Contents

1 Imtroduction................... .. . . . . 1
Ll LinKages . ..o oottt 1
1.2 Mobility ... 2

1.2.1 Planar Linkages ...........couuuiiiineiiineineennn.. 3
1.2.2 Linkage Graphs ............oiiuiiiiiniiineinnennn.. 5
1.2.3 Spherical Linkages . . ........ ... ... . i ... 7
1.2.4 Spatial Linkages . .........ooiuuiniiiiiii .. 8
1.2.5 Platform Linkages ............ ... ... 9
1.3 WOrKSpace . ....ooniiii e 10
1.4 Linkage Design .. ...ttt 10
1.4.1 Approximate Straight-Line Mechanisms . ................ 11
L5 Summary ... 13
1.6 References ............ooouniiiiii i 13
2 Analysis of Planar Linkages . ............................... ... 15
2.1 Coordinate Planar Displacements ............... ... .. ... ..... 15
2.1.1 ThePROpenChain ...........c.ccoiiiiiiiiinnaaen... 16
2.1.2 TheRROpenChain................oooiiiiiiiii.. 18
2.1.3 TheRPRand3R Chains ..............cccoiiiiiio... 19
2.2 Position Analysis of the RRRP Linkage ........................ 20
22.1 TheOutputSlide ............ . .. ... 20
2.2.2 The Range of Crank Rotation .......................... 21
223 TheCoupler Angle........ ..o, 22
2.2.4 The Extreme Slider Positions .......................... 23
225 TheRRPRLinkage ...........ccooiuiiiiiiiiinnnn... 24
2.3 Position Analysis of the 4R Linkage . . ...................... ... 25
2.3.1 Output Angle ...... ..o 26
232 Coupler Angle. ..... ...t 27
2.3.3 Transmission Angle .......... ... ... i i, 28
2.3.4 Coupler CUIVES . o v vv vttt ettt 29
24 Rangeof Movement ........... ...ttt 31

xi



xii

Contents

2.4.1 Limits on the Input Crank Angle ....................... 31

2.4.2 Limits on the Output Crank Angle ...................... 33

2.4.3 The Classification of Planar 4R Linkages ................ 35

244 Grashof Linkages ............ .. ... i, 36

2.4.5 PFolding Linkages .......... ..., 37

2.5 Velocity AnalysiS. ... ovuuunti e e e 38
2.5.1 Velocity of a Pointina Moving Link . ................... 38

252 Instant Center . .........ouunieeinnenie e 39

2.6 Velocity Analysisof anRR Chain............................. 39
2.6.1 ThelJacobian .............ouiiiiiiiiiiiiiiinn. 40

2,62 TheCentrode ...........coiiiiiiininiiiiiiinneeennn. 41

2.7 Velocity Analysis of a Slider-Crank ........................ ... 41
2.7.1 Mechanical Advantage. ............c.iviinniinnnennn.. 42

2.8 Velocity Analysisofa4R Chain .............................. 43
2.8.1 Output Velocity Ratio ................ ..., 44

2.8.2 Coupler Velocity Ratio. ..., 44

2.8.3 Kennedy’sTheorem ............ ... ..., 46

2.8.4 Mechanical Advantage in a 4R Linkage ................. 47

2.9 Analysis of Multiloop Planar Linkages......................... 48
2.9.1 Complex Loop Equations ............................. 48

2.9.2 The Dixon Determinant .................coooiiveioa... 49

2.93 Tangent SOTtiNG. ... ..ovuvtr ettt iie e 51

2,10 SUMMATY ..ottt et e e e e e e e 51
211 References . ..... .ot e 52
Graphical SynthesisinthePlane . ............................. ... 55
3.1 Displacementof aPlanarBody ............................... 55
3.1.1 The Pole of a Displacement. ........................... 55

3.1.2 Determining the Positionof aPoint ..................... 57

3.1.3 An Alternative Construction for the Pole................. 57

3.1.4 ThePoleTriangle .............cooiiiiiniiiniiinennnn.. 58

3.2 The Geometryofan RR Chain ............................... 59
32.1 TheDyadTriangle ........... .. .. ... o i, 60

3.2.2 The Center-Point Theorem ............................ 61

3.3 Finite-Position Synthesis of RR Chains ........................ 62
3.3.1 Two Precision Positions. ............... ... .. 62

