
Chapter 2
Theoretical Methods and Approximations

This chapter describes the theoretical approaches and approximations used in
standard first principles calculations. First, the Born Oppenheimer approximation
is stated. Next, an overview of the basic formulation of density functional theory
(DFT) is given, underlying its merits in describing various materials and their
properties, but also pointing out the aspects which need further improvements. The
Kohn–Sham ansatz, which provides a means of calculating properties of many-
body system using independent-particle methods, is presented along with practical
schemes for solving the resulting Kohn–Sham equations. Finally, the DFT+U
method and its implementation within a pseudopotential-plane wave framework
are introduced.

2.1 Born Oppenheimer Approximation

The adiabatic approximation of Born and Oppenheimer allows one to treat the
electrons and nuclei of a real system separately as a consequence of the large mass
difference between them [1]. Being much lighter than the ions, the electrons move
in a solid much faster than the nuclei, which makes it possible to consider the
electronic configuration as completely relaxed in its ground state at each position
of the ions during their motion. Thus the nuclei can be treated adiabatically,
leading to a separation of the electronic and nuclear degrees of freedom in the
many-body wavefunction. The only exception to this are the lightest elements
(especially H), where the ions require quantum mechanical treatments. Although
the Born Oppenheimer approximation provides a major simplification to the
complicated many-body problem by transforming it into the solution of the
electronic dynamics in some frozen configuration of nuclei, further approxima-
tions are required to perform efficient and accurate total energy calculations.
These include density functional theory (DFT) to model the electron–electron
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interactions, pseudopotential theory to describe the electron–ion interactions, and
supercell approach to model systems with aperiodic geometries.

2.2 Density Functional Theory

Since its theoretical foundation in the mid-1960s [2], DFT of Hohenberg and Kohn
has demonstrated a large predictive power in first principles studies of the study of
the ground state properties of real materials. Its conceptual advantage lies in
reformulating the problem of an interacting electron gas under an external (ionic)
potential in terms of the ground state electronic charge density, thereby bypassing
the necessity to calculate the many-body electron wavefunctions. The N particle
system of interacting particles with 3N degrees of freedom is reduced to a sig-
nificantly more tractable problem, which deals with a function (density) of only
three variables. The many-body effects incorporated in the exchange-correlation
potential are typically approximated within either the local density approximation
or the generalized gradient approximation. The formulation applies to any system
of interacting particles in an external potential V extðrÞ, including any problem of
electrons and fixed nuclei, where the Hamiltonian can be written as

H ¼ �
X
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2me
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þ
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ZiZje2

jRi � Rjj
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The first term in this equation corresponds to the kinetic energy of the inter-
acting electrons, the second term is the external potential acting on the electrons
due to the ions, the third term is the electron Coulomb interaction, and the last term
is the interaction energy of the nuclei. The latter is called Madelung energy and, as
far as the electron degrees of freedom are concerned, is simply a constant. For such
a system, Hohenberg and Kohn demonstrated a one-to-one correspondence
between the external potential and the ground state density nðrÞ, which allows to
express the former as a functional of the latter. Since the Hamiltonian is thus fully
determined (except for a constant shift of the energy), it follows that all properties
of the system can be found given only the ground state density nðrÞ. This result
allowed Hohenberg and Kohn to further prove the existence of an energy func-
tional of the density E½nðrÞ�, which assumes its minimum value for the correct
ground state density. For practical purposes, it is convenient to write this energy
functional E½nðrÞ� in terms of a contribution due to the external potential acting on
the particles and a universal functional F½nðrÞ� representing both the kinetic energy
and the Coulomb interaction,

E½nðrÞ� ¼
Z

VextðrÞnðrÞdrþ F½nðrÞ� ð2:2Þ
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The minimization of energy functional E½nðrÞ� with respect to the charge
density with the constraint of fixed number of electrons gives the ground state
energy and the ground state charge density from which all other physical prop-
erties can be extracted. It should be pointed out, however, that in spite of the
universality of F½nðrÞ� no explicit expressions for this functional are known to
date.

In 1965, Kohn and Sham readdressed the problem of minimizing the Hohen-
berg-Kohn density functional (Eq. 2.2) directly with an improved strategy that
maps the original interacting problem into an auxiliary non-interacting one [3].
This is achieved by expressing the charge density nðrÞ as

nðrÞ ¼
X

i

jwiðrÞj ð2:3Þ

where wi’s are the single-particle wavefunctions for the non-interacting electron
gas with ground state charge density nðrÞ, and the sum is over all occupied single-
particle states.

