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Fundamental Order-Theoretic Principles

In this chapter we use the Chain Generating Recursion Principle formulated in
the Introduction to develop generalized iteration methods and to prove exis-
tence and comparison results for operator equations and inclusions in partially
ordered sets. Algorithms are designed to solve concrete problems by appro-
priately constructed Maple programs.

2.1 Recursions and Iterations in Posets

Given a nonempty set P , a relation x < y in P ×P is called a partial ordering,
if x < y implies y 6< x, and if x < y and y < z imply x < z. Defining x ≤ y if
and only if x < y or x = y, we say that P = (P,≤) is a partially ordered set
(poset).

An element b of a poset P is called an upper bound of a subset A of P if
x ≤ b for each x ∈ A. If b ∈ A, we say that b is the greatest element of A,
and denote b = maxA. A lower bound of A and the smallest element minA
of A are defined similarly, replacing x ≤ b above by b ≤ x. If the set of all
upper bounds of A has the smallest element, we call it a supremum of A and
denote it by supA. We say that y is a maximal element of A if y ∈ A, and if
z ∈ A and y ≤ z imply that y = z. An infimum of A, inf A, and a minimal
element of A are defined similarly. A poset P is called a lattice if inf{x, y} and
sup{x, y} exist for all x, y ∈ P . A subset W of P is said to be upward directed
if for each pair x, y ∈ W there is a z ∈ W such that x ≤ z and y ≤ z, and
W is downward directed if for each pair x, y ∈W there is a w ∈W such that
w ≤ x and w ≤ y. If W is both upward and downward directed it is called
directed. A set W is said to be a chain if x ≤ y or y ≤ x for all x, y ∈W . We
say that W is well-ordered if nonempty subsets of W have smallest elements,
and inversely well-ordered if nonempty subsets of W have greatest elements.
In both cases W is a chain.

A basis to our considerations is the following Chain Generating Recursion
Principle (cf. [112, Lemma 1.1], [133, Lemma 1.1.1]).
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24 2 Fundamental Order-Theoretic Principles

Lemma 2.1. Given a nonempty poset P , a subset D of 2P = {A : A ⊆ P}
with ∅ ∈ D, where ∅ denotes the empty set, and a mapping f : D → P . Then
there is a unique well-ordered chain C in P such that

x ∈ C if and only if x = f(C<x), where C<x = {y ∈ C : y < x}. (2.1)

If C ∈ D, then f(C) is not a strict upper bound of C.

Proof: A nonempty subset A of P is called an f-set (with f given in the
lemma, and thus the proof is independent on the Axiom of Choice) if it has
the following properties.

(i) (A,<) is well-ordered, and if x ∈ A, then x = f(A<x), where A<x = {y ∈
A : y < x}.

For instance, the singleton {f(∅)} is an f -set. These sets possess the following
property:

(a) If A and B are f-sets and A 6⊆ B, then B = A<x for some x ∈ A.

Namely, according to a comparison principle for well-ordered sets (see [36])
there exists such a bijection ϕ : B → A<x for some x ∈ A that ϕ(u) < ϕ(v) if
and only if u < v inB. The set S = {u ∈ B : u 6= ϕ(u)} is empty, for otherwise,
y = minS would exist and B<y = A<ϕ(y), which yields a contradiction:
y 6= ϕ(y) and y = f(B<y) = f(A<ϕ(y)) = ϕ(y). Thus B = ϕ[B] = A<x,
which proves (a).

Applying (a) it is then elementary to verify that the union C of all f -
sets is an f -set. Hence, x = f(C<x) for all x ∈ C. Conversely, if x ∈ P and
x = f(C<x), then C<x ∪ {x} is an f -set, whence x ∈ C. Thus (2.1) holds for
C.

To prove uniqueness, let B be a well-ordered subset of P for which x ∈
B ⇔ x = f(B<x). Since B is an f -set, so B ⊆ C. If B 6= C, then B = C<x by
(a). But then f(B<x) = f(B) = f(C<x) = x, and x 6∈ B, which contradicts
with x ∈ B ⇔ x = f(B<x). Thus B = C, which proves the uniqueness of
C. (the well-ordering condition is needed in this proof, since there may exist
other partially ordered sets that satisfy (2.1), cf. [110]).

If f(C) is defined, it cannot be a strict upper bound of C, for otherwise
f(C) 6∈ C and f(C) = f(C<f(C)), so that C ∪ f(C) would be an f -set, not
contained in C, which is the union of all f -sets. This proves the last assertion
of the lemma. ut

As a consequence of Lemma 2.1 we get the following result (cf. [116, Lemma
2]).

Lemma 2.2. Given G : P → P and c ∈ P , there exists a unique well-ordered
chain C = C(G) in P , called a w-o chain of cG-iterations, satisfying

x ∈ C if and only if x = sup{c,G[C<x]}. (2.2)
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Proof: Denote D = {W ⊆ P : W is well-ordered and sup{c,G[W ]} exists}.
Defining f(W ) = sup{c,G[W ]}, W ∈ D, we get a mapping f : D → P , and
(2.1) is reduced to (2.2). Thus the assertion follows from Lemma 2.1. ut

A subset W of a chain C is called an initial segment of C if x ∈ W and
y < x imply y ∈ W . The following application of Lemma 2.2 is used in the
sequel.

Lemma 2.3. Denote by G the set of all selections from F : P → 2P \ ∅, i.e.,

G := {G : P → P : G(x) ∈ F(x) for all x ∈ P}. (2.3)

Given c ∈ P and G ∈ G. Let CG denote the longest initial segment of the
w-o chain C(G) of cG-iterations such that the restriction G|CG of G to CG
is increasing (i.e., G(x) ≤ G(y) whenever x ≤ y in CG). Define a partial
ordering ≺ on G as follows: Let F, G ∈ G then

(O) F ≺ G if and only if CF is a proper initial segment of CG and G|CF =
F |CF .

Then (G,�) has a maximal element.

Proof: Let C be a chain in G. The definition (O) of ≺ implies that the sets
CF , F ∈ C, form a nested family of well-ordered sets of P . Thus the set
C := ∪{CF : F ∈ C} is well-ordered. Moreover, it follows from (O) that the
functions F |CF , F ∈ C, considered as relations in P × P , are nested. This
ensures that g := ∪{F |CF : F ∈ C} is a function from C to P . Since each
F ∈ C is increasing in CF , then g is increasing, and g(x) ∈ F(x) for each
x ∈ C. Let G be such a selection from F that G|C = g. Then G ∈ G, and G is
increasing on C. If x ∈ C, then x ∈ CF for some F ∈ C. The definitions of C
and the partial ordering ≺ imply that CF is C or its initial segment, whence
C<xF = C<x. Because F |CF = g|CF = G|CF , then

x = sup{c, F [C<xF ]} = sup{c,G[C<x]}. (2.4)

This result implies by (2.2) that C is C(G) or its proper initial segment. Since
G is increasing on C, then C is CG or its proper initial segment. Consequently,
G is an upper bound of C in G. This result implies by Zorn’s Lemma that G
has a maximal element. ut

Let P = (P,≤) be a poset. For z, w ∈ P , we denote

[z) = {x ∈ P : z ≤ x}, (w] = {x ∈ P : x ≤ w} and [z, w] = [z) ∩ (w].

A poset X equipped with a topology is called an ordered topological space if
the order intervals [z) and (z] are closed for each z ∈ X. If the topology of
X is induced by a metric, we say that X is an ordered metric space. Next we
define some concepts for set-valued functions.
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Definition 2.4. Given posets X and P , we say F : X → 2P \∅ is increasing
upward if x ≤ y in X and z ∈ F(x) imply that [z) ∩ F(y) is nonempty. F
is increasing downward if x ≤ y in X and w ∈ F(y) imply that (w] ∩
F(x) is nonempty. If F is increasing upward and downward, we say that F
is increasing.

Definition 2.5. A nonempty subset A of a subset Y of a poset P is called
order compact upward in Y if for every chain C of Y that has a supremum
in P the intersection ∩{[y) ∩ A : y ∈ C} is nonempty whenever [y) ∩ A is
nonempty for every y ∈ C. If for every chain C of Y that has the infimum in
P the intersection of all the sets (y]∩A, y ∈ C is nonempty whenever (y]∩A
is nonempty for every y ∈ C, we say that A is order compact downward
in Y . If both these properties hold, we say that A is order compact in Y .
Phrase ‘in Y ’ is omitted if Y = A.

Every poset P is order compact. If a subset A of P has the greatest el-
ement (respectively the smallest element), then A is order compact upward
(respectively downward) in any subset of P that contains A. Thus an order
compact set is not necessarily (topologically) compact, not even closed. On
the other hand, every compact subset A of an ordered topological space P is
obviously order compact in every subset of P that contains A.

2.2 Fixed Point Results in Posets

In this subsection we prove existence and comparison results for fixed points
of set-valued and single-valued functions defined in a poset P = (P,≤).

Definition 2.6. Given a poset P = (P ≤) and a set-valued function F : P →
2P \ ∅, denote Fix(F) = {x ∈ P : x ∈ F(x)}. Every element of Fix(F) is
called a fixed point of F . A fixed point of F is called minimal, maximal,
smallest, or greatest if it is a minimal, maximal, smallest, or greatest ele-
ment of Fix(F), respectively. For a single-valued function G : P → P replace
Fix(F) by Fix(G) = {x ∈ P : x = G(x)}.

2.2.1 Fixed Points for Set-Valued Functions

Our first proved fixed point result is an application of Lemma 2.1.

Lemma 2.7. Assume that F : P → 2P satisfies the following hypothesis.

(S+) The set S+ = {x ∈ P : [x) ∩ F(x) 6= ∅} is nonempty, and conditions: C
is a nonempty well-ordered chain in S+, G : C → P is increasing and
x ≤ G(x) ∈ F(x) for all x ∈ C, imply that G[C] has an upper bound in
S+.

Then F has a maximal fixed point, which is also a maximal element of S+.
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Proof: Denote

D = {W ⊂ S+ : W is well-ordered and has a strict upper bound in S+}.

Because S+ is nonempty by the hypothesis (S+), then ∅ ∈ D. Let f : D → P
be a function that assigns to each W ∈ D an element y = f(W ) ∈ [x)∩F(x),
where x is a fixed strict upper bound of W in S+. Lemma 2.1 ensures the
existence of exactly one well-ordered chain W in P satisfying (2.1). By the
above construction and (2.1) each element y of W belongs to [x)∩F(x), where
x is a fixed strict upper bound of W<y in S+. It is easy to verify that the set C
of these elements x form a well-ordered chain in S+; that the correspondence
x 7→ y defines an increasing mapping G : C → P ; that x ≤ G(x) ∈ F(x) for
all x ∈ C; and that W = G[C]. It then follows from the hypothesis (S+) that
W has an upper bound x ∈ S+, which satisfies x = maxW . For otherwise
f(W ) would exist, and as a strict upper bound of W would contradict the
last conclusion of Lemma 2.1. By the same reason x is a maximal element of
S+.