3.3.2 Three Precision Positions ...................... . ... 63

3.3.3 Four Precision Positions ....................... ... .... 66

3.3.4 Five Precision Positions............. ... ... ... . ... 67

3.4 The Geometry of the PRand RP Chains........................ 68
3.4.1 Finite-Position Synthesis of PR Chains .................. 68

3.4.2 Finite-Position Synthesis of RP Chains .................. 70

3.5 The Design of Four-Bar Linkages . ............................ 72
3.6 SUMMATY . ...ttt 73
37 References ...... ..o 73



Contents

4

xiii

Planar Kinematics ......... ... ... .. ... . 75
4.1 ISOMELTY . oot e 75
4.1.1 Planar Translations . . ............ccoiiiiiiiinn.... 76

4.1.2 PlanarRotations ............ ..., 76

4.1.3 Planar Displacements. . ..............ccoiineeennnn... 77

4.1.4 The Composition of Two Displacements . ................ 79

4.1.5 Relative Displacements ...............c.oviiiiienn.... 80
4.1.6 Relative Inverse Displacements ........................ 81

4.2 The Geometry of Displacement Poles.......................... 82
4.2.1 The Pole of a Displacement............................ 82

4.2.2  Perpendicular Bisectors and the Pole .................... 83

4.2.3 Pole of a Relative Displacement .. ...................... 84
4.2.4 The Pole of a Relative Inverse Displacement ............. 85

43 The Pole Triangle .......... ... it 86
4.3.1 The Pole of a Composite Displacement . ................. 86

4.3.2 The Triangle of Relative Displacement Poles ............. 88

4.3.3 The Image Pole Triangle .............................. 89
4.3.4 The Circumscribing Circle ............. ... ....coo.... 89

44 SUMMATY . ..ot 90
4.5 References . ........ooouuii it 91
Algebraic Synthesis of Planar Chains. ............................ 93
5.1 ASingleRevolute Joint .......... ... ... i 93
5.2 The Geometry of RR Chains ............. ... .. ..., 94
5.2.1 Perpendicular Bisectors ............... ... 94

522 TheDyad Triangle ...........ciiiiiniiiniinnennn.. 95

5.2.3 The Center-Point Theorem ............................ 96

5.3 Finite Position Synthesis of RR Chains ........................ 97
5.3.1 The Algebraic Design Equations ....................... 97

5.3.2 Parameterized Form of the Design Equations ............. 99

5.3.3 Two Precision Positions. ............... ... . ... 99

5.3.4 Three Precision Positions ...................... .. ... 100

5.3.5 Four Precision Positions ............ ... ... .. oL 102

5.3.6  Five Precision Positions . .............................. 108

54 TheDesignof PRChains ............... .. ... iiiiii.. 111
5.4.1 The Design Equations ................ ..o, 112

542 TwoPOSItIONS ..... .ot 113

543 Three Positions . ...t 113

544 Four PoSitions . .........oouuiiiiininiinii 115

5.5 TheDesignof RPChains ................ . ... it 115
5.5.1 The Design Equations ................ ..o, 116

5.6 Planar Four-Bar Linkages.............. ..., 117
5.6.1 Solution Rectification.................. ... .. 117

5.6.2 Function Generation. ..............c.uviiuneenneennn . 119

5.7 SUMMATLY ..ottt e 121



Xiv

Contents

5.8 References ...........oo i 121
Multiloop Planar Linkages ................ ... ... ... ... ...... 125
6.1 Synthesis of Six-Bar Linkages.............. ... ... i, 125
6.1.1 Adding RR Constraints ................coiiiiniinn... 126

6.1.2 The RR Synthesis Equation............................ 128

6.1.3 Algebraic Elimination ............. ..., 129

6.1.4 The Number of Six-Bar Linkage Designs ................ 130

6.2 Analysis of a Six-Bar Linkage . .................. .. ... . 131
6.2.1 Complex Loop Equations ................... ... ...... 131

