

.�1/j!.X0; : : : ;rXj
X`; : : : ;bXj ; : : : ; Xk/

�
X
`>j

.�1/j!.X0; : : : ;bXj ; : : : ;rXj
X`; : : : ; Xk/:

3. Using Exercise 2 and the expansion of .rXj
!/.X0; : : : ;bXj ; : : : ; Xk/ via the deriva-

tion property, show that

(3.41) .d!/.X0; : : : ; Xk/ D
kX
jD0

.�1/j .rXj
!/.X0; : : : ;bXj ; : : : ; Xk/:

Note that this generalizes Proposition 3.3.
4. Prove the identity

@ log
p
g

@xj
D

X
`

�` j̀ :

Use either the identity (3.11), involving the divergence, or the formula (3.9) for �`jk .
Which is easier?

5. Show that the characterization (3.17) of a tensor field of type .k; j / is equivalent to the
condition that F be a section of the vector bundle

�˝jT �� ˝ �˝kT �
or, equivalently,

of the bundle Hom .˝j T;˝kT /. Think of other variants.
6. The operation Xj D gjkX

k is called lowering indices. It produces a 1-form (section
of T �M ) from a vector field (section of TM ), implementing the isomorphism (3.38).
Similarly, one can raise indices:

Y j D gjkYk ;

producing a vector field from a 1-form, that is, implementing the inverse isomorphism.
Define more general operations raising and lowering indices, passing from tensor fields
of type .j; k/ to other tensor fields, of type .`;m/, with `Cm D j C k. One says that
these tensor fields are associated to each other via the metric tensor.
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7. Using (3.16), show that if ˛ D ak.x/ dxk (summation convention), then rDj
˛ D

akIj dxk , with

akIj D @j ak �
X
`

�`kj a`:

Compare with (3.8). Use this to verify that (3.36)and (3.37) are equal. Work out a
corresponding formula for rD`

T when T is a tensor field of type .j; k/, as in (3.28)
8. Using the formula (3.23) for the Hessian, show that, for vector fields X; Y;Z on M ,

�r2.X;Y / � r2.Y;X/
�
Z D �

ŒrX ;rY �� rŒX;Y �
�
Z:

Denoting this by R.X; Y;Z/, show that it is linear in each of its three arguments over
the ring C1.M/, for example, R.X; Y; f Z/ D f R.X; Y;Z/ for f 2 C1.M/.
Discussion ofR.X; Y;Z/ as the curvature tensor is given in Appendix C, Connections
and Curvature.

9. Verify (3.24). For a function u, to show that r2
.X;Y /

u D r2
.Y;X/

u, use the special case

r2.X;Y /u D XY u � .rXY / � u

of (3.24). Note that this is an invariant formulation of (3.27). Show that

r2
.X;Y /

u D 1

2
.LV g/.X; Y /; V D grad u:

10. Let ! be the volume form of an oriented Riemannian manifold M . Show that rX! D
0 for all vector fields X .

11. Let X be a vector field on a Riemannian manifold M . Show that the formal adjoint of
rX , acting on vector fields, is

(3.42) r�
XY D �rXY � .div X/Y:

12. Show that the formal adjoint of LX , acting on vector fields, is

(3.43) L�
XY D �LXY � .div X/Y � 2 Def.X/Y;

where Def.X/ is a tensor field of type .1; 1/, given by

(3.44)
1

2
.LXg/.Z; Y / D g.Z;Def.X/Y /;

g being the metric tensor.
13. With div defined by (3.29) for tensor fields, show that

(3.45) div .X ˝ Y / D .div Y /X C rYX:
14. If X; Y , and Z have compact support, show that

.Z; div .X ˝ Y //L2 D �.rYZ;X/L2 :

15. If 	.s/ is a unit-speed geodesic on a Riemannian manifold M; 	 0.s/ D T .s/, and X
is a vector field on M , show that

(3.46)
d

ds

˝
T .s/;X.	.s//

˛ D 1

2

�
LXg

�
.T; T /:
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Deduce that if X is a Killing field, then hT; Xi is constant on 	 . Relate this to the
conservation law for geodesic flow on a surface of revolution, discussed in Chap. 1,
�16. (Hint: Show that the left side of (3.46) is equal to hT;rTXi:)

16. If we define DefW C1.M; T / ! C1.M; S2T �/ by Def.X/ D .1=2/LXg, show that

Def�u D � div u;

where .div u/j D ujk Ik , as in (3.29).

4. The Laplace operator on a Riemannian manifold

We define the Laplace operator on a Riemannian manifold M , with metric gjk ,
in a way that naturally generalizes the characterizations of the Laplace operator
on Euclidean space, given by (1.49), (1.62), and (1.63). Taking (1.62) as funda-
mental, we define the Laplace operator� onM to be the second-order differential
operator satisfying

(4.1) �.�u; v/ D .du; dv/ D .grad u; grad v/;

for u; v 2 C1
0 .M/. Here the left side is

(4.2) �
Z
M

.�u/v dV;

where dV is the natural volume element, given in local coordinates by
p
gdx1 � � �

dxn. The right side of (4.1), for u and v supported in a coordinate patch, is

Z
hdu; dvi dV D

Z
gjk.@j u/.@kv/

p
g dx

D �
Z
v@k

�
g1=2gjk @j u

�
g�1=2g1=2 dx;

(4.3)

integrating by parts, so we see that � is given in local coordinates by

(4.4) �u D g�1=2 @j
�
gjkg1=2 @ku

�
:

Soon we will see how to modify (4.1) when u and v do not vanish on @M , in case
M is a compact Riemannian manifold with boundary.

We now show that (1.63)generalizes, that is, we have

(4.5) �u D div grad u:

In fact, in view of the formula

div X D g�1=2 @j .g1=2Xj /
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derived in (2.12), together with

Xj D gjk@ku; for X D grad u;

we see that (4.5) follows directly from the local coordinate formula (4.4). Note
that the identity

(4.6) .X; grad v/L2 D �.div X; v/L2 ;

proved in (2.18), when applied to X D grad u, also gives (4.5) directly.
Applying the refinement (2.20) of (4.6) gives us important identities due to

Green. Let us use the notation

(4.7)
@u

@�
D hgrad u; �i

for the normal component of grad uI @u=@� is called the normal derivative of u.
If we exploit (2.20) with X D gradv, we get the identity (4.8) below; if we inter-
change u and v and subtract the resulting expression from (4.8), we obtain (4.9).
This provides a proof of Green’s identities:

Proposition 4.1. If M is a compact Riemannian manifold with boundary, then
for u; v 2 C1.M/, we have

(4.8) �.u; �v/L2 D .du; dv/�
Z
@M

u
�@v
@�

	
dS

and

(4.9) .�u; v/� .u; �v/ D
Z
@M

h� @u

@�

	
v � u

�@v
@�

	i
dS:

Next we express the Laplace operator in terms of covariant derivatives. As we
have seen,

div X D Xj Ij :

If we set X D grad u, we obtain

(4.10) �u D gjkuIj Ik;

using the fact that gjk I` D 0. Here,
P

uIj Ikdxk ˝ dxj is a tensor field of type
.0; 2/, which is the same as r2u. Recall that r2F is a tensor field of type .j; kC2/
whenever F is a tensor field of type .j; k/. The formula (4.10) can be rewritten as

(4.11) �u D Trgr2u;



Exercises 155

where Trg denotes the trace of r2u.x/, as a quadratic form on TxM , in terms of
the quadratic form given by the metric tensor g. In other words, we can define a
tensor field H.u/, of type .1; 1/, by

(4.12) hH.u/X; Y i D .r2u/.X; Y /;

and Trgr2u D Tr H.u/.
Since the Laplace operator is defined in a coordinate-independent manner on

a Riemannian manifold, it is clear that if F W M ! M is a diffeomorphism and
F � W C1.M/ ! C1.M/ is defined by F �u.x/ D u.F.x//, then F � commutes
with the Laplace operator provided F is an isometry. Thus, if X is a vector field
on M; X commutes with � provided the flow F tX generated by X consists of
isometries. This result has a converse.

Proposition 4.2. A vector field X commutes with � if and only if X generates a
group of isometries.

The proof rests on a computation of independent interest. In fact, a manipula-
tion of (4.10), which we leave to the reader, yields the general identity

Œ�;X�u D .Xj Ik CXkIj /uIj Ik C .Xj Ik CXkIj /Ij uIk

D g�1=2 @j
�
g1=2.Xj Ik CXkIj / @ku

�
:

(4.13)

Thus Œ�;X� D 0 if and only if Xj Ik C XkIj D 0, which is equivalent to the
condition (3.35) for a Killing field.

Exercises

1. If u 2 C1.M/; X D grad u, the condition that X generates a volume-preserving flow
is that �u D 0. What PDE on u is equivalent to the statement that X is a Killing field?

2. Verify formula (4.13) for Œ�; X�. Show that it has the invariant formulation

(4.14)
1

2
Œ�;X�u D hDef.X/;r2ui C hdiv Def.X/; dui D div

�
Def.X/ � du

�
;

in terms of the deformation tensor Def.X/, with components .1=2/.Xj Ik C XkIj /,
that is, the type .2; 0/ analogue of the tensor field of type .1; 1/ given by (3.42), or the
tensor field of type .0; 2/ equal to half of (3.35).

3. Show that the Laplace operator � D @2=@x21 C � � � C @2=@x2n on Rn has the following
expressions in various coordinate systems:
(a) Polar coordinates on R2: x1 D r cos �; x2 D r sin � .

(4.15) � D @2

@r2
C 1

r

@

@r
C 1

r2
@2

@�2
:
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(b) Spherical polar coordinates on R3: x1 D � sin' sin �; x2 D � sin ' cos � ,
x3 D � cos '.

(4.16) � D @2

@�2
C 2

�

@

@�
C 1

�2 sin '

� @2

@�2
C sin '

@2

@'2
C cos '

@

@'

	
:

(c) Spherical polar coordinates on Rn: x D r!; ! 2 Sn�1.