Since x ∈ S+, a y ∈ P exists such that x ≤ y ∈ F(x). It then follows
from the hypothesis (S+) when C = {x} and G(x) := y that {y} has an upper
bound z in S+. Because x is a maximal element of S+, then z = y = x ∈ F(x),
so that x is a fixed point of F . If z is a fixed point of F and x ≤ z, then z ∈ S+,
whence x = z. Thus x is a maximal fixed point of F . ut

As an application of Lemma 2.7 we obtain the following result.

Proposition 2.8. Assume that F : P → 2P \ ∅ is increasing upward, that the
set S+ = {x ∈ P : [x) ∩ F(x) 6= ∅} is nonempty, that well-ordered chains of
F [S+] have supremums in P , and that the values of F at these supremums
are order compact upward in F [S+]. Then F has a maximal fixed point, which
is also a maximal element of S+.

Proof: It suffices to show that the hypothesis (S+) of Lemma 2.7 holds.
Assume that C is a well-ordered chain in S+, that G : C → P is an increasing
mapping, and that x ≤ G(x) ∈ F(x) for all x ∈ C. Then G[C] is a well-ordered
chain in F [S+], so that y = supG[C] exists. Since F is increasing upward, then
[x) ∩ F(y) 6= ∅ for every x ∈ G[C]. Because F(y) is order compact upward in
F [S+], then the intersection of the sets [x)∩F(y), x ∈ G[C] contains at least
one element w. Thus G[C] has an upper bound w in F(y). Since y = supG[C],
then y ≤ w, so that w ∈ [y) ∩ F(y), i.e., y belongs to S+. ut

The next result is the dual to Proposition 2.8.

Proposition 2.9. Assume that F : P → 2P \ ∅ is increasing downward, that
the set S− = {x ∈ P : (x]∩F(x) 6= ∅} is nonempty, that inversely well-ordered
chains of F [S−] have infimums in P , and that values of F at these infimums
are order compact downward in F [S−]. Then F has a minimal fixed point,
which is also a minimal element of S−.
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If the range F [P ] has an upper bound (respectively a lower bound) in
P , it belongs to S− (respectively to S+). To derive other conditions under
which the set S− or the set S+ is nonempty, we introduce the following new
concepts.

Definition 2.10. Let A be a nonempty subset of a poset P . The set ocl(A)
of all possible supremums and infimums of chains of A is called the order
closure of A. If A = ocl(A), then A is order closed. We say that a subset
A of a poset P has a sup-center c in P if c ∈ P and sup{c, x} exists in
P for each x ∈ A. If inf{c, x} exists in P for each x ∈ A, we say that c is
an inf-center of A in P . If c has both these properties it is called an order
center of A in P . Phrase “in P” is omitted if A = P .

If P is an ordered topological space, then the order closure ocl(A) of A
is contained in the topological closure A of A. If c is the greatest element
(respectively the smallest element) of P , then c is an inf-center (respectively
a sup-center) of P , and trivially c is a sup-center (respectively an inf-center).
Therefore, both the greatest and the smallest element of P are order centers.
If P is a lattice, then its every point is an order center of P . If P is a subset
of R2, ordered coordinatewise, a necessary and sufficient condition for a point
c = (c1, c2) of P to be a sup-center of a subset A of P in P is that whenever
a point y = (y1, y2) of A and c are unordered, then (y1, c2) ∈ P if y2 < c2 and
(c1, y2) ∈ P if y1 < c1.

The following result is an application of Lemma 2.3.

Proposition 2.11. Assume that F : P → 2P \ ∅ is increasing upward and
that its values are order compact upward in F [P ]. If well-ordered chains of
F [P ] have supremums, and if the set of these supremums has a sup-center c
in P , then the set S− = {x ∈ P : (x] ∩ F(x) 6= ∅} is nonempty.

Proof: Let G be defined by (2.3), and let the partial ordering ≺ be defined
by (O). In view of Lemma 2.3, (G,�) has a maximal element G. Let C(G)
be the w-o chain of cG-iterations, and let C = CG be the longest initial
segment of C(G) on which G is increasing. Thus C is well-ordered and G is
an increasing selection from F|C. Since G[C] is a well-ordered chain in F [P ],
then w = supG[C] exists. Moreover, x = sup{c, w} exists in P by the choice
of c, and it is easy to see that x = sup{c,G[C]}. This result and (2.2) imply
that for each x ∈ C,

x = sup{c,G[C<x]} ≤ sup{c,G[C]} = x.

This proves that x is an upper bound of C, and also of G[C]. Moreover, F
is increasing upward and F(x) is order compact upward in F [P ]. Thus the
proof of Proposition 2.8 implies that G[C] has an upper bound z in F(x), and
w = supG[C] ≤ z. To show that x = maxC, assume on the contrary that x
is a strict upper bound of C. Let F be a selection from F whose restriction
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to C ∪ {x} is G|C ∪ {(x, z)}. Since G is increasing on C and F (x) = G(x) ≤
w ≤ z = F (x) for each x ∈ C, then F is increasing on C ∪ {x}. Moreover,

x = sup{c,G[C]} = sup{c, F [C]} = sup{c, F [{y ∈ C ∪ {x} : y < x}]},

whence C ∪ {x} is a subset of the longest initial segment CF of the w-o chain
of cF -iterations where F is increasing. Thus C = CG is a proper subset of
CF , and F |CG = F |CF . By (O) this means that G ≺ F , which, however,
is impossible because G is a maximal element of (G,�). Consequently, x =
maxC. Since G is increasing on C, then x = sup{c,G[C]} = sup{c,G(x)}. In
particular, F(x) 3 G(x) ≤ x, whence G(x) belongs to the set (x] ∩ F(x). ut

As a consequence of Propositions 2.8, 2.9, and 2.11 we obtain the following
fixed point result.

Theorem 2.12. Assume that F : P → 2P \∅ is increasing, and that its values
are order compact in F [P ]. If chains of F [P ] have supremums and infimums,
and if ocl(F [P ]) has a sup-center or an inf-center in P , then F has minimal
and maximal fixed points.

Proof: We shall give the proof in the case when ocl(F [P ]) has a sup-center
in P , as the proof in the case of an inf-center is similar. The hypotheses
of Proposition 2.11 are then valid, whence there exists a x ∈ P such that
(x] ∩ F(x) 6= ∅. Thus the hypotheses of Proposition 2.9 hold, whence F has
by Proposition 2.9 a minimal fixed point x−. In particular [x−)∩F(x−) 6= ∅.
The hypotheses of Proposition 2.8 are then valid, whence we can conclude
that F has also a maximal fixed point. ut

Example 2.13. Assume that Rm is ordered as follows. For all x = (x1, . . . , xm),
y = (y1, . . . , ym) ∈ Rm,

x ≤ y if and only if xi ≤ yi, i = 1, . . . , j, and xi ≥ yi, i = j + 1, . . . ,m,
(2.5)

where j ∈ {0, . . . ,m}. Show that if F : Rm → 2Rm \ ∅ is increasing, and its
values are closed subsets of Rm, and if F [Rm] is contained in the set

BpR(c) = {(x1, . . . , xm) ∈ Rm :
m∑
i=1

|xi − ci|p ≤ Rp}, p, R ∈ (0,∞),

where c = (c1, . . . , cm) ∈ Rm, then F has minimal and maximal fixed points.

Solution: Let x = (x1, . . . , xm) ∈ BpR(c) be given. Since |max{ci, xi} − ci| ≤
|xi − ci| and |min{ci, xi} − ci| ≤ |xi − ci| for each i = 1, . . . ,m, it follows
that sup{c, x} and inf{c, x} belong to BpR(c) for all x ∈ BpR(c). Moreover,
every BpR(c) is a closed and bounded subset of Rm, whence its monotone
sequences converge in BpR(c) with respect to the Euclidean metric of Rm.
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These results, Lemma 2.31 and the given hypotheses imply that chains of
F [Rm] have supremums and infimums, that c is an order center of ocl(F [Rm]),
and that the values of F are compact. Thus the hypotheses of Theorem 2.12
are satisfied, whence we conclude that F has minimal and maximal fixed
points. ut

2.2.2 Fixed Points for Single-Valued Functions

Next we present existence and comparison results for fixed points of single-
valued functions. The following auxiliary result is a consequence of Proposition
2.11 and its proof. We note that the Axiom of Choice is not needed in the
proof.

Proposition 2.14. Assume that G : P → P is increasing, that ocl(G[P ]) has
a sup-center c in P , and that supG[C] exists whenever C is a nonempty well-
ordered chain in P . If C is the w-o chain of cG-iterations, then x = maxC
exists, x = sup{c,G(x)} = sup{c,G[C]}, and

x = min{z ∈ P : sup{c,G(z)} ≤ z}. (2.6)

Moreover, x is the smallest solution of the equation x = sup{c,G(x)}, and it
is increasing with respect to G.

Proof: The mapping F := G : P → 2P \ ∅ is single-valued. Because G
is increasing, then C in Lemma 2.3 is the w-o chain of cG-iterations. The
hypotheses given for G imply also that c is a sup-center of ocl(F [P ]) in P ,
and that supG[C] exists. Since G is single-valued, the values of F are order
compact in F [P ]. Thus the proof of Proposition 2.11 implies that x = maxC
exists, and x = sup{c,G(x)} = sup{c,G[C]}. To prove (2.6), let z ∈ P satisfy
sup{c,G(z)} ≤ z. Then c = minC ≤ z. If x ∈ C and sup{c,G(y)} ≤ z for each
y ∈ C<x, then x = sup{c,G[C<x]} ≤ z. This implies by transfinite induction
that x ≤ z for each x ∈ C. In particular x = maxC ≤ z. From this result and
the fact that x = sup{c,G(x)} we infer that x = x is the smallest solution of
the equation x = sup{c,G(x)}, and that (2.6) holds. The last assertion is an
immediate consequence of (2.6). ut

The results presented in the next proposition are dual to those of Lemma
2.2 and Proposition 2.14.

Proposition 2.15. Given G : P → P and c ∈ P , there exists exactly one
inversely well-ordered chain D in P , called an inversely well-ordered (i.w-o)
chain of cG- iterations, satisfying

x ∈ D if and only if x = inf{c,G[{y ∈ D : x < y}]}. (2.7)

Assume that G is increasing, that ocl(G[P ]) has an inf-center c in P , and
that inf G[D] exists whenever D is a nonempty inversely well-ordered chain
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in P . If D is the i.w-o chain of cG-iterations, then x = minD exists, x =
inf{c,G(x)} = inf{c,G[D]}, and

x = max{z ∈ P : z ≤ inf{c,G(z)}}. (2.8)

Moreover, x is the greatest solution of the equation x = inf{c,G(x)}, and it
is increasing with respect to G.

Our first fixed point result is a consequence of Propositions 2.14 and 2.15.