6.2.2 The Dixon Determinant ............................... 132

6.2.3 Sorting Assemblies. ........... .. ... i 134

6.3 Example: A Steering Linkage ............. .. ... .. .. 135
6.4 Synthesis of a Planar Eight-Bar Linkage ....................... 139
6.4.1 Adding RR Constraints ................coiviiineenn... 140

6.4.2 The Number of Eight-Bar Linkage Designs .............. 141

6.5 Analysis of an Eight-bar Linkage ............................. 143
6.5.1 Complex Loop Equations ............................. 145

6.5.2 The Dixon Determinant . ....................oououa.. 145

6.5.3 Sorting Assemblies. .......... ... il 148

6.6 Example: A Convertible Sofa.......... ... ... ... ... ... 148
6.7 Summary .......... .o 151
6.8 References ........... i 152
Analysis of Spherical Linkages .................................. 155
7.1 Coordinate Rotations ................coiiiiiiiniiinnennn.. 155
7.1.1 The Composition of Coordinate Rotations ............... 156
7.12 TheRROpenChain.................ooooiiiiiiin... 157

7.13 The3ROpenChain .......... ..., 158

7.2 Position Analysisof a4R Linkage ......................... ... 159
7.2.1 The Coordinates of O, A,B,andC ..................... 159
722 TheOutputAngle.......... ... ... .. ... . ... 160

7.23 TheCoupler Angle....... ..., 162

724 Coupler Curves . ... ...neet e 164

7.2.5 The Transmission Angle ..................cooviinn.... 164

7.3 Range of MOVEMENt .. .....oouuiint i 165
7.3.1 Limits on the Input Crank Angle ....................... 165

7.3.2  Limits on the Output Crank Angle ...................... 167

7.3.3 Classification of Spherical 4R Linkages ................. 169
7.3.4 Grashof Linkages ..., 171

7.3.5 Folding Linkages ..............ciiiiiiiiiiinn... 172

7.4 Angular Velocity . ...t 172
7.5 Velocity Analysisof anRR Chain............................. 173
7.6 Velocity Analysis of the 4R Linkage . .......................... 174

7.6.1 The Output Velocity Ratio............................. 174



Contents XV

7.6.2 The Coupler VelocityRatio............................ 175

7.6.3 Instantaneous Rotation Axis ........................... 176

7.6.4 Mechanical Advantage................c.ooiiiiiiin... 177

7.7 Analysis of Multiloop Spherical Linkages ...................... 178
7.8 SUMMAIY . ..ottt e 178
7.9 References .........oouiunniii i 178
8 Spherical Kinematics ................ ... .. ... ... . . 179
8.1 ISOMELIY . ..ottt 179
8.1.1 Spatial Translations ................ciiiiiiieiinnann.. 180

8.1.2 Spatial Rotations. ..., 180

8.1.3 Spatial Displacements ................... .. .......... 182

8.1.4 Composition of Rotations ............................. 182

8.1.5 Relative Rotations ...............ccoiiiiiiiiiiiina.. 183

8.1.6 Relative Inverse Rotations .. ............... ... ... 184

8.2 The Geometry of Rotation AXeS ............ccovviiiivinnnean.. 185
8.2.1 The Rotation AXiS ........oouuiiinniiniininnean. 185

8.2.2 Perpendicular Bisectors and the Rotation Axis ............ 187

8.2.3 TheRotation Angle ..............ccoiiiiiiiiiiiinaaan. 188

8.2.4 The Rotation Definedby ¢ andS .................... ... 189

8.2.5 FEigenvalues of a Rotation Matrix ....................... 191

8.2.6 Rotation Axis of a Relative Rotation .................... 191

8.2.7 Rotation Axis of a Relative Inverse Rotation ............. 192

8.2.8 Rotational Displacements .................... ... ... .. 193

8.3 The Spherical Pole Triangle . .............. ..., 194
8.3.1 The Axis of Composite Rotation ....................... 194

8.3.2 The Triangle of Relative Rotation Axes.................. 198

8.3.3 The Spherical Image Pole Triangle ..................... 198

84 Summary .. ... 200
8.5 References ..........ooiii i 200
9  Algebraic Synthesis of Spherical Chains .......................... 203
9.1 ASingleRevolute Joint .......... .. ..o 203
9.2 Spherical Displacements. . ... 204
9.3 The Geometry of Spherical RR Chains......................... 205
9.3.1 Perpendicular Bisectors . ...............coo i 206