(4.17) � D @2

@r2
C n � 1

r

@

@r
C 1

r2
�S ;

where �S is the Laplace operator on the unit sphere Sn�1. (Compare (4.19) below.)
(Hint: Express the Euclidean metric tensor ds2 D dx21C� � �Cdx2n in these coordinates.)

4. Let N be a Riemannian manifold, of dimension n � 1. Denote by C.N/ the cone with
base N; that is, the space RC � N; with Riemannian metric

(4.18) g D dr2 C r2gN :

Show that the Laplace operator on C.N/ is of the form

(4.19) � D @2

@r2
C n � 1

r

@

@r
C 1

r2
�N ;

where �N is the Laplace operator on the base N . Apply this to the expression of the
Laplace operator � on Rn, in polar coordinates, with N D Sn�1.

5. Show that, in local coordinates,

�u D gjk @j @ku � gjk�`jk @`u:

5. The wave equation on a product manifold
and energy conservation

The analysis of vibrating membranes in Euclidean space has important extensions
to studies of vibrating manifolds. We will start with a fairly general situation,
specializing quickly to models that give rise to “the wave equation”

(5.1)
@2u

@t2
��u D 0;

for u D u.t; x/, a scalar function on R �M , where � is the Laplace operator on
M defined in �4.

We consider vibrations of one manifold M within another, N . Suppose these
manifolds are endowed with Riemannian metric tensors g and h, respectively. The
vibration is described by a map

(5.2) u W R �M �! N:
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In �1 we dealt with the special case where M is a bounded region in Rn and
N D Rk . Now we allow M to be a compact manifold with boundary. We again
use a stationary action principle to produce equations governing the vibration. The
appropriate expression for “kinetic energy” is

(5.3) T .t/ D 1

2

Z
M

m.x/jut .t; x/j2 dV;

where dV is the natural volume element on M and m.x/ > 0 is a given “mass
density.” The velocity ut .t; x/ takes values in TyN , with y D u.t; x/, and the
square-norm in the integrand in (5.3) is given by the metric tensor h;

(5.4) jut j2 D h.u; ut ; ut /

if h.y; v; w/ denotes the inner product of v and w in TyN .
The form that we will consider for the potential energy is the following gen-

eralization of (1.3):

(5.5) V.t/ D
Z
M

f .x; u.t; x/; ux.t; x// dV;

where

(5.6) ux.t; x/ 2 L.TxM;Tu.t;x/N/;

and f is a smooth, real-valued function defined on the bundle L overM �N with
fiber over .x; y/ given by L.TxM;TyN/:

(5.7) f D f .x; y; A/; A 2 L.TxM;TyN/:

In particular, one has examples analogous to (1.42), that is,

(5.8) f .x; y; A/ D ‰
�
Tr g1.A

�A/; : : : ;Tr gK.A
�A/

�
;

where A� 2 L.TyN; TxM/ is the adjoint of A, defined using the inner products
on TxM and TyN defined by their Riemannian metrics. The g`.A�A/ are de-
fined as described below (1.42). Many interesting cases of this sort arise naturally,
including

(5.9) f .x; y; A/ D Tr A�A:

Applying the stationary action principle will yield for u a second-order sys-
tem of PDE of a form that generalizes (1.12). We look here at the details for a
special case.
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Namely, take N D R, and suppose f .x; y; A/ is independent of y 2 R. In
other words, we consider a potential energy of the form

(5.10) V.t/ D
Z
M

f .x; ux.t; x// dV;

where ux.t; x/ 2 T �
xM and f D f .x; �/ is a smooth, real-valued function

defined on T �M , or perhaps on some open subset. In that case, the stationary
condition for .J0 � J1/.u/ D R t1

t0

�
T .t/ � V.t/

�
dt is derived from the following

calculations. First, as in (1.8),

(5.11)
d

ds
J0.u C sv/

ˇ̌
sD0 D �

“
mut tv dV dt;

provided v 2 C1
0 .I � ı

M/; I D .t0; t1/. Here
ı
M denotes the interior of M .

Furthermore, for such v,

(5.12)
d

ds
J1.u C sv/

ˇ̌
sD0 D

“
f�.x; ux/ � vx dV dt;

where, in local coordinates,

(5.13) f�.x; ux/ � vx D
X
j

@f

@�j

@v

@xj
:

If v is supported in a coordinate patch, in which dV D p
gdx, we can integrate

by parts and write

(5.14)
d

ds
J1.u C sv/

ˇ̌
sD0 D �

“ X
j

g�1=2 @xj

�
g1=2f�j

.x; ux/
�
v
p
g dx dt:

Thus we get the following PDE for u, in a local coordinate system:

(5.15) mut t � g�1=2@xj

�
g1=2f�j

.x; ux/
� D 0;

using the summation convention. Written out more fully, this is

(5.16)

mut t �
h
f�j �k

.x; ux/uxjxk
C f�j xj

.x; ux/C 1

2
g�1.@xj

g/f�j
.x; ux/

i
D 0:

An invariant formulation of this PDE is given in the exercises.
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The choice of f .x; �/ that produces a wave equation of the form (5.1) is that
of a constant times the Riemannian metric on covariant vectors:

(5.17) f .x; �/ D � g.x; �; �/ D � gjk �j �k ;

with � a positive constant. In that case, (5.15) becomes

(5.18) mut t � 2��u D 0

in view of the local coordinate formula

(5.19) �u D g�1=2 @j .g1=2gjk@ku/

derived in �4. Ifm is a constant, this is of the form (5.1) provided 2� D m, which
could be arranged by a rescaling of the t-variable.

Other choices of f .x; �/ arise naturally in the study of vibrating membranes,
choices that lead to nonlinear PDE. We will return to this in Chap. 16, but for now
we concentrate on the linear case (5.18), until the very end of this section where
we make a few brief comments on nonlinear problems.

Let us redo the calculation of the variation of J1.u/ in an invariant fashion,
when f .x; �/ is given by (5.17), so

(5.20) J1.u/ D �

“

I�M
jdxuj2 dV dt:

We have, for v 2 C1
0 .I � ı

M/,

(5.21)
d

ds
J1.u C sv/

ˇ̌
sD0 D 2�

“
hdxu; dxvi dV dt;

and Green’s formula (4.8) shows that this is equal to

(5.22) �2�
“

.�u/v dV dt;

since the boundary integral vanishes in this case. Again the stationary condition
for .J0 � J1/.u/ is seen to be the wave equation (5.18).

As in(1.26), it is typical to specify initial conditions, of the form

(5.23) u.0; x/ D f .x/; ut .0; x/ D g.x/:

If @M ¤ ;, we also need to specify a boundary condition for u. One typical
condition is

(5.24) u.t; x/ D 0; for x 2 @M:
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This is known as the Dirichlet boundary condition for u. It models a vibrating
drum head that is firmly attached to its boundary. Tying down the boundary pro-
vides a justification for considering only variations v that vanish on I �@M in the
specification of the stationary condition above. Another natural physical problem
is to describe vibrations ofM when the boundary is allowed to move freely. Then
we should allow any v 2 C1.I � M/ that vanishes at t D t0 and t D t1, as a
variation. The formula (5.11) for the variation of J0.u/ continues to hold, and so
does (5.21), but an application of Green’s formula to (5.21) now yields

(5.25)
d

ds
J1.u C sv/

ˇ̌
sD0 D �2�

“

I�M
.�u/v dV dt C 2�

“

I�@M
v
@u

@�
dS dt:

If we do apply this to the subclass of v 2 C1
0 .I � ı

M/, we see that the wave
equation (5.18) must still be satisfied for u to be a stationary point. Now, granted
that u satisfies (5.18), we hence have

(5.26)
d

ds
.J0 � J1/.u C sv/

ˇ̌
sD0 D �2�

“

I�@M
v
@u

@�
dS dt;

for all v 2 C1.I � M/ that vanish at t D t0 and at t D t1. This yields the
following boundary condition for freely vibratingM :

(5.27)
@u

@�
D 0; for x 2 @M:

This is known as the Neumann boundary condition for u. Another situation it
models is the propagation of small-amplitude sound waves in a region bounded
by a hard wall.

Since we have introduced the kinetic energy and the potential energy, we
should look at the total energy. In the case when (5.17) gives the potential energy,
if we take m D 1 and � D 1=2, the total energy is

(5.28) E.t/ D 1

2

Z
M

�jut .t; x/j2 C hdxu; dxui� dV.x/:

We aim to establish the energy conservation law

(5.29) E.t/ D const.

whenever u is a sufficiently smooth solution to the wave equation (5.1), assuming
that u satisfies either the Dirichlet condition (5.24) or the Neumann condition
(5.27) on @M . In fact, we have

(5.30)
dE

dt
D

Z
M

�
utut t C hdxut ; dxui� dV:
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We want to factor ut out of the integrand, so we integrate by parts the last term in
(5.30), using Green’s identity to get

(5.31)
dE

dt
D

Z
M

ut .ut t ��u/ dV C
Z
@M

ut
@u

@�
dS:

The right side of (5.31) vanishes provided u satisfies the wave equation and either
the Dirichlet or Neumann boundary condition. This proves the energy conserva-
tion law (5.29), equivalent to

(5.32)
Z
M

�jut .t; x/j2 C hdxu; dxui�dV D
Z
M

�jg.x/j2 C hdxf; dxf i�dV;

given the initial conditions (5.23).
We continue briefly the discussion of stationary problems from the end of �1.