The F½nðrÞ� functional is now expressed as

F½nðrÞ� ¼ Ts½nðrÞ� þ
e2

2

Z
nðrÞnðr0Þ
jr� r0j drdr0 þ Exc½nðrÞ� ð2:4Þ

where the first term corresponds to the kinetic energy of a non-interacting electron
gas at the same density nðrÞ, the second term is the classical Coulomb interaction
energy (the Hartree term), and the last term Exc½nðrÞ� represents the quantum
mechanical exchange-correlation energy. This term accounts for the differences
between the non-interacting fictitious system and the real interacting one, col-
lecting the contributions from the non-classic electrostatic interaction and the
differences in their corresponding kinetic energies. The success of the Kohn–Sham
approach ultimately lies in the fact that Exc½nðrÞ�, which contains the many-body
contributions, is a small fraction of the total energy, and although not known
exactly, it can be approximated surprisingly well. These approximations, discussed
in Sect. 2.3, are at present the strength and the limitation of DFT, providing
efficient yet not exact reformulation of the quantum mechanical problem,
respectively.

If the energy functional defined in Eq. 2.2 and Eq. 2.4 is now varied with
respect to the wavefunctions wi’s subject to the orthonormality constraint, the
following set of Schrodinger equations is obtained

� �h2

2me
r2

r þ veffðr; nðrÞÞ
� �

wiðrÞ ¼ eiwiðrÞ ð2:5Þ

where the effective potential veffðr; nðrÞÞ is given as

veffðr; nðrÞÞ ¼ VextðrÞ þ e2
Z

nðr0Þ
jr� r0j dr0 þ dExc½nðrÞ�

dnðrÞ ð2:6Þ
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Equations 2.5 and 2.6 are called the Kohn–Sham equations and have to be
solved self-consistently because of the dependence of veffðrÞ on nðrÞ. It should be
emphasized here that the Kohn–Sham procedure introduces a one-body Hamil-
tonian representing a single-particle electron in the mean field created by the
nuclei and by all other electrons. However, it assigns no formal interpretation to
the calculated orbitals and the eigenvalues. Indeed, the sum of the single-particle
Kohn–Sham eigenvalues does not give the total electronic energy because this
would overestimate the effect of the electron–electron interactions in the Hartree
energy and in the exchange-correlation energy. More specifically, the Kohn–Sham
eigenvalues are not the energies of the single-particle electron states, but rather the
derivatives of the total energy with respect to the occupation numbers of these
states [4]. The only exception is the highest eigenvalue in a finite system (atomic
or molecular), which represents the unrelaxed ionization [5].

2.3 Approximations for the Exchange-Correlation Energy
Functional

In principle, the solution of the Kohn–Sham equations would yield the exact ground
state energy of the interacting electron gas problem. However, as mentioned earlier,
the exact exchange-correlation functional Exc½nðrÞ� for an inhomogeneous inter-
acting electron gas is not known for general nðrÞ. To proceed further, approxi-
mations to this functional are required. The most common and extensively tested
approximation is the local density approximation (LDA), in which Exc½nðrÞ� for the
inhomogeneous system is constructed from a parametrized form of the exchange-
correlation energy density of the homogeneous electron gas ehom

xc [3],

Exc½nðrÞ� ¼
Z

excðrÞnðrÞdr ð2:7Þ

and

dExc½nðrÞ�
dnðrÞ ¼ o nðrÞexcðrÞ½ �

onðrÞ ð2:8Þ

with excðrÞ ¼ ehom
xc ½nðrÞ�. Several parametrizations for the exchange-correlation

energy of a homogeneous electron gas exist in the literature. They are based on
Monte Carlo simulations and many-body perturbation theory, and use interpolation
formulas to link exact results for the exchange-correlation energy of high-density
electron gases and those corresponding to the intermediate and low-density electron
systems [3, 6, 7, 8, 9]. Because of the local nature of the exchange-correlation
energy functional within the LDA, this approach is expected to be valid for systems
with slowly varying electron density such as simple metals or intrinsic semicon-
ductors. In all other cases, the LDA is indeed unpredictable and its justification
relies mainly on its ability to reproduce experimental ground state properties of
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many solids, especially covalent or metallic. Although recent work has shown that
the success of LDA can be partially attributed to the fact that the LDA gives the
correct sum rule for the exchange-correlation hole (that is, there is a total electronic
charge of one electron excluded from the neighborhood of a given electron), there is
no general argument explaining why it works remarkably well [10, 11, 12].