9.3.2 The Spherical Dyad Triangle .......................... 207

9.3.3 The Center-Axis Theorem ............................. 209

9.4 Finite Position Synthesis of RR Chains ........................ 211
9.4.1 The Algebraic Design Equations ....................... 211

9.4.2 Parameterized Form of the Design Equations ............. 213

9.43 Two Specified Orientations . .............c.coveeunieenn. . 213

9.4.4 Three Specified Orientations . . . . ...........c.cuuuene.. 214

9.4.5 Four Specified Orientations . . . .............ccceueueun.. 216

9.4.6 Five Specified Orientations ...............c.oouveeea... 221



XVi

10

11

Contents

9.5 Spherical 4R Linkages ..............iiiiiiiii .. 224
9.5.1 Solution Rectification.................. ... . ..... 225

9.5.2 Function Generation. ..............c.uviiuneennnenn. . 226

9.6 SUMMAIY . ...ttt e e e 227
9.7 References ....... ..ot 228
Multiloop Spherical Linkages ................................... 231
10.1 Synthesis of Spherical Six-bar Linkages........................ 231
10.1.1 The Spherical RR Synthesis Equation ................... 232
10.1.2 Algebraic Elimination ................. ... oo... 234
10.1.3 The Number of Spherical Six-Bar Linkage Designs. ....... 235

10.2 Analysis of a Spherical Six-Bar Linkage ....................... 235
10.2.1 Watt I Spherical Linkage . ....................cooun... 236
10.2.2 Stephenson II Spherical Linkage ....................... 236
10.2.3 Component Loop Equations ........................... 237
10.2.4 Eigenvalue-Based Elimination ......................... 238
10.2.5 Sorting Assemblies................. . ... ... 239

10.3 Example: A Spherical Six-Bar Walker ......................... 239
10.4 Synthesis of a Spherical Eight-Bar Linkage . .................... 242
10.4.1 The Number of Spherical Eight-Bar Linkage Designs . . .. .. 243

10.5 Analysis of a Spherical Eight-bar Linkage ...................... 245
10.6 Example: An Eight-Bar Door Hinge Linkage ................... 246
10.7 Summary . ... 249
10.8 References .........oouiiiinn i 250
Analysis of Spatial Chains. ................................... ... 253
11.1 The Kinematics Equations . ............... ..., 253
T11T JOINE AXES «vvo ettt e e e et e e 253
11.1.2 The Common Normal .................cooiiiiiina... 254
11.1.3 Coordinate Screw Displacements ....................... 255
11.1.4 The Denavit-Hartenberg Convention. ................... 256

11.2 The Analysis of Spatial Open Chains .......................... 257
11.2.1 The 3R Wrist (S-Joint) . ..., 257
1122 The RSChain ........ ..o 259
1123 The TSChain ...t 260
11.2.4 The TPSand TRSChains .............. ... 261
11.2.5 The CCChain . .. ....vuuu e e 262

11.3 Velocity Analysis of Spatial Open Chains ...................... 264
11.3.1 Partial Twists of an Open Chain ........................ 265
11.3.2 The Jacobian of a Spatial Open Chain ................... 266