These problems do not involve t-dependence, that is, they arise via describing
critical points for a function

(5.33) J.u/ D
Z
M

f
�
x; u.x/; ux.x/

�
dV;

with

(5.34) f D f .x; y; A/; A 2 L.TxM;TyN/:

If N D R and f .x; y; �/ D f .x; �/ is given by (5.17), then the PDE obtained as
the stationary condition for J.u/ is

(5.35) �u D 0;

involving the Laplace operator (5.19). A typical boundary condition is the nonho-
mogeneous Dirichlet condition

(5.36) u D  on @M:

Another is the nonhomogeneous Neumann condition

(5.37)
@u

@�
D ' on @M:

These will be studied in Chap. 5.
There are also very important nonlinear problems arising from the problem of

finding stationary points, particularly extrema, of (5.33). We mention in particu-
lar the choice (5.9) for f .x; y; A/, namely, Tr A�A. Maps u W M ! N critical
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for such J.u/ are called harmonic maps. In case N D Rk , these are just func-
tions whose components are harmonic in the sense of (5.35), but for a nonflat
Riemannian manifold N , one gets a nonlinear problem. For example, as seen in
Chap. 1, for M D I � R, one gets the geodesic equation. Harmonic maps will
be studied in Chap. 14, by variational methods, and in Chap. 15, via techniques
involving nonlinear parabolic PDE.

Exercises

1. For J1.u/ D R
M f .x; ux/dV as in (5.10), f W T �M ! R, demonstrate the invariant

formula
d

ds
J1.u C sv/

ˇ̌
sD0 D

Z
M

hAf .x; ux/; vxi dV;

where Af W T �M ! TM is given by

(5.38) Af .x; �/ D D�.x; �/Hf ;

Hf being the Hamiltonian vector field of f , and � W T �M ! M the natural projec-
tion. For fixed t; ux D dxu is a 1-form on M . Consequently, Af .x;ux/ is a vector
field on M .

2. In the context of Exercise 1, show that the resulting PDE (5.15)has the invariant de-
scription

(5.39) mut t � div Af .x; ux/ D 0:

Compare (1.72).
3. Show that (under an appropriate nondegeneracy hypothesis) maps of the formAf invert

Legendre transformations � W TM ! T �M , discussed in �12 of Chap. 1.
(Hint: Using (12.9)–(12.18), consider the Legendre transform associated to the function
F.x; v/ on TM defined implicitly by

F
�
x; f�.x; �/

� D f .x; �/� � � f�.x; �/
or, in the notation used above,

F
�
Af .x; �/

� D f .x; �/� hAf .x; �/; �i:/

6. Uniqueness and finite propagation speed

We study some properties of solutions to the wave equation on R �M :

(6.1) ut t ��u D 0;

with initial conditions

(6.2) u.0; x/ D f .x/; ut .0; x/ D g.x/;
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and boundary condition either the Dirichlet condition or the Neumann condition,
if @M ¤ ;. We leave aside for the present the issue of the existence of solutions,
for arbitrarily given f and g. We examine the uniqueness; u is assumed suffi-
ciently smooth. If u1 and u2 solve (6.1) with initial data fj ; gj , then u1 � u2
solves (6.1) with initial data f D f1�f2; g D g1�g2. To establish uniqueness,
it suffices to show that if f D g D 0, then the solution u D 0 for all t . But by
energy conservation, we have, for all t ,

(6.3)
Z
M

�
u2t C hdxu; dxui�dV D

Z
M

�jgj2 C hdxf; dxf i�dV D 0:

Thus u is constant. Since u.0; x/ D 0, we conclude that u D 0 everywhere. This
establishes uniqueness.

A closer look at how Green’s formula enters into this argument will produce
both a generalization of the notion of energy conservation and a localization of this
uniqueness theorem to a result implying finite propagation speed for solutions to
the wave equation. Note that the identity (5.31) can be written as

(6.4) E.t2/ �E.t1/ D
Z t2

t1

Z
M

ut .ut t ��u/ dV dt C
Z t2

t1

Z
@M

ut
@u

@�
dS dt:

In particular, for u satisfying either the Dirichlet or Neumann condition on @M ,
with � D Œt1; t2� �M , we have

Z
�

ut .ut t ��u/ dV dt D

1

2

Z
ftDt2g

�jut j2 C jdxuj2�dV � 1

2

Z
ftDt1g

�jut j2 C jdxuj2�dV:
(6.5)

Next we want to look at the left side of (6.5) when � is a more general sort of
region in R �M than a product region Œt1; t2� �M .

First, we assume for simplicity that � does not intersect R � @M . We suppose
@� consists of two smooth surfaces, †1 and †2, as indicated in Fig. 6.1. We
denote by �t the intersection of � with ftg �M � R �M . Now, making use of
formula (2.19), we have

Z
�

ut .ut t ��u/ dV dt D
Z
�

@

@t

�1
2

u2t
�
dV dt C

Z
�

hdxut ; dxui dV dt

�
Z
�

divx.ut gradxu/ dV dt:
(6.6)
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FIGURE 6.1 Spacelike Bounded Region

Note that

(6.7) hdxut ; dxui D 1

2

@

@t
hdxu; dxui:

Applying the fundamental theorem of calculus to the first two integrals on the
right side of (6.6), and the divergence theorem to the last integral, we get

(6.8)
Z
�

ut .ut t��u/ dV dt D 1

2

Z
@�

�
u2t Chdxu; dxui�!�

Z Z
@�t

ut
@u

@�x
dSt dt:

Both integrals on the right side of (6.8) are integrals over @�. Here! is the volume
form onM , thought of as an n-form on R �M , pulled back to @�, and dSt is the
natural surface measure on @�t , thought of as a surface inM . We want to express
both ! and dSt dt in terms of the natural surface measure on @�, induced from
the inclusion @� � R�M , endowed with the natural product Riemannian metric.
Indeed, we easily obtain

(6.9) ! D Nt dS; dSt dt D jNxj dS;

where N D .Nt ; Nx/ is the outward unit normal to @� � R � M . Hence (6.8)
becomes

(6.10)
Z
�

ut .ut t ��u/ dV dt D 1

2

Z
@�

n�
u2t C jdxuj2�Nt � 2ut

@u

@�x
jNxj

o
dS:

Thus, if u satisfies the wave equation in �, we see that

Z
†2

n�
u2t C jdxuj2�jNt j � 2ut

@u

@�x
jNxj

o
dS

D
Z
†1

n�
u2t C jdxuj2�jNt j C 2ut

@u

@�x
jNxj

o
dS:

(6.11)
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FIGURE 6.2 Spacelike Sweep

This is a useful “energy identity” provided the integrands are positive-definite
quadratic forms in du D .ut ; dxu/. Note that Cauchy’s inequality implies

(6.12) 2
ˇ̌
ˇut @u

@�x

ˇ̌
ˇ � u2t C jdxuj2:

Thus the integrands have the desired property, provided

(6.13) jNxj < jNt j:

Definition. A surface † � R �M is called spacelike provided its normal N D
.Nt ; Nx/ satisfies (6.13). A vector satisfying (6.13) is called timelike.

Clearly any surface t D const. is spacelike, as is a small perturbation of such a
surface. Suppose � � R � M is bounded by spacelike surfaces †1 and †2 and
furthermore is swept out by spacelike surfaces †2.s/, as in Fig. 6.2. We call � a
domain of influence for its lower boundary†1.

Theorem 6.1. Suppose� � R�M is a domain of influence for its lower bound-
ary †1. If u solves the wave equation ut t � �u D 0 on R � M , and if u and
du D .ut ; dxu/ vanish on †1, then u vanishes throughout�.

Proof. The energy identity implies that du vanishes on each †2.s/; hence du
vanishes on�, so u is constant on �. Since u D 0 on †1, this constant is 0.

One interpretation of this theorem is that it shows that signals propagate at
speed at most 1. In other words, in the special case †1 D ft D 0g, if u.0; x/ D
f .x/ and ut .0; x/ D g.x/ vanish on some open set O � M , then the solution to
the wave equation vanishes on f.t; x/ W x 2 O; dist.x; @O/ > jt jg.

A slight variation of the argument above treats the case when @� consists of
three parts, †1 and †2, both spacelike as above, and a part in R � @M , provided
the solution u to ut t � �u D 0 satisfies the Dirichlet or Neumann boundary
condition.



166 2. The Laplace Equation and Wave Equation

Exercises

1. Use(1.24)–(1.28) to write out the explicit solution to the initial value problem (6.1)–
(6.2) in case � D @2=@x2 on R, and explicitly observe finite propagation speed in this
case.

2. Extend the finite propagation speed argument of Theorem 6.1 to the case where M has
a boundary, on which either the Dirichlet or Neumann boundary condition is imposed.

3. Consider the equations of linear elasticity, derived in (1.59), Lu D 0, where

Lu D mut t � 
�u � .�C 
/ grad div u:

Suppose 
 > 0; �C 2
 > 0;m > 0. For each .t; x/ 2 R � M; u.t; x/ 2 TxM . Take
M D Rn. Let � be a region in R � M of the form depicted in Fig. 6.1. Perform an
integration by parts of Z

�

ut � Lu dV dt;

along the lines of (6.6)–(6.10), to derive an identity similar to (6.11). What geometrical
conditions should be placed on †1 and †2, replacing the “spacelike” condition (6.13),
in order to ensure that the resulting integrands are positive-definite quadratic forms in
ru D .ut ;rxu/? Derive a finite propagation speed result.

7. Lorentz manifolds and stress-energy tensors

The analysis of the wave equation in the last section made strong use of the fact
that we were working with @2=@t2�� on a product R�M . We will take a deeper
look at the notion of energy, which will produce concepts that are important in the
study of the wave equation on more general Lorentz manifolds.

For starters, we will stick with the product case R � M; M a Riemannian
manifold. This has a natural structure of a Lorentz manifold, with metric

(7.1) h D �dt2 C g:

Contrast this with the Riemannian metric dt2Cg on R�M we considered in the
last section. In coordinates, hjk has the form

(7.2)
�
hjk

� D
� �1 0

0 g��

�
:

The stress-energy tensor T associated with u is supposed to be a symmetric,
second order tensor such that, if Z is a unit timelike vector (representing the
“world line” of an observer), then T .Z;Z/ gives the observed energy density.
The energy density .1=2/u2t C .1=2/hdxu; dxui encountered before specifies

(7.3) T00 D 1

2
u2t C 1

2
hdxu; dxui D u2t C 1

2
hdu; dui;
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where

(7.4) hdu; dui D hjk @j u @ku

is the Lorentz square-length of du. If we expect that T is constructed in a “natural”
manner from du and the metric tensor h, we are led to require

T .Z;Z/ D hZ; dui2 C 1

2
hdu; dui whenever hZ;Zi D �1:

If hZ;Zi D �z2, this leads to T .Z;Z/ D hZ; dui2 � .1=2/hdu; duihZ;Zi, and
polarizing this identity gives

(7.5) T .Z;W / D hZ; duihW;dui � 1

2
hdu; duihZ;W i:

This should hold for all vectorsZ;W . Equivalently, we write

(7.6) T D du ˝ du � 1

2
hdu; duih:

We call(7.6)the stress-energy tensor associated to a wave u D u.t; x/. See the
exercises for more on the construction of T .