In spite of the success of the LDA in capturing the exchange-correlation effects
in many systems, the approximation generally overestimates the cohesive energies
of solids and predicts shorter equilibrium bond lengths than found experimentally.
Errors in the structural properties calculated within the LDA are usually small for
crystals with covalent or metallic bonds, but it is well known that the hydrogen
bond cannot be described accurately within this approximation. These shortcom-
ings have led to the development of various generalized gradient approximations
(GGAs) with marked improvement over the LDA in many cases [13, 14]. In the
GGA, the Exc½nðrÞ� is a functional density as well as its local spatial variations:

EGGA
xc ½nðrÞ� ¼

Z
eGGA

xc ðnðrÞ; jrnðrÞjÞnðrÞdr ð2:9Þ

The approximation usually gives a better description of the structural properties
of real materials (in particular, the binding energies) as compared to the LDA. It is
expected to work better in the case of inhomogeneous systems, like transition
metals, where the LDA typically fails. Several expressions of the exchange energy
density in the GGA formulation are available in the literature; two of most popular
are the Perdew–Wang-91 (PW91) and the Perdew–Burke–Ernzerhof (PBE)
functionals [5, 11]. Although both functionals produce similar results in the cal-
culations of lattice constants, bulk moduli, and atomization energies, they can lead
to numerical differences when surface effects are present. In this thesis, both the
PW91 and the PBE formulations of the GGA will be used.

2.4 Periodic Systems: Bloch’s Theorem

In the previous section it was established that certain observables of the many-
body problem can be mapped into equivalent observables in an effective single-
particle system. In spite of the great simplification of the original problem, two
difficulties still remain for practical and efficient computations: a wavefunction
must be calculated for each of the � 1023 number of electrons in the system, and
the correct description of the electronic wavefunctions, extending over the entire
solid, requires an infinite basis set. To overcome both problems, calculations
involving periodic systems are performed using Bloch’s theorem to describe the
electronic wavefunctions.

The theorem states that in a solid characterized by the periodic potential
Vðrþ RÞ ¼ VðrÞ, where R is a direct lattice vector, the electronic wavefunction
can be written as the product of a cell-periodic part and a wave-like part
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wnkðrÞ ¼ exp½ik � r�unkðrÞ ð2:10Þ

where k is a vector in the first Brillouin zone (BZ) of the reciprocal lattice, n is the
band index classifying states corresponding to the same k-vector, and unkðrÞ is a
function with the periodicity of the unit cell, i.e., un;kðrþ RÞ ¼ un;kðrÞ. This cell-
periodic part can be expanded using a discrete set of plane waves whose wave
vectors are reciprocal lattice vectors of the crystal,

uk;nðrÞ ¼
X

G

ck;nðGÞ exp½iG � r� ð2:11Þ

Effectively, the single-particle wavefunction can be expressed as a sum of plane
waves,

wkðrÞ ¼
X

G

ck;nðGÞ exp½iðkþGÞ � r� ð2:12Þ

Electronic states are allowed only at the set of k points imposed by the
boundary conditions. The density of these k points is proportional to volume of
the solid, but only a finite number of electronic states are occupied at each k point.
By virtue of Bloch’s theorem, the infinite number of wavefunctions of an extended
system is now represented by a finite number of electronic wavefunctions at an
infinite set of k points.

2.5 k-Point Sampling

The calculation of many physical quantities such as the total energy of a solid
requires integration of functions with Bloch vector k performed over the BZ. Using
the symmetry of the crystal, the integration can be conveniently confined in a
smaller region of the BZ, the irreducible wedge of the Brillioun zone (IBZ). The
approach can be further improved by the use of the special k-point integration
techniques, which allow to perform reciprocal space integrations with a finite
number of k-vectors in the IBZ. For example, in a total energy calculation, after
obtaining the single-particle wavefunctions, wknðrÞ, one has to construct the cor-
responding charge density nðrÞ first summing over bands and then integrating over
the BZ. The typical practice for this integration is to replace it by discrete sum over
a few carefully chosen special k points. That is,

nkðrÞ ¼ 2
X

n

jwknðrÞj
2 ð2:13Þ

nðrÞ ¼ X

ð2pÞ3
Z

nkðrÞdk �
XN

i¼1

xðkiÞnkiðrÞ ð2:14Þ
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where ki 2 IBZ and xðkiÞ is the relative weight associated with ki. Several
schemes to construct these points have been proposed in the literature with the
sampling accuracy easily checked by the convergence tests involving denser sets
of k points [15, 16, 17].