Theorem 2.16. Let P be a poset and let G : P → P be an increasing map-
ping.

(a) If x ≤ G(x), and if supG[C] exists whenever C is a well-ordered chain in
[x) and x ≤ G(x) for every x ∈ C, then the w-o chain C of xG-iterations
has a maximum x∗ and

x∗ = maxC = supG[C] = min{y ∈ [x) : G(y) ≤ y}. (2.9)

Moreover, x∗ is the smallest fixed point of G in [x), and x∗ is increasing
with respect to G.

(b) If G(x) ≤ x, and if inf G[C] exists whenever C is an inversely well-ordered
chain (x] and G(x) ≤ x for every x ∈ C, then the i.w-o chain D of xG-
iterations has a minimum x∗ and

x∗ = minD = inf G[D] = max{y ∈ (x] : y ≤ G(y)}. (2.10)

Moreover, x∗ is the greatest fixed point of G in (x], and x∗ is increasing
with respect to G.

Proof: Ad (a) Since G is increasing and x ≤ G(x), then G[[x)] ⊂ [x). It is
also easy to verify that x ≤ G(x) for every element x of the w-o chain C of
xG-iterations. Thus the conclusions of (a) are immediate consequences of the
conclusion of Proposition 2.14 when c = x and G is replaced by its restriction
to [x).

Ad (b) The proof of (b) is dual to that of (a). ut

As an application of Propositions 2.14 and 2.15 and Theorem 2.16 we get
the following fixed point results.

Theorem 2.17. Assume that G : P → P is increasing, and that supG[C]
and inf G[C] exist whenever C is a chain in P .

(a) If ocl(G[P ]) has a sup-center or an inf-center in P , then G has minimal
and maximal fixed points.

(b) If ocl(G[P ]) has a sup-center c in P , then G has the greatest fixed point x∗

in (x], where x is the smallest solution of the equation x = sup{c,G(x)}.
Both x and x∗ are increasing with respect to G.
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(c) If c is an inf-center of ocl(G[P ]) in P , then G has the smallest fixed point
x∗ in [x), where x is the greatest solution of the equation x = inf{c,G(x)}.
Both x and x∗ are increasing with respect to G.

Theorem 2.16, Proposition 2.8, its proof, and Proposition 2.9 imply the
following results.

Proposition 2.18. Assume that G : P → P is increasing.

(a) If the set S+ = {x ∈ P : x ≤ G(x)} is nonempty, and if supG[C] exists
whenever C is a well-ordered chain in S+, then G has a maximal fixed
point. Moreover, G has for every x ∈ S+ the smallest fixed point in [x),
and it is increasing with respect to G.

(b) If the set S− = {x ∈ P : G(x) ≤ x} is nonempty, and if inf G[D] exists
whenever D is an inversely well-ordered chain in S−, then G has a minimal
fixed point. Moreover, G has for every x ∈ S− the greatest fixed point in
(x], and it is increasing with respect to G.

Example 2.19. Let R+ be the set of nonnegative reals, and let Rm be ordered
coordinatewise. Assume that G : Rm → Rm+ is increasing and maps increasing
sequences of the set S+ = {x ∈ Rm+ : x ≤ G(x)} to bounded sequences. Show
that G has the smallest fixed point and a maximal fixed point.

Solution: The origin is a lower bound of G[Rm]. Let C be a well-ordered
chain in S+. Since G is increasing, then G[C] is a well-ordered chain in Rm+ .
If (yn) is an increasing sequence in G[C], and xn = min{x ∈ C : G(x) = yn},
then the sequence (xn) is increasing and yn = G(xn) for every n. Thus (yn) is
bounded by a hypothesis, and hence converges with respect to the Euclidean
metric of Rm. This result implies by Lemma 2.31 that supG[C] exists. Thus
the assertions follow from Proposition 2.18. ut

2.2.3 Comparison and Existence Results

In the next application of Theorem 2.16, fixed points of a set-valued function
are bounded from above by a fixed point of a single-valued function.

Theorem 2.20. Given a poset X = (X,≤), a subset P of X and x ∈ P ,
assume that a function G : P → P and a set-valued function F : X → 2X

have the following properties.

(Ha) G is increasing, G(x) ≤ x, and inf G[D] exists in P whenever D is an
inversely well-ordered chain in (x].

(Hb) x is an upper bound of F [X] = ∪x∈XF(x), and if x ≤ p in X and p ∈ P ,
then G(p) is an upper bound of F(x).

Then G has the greatest fixed point x∗ in (x], and if x is any fixed point of F ,
then x ≤ x∗.
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Proof: Let D be the i.w-o chain of xG-iterations. Since D is inversely well-
ordered, then x∗ = inf G[D] exists and belongs to P by hypothesis (Ha).
Moreover, x∗ is the greatest fixed point of G in (x] by Theorem 2.16 (b).
To prove that x∗ is an upper bound for fixed points of F , assume on the
contrary an existence of a point x of X such that x ∈ F(x) and x 6≤ x∗. Since
x∗ = minD and D is inversely well-ordered, there exists the greatest element
p of D such that x 6≤ p. Because x ∈ F(x), then x ≤ x = maxD by (Hb),
whence p < x. If q ∈ D and p < q, then x ≤ q, so that x ≤ G(q) by (Hb). Thus
x is a lower bound of the set G[{q ∈ D : p < q}]. Since x is an upper bound
of this set, then p is by (2.7) with c = x the infimum of G[{q ∈ D : p < q}].
But then x ≤ p, which contradicts with the choice of p. Consequently, x ≤ x∗

for each fixed point x of F . ut

Using the result of Theorem 2.20 we prove the following existence and
comparison result for greatest fixed points of set-valued functions.

Theorem 2.21. Given a nonempty subset P of X and F : X → 2X , assume
that

(H0) F [X] has an upper bound x in P .
(H1) If p ∈ P , then maxF(p) exists, belongs to P , and is an upper bound of

F [X ∩ (p]].
(H2) Inversely well-ordered chains of the set {maxF(p) : p ∈ P} have infi-

mums in P .

Then F has a greatest fixed point, and it belongs to P . Assume moreover,
that F̂ : X → 2X is another set-valued function that satisfies the following
condition.

(H3) For each x ∈ X and y ∈ F̂(x) there exists a z ∈ F(x) such that y ≤ z.

Then the greatest fixed point of F is an upper bound for all the fixed points of
F̂ .

Proof: The hypothesis (H1) ensures that defining

G(p) := maxF(p), p ∈ P, (2.11)

we obtain an increasing mapping G : P → P . Moreover, G(x) ≤ x is by (H0),
and the hypothesis (H2) means that every inversely well-ordered chain of G[P ]
has an infimum in P . Thus the hypothesis (Ha) of Theorem 2.20 holds. The
hypothesis (H1) and the definition (2.11) of G imply that also the hypothesis
(Hb) of Theorem 2.20 is valid. Thus G has by Theorem 2.20 the greatest fixed
point x∗. Because x∗ = G(x∗) = maxF(x∗) ∈ F(x∗), then x∗ is also a fixed
point of F , which is by Theorem 2.20 an upper bound all fixed points of F .
Consequently, x∗ is the greatest fixed point of F , and x∗ = maxF(x∗) ∈ P
by (H1).

To prove the last assertion, let F̂ : X → 2X be such a set-valued function
that (H3) holds. The hypotheses (H0) and (H3) imply that x is an upper
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bound of F̂ [X]. Moreover, if x ≤ p in X and p ∈ P , then for each y ∈ F̂(x)
there is by (H3) a z ∈ F(x) such that y ≤ z, and z ≤ maxF(p) = G(p)
by (H1) and (2.11). Thus the hypotheses of Theorem 2.20 hold when F is
replaced by F̂ , whence x ≤ x∗ for each fixed point x of F̂ . ut

Remark 2.22. Applying Theorem 2.16 (a) we obtain obvious duals to Theo-
rems 2.20 and 2.21.

2.2.4 Algorithmic Methods

Let P be a poset, and let G : P → P be increasing. The first elements of the
w-o chain C of cG-iterations are: x0 = c, xn+1 = sup{c,Gxn}, n = 0, 1, . . . ,
as long as xn+1 exists and xn < xn+1. Assuming that strictly monotone
sequences of G[P ] are finite, then C is a finite strictly increasing sequence
(xn)mn=0. If sup{c, x} exists for every x ∈ G[P ], then x = sup{c,G[C]} =
maxC = xm is the smallest solution of the equation x = sup{c,G(x)} by
Proposition 2.14. In particular, Gx ≤ x. If G(x) < x, then first elements of
the i.w-o chain D of xG-iterations of x are y0 = x = xm, yj+1 = Gyj , as
long as yj+1 < yj . Since strictly monotone sequences of G[P ] are finite, D is
a finite strictly decreasing sequence (yj)kj=0, and x∗ = inf G[D] = yk is the
greatest fixed point of G in (x] by Theorem 2.16.

The above reasoning and its dual imply the following results.

Corollary 2.23. Conclusions of Theorem 2.17 hold if G : P → P is increas-
ing and strictly monotone sequences of G[P ] are finite, and if sup{c, x} and
inf{c, x} exist for every x ∈ G[P ]. Moreover, x∗ is the last element of the
finite sequence determined by the following algorithm:

(i) x0 = c. For n from 0 while xn 6= Gxn do: xn+1 = Gxn if Gxn < xn else
xn+1 = sup{c,Gxn},

and x∗ is the last element of the finite sequence determined by the following
algorithm:

(ii) x0 = c. For n from 0 while xn 6= Gxn do: xn+1 = Gxn if Gxn > xn else
xn+1 = inf{c,Gxn}.

Let G : P → P satisfy the hypotheses of Theorem 2.17. The result Corol-
lary 2.23 can be applied to approximate the fixed points x∗ and x∗ of G intro-
duced in Theorem 2.17 in the following manner. Assume that G, G : P → P
satisfy the hypotheses given for G in Corollary 2.23, and that

G(x) ≤ G(x) ≤ G(x) for all x ∈ P. (2.12)

Since x∗ and x∗ are increasing with respect to G, it follows from (2.12) that
x∗ ≤ x∗ ≤ x∗ and x∗ ≤ x∗ ≤ x∗, where x∗ and x∗ (respectively x∗ and x∗) are
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obtained by algorithm (i) (respectively (ii)) of Corollary 2.23 with G replaced
by G and G, respectively.

Since partial ordering is the only structure needed in the proofs, the above
results can be applied to problems where only ordinal scales are available. On
the other hand, these results have some practical value also in real analysis.
We shall demonstrate this by an example where the above described method
is applied to a system of the form

xi = Gi(x1, . . . , xm), i = 1, . . . ,m, (2.13)

where the functions Gi are real-valued functions of m real variables.