More generally, let� be any Lorentz manifold, with metric tensor, of signature
.n; 1/, denoted h. The “Laplacian” in this metric is defined by

(7.7) �u D jhj�1=2 @j .hjk jhj1=2 @ku/ D hjkuIj Ik;

in analogy with the formula for the Laplace operator on a Riemannian manifold.
Here, jhj D jdet .hjk/j. The wave equation on a general Lorentz manifold is

(7.8) �u D 0:

In this more general context, it is still meaningful to assign to u the tensor T ,
defined by (7.5) and (7.6). We continue to call T the stress-energy tensor. We
have the following important result.

Proposition 7.1. For a solution to (7.8) on a general Lorentz manifold �, the
stress-energy tensor has vanishing divergence, that is,

(7.9) T jk Ik D 0:

More generally, for any u,

(7.10) T jk Ik D uIj�u:
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Proof. This is a straightforward calculation. We have

(7.11) T jk D uIj uIk � 1

2
hjkh��uI�uI� ;

where uIj D hjkuIk denotes the gradient. Hence, using hjk I` D 0, we obtain

T jk Ik D uIj IkuIk C uIjuIk Ik � 1

2
hjkh��uI�IkuI� � 1

2
hjkh��uI�uI�Ik

D uIj�u C uIj IkuIk � hjkh��uI�IkuI�
D uIj�u C uIj IkuIk � uI�Ij uI�:

Since, as we have seen, uIj Ik D uIkIj , we obtain (7.10), and the proposition
follows.

We have seen that the divergence theorem applies to reduce the integralR
�.div X/ dV to a boundary integral, when X is a vector field; in particular,

when X is a divergence-free vector field, it yields that a certain boundary integral
is zero or, equivalently, that integrals over two parts of @� are equal in magnitude.
However, T is not a divergence-free vector field; it is a second-order tensor field.
In general vanishing of div T will not lead to integral conservation laws. It will,
however, in the following case.

Suppose a Lorentz manifold� has a timelike Killing fieldZ, that is, a timelike
vector field whose flow preserves the metric tensor h. As derived in the Rieman-
nian case, the condition for the metric to be preserved is

(7.12) Zj Ik CZkIj D 0; Zj D hjkZ
k:

Here, “timelike” means that h.Z;Z/ < 0. This meansZ lies inside the light cone
determined by the Lorentz metric.

Lemma 7.2. If T jk is divergence free and Zk is a Killing field, then

(7.13) Xj D T jkZk is divergence free.

Proof. We have
Xj Ij D T jk IjZk C T jkZkIj :

Now the symmetry of T jk implies T jk Ij D 0 and

T jkZkIj D 1

2
T jk.ZkIj CZj Ik/ D 0;

assuming (7.12) holds. This proves the lemma.
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FIGURE 7.1 Timelike Curves

We denote the vector(7.13) by

(7.14) X D eTZ:
Suppose O is a region in the Lorentz manifold �, bounded by two surfaces †1
and †2, as in Fig. 7.1.

By (2.14)), we have

0 D
Z
O
.div eTZ/ dV D

Z
†1[†2

!c.eTZ/

D
Z
†1

heTZ; �1i dS �
Z
†2

heTZ; �2i dS;
(7.15)

where �j is the unit vector, normal to †j , with respect to the Lorentz metric h,
pointing in the same “forward” direction as Z. The last identity in (7.15) holds
in analogy with (2.15). We make the hypothesis as before, that †1 and †2 are
spacelike (i.e., �j are timelike), so it makes sense to specify that they lie inside
the forward light cone. Equation (7.15) is equivalent to

(7.16)
Z
†2

T .Z; �2/ dS D
Z
†1

T .Z; �1/ dS:

The volume element dS on †j is determined here by the Riemannian metric on
†j , induced by restricting the Lorentz metric h to tangent vectors to †j .

Again we seek to guarantee that the integrand in (7.16), which is a quadratic
form in du for T given by (7.5), is positive-definite. In order to check this at a
point p0 2 @O, choose a coordinate system such that

(7.17)
�
hjk.p0/

� D
� �1 0

0 I

�
; �.p0/ D .1; 0; : : : ; 0/t .� D �1 or �2/;

which is always possible. Suppose Z.p0/ D .Z0; Z1; : : : ; Zn/. The condition
that Z.p0/ belong to the forward light cone is
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(7.18) Z0 > 0; .Z0/2 > .Z1/2 C � � � C .Zn/2:

Now, if we set M D eT �, then, at p0,

(7.19) M 0 D �1
2

�
.@0u/2 C .@1u/2 C � � � C .@nu/2

�
; M j D .@0u/.@j u/;

if T is given by (7.5). Consequently, at p0,

T .Z; �/ D hZ;M i D �Z0M 0 C
nX
jD1

ZjM j

D 1

2
Z0

�
.@0u/2 C � � � C .@nu/2

� C
nX
jD1

Zj .@0u/.@ju/:

(7.20)

The positive definiteness of this quadratic form in .@0u; : : : ; @nu/ follows immedi-
ately from Cauchy’s inequality, granted (7.18). This definiteness calculation does
not use the hypothesis thatZ is a Killing field, of course. For positive definiteness
of T .Z; �/ in du, it suffices that Z and � both be nonzero timelike vectors inside
the forward light cone.

In order to emphasize that the dependence of T .Z; �/ on du has fundamental
significance, we adopt the following notation. Set

EZ;�.du/ D T .Z; �/

D �
du ˝ du � 1

2
hdu; duih�

.Z; �/

D hdu; Zihdu; �i � 1
2
hZ; �ihdu; dui:

(7.21)

The calculation above establishes the following result.

Lemma 7.3. If Z and � are nonzero timelike vectors pointing inside the forward
light cone, then

EZ;�.du/ is positive-definite in du:

Note that the identity (7.16) is

(7.22)
Z
†2

EZ;�2
.du/ dS D

Z
†1

EZ;�1
.du/ dS:

It follows that if O, as in Fig. 7.1, is swept out by spacelike surfaces, as in Fig. 7.2,
then the same argument as given in �6 leads to the uniqueness result: �u D 0 in
O; u and du D 0 on †1 imply u D 0 in O, provided � has a timelike Killing
field Z. This gives finite propagation speed for solutions to the wave equation on
such a Lorentz manifold.
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FIGURE 7.2 Spacelike Surfaces

If a Lorentz manifold � has no timelike Killing field, which is typical, then
natural energy identities such as (7.22) do not arise. However, there are inequali-
ties involving the stress-energy tensor, that are powerful enough to imply the local
uniqueness (finite propagation speed) of solutions to the wave equation �u D 0

on a general Lorentz manifold. In the next section we will establish this as a spe-
cial case of a more general result on hyperbolic equations.

Exercises

1. If M is a Lorentz manifold, S � M a hypersurface (codimension 1), show that S
is spacelike if and only if the metric tensor restricted to S is positive-definite. In the
product case (7.1), show that the definitions of “spacelike” given in this section and the
previous one are equivalent.

2. On RnC1, with coordinates .x0; : : : ; xn/, place the Lorentz inner product

hu; vi D �u0v0 C u1v1 C � � � C unvn:

Show that A W RnC1 ! RnC1, defined by

A.u0; u1; u2; : : : ; un/ D .u1; u0; u2; : : : ; un/

is skew-adjoint for the Lorentz metric (i.e., hAu; vi D �hu; Avi), and hence the group
F.t/ D etA preserves the Lorentz metric.

3. Consider the hyperboloids

M D Ms D fx 2 RnC1 W hx; xi D sg:
Show that Ms is spacelike if and only if s < 0.

4. If s > 0 and Ms is as in Exercise 3, show that Ms gets a Lorentz metric, induced from
RnC1. Show that the group F.t/ of Exercise 2 leaves Ms invariant and its generator is
a timelike Killing field on Ms .

5. We consider a general approach to constructing a second-order tensor of the form

T jk D Ajk`muI`uIm;

where Ajk`m is a tensor field of type .4; 0/, such that the conclusion (7.10) of Propo-
sition 7.1 holds. Let us assume that rA D 0. Show that

T jk Ik D Bjk`muIkI`uIm;
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where

B D P 23P 34A:

Here, P�� denotes the operation on tensors of type .4; 0/ of symmetrizing with respect
to the 
th and �th indices, for example, .P 23C/jk`m D .1=2/ŒC jk`m C C j`km�.
Consequently, (8.10) holds provided

P 23P 34A D H; H jk`m D hjmhk`:

6. Show that P�� are all projections of the same rank and H belongs to the range of P 23.
Show that Ker P 23 \R.P 34/ D 0 and hence

P 23 W R.P 34/ �! R.P 23/ is an isomorphism.

(Hint: If B 2 Ker P 23 \ R.P 34/, show that Bjk`m D �Bjmk`: .k ` m/ 7! .m k `/

is a cyclic permutation of order 3, so apply this transformation three times.)
7. Deduce that the equation P 23P 34A D H has a solution A, given uniquely, mod Ker
P 34, and hence that the tensor T jk D Ajk`muI`uIm is uniquely determined by the
conditions set in Exercise 5.