2.6 Plane Waves, Pseudopotentials, and the Projector
Augumented Wave Method

As shown in Eq. 2.12, the single-particle wavefunctions at each k point in the BZ
of a given crystal can be expanded in a discrete set of plane waves. In principle, an
infinite plane wave basis set is required to expand these wavefunctions. However,
in practical calculations this set is truncated by an energy cutoff Ecut such that only

plane waves with kinetic energy �h2

2mjkþGj2 less than Ecut are included. The choice
of Ecut affects the accuracy of the calculations and should be carefully checked
with simple convergence tests, i.e. the physical results obtained from the calcu-
lations should be converged with respect to this cutoff.

When plane waves are used as a basis set, the Kohn–Sham equations take on a
particularly simple form

X

G0

�h2

2me
jkþGj2dGG0 þ veffðG�G0Þ

� �
cnðkþG0Þ ¼ ekncnðkþGÞ ð2:15Þ

Solution of the Hamiltonian matrix in Eq. 2.15 proceeds by conventional
diagonalization techniques, taking advantage of the Fast Fourier Transformations.
Since the size of the matrix is determined by the choice of Ecut, its diagonalization
can be formidable for systems that contain both valence and core electrons. This is
because a very large number of plane waves are required to expand the tightly
bound core orbitals and to follow the rapid oscillations of the wavefunctions of the
valence electrons in the core region. To circumvent this problem the pseudopo-
tential approximation [18, 19], which allows the electronic wavefunctions to be
expanded using a much smaller number of plane wave basis states, is widely used.
The approximation is based on the assumption that most physical and chemical
properties of a system depend, to a very good approximation, only on the distri-
bution of the valence electrons, while the ionic cores (the nuclei and the most
internal electronic cloud) can be considered as frozen in their atomic configura-
tions. The strong ionic core potential is thus replaced by a weaker pseudopotential
acting on a set of nodeless pseudowavefunctions rather than the true valence
wavefunctions.

In addition to reducing the number of plane wave basis sets needed to expand
the electronic wavefunctions, the pseudopotential approximation has many other
advantages. The removal of the core electrons, which contribute most to the total
energy of the system (typically a thousand times more than the valence electrons),
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means that the total energy differences between various ionic configurations will
be taken between much smaller numbers. This relaxes the required accuracy for
the total energy calculations as compared to the all-electron calculations. In
addition, the relativistic effects can be easily incorporated into the potential while
treating the valence electrons non-relativistically.

In this work, the projector augmented wave (PAW) method of Blöchl [20],
combining the advantages of full potential augmented plane wave approach (by
keeping the nodal structure of the wavefunctions inside the core) and the sim-
plicity and numerical efficiency of pseudpotentials, will be used. The computa-
tional times for such calculations are slightly higher than for pseudopotentials,
while the accuracy is at the level of most accurate full potential linear augmented
plane wave methods since PAW provides access to the full charge and spin
density. The method is based on a mapping between the true valence wavefunc-
tions wn(r) with their complete nodal structure and the smooth auxiliary wave-

functions ~wnðrÞ having a rapidly convergent plane wave expansion via a linear
transformation T ,

jwni ¼ T̂j~wni ð2:16Þ

The transformation is assumed to be unity except for a sphere centered on the
nucleus (so-called augmentation region), whose cutoff radius ra

c should be chosen
such that there is no overlap between neighboring augmentation spheres. The
transformation can be written as

T̂ ¼ 1þ
X

a

T̂a ð2:17Þ

where a is an atom index. All physical quantities like hwnjAjwni can be easily

calculated in the pseudo Hilbert space representation h ~wnj~Aj ~wni (with ~A ¼ T̂yAT̂)
rather than directly from the true wavefunctions. Similarly, the variational principle
for the total energy,

oE½T̂j~wi�
oh~wj

¼ eT̂yT̂ j~wi ð2:18Þ

gives an equivalent of the KS equations for the pseudowavefunctions, and so the
calculations for the ground state can now be carried out in the pseudo Hilbert
space, which can be efficiently spanned by the plane wave expansion. For more
details, please refer to Appendix C.

2.7 Aperiodic Structures

Most of the standard electronic structure algorithms rely on the periodic nature of
the studied systems for actual calculations. Semi-periodic structures such as sur-
faces are typically modeled using a slab geometry, in which a number of bulk
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layers separated by a vacuum region are repeated periodically. This approach
allows the use of standard methods described in the previous sections to model
surfaces, provided that a large vacuum region and a sufficient number of bulk
layers are used in the calculations to ensure that the introduced artificial periodicity
does not affect the physical results.