Example 2.24. Approximate a solution x∗ = (x1, y1) of the system

x = G1(x, y) :=
N1(x, y)

2− |N1(x, y)|
, y = G2(x, y) :=

N2(x, y)
3− |N2(x, y)|

, (2.14)

where

N1(x, y) =
11
12
x+

12
13
y +

1
234

and N2(x, y) =
15
16
x+

14
15
y − 7

345
, (2.15)

by calculating upper and lower estimates of (x1, y1) whose corresponding co-
ordinates differ by less than 10−100.

Solution: The mapping G = (G1, G2), defined by (2.14), (2.15) maps the set
P = {(x, y) ∈ R2 : |x| + |y| ≤ 1

2} into P , and is increasing on P . It follows
from Example 2.1 that c = (0, 0) is an order center of P , and that chains of P
have supremums and infimums. Thus the results of Theorem 2.17 are valid.

Upper and lower estimates to the fixed point x∗ = (x1, y1) of G, and hence
to a solution (x1, y1) of system (2.14), (2.15), can be obtained by applying the
algorithm (i) given in Corollary 2.23 to operators G and G, defined by{

G(x, y) = (10−101ceil(10101G1(x, y)), 10−101ceil(10101G2(x, y)),
G(x, y) = (10−101floor(10101G1(x, y)), 10−101floor(10101G2(x, y)),

(2.16)

where ceil(x) is the smallest integer ≥ x and floor(x) is the greatest integer
≤ x. The so defined operators G, G are increasing and map the set P =
{(x, y) ∈ R2 : |x| + |y| ≤ 1

2} into finite subsets of P , and (2.12) holds. We
are going to show that the required upper and lower estimates are obtained
by algorithm (i) of Corollary 2.23 with G replaced by G and G, respectively.
The following Maple program is used in calculations of the upper estimate
x∗ = (x1, y1).

(N1, N2) := (11/12 ∗ x+ 12/13 ∗ y + 1/234, 15/16 ∗ x+ 14/15 ∗ y − 7/345) :
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(z, w) := (N1/(2− abs(N1)), N2/(3− abs(N2))) :

(G1, G2) := (ceil(10101z)/10101, ceil(10101w)/10101) :
(x0, y0) := (0, 0);x := x0 : y := y0 : u := G1 : v := G2 : b[0] := [x, y] :
for k from 1 while abs(u− x) + abs(v − y) > 0 do :
if u <= x and v <= y then (x, y) := (u, v)
else (x, y) := (max{x, u},max{y, v}) : fi :
u := G1 : v := G2 : b[k] := [x, y] : od : n := k − 1 : x1 := x; y1 = y;

The above program yields the following results (n=1246).

x1 =− 0.00775318684978081165491069304103701961947143138
774717254950456999535626408273278584836718225237250043,

y1 =− 0.013599615424610901489836719913129280024524254401
2899273758805991617838548683927620135569441397855721

In particular, (x1, y1) is the fixed point x∗ of G.
Replacing ‘ceil’ by ‘floor’ in the above program, we obtain components of

the fixed point x∗ = (x2, y2) of G (n:=1248).

x2 =− 0.007753186849780811654910693041037019619471431387
7471725495045699953562640827327858483671822523725005,

y2 =− 0.0135996154246109014898367199131292800245242544012
8992737588059916178385486839276201355694413978557215

The above calculated components of x∗ and x∗ are exact, and their differences
are < 10−100. According to the above reasoning the exact fixed point x∗ of G
belongs to order interval [x∗, x∗]. In particular, both (x1, y1) and (x2, y2) ap-
proximate an exact solution (x1, y1) of system (2.14), (2.15) with the required
precision. Moreover, x1 ≤ x1 ≤ y1 and x2 ≤ y1 ≤ y2. ut

2.3 Solvability of Operator Equations and Inclusions

In this section we apply the results of Sect. 2.2 to study the solvability of
operator equations in the form Lu = Nu, where L and N are single-valued
mappings from a poset V = (V,≤) to another poset P = (P,≤). The solvabil-
ity of the corresponding inclusions Lu ∈ Nu, where N : V → 2P \∅, is studied
as well. In order to obtain solvability results applicable to implicit equations
and inclusions, we make use of the so-called graph ordering of V , defined by

u � v if and only if u ≤ v and Lu ≤ Lv. (2.17)
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2.3.1 Inclusion Problems

As an application of Theorem 2.12 and Propositions 2.8 and 2.9 we prove the
following existence result for the inclusion problem Lu ∈ Nu.

Theorem 2.25. Let L : V → P and N : V → 2P \ ∅ satisfy the following
hypotheses.

(L) The equation Lu = x has for each x ∈ P smallest and greatest solutions,
and they are increasing in x.

(N1) Chains of N [V ] have supremums and infimums in P , and ocl(N [V ])
has a sup-center or an inf-center in P .

(N2) N is increasing in (V,�) or in (V,≤), and its values are order compact
in N [V ].

Then Lu ∈ Nu has minimal and maximal solutions in (V,�).

Proof: Denote V− = {minL−1{x} : x ∈ P} and L− = L|V−. Define a
mapping F : P → 2P \ ∅ by

F(x) := N (L−1
− x), x ∈ P. (2.18)

Assume first that N is increasing in (V,�), and that its values are order
compact in N [V ]. To show that F is increasing, assume that x ≤ y in P . Then
u := minL−1{x} ≤ v := minL−1{y} by condition (L), and Lu = x ≤ y = Lv,
whence u � v. Since N is increasing in (V,�), thus [z)∩F(y) = [z)∩N v 6= ∅
for each z ∈ Nu = F(x) and (w] ∩ F(x) = (w] ∩ Nu 6= ∅ for each w ∈ N v =
F(y). This proves that F is increasing.

As F [P ] is contained inN [V ] by (2.18), the chains of F [P ] have supremums
and infimums in P by condition (N ), and the values of F are order compact
in F [P ]. Moreover, ocl(F [P ]) has a sup-center or an inf-center by hypothesis.

The above proof shows that F satisfies the hypotheses of Theorem 2.12,
whence we conclude that it has minimal and maximal fixed points. If x is any
fixed point of F , and u = L−1

− x, then Lu = x ∈ F(x) = Nu, which shows
that u is a solution of the inclusion problem Lu ∈ Nu.

To prove the existence of a minimal solution of Lu ∈ Nu, let x− be a
minimal fixed point of F . Then u− = L−1

− x− is a solution of the inclusion
problem Lu ∈ Nu. Let v ∈ V satisfy Lv ∈ N v, v ≤ u− and Lv ≤ Lu−.
Denoting y = Lv and u = L−1

− y, then u ≤ v and Lu = Lv, that is u � v.
Then (y] ∩ Nu 6= ∅ because N is increasing. Since Nu = NL−1

− y = F(y), we
have (y]∩F(y) 6= ∅. Thus y belongs to the set S− = {x ∈ P : (x]∩F(x) 6= ∅}.
Because y = Lv ≤ Lu− = x− and x− is, by Proposition 2.9, a minimal
element of S−, then y = x−. Hence it follows u = L−1

− y = L−1
− x− = u−.

Moreover, u ≤ v ≤ u−, whence v = u−, which proves that u− is a minimal
solution of Lu = Nu with respect to the graph ordering of V .

Denoting V+ = {maxL−1{x} : x ∈ P} and L+ = L|V+, and replacing L−
in (2.18) by L+ we obtain another mapping F : P → 2P \∅, which satisfies the
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hypotheses of Theorem 2.12. Thus F has minimal and maximal fixed points,
and to each fixed point x of F there corresponds a solution u = maxL−1{x}
of the inclusion problem Lu ∈ Nu. Moreover, if x+ is a maximal fixed point
of F , then by applying Proposition 2.8 one can show that u+ = L−1

+ x+ is a
maximal solution of Lu ∈ Nu in (V,�).

If N is increasing in (V,≤), it is increasing also in (V,�). Thus Lu ∈ Nu
has, by the above proof, minimal and maximal solutions in (V,�). ut

2.3.2 Single-Valued Problems

Consider next the single-valued case. As an application of Theorems 2.16 and
2.25 and Propositions 2.14 and 2.15 we obtain the following existence and
comparison results for the equation Lu = Nu.

Theorem 2.26. Given posets V and P , mappings L, N : V → P , assume
that L satisfies the hypothesis (L), that N is increasing in (V,�) or in (V,≤).
If ocl(N [V ]) has an order center c in P , and if chains of N [V ] have supremums
and infimums in P , then the following results hold.

(a) The equation Lu = sup{c,Nu} has the smallest solution u in (V+,≤),
where V+ = {maxL−1{x} : x ∈ P}, and the equation Lu = inf{c,Nu}
has the greatest solution u in (V−,≤), where V− = {minL−1{x} : x ∈ P}.

(b) If N is increasing in (V,�), then the equation Lu = Nu has smallest
and greatest solutions in the order interval [u, u] of (V,�), and they are
increasing in (V,≤) with respect to N .

(c) If N is increasing in (V,≤), then the equation Lu = Nu has smallest
and greatest solutions in the order interval [u, u] of (V,≤), and they are
increasing in (V,≤) with respect to N .

(d) The equation Lu = Nu has minimal and maximal solutions in (V,�).

Proof: Ad (a) The given hypotheses ensure that relation

G(x) := NL−1
+ x, x ∈ P, where L+ = L|V+, (2.19)

defines an increasing mapping G : P → P . Moreover, N [V+] = G[P ],
which in view of the hypotheses implies that chains of G[P ] have supremums
and infimums in P . Moreover, c is a sup-center of ocl(N [V+]) = ocl(G[P ])
in P . Thus, by Proposition 2.14, the equation x = sup{c,G(x)} has the
smallest solution x. Denoting by u = L−1

+ x, then G(x) = Nu, whence
Lu = x = sup{c,G(x)} = sup{c,Nu}. Thus u is a solution of the equation
Lu = sup{c,Nu}.

Assume that v = L−1
+ x, x ∈ P , and Lv = sup{c,Nv}. Then

x = Lv = sup{c,Nv} = sup{c,NL−1
+ x} = sup{c,G(x)}.

Since x is the smallest solution of the equation x = sup{c,G(x)}, we get
x ≤ x. This implies by condition (L) that u = L−1

+ x ≤ L−1
+ x = v. Thus u is

the smallest solution of Lu = sup{c,Nu} in (V+,≤).
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Ad (b) Assume that N is increasing in (V,�). By the proof of (a) u =
L−1

+ x, where x is the smallest solution of the equation x = sup{c,G(x)}. Then
G(x) ≤ x, whence G has the greatest fixed point x∗ in (x] by Theorem 2.16.
Denoting u∗ = L−1

+ x∗, we see that u∗ is a solution of the equation Lu = Nu
and u∗ ≤ u due to (L).

Let u ∈ V be a solution of Lu = Nu with u � u. Denoting x = Lu and
v = L−1

+ x, we infer u ≤ v and Lu = Lv, whence u � v. Thus x = Lv = Lu ≤
Lu = x and x = Nu ≤ Nv = NL−1

+ x = G(x). Since x∗ is the greatest fixed
point of G in (x], it follows that Lv = x ≤ x∗ = Lu∗ by (2.10). This implies
by condition (L) that v = L−1

+ x ≤ L−1
+ x∗ = u∗, whence v � u∗. Since u � v,

then u � u∗, and thus u∗ is the greatest solution of Lu = Nu within the order
interval (u] of (V,�).