8. Show that, for general smooth scalar u, with T defined by (7.6), then

(7.23) div eTZ D .Zu/�u C hT;Def.Z/i;
where Def.Z/ is the deformation tensor of Z, with components .1=2/.Zj Ik C ZkIj /
and hT; V i D T jkVjk . This implies Lemma 7.2. Show that (7.23) follows from the
general identity

(7.24) div.eTZ/ D hZ; div T i C hT;Def Zi:

8. More general hyperbolic equations; energy estimates

In this section we derive estimates for a solution to a nonhomogeneous hyperbolic
equation of the form

(8.1) Lu D f in �;

where L is given in local coordinates by

(8.2) Lu D hjk @j @ku C bj .x/ @j u C c.x/u:

By definition, to say L is hyperbolic is to say that .hjk/ is a symmetric matrix of
signature .n; 1/, if dim � D n C 1. One can then use the inverse matrix .hjk/
to define a Lorentz metric on �, and in view of the formula (7.7), we can write
(8.2) as

(8.3) Lu D �u CXu;

for some first-order differential operatorX on �.
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FIGURE 8.1 Spacelike Bounded Regions

Suppose O � � is bounded by two surfaces†1 and†2, both spacelike. As at
the end of �7, we suppose that O is swept out by spacelike surfaces. Specifically,
we suppose that there is a smooth function on a neighborhood of O, which in fact
we denote by t , such that dt is timelike, and set

O.s/ D O \ ft � sg; †2.s/ D O \ ft D sg:

We suppose O is swept out by †2.s/; s0 � s � s1, as illustrated in Fig. 8.1, with
†2 D †2.s1/. Also set

†b1.s/ D †1 \ ft � sg:
As in (7.15), the divergence theorem implies

(8.4)
Z

†2.s/

EZ;�2
.du/ dS D

Z

†b
1
.s/

EZ;�1
.du/ dS �

Z
O.s/

.div eTZ/ dV;

where EZ;�.du/ is defined by (7.21) and T by (7.5), though at this point it is not
physically meaningful in general to think of T as the stress-energy tensor. Here �1
is the forward-pointing unit normal to †1, with respect to the Lorentz metric, and
�2 is the normalization of grad t , the vector field obtained from dt via the Lorentz
metric. Z is any timelike vector field; we will set Z D �2. Note that Lemma 7.3
applies to the integrands EZ;�j

.du/.
We no longer have div eTZ D 0, but we can estimate this quantity, as follows.

First,

(8.5) div eTZ D T jk Ikhj`Z` C T jkhj`Z
`Ik D hdiv T;Zi C hT;rZi:

The term hT;rZi is a quadratic form in du, and hence, by Lemma (7.7), we have
an estimate

(8.6) jhT;rZij � K EZ;Z.du/:
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As for the first term on the right side of (8.5), (7.10) implies

(8.7) div T D .grad u/�u:

If u satisfies Lu D f , this implies

(8.8) div T D .grad u/.f � Xu/:

Cauchy’s inequality together with Lemma 7.3 gives an estimate

(8.9) jhdiv T;Zij � K EZ;Z.du/CKjuj2 CKjf j2:

Consequently, (8.4) yields the estimate

(8.10)

Z
†2.s/

EZ;Z.du/ dS �
Z

†b
1
.s/

EZ;�1
.du/ dS CK

Z
O.s/

�
2EZ;Z.du/C juj2 C jf j2� dV:

Suppose that u satisfies the following initial conditions on †1:

(8.11) u D g; du D ! on †1:

We want to estimate the left side of (8.10) in terms of f; g, and !. Our first goal
will be to deive a variant of (8.10) without the juj2 term. We can work on the termR
O.s/ juj2 dV on the right side of (8.10) as follows. An easy consequence of the

fundamental theorem of calculus, Cauchy’s inequality, and Lemma 7.3 gives

(8.12)
Z

O.s/

juj2 dV � C

Z

†b
1
.s/

jgj2 dS C C

Z
O.s/

EZ;Z.du/ dV;

which can be applied to (8.10).
At this point, it is convenient to set

(8.13) E.s/ D
Z

O.s/

EZ;Z.du/ dV:

We will want to estimate the rate of change of E.s/. Clearly,

(8.14)
dE

ds
� C

Z
†2.s/

EZ;Z.du/ dS;



8. More general hyperbolic equations; energy estimates 175

and hence, by (8.10)–(8.12), we have an estimate of the form

(8.15)
dE

ds
� CE.s/C F.s/;

where

(8.16) F.s/ D C

Z
†1

�
EZ;Z.!/C jgj2� dS C C

Z
O.s/

jf j2 dV:

Note that (8.15) is equivalent to

(8.17)
d

ds

�
e�CsE.s/

� � e�CsF.s/;

and since E.s0/ D 0, we have

(8.18) e�CsE.s/ �
Z s

s0

e�CrF.r/ dr:

In view of (8.16), this establishes the following “energy estimate.”

Proposition 8.1. If u solves the hyperbolic equation Lu D f of the form (8.3),
with initial data (8.11) on †1, and if O.s/ satisfies the geometrical hypotheses
made above and illustrated in Fig. 8.1, then

(8.19)
Z

O.s/

EZ;Z.du/ dV � C.s � s0/

Z
†1

�jgj2 C j!j2� dS C C

Z
O.s/

jf j2 dV;

for s 2 Œs0; s1�.
In particular, if g and ! vanish on†1 and f vanishes on O, then (8.19) implies

du D 0 on O, so u is constant on O, that constant being g D 0. This gives the
local uniqueness (finite propagation speed) for solutions to the homogeneous
hyperbolic equation Lu D 0, extending the result of �7.

We note that, using (8.10) and (8.12), we deduce from (8.19) that

(8.20)
Z

†2.s/

EZ;Z.du/ dS � C

Z
†1

�jgj2 C j!j2� dS C C

Z
O.s/

jf j2 dV:
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Exercises

1. Prove the estimate

.1 � "/

Z 1

0
ju.s/j2 ds � ju.0/j2 C C"

Z 1

0
ju0.s/j2 ds:

What is the best value of C" that will work?
2. Give a detailed proof of the estimate (8.12).
3. Sharpen the estimate (8.19) to

(8.21)
Z

O.s/
EZ;Z.du/ dV � C.s � s0/

Z
†1

�jgj2 C j!j2�
dS C C.s � s0/

Z
O.s/

jf j2 dV;

under the hypotheses of Proposition 8.1. (Hint: Use (8.18) more carefully.)
4. Work out generalizations of the energy estimates (8.10)–(8.19) when u satisfies the

semilinear PDE

(8.22) �u D f .x; u; du/:

Formulate and prove a finite propagation speed result in this case.
(Hint: Given solutions u1 and u2 to (8.22), derive a linear PDE for w D u1 � u2, to get
the finite propagation speed result.)

9. The symbol of a differential operator and a general
Green–Stokes formula

Let P be a differential operator of orderm on a manifoldM I P could operate on
sections of a vector bundle. In local coordinates, P has the form

(9.1) P u.x/ D
X

j˛j�m
p˛.x/D

˛u.x/;

where D˛ D D
˛1

1 � � �D˛n
n ; Dj D .1=i/ @=@xj . The coefficients p˛.x/ could be

matrix valued. The homogeneous polynomial in � 2 Rn .n D dim M/,

(9.2) pm.x; �/ D
X

j˛jDm
p˛.x/�

˛ ;

is called the principal symbol (or just the symbol) of P . We want to give an
intrinsic characterization, which will show that pm.x; �/ is well defined on the
cotangent bundle ofM . For a smooth function  , a simple calculation, using the
product rule and chain rule of differentiation, gives

(9.3) P
�
u.x/ei� 

� D �
pm.x; d /u.x/�

m C r.x; �/
�
ei� ;
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where r.x; �/ is a polynomial of degree � m � 1 in �. In (9.3), pm.x; d / is
evaluated by substituting � D .@ =@x1; : : : ; @ =@xn/ into (9.2). Thus the formula

(9.4) pm.x; d /u.x/ D lim
�!1

��me�i� P
�
u.x/ei� 

�

provides an intrinsic characteristization of the symbol ofP as a function on T �M .
We also use the notation

(9.5) �P .x; �/ D pm.x; �/:

If

(9.6) P W C1.M;E0/ �! C1.M;E1/;

where E0 and E1 are smooth vector bundles over M , then, for each .x; �/ 2
T �M ,

(9.7) pm.x; �/ W E0x �! E1x

is a linear map between fibers. It is easy to verify that if P2 is another differential
operator, mapping C1.M;E1/ to C1.M;E2/, then

(9.8) �P2P .x; �/ D �P2
.x; �/�P .x; �/:

If M has a Riemannian metric, and the vector bundles Ej have metrics, then
the formal adjoint P t of a differential operator of orderm like (9.6) is a differen-
tial operator of orderm:

P t W C1.M;E1/ �! C1.M;E0/;

defined by the condition that

(9.9) .P u; v/ D .u; P tv/

if u and v are smooth, compactly supported sections of the bundlesE0 andE1. If u
and v are supported on a coordinate patch O onM , over whichEj are trivialized,
so u and v have components u� ; v� , and if the metrics on E0 and E1 are denoted
h�ı ; Qh�ı , respectively, while the Riemannian metric is gjk , then we have

(9.10) .P u; v/ D
Z
O

Qh�ı.x/
�
P u

��
vı

p
g.x/ dx:

Substituting (9.1) and integrating by parts produce an expression for P t , of the
form

(9.11) P tv.x/ D
X

j˛j�m
pt˛.x/D

˛v.x/:
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In particular, one sees that the principal symbol of P t is given by

(9.12) �P t .x; �/ D �P .x; �/
t :

Compare this with the specific formula (2.22) for the formal adjoint of a real
vector field, which has a purely imaginary symbol.