11.4 The RSSRLInkage ........oouniiini i 267
11.4.1 TheOutput Angle.......... . ... ... 268

11.5 The RSSPLinkage ...ttt 270
11.6 The4C Linkage . . . .....ooinn it e 272

11.6.1 The Kinematics Equations............................. 273



Contents XVvii

12

13

11.6.2 The Spherical Image ........... ... ..., 274
11.6.3 The Vector Loop Equation. ............................ 275
11.7 The STS Spatial Linkage .............c.oo ... 276
11.8 Summary . ......oouniii i e 278
11.9 References ...ttt 279
Spatial Kinematics .......... .. ... . ... ... . .. 281
12.1 Spatial Displacements. ..., 281
12.1.1 Homogeneous Transforms............................. 282
12.1.2 Composition of Displacements . ........................ 282
12.1.3 Relative Displacements ................cooviiuiiinn... 283
12.1.4 Screw Displacements . .............. ... ..., 284
12.1.5 The Screw MatrixX . . . ... ooviitii i 285
12.2 Lines and SCIeWS . . ...ttt 285
12.2.1 Pliicker Coordinatesof alline.......................... 285
1222 SCIEWS ..ot 286
12.2.3 Dual Vector Algebra................ .. ... .. ....... 287
12.2.4 Orthogonal Componentsof aliine ...................... 289
12.2.5 The Spatial Displacement of Screws .................... 292
12.3 The Geometry of SCrew AXeS .......c.coviiiniiineineennenn.. 294
12.3.1 The Screw Axis of a Displacement...................... 294
12.3.2 Perpendicular Bisectors and the Screw Axis .............. 295
12.3.3 Rodrigues’s Equation for Screws ....................... 298
12.4 The Spatial Screw Triangle .......... ... .. ... .. 299
12.4.1 The Screw Axis of a Composite Displacement . ........... 299
12.4.2 The Spatial Triangle . ..........cooviiiniiiiiin.. 300
12.4.3 The Composite Screw Axis Theorem.................... 302
12.4.4 Dual Quaternions and the Spatial Triangle ............... 303
12.4.5 The Triangle of Relative Screw Axes.................... 304
12,5 SUMMArY . ..o 305
12.6 References ..............o i i 305
Algebraic Synthesis of Spatial Chains ............................ 307
13.1 The Geometry of a TS Spatial Chain .......................... 308
13.1.1 Perpendicular Bisectors .. ...........c.covviiiiinnennn.. 308
13.1.2 The Design Equations .................coiiiiiiann... 309
13.1.3 Four Specified Spatial Positions ........................ 310
13.1.4 Seven Specified Spatial Positions ....................... 310
13.2 The Geometry of aCC Chain................ ..., 312
13.2.1 Direction and Moment Equations . ...................... 313
13.2.2 Five Specified Spatial Positions ........................ 315
13.2.3 The Transfer Principle .............. .. ... ... ... .... 315
13.2.4 The Spatial Dyad Triangle. .......... ... ... . ... ..... 316
13.2.5 The Central-Axis Theorem ............................ 317

13.2.6 Roth’s Theorem ........... ..., 318



XViii

14

15

Contents

13.2.7 The Spatial Compeatibility Platform ..................... 319

13.3 The Geometry of Spatial RR Chains . .......................... 321
13.3.1 The Constraint Equations ............... ... ... ..... 321
13.3.2 Three Specified Spatial Positions ....................... 324
13.3.3 Bennett Linkage Coordinates .......................... 328

13.4 Platform Linkages ... ...ttt 330
13.4.1 The 4C Spatial Linkage . ........... ..., 330
13.4.2 The 5TS Spatial Linkage . ............................. 330
13.4.3 Function Generation. ................oouuuinneeeennnn.. 331

13.5 Summary . ...t 332
13.6 References ............. o i il 332
Synthesis of Spatial Chains with Reachable Surfaces ............... 335
14.1 Spatial Serial Chains . ......... ... oo 335
14.2 Linear Product Decomposition .................coiiveinnn.. 336
143 ThePlane ........ ... 338
14.4 The Sphere . ... i e 340
14.5 The Circular Cylinder . ........ ...ttt ... 341
14.6 The Circular Hyperboloid. . ............... ... i ... 344
14.7 The Elliptic Cylinder .......... ... i, 346
14.8 The Circular Torus ............ooiiiiiniiiiiiinnn.. 349
149 The General Torus . . ...ttt 351
14.10Polynomial Continuation Algorithms .......................... 353
T4 TISUMMALY ..ottt ettt e e e e e e e 355
14.12References .. ... 356
Clifford Algebra Synthesis of Serial Chains ....................... 357
15.1 The Product-of-Exponentials Form of the Kinematics Equations ... 357
15.1.1 Relative Displacements ...............ccoooiviiiennn... 358

15.2 The Even Clifford Algebra CT(P3)............................ 359
15.2.1 Exponentialof a Vector ..................... . ... ..... 360
15.2.2 Exponential of a Screw .............. .. ... . ... 361
15.2.3 Clifford Algebra Kinematics Equations .. ................ 362