To prove that u∗ is increasing with respect to N , assume that the hy-
potheses imposed on N remain valid when N is replaced by N̂ : V → P , and
that

N̂u ≤ Nu for all u ∈ V. (2.20)

The above proof shows that the equation Lu = N̂u has the greatest solution
v of the form v = L−1

+ y. Applying (2.19) and (2.20) we see that y = N̂v ≤
Nv = G(y). This result and (2.10) imply that y ≤ x∗, which results in v ≤ u∗

by condition (L). This shows that u∗ is increasing with respect to N .
By dual reasoning one can show that the equation Lu = Nu has the

smallest solution u∗ within the order interval [u) of (V,�), and that u∗ is
increasing with respect to N in (V,≤). In particular, u∗ and u∗ are smallest
and greatest solutions in the order interval [u, u] of (V,�).

Ad (c) Assume that N is increasing in (V,≤). Then N is increasing in
(V,�). Let u∗ be the solution constructed in the proof of (a). By the above
proof we have u∗ ≤ u. Let u ∈ V be a solution of Lu = Nu that satisfies u ≤ u.
Denoting x = Lu and v = L−1

+ x, then u ≤ v and x = Lv = Nu ≤ Nu ≤ Lu =
x, and x = Lv ≤ Nv = NL−1

+ x = G(x). Since x∗ is the greatest fixed point
of G in (x], it follows that x ≤ x∗ by (2.10). This implies by condition (L)
that v = L−1

+ x ≤ L−1
+ x∗ = u∗. Because u ≤ v, we obtain u ≤ u∗. Thus u∗ is

the greatest solution of Lu = Nu within the order interval (u] of (V,≤). The
proof that Lu = Nu has the smallest solution u∗ within the order interval
[u) of (V,≤) is done in similar way. In particular, u∗ and u∗ are smallest and
greatest solutions within the order interval [u, u] of (V,≤).

Ad (d) The hypotheses of Theorem 2.25 are valid, whence the equation
Lu = Nu has minimal and maximal solutions in (V,�). ut

The hypotheses of Theorem 2.26 hold true if L, N : V → P and c ∈ P
fulfil the following conditions:

(L1) L is a bijection and L−1 is increasing.
(N1) N is increasing, and strictly monotone sequences of N [V ] are finite.
(N2) sup{c, x} and inf{c, x} exist for every x ∈ N [V ].
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Applying the algorithms (i) and (ii) of Corollary 2.23 to G = N ◦ L−1, we
obtain the following result.

Corollary 2.27. Let the hypotheses (L1), (N1), and (N2) hold for L, N :
V → P and c ∈ P . Then the solutions u∗ and u∗ of the equation Lu = Nu in-
troduced in Theorem 2.26(b) are the last elements of the sequences determined
by the following algorithms.

(iii) Lu0 = c. For n from 0 while Lun 6= Nun do: Lun+1 = Nun if Nun <
Lun else Lun+1 = sup{c,Nun}.

(iv) Lu0 = c. For n from 0 while Lun 6= Nun do: Lun+1 = Nun if Nun >
Lun else Lun+1 = inf{c,Nun}.

The algorithms (iii) and (iv) can be used, for instance, to calculate exact
or approximative solutions for the equations Lu = Nu in Rm, and hence also
for systems of the form

Li(u1, . . . , um) = Ni(u1, . . . , um), i = 1, . . . ,m, (2.21)

where Li and Ni are real-valued functions of m real variables. Algorithms (iii)
and (iv) are applied in Sect. 6.5 to calculate exact solutions of an implicit
functional initial function problem.

In the case when the range of N has an upper bound or a lower bound we
have the following result.

Proposition 2.28. Given posets V and P and mappings L, N : V → P ,
assume that L satisfies the hypothesis (L), and that N is increasing in (V,≤)
or in (V,�).

(a) If N [V ] has an upper bound in P , and if chains of N [V ] have infimums,
then the equation Lu = Nu has a minimal solution in (V,�). The equation
has in (V,≤) the greatest solution, which is increasing with respect to N .

(b) If N [V ] has a lower bound in P , and if chains of N [V ] have supremums,
then the equation Lu = Nu has a maximal solution in (V,�). It has in
(V,≤) the smallest solution, which is increasing with respect to N .

Proof: Ad (a) Assume that N [V ] ⊆ (x] for some x ∈ P . Then x is an inf-
center of ocl(N [V ]), so that the hypotheses of Theorem 2.25 are valid. Thus
the equation Lu = Nu has a minimal solution in (V,�).

Next we prove the existence of the greatest solution. The given hypothe-
ses ensure that relation (2.19) defines an increasing mapping G : P → (x].
Moreover, the chains of G[P ] ⊆ N [V ] have infimums in P . Thus G has by
Proposition 2.18 the greatest fixed point x∗ in (x]. Denoting u∗ = L−1

+ x∗, it
follows that u∗ is a solution of the equation Lu = Nu.

Let u ∈ V be a solution of Lu = Nu. Denoting x = Lu and v = L−1
+ x,

then u ≤ v and Lu = Lv, whence u � v. Thus x = Nu ≤ Nv = NL−1
+ x =

G(x) ≤ x. Since x∗ is the greatest fixed point of G in (x], we have x ≤ x∗ by
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(2.10). This implies by condition (L) that v = L−1
+ x ≤ L−1

+ x∗ = u∗. As u ≤ v,
we conclude u ≤ u∗. Thus u∗ is the greatest solution of Lu = Nu in (V,≤).
The monotone dependence of u∗ with respect to N can be shown in just the
same way as in the proof of Theorem 2.26.

Ad (b) The proof of (b) is dual to the above proof. ut

Remark 2.29. (i) If Q : V × P → P is increasing with respect to the product
ordering of (V,≤) and (P,≤), then N := u 7→ Q(u, Lu) is increasing with
respect to the graph ordering � of V , defined by (2.17). Thus the result
of Theorem 2.26(b) can be applied to the implicit problem Lu = Q(u, Lu).
Similarly, the result of Theorem 2.25 is applicable to the implicit inclusion
problem Lu ∈ Q(u, Lu), where Q : V × P → 2P \ ∅.

(ii) In Sect. 8.6 we present results in the case when the functions F , G,
N , and N satisfy weaker monotonicity conditions as assumed above. The case
when V is not ordered is studied as well.

2.4 Special Cases

In this section we first formulate some fixed point results in ordered topolog-
ical spaces derived in Sect. 2.2. Second, we present existence and comparison
results for equations and inclusions in ordered normed spaces.

2.4.1 Fixed Point Results in Ordered Topological Spaces

Let P = (P,≤) be an ordered topological space, i.e., for each a ∈ P the order
intervals [a) = {x ∈ P : a ≤ x} and (a] = {x ∈ P : x ≤ a} are closed in the
topology of P .

Definition 2.30. A sequence (zn)∞n=0 of a poset is called increasing if
zn ≤ zm whenever n ≤ m, decreasing if zm ≤ zn whenever n ≤ m, and
monotone if it is increasing or decreasing. If the above inequalities are strict,
the sequence (zn)∞n=0 is called strictly increasing, strictly decreasing, or strictly
monotone, respectively.

In what follows, we assume that P has the following property:

(C) Each well-ordered chain C of P whose increasing sequences have limits in
P contains an increasing sequence that converges to supC, and each in-
versely well-ordered chain C of P whose decreasing sequences have limits
in P contains a decreasing sequence that converges to inf C.

Lemma 2.31. A second countable or metrizable ordered topological space has
property (C).
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Proof: If P is an ordered topological space that satisfies the second countabil-
ity axiom, then each chain of P is separable, whence P has property (C) by
the result of [133, Lemma 1.1.7] and its dual. If P is metrizable, the assertion
follows from [133, Proposition 1.1.5], and from its dual. ut

The following result is a consequence of Proposition 2.18.

Proposition 2.32. Given an ordered topological space P with property (C),
assume that G : P → P is an increasing function.

(a) If the set S+ = {x ∈ P : x ≤ G(x)} is nonempty, and if G maps increasing
sequences of S+ to convergent sequences, then G has a maximal fixed point.
Moreover, G has for every x ∈ S+ the smallest fixed point in [x), and it
is increasing with respect to G.

(b) If the set S− = {x ∈ P : G(x) ≤ x} is nonempty, and if G maps decreasing
sequences of S− to convergent sequences, then G has a minimal fixed point.
Moreover, G has for every x ∈ S− the greatest fixed point in (x], and it is
increasing with respect to G.

Proof: Ad (a) Let C be a well-ordered chain in S+. Since G is increasing,
then G[C] is well-ordered. Every increasing sequence of G[C] is of the form
(G(xn)), where (xn) is an increasing sequence in C. Thus the hypotheses of
(a) and property (C) imply that supG[C] exists in P , and, therefore, the
conclusions of (a) follows from Proposition 2.18(a).

Ad (b) The conclusions of (b) are similar consequences of Proposition
2.18(b). ut

The next result is a consequence of Theorem 2.17.

Theorem 2.33. Given an ordered topological space P with property (C), as-
sume that G : P → P is increasing and maps monotone sequences of P to
convergent sequences.

(a) If c is a sup-center of G[P ] in P , then G has minimal and maximal fixed
points. Moreover, G has the greatest fixed point x∗ in (x], where x is the
smallest solution of the equation x = sup{c,G(x)}. Both x and x∗ are
increasing with respect to G.

(b) If c is an inf-center of G[P ] in P , then G has minimal and maximal fixed
points. Moreover, G has the smallest fixed point x∗ in [x), where x is
the greatest solution of the equation x = inf{c,G(x)}. Both x and x∗ are
increasing with respect to G.

As a consequence of Propositions 2.8 and 2.9 and Theorem 2.12 we obtain
the following proposition.

Proposition 2.34. Let P be an ordered topological space with property (C),
and let the values of F : P → 2P \ ∅ be compact.
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(a) If F is increasing upward, if the set S+ = {x ∈ P : [x) ∩ F(x) 6= ∅} is
nonempty, and if (yn) converges whenever it is increasing and yn ∈ F(xn),
for every n, where (xn) is an increasing sequence of S+, then F has a
maximal fixed point.

(b) If F is increasing downward, if the set S− = {x ∈ P : (x] ∩ F(x) 6= ∅} is
nonempty, and if (yn) converges whenever it is decreasing and yn ∈ F(xn),
for every n, where (xn) is a decreasing sequence of S−, then F has a
minimal fixed point.

(c) If F is increasing, if F [P ] has a sup-center or an inf-center in P , and if
(yn) converges whenever yn ∈ F(xn), for every n, and both (xn) and (yn)
are either increasing or decreasing sequences of P , then F has minimal
and maximal fixed points.

The next theorem is a special case of Theorem 2.20.