Now suppose M is a compact, smooth manifold with smooth boundary. We
want to obtain a generalization of formula (2.24), that is,

(9.13) .Xu; v/� .u; X tv/ D
Z
@M

h�;Xiuv dS;

to the case whereP is a general first-order differential operator, acting on sections
of a vector bundle as in (9.6). Using a partition of unity, we can suppose that u
and v are supported in a coordinate patch O in M . If the patch is disjoint from
@M , then of course (9.9) holds. Otherwise, suppose O is a patch in RnC. If the
first-order operator P has the form

(9.14) P u D
nX
jD1

aj .x/
@u

@xj
C b.x/u;

then

(9.15)
Z
O

hP u; vi p
g dx D

Z
O

h nX
jD1

haj .x/ @u

@xj
; vi C hb.x/u; vi

ip
g dx:

If we apply the fundamental theorem of calculus, the only boundary integral
comes from the term involving @u=@xn. Thus we have

(9.16)Z
O

hP u; vipg dx D
Z
O

hu; P tvipg dx �
Z

Rn�1

han.x0; 0/u; vi
p
g.x0; 0/ dx0;

where dx0 D dx1 � � �dxn�1. If we pick the coordinate patch so that @=@xn is the
unit inward normal at @M , then

p
g.x0; 0/ dx0 is the volume element on @M , and

we are ready to establish the following Green–Stokes formula:

Proposition 9.1. If M is a smooth, compact manifold with boundary and P is a
first-order differential operator (acting on sections of a vector bundle), then

(9.17) .P u; v/ � .u; P tv/ D 1

i

Z
@M

h�P .x; �/u; vi dS:
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Proof. The formula (9.17), which arose via a choice of local coordinate chart, is
invariant and hence valid independent of choices.

As in (9.13), � denotes the outward-pointing unit normal to @M ; we use the
Riemannian metric on M to identify tangent vectors and cotangent vectors.

We will see an important application of (9.17) in the next section, where we
consider the Laplace operator on k-forms.

Exercises

1. Consider the divergence operator acting on (complex-valued) vector fields:

div W C1.�;Cn/ �! C1.�/; � � Rn:

Show that its symbol is given by

�div.x; �/v D ihv; �i:
2. Consider the gradient operator acting on (complex valued) functions:

grad W C1.�/ �! C1.�;Cn/; � � Rn:

Show that its symbol is
�grad.x; �/ D i�:

3. Consider the operator

L D grad div W C1.�;Cn/ �! C1.�;Cn/:

Show that its symbol is
�L.x; �/ D �j�j2P� ;

where P� 2 End.Cn/ is the orthogonal projection onto the (complex) linear span of � .
4. What is the symbol of the operator

P D 
�C .�C 
/ grad div;

which appears in the equation (1.59) of linear elasticity? What are the eigenvalues of
the symbol, for given � 2 Rn?

5. Generalize Exercises 1–3 to the case of a Riemannian manifold.
6. LetL be a constant-coefficient, second-order, homogeneous, linear differential operator

acting on functions on Rn with values in Ck , of the form

Lu D
X

j˛jD2
A˛ D

˛u; A˛ 2 End.Ck/:

Let � 2 Rn n 0. A “plane wave” solution to ut t � Lu D 0 is a Ck-valued function
u.t; x/ of the form

u.t; x/ D v.t; x � �/;
with v.t; y/ a Ck-valued function on R � R. Show that the PDE for v becomes

vt t �Mvyy D 0;
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with
M D ��L.x; �/:

In case �L.x; �/ is negative-definite with eigenvalues �c2j D �cj .�/2, show that
the initial-value problem for v can be solved in terms of the formula for the one-
dimensional wave equation derived in �1.

7. Consider the equation of linear elasticity from (1.59):

mwt t � 
�w � .�C 
/ grad div w D 0:

Suppose 
 > 0; 2
 C � > 0. Fix � 2 Rn n 0. Using the results of Exercises 4 and
6, analyze plane wave solutions w.t; x/ D v.t; x � �/. Show that if n � 2, there are
two propagation speeds. The faster and slower waves are called “p-waves” (pressure
waves) and “s-waves” (shear waves), respectively. If n D 1, only p-waves arise.

10. The Hodge Laplacian on k-forms

If M is an n-dimensional Riemannian manifold, recall the exterior derivative

(10.1) d W ƒk.M/ �! ƒkC1.M/;

satisfying

(10.2) d 2 D 0:

The Riemannian metric on M gives rise to an inner product on T �
x for each

x 2 M , and then to an inner product on ƒkT �
x , via

(10.3) hv1 ^ � � � ^ vk; w1 ^ � � � ^ wki D
X
	

.sgn �/hv1; w	.1/i � � � hvk; w	.k/i;

where � ranges over the set of permutations of f1; : : : ; kg. Equivalently, if
fe1; : : : ; eng is an orthonormal basis of T �

xM , then fej1
^ � � � ^ ejk

W j1 < j2 <

� � � < jkg is an orthonormal basis of ƒkT �
xM . Consequently, there is an inner

product on k-forms (that is, sections ofƒk) given by

(10.4) .u; v/ D
Z
M

hu; vi dV.x/:

Thus there is a first-order differential operator

(10.5) ı W ƒkC1.M/ �! ƒk.M/;

which is the formal adjoint of d , that is, ı is characterized by

(10.6)
.du; v/ D .u; ıv/; u 2 ƒk.M/; v 2 ƒkC1.M/; compactly supported:
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We set ı D 0 on 0-forms. Of course, (10.2) implies

(10.7) ı2 D 0:

There is a useful formula for ı, involving d and the “Hodge star operator,” which
will be derived in Chap. 5, �8.

The Hodge Laplacian on k-forms,

(10.8) � W ƒk.M/ �! ƒk.M/;

is defined by

(10.9) �� D .d C ı/2 D dı C ıd:

Consequently,

(10.10) .��u; v/ D .du; dv/C .ıu; ıv/; for u; v 2 C1
0 .M;ƒ

k/:

Since ı D 0 on ƒ0.M/, we have �� D ıd onƒ0.M/.
We will obtain an analogue of (10.10) for the case where M is a compact

manifold with boundary, so a boundary integral appears. To obtain such a formula,
we specialize the general Green–Stokes formula (9.17) to the cases P D d and
P D ı. First, we compute the symbols of d and ı. Since, for a k-form u,

(10.11) d.u ei� / D i�ei� .d / ^ u C ei� du;

we see that

(10.12)
1

i
�d .x; �/u D � ^ u:

As a special case of (9.12), we have

(10.13) �ı.x; �/ D �d .x; �/
t :

The adjoint of the map (10.12) from ƒkT �
x to ƒkC1T �

x is given by the interior
product

(10.14) 
�u D ucX;

where X 2 Tx is the vector corresponding to � 2 T �
x under the isomorphism

Tx � T �
x given by the Riemannian metric. Consequently,

(10.15)
1

i
�ı.x; �/u D �
�u:
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Now, the Green–Stokes formula (9.17) implies, for M a compact Riemannian
manifold with boundary,

.du; v/ D .u; ıv/C 1

i

Z
@M

h�d .x; �/u; vi dS

D .u; ıv/C
Z
@M

h� ^ u; vi dS;
(10.16)

and

.ıu; v/ D .u; dv/C 1

i

Z
@M

h�ı.x; �/u; vi dS

D .u; dv/�
Z
@M

h
�u; vi dS:
(10.17)

Recall that � is the outward-pointing unit normal to @M .
Consequently, our generalization of (10.10), and also of (4.8), is

�.�u; v/ D .du; dv/C .ıu; ıv/

C 1

i

Z
@M

�h�d .x; �/ ıu; vi C �ı.x; �/ du; vi�dS(10.18)

or, equivalently,

�.�u; v/ D .du; dv/C .ıu; ıv/

C
Z
@M

�h� ^ .ıu/; vi � h
�.du/; vi�dS:(10.19)

Taking adjoints of the symbol maps, we can also write

�.�u; v/ D .du; dv/C .ıu; ıv/

C
Z
@M

�hıu; 
�vi � hdu; � ^ vi�dS:(10.20)

Let us note what the symbol of � is. By (10.12) and (10.15),

(10.21) ��
.x; �/u D 
�� ^ u C � ^ 
�u:

If we perform the calculation by picking an orthonormal basis for T �
x of the form

fe1; : : : ; eng with � D j�je1, we see that

(10.22) �
.x; �/u D �j�j2u:
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In other words, in a local coordinate system, we have, for a k-form u,

(10.23) �u D gj`.x/ @j @`u C Yku;

where Yk is a first-order differential operator.
A differential operator P W C1.M;E0/ ! C1.M;E1/ is said to be elliptic

provided �P .x; �/ W E0x ! E1x is invertible for each x 2 M and each � ¤ 0.
By (10.22), the Laplace operator on k-forms is elliptic.

Of course, the definition ��D ıd for the Laplace operator on 0-forms
coincides with the definition given in �4. In this regard, it is useful to note
explicitly the following result about ı on 1-forms. Let X be a vector field and �
the 1-form corresponding to X under a given metric:

(10.24) g.Y;X/ D hY; �i:

Then

(10.25) ı� D � div X:

This identity is equivalent to (2.18) and the definition of ı as the formal adjoint
of d .

We end this section with some algebraic implications of the symbol formula
(10.21)–(10.22) for the Laplace operator. If we define ^� W ƒ�T �

x ! ƒ�T �
x

by ^�.!/ D � ^ !, and define 
� as above, by (10.14), then the content of this
calculation is

(10.26) ^� 
� C 
�^� D j�j2:

As we have mentioned, this can be established by picking �=j�j to be the first
member of an orthonormal basis of T �

x . Extending the identity (10.26), we have

(10.27) ^� 
� C 
�^� D h�; �i;

a result that follows from the formula (13.37) of Chap. 1. Note also the connection
with (2.26).

Exercises

1. Show that the adjoint of the exterior product operator �^ is 
� , as asserted in (10.14).

2. If ˛ D P
ajk.x/ dxj ^ dxk and aj k D gk`aj`, relate ı˛ to the divergence aj k Ik ,

as defined in (3.29).
3. Using (10.20), write down an expression for

.�u; v/� .u;�v/

as a boundary integral, when u and v are k-forms.
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4. Relate the characterization (10.3) of the inner product on ƒ�T �
x arising from an inner

product on T �
x , to that given in the following section, before (11.24).