Relative structural stabilities of various atomic arrangements on a given surface
can be analyzed using well-established formalisms in terms of chemical potentials
of the relevant species [21]. For a bare surface, for example, the surface formation
energy Esurf is written as

Esurf ¼ Etot
surf �

X

i

liNi ð2:19Þ

where Etot
surf is the total energy of the slab, Ni is the number of atoms of type i in the

slab, and li is the corresponding chemical potential. Assuming that the surface is
in equilibrium with the bulk, which sets the upper limits on the li’s, a phase
diagram can be calculated to determine stabilities of different surfaces as a
function of stoichiometry.

2.8 DFT+U

In spite of the great success of DFT in predicting the fundamental properties of
molecules and materials, there still exist classes of systems and phenomena for
which current forms of the theory fail or are inadequate. These include the strongly
correlated electron materials, such as actinides and middle-to-late transition metal
oxides, which contain electrons in d or f shells. The d and f electrons are inher-
ently localized on each metal atom resulting in large intra-atomic exchange and
Coulomb energies [22]. The conventional DFT with approximate exchange and
correlation does not properly remove the ficticious electron self-interaction; as a
consequence, the electron–electron repulsion is predicted to be too large. To
reduce this repulsion energy, the electrons incorrectly delocalize, causing invalid
predictions such as giving a metallic ground state for FeO and a small band gap for
MnO, whereas these materials are believed to be wide gap insulators.

Since its introduction more than two decades ago, the DFT+U method by
Anisimov and coworkers has remained to be the most efficient method to describe
strong correlations of electrons confined in an atomic region [23, 24, 25]. In this
method, the interactions between electrons localized on the same atomic centers
(the on-site interactions) are described with a Hartree Fock (HF)-like formalism,
while the remaining interactions are treated within DFT [22]. In real calculations,
the on-site interaction energy is obtained from a parameterized Hamiltonian
(coming from the Hubbard Hamiltonian), rather than from an explicit HF calcu-
lation. This Hamiltonian includes the average Coulomb and exchange interactions
between electrons of the same angular momentum that are localized on the same
atom, labeled as UIl and JIl, respectively. The index I denotes the atomic center on
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which the electrons are localized, and l represents their angular momentum. The
accuracy of the DFT+U calculations lies in selecting appropriate values for the U
and J parameters, which are system-specific. These values can be treated as tun-
able parameters chosen to reproduce known properties of the system of interest
(empirical approach) or can be extracted from constrained DFT calculations.

The energy functional within the DFT+U framework can be written as

EDFTþU½nðrÞ; nIlmr� ¼ EDFTðnÞ þ Eon�site½nIlmr� � Edc½nIlr� ð2:20Þ

where EDFTþU is the total energy of the system, EDFT is the DFT energy of the
system based on the total electron density nðrÞ;Eon�site is the HF energy arising
from on-site interactions between localized electrons, and Edc is the double
counting term which corrects for contributions to the total energy that are included
in both EDFT and Eon�site. The Eon�site term depends on the number of electrons
that occupy localized orbitals centered on atom I and is described by angular
momentum l, magnetic number m, and spin r. These atom-centered, localized
orbitals consist of spherical harmonics multiplied by a radial function selected to
accurately represent the electronic states of the non-spin-polarized atom. The
occupation numbers nIlmr can be obtained by projecting the Kohn–Sham DFT
orbitals for the total system onto a set of these localized orbitals, while the nIlm

term corresponds to the total number of electrons for a given spin and angular
momentum that are localized on I, i.e. nIlr ¼

P
m nIlmr.

To evaluate Eq. 2.20, the form of Eon�site and Edc must be decided. One
approach is to use the rotationally invariant formulation proposed by Dudarev
et al. [26], which yields the following expression for the total energy functional

EDFTþU½nðrÞ; nIlmr� ¼ EDFTðnÞ þ
X

Ilmr

UIl � JIl

2
ðnIlmr � n2

IlmrÞ ð2:21Þ

The first term on the right-hand side of this equation corresponds to the DFT
energy obtained using the total electron density and includes the on-site interac-
tions. The second term corrects for the first term by driving the system toward
electron densities in which the localized states have occupation numbers of either
0 or 1 (nIlmr lies between 0 and 1) [22]. This approach has been shown to lead to an
improved description of the electronic structure of many strongly correlated
electron systems and will be used in this thesis in the calculations involving rare-
earth elements.
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