Theorem 2.35. Given an ordered topological space X with property (C) and
a subset P of X, assume that a function G : P → P and a multifunction
F : X → 2X have the following properties:

(ha) G is increasing, G[P ] has an upper bound x in P , and G maps every
decreasing sequence (xn) of P to a convergent sequence whose limit is in
P .

(hb) x is an upper bound of F [X], and if x ≤ p in X and p ∈ P , then G(p) is
an upper bound of F(x).

Then G has the greatest fixed point x∗, and if x is any fixed point of F , then
x ≤ x∗.

As a special case of Theorem 2.21 we formulate the following existence
and comparison result for greatest fixed points of multifunctions.

Theorem 2.36. Given an ordered topological space X with property (C) and
a subset P of X. Assume that a multifunction F : X → 2X has the following
properties:

(h0) F [X] has an upper bound in P .
(h1) If p ∈ P , then maxF(p) exists, belongs to P and is an upper bound of

F [X ∩ (p]].
(h2) Decreasing sequences of {maxF(p) : p ∈ P} have limits in X and they

belong to P .

Then F has the greatest fixed point, and it belongs to P . Assume moreover,
that F̂ : X → 2X is another multifunction that satisfies the following condi-
tion:

(h3) For each x ∈ X and y ∈ F̂(x) there exists a z ∈ F(x) such that y ≤ z.

Then the greatest fixed point of F majorizes all the fixed points of F̂ .
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2.4.2 Equations and Inclusions in Ordered Normed Spaces

Definition 2.37. A closed subset E+ of a normed space E is called an order
cone if E+ + E+ ⊆ E+, E+ ∩ (−E+) = {0}, and cE+ ⊆ E+ for each c ≥ 0.
The space E, equipped with an order relation ‘≤’, defined by

x ≤ y if and only if y − x ∈ E+,

is called an ordered normed space.

It is easy to see that the above defined order relation ≤ is a partial ordering
in E.

Lemma 2.38. An ordered normed space E is an ordered topological space with
respect to the weak and the norm topologies. Moreover, property (C) holds in
both cases.

Proof: It is easy to verify that the first assertion holds. To prove the second
assertion, let C be a well-ordered chain in E. If all increasing sequences of C
have weak limits, there is, by [44, Lemma A.3.1], an increasing sequence (xn)
in C that converges weakly to x = supC. If C is inversely well-ordered and
its decreasing sequences have weak limits, then −C is a well-ordered chain
whose increasing sequences have weak limits. Thus there exists an increasing
sequence (xn) of −C that converges weakly to sup(−C) = − inf C. Denoting
yn = −xn, we obtain a decreasing sequence (yn) of C, which converges weakly
to inf C. If E is equipped with norm topology, it is an ordered metric space,
whence the conclusion follows from Lemma 2.31. ut

The next fixed point result is a consequence of Proposition 2.32 and Lemma
2.38.

Proposition 2.39. Let P be a subset of an ordered normed space, and let
G : P → P be increasing.

(a) If the set S+ = {x ∈ P : x ≤ G(x)} is nonempty, and if G maps increasing
sequences of S+ to sequences that have weak or strong limits in P , then G
has a maximal fixed point. Moreover, G has for every x ∈ S+ the smallest
fixed point in [x), and it is increasing with respect to G.

(b) If the set S− = {x ∈ P : G(x) ≤ x} is nonempty, and if G maps decreasing
sequences of S− to sequences that have weak or strong limits in P , then G
has a minimal fixed point. Moreover, G has for every x ∈ S− the greatest
fixed point in (x], and it is increasing with respect to G.

As a special case of Theorem 2.33 we obtain the following proposition.

Proposition 2.40. Given a subset P of an ordered normed space E, assume
that G : P → P is increasing, and that monotone sequences of G[P ] have weak
limits in P .



2.4 Special Cases 45

(a) If the weak closure of G[P ] has a sup-center c in P , then G has minimal
and maximal fixed points. Moreover, G has the greatest fixed point x∗ in
(x], where x is the smallest solution of the equation x = sup{c,G(x)}.
Both x and x∗ are increasing with respect to G.

(b) If the weak closure of G[P ] has an inf-center c in P , then G has minimal
and maximal fixed points. Moreover, G has the smallest fixed point x∗ in
[x), where x is the greatest solution of the equation x = inf{c,G(x)}. Both
x and x∗ are increasing with respect to G.

In case that E is Rm equipped with Euclidean norm and ordered coordi-
natewise, we obtain the following consequence of Proposition 2.40.

Corollary 2.41. Let P be a closed and bounded subset of Rm, and assume
that G : P → P is increasing.

(a) If P has a sup-center c, then G has minimal and maximal fixed points.
Moreover, G has the greatest fixed point x∗ in (x], where x is the smallest
solution of the equation x = sup{c,G(x)}. Both x and x∗ are increasing
with respect to G.

(b) If P has an inf-center c, then G has minimal and maximal fixed points.
Moreover, G has the smallest fixed point x∗ in [x), where x is the greatest
solution of the equation x = inf{c,G(x)}. Both x and x∗ are increasing
with respect to G.

As a consequence of Proposition 2.28 and Lemma 2.38 we obtain the fol-
lowing proposition.

Proposition 2.42. Given a poset V and a subset P of an ordered normed
space, assume that mappings L, N : V → P satisfy the following hypotheses.

(L) The equation Lu = x has for each x ∈ P smallest and greatest solutions,
and they are increasing with respect to x.

(N) N is increasing in (V,≤) or in (V,�).

Then the following assertions hold.

(a) If N [V ] has an upper bound in P , and if decreasing sequences of N [V ]
have weak or strong limits in P , then the equation Lu = Nu has a minimal
solution in (V,�). It has in (V,≤) the greatest solution, which is increasing
with respect to N .

(b) If N [V ] has a lower bound in P , and if increasing sequences of N [V ] have
weak or strong limits in P , then the equation Lu = Nu has a maximal
solution in (V,�). It has in (V,≤) the smallest solution, which is increasing
with respect to N .

In what follows, E is an ordered normed space having the following prop-
erties.

(E0) Bounded and monotone sequences of E have weak or strong limits.
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(E1) x+ = sup{0, x} exists, and ‖x+‖ ≤ ‖x‖ for every x ∈ E.

When c ∈ E and R ∈ [0,∞), denote BR(c) := {x ∈ E : ‖x− c‖ ≤ R}. Recall
(cf., e.g., [227]) that if a sequence (xn) of a normed space E converges weakly
to x, then (xn) is bounded, i.e., supn ‖xn‖ <∞, and

‖x‖ ≤ lim inf
n→∞

‖xn‖. (2.22)

The next auxiliary result is needed in the sequel.

Lemma 2.43. If c ∈ E and R ∈ (0,∞), then c is an order center of BR(c),
and for every chain C of BR(c) both supC and inf C exist and belong to
BR(c).

Proof: Since

sup{c, x} = (x−c)+−c and inf{c, x} = c−(c−x)+, for all x ∈ E, (2.23)

(E1) and (2.23) imply that

‖ sup{c, x} − c‖ = ‖ inf{c, x} − c‖ = ‖(x− c)+‖ ≤ ‖x− c‖ ≤ R

for every x ∈ BR(c). Thus both sup{c, x} and inf{c, x} belong to BR(c). Let
C be a chain in BR(c). Since C is bounded, there is an increasing sequence
(xn) in C that converges weakly to x = supC due to (E0) and Lemma 2.38.
Since ‖xn − c‖ ≤ R for each n, it follows from (2.22) that

‖x− c‖ ≤ lim inf
n→∞

‖xn − c‖ ≤ R.

Thus x = supC exists and belongs to BR(c). Similarly one can show that
inf G[C] exists in E and belongs to BR(c). ut

Applying Theorem 2.17 and Lemma 2.43 we obtain the following fixed
point results.

Theorem 2.44. Given a subset P of E, assume that G : P → P is increasing,
and that G[P ] ⊆ BR(c) ⊆ P for some c ∈ P and R ∈ (0,∞). Then G has

(a)minimal and maximal fixed points;
(b) smallest and greatest fixed points x∗ and x∗ in the order interval [x, x]

of P , where x is the greatest solution of x = inf{c,G(x)}, and x is the
smallest solution of x = sup{c,G(x)}.

Moreover, x∗, x∗, x and x are all increasing with respect to G.

Proof: Let C be a chain in P . Since G[C] is a chain in BR(c), both supG[C]
and inf G[C] exist in E and belong to BR(c) ⊆ P by Lemma 2.43. Because
c is an order center of BR(c) and ocl(G[P ]) ⊆ G[P ] ⊆ BR(c) ⊆ P , then c is
an order center of ocl(G[P ]) in P . Thus the hypotheses of Theorem 2.17 are
valid. ut

Next we assume also that V = (V,≤) is a poset, and that P ⊆ E. By
means of Theorem 2.26 we obtain the following results.
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Theorem 2.45. Assume that the hypothesis (L) holds for L : V → P , that
N : V → P is increasing in (V,≤) (respectively in (V,�)), and that N [V ] ⊆
BR(c) ⊆ P for some c ∈ E and R ∈ (0,∞). Then the equation Lu = Nu has

(a) minimal and maximal solutions in (V,�);
(b) smallest and greatest solutions u∗, u∗ within the order interval [u, u] of

(V,≤) (respectively (V,�)), where u is the greatest solution of Lu =
inf{c,Nu} in V− = {minL−1{x} : x ∈ P}, and u is the smallest solution
of Lu = sup{c,Nu} in V+ = {maxL−1{x} : x ∈ P}.

Moreover, u∗, u∗, u and u are all increasing with respect to N in (V,≤).

Proof: The given hypotheses imply by Lemma 2.43 (cf. the proof of Theorem
2.44) that the hypotheses of Theorem 2.26 hold. The assertions follow then
from Theorem 2.26. ut

Noticing that inf{0, v} = −(−v)+, the next result is a consequence of
Theorem 2.45.

Corollary 2.46. Given a poset V and R ∈ (0,∞), assume that L, N : V →
BR(0) satisfy the following hypotheses.

(LN) L is a bijection, and both L−1 and N are increasing.

Then the equation Lu = Nu has

(a) minimal and maximal solutions in (V,�);
(b) smallest and greatest solutions u∗, u∗ within the order interval [u, u] of

(V,≤), where u is the greatest solution of Lu = −(−Nu)+ and u is the
smallest solution of Lu = (Nu)+ in (V,≤).

Moreover, u∗, u∗, u and u are all increasing with respect to N in (V,≤).

In the set-valued case we have the following consequences of Theorems
2.12 and 2.25.

Theorem 2.47. Assume that P is a subset of E which contains BR(c) for
some c ∈ E and R ∈ (0,∞). Then the following holds.

(a) Let F : P → 2P \ ∅ be an increasing mapping whose values are weakly
compact in E, and whose range F [P ] is contained in BR(c). Then F has
minimal and maximal fixed points.