5. Let ! 2 ƒn.M/; n D dimM , be the volume form of an oriented Riemannian manifold
M . Show that ı! D 0. (Hint: Compare (10.6)with the special case of Stokes’ formulaR
M du D 0 for u 2 ƒn�1.M/, compactly supported.)

6. Given the result of Exercise 5, show that Stokes’ formula
R
M du D R

@M u, for u 2
ƒn�1.M/, follows from (10.16).

7. If f 2 C1.M/ and u 2 ƒk.M/, show that

ı.f u/ D f ıu � 
.df /u:

8. For a vector field u on the Riemannian manifold M , let Qu denote the associated 1-form.
Show that

ı.Qu ^ Qv/ D .div v/Qu � .div u/ Qv � eŒu; v�;

foreu;ev 2 ƒ1.M/. Reconsider this problem after reading Chap. 5, �8.

11. Maxwell’s equations

The equations governing the electromagnetic field are one of the major triumphs
of theoretical physics. We list them here, for the electric field E and the magnetic
field B , in a vacuum:

div B D 0;(11.1)

@B

@t
C curl E D 0;(11.2)

div E D 4��;(11.3)

@E

@t
� curl B D �4�J:(11.4)

Here, � is the charge density and J the electric current. Units are chosen so that
the speed of light is 1. Here we are glossing over the distinction between two
types of electric field, typically denoted E and D, and two types of magnetic
field, typically denoted B and H , and their relation via “dielectric constants.”
Material on this may be found in texts on electromagnetism, such as [Ja].

Of the four equations above, (11.1) and (11.3) have a relatively elementary
character. Equation, known as Gauss’ law, follows in the case of stationary
charges from the statement that a charge e at a point p 2 R3 produces an electric
field

E.x/ D e
x � p

jx � pj3 ;

which is Coulomb’s law. Equation (11.1) is the statement that there are no mag-
netic charges. Both of these laws are well supported by experiments. We note
parenthetically that there is reason to believe that at high energies magnetic
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charges might exist. A theoretical framework for this is provided by a modifi-
cation of the theory of the electromagnetic field, called the “electroweak theory.”
But that is a story that we will not try to relate in this book. As one reference, we
mention [IZ].

The equations (11.2) and (11.4) are more subtle. Equation (11.2), which im-
plies that a changing magnetic field produces an electric field, is called Faraday’s
law. One implication of (11.4) is that an electric current produces a magnetic field;
this is exploited in electric motors. The first quantitative expression of this effect
written down was

curl B D 4�J;

which is valid when all quantities involved are independent of time. It breaks down
when variation with time is allowed. Indeed, the left side must have vanishing
divergence, but in the time-varying case one has, not div J D 0, but rather the
following law of conservation of charge:

(11.5)
@�

@t
C div J D 0:

Maxwell produced the modification (11.4), which completed the set of equations
for the electromagnetic field.

Careful thought about the implications of Maxwell’s equations, together with
the experimental fact that two observers moving with respect to each other would
measure the speed of light to be the same, led to the development of Einstein’s
theory of relativity. We will not discuss how this was done. Rather, following
J. Wheeler, we will reverse the historical order. We will rewrite (11.1)–(11.4)
in an invariant fashion, depending only on the Lorentz metric �dx20 C dx21 C
dx22 C dx23 on Minkowski spacetime R4 rather than a particular Cartesian prod-
uct decomposition of R4 into time R and space R3. We can then show that, within
the relativistic framework, the subtle (11.2) and (11.4) actually follow from the
“simple” (11.1) and (11.3).

We bring in the 2-form (with t D x0)

(11.6) F D
3X
1

Ej dxj ^dtCB1 dx2^dx3CB2 dx3^dx1CB3 dx1^dx2:

In �18 of Chap. 1 it was shown how this form arises naturally in the relativistic
expression of how the electromagnetic field acts on a charged particle to make it
move. A calculation of the exterior derivative gives

(11.7) dF D
3X
1

�@B
@t

C curl E
	
j
.	dxj / ^ dt C .div B/ dx1 ^ dx2 ^ dx3;
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where, for 1 � j � 3, we set

	dxj D dxk ^ dx`; .j; k; `/ a cyclic permutation of .1; 2; 3/:

Consequently, (11.1) and (11.2) together are equivalent to the equation

(11.8) dF D 0:

On the other hand, (11.1) alone is equivalent to the following. For fixed T , define
�T W R3 ! R4 by �T .x0/ D .T; x0/. Then (11.1) holds at t D T if and only if

(11.9) ��
T dF D 0:

Now, in the relativistic set-up, any physical law that is valid on all surfaces t D
const. in R4 should be valid on all spacelike hyperplanes in R4. But the following
result is easy to establish.

Lemma 11.1. Let 0 � k � 3, and suppose ˛ 2 ƒk.R4/ has the property that

(11.10) ��˛ D 0;

for every inclusion � W S ! R4 of spacelike hyperplanes in R4. Then ˛ D 0.

Applying this to ˛ D dF , we see how (11.1) yields (11.2).
We will be able to rewrite(11.3)–(11.4) using the “adjoint” to d :

(11.11) dF W ƒk.R4/ �! ƒk�1.R4/;

defined like ı D d� in �10, but using an inner product coming from the Lorentz
metric. Thus, for compactly supported u,

(11.12) L.du; v/ D L.u; dFv/;

for a .k � 1/-form u and a k-form v, where the inner product of two k-forms vj
is

(11.13) L.v1; v2/ D
Z

hv1; v2i dx0 � � � dx3;

the integral of the pointwise inner product, characterized as follows.
A form dxj1

^ � � � ^ dxjk
with distinct j�’s has square norm "j1

� � � "jk
, where

"0 D �1; "1 D "2 D "3 D 1. Two such forms are orthogonal unless their sets of
indices fj1; : : : ; jkg coincide. A straightforward calculation yields

(11.14) dFgk`.x/ dxk ^ dx` D �
X
i;j

"j ".i; j I k; `/ @gk`
@xi

dxj ;
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where

(11.15) ".i; j I k; `/ D hdxi ^ dxj ; dxk ^ dx`i

is characterized above. This is 0 unless fi; j g D fk; `g, and we can rewrite
(11.14) as

(11.16) dFgk`.x/ dxk ^ dx` D ".k; `I k; `/
h
"k
@gk`

@x`
dxk � "`

@gk`

@xk
dx`

i
:

This implies

(11.17) dF
3X
1

Ej dxj ^ dx0 D �.div E/ dx0 �
3X
1

@Ej

@t
dxj ;

and

(11.18) dF�
B1 dx2^dx3CB2 dx3^dx1CB3 dx1^dx2

� D
3X
1

.curl B/j dxj :

Thus (11.3) and (11.4) together are equivalent to the equation

(11.19) dFF D 4�J b;

where

(11.20) J b D �� dt C
3X
1

Jk dxk :

Thus J b is the 1-form associated via the Lorentz metric to the vector

(11.21) J D .�; J /;

called the charge-current 4-vector.
In this case, (11.3) alone is equivalent to the identity

(11.22)
�
dFF � 4�J b

�c @
@t

D 0:

Again, in the relativistic set-up, such a physical law ought to be independent of
the choice of timelike vector field with which to take the interior product. Thus, if
we assume that F has an invariant significance as a 2-form and also that J b has
an invariant significance as a 1-form, we are in a position to apply the following.
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Lemma 11.2. If 1 � k � 4 and ˛ 2 ƒk.R4/ has the property that

(11.23) ˛cV D 0

for all timelike vectors V , then ˛ D 0.

Applying this to ˛ D dFF � 4�J b , we see how (11.3) yields (11.4).
The pair of Maxwell equations (11.8), (11.19) make sense on any Lorentz man-

ifold of dimension 4 and provide the appropriate equations for an electromagnetic
field in curved spacetime. To define dF, one uses the formula (11.12), replacing
dx0 � � �dx3 by the natural volume element on a general Lorentz manifold M in
(11.13).

This construction defines dF for Lorentz manifolds of any dimension. The
inner product in the integrand in (11.13) can be characterized as follows. To the
Lorentz inner product on V D TxM corresponds an isomorphism Q W V ! V 0
satisfying Q0 D Q (with V 00 D V ). This induces isomorphisms

Qk W ƒkV ! ƒkV 0 � �
ƒkV

�0
;

with the same symmetry property, yielding inner products on ƒkV; 0 � k �
m D dim M . Equivalently, if you pick an “orthonormal” basis fv0; : : : ; vm�1g
of V; satisfying hv0; v0i D �1; hvj ; vj i D 1 for 1 � j � m � 1, then the
characterization given after (11.13) is easily extended.

In analogy with (10.9), it is of interest to form the second-order operator

(11.24) �� D .d C dF/2 D ddF C dFd:

A calculation similar to (10.23) gives

(11.25) �u D hj`.x/ @j @`u C Yku;

for a k-form u, where .hj`/ is formed from the Lorentz metric tensor, as in (7.7),
and Yk is a first-order differential operator. On 0-forms, this operator is exactly
(7.7). For Minkowski spacetime R4; � is just �@2=@x20 CP3

1 @
2=@x2j , acting on

each component of a k-form.
The equations dF D 0; dFF D 4�J b imply that F satisfies the “wave

equation”

(11.26) �F D �4� dJ b :

The results developed in �8 for scalar hyperbolic operators of the type (8.2) are
easily extended to cover the operator � constructed here, which by (11.25) has
scalar principal part.
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In particular, finite propagation speed arguments apply to solutions to
Maxwell’s equations. Existence of solutions, including propagation of electro-
magnetic waves in regions bounded by perfect conductors, is studied in Chap. 6.