15.3 Design Equations for a Serial Chain . .......................... 363
15.3.1 Specified Task Positions .................coiiiiiin... 363
15.3.2 The Independent Synthesis Equations ................... 364
15.3.3 Counting the Equations and Unknowns .. ................ 365
15.3.4 Special Cases: T, Sand PP Joints ....................... 366

15.4 Assembling the Design Equations . ............................ 369
154.1 The3CChain ........ ..o 370
1542 RCC,RRC,andRRR Chains .......................... 371
15.4.3 PCC,PPC,and PPP Chains. .............ccoviiiinn... 372

15.5 The Synthesis of 5C and Related Chains ....................... 373
15.5.1 The Synthesis Process ............. ..., 376

15.6 Example: Designof aCCS Chain ................... . ........ 376



Contents XiX

16

15.7 Planar Serial Chains ............ccouiniiiiiiineeinnnn... 378
15.7.1 Complex Vector Kinematics Equations .................. 380
15.7.2 The Even Clifford AlgebraC*(P?) ..................... 381
15.7.3 Clifford Algebra Kinematics Equations .................. 382

15.8 Design Equations for the Planar nR Chain . ..................... 383
15.8.1 Relative Kinematics Equations for Specified Task Positions . 383
15.8.2 The Number of Design Positions and Free Parameters . . ... 384
15.8.3 The Standard-Form Equations ......................... 385
15.8.4 Synthesis of 3R Serial Chains . ......................... 387
15.8.5 Single DOF Coupled Serial Chains ..................... 388

15.9 Algebraic Solution of the RR Design Equations ................. 389
15.9.1 Matrix Form of the RR Design Equations ................ 390

15.10Summary . ...t 391

I5.11References . ... ....eet e 392

Platform Manipulators ..................... ... ... ... .......... 393

16.1 Introduction .. ........couiiunn e 393
16.1.1 Twistsand Wrenches ................ . ..ooiviiinn... 394
16.1.2 Virtual Work . ... 396

16.2 The Jacobian of a Platform Manipulator. ....................... 397

16.3 Conditions for Line-Based Singularities . ....................... 398
16.3.1 Locating the Lines of Action........................... 399

16.4 Classification of Line-Based Singularities ...................... 401
16.4.1 Type-1 Singularities .................ccoiiiiiieinnn... 401
16.4.2 Type-2 Singularities . ...............coiiiiiiiennn... 402
16.4.3 Type-3 Singularities . ..........ouiiiiineiineneennn.. 402
16.4.4 Type-4 Singularities . ..........civiuiniinennennn . 405
16.4.5 Type-5 Singularities ................ .. ..., 408

16.5 Examples Singularities . ...........couetiiiiiiinninnnnnnnnn. 409

16.6 SUMMATY ...ttt e e e e 409

16.7 References .. ... ...t 410

Solving Constraint Equations. ................................... 411

A.1 The 4R Linkage Constraint ..............ccoiiieiiennnnnan. 411

A.2 The Platform Constraint Equations ............................ 412

Graphical Constructions . ............ ... ... ... ... .. . 415

B.1 Perpendicular Bisector .......... ... ... i 415

B.2 Circle Through Three Points .............. ... . oot 416

B.3 Duplicationofan Angle .......... ... 416

B.4 Reflection of a Point ThroughalLine .......................... 417

Spherical Trigonometry.......... ... ... ... . i 419

C.1 TheF-Frame Formulas .......... ... ... .. ... .. ... ... 420

C.2 TheB-Frame Formulas.............. . ... ... .. o it 422

C.3 SUMMATY .. it ettt e e e et 423



Contents

XX

D Operations with Dual Numbers .................................. 425

E Kinematics Equations ............... ... . ... ... ... . 427
E.1 ThePlanar RRChain ........ ... ... ... ... 427
E.2 The Spherical RRChain.............. ... ... i ... 429
E3 TheCCChain ..........ouuiiiiiii it 430

References. .. ... ... .. i 433



2 Springer
http://www.springer.com/978-1-4419-7891-2

Geometric Design of Linkages
McCarthy, .M.; Soh, G.5.
2011, X, 448 p., Hardcowver
ISBN: 978-1-4419-7891-2



	Contents