(b) Assume that N : V → 2P \ ∅ is increasing in (V,≤) or in (V,�), that
its values are weakly compact in E, and that N [V ] ⊆ BR(c). If L : V →
P satisfies the hypothesis (L), then the inclusion problem Lu ∈ Nu has
minimal and maximal solutions in (V,�).

The next result is also a consequence of Theorem 2.45.

Theorem 2.48. Given a lattice-ordered Banach space E with properties (E0)
and (E1) and a poset W , assume that mappings Λ, F : W → E satisfy the
following hypotheses:
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(Λ) The equation Λu = v has for each v ∈ E smallest and greatest solutions,
and they are increasing with respect to v.

(F) F is increasing.
(ΛF) ‖F (u)‖ ≤ q(‖Λu‖) for all u ∈W , where q : R+ → R+ is increasing, and

there exists a R > 0 such that R = q(R), and, moreover, if s ≤ q(s),
then s ≤ R.

Then the equation
Λu = Fu (2.24)

has minimal and maximal solutions.

Proof: Let R > 0 be the constant in the hypothesis (ΛF). Define

P := BR(0), and V := {u ∈W : ‖Λu‖ ≤ R}. (2.25)

The growth condition (ΛF) implies that for each u ∈ V ,

‖Fu‖ ≤ q(‖Λu‖) ≤ q(R) = R,

so that F [V ] ⊆ P by (2.25).
Defining L = Λ|V and N = F|V , then L, N : V → P , L satisfies the

hypothesis (L) and N is increasing. Therefore, the results of Theorem 2.45 can
be applied. In particular, it follows that the equation Lu = Nu has minimal
and maximal solutions. If u ∈W and Λu = Fu, then

‖Λu‖ = ‖Fu‖ ≤ q(‖Λu‖)

by (ΛF), which implies that ‖Λu‖ ≤ R, i.e., u ∈ V . Thus all the solutions of
(2.24) are contained in V , whence we conclude that (2.24) and the equation
Lu = Nu have the same solutions. In particular, (2.24) has minimal and
maximal solutions. ut

The next result is a direct consequence of Theorem 2.48

Corollary 2.49. Let E be a lattice-ordered Banach space E with properties
(E0) and (E1), let W be a poset, and assume that Λ : W → E satisfies the
hypothesis (Λ), and that F : W → E is increasing and bounded. Then the
equation (2.24) has minimal and maximal solutions.

Proof: Defining q(s) ≡ R > sup{‖Fu‖ : u ∈ W}, we see that the hypothesis
(ΛF) holds. ut

Remark 2.50. As an application of Theorem 2.45(b) one can formulate other
existence results for equation (2.24). In particular, one can construct such
solutions of (2.24) that are increasing with respect to F .

According to the hypothesis (F) the operator F may be discontinuous
and noncompact. Moreover, the growth condition of (ΛF) does not provide
means to construct a priori upper and/or lower solutions for equation (2.24).
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Thus the standard theories such as the theory of monotone operators due to
Brezis and Browder, Schauder’s fixed point theorem, or the method of sub-
and supersolutions are, in general, not applicable under the hypotheses given
above to solve (2.24).

Each of the following spaces has properties (E0) and (E1) (as for the proofs,
see, e.g., [22, 44, 48, 118, 133, 152, 170]):

(a) A Sobolev space W 1,p(Ω) or W 1,p
0 (Ω), 1 < p <∞, ordered a.e. pointwise,

where Ω is a bounded domain in RN .
(b) A finite-dimensional normed space ordered by a cone generated by a basis.
(c) lp, 1 ≤ p <∞, normed by p-norm and ordered coordinatewise.
(d) Lp(Ω), 1 ≤ p < ∞, normed by p-norm and ordered a.e. pointwise, where

Ω is a σ-finite measure space.
(e) A separable Hilbert space whose order cone is generated by an orthonormal

basis.
(f) A weakly complete Banach lattice or a UMB-lattice (cf. [22]).
(g) Lp(Ω, Y ), 1 ≤ p < ∞, normed by p-norm and ordered a.e. pointwise,

where Ω is a σ-finite measure space and Y is any of the spaces (b)–(f).
(h) Newtonian spaces N1,p(Y ), 1 < p < ∞, ordered a.e. pointwise, where Y

is a metric measure space.

Thus the results of Theorems 2.44–2.48 hold if E is any of the spaces listed
in (a)–(g).

2.5 Fixed Point Results for Maximalizing Functions

In this section we prove fixed point results for a self-mapping G of a poset
P by assuming that G is maximalizing, i.e., G(x) is a maximal element
of {x,G(x)} for all x ∈ P . Concrete examples of maximalizing functions
that have or don’t have fixed points are presented. The generalized iteration
method introduced in Lemma 2.2 is used in the proofs.

2.5.1 Preliminaries

The following result helps to analyze the w-o chain of cG-iterations defined in
(2.2).

Lemma 2.51. Let A and B be nonempty subsets of P . If supA and supB
exists, then the equation

sup(A ∪B) = sup{supA, supB} (2.26)

is valid whenever either of its sides is defined.
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Proof: The sets A∪B and {supA, supB} have the same upper bounds, which
implies the assertion. ut

Recall that a subset W of a chain C is called an initial segment of C if
x ∈ W , y ∈ C, and y < x imply y ∈ W . If W is well-ordered, then every
element x of W that is not the possible maximum of W has a successor:
Sx = min{y ∈W : x < y}, in W .

A characterization of elements of the w-o chain of cG-iterations, defined
by (2.2), is provided by the following lemma.

Lemma 2.52. Given G : P → P and c ∈ P , and let C be the w-o chain of
cG-iterations. Then the elements of C have the following properties:

(a) minC = c.
(b) An element x of C has a successor in C if and only if sup{x,G(x)} exists

and x < sup{x,G(x)}, and then Sx = sup{x,G(x)}.
(c) If W is an initial segment of C and y = supW exists, then y ∈ C.
(d) If c < y ∈ C and y is not a successor, then y = supC<y.
(e) If y = supC exists, then y = maxC.
(f) If x∗ = sup{c,G[C]} exists in P , then x∗ = maxC, and G(x∗) ≤ x∗.

Proof: Ad (a) minC = sup{c,G[C<minC ]} = sup{c,G[∅]} = sup{c, ∅} = c.
Ad (b) Assume first that x ∈ C, and that Sx exists in C. Applying (2.2),

Lemma 2.51, and the definition of Sx we obtain

Sx = sup{c,G[C<Sx]} = sup{c,G[C<x] ∪ {G(x)}} = sup{x,G(x)}.

Moreover, x < Sx, by definition, whence x < sup{x,G(x)}.
Assume next that x ∈ C, that y = sup{x,G(x)} exists, and that x <

sup{x,G(x)}. The above proof implies that

(i) there is no element w ∈ C that satisfies x < w < sup{x,G(x)}.

Then {z ∈ C : z ≤ x} = C<y, so that

x < sup{x,G(x)} = sup{sup{c,G[C<x]}, G(x)}
= sup{{c} ∪G[C<x] ∪ {G(x)}} = sup{c,G[{z ∈ C : z ≤ x}]}
= sup{c,G[C<y]}.

Thus y = sup{x,G(x)} ∈ C by (2.2). This result and (i) imply that y =
sup{x,G(x)} = min{z ∈ C : x < z} = Sx.

Ad (c) Assume that W is an initial segment of C, and that y = supW
exists. If there is x ∈W that does not have the successor, then x = maxW =
y, so that y ∈ C. Assume next that every element x of W has the successor
Sx in W . Since Sx = sup{x,G(x)} by (b), then G(x) ≤ Sx < y. This holds
for all x ∈ W . Since c = minC = minW < y, then y is an upper bound of
{c}∪G[W ]. If z is an upper bound of {c}∪G[W ], then x = sup{c,G[C<x]} =
sup{c,G[W<x]} ≤ z for every x ∈W . Thus z is an upper bound of W , whence
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y = supW ≤ z. But then y = sup{c,G[W ]} = sup{c,G[C<y]}, so that y ∈ C
by (2.2).

Ad (d) Assume that c < y ∈ C, and that y is not a successor of any
element of C. Obviously, y is an upper bound of C<y. Let z be an upper
bound of C<y. If x ∈ C<y, then also Sx ∈ C<y since y is not a successor.
Because Sx = sup{x,G(x)} by (b), then G(x) ≤ Sx ∈ C<y. This holds for
every x ∈ C<y. Since also c ∈ C<y, then z is an upper bound of {c}∪G[C<y].
Thus y = sup{c,G[C<y]} ≤ z. This holds for every upper bound z of C<y,
whence y = supC<y.

Ad (e) If y = supC exists, then y ∈ C by (c) when W = C, whence
y = maxC.

Ad (f) Assume that x∗ = sup{c,G[C]} exists. If x ∈ C, then x =
sup{c,G[C<x] ≤ sup{c,G[C]} = x∗, whence x∗ is an upper bound of C. If x∗
is a strict upper bound of C, then C = C<x∗ , so that x∗ = sup{c,G[C<x∗ ]}.
But then x∗ ∈ C by (2.2), and x∗ is a strict upper bound of C, a contra-
diction. Thus x∗ = maxC. In particular, G(x∗) ∈ G[C], whence G(x∗) ≤
sup{c,G[C]} = x∗. ut

2.5.2 Main Results

Let P = (P,≤) be a nonempty poset. As an application of Lemma 2.52(f) we
shall prove our first existence result.

Theorem 2.53. A function G : P → P has a fixed point if G is maximalizing,
i.e., G(x) is a maximal element of {x,G(x)} for all x ∈ P , and if x∗ =
sup{c,G[C]} exists in P for some c ∈ P where C is the w-o chain of cG-
iterations.

Proof: If C is the w-o chain of cG-iterations, and if x∗ = sup{c,G[C]} exists
in P , then x∗ = maxC and G(x∗) ≤ x∗ by Lemma 2.52(f). Since G is maxi-
malizing, then G(x∗) = x∗, i.e., x∗ is a fixed point of G. ut

The following proposition is a consequence of Theorem 2.53 and Lemma
2.52(b),(e).

Proposition 2.54. Assume that G : P → P is maximalizing. Given c ∈ P ,
let C be a w-o chain of cG-iterations. If z = supC exists, then z is a fixed
point of G if and only if x∗ = sup{z,G(z)} exists.

Proof: Assume that z = supC exists. It follows from Lemma 2.52(e) that
z = maxC. If z is a fixed point of G, i.e., z = G(z), then x∗ = sup{z,G(z)} =
z.

Assume next that sup{z,G(z)} exists. Since Sz (successor) does not
exist, it follows from Lemma 2.52(b) that z 6< sup{z,G(z)}. Thus x∗ =
sup{z,G(z)} = z, so that G(z) ≤ z. Moreover, G(z) 6< z because G is maxi-
malizing, whence G(z) = z. ut

As a consequence of Proposition 2.54 we obtain the following corollary.
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Corollary 2.55. Assume that all nonempty chains of P have supremums in
P . If G : P → P is maximalizing, and if sup{x,G(x)} exists for all x ∈ P ,
then for each c ∈ P the maximum of the w-o chain of cG-iterations exists and
is a fixed point of G.