The energy in an electromagnetic field in R4 D R � R3 is

(11.27) V.t/ D 1

8�

Z
R3

�jE.t; x/j2 C jB.t; x/j2�dx:

If (11.1)– (11.4) hold, then

(11.28)
4�

dV

dt
D

�@E
@t
; E

	
C

�@B
@t
; B

	

D .curl B;E/� .curl E;B/� 4�.J;E/:

If E.t; x/ and B.t; x/ decrease sufficiently rapidly as jxj ! 1, we have

(11.29) .curl B;E/ D .B; curl E/;

as can be established by integration by parts. Hence

(11.30)
dV

dt
D �

Z

R3

J.t; x/ �E.t; x/ dx:

In particular, for J D 0 we have conservation of V.t/.
One can construct a stress-energy tensor T due to the electromagnetic field,

by an argument similar to that of �7. First note that, with F given by (11.6), we
have

(11.31) hF ;Fi D jBj2 � jEj2:

Equivalently,

(11.32) Tr eF2 D 2.jEj2 � jBj2/;

where eF is the tensor field of type .1; 1/ associated to F . Note also that
�eF2�00 D

jEj2. Thus a natural construction of T giving rise to T00 D .1=8�/.jEj2CjBj2/ is

(11.33) eT D � 1

4�

�eF2 � 1

4
.Tr eF2/I	

D � 1

4�

�eF2 C 1

2
hF ;FiI

	
;

where eT is the tensor field of type .1; 1/ associated with T . In index notation,

(11.34) Tij D 1

4�

�
FimFj m � 1

4
hijFmnFmn

�
;
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where .hij / is the Lorentz metric tensor. In this case, in analogy with (7.10), one
obtains

(11.35) T jk Ik D �Fj kJ k ;

provided the Maxwell equations (11.8) and (11.19) hold. Equivalently, with bT
denoting the tensor field of type .2; 0/ associated with T ,

(11.36) div bT D �eFJ :

If the electromagnetic field F is defined on a Lorentz 4-manifold which is
simply connected, the equation dF D 0 implies the existence of a 1-form A such
that F D dA. We can define the Lagrangian

(11.37) L D � 1

8�
hF ;Fi D � 1

8�
hdA; dAi;

with inner product as in (11.31). The action integral I.A/ D R
L dV satisfies, for

a compactly supported 1-form ˇ,

(11.38)
d

d�
I.A C �ˇ/

ˇ̌
�D0 D � 1

4�

Z
hdˇ; dAi dV D � 1

4�

Z
hˇ; dFdAi dV;

so the stationary condition ı
R
L dV D 0 is equivalent to dFdA D 0, that

is, to the rest of Maxwell’s equations (11.19), in case J D 0. Thus (11.37)
is the appropriate Lagrangian for the electromagnetic field, in order to produce
Maxwell’s equations in empty space. If the current J is given (subject to the con-
dition dFJ D 0), and F D dA, then the (11.19) is the stationary condition
ı

R
L dV D 0 for the Lagrangian

(11.39) L D � 1

8�
hF ;Fi C hA;J i:

In typical problems the current is not given in advance, but is itself influenced
by the electromagnetic force. The nature of the influence involves the masses of
the substances that carry charges, whose motion produces the current. Then the
Maxwell equations are coupled to other equations, which are often nonlinear. We
describe a model for one example.

Suppose we have a diffuse cloud of electrons, in otherwise empty space. We
model this as a continuous charged substance, whose motion is described by a
4-velocity vector field u, satisfying hu; ui D �1, yielding a current J D �u,
where � dV is the charge density, measured by an observer whose velocity is u.
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Taking a cue from the Lagrangian (18.20) of Chap. 1, derived to reflect the rela-
tivistic Lorenz force law, we use the Lagrangian

(11.40) L D � 1

8�
hF ;Fi C hA;J i C 1

2

hu; ui D L1 C L2 CL3;

where 
dV is the mass density, measured by an observer whose velocity is u. We
are assuming that only one type of matter is present, so � is a constant multiple
of 
. In more general cases there would be additional terms in the Lagrangian.

We look at I.A; u/ D I1 C I2 C I3. The term I3 is independent of A, and as
above we have

(11.41)
@

@�
I.A C �ˇ; u/

ˇ̌
�D0 D

Z h
� 1

4�
hˇ; dFdAi C hˇ;J i

i
dV:

The stationary condition this yields is again the Maxwell equation (11.19). Next
we compute .@=@�/I

�
A; u.�/

�ˇ̌
�D0, where u.�/ is a one-parameter family of

velocity fields on M , obtained by varying the electron trajectories. There is no
variation in I1, so we need to consider I2 and I3.

We first treat the variation of I3, in a manner parallel to the calculations
(11.17)– (11.26) in Chap. 1, leading to the geodesic equations. To do this, we pa-
rameterize the electron trajectories by X W � � I ! M; X.y; s/ D x; u D
@sX . We suppose the mass density is constant in .y; s/-coordinates, say m,
so m dy ds D 
 dV . Since u D @=@s in .y; s/-coordinates, this implies
Lu.
 dV / D 0, or

(11.42) div .
u/ D 0;

where div is computed using the Lorentz metric on M . Our hypothesis amounts
to the law of conservation of matter. If we vary this map, using X.y; s; �/, then

(11.43)
d

d�

Z
1

2

hu; ui dV D

Z
1

2
mLwhu; ui dy ds D

Z
mhrwu; ui dy ds;

where @�X D w. Using Œ@s ; @� � D 0, convert this last integral to

(11.44) �
Z
mhw;ruui dy ds Cm

Z
Luhw; ui dy ds:

The last integral here vanishes for a compactly supported perturbation, by the
fundamental theorem of calculus, so

(11.45)
d

d�
I3

�
A; u.�/

�ˇ̌
�D0 D �

Z
hw;ruuim dy ds D �

Z
hw;
ruui dV:

We now treat the variation of I2, also using .y; s/-coordinates. Since � is a
constant multiple of 
, we have � dV D e dy ds for some constant e, and,
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parallel to (11.42), we have conservation of electric charge, div.�u/ D 0 (i.e., div
J D 0), which is equivalent to (11.5) whenM is Minkowski space. We have

(11.46)
d

d�

Z
hA;J i dV D

Z
eLwhA; ui dy ds:

We use the identity LuA D dAcu C d.Acu/ to write

LwhA; ui D �.dA/.u; w/C hLuA; wi
D �.dA/.u; w/C LuhA; wi � hA;Luwi:(11.47)

Since dA D F ; Œ@s ; @� � D 0, and LuhA; wi integrates to zero, we have

(11.48)
d

d�

Z
hA;J i dV D

Z
eheFu; wi dy ds D

Z
heFJ ; wi dV:

Together with (11.45), this gives

(11.49)
@

@�
I

�
A; u.�/

�ˇ̌
�D0 D �

Z
h
ruu � eFJ ; wi dV:

Thus the stationary condition for variation of u is

(11.50) 
ruu � eFJ D 0 or, equivalently, ruu � e

m
eFu D 0;

which is the Lorentz force law in this context.
It is useful to consider what the stress-energy tensor should be when we have

the Lagrangian (11.40). It is reasonable to take it to be the sum of the stress-
energy tensor Te for the electromagnetic field, given by (11.34), and a stress-
energy tensor Tm associated with the “matter field.” If we want Tm.Z;Z/dV to
be the mass-energy density of the electrons observed by one moving with velocity
Z, then it is natural to set

(11.51) bT m D 
u ˝ u;

(i.e., T jkm D 
uj uk). Then the total stress-energy tensor is given by

(11.52) T jk D 1

4�

�
Fj `Fk` � 1

4
hjkF i`Fi`

	
C 
uj uk:

The divergence of bT e is given by (11.36), provided the Maxwell equation (11.19)
holds. Furthermore, .
uj uk/Ik D .
uk/Ikuj C 
ukuj Ik , so

(11.53) div bT m D div.
u/u C 
ruu:
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Thus, for bT D bT e C bT m, we have (granted (11.19))

(11.54) div bT D div.
u/C 
ruu � eFJ :

We have the conservation law div bT D 0 for a solution to the coupled Maxwell–
Lorentz equations. Indeed, the vanishing of the first term on the right side of
(11.54) is equivalent to the matter conservation law (11.42), and the vanishing of
the sum of the other terms on the right side of (11.54) is equivalent to the Lorentz
force law (11.50).

Exercises

1. Demonstrate Lemmas 11.1 and 11.2.
2. Verify the calculations (11.14)–(11.18).
3. Show that the inner product of forms defined after (11.13) depends only on the Lorentz

metric on R4, not on the coordinate representation.
4. Show that div curl D 0 is a special case of dd D 0.
5. Show that (11.3)–(11.4) imply the “conservation law” (11.5).

(Hint: Apply @=@t to (11.3) and div to (11.4); use div curl D 0:)
Show that (11.5) is equivalent to dFJ b D 0.

6. Verify the identity (11.29), for any compactly supported vector fields E.x/ and B.x/
on R3.

7. Prove the conservation law (11.36), as a consequence of Maxwell’s equations.
8. Show that the identity dF D 0 is equivalent to

FjkI` C Fk`Ij C F j̀ Ik D 0:

9. Show that the identity dFF D 4�J b is equivalent to

Fjk Ik D 4�J j :

10. The equation dF D 0 on R4 implies F D A for some 1-form A on R4. A is
not unique, as any 1-form du can be added. Show that A can be picked to satisfy
dFA D 0 and that, for such A,

�A D �4�J b :
(Hint: Set up a PDE for u. Look for the relevant existence theorem in Chap. 3.)

11. The calculation (11.31) of hF ;Fi shows that jBj2 � jEj2 is Lorentz invariant. Calcu-
late F ^ F and show that E � B is also Lorentz invariant.

12. Think about the fact that the tensor eT given by (11.33) is trace-free, i.e., Tr eT D 0.
What is the trace of the stress-energy tensor defined by (7.5) or, equivalently (7.11)?

13. As mentioned in Exercise 5 in �18, Chap. 1, a sign change in the Lorentz metric, from
one of signature .�;C;C;C/ to one of signature .C;�;�;�/ (which some people
prefer), leads to a sign change in the formula for the 2-form F (though no change in
the tensor field eF of type .1; 1/). Show that it leads to a sign change in the formula
(11.34) for the stress-energy tensor of the electromagnetic field.
What sign changes arise in the formula (11.40) for the Lagrangian of an electromag-
netic field coupled to charged matter?
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