Proof: Let C be the w-o chain of cG-iterations. The given hypotheses imply
that both z = supC and x∗ = sup{z,G(z)} exist. Thus the hypotheses of
Proposition 2.54 are valid. ut

For completeness we formulate the obvious duals of the above results.

Theorem 2.56. A function G : P → P has a fixed point if G is minimalizing,
i.e., G(x) is a minimal element of {x,G(x)} for all x ∈ P , and if inf{c,G[W ]}
exists in P for some c ∈ P whenever W is a non-empty chain in P .

Proposition 2.57. A minimalizing function G : P → P has a fixed point if
every nonempty chain P has the infimum in P , and if inf{x,G(x)} exists for
all x ∈ P .

Remark 2.58. The hypothesis that G : X → X is maximalizing can be weak-
ened in Theorem 2.53 and in Proposition 2.54 to the form: G|{x∗} is maxi-
malizing, i.e., G(x∗) is a maximal element of {x∗, G(x∗)}.

2.5.3 Examples and Remarks

We shall first present an example of a maximalizing mapping whose fixed
point is obtained as the maximum of the w-o chain of cG-iterations.

Example 2.59. Let P be a closed disc P = {(u, v) ∈ R2 : u2 +v2 ≤ 2}, ordered
coordinatewise. Let [u] denote the greatest integer ≤ u when u ∈ R. Define a
function G : P → R2 by

G(u, v) =
(

min{1, 1− [u] + [v]}, 1
2
([u] + v2)

)
, (u, v) ∈ P. (2.27)

It is easy to verify that G[P ] ⊂ P , and that G is maximalizing. To find a fixed
point of G, choose c = (1, 0). It follows from Lemma 2.52 (a) and (b) that the
first elements of the w-o chain of cG-iterations are successive approximations

x0 = c, xn+1 = Sxn = sup{xn, G(xn)}, n = 0, 1, . . . , (2.28)

as long as Sxn is defined. Denoting xn = (un, vn), these successive approxi-
mations can be rewritten in the form

u0 = 1, un+1 = max{un,min{1, 1− [un] + [vn]}},

v0 = 0, vn+1 = max{vn,
1
2
([un] + v2

n)}, n = 0, 1, . . . ,
(2.29)
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as long as un ≤ un+1 and vn ≤ vn+1, and at least one of these inequalities
is strict. Elementary calculations show that un = 1, for every n ∈ N0. Thus
(2.29) can be rewritten as

un = 1, v0 = 0, vn+1 = max{vn,
1
2
(1 + v2

n)}, n = 0, 1, . . . . (2.30)

Since the function g(v) = 1
2 (1 + v2) is increasing in R+, then vn < g(vn) for

every n = 0, 1, . . . . Thus (2.30) can be reduced to the form

un = 1, v0 = 0, vn+1 = g(vn) =
1
2
(1 + v2

n), n = 0, 1, . . . . (2.31)

The sequence (g(vn))∞n=0 is strictly increasing, whence also (vn)∞n=0 is strictly
increasing by (2.31). Thus the set W = {(1, g(vn))}n∈N0 is an initial segment
of C. Moreover, v0 = 0 < 1, and if 0 ≤ vn < 1, then 0 < g(vn) < 1. Since
(g(vn))∞n=0 is bounded above by 1, then v∗ = limn g(vn) exists, and 0 < v∗ ≤ 1.
Thus (1, v∗) = supW , and it belongs to X, whence (1, v∗) ∈ C by Lemma
2.52(c). To determine v∗, notice that vn+1 → v∗ by (2.31). Thus v∗ = g(v∗), or
equivalently, v2

∗ − 2v∗ + 1 = 0, so that v∗ = 1. Since supW = (1, v∗) = (1, 1),
then (1, 1) ∈ C by Lemma 2.52(c). Because (1, 1) is a maximal element of X,
then (1, 1) = maxC. Moreover, G(1, 1) = (1, 1), so that (1, 1) is a fixed point
of G.

The first m + 1 elements of the w-o chain C of cG-iterations can be esti-
mated by the following Maple program (floor(·)=[·]):

x := min{1, 1− floor(u) + floor(v)} : y := (floor(u) + v2)/2 :

(u, v) := (1, 0) : c[0] := (u, v) :

for n to m do (u, v) := (max{x, u}, evalf(max{y, v}); c[n] := (u, v) end do;

For instance, c[100000]=(1,0.99998).

The verification of the following properties are left to the reader:

• If c = (u, v) ∈ X, u < 1 and v < 1, then the elements of w-o chain C
of cG-iterations, after two first terms if u < 1, are of the form (1, wn),
n = 0, 1, . . . , where (wn)∞n=0 is increasing and converges to 1. Thus (1, 1)
is the maximum of C and a fixed point of G.

• If c = (u, 1), u < 1, or c = (1,−1), then C = {c, (1, 1)}.
• If = (1, 0), then G2kc = (1, zk) and G2k+1c = (0, yk), k ∈ N0, where the

sequences (zk) and (yk) are bounded and increasing. The limit z of (zk)
is the smaller real root of z4 − 8z + 4 = 0; z ≈ 0.50834742498666121699,
and the limit y of (yk) is y = 1

2z
2 ≈ 0.12920855224528457650. Moreover

G(1, y) = (0, z) and G(0, z) = (1, y), whence no subsequence of the itera-
tion (Gnc) converges to a fixed point of G.

• For any choice of c = (u, v) ∈ P \ {(1, 1)} the iterations Gnc and Gn+1c
are not order related when n ≥ 2. The sequence (Gnc) does not converge,
and no subsequence of it converges to a fixed point of G.



54 2 Fundamental Order-Theoretic Principles

• Denote Y = {(u, v) ∈ R2
+ : u2 + v2 ≤ 2, v > 0} ∪ {(1, 0)}. The function G,

defined by (2.27) satisfies G[Y ] ⊂ Y , and is maximalizing. The maximum
of the w-o chain of cG-iterations with c = (1, 0) is x∗ = (1, 1), and x∗ is a
fixed point of G. If x ∈ Y \ {x∗}, then x and G(x) are not comparable.

The following example shows that G need not have a fixed point if either
of the hypothesis of Theorem 2.53 is not valid.

Example 2.60. Denote a = (1, y) and b = (0, z), where y and z are as in
Example 2.59. Choose X = {a, b}, and let G : X → X be defined by (2.27).
G is maximalizing, but G has no fixed points, since G(a) = b and G(b) = a.
The last hypothesis of Theorem 2.53 is not satisfied.

Denoting c = (1, z), then the set X = {a, b, c} is a complete join lattice,
i.e., every nonempty subset of X has the supremum in X. Let G : X → X
satisfy G(a) = b and G(b) = G(c) = a. G has no fixed points, but G is not
maximalizing, since G(c) < c.

Example 2.61. The components: u = 1, v = 1 of the fixed point of G in
Example 2.59 form also a solution of the system

u = min{1, 1− [u] + [v]}, v =
[u] + v2

2
.

Moreover, a Maple program introduced in Example 2.59 serves a method to
estimate this solution. When m = 100000, the estimate is: u = 1, v = .99998.

Remark 2.62. (i) The standard ‘solve’ and ‘fsolve’ commands of Maple 13
don’t give a solution or its approximation for the system of Example 2.61.

(ii) In Example 2.59 the mapping G is non-increasing, non-extensive, non-
ascending, not semi-increasing upward, and non-continuous.

(iii) The generalized iteration method presented in Lemma 2.2 is based on
the w-o chain of cG-iterations, defined by (2.2), where G is a self-mapping of
a poset P and c ∈ P . In the case when c ≤ G(c), this chain equals to the w-o
chain C = C(c) of G-iterations of c, defined by

c = minC, and x ∈ C \ {c} if and only if x = supG[C<x]. (2.32)

(iv) As for the use of C(c) in fixed point theory and in the theory of
discontinuous differential and integral equations, see, e.g., [44, 133] and the
references therein.

(v) Chain C(c) is compared in [175] with three other chains that generalize
the sequence of ordinary iterations (Gn(c))∞n=0, and which are used to prove
fixed point results forG. These chains are: the generalized orbit O(c) defined in
[175] (being identical with the set W (c) defined in [1]), the smallest admissible
set I(c) containing c (cf. [33, 34, 115]), and the smallest complete G-chain B(c)
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containing c (cf. [96, 175]). If G is extensive, and if nonempty chains of X have
supremums, then C(c) = O(c) = I(c), and B(c) is their cofinal subchain (cf.
[175], Corollary 7). The common maximum x∗ of these four chains is a fixed
point of G. This result implies Bourbaki’s Fixed Point Theorem, cf. [28, p.
37].

(vi) On the other hand, if the hypotheses of Theorem 2.56 hold and x ∈
C(c)\{c, x∗}, then x and G(x) are not necessarily comparable. The successor
of such an x in C(c) is sup{x,G(x)} by [115, Prop. 5]. In such a case the chains
O(c), I(c), and B(c) attain neither x nor any fixed point of G. For instance
when c = (0, 0) in Example 2.59, then C(c) = {(0, 0)} ∪ C, where C is the
w-o chain of (1, 0)G-iterations. Since (Gn(0, 0))∞n=0 = {(0, 0)}∪ (Gn(1, 0))∞n=0,
then B(c) does not exist, O(c) = I(c) = {(0, 0), (1, 0)} (see [175]). Thus only
C(c) attains a fixed point of G as its maximum. As shown in Example 2.59, the
consecutive elements of the iteration sequence (Gn(1, 0))∞n=0 are unordered,
and their limits are not fixed points of G. Hence, in these examples also finite
combinations of chains W (ci) used in [15, Theorem 4.2] to prove a fixed point
result are insufficient to attain a fixed point of G. As for other examples of
such cases, see [110, Example 3], and [115, Example 16].

(vii) Neither the above mentioned four chains nor their duals are available
to find fixed points of G if a and G(a) are not ordered. For instance, they
cannot be applied to prove Theorems 2.53 and 2.56 or Propositions 2.54 and
2.57.

2.6 Notes and Comments

In Sect. 2.1, the Chain Generating Recursion Principle is established and ap-
plied to derive generalized iteration methods. As noticed in the Introduction,
the argumentation in the proof of the Chain Generating Recursion Principle
is similar to that used in [231] to prove Zermelo’s first well-ordering theorem.
The importance of such an argumentation to set theory, to fixed point the-
ory in posets, to theories of inductive definitions, and to computer science is
studied in [147].

The recursion and iteration methods presented in Sect. 2.1 are applied to
prove fixed point results and existence and comparison results for solutions
of operator equations and inclusions in Sects. 2.2–2.5. The material of these
sections is based on papers [52, 117, 119, 121, 125, 127].
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